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Tokenization is the first step in modern neural language model pipelines where an input text
is converted to a sequence of subword tokens. We introduce from first principles a finite-state
transduction framework that can encode all possible tokenizations of a reqular language. We then
constructively show that Byte-Pair Encoding (BPE) and MaxMatch (WordPiece), two popular
tokenization schemes, are also efficiently representable by simple finite-state transducers. For
BPE, this is particularly surprising given that it does not tokenize strings from left to right and
requires a notion of priority.

We also discuss an application of subword-level pattern promotion to guided generation,
where the outputs of a language model are constrained to match a specified pattern, and how
tokenization-aware promotion offers a theoretical benefit to modeling.

1. Introduction

Modern neural language models typically operate on subword tokens, an intermediate
granularity between characters and words, which allows for efficiently encoding any
input sequence with a finite vocabulary (Mielke et al. 2021). Recently, using finite-state
transducers to produce a regular language of subword sequences that match a given
regular language of character sequences (i.e., the concatenation of the subword sequence
would match the character-level pattern) has found an application to guided generation
for large language models (LLMs) (Willard and Louf 2023; Koo, Liu, and He 2024),
where model outputs are constrained to match a schema (e.g., a regular expression).
However, these subword-level patterns are typically unaware of any underlying to-
kenization scheme, which means they do not force the model to adhere to canonical
tokenizations—thus ignoring a strong inductive bias that the model was trained with.
Here, we consider the problem of generating subword-level regular languages that
simultaneously match a character-level pattern, and also only admit subword sequences
that would have been produced by a tokenization algorithm such as MaxMatch (Devlin
et al. 2019) or Byte-Pair Encoding (BPE) (Gage 1994; Sennrich, Haddow, and Birch 2016).

Our contributions are a clear explanation of how one would construct a subword-
level automaton from first principles via automata theory. We first introduce a
character-to-subword transducer, which allows us to promote character-level patterns
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to subword-level patterns, where the surface form of each accepted subword sequence
matches the character-level pattern (Section 5). We extend the framework to two pop-
ular subword tokenization algorithms, MaxMatch (Section 6.2) and BPE (Section 6.3),
to promote character-level patterns to subword patterns while only allowing subword
sequences that match the canonical tokenization.

While the primary focus of this article is the theoretical finite-state tokeniza-
tion framework, in Section 6.4 we implement our framework! and show that a sim-
ple automata-theoretic trick offers substantial practical optimizations—for example, a
>200x speedup for BPE pattern promotion over our standard BPE-promotion construc-
tion from Section 6.3. Then, in Section 7, we discuss an application of our framework
to subword-level guided generation and a potential shortcoming of prior guided gen-
eration approaches that our framework resolves. Specifically, that prior approaches
constrain models only to the surface form of the specified pattern without regard to the
tokenization, and therefore the strong inductive bias of a model towards the canonical
tokenization of the input text is ignored.

Overall, the conceptual power of our framework is evidenced by its use of only
foundational automata theory and basic constructions, rather than on ad-hoc algorithms
and data structures, making it easy to implement and use—for example, by lever-
aging existing, well-tested finite-state automata frameworks such as OPENFST (Riley,
Allauzen, and Jansche 2009).

2. Related Work

Recently, due to the importance of subword tokenization as the interface between raw
text and what a language model processes, many research efforts have worked on
formalizing various parts of the tokenization process (Mielke et al. 2021). While some
have dealt with the actual usage of subword tokens in LLMs (Gastaldi et al. 2025;
Zoubhar et al. 2023a; Rajaraman, Jiao, and Ramchandran 2024), others have dealt with
the tokenization process directly (Zouhar et al. 2023b; Berglund and van der Merwe
2023; Berglund, Martens, and van der Merwe 2024).

Most relevant to our work (particularly Section 6.3) is the work of Berglund,
Martens, and van der Merwe (2024), where the authors describe an algorithm to convert
BPE tokenizer’s merge rules into a deterministic finite automaton (DFA) that only
accepts valid sequences of subwords. They describe an ad-hoc, iterative algorithm that
modifies an input automaton step-by-step according to BPE merge list. Their algorithm
is based on theoretical properties of BPE uncovered in Berglund and van der Merwe
(2023). There, the authors show that BPE tokenization can be done in an incremental
manner, as only a constant-sized lookahead window is needed to perform BPE in a
streaming fashion. This property implies that a finite-state automaton implementation
should be possible. The authors also investigate implementation-specific properties
of BPE—specifically, subtle differences in how HUGGINGFACE (Moi and Patry 2023)
and SENTENCEPIECE (Kudo and Richardson 2018) implement BPE. Vieira et al. (2025)
describe a local property of subword sequences that is sufficient to prove that they are
canonical BPE sequences. This property can be used to build an automaton that encodes
all possible canonical BPE subword sequences, which is the goal of the automaton
derived in Sections 6.4 and 6.5.

1 The reference implementation can be found at https://github.com/mcognetta/tokenization
-as-finite-state-transduction.
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Representing subword-level patterns with automata has found use in guided gen-
eration, where language models are constrained to match some surface pattern (Willard
and Louf 2023; Koo, Liu, and He 2024), and has been implemented in a number of
libraries such as OUTLINES (Outlines), GUIDANCE (GUIDANCE-AI), SGLANG (Zheng
et al. 2024), and XGRAMMAR (Dong et al. 2024). Additionally, (Song et al. 2021) found
a connection between the MaxMatch subword tokenization algorithm and the Aho-
Corasick pattern matching automaton. Cognetta, Zouhar, and Okazaki (2024) and Geh
et al. (2024) use subword-level automata to efficiently sample subword sequences that
match a specified pattern for use in language modeling.

Each of these areas—tokenization algorithms, pattern-to-subword promotion,
guided generation, etc—make use of different, specialized algorithms. However, no
overarching theory has been developed that subsumes all of them, despite their similar-
ities. Our goal in this article is to provide a single, simple framework that captures the
full functionality of tokenization and its extensions.

3. Tokenization

Tokenization algorithms convert sequences of characters into sequences of tokens
drawn from a subword vocabulary (e.g., t_o_k_e.n_s — token.s). A number of to-
kenization algorithms exist, but we focus on two, MaxMatch (Section 3.2) and BPE
(Section 3.3), as these are used in many of the most popular modern LLMs.>3

3.1 Subword Vocabularies

The basis of each of the tokenizers that we consider is the subword vocabulary—a set
of tokens made up of atomic characters that a tokenizer uses to produce its final output.
Given a finite set of atomic characters ¥, a subword vocabulary, I', is a finiteset ¥ C I" C
Y. The first set inclusion property ensures that the subword is open-vocabulary—any
sequence built from atomic characters (i.e., a sequence w € X1) can be represented by
the subword vocabulary.

Tokenizers map from >* — I'*, but it is often useful to recover the original char-
acter sequence. We use CHARp(t) as the function I'* — X* that produces the atomic
character sequence that spells out the subword sequence ¢.

3.2 MaxMatch Encoding

MaxMatch (or WordPiece) encoding is a tokenization algorithm that, given a subword
vocabulary I', tokenizes an input sequence greedily from left to right. It iteratively selects
the longest possible matching token from I' and adds that to the tokenized output.
While a canonical training procedure exists (Schuster and Nakajima 2012), any subword
vocabulary can be used with MaxMatch.

Algorithm 1 describes MaxMatch tokenization inference (Devlin et al. 2019). The
naive implementation of Algorithm 1 takes O(|w|m) time, where |w]| is the length of the
input sequence and m = max,cr |v| is the length of the longest token in I'. However,

2 MaxMatch: BERT (Devlin et al. 2019).
3 BPE: ROBERTA (Liu et al. 2019), LLAMA (Touvron et al. 2023a,b; Grattafiori et al. 2024), GEMMA (Gemma
Team et al. 2024a, b; Gemma Team et al. 2025), GPT (Brown et al. 2020), QWEN (Yang et al. 2025).
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Algorithm 1: MaxMatch Tokenization
Input: Vocabulary T, String w € X+
Output: Tokenized sequence t € I'"

P40, ¢t ()
m < maxyer |v|
while i < |w| do
forj e l..mdo
if Wity € I" then
Z = Wiij4j
APPEND(t, 2)
i< i+ |7
return ¢

Step |
0
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Figure 1

An example of MaxMatch tokenization of bananas with

I'={a, b, n, s, ba, na, ban, bana}. At each step, the longest matching token is added to
the tokenized sequence to produce bana.na.s.

