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Abstract

Large language models (LLMs) have demon-
strated impressive capabilities, yet their internal
mechanisms for handling reasoning-intensive
tasks remain underexplored. To advance the un-
derstanding of model-internal processing mech-
anisms, we present an investigation of how
LLMs perform arithmetic operations by exam-
ining internal mechanisms during task execu-
tion. Using early decoding, we trace how next-
token predictions are constructed across layers.
Our experiments reveal that while the models
recognize arithmetic tasks early, correct result
generation occurs only in the final layers. No-
tably, models proficient in arithmetic exhibit a
clear division of labor between attention and
MLP modules, where attention propagates in-
put information and MLP modules aggregate it.
This division is absent in less proficient mod-
els. Furthermore, successful models appear
to process more challenging arithmetic tasks
functionally, suggesting reasoning capabilities
beyond factual recall.

1 Introduction

The increasingly impressive capabilities of large
language models (LLMs) are generating a grow-
ing interest in the underlying mechanisms that fa-
cilitate their exceptional performance (Mosbach
et al., 2024). Recent work in interpretability has
allowed the community to gradually build a better
understanding of how transformer-based models
(Vaswani, 2017) retrieve and use factual informa-
tion that is implicitly stored in their parameters
(Geva et al., 2022b; Meng et al., 2023; Merullo
et al., 2024; Hernandez et al., 2024; Nanda et al.,
2023; Yu et al., 2023; Todd et al., 2024). However,
our understanding of the mechanisms employed by
LLMs to solve non-factual and reasoning-intensive
tasks is less well developed.

In this study, we investigate the mechanisms by
which large language models (LLMs) tackle math-
ematical reasoning. We focus on a task that is both
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Figure 1: Visualization of the model-internal mecha-
nisms during mathematical reasoning. Attentions blocks
are depicted in red, MLP blocks in blue.

straightforward to evaluate and interpret: specif-
ically, we investigate how LLMs perform basic
arithmetic operations (e.g., Please calculate 143 +
81 =) and analyze the differences in the internal
mechanisms of models exhibiting different degrees
of arithmetic proficiency.

We investigate the model-internal mechanisms
via the interpretability method of early decoding
(Nostalgebraist, 2020; Geva et al., 2021, 2022b):
We observe how the model’s next token predic-
tion is constructed throughout the layers, by de-
embedding the residual stream after each atten-
tion and MLP module update (i.e., mapping it to a
word), which reveals the contributions of the indi-
vidual modules to the result generation process.

We present three sets of experiments to under-
stand (1) how and when the task is recognized and
the result generated, (2) how and when information
from the input is propagated through the layers of
the network and (3) how operands are combined,
by looking at settings with 2 and 3 operands. Our
main findings are, as depicted in Figure 1:

* We show that LLMs recognize the task at hand
in early layers, but the generation of the cor-
rect output happens late.

* We find strong indications that LL.Ms solve



arithmetic tasks in a function-like manner,
where one operand serves as an argument and
the other operand is altered based on the op-
erator and the ‘argument-operand’, indicating
processing capabilities beyond factual recall.

* We show that models with good arithmetic
capabilities show a clear division of tasks be-
tween attention and MLP modules: Similar
to previous work (Geva et al., 2023), we find
that the MLP modules aggregate information,
while the attention modules propagate infor-
mation. This division of tasks is absent in
models that struggle with arithmetic tasks.

2 Methodology

To investigate the mechanisms that decoder-only
transformer language models use to approach and
solve arithmetic tasks, we observe how the model’s
next token prediction is constructed throughout
the layers, by projecting the residual stream af-
ter each attention and MLP module into the vo-
cabulary space through early decoding resulting
in intermediate predictions (Nostalgebraist, 2020;
Gevaet al., 2021, 2022b). This enables us to under-
stand which token the module is currently focused
on and thus reveals the contributions of individual
modules to solving the task. We analyze intermedi-
ate predictions on simple arithmetic tasks for two
decoder-only language models with drastically dif-
ferent arithmetic capabilities, to understand what
mechanisms enable models to generate correct re-
sults for arithmetic tasks.
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Figure 2: Visualization of early decoding. The resid-
ual stream is decoded by the LM head, once after the
attention output is added to the residual stream (post-
ATT prediction) and once after the MLP output is added
(post-MLP prediction).

