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Abstract
The new and growing field of Quantitative Dependency Syntax has emerged at the crossroads
between Dependency Syntax and Quantitative Linguistics. One of the main concerns in this
field is the statistical patterns of syntactic dependency structures. These structures, grouped in
treebanks, are the source for statistical analyses in these and related areas; dozens of scores
devised over the years are the tools of a new industry to search for patterns and perform other
sorts of analyses. The plethora of such metrics and their increasing complexity require sharing
the source code of the programs used to perform such analyses. However, such code is not often
shared with the scientific community or is tested following unknown standards. Here we present
a new open-source tool, the Linear Arrangement Library (LAL), which caters to the needs of,
especially, inexperienced programmers. This tool enables the calculation of these metrics on
single syntactic dependency structures, treebanks, and collection of treebanks, grounded on ease
of use and yet with great flexibility. LAL has been designed to be efficient, easy to use (while
satisfying the needs of all levels of programming expertise), reliable (thanks to thorough testing),
and to unite research from different traditions, geographic areas, and research fields.

1 Introduction

Quantitative Linguistics is a discipline within Linguistics that aims to unveil linguistic laws and explain
their origins (Köhler and Altmann, 2012; Best and Rottmann, 2017). Outstanding examples of these are
Zipfian laws, e.g., Zipf’s rank-frequency law, Zipf’s law of abbreviation (Zipf, 1949), that are defined
typically on one of languages’ basic units: words. Another discipline in Linguistics is Dependency
Syntax, a framework which primarily reduces the syntactic structure of a sentence to word pairwise
dependencies. Each of these dependencies has a ‘head’ word and a ‘dependent’ word (in fields like
Computer Science, these could be called ‘parent’ and ‘child’, respectively; the ‘head’ is also known as
‘governor’). The collection of such dependencies in a sentence combined with the linear ordering of the
words yields the so-called syntactic dependency structure (Mel’čuk, 1988; Kuhlmann and Nivre, 2006;
Nivre, 2006; Gómez-Rodrı́guez et al., 2011) as in Figure 1. Therefore, the underlying structure of a
syntactic dependency structure can be seen as a rooted tree (as in Figure 2(b)).

The combination of Quantitative Linguistics with Dependency Syntax has resulted into the emerging
field of Quantitative Dependency Syntax https://quasy-2019.webnode.com/. The target of
this field are syntactic dependency structures and aims to discover and understand statistical patterns in
these structures. By linearizing the hierarchical structure “arises the concept of dependency distance
or dependency length” (Liu et al., 2017), defined usually as the number of intervening words between
the endpoints of the dependency plus one (Ferrer-i-Cancho, 2004) as in Figure 2(a). Another relevant
concept is that of syntactic dependency crossing (Mel’čuk, 1988). Figure 1 shows two examples of
syntactic crossings: two syntactic dependencies cross when the positions of their head and dependent
words interleave. Said concept is used to define many formal constraints, such as projective and planar
structures (Kuhlmann and Nivre, 2006) and 1-Endpoint-Crossing structures (Satta et al., 2013). See
Gómez-Rodrı́guez et al. (2011) for a review.

Research in Cognitive Science has shown a tendency for languages to reduce dependency distances
(Ferrer-i-Cancho, 2004; Liu, 2008; Futrell et al., 2015; Futrell et al., 2020; Ferrer-i-Cancho et al., 2021).
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Figure 1: An example of a sentence and the syntactic dependencies among its words (adapted from
Pighin (2012)). Relations are labeled with their grammatical category. Numbers below the sentence
indicate the positions of the words. In this figure we see two syntactic crossings, marked with small red
circles.

