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Introduction

These are the proceedings of the 18th Meeting on the Mathematics of Language (MOL 2025), held at
Stony Brook University on August 16—17, 2025.

The volume contains twelve regular papers, which have been selected from a total of nineteen submis-
sions, using the EasyChair conference management system. The volume also contains one paper con-
tributed by an invited speaker.

The conference benefited from the financial support of Stony Brook’s Department of Linguistics, the
Institute for Advanced Computational Science (IACS), and the Stony Brook FAHSS fund. We gratefully
acknowledge their support.

We would like to express our sincere gratitude to all the reviewers for MOL 2025 and to all the people
who helped with the local organization.

Thomas Graf, Matthew Hayden, Jeffrey Heinz, Lawrence Moss, and Yang Wang (editors)

Stony Brook University
August 2025

1ii



Program Chairs:

Thomas Graf, Stony Brook University (USA)

Jeffrey Heinz, Stony Brook University (USA)

Lawrence Moss, Indiana University Bloomington (USA)
Yang Wang, University of Utah (USA)

Organizing Chairs:

Thomas Graf, Stony Brook University (USA)
Jeffrey Heinz, Stony Brook University (USA)

Technical Editor of Proceedings:

Matthew Hayden, Stony Brook University (USA)

Program Committee:

Siddharth Bhaskar, University of Southern Denmark (Denmark)
Alexander Clark, University of Gothenburg (Sweden)

Aniello De Santo, University of Utah (USA)

Frank Drewes, Umea University (Sweden)

Remi Eyraud, CNRS & Jean Monnet University (France)
Robert Frank, Yale University (USA)

Philippe de Groote, INRIA Nancy — Grand Est (France)

Tim Hunter, University of California Los Angeles (USA)
Adam Jardine, Rutgers University (USA)

Greg Kobele, University of Leipzig (Germany)

Andras Kornai, Budapest Institute of Technology (Hungary)
Yusuke Kubota, National Institute for Japanese Language and Linguistics (Japan)
Giorgio Magri, CNRS (France)

Jens Michaelis, University of Bielefeld (Germany)

Gerald Penn, University of Toronto (Canada)

Owen Rambow, Stony Brook University (USA)

Mehrnoosh Sadrzadeh, University College London (UK)
Giorgio Satta, University of Padua (Italy)

Yoad Winter, Utrecht University (Netherlands)

Invited Speakers:

Sophie Hao, Boston University (USA)
Makoto Kanazawa, Hosei University (Japan)
Edward P. Stabler (Canada)

Lena Strobl, Yale University (USA)

v



Table of Contents

Realizational Morphology in a Modular Minimalist Grammar. . . . . . . . . ... ... .. ... 1
Edward P. Stabler

The Typology of TSL Case Assignment . . . . . . . . . . . v v v v v i vt vt e e e 16
Kenneth Hanson

Learning Multi Tier-Based Strictly 2-Local Languages . . . . . ... ... ... ... ...... 33
Logan Swanson

A Framework for Learning Phonological Maps as Logical Transductions . . . . . . ... ... .. 44
Tatevik Yolyan

On the Structure of Sets Testable in the StrictSense . . . . . . . ... .. ... .. .. ...... 59
Dakotah Lambert

A Lie-Algebraic Perspective on Tree-Adjoining Grammars . . . . . . . . . . .. ... ... ... 74

Isabella Senturia, Elizabeth Xiao and Matilde Marcolli

Derivational and Interpretational Equivalence of LIGandHG . . . . . . .. .. ... .. ... .. 88
Kalen Chang

On the Logic of LGB Type Structures. Part II: Reentrancy Structures . . . . . . . ... ... ... 102
Marcus Kracht

Conditions for Global Asymptotic Dominance in Multidimensional Grammar Competition . . . . 114

Henri Kauhanen

A Full Numerical Rank Basis Selection Algorithm for Spectral Learning . . . . . . .. ... ... 126
Yibin Zhao and Gerald Penn

Existence as Positive Measurement: Mass Nouns and Intensionality . . . . ... ... ... ... 137
Junri Shimada

The Computational Complexity of Quantifier Raising . . . . . . . ... ... ... ... ..... 150
Edward Sanger

Dependency Structures Representation: Meaning Text Theory’s Deep-Syntax Encoding with Ab-
stract Categorial Grammars . . . . . . . . . . . ..o e e 163
Marie Cousin



Realizational Morphology in a Modular Minimalist Grammar

Edward P. Stabler
stabler@ucla.edu

Abstract

A modular minimalist grammar with a real-
izational morphology is briefly motivated and
defined, inspired by recent morphosyntax. A
modular grammar identifies and isolates com-
ponents that are relatively causally independent,
making components and their interactions eas-
ier to understand, without imprecision or ap-
proximation. The modular grammar proposed
here assumes a realizational morphology in
the sense that the atoms of syntax are not pro-
nounced words, and syntax plays a role in word
building. These grammars capture generaliza-
tions that previous minimalist grammars, and
many other generative grammars, miss. Pre-
liminary support is provided for parsing and
learnability results.