2.1 Early Decoding

The method we employ for investigating the mecha-
nisms that LLMs use to solve arithmetic tasks, was
initially introduced as ‘logit lens’ (Nostalgebraist,
2020). It allows insights into how transformer-
based models update the next token prediction
throughout the generation process, by projecting
the residual stream of the predicted token into the
vocabulary space at intermediate layers.

Each attention and MLP component in a
transformer-based LLM takes as input the current
final token representation, i.e., the residual stream.
in the stream, the output of each MLP and attention
component is updated by adding the module’s out-
put to the input representation. The representation
of the next token prediction at layer & thus includes
all the preceding additive updates that have been
made to the predicted token representation by the
modules in previous layers 1 to k.

A language modeling head (LM head), i.e., a
linear prediction layer, is used in LLMs to produce
probability distributions for the next token based
on the last token representation. This LM head
can also be applied to intermediate representations
from middle layers. This effectively implements
a de-embedding mechanism that allows to inves-
tigate the most likely intermediate prediction at
each step of the generation process. Such Inter-
mediate predictions allow, as a consequence, to
retrace the changes made to the representation by
each module, and to determine the contributions of
individual modules to the result generation process.
The method is visualized in Figure 2.

2.2 Task and Data

To create a controlled environment for observing
LLM behavior on arithmetic tasks, we generate
an artificial dataset with arithmetic tasks, which
we control w.r.t. operators (summation, denoted as
add henceforth, and subtraction, denoted as sub),
operand size, number of operands, and result size.

We prompt the models with queries of the type
‘Please calculate operand 1 o operand 2 =’, where
operandl, operand2 € N and o € {+,—}, for
example ‘Please calculate 306 + 136 =’, with the
correct response being ‘442’.

For each operator o € {+, —}, we create one
dataset with smaller numbers, i.e., operands and
results, addg,qy and subgp,qir, and one with larger
numbers addjqrge and subyyrge. For the small
datasets, both operands and the result are < 99. In



the dataset creation we ensure that all operands and
results are integers < 520'. Each dataset contains
500 unique queries. All experiments are done in a
zero-shot fashion, without training or adaptation of
models.

In the remainder of the paper, we focus on an
evaluation on the add datasets, as we find struc-
turally similar results for the datasets of both
operands. We report differences between addition
and subtraction where necessary. A full evaluation
of the sub datasets is provided in the Appendix.

2.3 Models

We experiment with two decoder-only transformer
language models: GPT-NeoX-20B (Black et al.,
2022) and GPT-2 XL (Radford et al., 2019)>. We
confirm previous findings on GPT-2 XL’s inabil-
ity to solve simple arithmetic tasks, while GPT-
Neox-20b performs well (Table 2 in the Appendix).
Thus, in the remainder of the paper, we focus on
GPT-Neox-20b. Nevertheless, we present results
on GPT-2 XL in the Appendix, as the differences in
the internal mechanisms compared to GPT-Neox-
20b are of interest.

3 Experiment Set 1: Task Recognition
and Result Generation

By investigating intermediate predictions (IP’s) af-
ter MLP and ATTN modules, we first examine two
fundamental questions: When does the model rec-
ognize that it needs to perform an arithmetic task?
and When does it start to generate the result? We
find answers to these questions primarily in the
post-MLP predictions:

* The model recognizes that it has to solve a
numerical task early, and considers unspecific
numerical tokens until the mid layers, where
the operands are loaded (Section 3.1)

 The correct result is only predicted in the last
layer (Section 3.2).