According to Liu et al. (2017), Hudson (1995) gave the first definition of dependency distance and pre-
sented a cognitive formulation of “the memory burden imposed by dependency distance on language
processing”. This tendency results from the action of a Dependency Distance Minimization (DDm) prin-
ciple (Ferrer-i-Cancho, 2003; Ferrer-i-Cancho, 2004), supported by many models and theories (Liu et
al., 2017; Temperley and Gildea, 2018) stemming from the more general Principle of Least Effort (Zipf,
1949), hence largely regarded as a linguistic universal. The statistical support for DDm comes from
baselines that are used to perform statistical tests on the significance of dependency distances (Ferrer-
i-Cancho, 2004; Gildea and Temperley, 2007; Liu, 2008; Park and Levy, 2009; Gildea and Temperley,
2010; Futrell et al., 2015; Yu et al., 2019; Ferrer-i-Cancho et al., 2021). Some of these baselines are de-
fined on extreme conditions (e.g., maximum and minimum sum of dependency distances) which further
motivates the study of extremal problems in Computer Science like the Minimum Linear Arrangement
problem (Garey and Johnson, 1976; Goldberg and Klipker, 1976; Shiloach, 1979; Chung, 1984) and the
Maximum Linear Arrangement Problem (Hassin and Rubinstein, 2000; DeVos and Nurse, 2018) and
their variants under formal constraints. Other baselines are defined on ‘uniformly random’ conditions,
typically in uniformly random permutations of the words of a sentence. However, formal constraints
from Dependency Grammar, like projectivity and planarity (Sleator and Temperley, 1993; Kuhlmann
and Nivre, 2006), have led to defining such random baselines conditioned to those formal constraints
(Gildea and Temperley, 2007; Park and Levy, 2009; Futrell et al., 2015; Kramer, 2021; Alemany-Puig
and Ferrer-i-Cancho, 2021) although these formal constraints have been argued to be epiphenomena of
DDm (Gómez-Rodrı́guez and Ferrer-i-Cancho, 2017; Gómez-Rodrı́guez et al., 2020).

In this article we introduce a new tool to support research on the areas and the research problems
reviewed above: the Linear Arrangement Library (LAL), which allows researchers to compute easily
many of the metrics and algorithms that researchers have been proposing, while simplifying significantly
the problem of calculating random or extremal baselines for them. In addition, LAL aims to simplify the
process of working with collections of treebanks, one of the most successful recent examples being the
Universal Dependencies collection (Zeman et al., 2020) and its variants (Gerdes et al., 2018). LAL is
currently available from https://cqllab.upc.edu/lal.

In order to grasp the power of LAL we remind the reader that the syntactic dependency structure of a
sentence can be defined as a triad composed of (1) a directed graph structure in which the vertices of the
graph are the words of the sentence, (2) a linear arrangement of the vertices of the graph, and (3) labels
of the edges of the graph which indicate the type of syntactic relationship between the words they relate.
Two types of metrics (or scores) can be defined on such structures: word order-dependent, e.g., the sum
of dependency distances (Gildea and Temperley, 2007) and word order-independent metrics, e.g., mean
hierarchical distance (Jing and Liu, 2015). LAL allows one to compute many scores of each of these two
sorts.

The calculation of baselines is at the heart of Quantitative Dependency Syntax research as well as at the
heart of LAL. For some random baselines, LAL offers exact algorithms or formulae to calculate the de-
sired value under the null model, e.g., algorithms to calculate the expected sum of dependency distances
(Ferrer-i-Cancho, 2004; Alemany-Puig and Ferrer-i-Cancho, 2021). The reality is, unfortunately, that
algorithms and formulae to calculate exact expected values of certain scores might be difficult to derive.
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Figure 2: a) An example of syntactic dependency structure. Arc labels indicate edge lengths, each
calculated as the absolute difference of the positions of the corresponding edge’s endpoints. The numbers
below the words indicate positions. b) The rooted tree underlying the sentence in a); the positions of the
words are indicated below or to the right of each word. Adapted from (McDonald et al., 2005, Figure 2).