In Chomsky and Lasnik (1977) and Lasnik
(1981), filters are added to a system of generative
rules to block certain generated results. One filter
blocks dependent affixes from appearing in struc-
tures that do not provide a suitable attachment site:

... Syntactic Structures makes the claim that there
could be another language just like English but
where Affix Hopping is optional. The theory

we’re looking at now ...makes the claim that
there couldn’t be any such language.

Affix Hopping and DO-Support ... describe but
don’t capture the ... generalization: A stranded
affix is no good. (Lasnik, 2000, p.123)

Various versions of this idea have persisted. Bres-
nan (2000) says, “To counter the fact that DO is un-
grammatical elsewhere, there must be a constraint
that penalizes its presence.” Grimshaw (1997) and
Sag et al. (2020) suggest that we need to account
for the fact that DO is “necessary whenever it is
possible.” Stabler (2001) offers a DO-support trans-
duction on morpheme sequences, to supplement a
minimalist grammar (MG) with head movement
and affix hopping.

One recent thread through this work is consid-
ered here, with particular attention to auxiliary

verbs. Kayne (1993) says that while some heads
may select their complements, “[t]here is no aux-
iliary selection rule.” Bjorkman (2011) says “BE
is not directly selected for, but is instead inserted
to support inflectional material that was unable
to combine with a main verb.” Olivier (2025) ar-
gues, “HAVE and BE are allomorphs”. And Kalin
and Weisser (2025) say, “Combining all the evi-
dence. . . the most adequate model...” is one that
is non-lexicalist (syntactic word-building), post-
syntactic (syntactic atoms have no phonology), and
realizational (phonology ‘realizes’ features but not
in lexical increments). Here, a very simple, prelim-
inary kind of grammar with those three properties
is defined, plausibly connecting them with parsing
and learnability results.!

0 Some varieties of grammars

To situate this project, it is useful to briefly review
some of the formal grammars that have been used
for human languages. A context free grammar uses
a finite set of rules like ‘S — NP VP’ to rewrite
S and other categories repeatedly until there is a
string of words. But context free grammars require
large numbers of rules to define human languages
even very approximately. For example, extracting
a context free grammar from the annotations of the
Penn Treebank (Marcus et al., 1994), even when
done rather carefully, yields a grammar of well
over 10,000 rules, not counting the lexical rules.
With that many rules, exhaustive parsing of longer
sentences from the Wall Street Journal becomes
infeasible (Charniak et al., 1998). That set of rules
is also a very poor grammar, over- and undergen-
erating badly. Statistics help these grammars to do
better in a probabilistic sense, but they are provably
unable to capture some patterns found in human
languages: crossing dependencies, reduplication,

'For a transparent computer implementation and examples:
https://github.com/epstabler/mol25
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and non-semilinear patterns.’

More expressive grammars grammars have been
explored, including tree adjoining grammars (Joshi
and Schabes, 1997), (parallel) multiple context free
grammars (Seki et al., 1991), combinatory cate-
gorial grammars (Steedman and Baldridge, 2011),
and minimalist grammars (Stabler, 1997).3 These
can in principle be smaller and less ad hoc than con-
text free grammars, since they can define general
patterns found in human languages that context free
grammars can only approximate by enumerating
instances. But, in practice, these more expressive
grammars are still large and complex. Take the min-
imalist grammars proposed by Stabler and Keenan
(2003), for example. Those grammars use 5 rules
(three cases of ‘merge’ and two cases of ‘move’).
But those grammars do not include head movement
or affix hopping. To allow those, Stabler (2001)
increases the set of rules to 13, and the rules are
rather complex. Stanojevi¢ (2019) proposes an al-
ternative, more efficient set of 31 rules. But those
grammars still do not include rules for coordination,
adjunction, agreement, case marking, DO-support,
and other things that have been extensively studied
in linguistic theory. Adding those things in a prin-
cipled way is difficult, because each rule gets so
complex, and because the set of rules gets larger.

Linguists have proposed, and this paper con-
firms: refactoring the problem can help. There
are relatively independent regularities in the linear
order of constituents, in agreement and case, and
in patterns of head displacement. But each rule in
generative grammars mentioned above defines all
of those at once, the way context free grammars do.
Those grammars are all “‘monostratal’ in the sense
that each rule application in those grammars builds
all aspects of one part of the linguistic structure.
An alternative, modular strategy splits apart rel-
atively independent aspects of language structure
and defines each aspect separately. Then each piece
of structure must satisfy a number of constraints,
rather than being defined all at once by a single,
complex rule.

Linguists have been exploring grammars one as-

Shieber (1985); Culy (1985); Michaelis and Kracht
(1997); Kobele (2006).

31 have left ‘constraint based’ grammars out of this list,
since they rest on rather different formal foundations (Johnson,
1994; Pullum, 2013), but they do have some properties in
common with the modular generative grammars that will be
the focus here. Our modularization is distinctively Chomskian,
and can be formalized either generatively in terms of tree
transducers or in terms of constraints (Graf, 2013).

pect at a time since the beginning. This kind of
modularity was the hallmark of Chomsky (1981)
and related work. The more recent minimalist tra-
dition, Chomsky (1995) and following work has
aimed to unify and consolidate some aspects of
language previously regarded as distinct, and has
separated others as ‘post-syntactic’. But those post-
syntactic components still cover significant aspects
of language that remain of interest. So the mini-
malist perspective on language remains modular.

