


t-SNE of sentence embeddings Next, we explain how we analyze the sentence embeddings in M,
obtained from Sink-E*. A sentence refers to an Amazon food/product review. BERT’s input sentence is
lowercase WordPiece tokenized. We prepend the list of tokens with [CLS] token to represent the sentence
which is later used for the classification task. First, each token is mapped to a static context-independent
embedding. Then the vector list is passed through a sequence of multi-head self-attention operations that
contextualizes each token. It is important to note that contextualization can be task-specific. We randomly
sample 5000 review-label pairs for each sentiment class. For each textual review, as shown in fig. 6, we
use a 128-dimensional vector at the output of the transformer layer corresponding to the [CLS] token.
This corresponds to the list of reviews represented in 128-dimensional vector space. To visualize the
learned sentence representations, we map the vectors from 128-dimensional space to 2-dimensions using
t-distributed Stochastic Neighbor Embedding (t—SNE)T.

C.1 Semantic support to One-hot support

Figure 7: The one-hot encoding doesn’t have clear distinct boundaries. The semantic structure is lost.

One way to understand the importance of properly defining label space relationship is by defining
metric space where each label acquires its own axis, thus losing the semantic information. For a five-class
classification problem, we will have five axes and thus the support is a set of five distinct one-hot vectors
each of size five. This way any misclassification, i.e., predicting a mass different from the ground truth
label, will result in the same cost irrespective of whether positive sentiment is classified as strongly
positive or strongly negative. This is due to the taxi-cab distance. Its value is computed by just summing
up the absolute individual coordinate distances, which are just the predicted probabilities except for the
coordinate corresponding to the ground truth.

We train the global model M, with the Sinkhorn distance-based loss (eq. (3)) where the cost is defined
as taxi-cab distance on the one-dimensional support and five-dimensional one-hot support as elaborated
previously. The fig. 7 depicts the respective t-SNE scatter plots. In the plot with one-dimensional semantic
support, we observe sentence vectors, i.e., features used for the classification task, are mapped in clearer
clusters as compared to the plot at right without semantic information. We observe the points related to
label 5 (strongly positive) are much more localized as compared to the sentence mappings with one-hot,
which is distributed around the space. This clearly dictates the benefit of a meaningful metric as compared
to a space that is not informative. Next, we check a similar case that occurs in entropy-based loss functions.

"We used the implementation from scikit-learn.
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C.2 Sinkhorn distance — KL divergence

Similar to the cost associated with the one-hot support in Sinkhorn, the KL. divergence has no feasible way
to capture the intrinsic metric in the label space. The plots in fig. 8 show the different sentence embeddings
(t-SNE) with the varying entropy-based regularisation term in the vanilla Sinkhorn distance. As € — 0",
we should get a pure OT-based loss function (eq. (1)). However, to speed up the Sinkhorn and gradient
computations, we chose € = 0.001 with no (F1-score) performance trade-off. As shown in the fig. 8, with
€ >= 1, the sentence representations are distributed across space with patches of label-dominant clusters.
However, we can not see clear decision boundaries between the labels. As we decrease the ¢ value below
1, we observe clearer feature maps for each label. For € = 0.001, we can see clear sentence vector clusters
corresponding to label 5. We can see the higher confusion rate is only between labels 5 and 4 which can
be attributed to the less cost of transportation of the mass from label 5 to 4 as compared to 5 to other
labels. A similar trend can be seen for lower € values that are 0.01 and the € used in this work 0.003 where
clearer and localized clusters can be seen.

D Model bias

D.1 Probability Skew

To generate a random input, we uniformly sample 200 tokens from the vocab * with replacement and join
them with white space. We obtain 100,000 such random texts. For a given text classifier model, the skew
value for sentiment label 1 can be estimated by the fraction of times it is the prediction of when the model
infers over the set of random texts (section 5.2).