'We choose this upper bound because this ensures that
single-token number representations are used: The vocabular-
ies of both GPT-2 XL and GPT-NeoX-20B tokenizers contain
individual tokens for all integers between 0 and 520. Higher
numbers may be encoded as multiple tokens.

We use the freely available EleutherAl/gpt-
neox-20b (https://huggingface.co/EleutherAI/
gpt-neox-20b/tree/main) and openai-community/gpt2-xl
(https://huggingface.co/openai-community/gpt2-x1)
variants on Huggingface.

3.1 When is the Task Recognized?

The model predicts numerical tokens early.
We observe the probability mass of numerical to-
kens in the post-MLP and post-ATT IPs across
different layers. Figure 3 shows the averaged prob-
ability mass that is assigned to numerical tokens
in the addj,4. dataset. There is a sharp increase
in the proportion of numerical predictions around
layer 9 in the post-MLP IPs, which could indicate
that the model begins to recognize the numerical
nature of the task. We find similar general trends
in the addg,,,q;; dataset.

Numerical tokens are only predicted with high
confidence in the last layer. Figure 4 shows the
average proportion of numerical tokens within the
top 1 and top 10 IPs, on the add;,,4. dataset. The
number of numerical predictions in the top 10 pre-
dicted tokens post-MLP is between 10 and 40% for
early-mid layers (layers 9 to 17) and for mid-late
layers (layers 30 to 43). However, the model only
predicts a numerical token as the top prediction in
the very last layer, i.e., layer 44.

The behavior of attention layers differs signifi-
cantly. The patterns observed for the numerical
predictions after the attention modules are very dif-
ferent. We observe significant spikes in numerical
predictions at specific layers, particularly at lay-
ers 9, 12, 14, and 21, where 87% to 99% of the
probability mass is on numerical tokens on average.
Previous work has shown that attention modules are
responsible for propagating information between
positions (Geva et al., 2023), thus we conjecture
that these spikes indicate that important numerical
information may be attended to in the final token
position or propagated to the final token position
via the prominent attention modules. We look into
these findings in more detail in Section 4.1.

3.2 When is the Correct Result Generated?

Numerical predictions are unrelated to the cor-
rect result until late layers. To understand when
the result is generated, we examine the similarity of
numerical IPs to the correct result throughout the
layers. We analyze the absolute error, defined as
the difference between the predicted number and
the correct number, within the top 10 and top 1
predicted tokens (Figure 5). Our analysis reveals
several key findings: Firstly, in the post-MLP IPs,
the similarity between the predicted numerical to-
kens and the correct result is generally low in early
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Figure 3: Combined probability mass of numerical tokens in the (a) post-ATT and (b) post-MLP intermediate

predictions, averaged on the add;q,4. dataset.

Figure 4: Proportion of numerical tokens in the (a) top 1 and (b) top 10 post-MLP intermediate predictions, averaged

on the addq,qe dataset.

and mid layers, but begins to increase incrementally
after layer 35, corresponding to the layer where the
correct result is assigned a higher probability (Fig-
ure 6). There is a notable decrease in absolute error
for the top 1 and top 10 post-ATT predictions in
layer 28, indicating that the model has a reason-
able approximation of the magnitude of the correct
result at that layer.

The correct result is produced only in very late
layers. We also analyze at which layer the correct
result is produced and evaluate both the probability
of the result token and its position among the most
probable tokens at each layer.

The correct result typically emerges in the later
layers of the model (Figure 6). This is demon-
strated by a significant increase in the correct to-
ken’s probability and a corresponding decrease
in its position, with the correct result appearing
around layers 35-40 for large addition tasks, with
a final sharp increase of probability and decrease
of rank in the final layer 44. For smaller addition
tasks the correct result token emerges as early as
layer 26 and is anchored as the highest predicted
token around layer 32-34. The correct result thus
appears earlier in the generation process of easier

tasks compared to more complex ones. This could
indicate different internal mechanisms for solving
easier compared to more challenging mathematical
reasoning tasks.