The minimalist grammars of Stabler and Keenan
(2003) and related work are not modular. They
fall squarely in the monostratal tradition mentioned
earlier. Each rule application builds all aspects of
a piece of structure. That facilitates relating the
grammars to theories of parsing and learning, but
it also makes wide coverage grammars complex.

Here, a modular grammar is proposed that gener-
ates structures very similar to the early monostratal
minimalist grammars, but where the properties of
different aspects of each piece of structure are sep-
arately defined. A trivially defined infinite set of
binary trees is filtered in a sequence of steps, based
on relatively distinct aspects of structure, and then
transformed by making rather minor adjustments
in agreement and morphological features. This ar-
chitecture captures the monostratally defined mini-
malist structures and more.

Six modules are proposed. Each one is a bottom-
up tree transduction, that is, each builds an output
tree as it processes the input bottom-up, from the
leaves to the root, node-by-node. The first 2 steps
are partial identity transductions, filtering the ini-
tial set of trees that can be built from the atoms.
The last 4 steps then make minor adjustments for
agreement and morphology. The range of the com-
posed grammar is very similar to the range of a
rule-based, monostratal minimalist grammar from
the 1990’s. In fact, as explained below, I conjecture
that the definable string languages are exactly those
of the earlier minimalist grammars. But the modu-
lar grammars proposed here capture new structures
and new generalizations. Instead of many rules for
head movement, for example, there is one simpler
head movement function with greater expressive
power. It is simpler because it can be stated sepa-
rately from everything else.*

“Hornstein (2024, pp.7-8) proposes “All grammatical rela-
tions are merge-mediated” as the “Fundamental Principle of
Grammar” (FPG). That FPG sounds like the approach formu-
lated here, since after our merge function (mrg) builds/accepts
the initial trees, the following modules either filter or make

2



1 A modular grammar

The grammars defined here will each be composi-
tions of 6 functions:
g =vio lin o hm o agr o sel o mrg,

where o is standard function composition (often
pronounced ‘after’) and where: mrg builds/accepts
binary trees over a set of syntactic atoms; sel maps
those trees to themselves if selection features match
appropriately; agr matches and instantiates agree-
ment features; hm applies head movement to ad-
just morphological contents at the leaves (with no
change in hierarchical structure); lin maps each
tree to its pronounced linear order (with no change
in hierarchical structure); and vi, vocabulary inser-
tion, replaces morphological indices with phono-
logically specified morphs (with no change in hier-
archical structure). These 6 functions are defined
in the following sections. The composed gram-
mar g is a function from (unpronounceable) binary
trees to (hierarchically unchanged but reordered,
pronounceable) binary trees. Language variation is
attributed to (i) the atoms over which mrg operates
and (ii) the rules of vi.

2 mrg

Collins (2002), Chomsky (2007, p.8) and others
propose an operation merge which forms binary
sets over a lexicon. Here, for the definition of com-
posed grammars, it is convenient to let mrg be the
tree transducer which accepts (all and only) ordered
binary trees with atoms at the leaves, mapping each
such tree to itself. The linear ordering of the tree
is inessential, but computationally useful, so we let
the range of mrg be the ordered binary trees with
lexical items at the leaves and no labels on internal
nodes.” Lexical items are included as trees with
just one node.

We assume that the lexicon is a set of triples,
(root, sel-fs, agr-fs), where each root can be thought
of as a morphological index that could underlie
multiple pronunciations, sel-fs specifies selection
non-syntactic modifications in them. But Hornstein intends
something stricter, suggesting that, in his sense, there can be
no modularity in the ‘faculty of language’, though there may
of course be ‘interface’ operations.

SThis function is definable by a bottom-up tree transducer
(Baker, 1979). A head-first order is enforced in §3 and used
at a number of points, but is just a convenience. §3 shows it
could be replaced in a set-based computation, identifying the
head as the unique child with unchecked ‘negative’ features.
To keep all derivable syntactic objects in the domain of mrg,
we allow, at the leaves, any of finitely many sequences of roots

built by head movement, and any of finitely many vocabulary
items that can replace the roots, as explained below.

features, and agr-fs specifies agreement features.
The feature complexes are defined below.

3 sel

As noted by Collins (2002) and others, lexically
specified selection requirements seem unavoid-
able.® The function sel accepts only those elements
of the range of mrg that satisfy selection require-
ments, mapping those trees to themselves. Here,
we use a notational variant of the selection check-
ing from Kobele (2021), not too different from Sta-
bler (1997). Selection requirements sel-fs are given
by a formula fs—ofs’ where fs and fs’ are (possibly
empty) feature sequences (non-commutative con-
junctions), where the features in the antecedent fs
are negative and those in the consequent fs’ are pos-
itive.” If fs is empty, the antecedent is omitted and
fs’ is simply written as a dot-separated sequence.