D.2 Gender and Racial biases

Even though we considered the model probability skew as a reflection of bias induced from non-IID
sampling, other biases such as gender and race can still be learned or acquired in the distillation process,
For instance, take the following sentences:

My father said that the food is just fine. (review-1) — strong positive
My mother said that the food is just fine. (review-2) — neutral

Review-1 and 2 differ in gender-specific words which are father and mother. Since it is a sentiment
classification task, ideally, the intelligent system should not learn gender-specific cues from the text
to generate its predictions. However, we observe a gender dependence in both the KL divergence and
confident Sinkhorn-based predictions.

Similarly, we curate an example where the reviews differ only in a race-specific word.

White guy said the phone is just fine. (review-1) — neutral
Latino guy said the phone is just fine. (review-2) — strong positive

The sentiment predictions made by the intelligent systems were different contrary to ideal behavior.
The review with the word White shows a neutral sentiment while the review with the word Latino shows
a strong positive sentiment. Hence, the systems took account of race-specific words while predicting the
sentiment of a text. The behavior is observed both in the KL and Sinkhorn-based models with confident
weights for sentiment classification.

*We obtain the English vocabulary of size 30,522 from:https://huggingface.co/google/bert_uncased_
L-2_H-128_A-2/tree/main.
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Figure 8: With a small entropic regularizer ¢, it is visually striking that Sinkhorn seems to learn the latent structure
boundaries better than KL divergence. For high ¢, we see more clusters with mixed boundaries and not-so-clear
demarcations.
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E Gradients through loss

We demonstrate the computation of gradient of loss function (eq. (3)) with respect to the global model
trainable parameters 6. We can write the Lagrange dual of eq. (1) as

T, (]I{f)‘?c(“’ fY+{v,g) —e{p®v,exp (%(f ®g-C))-1) @

C={(f,g) €R™ ™ : fi+g; < Cuj}

where f @ g is tensor sum (y,, y;) € Vs X Vi = f(ys) + g(y;). The optimal dual (solution of eq. (4)) can
retrieve us the optimal transport plan (solution of eq. (3)) with the relation 7 = exp( % )(fog—C)-(u®v).
Recently, a few interesting properties of T, were explored (Peyré et al., 2019; Feydy et al., 2019; Luise
et al., 2018) showing that optimal potentials f and g exist and are unique, and AT, (u,v) = (f, g).

Algorithm 1 Gradients of L(hg(x), hic(x)) with respect to hg(x)

Initialize: Dual potentials f”, ---, f¥ € R"™* andg’, ---, g ¥ e R™

1: for k « 1to K do P .
2: fk<—0 Df ={f17"'7fns}
k k k k
3 4 <0 Dg:{gla"'vgnt}
4: while (f k, g ¥ not converged ) do
k ng m 1 1 i m
5: fl « ELSEmzl(log(hk (l’)) + ;gm - ;C(ysvyt )) Sinkhorn loop.
6: g; — eLSE,, (log(hy' (z)) + X fr — LC(VI", V)
7: (LSE is log-sum-exp reduction, i.e, LSEX_, (V;,) = log Zi\il exp(Vy,))
8: end while
9: end for
10: W =fF Vie[n] kek > as dual potentials are gradients of T..
0 xT

11 AELallhelel) = 57 Wy, (i (2))SF ] L Wi, (i (2).

Using these properties, we calculate gradients of the confident Sinkhorn cost in eq. (3). Algorithm 1
obtains the gradients of the loss function with respect to hg(2) which can be backpropagated to tune
model parameters. A crucial computation is to solve the coupling equation in steps 5 and 6. This is done
via Sinkhorn iterations which have a linear convergence rate (Peyré et al., 2019).

F Statistical Risk Bounds

Without the loss of generality, we will prove the risk bounds for two local models in learning without
forgetting the paradigm. For a sample z, let the output of local models be y; = hq(z) and yo = hao(x)
and the global model with trainable parameters be yy = hg(x). To prove Theorem 5.2, we consider the

set of IID training samples S = {(:z:(l), ygl), yél)), ce (:U(N), yﬁN)7 yéN))}.