4 Experiment Set 2: Input Propagation

Our findings in the previous section provide in-
sights into where in the model the task is recog-
nized and the result emerges. However, the specific
mechanisms underlying the result generation re-
main unclear. To address this gap, we examine
how and when critical information from the input -
necessary for solving the arithmetic task - is propa-
gated through the model.

Specifically, we answer two fundamental ques-
tions: How and when is operand information propa-
gated? and How and when is operator information
propagated?. We find that:

* Mid-layer attention modules propagate one or
both operands into the residual stream (Sec-
tion 4.1).

* Mid- to late-layer attention modules propagate
the operator into the residual stream (Section
4.2).
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Figure 5: Absolute error, i.e., difference to correct result, of numerical tokens in the (a) top 1 and (b) top 10
post-ATT intermediate predictions. And absolute error of numerical tokens in the (c¢) top 1 and (d) top 10 post-MLP
intermediate predictions. All averaged on the add;q,4. dataset.

Figure 6: Position of correct result in the post-MLP prediction of intermediate layers, averaged over all data points

in (a) addsman and (b) addiqrge.

4.1 How and when is operand information
propagated?

Specific attention modules propagate numerical
information. Figure 3 shows that the post-ATT
predictions display clear spikes in numerical predic-
tions at specific layers. The most prominent spikes
occur at layers 9, 12, 14, and 21, where around
87% to 99% of the probability mass is distributed
on numerical tokens on average. We conjecture
that these spikes could be a trace of important nu-
merical information that is propagated to the final
token position via these attention modules. We
hypothesize that this information may include the
operands required for solving the arithmetic task.
To explore this further, we examine the numerical

tokens predicted in the post-ATT IPs.

Operands are explicitly propagated to the fi-
nal token position. Given that attention modules
have been shown to propagate relevant input infor-
mation to the final prediction token (Geva et al.,
2023), we investigate whether attention modules
propagate operand information when solving arith-
metic tasks.

We thus examine whether operands are predicted
with high probability in the post-ATT IPs across
layers. We find that both operands are predicted as
the highest probability (rank 1) token, in 45-49%
of queries. Specifically, operand 1 is the highest
predicted token at the post-ATT representation of
some layer (mean layer 21.4) in 49% of cases, and



operand 2 (mean layer 21.0) in 45%. This indicates
that operands are in fact propagated to the final
token position.

Neither operand appears in the top predictions
after any MLP module , further supporting the evi-
dence that the model only propagates the operands
to the final token via the attention modules.

We find similar trends of operand propagation
for negation, see Appendix C.

The model mostly only propagates one of the
operands. We find that in 64% of cases, the prop-
agation of operands is mutually exclusive, such
that when operand 1 occurs as the top prediction
in a post-ATT IP, operand 2 does not, and vice
versa. This suggests that the model may only need
to explicitly attend to one of the operands of the
arithmetic task, to accurately solve it. Since the in-
formation from both operands is required to predict
an accurate result, we would have expected that
both operands would be attended to during the next
token prediction. We thus conjecture that one of the
operands must be represented in the residual stream
of the next token prediction in a more implicit way.
This finding suggests that the model may be oper-
ating in a function-like manner, where one operand
is explicitly propagated as the argument, while the
other operand is implicitly represented and itera-
tively transformed into the result.

4.2 How and when is operator information
propagated?

To investigate when and where operators are prop-
agated, we look through all tokens that are con-
sistently predicted with a high probability, i.e., an
average probability of >0.5 in >80% of tokens.

Layer | Token | Mean Prob. | Frequency
10 “\n’ 0.62 90.60%
35 ‘\n’ 0.94 81.20%
37 4 0.99 97.60%
43 ¢ answ’ 0.78 88.60%

Table 1: Frequent, high probability tokens predicted
post-ATT, in the add;q, 4. dataset.