As an alternative, LAL allows researchers to resort to random sampling in order to calculate said values,
which often involves tree and/or linear arrangement generation (Liu, 2008; Esteban and Ferrer-i-Cancho,
2017; Yadav et al., 2019). An example of an application of tree generation would be the calculation of
the expected mean hierarchical distance (Jing and Liu, 2015) among n-vertex rooted trees1. Regarding
linear arrangement generation, an example would be to calculate the expected flux weight (Kahane et al.,
2017) over all arrangements of a tree.

Thanks to LAL the computation of random baselines can be restricted easily to two of the most fre-
quently observed arrangements from a formal standpoint: planar orderings, where syntactic edges do
not cross, and projective orders, namely planar orderings where the root is not covered (Sleator and
Temperley, 1993; Kuhlmann and Nivre, 2006). For instance, the random baseline over the sum of depen-
dency distances can be computed assuming unconstrained, projective and planar arrangements as shown
in Table 1. In an unconstrained linear arrangement, edge crossings are allowed and the root may be
covered.

The remainder of the article is organized as follows. Section 2 presents the design principles of LAL
and its architecture. Section 3 gives further details about its functionalities and explains how to work
with LAL following a standard research pipeline. We end with some suggestions for future development
of LAL.

2 Design principles

2.1 Ease of use

Many measures/scores in Quantitative Dependency Syntax have been devised over the years (e.g., Jiang
and Liu (2018)). Some of these are easy to calculate, e.g., the sum of dependency distances (or the sum
of edge lengths) of an n-vertex syntactic dependency structure. This sum is easily computable in O(n)
time given the specification of the linear arrangement and that of the graph. However, the calculation
of extremal values on linear arrangements (i.e. minimum or maximum values of a score), such as the
solution to the Minimum Linear Arrangement (MLA) problem in unconstrained arrangements (Garey
and Johnson, 1976; Shiloach, 1979; Chung, 1984) or of one of its constrained variants (Iordanskii, 1987;
Hochberg and Stallmann, 2003; Gildea and Temperley, 2007; Bommasani, 2020; Alemany-Puig et al.,
2022) are not straightforward because the algorithm is complex, it is hard to test or both. Likewise,

1This problem may be notoriously difficult to solve; take as a reference the work by Rényi and Szekeres (1967) where it is
shown that the average labeled tree height Hn is such that Hn →

√
2nπ as n→∞.
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Unconstrained Planar Projective Unconstrained

Minimum Shiloach (1979),
Chung (1984)

Hochberg and
Stallmann (2003),
Alemany-Puig et
al. (2022)

Gildea and Tem-
perley (2007),
Alemany-Puig et
al. (2022)

†

Complexity O(n2.2), O(n2) O(n) O(n)

Expected Ferrer-i-Cancho
(2004)

∗ Alemany-Puig and
Ferrer-i-Cancho
(2021)

Verbitsky (2008)

Complexity O(1) O(n) O(n) O(n)

Maximum Under study In progress In progress Under study
Complexity O(n) O(n)

Table 1: The baselines on D, the sum of dependency distances, and C, the number of syntactic de-
pendency crossings, that can be calculated on a given input tree using LAL. Columns ‘Unconstrained’,
‘Planar’ and ‘Projective’ are the different constraints under which the ‘Minimum’, ‘Expected’ and ‘Max-
imum’ values can be calculated with LAL. ∗: available in LAL but article not published yet; †: the
minimum value of C is trivially 0 for every tree.

performing statistical tests and calculating expected values (random baselines) require random sampling
methods when exact algorithms/formulae are not known; such sampling is typically done uniformly at
random over all possible trees (Ferrer-i-Cancho et al., 2018; Gómez-Rodrı́guez et al., 2020; Yadav et al.,
2019) or random arrangements (Ferrer-i-Cancho et al., 2018; Ferrer-i-Cancho et al., 2021). LAL’s main
design principle is to make these algorithms (and random sampling methods) easily accessible and, there-
fore, LAL has been designed to be an easy-to-use tool for Quantitative Dependency Syntax researchers
focused in the analysis of syntactic dependency trees, and Computer Scientists and Mathematicians spe-
cializing in Discrete Mathematics. Moreover, advanced programming knowledge is not required to use
LAL. For example, a researcher in Quantitative Dependency Syntax can process a treebank as easily as
shown in Code 1.

