








(a) roberta-base

(b) roberta-large

Figure 12: Results of the same experiments as in Fig. 11 for (a) roberta-base and (b) roberta-large.
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(a) gpt2

(b) gpt2-medium

Figure 13: Results of the same experiments as in Fig. 11 for (a) gpt2 and (b) gpt2-medium.
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(a) bert-base-uncased

(b) bert-large-uncased

Figure 14: Histograms of Q(Xt), M(Xt), and V (Xt) for each layer of (a) bert-base-uncased and
(b) bert-large-uncased.
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(a) roberta-base

(b) roberta-large

Figure 15: Histograms of Q(Xt), M(Xt), and V (Xt) for each layer of (a) roberta-base and (b) roberta-large.
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(a) gpt2

(b) gpt2-medium

Figure 16: Histograms of Q(Xt), M(Xt), and V (Xt) for each layer of (a) gpt2 and (b) gpt2-medium.
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Figure 17: Regression slopes between log10(nt) and each of log10(1 +Q(Xt)), log10(1 +M(Xt)), and log10(1 +
V (Xt)) across the six models and layers. As the layers deepen, the slopes for Q(Xt) tend to increase. Across all
layers, the slopes for M(Xt) generally remain negative, while those for V (Xt) remain positive. Only tokens with
1 ≤ log10 nt ≤ 5 were used for regressions to reduce the influence of extreme values.
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Figure 18: The values of M(X), V (X)(= VW (X) + VB(X)), VW (X), and VB(X) normalized by Q(X) for each
layer of each model, based on Fig. 5.
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Figure 19: Values of Q(X), M(X), and V (X) for each layer across the six models. For GPT-2, refer to the right
vertical axis, as the scale of the values differs from those of BERT and RoBERTa.
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Figure 20: Values of VW (X), VB(X), and VB(X)/V (X) for each layer across the six models. For GPT-2, refer to
the right vertical axis for VW (X) and VB(X), as the scale of the values differs from those of BERT and RoBERTa.
Since VB(X)/V (X) = 1−VW (X)/V (X), similar to Fig. 6, where VW (X)/V (X) increases as the layers deepen,
VB(X)/V (X) decreases.
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Figure 21: Figure of the Post-LN and Pre-LN Transformer layer based on Kobayashi et al. (2024). BERT and
RoBERTa have Post-LN layers, while GPT-2 has Pre-LN layers.

We denote the FFB of the Post-LN Transformer layer as FFBPost, that of the Pre-LN Transformer layer
as FFBPre, and the output of the ATB as hATB ∈ Rd, then we have:

FFBPost(hATB) = (LN2 ◦ RES2 ◦ FF)(hATB), (29)

FFBPre(hATB) = (RES2 ◦ FF ◦ LN2)(hATB). (30)

I Variation of Q(Xt) for the embeddings from the Layer Normalization

Following the definition in (28), we consider the case that embedding is expressed as

x = LN(h)

= z ⊙ γ + β ∈ Rd,

where

z :=
h−Mean(h)

Std(h)
. (31)

Corresponding to the sampling x ∈ Xt for the token-wise embedding set, we define the sampling z ∈ Zt,
and assume that Zt is sampled from a distribution Ft. Thus

Ez∈Zt{zki } = Ez∼Ft{zki }+Op(n
−1/2
t ), (32)

where nt = |Zt| is the sample size. Here we introduce an assumption that the marginal distributions of
the elements z1, . . . , zd of z ∼ Ft are the same; Although this setting does not necessarily reflect reality,
we assume it as an ideal scenario. Since (31), the sample mean and the sample variance of the elements
z1, . . . , zd are zero and one, respectively, we can assume that, for a sufficiently large d, the population
mean and the population variance of each element zi in Ft is also zero and one, respectively. Therefore,
(32) with k = 0 and k = 1 gives

Ez∈Zt{zi} = Op(n
−1/2
t ), Ez∈Zt{z2i } = 1 +Op(n

−1/2
t ).
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Now we look at Q(Xt) for the embeddings from the layer normalization.

Q(Xt) = Ex∈Xt{∥x∥2}
= Ez∈Zt{∥z ⊙ γ + β∥2}

= Ez∈Zt

{ d∑
i=1

(γizi + βi)
2
}

=
d∑

i=1

{
γ2i Ez∈Zt{z2i }+ 2βiγiEz∈Zt{zi}+ β2

i

}
=

d∑
i=1

{
γ2i (1 +Op(n

−1/2
t )) + 2βiγiOp(n

−1/2
t ) + β2

i

}
= ∥γ∥2 + ∥β∥2 + (∥γ∥2 + β⊤γ)Op(n

−1/2
t ).

This implies that Q(Xt) ≈ ∥γ∥2 + ∥β∥2 is nearly constant, with variation proportional to n
−1/2
t . Since

we evaluate the variation of Q(Xt) when sampling t ∈ T , the worst case is n0 = mint∈T nt. Therefore,
the coefficient of variation (C.V.) is

C.V.(Q(Xt)) =
(∥γ∥2 + β⊤γ)O(n

−1/2
0 )

∥γ∥2 + ∥β∥2
= O(n

−1/2
0 ).

This C.V. approaches zero as both d and all nt become larger.

J Artifacts of word embeddings represented by the mean of token embeddings

In this study, we used token embeddings in our experiments. In contrast, some previous work investigating
the relationship between frequency and embeddings has used word embeddings represented by the mean
of token embeddings (e.g., Wannasuphoprasit et al. (2023)). This section explains the artifacts that can
arise when using such word embeddings.

Let Sw be the set of sentences containing the word w in the corpus, and Tw be the set of tokens when
word w is tokenized. Similar to the token embedding set Xt defined in (2), we define the embedding set
of word w using the d-dimensional contextualized embedding model f and Sw as follows:

Xw :=

{
1

|Tw|
∑
t∈Tw

f(s, t)

∣∣∣∣∣ s ∈ Sw

}
. (33)

Using bert-base-uncased as the embedding model, we performed the same experiments on Xw as those
in Fig. 11a, and we show the results in Fig. 22, with words colored by |Tw|. Here, unlike Fig. 11a, we
plotted the actual values of Q(Xt), M(Xt), and V (Xt) instead of using a log scale for better visualization.
As shown in Fig. 22, words with the same number of tokens tend to form clusters, especially in the shallow
layers. Additionally, the values of Q(Xw), M(Xw), and V (Xw) become smaller as the number of tokens
increases. This is likely because, as the number of tokens increases, the averaged component values tend
to approach zero. These results are consistent with previous research (Zhou et al., 2022b), which showed
that the mean norm tends to become smaller as the number of subwords increases. With this in mind, we
conducted our analysis in this study using token embeddings.

Interestingly, this artifact diminishes as the embeddings become more contextualized in the deeper
layers. Therefore, in the experiments conducted by Wannasuphoprasit et al. (2023), where only the final
layer of bert-base-uncased was used to analyze Ex∈Xw {∥x∥}, the effect of such artifacts appeared to
be relatively small.
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Figure 22: Results of the same experiments as in Fig. 11a using each word embedding set Xw, where the embeddings
are the means of the token embeddings for bert-base-uncased. Words are colored based on the number of tokens
produced by BERT tokenization. The clustering of words with the same color indicates an artifact caused by taking
the means of the token embeddings.