At each internal node, sel is defined only if a fea-
ture is ‘checked’. Selection features are checked
bottom-up as follows. At each leaf, the features sel-
fs are given by the syntactic atom. Then, moving up
through the tree, each internal node has the features
(some of which may be checked) at the leaf which
is at the end of its left branch, its head. At any inter-
nal node with left subtree x and right subtree y, if x
has a subtree x’ whose first unchecked feature is a
positive f, then tree X” must be identical to y (dis-
regarding features checked), those features f in x
and x’ are checked, and features of y are calculated
from x’. This is called internal merge or move. If
x has no subtree x’ whose first unchecked feature
is a positive f, then the first unchecked feature of
y must be positive f, and both of those features are
checked, written f. This is external merge.® Fea-
ture checking is computed and passed upward in
the ‘state’ of the transduction, without modifying
the tree and its features in any way. Schematically:

SBut is selection a single, uniform process? And what is
selected, exactly? Many issues remain (Kalin and Rolle, 2024;
Wurmbrand, 2014; Hirose, 2011; Pollock, 1989).

"The —o is from linear logic (Girard, 1995, p.15).

8Some linguists have instead assumed a merge-over-move
preference (Epstein et al., 2012; Chomsky, 2000, p.106), but
there are empirical problems with those proposals (Shima,
2000; Castillo et al., 2009; Abels, 2012, §4.3.1). And it is
sometimes proposed that the choice of merge and move is de-
termined by a context-relative optimization (Heck and Miiller,
2016). Any of these proposals could be deployed here.
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internal merge
ifz/ =y

external merge
if no subtree on left has positive f
as its first unchecked feature

Figure 1 shows an example.
Stabler (1997, 2001) restricts feature checking
with a shortest move constraint:

(smc) Neither internal nor external merge is
possible if it creates a tree in which the
first unchecked features of two distinct
subtrees are positive and identical (where
subtrees related by internal merge are not

counted as relevantly distinct).

This blocks analyses in which a single clause has
multiple wh phrases extracted by internal merge
from a single clause, as in

(1) *What does who say [(who) read (what)]?
(2)  *Who says what [(who) read (what)]?

The smc is simple and well-studied.” But evidence
supports more complex locality conditions, condi-
tions that are still poorly understood.'”

4 agr

The function agr accepts only those elements of the
range of sel that satisfy agreement requirements,
mapping those trees to themselves. Following Bé-
jar and Rezac (2009) and others, we assume this
check on agreement is ‘cyclic’ in the sense that it is
calculated bottom-up, at each node on paths from
leaves to the root.

The smc allows feature checking to be computed by a
finite state multi bottom up tree transduction. See Kobele et al.
(2007); Graf (2023a); Hunter and Frank (2021); Kanazawa
(2016, Ex. 5.8); Salvati (2011); Kobele et al. (2007); Michaelis
(1998); Stabler (1997, 2011).

YRizzi (2013, 2017); Hein (2024); Major and Torrence
(2024); Schurr et al. (2024); Fernandez-Serrano (2025);
Branan and Erlewine (2025). Note that agr, defined in §4,
has a locality condition built in, a kind of relativized minimal-
ity. Deal (2025a), a.o. argues that agr locality, when properly
formulated, also controls internal merge. There are also argu-
ments that internal merge can target heads rather than just their
maximal projections. See Harizanov (2019) and references
cited there. These matters are left for future work.

Adapting Hanson (2025), search is restricted to
the first ‘d-commanded’ element on a specified
tier, where a head d-commands the heads of its ex-
ternally merged specifiers from highest to lowest,
then the head of its complement, and then what-
ever the complement head d-commands — in that
order.!" A tiert = {s1,...,58,} is a set of sets
of features. A d-commanded head h is on tier t
if and only if some s; is a subset of the features
of h, where those include not only its agr features
but also its positive selection features. Recall that
atoms are triples (root,sel-fs,agr-fs). Each agr-fs
is a set of (tier,feature) probes and feature goals.
Probe f looks for a goal in the first d-commanded
element on the specified tier, where f is feature
with a type separated by :. An unspecified ‘probe’
¢:_ is instantiated by a ‘goal’ of the same type, a
feature like ¢:3s, in the tier-adjacent d-commanded
element.'?

Developing a suggestion from Chomsky (2000,
2001), Deal (2025b) also argues that agreement
affects not only the probe by instantiating, ‘valuing’
it, but also the goal, ‘flagging’ it. We adopt that
idea here, letting probe ¢:_ valued by goal ¢:3s
result in ¢:3s on the probe and ¢:3s on the goal.
With this mechanism, we can handle what looked
like exceptions to a uniformly downward-looking
mechanism.'? Those exceptions become expected
— as occasional morphological realizations of goal-
flagging in vocabulary insertion. See Figure 3.'4

""The hypothesis that locality in agreement and selection
derives from search has a long history (Chomsky, 2005; Ep-
stein et al., 2020; Chow, 2022; Ke, 2024; Branan and Erlewine,
2025). Syntactic search on tiers is more recent (Graf, 2022,
2023b). In this first sketch of a modular MG, we leave a more
careful consideration of search options to future work.

2When the lexicon is seen as associating words with struc-
tures, it may seem obvious that disjunctive and dependent
types are needed, adding significantly to agreement complex-
ity (Shieber, 1986; Johnson, 1988; Eisele and Dorre, 1988;
Maxwell and Kaplan, 1989; Dorre and Eisele, 1990; Carpen-
ter, 1992; Francez and Wintner, 2012). But that ambiguity is
morphophonological, indicating syntactic composition only
indirectly. In this syntax, record types suffice.