We only find such tokens in the post-ATT, but
not the post-MLP representation. We first find that
the operator is reliably propagated to the final token
position at layer 37 with very high probability (>
0.98) (Table 1). Results for the other data sets can
be found in the Appendix. Around the same layer is
where the token corresponding to the correct result

starts to get considered as high probability predic-
tion (Figure 6). Another interesting observation
is the consistent generation of the token ‘answ’ in
the post-ATT IP of the second to last layer. Since
the correct result is only predicted with high prob-
ability in the last layer (layer 44) (Figure 4), it
is conceivable that the previous layer’s attention
module is responsible for prompting the final MLP
module to bump up the probability of the iteratively
generated result. The reliably generated token in
the post-ATT IP of layer 43 might be an indication
for this.

S Experiment Set 3: More Operands

The model seems to be able to correctly solve an
arithmetic task with two operands and one opera-
tor, without explicitly attending to all three pieces
of information in the residual stream of the final
token (Section 4.1). Given that it should not be
possible to construct the correct result for a task
without loading both operands and the operator, the
‘missing operand’ has to be loaded into the repre-
sentation of the final token in a more implicit way,
which we cannot observe with our method.

To test this intuition, we perform an ablation
study with 3 operands and 2 operators. If our in-
tuition is correct, we should find that the model is
able to successfully solve the task if at least 2 of
the operands and both operators are explicitly prop-
agated to the final token representation. It should
fail if only one of the operands, or only one of the
operators is explicitly attended to.

We generate 4 datasets of 100 samples of the
form ‘Please calculate opl o op2 O op3 =", where
opl,op2,0p3 € N, result < 520 and o, O €
{+, —}, for example ‘Please calculate 75 + 16 -
48 =’. Each dataset contains one combination of o
and O, e.g., (+, -).

The performance of GPT-Neox-20b is very poor
on these datasets (accuracy < 0.12 on all datasets).
We investigate whether this may be due to insuf-
ficient operand information being propagated to
the final token position, by observing how many
operands are generated as the top prediction in the
post-ATT prediction of any layer. And in fact, we
find that in 62% of samples across datasets the
propagated operand information is not sufficient to
generate the correct result, i.e., only one or none of
the operands are propagated. In addition, neither
the (+, -) nor the (-, +) dataset generates both opera-
tors as post-ATT predictions, further indicating that



Figure 7: Position of (a) operand 1 and (b) operand 2 in the post-ATT prediction of intermediate layers, averaged

over all data points in add;qrge-

the model’s failure on 3-operand tasks may be due
to insufficient input information being incorporated
into the result generation process.

6 Interventions on Operands

To verify that the operands are in fact propagated
to the final token via specific attention modules, we
perform interchange interventions on the attention
outputs of the final token position.

Using the pyvene library (Wu et al., 2024), we
systematically intervene on attention modules of
the last input token by interchanging the attention
outputs of individual layers between a base and a
source query. Specifically, during the forward pass
on the base query, the output of an attention module
is replaced with the output of that attention module
on the source query. We use source queries that
differ from the base query in exactly one operand
or operator, e.g., base := ‘Please calculate 78 + 62
=" and SOUT C€opperand2—intervention = ‘Please cal-
culate 78 + 93 =, and sourcegperator—intervention
:= ‘Please calculate 78 - 62 =’.

By observing the effect of the intervention on
the predicted token we can quantify the importance
of individual attention modules for propagating the
manipulated part of the input. Specifically, we ob-
serve the change in prediction probability of the
base-result and the source-result. Figure 8 and
figure 9 show that the model is very sensitive to
the intervention on specific parts of the input, e.g.,
removing operator (‘+’) information on the final
input position in layer 14 drastically decreases the
probability of the correct (‘base’) result by more
than 30%. In accordance with the insights from
the IP investigations, we conjecture that early- to
mid-layer attention modules (layer 12 to 19) are
responsible for propagating input information into
the residual stream of the final token, while sub-

sequent attention modules (starting around layer
20) attend to this information (Section 4.1 so that it
can be used in the result generation process by the
MLP modules.