(Song et al. 2021) show that MaxMatch tokenization can be viewed as a variant of the
Aho-Corasick algorithm (Aho and Corasick 1975) and describe an O(|w|)-time tokeniza-
tion algorithm. Figure 1 provides an example of MaxMatch tokenization inference.

3.3 Byte-Pair Encoding

Byte-Pair Encoding (BPE) is a two-stage algorithm for producing subword tokeniza-
tions (Gage 1994; Sennrich, Haddow, and Birch 2016; Zouhar et al. 2023b) by iteratively
merging adjacent tokens into a single, larger token.

In this article, we assume that we have already-trained BPE tokenizers and do not
rely on the training procedure directly for any proofs, definitions, etc., after this section.
However, we include the algorithm pseudocode here to reinforce the point that the
order in which merges happen is not arbitrary.

To train a BPE tokenizer, first, a subword vocabulary is formed, given a corpus
C and a desired vocabulary size k. Assume COUNT(C,a,b) counts the number of oc-
currences of the sequence ab in corpus C and APPLY(T, (a,b)) applies a “merge” (a,b)
in a text T by merging all instances of the subsequence 4,b to a single token ab. Then,
Algorithm 2 produces the vocabulary and merge list for the BPE tokenizer by iteratively
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Algorithm 2: BPE Training

Input: Corpus C over alphabet ¥, Target merge size k
Output: Vocabulary I', Merge list n

LT=% p={()

2: foriel...kdo

3 (a,b) = argmax(, y)cr2 COUNT(C, a_b)

4 APPEND(, (a, b)

5: APPEND(T, ab)
6
7:

AprPLY(C, (a,b))
return (I, p)

Algorithm 3: BPE Tokenization
Input: BPE Tokenizer B = ([, u), String w € ¥+
Output: Tokenized sequence t € I'"

st —w
s (s tivn) | (fiytis) € 1)
while ¥ # () do

(a,b) < argmax, ¢

t + APPLY(t, (a,b))

V= (i tigr) | (tistivn) € p)
return ¢

N d N

finding the pair 4, b with the highest cooccurence count in the corpus, merging them (via
APPLY), adding the merge (4, b) to an ordered list of merges 1, and adding the token ab
to the subword vocabulary I'. This repeats until the target vocabulary size is reached.
We refer to this as 5 = (I, u).

A trained BPE tokenizer B = (I', 1) can then be used to produce a tokenized se-
quence from an input character sequence, according to the merge rules. Given a se-
quence, BPE iteratively finds the highest priority (the lowest index in the merge list)
merge that is present in the current (partially) tokenized sequence and merges it. This
is done repeatedly until no more merges are available, at which point the tokenized
sequence is returned, as shown in Algorithm 3.

Figure 2 gives an example of each merge being iteratively applied to an input string.
Notice that successive merges do not necessarily happen in left-to-right order, and that
the merging procedure resembles a tree.

3.4 UnigramLM

UnigramLM is another tokenization algorithm that is designed to be stochastic in order
to provide subword regularization, a technique where language models are exposed to
many different tokenizations of the same input text as a form of data augmentation and
to add robustness to the model (Kudo and Richardson 2018). The reference implemen-
tation of UnigramLM is found in SENTENCEPIECE (Kudo and Richardson 2018).
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Figure 2

An example of BPE tokenization given p = ((t, o), (g, y), (1, o), (p, o), (1o, gy)). Notice that the
merges are not necessarily done left to right or in order of length. The final tokenized sequence is
to_po._logy.

UnigramLM constructs a subword vocabulary and a corresponding probability dis-
tribution over subwords as its initialization.* Then the set of all possible tokenizations of
an input are scored with the subword probability distribution (i.e., given a tokenization
of the input, multiply the probabilities of each subword in the tokenization according to
the constructed probability distribution). Tokenizations are then either sampled or the
highest probability tokenization is found and used as the final tokenization.

We do not cover UnigramLM in detail in this article for two reasons: First, its tok-
enization algorithm is a graph search algorithm rather than a deterministic construction,
and second, it has a straightforward interpretation under our framework. Specifically,
the result of Section 5 provides the exact lattice that would then be scored by the
probability distribution and then searched over.

4. Automata and Transducers

We introduce the fundamental concepts from automata theory that will be used in the
main results of this article. In general, we provide canonical pseudocode only for the
definitions which we will draw on later in proofs, and provide only the definitions
for the remaining concepts. In this article, we deal only with unweighted automata
and transducers (i.e., automata and transducers over the Boolean semiring), so we use
logical operators (A and V) where needed. We additionally omit weights from arcs; if
the arc exists, it is assumed to have weight one (TRUE in the Boolean semiring).

Definition 4.1: Finite-State Transducers. These are a generalization of finite automata,
which instead of accepting or rejecting strings, accept or reject pairs of strings, (x,y),
where x is the input string and y is the output string. In simpler terms, they accept or
reject transformations of strings, where the input is transformed into the output.

A transducer is defined as 7 = (X, I, Q, gsart, F, &) where ¥ and I are the finite input
and output vocabularies, Q is a set of states, gt € Q is the initial state, F C Q is a set of

4 We do not cover UnigramLM’s implementation here as it is both complex and unrelated to the remaining
topics in this article.
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final states, and 0 is a set of transitions (or arcs) Q x ¥ x I' x Q (an initial state, an input
character, an output character, and a target state). We denote the empty string as «.
A path is a sequence of transitions

T = (QO/i0/00/41)/ (5]1ri11011672)/ ey (qnflrinfllonfqun)r

where (g;,ij11,¢i+1,9i41) € Q x X x ' x Q. Let s; and s, be functions that concatenate
the input and output words (the elements from ¥ and I') of a path, respectively. Then,
a path is denoted 7, if s;(7) = x and s,(7) = y. A path 7, , is called accepting if for
all transitions in the path sequence, (g;,i;,0i,9i+1) € 8, §o = Gstart, and g, € F, and is
called rejecting otherwise. Note that ¢ can appear in a transition (as either the input or
output character or both) but does not “consume” a character from the input or output
strings since ¢ is an empty character (e.g., abec = abc). We use 7, for the analogous path
definition for automata.

We write the functional form of a transducer as 7 (x,y) for x € ¥* and y € I'*. This
function returns true if there exists an accepting path 7, , and false otherwise.

Definition 4.2: Finite-State Automata. Finite-state automata (or, just automata) are a special
case of transducers where I' = ¥ and V(g,i,0,p) € §, i = 0. Consequently, automata are
transducers which map strings to themselves. As such, we omit the output label from
the transition definition where clear; i.e., (g, i, p) rather than (g,7,7,p). An automaton is
deterministic if there are no e-transitions and, for all states and for each character in the
automaton’s alphabet, there is at most one outgoing transition from that state labeled
with that character.

An automaton is trim if for each state, there is a path from gy to that state and a
path from that state to some state g € F (accessibility and co-accessibility, respectively).
Automata can be converted to an equivalent trim representation in polynomial time
(Sipser 1997).

Like transducers, we write A(x) for x € ¥* as the functional form of automata,
returning true if there is an accepting path 7, and false otherwise.

For convenience, we use a functional-notation for 6 when clear for deterministic
automata: 5(q,c) := p if (g,c,p) € 5. We denote the language of a transducer, the set of
pairs of strings accepted by it, as L(T) = {(x,y) | (x,y) € ¥* x " AT (x,y)} or L(T),
respectively. Likewise, for automata, we write £(A) = {x | x € ¥* A A(x)}.

Notational Aside. We make use of several notational shortcuts when convenient. When
referring to states, we write g € Q or 4 € A or T interchangeably (for automata and
transducers, respectively). Likewise, |A| and |T| are defined as the number of states in
the automaton or transducer.

For transitions, we often treat § as a (partial) function:

. 5(q,1,0,p) is a transition, used interchangeably with 5(g,1,0) = p since all
transducers in this article are deterministic

e 5(q)is the set of transitions {(q,i,0,p) | (3,i,0,p) € &}

Definition 4.3: Label Projection. Suppose we have a transducer 7 = (%, [, Q, gstart, F, 8).
The unary output projection function PROJ transforms the transducer into a new
transducer A = (I, T, Q, Jstart, F, &), where ', Q, fsart, and F remain the same, but
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& ={(g,0,p) | (9,i,0,p) € d}. This has the effect of transforming a transducer into an
automaton that computes:

PROJ(T)={y el |IxeX*st. (x,y) € T}. 1)

That is, the set of all strings y € I'* which have a valid transduction from some string
xeXr.