Lemma F.1. (from (Frogner et al., 2015)) Let hy, hg= € H, be the minimizer of empirical risk ]:25 and
expected risk R, respectively. Then

R(hg) < R(hg=) +2 sup |R(hg) — Rs(hg)| (5)
thHg

To bound the risk for /3, we need to prove uniform concentration bounds for the distillation loss. We
denote the space of loss functions induced by hypothesis space H,, as

(6)

_ (x L w1 (y1) D (e, y1) + wa(y2) D (Yo, y2)
b= {Ee o 30) w1 (y1) + wa(y2) }

Lemma F.2. ((Frogner et al., 2015)) Let the transport cost matrix be C' and the constant Cy; = nga§< Ci )
1,

then 0 < D(-,-) < Cyy, where D(-,-) is 1-Wasserstein distance.
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Definition F.3. (The Rademacher Complexity (Bartlett and Mendelson, 2002)). Let G be a family
of mapping from Z to R, and S = (z1,...,zN) a fixed sample from Z. The empirical Rademacher
complexity of G with respect to S is defined as:

. 1 &
Rs(G) = EU[SUP N Z Uig(zi):| (M
9€G = =1
where o = (oy,...,0nN), with o;’s independent uniform random variables taking values in {+1, —1}.

o;’s are called the Rademacher random variables. The Rademacher complexity is defined by taking
expectation with respect to the samples S.

Ry (G) = Es[Rs(G)] ®)
Theorem F.4. For any 6 > 0, with probability at least 1-6, the following holds for all ly € L:

2
L] - L] = 29(1) + || D) ©

Proof. By definition IE[£y] = R(hy) and IE[¢y] = R(hy). Let,

o(S) = 21615 E[(] - IEg[¢].

Let S and S’ differ only in sample (:E(i), gjy), géi) ), by Lemma F.2, it holds that:

. - 1 G () _(i G () _(G
B(S) - B(S") < sup Mg — Mg = sup —{wi (B )DE, 7Y + wao(75) D@, 757)
(eL thHN

i i i i 2C
— w1 (1" )D (e, 1) = ws(ys” ) Do, v ))} <=1 (o)

This inequality can be achieved by putting D(gjéi), ’§i)) = D(géi),gjéi)) = C)p and D(yéi), yy)) =

Dy, 45 = 0.

Similarly, ®(S") — ®(S) < Cy;/N, thus |®(S") — ®(S)| < Cps/N. Now, from the McDiarmid’s
inequality (McDiarmid, 1998) and its usage in (Frogner et al., 2015), we can establish

2
o(S) < E[B(S)] + \/ w. (11)

From the bound established in the proof of Theorem B.3 in (Frogner et al., 2015), i.e., IEg[®(S)] <
2R (L), we can conclude the proof. O
To complete the proof of Theorem Theorem 5.2, we have to treat 93y (L) in terms of Ry (H,).

Now, let ¢ : R?I x RP! o R defined by u(y,y') = D(/(y), [(y)"), where [ is a softmax function
defined over the vector of logits. From Proposition B.10 of (Frogner et al., 2015), we know:

1 _ _ I _
[e(y,y) = (g,9)] = 2Cu(lly = gll2 + 1y =7 1l2) (12)
Let o, : RYI x R RV s R defined by:

wi(s(y1))D(s(y),5(y1)) + wa(s(y2))D(s(y), 5(y2))
wy(s(y1)) + wa(s(y2))

= w1(s(y1),5(y2)) D(s(y),s(y1)) + wa(s(y1),5(y2)) D(s(y),s(y2))  (14)
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where w1 (.), wo(.) are confidence score of local model predictions ¥,y on an input x. w1 (.), wo(.)
are normalized scores. Note that the local model predictions, i.e., y; and ys are functions of x, where x is
sampled from the data domain distribution f(x). Hence, we can view the loss function as

ts(Y,y1,y2) = D(s(y),s(y1)) + D(s(y),5(y2)) (15)
= 1(y,y1) + 1(y,v2)- (16)

where v is a function of x,,.,, sampled from a weighted distribution w1 (s(y1), 5(y2)) f(x).
The Lipschitz constant of ¢4(y, y1,y2) can thus be identified by:

sy, y1,y2) = ts(G, 1, 92)| = [y, y1) + (v, 92) = (9, 91) — (Y, T2)| (17)
< ey, 1) = UG, 90| + |y, y2) + (Y, 92)| (18)
<2Cy(lly = gll2 + [y = 7ull2 + [y = gll2 + [ly2 = G2ll2)  (19)
<40y (lly = gll2 + llyr = g1ll2 + ly2 = 92112) (20)
<40y |1y, y1,92) = (¥, 71, 92) |2 (21)

Thus, the Lipschitz constant of plain Sinkhorn based distillation is 4C'y;.