7 Related Work

Arithmetic tasks have become a key benchmark
for assessing the mathematical reasoning abilities
of large language models (LLMs). Despite scal-
ing laws suggesting that LLMs performance in-
creases with model size and training data (Kaplan
et al., 2020; Hoffmann et al., 2022), LLMs strug-
gle to reliably generate accurate arithmetic results.
A growing body of research evaluates the accu-
racy of LLMs on tasks involving arithmetic reason-
ing (Shakarian et al., 2023; Fu et al., 2023; Hong
et al., 2024; Frieder et al., 2024) as well as their ro-
bustness (Anantheswaran et al., 2024; Stolfo et al.,
2023b; Wei et al., 2022; Mishra et al., 2022; Cobbe
et al., 2021). Besides the evaluation on simple arith-
metic tasks, Math Word Problem (MWP) datasets
(Koncel-Kedziorski et al., 2016; Patel et al., 2021;
Miao et al., 2020; Hosseini et al., 2014; Hendrycks
et al., 2021; Frieder et al., 2024) provide bench-
marks of varying difficulty for models’ ability to
recognize and solve mathematical reasoning tasks.

However there is limited work that investigates
how LLMs generate results of arithmetic tasks. In
this paper we turn to techniques from mechanistic
interpretability to investigate the arithmetic pro-
cessing in LLMs. Mechanistic interpretability aims
at reverse engineering the algorithms that are hy-
pothesized to be encoded in the model parameters
(Olah et al. 2020). Methods from mechanistic in-
terpretability have since led to detailed insights on
how information is processed by state-of-the-art
language models (Geva et al., 2021, 2023; Meng
etal., 2023; Nanda et al., 2023; Olsson et al., 2022).
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Notably, causal mediation analysis (Vig et al.,
2020; Meng et al., 2023) has been applied to inves-
tigate arithmetic reasoning in LLMs (Stolfo et al.,
2023a). This work reveals that attention mecha-
nisms within LLMs transmit relevant information
in the input to the final token, where MLP modules
are responsible for generating the correct result.
However, causal mediation analysis cannot provide
a detailed understanding of how the final token is
computed. It only identifies modules capable of
producing the correct output and is not suited for
investigating possible intermediate steps.

Recent work provides complementary perspec-
tives on arithmetic processing in LLMs. While
some studies suggest that arithmetic is solved
through heuristics or pattern recognition rather than
coherent algorithms (Nikankin et al., 2024; Deng
et al., 2024), others highlight more structured, algo-
rithmic mechanisms, such as digit-wise or position-
specific pathways (Lindsey et al., 2025; Baeumel
et al., 2025a,b). Despite these advances, a unified
understanding of how LLMs execute arithmetic
remains open.

In this paper, we take a closer look at how
LLMs generate results by inspecting intermediate

model predictions on the final token. Prior work
shows that MLP layers in transformers incremen-
tally build predictions by promoting concepts that
are interpretable in the vocabulary space (Geva
et al., 2021, 2022b,a). This method has been ap-
plied to tasks such as factual recall, where LLMs
solve problems via simple vector arithmetic opera-
tions within MLP modules (Merullo et al., 2024).
Using this approach, we aim to shed light on the in-
termediate steps of arithmetic processing in LLMs.