BThese assumptions also make agr and sel feature checking
strikingly similar, inviting a unification.

14Plausibly, Ermolaeva and Kobele’s (2022) argument for
the MG-definability of instantiated structures can be adapted
to modular grammars with our agr, but further exploration of
agr is beyond the scope of this paper. Deal (2025b, Appendix)
provides a more elaborate agreement algorithm that allows
properties of a probe to change in the course of a derivation
(Deal, 2024; Keine, 2019, 2020). Sometimes case is also
treated as agreement, but this is controversial. Deal (2025a)
and Kidwai (2023) argue, for example, that case should be a
head rather than a feature.

4



e,V—C

\VJo,D

v/knows,C.D—oV

e,V.Wh—C

v/likes,D.D—V V/the,N—D /cat,N

/which N—D.Wh /food,N

label
Ty

€,V—o C

l

knows, C. D —o V

/N

€,V.Wh—o C Jo, D

J

likes, D. D —o V

l

which, N —o D . Wh the, N — D
food, N cat, N

Figure 1: On the left, a tree for Jo knows which food the cat likes (showing roots and sel-fs). The function sel checks
that a pair of features is checked at each internal node, as described in §3. To show where internal merge (movement)
has applied in these graphs, the two identical subtrees for which food are shown as one node, but sel applies to the
binary tree. At each internal node e, sel requires that the left child is the head, the node with unchecked negative
features. The checking relations are made explicit in the corresponding checking graph on the right. Each checking
arrow goes from a negative occurrence of a feature to a positive occurrence of that same feature, and each feature is
involved in at most one such pairing. In this structure, one feature in the tree remains unchecked: an unchecked,
positive C labels the root. Since one pair of features is checked at each node (and smc is respected), as required, sel

maps the tree on the left to itself.

(x strong) /\ (y strong)
Y —7Z
'Z7YA vi /\ %Y —Z
yXov X ﬂY/\ YOX Y
Q@ _, _
X9 X Xty X X ...

vi

(z strong)
eY —o 7 /\
,Q
7 -z ,Y —7Z Vi
X —y@ -2,X —Y

VX =Y

e X ...

& x,X ...

Figure 2: As described in §5, hm acts on three cases with span -z, -y, X. First, the morphs x and -y raise to
left-concatenate to -z, in mirror order. Then the complex is placed in the highest strong @ position, leaving the

other morph positions empty.



S hm
Considering the contrast,

3) Which cat (which cat) chase -s the rat
€)) Which rat (*do) -s the cat chase (which rat)

some have argued that DO is required in (4) be-
cause tense is blocked from uniting with the verb
by the overt subject the cat between the heads T
and C in the linearized tree..!> But this is at best
a weak argument for the relevance of linear adja-
cency in head movement. Since moved elements
are featurally distinct, the position of the subject is
featurally determined. So while we will agree with
the proposal of Chomsky et al. (2023, p.66) and
many others that head movement is post-syntactic,
distinct from phrase construction, we reject the idea
that this operation must apply after linearization,
after lin. !0

Adopting this hypothesis, we formulate a ver-
sion of head movement inspired by Arregi and
Pietraszko (2021). Let a span be a sequence of
hi,...,hy (n > 2) where (i) for i < n, h; selects
the projection of h; 1, (ii) for ¢ < n, h; has a root
marked as morphologically dependent with a dash,
-y/root, (iii) h,, is not marked dependent, and (iv)
the sequence is maximal in the sense that h; is not
the first merge of a higher dependent-marked head.
We also require that there is no recursion in spans:
no two heads in a span have the same first positive
selection feature.

Any head in a span may also be marked strong,
indicated here by following the root with @.'7 If
no head in the span is marked strong, then 5 is
the strongest. Otherwise, the strongest head is
the first in the span that is marked @. Bottom-
up, the morph of each dependent head raises and
left-adjoins a selected independent head (or head
complex), and the complex is pronounced at the
strongest position. Representing the left-adjunction
of morphs by left-concatenation (of roots with
their features), this defines the patterns of Figure 2,
where the derived order X, y, z of morphs mirrors
the syntactic projections Z, Y, X. In the figure, note
that in the (x strong) case, both y and x are lowered.
In (y strong), x is lowered and z is raised.!®

'SCompare Pollock (1989, §5.5.4), Chomsky (1991, §2.3.1),
Bobaljik (1995, §2.1), Sportiche (1998, §5.2.3.1), Embick and
Noyer (2001), Bjorkman (2011), Arregi and Pietraszko (2021).

'*In agreement with, e.g. Branigan (2023, §2.1).

”Brody (1997), Svenonius (2016), a.o. also use @. Arregi

Previous minimalist grammars (Stabler, 2001)
formalize English subject-auxiliary inversion with
a pattern like the (z strong) case of Figure 2,
with the complex (verb® -tense -C®) pronounced
in strong question-forming -C®. And English
affix-hopping is similar to lowering -tense onto
a verb® with a weak C, like the (x strong) case.
See Figure 3.

6 lin

Adapting an idea from Kayne (1994, 2020), Chom-
sky (1995), Cinque (2023), linear order is adjusted:

(ord)  at any node with daughters x, y where

head x itself has daughters, reorder to y, x.