Definition 4.4: Transducer Composition. A fundamental binary operation on transducers
is composition. Let 71 = (2, =, Q1, Gstart, F1,61) and T2 = (£, T, Q2, Gliart, F2, 02) be trans-
ducers with a shared alphabet = on the output side of 77 and the input of 7;. Then,
composition o produces a new transducer that recognizes the relation:

[[T1 o T2)l(x,z) = {(x,2) e ¥* x " | Iy € E* s.t. (x,y) € T A (y,2) € T2}

That is, the set of pairs of strings (x,z) € ¥* x I'* where there is an intermediate string
y € E* such that 77 accepts (x,y) and 7; accepts (y, z).

The composition algorithm proceeds like automata intersection (indeed, intersec-
tion is just a special case of composition, where both inputs are automata). For each
state g;, q]{ € Q1 X Qy, the composed transducer has a state g;;. For each (g;, ¢;, ¢, pj) € 81
and (qy, ¢}, ¢, p}) € 83 such that ¢, = ¢}, there is a transition (g;;, ¢;, c;, pji). The initial state
is (qstarts Jitart) and the final states are all g;; such that (g;, q]’- ) € F; x F.

Algorithm 5 in Appendix A gives pseudocode for generic transducer composition
(Allauzen and Mohri 2009).°

5. Tokenization-Agnostic Pattern Promotion
5.1 Character-to-Subword Transducer

We now introduce the key ingredient to our framework: the character-to-subword
transducer. This is a transducer that maps character sequences to subword units, e.g.,
too_k.e.n — tok.en. The useful aspect of this transducer is that it can produce a
succinct representation of all possible subword tokenizations of a given input, according
to a subword vocabulary, I'. That is, if {tok, to,en, k} C T, then it will encode the
mappings to both tok_en and to_k_en.

Building a Character-to-Subword Transducer. A character-to-subword transducer recog-
nizes the relation:

L(T) = | wrwae. ..., w) 2
wel’
which is the set of transductions from the character spelling of a word (wy_w;.. .. _w,,

where w; € X)) to the single-token representation of the word w € I'.

5 In general, generic composition is restricted to e-free transducers, but it also applies to other classes of
transducers (e.g., over idempotent semirings and without e-cycles, which is true for the class of
transducers considered in this article).
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O+ Ao+

(a) An input pattern automaton A.

() MIN(PROJ(A o T))

Figure 3

An example of projecting a character-level input pattern A = abaabcc to the subword level,
given a subword vocabulary {a, b, c, ab, abc, bc} represented by the character-to-subword
transducer 7. The intermediate transducers formed during this process are shown in panels (c)
and (d), and the final, minimized subword automaton is given in panel (e). Observe that for
every accepting path in MIN(PROJ(A o 7)), the concatenation of the subwords on that path
satisfy the pattern in A when spelled out character-by-character. For example, ab_a_a_bc._c and
a_b_a_abc_c, which are accepted by MIN(PROJ(A o 7)), both correspond to abaabcc, which is
accepted by A.

A simple way to build a character-to-subword transducer is to construct a trie
transducer that maps characters to subwords and then (optionally) minimize it. The
final result is an acyclic, deterministic transducer for which each valid path encodes a
unique word in the subword vocabulary, and e-closure allows it to transduce arbitrarily
long sequences (Cognetta, Allauzen, and Riley 2019).°

Character-Level To Subword-Level Patterns. We now have all the pieces to construct a
subword-level automaton that matches a given character-level pattern. Let 7 be a
character-to-subword transducer over a subword vocabulary I' (produced by Algo-
rithm 6) and let A be a trim, deterministic automaton over X* recognizing some given
pattern. The composition A o T produces a character-sequence-to-subword-sequence
transducer, for which for any path 7, , s;(7r) = CHARp(s,(7)). This is demonstrated in
Figure 3c. Thus, the concatenation of the output labels on any accepting path spells out
a character sequence which would have been accepted by A. In fact, this transducer
encodes all subword sequences with this property. We then compute:

MIN(PROJ(A o T)) 3)

6 Algorithm 6 in Appendix B gives a pseudocode implementation that is used in the proofs found there.
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which results in a minimal, deterministic automaton recognizing subword sequences
which spell out character sequences that satisfy .A. Lemma 1 shows that a determiniza-
tion step, which can take exponential time in the size of the automaton, is not necessary
between the PROJ and MIN steps.

Lemma 1
Let A be minimal, deterministic automaton over ¥ and 7 be a character-to-subword
transducer over ¥ C I' C ¥ (Equation (2)). Then ¢-REMOVAL(PROJ(A o 7)) is deter-
ministic.

Lemma 1 implies MIN(PROJ(A o 7)) can be computed in polynomial time in the
size of A and T. First, Ao T can be computed in polynomial time by the standard
transducer composition algorithm (Allauzen and Mohri 2009). Likewise, PROJ can be
done in O(|8]) € O(|.A||T'|) time. Since PROJ(A o T) produces an automaton over I'*, the
standard e-Removal and MIN algorithms can be used, which both have polynomial
runtimes the size of the automaton (Sipser 1997).

Figure 3 gives an example of each of these stages for a given pattern and character-
to-subword transducer.

6. Tokenization-Preserving Pattern Promotion

The subword-level pattern promotion described in Section 5 allows one to form an au-
tomaton that encodes all subword sequences which, when concatenated, would match
the character-level input pattern. These subword sequences are simply drawn from the
subword vocabulary, and do not reflect the underlying tokenization scheme.

For example, given a pattern a_b_a_a_b and a vocabulary I' = {a,b, ab, aba}, a
tokenization-agnostic subword-level automaton would accept the sequences a_b_a_a_b,
ab_a_ab, etc. However, a MaxMatch tokenizer would always output the tokenization
aba_ab when given this input. This motivates us to determine if we can simultaneously
promote character-level patterns to subword-level patterns and preserve the underlying
tokenization scheme.

Formally, let t € I'" be a sequence of subwords. Then, rather than the tokenization
agnostic:

{t | CHARr(f) € L(A)},
we want to produce the language:
{t | CHARrp(f) € L(A) A T(CHARp(t)) = t},

where T is a BPE or MaxMatch tokenizer. In other words, we want to only accept the
set of subword sequences that correspond to the tokenizations of character sequences
which match A as opposed to the set of all possible subword sequences which match
the character-level pattern.

On the surface, this seems difficult, as the pattern could describe an infinite set of
strings each with a unique canonical tokenization, so we cannot possibly enumerate
them all. However, here we show that both MaxMatch and BPE tokenization can be
expressed as finite state transducers. This allows us to use generic finite-state transduc-
tion operations such as composition and projection to convert character-level automata
to tokenization-preserving subword-level automata efficiently.
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Representing BPE as a finite-state transduction is a particularly surprising result. As
shown in Figure 2, the merge ordering of BPE inference resembles a tree, which suggests
that a string finite-state transducer not be powerful enough to encode the inference
algorithm. Additionally, BPE requires a notion of priority and an unbounded, stack-
like data structure and BPE merges are not performed left to right, while transducers
have constant memory, have no notion of priority, and operate in strictly left-to-right
order.

6.1 @-Transitions

We first introduce a key component used in the constructions for both MaxMatch and
BPE transducers. Automata and transducers can be augmented with a special ¢ symbol
used to denote failure transitions, in the sense of the Knuth-Morris-Pratt algorithm
(KMP) (Knuth, Jr., and Pratt 1977) failure function or the Aho-Corasick algorithm failure
transition (Aho and Corasick 1975). These algorithms use failure functions to efficiently
move to another state in an automaton (or trie) while doing string pattern matching
in order to not have to perform redundant calculations. However, more generally, in
automata theory ¢-transitions (transitions marked with the label ¢) are transitions that
can only be traversed when no other matching transition is available. The presence of
@-transitions does not change the computational power of automata or transducers, but
can allow for more succinct and clear representations of them (Allauzen and Riley 2018).