8 Discussion & Conclusion

In this study, we explore the internal mechanisms
of GPT-NeoX-20b in solving arithmetic tasks, fo-
cusing on how attention and MLP modules update
the next token prediction throughout the layers. We
find that while the model recognizes the task early,
it only begins refining the predicted token in later
layers, after relevant input information has been
propagated. Our analyses reveal that operands and
operators are explicitly propagated into the final
token position by specific attention modules. The
model then iteratively generates the correct result,
which is only predicted with high probability in the
final layer. This highlights the critical role of atten-



tion mechanisms in propagating numerical informa-
tion through the network. Interestingly, only one
operand is explicitly propagated, while the other is
encoded in a more implicit form, suggesting that
arithmetic reasoning involves systematic transfor-
mations, similar to applying a function. We also
observe a clear division of labor between attention
and MLP modules in GPT-NeoX-20b, a distinction
absent in GPT-2 XL, which struggles with arith-
metic tasks. This division appears to be crucial
for successful arithmetic reasoning in transformer
models. These findings suggest that future research
should further investigate this division of labor,
particularly for tasks requiring more complex rea-
soning, such as multi-step arithmetic calculations.

Limitations

In our evaluation, we focus on two models, GPT-
NeoX-20b and GPT-2 XL, the latter of which strug-
gles with basic arithmetic tasks. While this contrast
provides insights into the requirements for arith-
metic reasoning in LLMs, it should be explored
whether our findings generalize to other state of the
art language models.

Additionally, our experiments target simple arith-
metic queries, which are highly controlled and al-
low for straightforward analysis. However, real-
world arithmetic tasks, such as solving math word
problems, involve more complex reasoning and
natural language understanding. Future research
could explore whether the mechanisms identified
for simple arithmetic tasks are comparable in more
natural language prompts.

Finally, future work should investigate whether in-
tervening on operands and operators generated in
intermediate post-ATT predictions could signifi-
cantly affect the model prediction. While our anal-
yses clearly show that attention modules attend to
this input information in the output representation,
further experiments are needed to confirm that sub-
sequent MLP modules rely on this attention.
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Model adds | addr | subs | subr
GPT-Neox-20b | 0.97 0.79 1.0 0.95
GPT-2 XL 0.08 0.0 0.06 0.0

Table 2: Task accuracy of both models on small (S) and
large (L) datasets.

Layer | Token | Mean Prob. | Frequency
36 ‘e 0.98 90.40%
40 L 0.86 80.00%
41 ‘y 0.95 85.40%
42 ‘answ’ 0.89 100%

Table 3: addqi: Frequent, high probability tokens
predicted post-ATT

A Arithmetic capabilities of models

B Tokens with a High average IP
Probability

C Intermediate predictions on suby,, .

The model recognizes the task early. Figure
10 shows the averaged probability mass that is as-
signed to numerical tokens in the subj,;4. dataset.
There is an increase in the proportion of numerical
predictions around layer 9 in the post-MLP IPs,
indicating the the model recognizes the subtraction
task at the same time it recognizes the addition
task. We find similar general trends in the subgnqi
dataset.

The model starts to converge on the result in
mid- to late-layers. Figure 11 shows the average
proportion of numerical tokens within the top 1
and top 10 IPs, on the suby,,4. dataset. We find
similar patterns to the addition task, where early- to
mid-layers (layers 10 to 17) and mid- to late-layers
(layers 29 to 43) reliably produce some numerical
predictions. However, differently from the addition
task, the model predicts a numerical token as the
top prediction in earlier, starting from layer 36. Fig-
ure 12 shows that, similar to the addition task, in the
post-MLP IPs, the similarity between the predicted
numerical tokens and the correct result is generally
low in early and mid layers, but begins to increase

Layer | Token | Mean Prob. | Frequency
30 ‘2 0.99 86.20%
39 ‘ using’ 0.99 97.80%
42 ¢ answ’ 0.73 88.40%

Table 4: subyq,4.: Frequent, high probability tokens
predicted post-ATT
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Layer | Token | Mean Prob. | Frequency
9 ‘“\n’ 0.67 86.40%
30 £ 0.99 93.60%
39 ‘ using’ 0.98 84.00%
42 ‘answ’ 0.90 100%

Table 5: subg,,q1: Frequent, high probability tokens
predicted post-ATT

incrementally after layer 34, corresponding to the
layer where the correct result is assigned a higher
probability (Figure 13). There is a notable decrease
in absolute error for the top 1 post-ATT predictions
in layers 23 and 26, indicating that the model has a
reasonable approximation of the magnitude of the
correct result at that time.