And setting the stage for vi, we strip features that
are redundant at the interface:'”

(del)  Delete non-final moving elements.

This deletion replaces non-final moving elements,
i.e. elements that arguments to an internal merge
step, by an empty structure. Then we define:
lin = ord o del. See Figure 4.

With del, it is important to remember why inter-
nal merge produces structures with identical sub-
constituents in the first place. Why have those
elements in the structure if they are not going to be
pronounced? In the current formulation, that ques-
tion stands out because sel uses an explicit check on
whether two subconstituents of unbounded size are
identical. And similarly, in tree transducer imple-
mentations, transducers with unbounded copying
are required (Kobele et al., 2007). With del, why
formulate internal merge that way?

Support for internal merge with copying comes
from apparent evidence that copies are really there.
There is a large literature, but one kind of support-
ing argument comes from evidence that, in some
constructions, non-final copies are sometimes not
completely deleted. Yuan (2025) notes, for exam-
ple, that a number of analyses in the literature claim
that deletion of nonfinal occurrences of a fronted

and Pietraszko (2021) use *.

18Cf. Brody (1997, 2000); Adger et al. (2009); Svenonius
(2016); Harizanov and Gribanova (2019); Branigan (2023);
Giannoula (2025). Kobele (2002) shows how the mirror theory
grammars proposed by Brody (1997) are weakly equivalent
to MGs. I conjecture that Kobele’s result extends to our our
similar composed grammars with hm.

19Cf. Chomsky et al. (2023, p.26): “An efficiency consider-
ation at [the sensorimotor interface SM] is to pronounce just
one (the highest) of a set of copies.” But see the discussion of
Yuan (2025) a.o. below.
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e, TWh—C

€,v.K—oT,

-\/pres,\@\ {C,D,T}:¢:3s
{C,T,.D}:¢p:_ hmoagr v/\
/'\ \/chase -/v*© -\ /pres,V¥ D—ov¥®~,_\/the N—oD.K, y/catN
-/vE@ Vi Doy, N-eDK, /catN $:3s ¢:3s
N} ¢:3s A
\/chase,D.K—oV* ™y )
/which N—D.K.Wh, /rat,N,
/which,N"oD.K.Wh, +/rat,N, {D,N}:¢:3p qbfg

{D.N}:¢:_ $:3p

Figure 3: A structure for the embedded clause of I know [which rat-s the cat chase-s]. Note that clause structure is
elaborated slightly beyond what Figure 1 depicts and atoms are shown with roots, sel-fs and agr-fs. As described in
§4, agreement instantiates probe features bottom-up with adjacent elements in spinal d-command sequences on the
indicated tier. The dotted arrows show how ¢:_ probes from D to be valued by its d-commanded N; T probes to find
its ¢ value in the d-commanded specifier D. Then, as described in §5, hm creates the head complex V* —\/v*@ -T as
shown by the dashed arrows, putting that complex into the strong v* position. Trees like this that show phrasal and
head movements with sel and agr features are complex, but each module is relatively simple.

[ J [ J
e,V—C €,V—C
vJo,D vJo,D
Vknows,C.D—V vknows,C.D—V

€,V.Wh—C v/which, N—D.Wh /food,N €,V.Wh—C

V/likes,D.D—oV V/the,N—D /cat,N v/the,N—D y/cat,N ,/likes,D.D—V

+/which,N—D.Wh /food,N (v/which),N—D.Wh (y/food),N

Figure 4: Left, repeated from Figure 1. Right, as described in §6, the result of applying lin. As is often done, instead
of emptying non-final copies, those copies are shown with their morphs in parentheses.



verb is blocked when that would leave a tense af-
fix without a host. She then observes a similar
pattern in Inuktitut, where deletion of non-final oc-
currences is blocked when it would strand affixal
verbs requiring a DP host. These patterns are incon-
sistent with the simple deletion process of del.?’
Allowing del to completely remove copies before
pronunciation serves as a placeholder for future
work.

7 vi

Function vi replaces roots with phonologically in-
stantiated forms, based on syntactic context. For
example, the rules
Jcat — cat
¢:3s — s
add phonological content to roots in the leaves of
the syntactic tree. Representing the phonologically
instantiated roots are indicated with standard or-
thography, the root /cat in a leaf with ¢:3s is re-
placed by phonologically instantiated forms:
(vcat,D,:3s) = (cat-s,D,$:3s).
Irregular plurals are handled with special rules:
y/mouse ¢:3p — mice.

Special rules like this take precedence over the de-
faults, ‘blocking’ them, because they are ‘more spe-
cific’ in the sense that they specify more features
(Halle and Marantz, 1993; Embick and Marantz,
2008). With this specificity order defined on our
finite set of vi rules, we use the first applicable rule.