A @-transition from a state g is a transition (g, @, 0, p) that acts like an ¢ transition
in that it does not consume an input symbol, but can only be traversed if the current
symbol that we are looking for is not present in any other transition originating from g.
In other words, they are a “fallback” transition—if no other matching transition exists,
then a @-arc can be traversed (Svete et al. 2022).

6.2 MaxMatch-Preserving Pattern Promotion

We begin with MaxMatch tokenization, which is rooted in automata theory and is
thus somewhat more straightforward to understand intuitively. We follow Song et al.
(2021), and build a character-to-subword transducer in the style of the Aho-Corasick
automaton (Aho and Corasick 1975).

Roughly, given a vocabulary I', the standard Aho-Corasick automaton allows one
to find all substrings where an input string matches an item from the vocabulary in
time linear to the input length. This is done by including a number of failure arcs (¢-
transitions) in the automaton—arcs that map a state (which corresponds to a prefix of
a token) to the state that corresponds to the longest matching suffix of that token which
is also a prefix of another word in the vocabulary, and which can only be traversed if
no suitable character transition exists at the current state. The failure arcs allow for full-
token prefixes of the current token to be marked as matched, while moving to a prefix
of another token that is currently valid, without recomputation.

Song et al. (2021) show that this construction can be slightly modified to produce
only matches which are greedily as long as possible, which corresponds exactly to the
MaxMatch (WordPiece) tokenization inference algorithm. They achieve this by aug-
menting the failure arcs (referred to as failure links) with a “popping” mechanism,
which pops the longest prefix token(s) that have already been matched before moving
to the suffix state via the failure arc. Like the original Aho-Corasick algorithm, failure
arcs and links can be precomputed and stored for fast inference. The authors note that,

1129



Computational Linguistics Volume 51, Number 4

despite using the algorithmic form of the Aho-Corasick algorithm, their approach can
also be viewed as an application of finite-state transducers.

Algorithm 7 (Appendix C) is a simplified version of the failure-trie precomputation
algorithm (Song et al. 2021) and Algorithm 8 (Appendix C) shows how to convert the
failure-trie into a character-to-subword transducer, Ta,.” The structure of the resulting
transducer is the same as the Aho-Corasick automaton, where non-failure arcs (corre-
sponding to characters) have input and output labels ¢ € ¥ and failure arcs (correspond-
ing to words) have input label ¢ and output label w € I'.

Tano is a valid character-to-subword transducer in that each accepting path corre-
sponds to a sequence of characters from X on the input and a sequence of subwords
from I' on the output such that the concatenation of the subwords is the same as the
character sequence. However, differently from the character-to-subword transducers
from Section 5.1, given an input automaton A to compose with 74, there is a one-
to-one correspondence between sequences accepted by A and sequences accepted by
Tano which corresponds to the greedy parse.

As such, Tap, can be composed with an input pattern A using the ¢-transition
semantics and projected to an automaton over I via:

MIN(PROJ(A © Tano))

as in Equation (3). The result is a subword automaton which only matches subword
sequences that would match the character pattern in A and are a greedy tokenization.

Figure 4 gives an example of an input automaton composed with a standard
character-to-subword transducer (as described in Section 5.1) and with a MaxMatch
transducer.

6.3 BPE-Preserving Pattern Promotion

We now turn to BPE, and attempt to construct a transducer similar to 745, but which
produces a subword-level automaton that matches the tokenizations induced by a BPE
tokenizer B = (I, u).

Recall Algorithm 3, the canonical algorithm for BPE tokenization. This algorithm
processes the input string in arbitrary order (in that it does not necessarily form the
final tokenized sequence from the left to the right, but can skip back and forth) and
resembles a context-free grammar parse tree, and has a notion of priority. Each of these
suggest that the relation described by BPE is not regular and cannot be represented by
a finite-state transducer.

However, consider the following alternative implementation of BPE:

Rather than selecting the highest priority merge available, Algorithm 4 starts from
the character-level string and applies every merge in order of priority and produces an
identical result to Algorithm 3 (Zouhar et al. 2023b). Intuitively, (ab, c) — abc can only
be meaningfully applied if the merge (a, b) — ab was already applied.

This alternative algorithm suggests a finite-state transducer representation is
possible—we can simulate BPE by forming, for each (a,b) € y, a transducer that maps
a.b — ab. We call such a transducer a merge gadget, G(,1). The structure of these
gadgets is simple, as shown in Figure 5.

7 Algorithms 7 and 8 are given in Appendix C for space reasons, as they are not crucial to the results of this
article.
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(b) The MaxMatch-Preserving Transducer 7Tan,  (c) The Tokenization-Agnostic Transducer 7

() MIN(PROJ(A 0 T))

Figure 4

A character-level automaton A is composed with subword lexicons over {a, b, aa, ab}
represented by the MaxMatch-preserving transducer 7,,, and the tokenization-agnostic
transducer 7, shown in Figures (b) and (c), respectively. The results of the composition are
shown in (d) and (e). In (e) specifically, arcs and states that appear in the unconstrained
automaton but would not appear in the constrained automaton (since they do not encode greedy
maximal matches) are shown in dashed-red.
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Algorithm 4: Iterative BPE
Input: Word w € 3, BPE Tokenizer B = (T, )
Output: Tokenized sequence t € I'"

1: for (a,b) € pdo
2: w < APPLY(w, (a,b))
3: return w

a.a

Figure 5
Merge gadgets G, 1) and G, ») for the merges (a,b) — ab and (a, a) — aa, respectively. All arcs
that don’t have an output symbol are assumed to be of the form (g, ¢, c, p).

For simplicity, we focus on merges of the form (a, b) (i.e., the component tokens of
the merge are different), but merges of the form (a, a) have a nearly identical structure.
A gadget contains three states: the initial state (g), the active state (1), and the abort state
(92)- For a merge gadget G, ), the initial state contains a self loop (o, ¢, ¢, 49) for each ¢ €
I' such that c # a. It also contains an arc to the active state (g, a, ¢, 41). The active state
contains three arcs, one which resolves the merge (41, b, ab, gy), one which postpones
the merge (41, a, a,41), and one which cleans up the merge if we read a character other
than b or have nothing else to consume, (41, @, a,42). The reason for ¢ in the last arc is
that, when reading the initial a, we do not emit an 4 in case we will form a merge. The
self-loop on state q; consumes and produces a’s, but if we fail to make a match, we need
to produce one additional a to make up for the one that was not generated on the arc
from g to g;. The abort state contains an arc (45, ¢, ¢, go), Vc # b, which allows us to go
back to the start state after failing to make a match at the active state.

Figure 6 gives an example of an application of a merge gadget to an automaton.

To build intuition, suppose we have an automaton 4 representing the input string
b_c_a_b_a_b_c_c, a BPE tokenizer B = (T, ), where T" = {a,b, c,ab, bc, cc,abc} and
1= [(a,b),(b,c),(c,c) (ab,c)], and a list of gadgets G = [G(an), Gv,c)s G(c,c)r G(av,c)]-

(a) A subset of an automaton with a path a_d. (b) After composition with G, q).

Figure 6
An example of how composing with a merge gadget modifies the input automaton.
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After applying A o G, 1), we have a new transducer where the input is the sequence
boc_a b abococ but the output is the sequence b_c_ab._ab._c._c, and all instances of a_b
have been merged to ab. Repeating this for each of the merge gadgets results in

Ao G oGy © Giee) © Gane)

which transduces b_c_a_b_a_b_c.c to bc_ab_ab._cc, the exact sequence produced by
B(bcababcc). Written out another way, we can implement BPE by computing the com-

position:
MIN | PROJ [ Ao O G(g’b) (4)
(@b)en

Figure 7 gives an example of BPE-preserving pattern promotion given a BPE
tokenizer.

6.3.1 Runtime. Via gadgets, we have shown that regular languages are closed under BPE
transduction. The naive application of the full merge composition in Equation (4) takes
O(A TLney 1Gul) = O(3/M1| A||T)) time (Allauzen and Mohri 2009). For a BPE tokenizer
with just 30 merges, this would be prohibitively expensive, let alone a tokenizer with
64k merges.

However, we find that the actual runtime is POLY(|A|, |/, |T'|). In particular, we
bound the size of the resulting automaton and show that each consecutive merge can
be performed in polynomial time in the size of the input pattern automaton. The proof
is moved to Appendix D due to the length.