import lal
err = lal.io.process_treebank("Cantonese.txt", "output_file.csv")
print(err)

Code 1: Python script for computing all scores on a single treebank with LAL. The input file is a series
of head vectors, whose format is described in Section 3, and the output is a standard .csv file that can be
loaded directly on a spreadsheet.

2.2 Connecting communities and traditions

LAL aims to unite research traditions and disciplines from all over the world as well as serving the
distinct fields converging into Quantitative Dependency Syntax as much as possible. LAL integrates
views, concepts and scores from the major research communities: Asia (China, Jing and Liu (2015);
Japan, Komori et al. (2019)), North America (USA, Gildea and Temperley (2007) and Futrell et al.
(2015)) and Europe (e.g., France, Kahane et al. (2017); Switzerland, Gulordava and Merlo (2016) and
Gulordava and Merlo (2015)).



2.3 Openness and availability

After many years of research in Quantitative Dependency Syntax, the code used to calculate many of
these metrics is not usually shared, thus forcing researchers in the Linguistics fields to repeat the same
efforts as the original authors put into coding the algorithms. This repetition increases the probability of
bugs in every researcher’s code which lead to incorrect results used in their experiments to be published
in scientific journals. We think that LAL is an answer to these challenges as it is an open-source project,
licensed under the GPL v3 Affero2. The library’s code is publicly available at https://github.
com/LAL-project/linear-arrangement-library.git.

2.4 Robustness

Often, testing is not thorough or is not specified. Therefore, the increasing amount of research in Quan-
titative Dependency Syntax creates a need for a thoroughly-tested tool in which to find many if not most
of the metrics devised so far. The continual testing that is applied to LAL solves this problem: tests are
run periodically to ensure that all algorithms calculate correct values.

2.5 The architecture of LAL

The LAL project’s architecture consists of a core and extensions (Figure 3). The core has two parts: the
main branch and the testing branch (Figure 3). The latter is responsible for the robustness of the main
branch. The test branch is not publicly available yet but it results from the transfer of knowledge and
methods that enabled to test and correct classic algorithms with random and exhaustive methods (Esteban
and Ferrer-i-Cancho, 2017; Alemany-Puig and Ferrer-i-Cancho, 2020; Alemany-Puig et al., 2022). The
C++ language is used in LAL’s core to implement its main functionalities and algorithms, some of which
are parallelized internally to improve performance (a critical example is the function that computes (all)
scores on a treebank collection). However, only the library branch is wrapped to Python (via SWIG
(2020); Figure 3) given the fact that Python is usually the first choice of many scientists who are looking
forward to automatizing their workflow as it is easy to use.

LAL extensions implement additional functionalities, e.g., dealing with the interface between exist-
ing treebanks and LAL. ‘LAL extensions’ is the place for contributing to the LAL ecosystem without
knowledge on how LAL is implemented. A concrete LAL extension is introduced in the next section.

LAL’s core is composed of 7 modules (Figure 3). Now follows a brief description of each of them.