The domain of this kind of competition among
vi rules was widely held to be a single atom, when
atoms were morphemes. But as syntactic princi-
ples have entered into word building, features that
used to be included among those associated with
morphemes are now often split away, treated as syn-
tactic heads. When heads are combined by head
movement, these features may be reunited. For
example, with the rules

\/chase — chase
Vpast —  -ed,

we derive a pronounced form for this complex head
from Figure 3, mapping each element pointwise,
but preferring rules with the largest numbers of
features:

(y/chase y/past €) = chase -ed.
Adapting ideas from Svenonius (2016) and Hau-
gen and Siddiqi (2016), vi rules can also target
spans, where a span is a sequence of heads, each
selecting the next, as in hm, but the heads need not

DCompare also Georgi (2017).

be morphologically dependent (marked by -). We
replace conditions (ii) and (iii) in the previous defi-
nition of span in §5 with: (ii’) hy, ..., h, are in the
domain of a vi rule. As in hm, we let the highest
head be the default strongest. So then, following
Haugen and Siddiqi (2016, (7)) we allow this vi
rule to derive the Spanish portmanteau del from
a span that includes a preposition and determiner,
indicating the boundaries of syntactic heads with
parentheses:

(v/de) (el)

This rule replaces (y/de) with del in the preposition,
and removes root (y/el) from the determiner.

—  del.

Much is still unsettled in morphology, but this
sketch incorporates some of the represented ideas,
to be fleshed out in future work. Note that mirror
order is not predicted by these vi operations unless
operating on a complex formed by hm, and vi also
differs from sel in letting rule choice be subject to
blocking.

8 Examples

8.1 Nominalization

In standard presentations of logic, each predicate
has an arity, but in human languages, a single pro-
nounced form of of a verb like capture allows vari-
ous numbers of arities and can also be a noun with
the same arguments, as in the capture (of markets)
(by oligarchs). The morph is associated with a kind
of event, allowing its various arguments to be ex-
pressed or not in various contexts. The verb destroy
on the other hand has a distinct a nominalized form
destruction. Rather than treating such coincidences
between nominal and verbal forms as accidental,
Chomsky (1970) suggests a common underlying
form may be mapped to different pronunciations.
Here, vi plays that role using the rules,
(y/capture) —  capture
(y/destroy V) —  destroy
(y/destroy N) —  destruction.

If -y/-tion is a nominalizing head of some kind,
then head movement forms a complex to which a
very similar vi rule can apply.>!

2See e.g. Alexiadou and Borer (2020) and references cited
there for recent discussion of Chomsky (1970) and recent
variants of that kind of proposal.
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v/past,Asp.K—T
L:past
-y/ing,v—oAsp

{T,Asp}:e:_
....,D.K

-/v®,VD—ov /laugh,V
L:prog

WaS’ASp'K{\‘
L:past /\
viochmoagr €,y—oAsp
>

{T,Asp}::prog

B BN

laugh -ing,V.D—ov €,V
L:prog

Figure 5: Insertion of English auxiliary BE by vi. An inflectional probe ¢:_ on V can be instantiated by ¢:past in
simple clauses that lack Asp. But here, instantiating bottom-up, ¢:prog on Asp values the feature on V, and so
valuation by ¢:past is not possible. The function vi rescues the structure by inserting v/BE and mapping /BE+,/past
to was. The complex placed in the strong v* position by head movement, /laugh /v* /ing, is mapped by vi to
laugh-ing. Compare e.g. Bjorkman (2011, §2.3.4.1).

Vaux -y/pres,Aux.K—oT,

Vaux -/pres,v.K—T

4/Camille,D.K

mor +/-ts,V—ov 11 4/-S,V*¥.D—ov*,
p

e,D—V /elles,D.K
e, D.K—V* /la_fleur,D.K

Figure 6: French auxiliary BE and HAVE as allomorphs. In unaccusative on the left, hm raises V y/mor to v y/-ts
and raises Aux y/aux to T y/pres. With the simple vi rules in the text, Aux is realized as BE because it is not
adjacent to v* on the {T,v*,v} tier, and so we get Elles sont mor-ts (‘they died’). On the right, hm raises V +/pri to
v¥* y/-s and Aux y/aux to T y/pres. Aux with v* adjacent on the tier {T,v*,v} is realized as HAVE, to yield Camille
a pri-s la fleur (‘Camille took the flower’). Compare Olivier (2025, (37),(38)), Bjorkman (2011, §2.4.4.1,(90),(91)).



8.2 English auxiliaries.

While the specification of various pronounced
forms of \/destroy could be entirely a lexical mat-
ter, agr, hm and vi get involved in determining how
other words are built and pronounced. For example,
pronouncing BE requires attention to features:

Suppose the PF form of a lexical entry is com-
pletely unpredictable: the English copula, for ex-
ample. In this case the lexical coding will provide
whatever information the phonological rules need
to assign a form to the structure [copula, {F}],
where {F} is some set of formal features (tense,
person, etc.). (Chomsky, 1995, §4.2.2)

This is exactly our strategy. But unlike Chomsky,
we generalize it not just to certain auxiliaries but
through the whole vocabulary.