Theorem 1

Given an automaton A and a series of merges my,my,..., mp € u. Let A’ =
MIN(PROJ(A 0 Gy, © Gy, © -+ 0 Gy, _,)). Then, MIN(PROJ(A’ 0 G, )) can be computed
in POLY(| A, k, |T'|) time.

Similarly to Theorem 6.3.1, the BPE DFA constuction algorithm by Berglund,
Martens, and van der Merwe (2024) also runs in polynomial time—the authors prove a
bound of O(|A||T"|u/?).

Importantly, Theorem 6.3.1 (and also the result from Berglund, Martens, and van
der Merwe [2024]) place polynomial bounds on the size of the resulting automaton.

Corollary 1
The size of

MIN | PROJ [ Ao [ O Gy
(ab)en

is € POLY([AJ, |u], [T']).
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aa,ab,db

(C) MIN(PRO](A o G(aa) o G(aﬂ,b) o G(db) o G(c,db)))

Figure 7

An example of BPE-preserving pattern promotion of an automaton A for a BPE tokenizer B with
I'={a,b,c,d,aa,ab,db,cdb} and u = ((a, a), (a,b), (d, a), (c,db)). Any path in the
BPE-preserving pattern automaton (c) matches the pattern from A and corresponds to the
tokenization produced by B, while the tokenization-agnostic promoted pattern (b) accepts
non-canonically tokenized sequences.

6.4 A Faster Way To Promote Patterns to BPE

One issue with the formulation in Equation (4) is that enumerating all of the merges and
applying them is computationally expensive and many of the merge compositions are
unnecessary if their components do not appear in the input pattern. We propose an alter-
native formulation that leverages pre-computation by saving a large “BPE” automaton
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and then intersecting it with a subword-agnostic automaton (i.e., the automaton formed
by Equation (3)).

Formally, let B = (I, 1) be a BPE tokenizer, with 3 C I as the base character alpha-
bet. Consider the language ¥*, represented by the automaton Ay«. Promoting this to a
BPE automaton via Equation (4) gives:

Agpg = MIN (PROJ (Az* ° ( O G(a,b))))
(ab)en

an automaton over I that encodes all valid BPE subword sequences. That is, V;cr« t €
C(ABPE) < B(CHARF(t)) =1t

Given an input character-level pattern A over ¥ and 7, the tokenization-agnostic
character-to-subword transducer for I' (i.e., the transducer from Section 5, Equation (3)),
then we have that

MIN(PROJ(A o T)) o Agpg ®)

MIN | PROJ [ Ao [ O G
(ab)en

recognize the same language. This can be seen by noting that PROJ(A o T) recognizes
all subword sequences that correspond to .A. Then, composition with Appg filters it
so that only subword sequences that are valid BPE sequences are accepted. Likewise,
by construction PROJ (.A o (O(u,b)euc(a,h))) converts each sequence in A into its BPE
tokenization, yielding the same language.

Computing Agpg is slow, but once it is computed we can reuse it freely to have much
faster DFA intersection than computing the full form of Equation (4). We demonstrate
this in Table 1, where we compare Equation (4) and Equation (5) for promoting an
automaton with different sized BPE vocabularies. The inherent sequential nature of
Equation (4) coupled with the intermediate increases in the number of states (which
then requires minimization) results in a long runtime. On the other hand, each of the
steps in the precomputed BPE version (Equation (5)) are relatively quick to compute
and so the heavy cost of precomputing Agpg is mitigated if we use it to promote many
character-level patterns.

To test this empirically, we use tokenizers trained from scratch with HUGGINGFACE
TOKENIZERS (Moi and Patry 2023) on the WIKITEXT-2 corpus (Merity et al. 2016) of
various sizes. Each tokenizer uses the same training configuration, and only varies the
target vocabulary size. The tokenizers are then converted into a list of merge gadgets
for Equation (4) and compiled to a single Agpg representation for Equation (5).

Indeed, in Table 1, we see that utilizing the precomputed Appg leads to multiple-
orders-of-magnitude speedups over the sequential composition approach by avoiding
unnecessary computation (i.e., the composition of irrelevant gadgets) and by taking
advantage of efficient DFA intersection algorithms (i.e., lazy composition, where only
the necessary states that are visited during composition are constructed, rather than the

and
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Table 1

Wall time for BPE promotion of an automaton using different-sized vocabularies. The input
automaton accepts strings that are within edit-distance-one of any of 100 words drawn from the
WIKITEXT-2 training corpus and has 2.4k states and 46k transitions. As the BPE vocabulary
grows, the time required for full composition (Equation (4)) increases dramatically while the
precomposition method (Equation (5)) remains relatively fast. See speedtest. py in the reference
implementation to reproduce this table.

Vocabulary Full Composition Preconstructed Agpg

: . . Speedup
Size (Equation (4)) (Equation (5))
4k 16.09s 0.19s 85x
8k 43.39s 0.24s 181x
16k 103.37s 0.38s 272x
32k 228.57s 0.45s 514x

full product automaton).® In the most extreme case with a 32k vocabulary, we observe
a >500x speedup when using the precomputed automaton rather than the sequential
application of each merge gadget.

6.4.1 Speed Comparison to Existing Tokenizers. It is difficult to directly compare our
BPE implementation to existing tokenizers since the space of problems that they can
solve is different. Specifically, existing off-the-shelf tokenizer implementations such as
SENTENCEPIECE (Kudo and Richardson 2018) or HUGGINGFACE TOKENIZERS (Moi
and Patry 2023) can only operate on individual string inputs, whereas our finite-state
transduction framework is capable of tokenizing arbitrary regular languages, which
can potentially have an infinite number of strings. Additionally, while production-ready
tokenizers have been highly tuned, we use the standard OPENFST library and its Python
wrapper PYNINI (Gorman 2016), which, despite being well optimized, are still generic
libraries not specialized to tokenization.

Nevertheless, we prepared a benchmark paragraph for comparing the HUGGING-
FACE BPE implementation to canonical subword promotion via Equation (5). We used
the same set of tokenizers as in Tables 1 and 2. The benchmark paragraph has 1.2k
characters and is taken from the WIKITEXT-2 corpus. The timings were measured by
averaging the time required to produce the canonical tokenization of the text (either in
a list of tokens or a linear automaton encoding only the canonical subword sequence)
over 100 trials.’

At |T'| = 4k, we observed 5.5x slowdown (0.0006s vs. 0.0033s) from the HUGGING-
FACE tokenizer to our implementation. As the size of the vocabulary grows, the slow-
down becomes more pronounced—at |I'| = 32k, we observed a 70x slowdown (0.0002s
vs. 0.014s). We attribute this to there being more arcs in the unconstrained subword
lattice corresponding to partial paths that will be pruned out after composition with the
canonical BPE automaton as well as the memory requirements of holding the canonical
BPE tokenizer (we do not use the implicit form introduced in Section 6.5 since we did
not implement it in a form compatible with PYNINI) and the runtime penalties that
come with it.

8 This experiment was run on an AMD Ryzen 9 5950X 16-Core Processor with 32Gb of RAM.
9 The code to reproduce this experiment can also be found in speedtest.py in the reference
implementation.
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Table 2

Automaton size information for Agpg for different vocabulary sizes when trained on the
WIKITEXT-2 training corpus using the HUGGINGFACE tokenizer’s BPE implementation (Moi
and Patry 2023). As the number of merges increases, the naive encoding’s size explodes due to
the large number of arcs present. The implicit encoding is able to avoid explicitly storing most
arcs, resulting in a large space reduction. See compression.py in the reference implementation to
reproduce this table.

Yocabulary States Representation Explicitly Stored Size Reduction

Size Arcs (bytes)
Default 3.1M 61.8MB

4k 827 96.10%
Implicit 222k 2.4MB

8k 2.0k Defagl.t 14.4M 317.7MB 94.99%
Implicit 1.3M 15.9MB

16k 3.8k Defa?ﬂ.t 55.6M 1.3GB 94.73%
Implicit 5.4M 70.3MB
Default 173.0M 4.5GB

32k Ak 90.00%

6 Implicit 32.2M 449.9MB 0%

Note that we can easily design natural cases where the transducer implementation
outperforms any standard tokenizer. Take, for example, the edit distance automaton
used in Table 1, which we found to encode nearly 90k unique sequences. Suppose the
HUGGINGFACE tokenizer requires 0.0001 seconds to tokenize the shortest sequence in
this automaton, then we would expect enumerating every sequence and tokenizing it
serially would require at least 9 seconds, which is 20 times slower than using the 32k
vocabulary precomputed BPE automaton approach from Table 1 on the same task.