• The generate module contains algorithms to generate trees uniformly at random or exhaustively,
labeled or unlabeled, and free or rooted; algorithms to generate arrangements of trees under the
projectivity or planarity constraint,

• In the graphs module users will find the implementations of different graph classes: undirected and
directed graphs, free and rooted trees,

• The io (input/output) module contains algorithms to read data from a file in disk, but its current chief
goal is to process input data, such as treebanks, to produce an output file with measures computable
by the library,

• The numeric module contains wrappers of the GMP library (GMP, 2021) for arbitrary-precision
integer and rational numbers to ensure exact precision in the calculations (mostly useful for the
testing branch of the project or advanced research in mathematics),

• In the linarr module users will find many algorithms to compute measures of graphs that are defined
on the linear ordering of the vertices, e.g., the sum of dependency distances (Gildea and Temperley,
2007),

2Many people think this license formally discourages commercial usage, but it certainly does not https://www.gnu.
org/licenses/agpl-3.0.en.html.
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Figure 3: The architecture of LAL project: core and extensions. The core consists of the library and
testing branch. The library is developed in C++, and wrapped into Python via SWIG (2020). Testing
the library is a crucial part of its development. The library is composed of 7 modules (both C++ and
Python options): generate, graphs, io, numeric, linarr, properties, and utilities, each of which is briefly
described in Section 2.

• The properties module implements algorithms to compute measures of graphs that do not depend
on the linear ordering of their vertices, only on their structure, e.g., the Mean Hierarchical Distance
(Jing and Liu, 2015),

• Finally, the utilities module contains algorithms that are interesting to the general public but cannot
be classified into the categories above, such as the tree isomorphism test that tells whether or not
two trees are the same. This test only takes into account the structure of the tree (nodes and edges)
and not possible labels on the edges (e.g. grammatical relations between words in a sentence) or
possible tokens in the nodes (e.g. words from a sentence). The algorithm implemented in LAL (Aho
et al., 1974) is an O(n)-time algorithm (where n is the number of vertices of the trees) adapted to
the case when the two trees are free or rooted.

3 Working with LAL

LAL’s capabilities range over three kinds of operations depending on the entity to which they are applied:
operations on individual syntactic dependency structures (modules graphs, linarr, properties), operations
on individual treebanks or on treebank collections (io module).

LAL contains many functions with which one can calculate metrics/scores on a single tree. At present,
the focus of LAL is on trees for simplicity and because of the high current interest on this kind of graphs.
However, although fewer in number, LAL also contains functions that admit general graphs (e.g., graphs
with cycles, and forests). Functions might depend on a given word ordering (linarr module) or not
(properties module). Most functions in the linarr module typically require a linear arrangement as an
input parameter. However, some functions return a linear arrangement rather than requiring one as an
input parameter, as in the example given in Code 2. It is worth mentioning that LAL implements methods
for a flexible construction of graphs (graphs module) by adding edges one by one, or in bulk, thus
allowing complicated workflows, whenever those are needed. Nevertheless, LAL is also equipped with
helper functions for simpler graph construction (e.g., construct a graph directly from its set of edges).
Furthermore, it provides functions for reading graphs from a file in its io module.



import lal
t = lal.graphs.from_edge_list_to_free_tree([(0,1), ...])
Shiloachs_algorithm = lal.linarr.algorithms_Dmin.Shiloach
print(lal.linarr.min_sum_edge_lengths(t), Shiloachs_algorithm)
Chungs_algorithm = lal.linarr.algorithms_Dmin.Chung_2
print(lal.linarr.min_sum_edge_lengths(t), Chungs_algorithm)

Code 2: Python script to calculate the minimum baseline for the sum of dependency distances on a
free tree with LAL applying two different algorithms: Shiloach’s (Shiloach, 1979; Esteban and Ferrer-
i-Cancho, 2017) and Chung’s quadratic algorithm (Chung, 1984). LAL implements the correction of
Shiloach’s algorithm in (Esteban and Ferrer-i-Cancho, 2017). The free tree is specified as a list of pairs
of edges. That baseline is the solution of the so-called minimum linear arrangement problem of computer
science, hence the names of the algorithms mentioned above.