The correct result is produced only in late layers.
The correct result typically emerges in the later lay-
ers of the model (Figure 13). This is demonstrated
by a significant increase in the correct token’s prob-
ability and a corresponding decrease in its position,
with the correct result appearing around layers 35-
38 for large subtraction tasks. Similarly to the
addition task, smaller subtraction tasks are solved
earlier with the correct result emerging as early as
layers 25-30.

Attention modules propagate information at spe-
cific layers. For the post-ATT IPs, we observe
similar significant spikes in numerical predictions
at specific layers as in the addition task (Figure 10).

Mostly, a single operand is attended to. Simi-
larly to the addition task, we find that both operands
are predicted as the highest probability (rank 1) to-
ken, in 55.2% of queries. Specifically, operand 1 is
the highest predicted token at the post-ATT repre-
sentation of some layer (mean layer 26.3) in 43%
of cases, and operand 2 (mean layer 19.6) in 32%.
This indicates that operands are in fact propagated
to the final token position. We also find that in 66%
of cases, the propagation of operands is mutually
exclusive, such that when operand 1 is occurs as
the top prediction in a post-ATT IP, operand 2 does
not, and vice versa.

D Results GPT-2 XLL

After gaining a good understanding how GPT-
Neox-20b solves simple arithmetic tasks, we now
briefly investigate the internal mechanisms of GPT-
2 XL (Radford et al., 2019) while generating pre-
dictions for the same tasks. As shown in Table 2

GPT-2 XL is unable to generate the correct results
for our datasets, so a comparison of the mecha-
nisms between both models is of interest.

The model predicts numerical tokens very early.
GPT-2 XL predicts numerical tokens early and fre-
quently (Figure 14). It is however very unlikely
that this signals a task understanding, as the model
could not have deciphered the task to be solved in
the very first layer, as no contextualization has been
done.

The model does not get close to the correct result.
Figure 15 shows that the top numerical prediction
gets more similar in magnitude to the correct re-
sult in mid- to late-layers. However, the similarity
decreases again in late layers, signaling that the
model neither generates the correct result (Table 2)
nor generate a result of correct magnitude.

The model shows comparable behavior post-
MLP and post-ATT. Figure 14 and Figure 15
shows that the post-MLP and post-ATT predictions
are very similar. This is a drastic difference to
intermediate predictions generated by GPT-Neox-
20b. We thus suspect that the division of tasks
between attention and MLP modules that we find
in GPT-Neox-20b is not present in GPT-2 XL.

Operands are propagated to the output token.
We find that operands are propagated to the output
token, as well as generated by MLP modules (Fig-
ure 16). This suggests that attending to operands
is not sufficient for the model to solve arithmetic
tasks. We suspect that the lack of distinctive MLP
and attention ‘behavior’ hinders the generation of
the correct result.
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Figure 10: GPT-Neox-20b: Combined probability mass of numerical tokens in the (a) post-ATT and (b) post-MLP
intermediate predictions, averaged on the sub;q,ge dataset.
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Figure 11: GPT-Neox-20b: Proportion of numerical tokens in the (a) top 1 and (b) top 10 post-MLP intermediate
predictions, averaged on the subjq,q. dataset.
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Figure 14: GPT-2 XL: Combined probability mass of numerical tokens in the (a) post-ATT and (b) post-MLP
intermediate predictions, averaged on the add;q,4. dataset.
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Figure 15: GPT-2 XL: Absolute error, i.e., difference to correct result, of numerical tokens in the (a) top 1 and (b)
top 10 post-ATT intermediate predictions. And absolute error of numerical tokens in the (c) top 1 and (d) top 10
post-MLP intermediate predictions. All averaged on the add;q,4. dataset.
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