6.5 Reducing the Encoding Size of Agpg

Naively storing Agpg results in a large space cost. For example, Agpg for a 16k vocab-
ulary BPE tokenizer trained on WIKITEXT-2 data has 3.8k states and 56M transitions
and takes up 4.5GB on disk when using the OPENFST finite-state transducer library
(Riley, Allauzen, and Jansche 2009). To make matters worse, modern LLMs often use
significantly larger vocabularies, which limits the use of this method.

Here, we discuss a practical optimization that can substantially reduce the encoding
size of Appg while remaining performant.!” The optimization is based on the following
statement proven'! by Berglund and van der Merwe (2023) (slightly restated):

Statement 1.1 (Berglund and van der Merwe 2023; Corollary 2) Let B= (I',pn) be a
BPE tokenizer with atomic character alphabet ¥ C T. Let w and w' € X* be strings with

10 The specific optimization we discuss is only for BPE tokenizers which use trailing or intermediate
token-delimiter information (i.e., [to] [pol [1ogy-] or [to] [_po] [-logy], respectively), or for tokenizers
that do not use token-delimitation at all. A similar optimization exists for another common
token-delimiter method, leading delimitation (i.e., [_to] [po] [1ogy]), but it is slightly more complicated.

11 A similar result was proven in Vieira et al. (2025; Appendix B), which provides a local property of
subword sequences that ensures they are canonical BPE sequences. This result can also be used to
produce a compressed representation Agpg by computing arc and state information on-the-fly via the
local property.
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tokenizations B(w) = t1ty ... t, and B(w') = tit), .. .1, € T'*, respectively. Then, t,, = t| im-
pliES B(CHARF(tth v tm)CHARF(tété e t;l)) =Hhip... tmtété U

The implication of this corollary is that, if one has generated a token sequence
t1ty...t,, then only tokens t € I' such that B(CHARr(f,t)) = f,t are valid continuations.
In other words, the set of valid continuing subwords at each step depends only on
the most-previously-generated token. This property induces a strict structure in the
resulting automaton. Let g, = 6(gy, v) be the state reached by reading token v € I" from
the start state gy of Agpg.> Then, for any state g # qo, either 5(q,v) = 8(qo,v) = g, or
v & 8(q) (i-e., the transition is disallowed).

This property also implies that all states other than g are of the form g,—so simply
knowing the full set of g, for v € I' as well as the set of invalid continuations for each
v € I is enough to reconstruct the entire Agpg automaton.

We can now use a simple implicit encoding of Agpg: store each of 5(qg, v) for all
v € I" and, for each u € T, store the set v € I" such that B(CHAR(uv)) # uv, which we
call BANNED(u).

Then, the transition function can be defined as:

%] v € BANNED(u)
5(%/ ’0) = { 5 .
(90,v) otherwise,
where each sub-function can be computed in O(1) time via hashing.

We implement this idea and in Table 2 show the size reductions in a family of
BPE tokenizers'® trained on the same corpus but with different vocabulary sizes. For
every vocabulary size, we observe that only a small percentage of arcs need to be stored
explicitly, and the rest can be inferred implicitly. This leads to more than a 90% reduction
in space for our full set of tokenizers.

7. An Application to Guided Generation

Guided generation is a technique used to constrain the outputs of language models
to adhere to a specified pattern (Willard and Louf 2023; Koo, Liu, and He 2024). This
is necessary since typically neural language models assign non-zero probability to all
sequences due to the use of the softmax function. If a sequence of a specified pattern
is desired, it would be beneficial to be able to assign non-zero probability to sequences
which match that pattern, and zero probability to everything else. Guided generation
frameworks typically take in a pattern (e.g., a regular expression) and constrain the
model to match that pattern by masking out logits in the decoder softmax layer that
correspond to tokens which would cause the sequence to fail to match the pattern.
Formally, rather than sampling from:

P(w | wyw, ... wg)
one would sample from:

P(w | wiws ... wg, wiws ... wwd* C L(A))

12 It is possible that several subwords in I' map to the same state after minimization. For clarity, we
nevertheless refer to them with different subscripts (q,,, gy, etc.).
13 The tokenizers in this experiment use trailing whitespace subword markers to delimit spaces.
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where the second condition specifies that appending that subword would still result
in a prefix of a string that matches the pattern specified by A, ensuring that sequences
which do not match the pattern are given zero probability.

Often, A is more easily specified at the character level, while the language model op-
erates at some subword level. To fix this granularity mismatch, subword-level patterns
are used (Willard and Louf 2023; Koo, Liu, and He 2024). However, prior work con-
strains models only to match the original pattern A without respect to the underlying
tokenization scheme (i.e., the tokenization agnostic promotion described in Section 5).
Here we discuss why that might cause issues with modeling.*

First, we note that language models are not conditioned on the surface form of the
text, but rather the exact tokenization of the text. Thus, the same text tokenized in two
different ways will map to different representations within the model.

Imagine we wish to constrain a language model trained with a MaxMatch-style
tokenizer to output just the text racecar (encoded by A). At the start of decoding, the
model samples from the distribution:

P(w | <sos> wX* C A)

Because there is no context and the model is not explicitly aware that its outputs
are being constrained, the model may choose a higher probability token that still prefix-
matches the regular expression—for example, r. Then, in the next inference step, the
next token is drawn from:

P(w | <sos>.r, rw¥* C A)

After several decoding steps, imagine that the model has generated the token sequence
r_a_ce_car, which does indeed satisfy the prescribed regular expression. However, the
canonical tokenization on which the model was trained is race._car (i.e., this is the
token sequence that the MaxMatch tokenizer would have produced given the character
sequence r.a_c_e_c.a.r). The model was only able to generate a sequence with surface
form that matched the input pattern due to the increasingly strict constraints on its
output at each step. As typical neural language models are conditioned not on the
surface form of the text, but rather on the explicit choice of tokenization, this can have
large downstream effects. That is, the distribution:

P(w | <sos>_r_a_ce_car)
can be much different than the distribution:
P(w | <sos>_race_car)
despite the context having the same surface form.
One way to counteract this is to periodically stop decoding, detokenize and re-

tokenize the sequence, and then resume decoding. This will put the text back into
the canonical tokenized form that the model was trained on. However, this is a slow

14 A comprehensive investigation of the effect of tokenization-agnostic vs tokenization-aware constrained
generation on LLMs is beyond the scope of this article, and we leave it for future work. Our goal here is
simply to introduce the problem, which has not been discussed so far in the literature.
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and expensive step (since the model must re-embed the entire context) and does not
fully resolve the issue since the current text was still generated using non-canonical
tokenizations. Thus, rather than using tokenization-agnostic pattern promotion, the
practitioner can use the tokenization-aware pattern-promotion constructions described
in Sections 6.2 and 6.3 to avoid the issues introduced in this section by not only forcing
the model to adhere to some surface-text pattern, but also to the tokenization scheme
that it was trained on.

Two recent studies have considered constraining to canonical BPE tokenizations
during generation, and showed that adding this constraint provably reduces the KL-
divergence of the distribution of subword sequences modeled by the constrained LLM
and the true distribution of subword sequences (i.e., what the model was trained on)
(Vieira et al. 2025; Chatzi et al. 2025), but neither study the effect of this constraining on
downstream tasks. Further, it is not immediately clear if constraining to canonical se-
quences would benefit downstream tasks, as some works have found that non-canonical
tokenizations carry meaningful signal in downstream tasks (Geh et al. 2024; Zheng et al.
2025).

However, canonicalization can confer a benefit to decoding speed during down-
stream tasks. Consider a constrained generation task like generating an output in a
JSON schema, where the generation alternates between free-form text (i.e., the values
in the JSON object) and predefined, structured text (i.e., the JSON syntax and the
predefined field names). Since the predefined structured text has only one canonical
tokenization, the canonical subword automaton corresponding to those parts has a
special structure in that each state has only one outgoing arc. For example, consider
the JSON schema

{¢‘Name’’:¢¥*?’ ‘‘Address’’:‘‘X*’’}

While the ¥* sections can have free-form text and therefore an infinite number of
possible (canonical) tokenizations, there is only one tokenization for ¢‘Name’’: and
¢ ‘Address’’:. When this is promoted to a canonical subword automaton, the sections
of the automaton encoding those parts will be “linear”—there is only one outgoing
arc per state, since there is only one valid path to decode the word. During decoding,
since there is only one outgoing arc, the probability mass assigned to that arc must
be 1. Therefore, no LLM decoding is necessary, and we can simply append the label
on that arc to the context and continue to the next token for free. OUTLINES refers to
this as coalescence'® and several constrained generation systems have implemented this
optimization and observed speedups (Zheng et al. 2024; Cognetta et al. 2025).