The library also implements treebank processing (io module). It provides its users with algorithms to
generate data out of single treebank files and collections of treebanks. A collection of treebanks is simply
a set of treebanks that are related to one another within some particular context. In the UD collection,
texts from distinct languages annotated with the same formalism (Zeman et al., 2020), but there are many
other possibilities: e.g., the novels of the same writer – where an individual treebank is a novel, all the
articles in a given newspaper – where a single treebank is one of said articles.

In LAL a collection is represented by a plain text file listing all the treebank files in the collection.
Treebanks are typically written in CoNLL-U format (Buchholz and Marsi, 2006), but LAL requires a
simpler format with the essential information. In particular, LAL requires treebanks to be provided as
a series of head vectors (or head sequences); a head vector of an n-word sentence is a sequence of n
non-negative integer numbers in the positions from 1 to n where each number indicates the position of
its parent word, and the number 0 indicates the root word of the sentence. The most important reason to
use the intermediate format is the existence of many previous formats, and the possibility of many new
formats coming to life; we believe it will help in reducing the library’s usage complexity. This approach
is similar to that taken by compiler developers and designers who use the so-called ‘Three address code’:
it is an intermediate language into which many programming languages can be transformed, and is
then compiled to the target machine. Nevertheless, we have also developed a LAL extension (Figure
3), the treebank-parser that applies core LAL functions to convert CoNLL-U-formatted files into the
head vector format after applying optional preprocessing: (a) removal of punctuation marks, e.g., for
crosslinguistic generality, (b) removal of functions words, e.g., to compare languages with many such
words against languages where these are scarce and (c) removal of sentences shorter or longer than a
given length (Ferrer-i-Cancho et al., 2021). This tool can be found online at https://github.com/
LAL-project/treebank-parser.git.

The processing of treebanks (and collection of treebanks) can be done automatically by LAL, but
it can also be customized by its users. In other words, the automatic processing of a treebank (or a
collection of treebanks) is performed by the library applying the metrics/scores selected by the user,
with optional internal parallelization, and other customizable options on the format of the output. One
obvious drawback of automatic processing is that it is limited to the metrics/scores implemented in LAL.
Nevertheless, should users look forward to calculating a new score on a treebank (or in a collection), they
can still use LAL to carry out such a task since LAL implements algorithms to easily iterate over a file
containing only head vectors, thus removing the aforementioned limitation. Therefore, LAL facilitates
working on a single treebank or on a collection of treebanks.

Figure 4 illustrates one possible pipeline when working with a single treebank. That pipeline can
easily be adapted to any treebank collection. A description now follows.

Phase 1 Firstly, one chooses a source of the input data. Such data may come from a handwritten text, or



a typeset text, which is to be analyzed by either a computer or by a human; the data may come
from already-analyzed data such as the UD collection (Zeman et al., 2020; Gerdes et al., 2018),
or treebanks annotated with the Stanford (de Marneffe et al., 2014) or Prague (Hajič et al., 2006)
conventions.

Phase 2 Secondly, some preprocessing of the data might be required, e.g., removal of punctuation marks,
removal of function words, or the exclusion of sentences that are too short or too long. See Ferrer-i-
Cancho et al. (2021) for a complete example of such preprocessing. We call the resulting treebank
‘Treebank (2)’.

Phase 3 Then, one transforms ‘Treebank (2)’ into ‘Treebank (3)’, a file containing only the so-called head
vectors so that LAL can understand the data.

Phase 4 Here, LAL is used to generate a .csv file containing all the measures that are interesting for
one’s own research. Staying true to its efficiency design principle, LAL can evaluate all metrics
it implements on every tree of the UD 2.6 treebank (Zeman et al., 2020) in ∼ 23 seconds, while
producing only the primary data (on only the UD 2.6 treebank) of a recent article (Ferrer-i-Cancho
et al., 2021) takes ∼ 6 seconds3.