Proof of Theorem 5.2 We define the space of loss function for & local models:

L= {Le (@ {kbkec) P ) wk(ﬁ(hg(w)))D(ﬁ(yk))}

ke

Following the notations in (Frogner et al., 2015), we apply the following generalized Talagrand’s lemma
(Ledoux and Talagrand, 2013):

Lemma E.5. Let F be a class of real functions, and H C F = Fy X ... X Fg be a K-valued function
class. If m : R® & R is a Ly-Lipschitz function and m(0) = 0, then Rg(m o H) < 2L Zszl Rs(Fr).

Now, the Lemma can not be directly applied to the confident Sinkhorn loss as 0 is an invalid input. To
get around the problem, we assume the global hypothesis space is of the form:

H={soh:h’eH)} (22)

Thus, we apply the lemma to the 4C'y;-Lipschitz continuous function [ and the function space:

HOX  XHXIX...XT
|V|copies | V| %|K|copies

with Z a singleton function space of identity maps. It holds:

Ry (L) < 8Cu (VRN + |V] X |KIRN(T)) = 8|V|CrRn(H) (23)

; 1< 1o
Rn(T) = EU[SUP N Zaig(yi) = 0] = IEU[N Zﬂiyi = 0]
g€ *' =1 i=1

Thus, by combining eq. (23) in Theorem F.4 and Lemma F.1 proves the Theorem 5.2.

Since the ¢ is small in our experiments, we can quantify the difference between Sinkhorn distance and
Wasserstein for a given Lipschitz cost function.
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G Societal Impact

Our work can be extended to different domains. Although in this paper we examined sentiment classifica-
tions, other areas, where labels are not available, i.e., zero-shot classification, would also be amenable
to federated confident Sinkhorns. Within our approach, a potential downstream task could be to detect
cyberbullying. An important area of application for distraught parents, school teachers, and teens. In this
case, a sentiment that has a high probability of being classified as cyberbullying can be flagged to either
moderators or guardians of a particular application.

A weakness of this approach is that the training of such an application will be based on local models
in other domains. Care would be needed in deciding which local models to use in the federation. This
choice is highly dependent on the industry and the availability of data. Misuse of our approach could be
that the federated training might distill some population-specific information to the global model which
makes the central system vulnerable to attacks that might lead to a user-private data breach. As GPU
implementation of OT metrics becomes commonplace, we envisage that our approach might help in other
Natural Language Processing (NLP) tasks. Indeed, this would be potentially beneficial and open up new
avenues for the NLP community.

H Experimental reproducibility

All the experiments were performed on one Quadro RTX 8000 GPU with 48 GB memory. The model
architectures were designed on Python (version 3.9.2) library PyTorch (version 1.8.1) under BSD-style
license. For Sinkhorn iterations and gradient calculations, we use GeomLoss library (version 0.2.4)
(https://github.com/jeanfeydy/geomloss)under MIT licence. For barycenter calculations,
we use POT library (0.7.0) from (https://pythonot.github.io/) under MIT licence.

We clip all the text to a maximum length of 200 tokens and pad the shorter sentences with
<unk>. To speed up the experiments, we use pretrained BERT-Tiny from https://github.com/
google-research/bert.

The batch size is chosen via grid search from the set {16, 32, 64, 128, 256, 512, 1024, 2048} and found
1024 to be optimal for performance and speed combination on the considered large datasets. We use
Adam optimizer with learning rate chosen via grid search {10_4, 10_3, 10_2, 10_1, 1, 101, 102, 103, 104}.
All the experiments were run for 20 epochs. The regularization parameter € is chosen based on minimal
loss obtained amongst the set of & values {10_4, 10_3, 10_2, 10_17 1,2,4,8,16}.

For the Amazon review dataset, we were unable to find the license.
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