8. Conclusion

We formalized character-to-subword-level regular expression pattern promotion
through a simple finite-state transduction framework. This framework was then ex-
tended to enforce dual, tokenizer-aware constraints: the promoted subword pattern si-
multaneously accepts only sequences which match the original character-level pattern,
but do so while also only allowing sequences that would match an underlying BPE or
MaxMatch tokenizer’s output. While the MaxMatch-preserving construction is rooted
in classical automata theory via the Aho-Corasick algorithm, the BPE construction is

15 https://blog.dottxt.ai/coalescence.html.
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a novel and surprising result, given that at first glance, BPE is seemingly incapable of
being captured by finite-state transducers due to its use of priority and that it does not
process strings in any defined order. Further, we show that, contrary to the standard
complexity analysis of the BPE construction, BPE-preserving pattern promotion can
be done in polynomial time in the size of the input automaton and BPE tokenizer.
Finally, we briefly discussed our finite-state transduction framework’s application to
guided generation. While subword-level patterns can constrain the outputs of LLMs to
match a specific pattern, our tokenization-aware pattern promotions can do this while
also adhering to the tokenization scheme that the model was trained on (and thus has
an inductive bias towards), which has the potential to improve language modeling
performance. We leave this for future work.

While the end results of our framework (i.e., subword-level automata that specify
some character and possibly tokenizer-level constraints) are present in prior work, our
framework is still novel in that it neatly captures a wide class of tokenization algorithms
using only basic automata theory and finite-state transducer composition. This is in
contrast to ad-hoc algorithms for promoting character-level automata into subword-
level automata (Willard and Louf 2023; Koo, Liu, and He 2024) or converting BPE
tokenizers into automata (Berglund, Martens, and van der Merwe 2024).

A number of practical limitations of this work exist. First, despite the general BPE
and MaxMatch algorithms being captured by our framework, there are any number of
minor variations of each that would require special care. Second, modern tokenizers
have a complicated preprocessing pipeline, which may not be amenable to finite-state
transducers. Third, our results here can work for context-free languages, since context-
free languages are closed under intersection with regular languages, but we do not
provide any insight on what the time or space complexity would be, especially for BPE
promotion, and we consider this to be important future work. And fourth, even in the
case of regular languages, the size of the automaton after canonical BPE-promotion can
be quite large. As seen in Section 6.5, the BPE-promotion of £* can be enormous, but we
were able to develop a space-efficient encoding of it. However, this blow up can happen
in other cases, such as if a regular expression even contains ¥* as a term, where there
aren’t easy compression schemes.

Appendix A. Transducer Composition

Algorithm 5: Generic Transducer Composition

Input 71 (E/ —r er Gstarts Fl/ )/ 75 = (E/ F/ QZ; q;tart/ Fz, 62)
Output: Composition 77 o 7,

: Qc — (qstart7Q;tart)}
F. +

: 6; <« empty transition function
: quc_uc < {(qs'ta‘rta qétart)}
while queue is not empty do

(g,4') + queue.POP()

if (q,q/) € Fl X F2 then

Fo« F.U{(q;d)}

for (q i,&1,p) € 61 and (¢, §2,0,p) € d2(y) do
10: 1f§1—§20r§1—50r§2—5then
11: Qe < Q.U {(p,p)}
12: queue.ENQUEUE((p, p'))
13: dc <—5 U{((a,4),%,0,(p,p))
14: return 7: ( Q( y (Qstcut qgtlrt) F. cy

VRN T W

b
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Appendix B. Tokenization-Agnostic Character-to-Subword Transducer Construction

Algorithm 6: Character-to-Subword Transducer Construction
Inputs: Subword Vocabulary ¥ CTI' ¢ &+
11 gstary ¢ New state, Q — {q.s:tart }r F {}

2: § < empty transition function
3: forw € I' do

4 cur <— Gstart
5 forc € wdo
6: ¢’ < new state
7 Q- QuU{Jd}
8 if c is last character of w then
9: 0 + dU{(cur,c,w,q)}
10: else
11: 0+ dU{(cur,c,e,¢)}
12: cur < ¢
13: ¢ + new state

14 Q+ QU{qd}

15: 0 < dU{(cur,e,w,q)}

16: F+ FU{{}

17: T < e-CLOSE(DETERMINIZE((Z, T, @, Gstart, F0)))
18: return 7

Appendix C. MaxMatch Transducer Construction

Algorithm 7: Failure Function Computation (Song et al. 2021)
Input: Vocabulary I
Outputs: Trie root, Failure Functions f/F

1: root < NODE()

2: forw € I"do

3: cur < root

4 forc € wdo

5: if ¢ ¢ cur.children then

6: cur.children[c] <~ NODE()
7.
8

cur.children|c|.str <— cur.str 4 ¢
: cur < cur.children|c]
9: cur.final = True
10: queue < [root]
11: while queue is not empty do
12: cur + queue. DEQUEUE()
13: for ¢ € cur.children do

14: v 4 cur.children|c|

15: if v. final then

16: f)«r

17: F(v) + [cur.str]

18: else

19: z < f(cur)

20: Z ]

21: while z # null do

22: EXTEND(Z, F(z))
23: z 4+ f(2)

24: if z # null then

25: f(v) < z.children]c]
26: F(v) < EXTEND(F(cur), Z)
27 queue.ENQUEUE(v)

28: return root, f, I’
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We briefly reintroduce the terminology from Song et al. (2021). Let I' be a subword
vocabulary, and let T be a trie with state space V such that each state in the trie corre-
sponds to a prefix of a tokeninI'. Let v € V be a state in the trie corresponding to prefix
wWwWy . .. wy. Define two functions f(v) : V — V U {null}, the failure link function, and
F(v) : V — I'*, the failure pop function. f(v) computes the state v which corresponds to
the suffix wywy.1 ... w, that remains after chunking wyw, ... wy_1 into tokens ¢y, f, ... 1
where t; € I' and each corresponds to the longest possible matching token at each
step. Then, F(v) = [t1, t3, . . . ;). Algorithm 7 does not differentiate between marked and
unmarked subwords (e.g., token vs ##token), but can easily be extended to handle
this case.

Algorithm 8: Trie-to-Transducer Conversion
Inputs: Trie root, Failure Functions f/F, Vocabulary I' over 3
Output: Aho-Corasick Character-to-Subword Transducer 74y,

1: Q A {qroot}

2: queue < [root]

3: while queue is not empty do

4 cur < queue.DEQUEUE()

5 for ¢ € cur.children do

6: v < cur.children|c|
7: APPEND(Q, ¢»)
8.
9
10

06U (QCurv GE, ql})
queue. ENQUEUE(v)
if f(cur) # null then

11: qtmp — Gcur

12: for w € F(cur) do

13: if w is the last element in F'(cur) then
14: 0 < 0 U (Gtmp,> s W, @f(cur))

15: else

16: (next < hew state

17: APPEND(Q, qnext)

18: 5 — 6 U (qt,mpa @, w, QDext)

19: Gtmp € Qnext

20: return (Qa E? F7 67 Groot {qroot,})

Appendix D. Proofs

Lemma 1

Let A be minimal, deterministic automaton over > and 7 be a character-to-subword
transducer over ¥ CI'C ¥t (Equation (2)). Then e-REMOVAL(PROJ(AoT)) is
deterministic.

Proof. Let T be a transducer which recognizes Equation (2) and was built by Algo-
rithm 6. By construction, each path from g, to some g € F that does not contain an (g, €)
transition (that is, it does not return to the start state) contains only a single non-¢ output
label.