Phase 5 The last phase consists of using the data to perform statistical analyses on the treebank. These analy-
ses comprise hypothesis and theoretical prediction testing (Ferrer-i-Cancho and Gómez-Rodrı́guez,
2021) as well as evaluation of the quality of a treebank (Alzetta et al., 2017; Heinecke, 2019).
When the pipeline is adapted to a treebank collection, LAL supports research in typology (Croft
et al., 2017; Alzetta et al., 2018) or on comparisons of annotation schemes (Osborne and Gerdes,
2019; Passarotti, 2016).

LAL extensions can be used for tasks in Phases 2 and 3. For the time being, the aforementioned
extension treebank-parser (Figure 3) allows one to perform Phase 2 and Phase 3 in a row over treebanks
in CoNLL-U format. In the future, we hope that LAL extensions grow in number with contributions that
researchers wish to make to the LAL ecosystem for Phase 2 or Phase 3.

3.1 Capabilities
To begin with, LAL implements several algorithms to calculate relevant word order-dependent metrics
(module linarr) in Quantitative Dependency Syntax. These include the sum of dependency distances
(Gildea and Temperley, 2007); the number of edge crossings (Ferrer-i-Cancho et al., 2018), with the
option to choose among several algorithms; the prediction of the number of crossings based on the
length of the edges (Ferrer-i-Cancho, 2014); the class of syntactic dependency structure (such as WG1

(Gómez-Rodrı́guez et al., 2011), 1-Endpoint Crossing (Satta et al., 2013), projective and planar (Sleator
and Temperley, 1993; Kuhlmann and Nivre, 2006)); the solution to the MLA problem under several
constraints (Table 1); the computation of dependency fluxes (Kahane et al., 2017); the proportion of
head initial dependencies (Liu, 2010).

Researchers will find in LAL many word order-independent metrics (metrics that do not depend on
the ordering of the vertices) in the properties module, including the Mean Hierarchical Distance (Jing
and Liu, 2015); the variance and expected number of crossings in unconstrained arrangements of trees,
useful for variable standardization (Alemany-Puig and Ferrer-i-Cancho, 2020); the expected sum of edge
lengths under three different formal constraints (Table 1) to cover different views about the nature of
formal constraints (Yadav et al., 2021), and the variance of said sum in unconstrained linear arrangements
(Ferrer-i-Cancho, 2019); the calculation of the m-th moment of degrees about zero used to calculate the
well-known hubiness coefficient (Ferrer-i-Cancho et al., 2018), extended to the out- and in-degrees4;
the number of pairs of independent edges (two edges are independent when they share no vertices); the

3Running times are estimated on a brand-new PC with a 3.30 GHz, 6-core (2 threads/core) i5-10600 CPU (16 GB); the
program uses 6 threads and runs on Ubuntu 20.04.

4Trivially, the m-th moment of in-degree about zero of any n-vertex tree is 〈kmin〉 = (n− 1)/n. Nevertheless, a function to
calculate it is provided.



Sampling method Type of tree References

Exhaustive
Labeled

Free Prüfer (1918)
Rooted Based on E-L-F∗

Unlabeled
Free Wright et al. (1986)

Rooted Beyer and Hedetniemi (1980)

Random
Labeled

Free Prüfer (1918)
Rooted Based on Rn-L-F∗∗

Unlabeled
Free Wilf (1981)∗∗∗

Rooted Nijenhuis and Wilf (1978)

Table 2: The eight different possibilities of tree generation in LAL. By ‘random’ we mean ‘uniformly
random over the complete set of the respective kind of trees’. ∗ Based on Exhaustive-Labeled-Free
tree generation. ∗∗ Based on Random-Labeled-Free tree generation. ∗∗∗ The algorithm includes the
correction pointed out in (Marohnić, 2018).

central and centroidal vertices of trees (Harary, 1969). Furthermore, one can classify trees into classes
according to their structure. These classes are: linear, star, quasistar and bistar (San Diego and Gella,
2014), caterpillar (Harary and Schwenk, 1973), and spider (Bennett et al., 2019) trees.