Thus, during composition, suppose there is some created state (g, §stst), whereg € A
and g+ is the start state of the character-to-subword transducer. Let (p, gq1,t) be a state
that is reached after reading some path with exactly one non-¢ output label. Then, after
projection, this path is a sequence of ¢ transitions followed by a single non-¢ transition.
This can be contracted to a single transition from (g, gstrt) t0 (P, Gstart) labeled with the
non-¢ label from I'. Since each path from the start state to a final state in 7 contains a
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single, unique output label, there cannot be more than one path leading out of (g, gstrt)
with that label, thus that state has a deterministic transition function. O

Proposition 1

Consider an automaton A and a single merge G, ), and a triplet of states x, y,z € Q such
that 6(x,a) =y, 6(y, b) = z. During the composition of A o G, ;) over x,y,z at most one
new distinguishable state is created.

Proof. First, we note that if there is no such triplet x,y,z € Q where 5(x,a) =y, 8(y,b) =
z, then the composition Ao G, will describe exactly the same language as A by
definition, so their minimal forms are identical and no new state is created. So, we
assume that such a triplet exists. The composition of an automaton with a merge gadget
must eliminate the possibility of reading a_b.

Thus, the state y must be split to eliminate this sequence. Let y" and y” be two
new states. Then, for each c € §(x) s.t. ¢ # a4, set 5(x,c) =y'. And, for all transitions
d(g,¢) =y set 8(q,c) = y'. Finally, set 5(q,a) = y”. Then, set §(y') = d(y) and &(y”,c) =
d(y,c), Ve #b.

By construction, all paths that passed through y are preserved, except for the path
from x — y — z reading a_b and the original state y can be removed (alternatively, y’
can be constructed from y in place). O

Remark 1
Figure 6 gives an example of Proposition 1.

Remark 2

We call ' and y” derived states from the triplet x,y,z as they are the states that are
derived from y after a merge gadget is applied and splits the state. We note that a
derived state is specific to the exact triplet (i.e., the derived states of y from the triplet
x,, z are different from the derived states of y from the the triplet q,y, z, where g # x).

Lemma 2

Let A be a trim, deterministic automaton and mjy,mjy,...,m; be a series of merges.
Assume there is a triplet of states x,y,z € Aand let Y = {y, y1,y2, .. .,yl } be the set of
derived states of y some number of times during the compositions with {G,, }¥. Then, Y
contains at most k 4 1 distinguishable states.

Proof. This follows directly from the determinism of A. Since A is deterministic, for
any merge gadget, there is at most one suitable triplet from {x} x Y x {z} which the
merge gadget can be applied to (as otherwise either x or some i’ € Y would contain
two arcs with the same label, violating determinism). Thus, for each merge, the singular
applicable triplet can be split at most once per merge according to Proposition 1. Since
there are at most k merges, then a derived state can be split at most k times, so Y has a
maximum cardinality of k + 1. O

So far we have only considered how successive merges act on a set triplet x,y,z
or a set of triplets {x} x Y x {z} where Y is the set of derived states from the triplet
x,Y,z. Now, we are concerned with the general case X x Y x Z. We consider this by case
analysis.

Lemma 3
Let A be a trim, deterministic automaton (with states Q), x,y,z € Q be a triplet, and
X,Y,Z be some set of derived states where x € X, y€ Y, and z € Z. Let x,x" € X,
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v, y" €Y, and 2,z" € Z be arbitrary states in the derived state sets. Consider a merge
gadget G,y and let x,y/,z" and x”,y",z" € X, Y, Z be two triplets of states. Then the
application of G, to x’,y/,z" and x”,y",z" produces at most one new indistinguish-
able state.

Proof. We proceed by case analysis and show that for each choice of x!,y!,z! and
x2,%,z> then G, is either not applicable over the triplet or produces exactly one new

indistinguishable state. There are 8 possible cases, depending on if x! < 22, etc. We
assume that, if the case is possible, then the appropriate transitions for the merge (4, b)
exist, as otherwise it is guaranteed that no new states are added.

Case1): x'=2%y! =y 2! =22
This case is covered by Proposition 1.
Case 2): =2yl =92zt £ 22

This case is not possible, due to determinism (' must have two arcs
labeled b but which go to different states, which violates the
determinism of A).

Case 3): =2yt #y? 2t =22

This case is not possible, due to determinism (x!).

Cased4): x'=x2y #y? 2 # 22
This case is not possible, due to determinism (x).

Case 5): x! £ xz,y1 = y2,z1 = 72

Assume that the gadget operating on x!, !, z! creates two splits y! into
q" and q" while x%,y!, z! splits y! into p/, p”. Like Proposition 1, the
transition functions are remapped like:

o S(xhoy=p, Veec|cedx)Ac#andkxl,c)=y'}
o 3(xla)=p"

* S =380

o 3 0)=8(y"0), Ve # bedy)

o (% o)=g,Vce{c|ced@)Ac#andc)=y'}
o 5(x%a)=¢q"

s 39 =350

s 8(9",0)=8@"c) Ve #£bESY)

Then, by construction 4" and p’ are indistinguishable and can be
merged, and likewise for 4” and p”. So since state y' is removed and
replaced with ¢’ and 4", only one new state is added.

Case 6): xl £ a2yt =22t £ 22
This case is not possible, due to determinism (y*).

Case 7): xl £yt £yt gt = 22
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This case has two subcases. First, consider some merge G,/ /)y which

operated on some set of states g, x, p to create x! and x%. Then,
5(x!,b') = 8(x%,b) for all b’ # d. So if b # d, this case is impossible.

Next, assume b = d, then without loss of generality, there cannot be an
arc 5(x!,b), as it was removed to prevent reading a’b’ and so this
triplet is not compatible with the merge and no new states are added.
Thus, this case is not possible.

Case8):  x' #x%y' £y, 28 #2722
This case is not possible, due to a combination of the reasoning of Case
7 and determinism. In short, y! = y? or else this case is impossible, and
if y! = y° then z! # 2% implies A is not deterministic.

For all 8 cases, we have shown that either a merge is not able to operate on the
specified pairs of triplets, or that, regardless of the choice of triplet, only one new
indistinguishable state is added. O

Proposition 2
MIN(PROJ(T1 © Tp 0 ---0T,;)) = MIN(PROJ(. . . MIN(PROJ(MIN(PROJ(77 © T3)) 0 T3)) - - - 0 Tp,))

Proof. This follows directly from the definition of composition and projection. Mini-
mization is not relevant as it does not change the language of the transducer. O

Proposition 3
Let A be a trim, deterministic automaton and Gy be a BPE merge. Then
£-REMOVAL(PROJ(A o G(,))) is deterministic.

Proof. Only the arc from state 0 to 1 has an e-output. States 0 and 2 are output-
deterministic, but state 1 has an a output transition on two arcs. However, by ¢-
semantics, only one of those arcs can be taken from any state by definition. Thus, at each
state, there is only one valid transition per output symbol. Since A is also deterministic,
each state has a deterministic transition function, up to e-closure. There are no e-cycles,
and the only e-transition is between state 0 and 1. Since state 0 does not have a as an
output label (but state 1 does) the e-closure does not violate determinism. O

Theorem 1

Given an automaton A and a series of merges my,my,..., mp € n. Let A =
MIN(PROJ(A © Gy, © Gy, © -+ 0 Gy, _,)). Then, MIN(PROJ(A’ 0 Gy, )) can be computed
in POLY(| A, k, |T'|) time.

Proof. Consider any triplet x,,z € Q, of which there are |Q|°. By Proposition 1, Lemma
2, and Lemma 3, each triplet can only form k new states as a result of composition
with OFG,,.. As a result, the size of |A'| € O(k|A]*). Proposition 3 shows that any
MIN(PROJ(A 0 G;)) can be done in polynomial time. Thus, via induction, follow-
ing Proposition 2, MIN(PROJ(A' 0 G,,,)) can be computed in O(k|.A|®) time by itera-
tively computing MIN(PROJ(. . . MIN(PROJ(MIN(PROJ(A 0 G,;,)) © Gy,)) - - - © Gy, ). The
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maximum size of any intermediate automaton is O(k|.4%|) and so composition, projec-
tion, and minimization can be done in polynomial time. O

Corollary 1
The size of

MIN (PRO] (.Ao (

is € POLY(|AJ, |ul, [T']).

(ab)en

Proof. Letk = |u|. Note |u| € O(|T'|) by definition. Theorem 6.3.1 shows that

MIN (PRO] (Ao (

(ab)en

can be computed in POLY(|A|, |/, |T'|) time. This implies the size of the output must

also be polynomial in |A|, |u|, and |T'|.
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