In order to overcome the research limitations arising from the lack of research on every possible ex-
pected value that can be elicited, LAL is equipped with several algorithms for the generation of trees
(Table 2) and of linear arrangements of trees under several formal constraints (projectivity and planarity5

(Kuhlmann and Nivre, 2006)), and, for the sake of ease of use, it also provides exhaustive and random
generation of unconstrained arrangements, i.e., exhaustive and random generation of permutations. Ran-
dom generation allows one to estimate, via random sampling of the appropriate structure, the expected
value of a certain existing or new metric. For example, one could easily approximate the expected Mean
Hierarchical Distance (MHD) over the set of uniformly random unlabeled rooted trees by sampling said
trees and averaging their MHD. The same can be said about those metrics dependent on word order.
It goes without saying that said approximation is not limited to what LAL can calculate: researchers
with sufficient programming skills can implement their own metrics either in C++ or in Python and ap-
proximate that metric’s expectation and other aspects of its distribution under null models; the online
documentation at https://cqllab.upc.edu/lal/guides explains how these estimates can be
calculated and provide examples that inexperienced programmers can easily adapt to the metric of their
choice. In previous research, the methods of generation of random trees do not warrant uniform sam-
pling of the space of possible trees (Liu, 2007; Courtin and Yan, 2019). LAL simplifies research where
uniformity is required.

3.2 Applications of LAL

LAL’s domain of application revolves primarily around studies on Quantitative Dependency Syntax. We
have dealt with various applications of LAL when describing Phase 5 of the pipeline (Section 3, Figure
4). LAL is also a convenient tool for reproducing results from previous research. For instance, LAL
allows one to reproduce the results of the analyses to predict the actual number of dependency crossings
(Gómez-Rodrı́guez and Ferrer-i-Cancho, 2017), the results on the scaling of sum of dependency distances
in minimum linear arrangements (Esteban et al., 2016), or recent findings on the degree of optimality of
languages (Ferrer-i-Cancho et al., 2021). This research eventually converged into the formal development
of LAL.

LAL offers many possibilities for research on the similarity among trees. For instance, LAL can be
used to find how many isomorphic tree structures are present in two treebanks. Also, given any treebank,
one can also find the amount of unique trees (up to graph isomorphism). Furthermore, rooted trees are

5Random and exhaustive generation of planar arrangements is available in LAL but not published at the time of submission.
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implemented so that users can extract rooted subtrees and perform similarity tests based on subgraph
isomorphism. These have already been tackled for general graphs (Cordella et al., 2004; Jüttner and
Madarasi, 2018).

Beyond the realm of measurements on treebanks, LAL contains tree-generation (or linear-arrangement
generation) methods that can help one to test new algorithms. With this one can easily implement the
testing protocol to assert the correctness of the implementation of the algorithm to compute the minimum
sum of dependency distances (Esteban et al., 2016; Esteban and Ferrer-i-Cancho, 2017).

4 Future work

LAL is a growing project to support current and future research. We plan to extend the library with
algorithms to calculate extreme or random baselines for scores for which a fast exact algorithm is not
available yet. For instance, we plan to add efficient algorithms for the calculation of the maximum sum
of edge lengths in unconstrained arrangements and also on said maximum under the projectivity and
planarity constraint (Table 1). We will also work on the classification of linear arrangements into different
classes of formal constraints and also extend the library with functionalities that ease common tasks
in the analysis of syntactic dependency structures or that reflect consolidated results from the distinct
disciplines involved. We are also open to update the library based on demands of engaged users.
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spanning tree algorithms. In Proceedings of the conference on Human Language Technology and Empirical
Methods in Natural Language Processing, pages 523–530.
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enne, Wograine Evelyn, Richárd Farkas, Hector Fernandez Alcalde, Jennifer Foster, Cláudia Freitas, Kazunori
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