In English, the auxiliary verbs HAVE and BE
regularly combine with past and progressive par-
ticiples, respectively. But in various languages, the
appropriate auxiliary for a past participle depends
on a number of factors that vary across dialects.
Bjorkman (2011) argues that auxiliaries appear not
when they are selected but when they are needed
to rescue a kind of ‘overflow’ situation.’> When
a context does not provide a way to express tense
on the verb, it can ‘spill over’ into another form,
‘rescuing’ the structure. She notes that in Arabic
and in the Bantu language Kinande, verbs cannot
have both a tense and an aspect marker, so when
the main verb has aspect, tense gets expressed on
an auxiliary. She argues that English falls into this
pattern too, with an analysis that is easily modelled
in our grammars, as shown in Figure 5.2

8.3 French auxiliaries

In Standard European French passé composé con-
structions, some verbs require a HAVE auxiliary,
while others require BE. One rough approximation
is that transitives and unergatives take HAVE, while
unaccusatives take BE. Bjorkman (2011) proposes
that the presence of an object between a perfective
head and the verb blocks agreement between them,
yielding HAVE instead BE. Assuming that transi-
tive feature v* is distinct from v, in this simple case,

2There are many rescue analyses for auxiliaries (Embick,
2000; Arregi and Klecha, 2015; Fenger, 2019; Cruschina and
Calabrese, 2021). An empirical defense of these is beyond
the scope of this paper, where we aim only to explore some
computational properties. And see e.g. Pietraszko (2023) for
a possible non-realizational account of overflow patterns.

2 A naive DO-support could be implemented with a vi
rule (T — DO). But Bjorkman (2011) argues that a broader
consideration of do-like patterns disconfirms rescue analyses.
So we leave this for future work.

the contrast can be decided by testing whether v*
is adjacent on the {T,v*,v} tier:
(Aux) — HAVE if v* is {T, v*,v}-adjacent
(Aux) — BE
See Figure 6.

Olivier (2025) observes that this simple rule con-
flicts with the fact that reflexive verbs with direct
objects require HAVE. He suggests instead that
an Aux head intervenes between T and vp,;, and
that Aux is realized as HAVE if person features
on T and Aux are not guaranteed to be identical,
and otherwise as BE. This gives the basic unac-
cusative/transitive contrast if Aux always agrees
with the internal argument, while T agrees with the
closest element on the {C,T,D} tier. But we do not
want the realization rules to have to test whether
identities are guaranteed. The alternative is to test
for the conditions of the guarantee. A fuller inte-
gration of Olivier (2025) and similar approaches is
left for future work.

9 Conclusions

MG properties adjusted. Previous minimalist
grammars have been monostratal, but simplicity
and flexibility are enhanced in modular formula-
tion, making understanding and experimentation
with alternatives easier. Here, syntactic atoms with
unpronounceable roots define the domain of mrg,
while agreement, head-movement, linearization,
and vocabulary insertion are ‘post-syntactic’ in the
sense of applying after mrg.

Function vi uses a finite set of (language-
specific) rules, applied in an order of decreasing
specificity. Defaults get listed as the last case. This
kind of competition among alternatives amounts to
providing defaults with a kind of negative condi-
tion — something that rule-based minimalist gram-
mars do not offer. But since these rules are finite
in number and scope, the expressive power of the
formalism remains restricted.?*

We can diagram dependencies among the six
modules above with a graph of a sort used in soft-
ware construction, where each module has those it
depends on as its descendants:

1t is interesting to compare negation-as-failure and other
extensions to Horn clauses in logic programming and type
class definitions (Miller, 2022; Bottu et al., 2017). Kanazawa
(2007, 2009, 2017) observes that because MCFGs can be
elegantly expressed in definite Horn clauses, they are easily
parsed in Datalog. Our modular grammars cannot be directly
expressed in definite Horn clauses, but as noted just below,
we conjecture that these grammars are weakly equivalent to
MCEGs.
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hm

vi —p lin sel —» mrg

il T
S r v
The function sel relies on the binary structure of
mrg. Functions agr and hm rely on the head-
complement and internal/external-merge distinc-
tions enforced by sel. The function lin reorders
heads and complements, so agr and hm can be
slightly simpler if lin applies after them.?> These
consequential generalizations about dependencies
among modules — i.e. among aspects of current
morphosyntactic theory — are much more explicit
in modular grammars than in monostratal theories.

Ongoing research is focused on whether we have
properly understood the modules and dependencies.
In particular, as research cited above shows, consid-
erable efforts can be regarded as focused on uniting
sel and agr in a more general labeling theory, and
on uniting hm and vi in a general interface theory.

MG properties preserved: Two conjectures.
I conjecture that, if we assume the smc of §3 and
the del of §6, the string languages definable by
our modular minimalist grammars are definable by
rule-based, monostratal minimalist grammars and
so0, as shown by Michaelis (1998), also by multiple
context free grammars (MCFGs). Some support
for this conjecture is provided by the discussion
and notes above.?® We know how to parse MCFGs
and hence also MGs (Seki et al., 1991; Kallmeyer,
2010; Harkema, 2001), and we have some first,
definite ideas about how they can be learned (Clark
and Yoshinaka, 2016; Yoshinaka and Clark, 2012).
But is this conjecture with its consequences in-
teresting, when it depends on smc and del, which
are clearly not right? I think the conjecture is inter-
esting because, plausibly, well-understood compu-
tational approaches to MCFGs will extend easily
to the better theories that improve on smc and del.
This is my second, more speculative conjecture.
One bit of evidence for it, relevant to del, comes
from the easy extension of MCFGs to ‘parallel’
MCEFGs with unbounded copying, with parsing

»But note that lin ordering arguments are weak, since our
Kayne-ian linearization of 2 daughters is only 1 bit of infor-
mation — so that’s 1 bit of information per internal node — and
it is efficiently computable.

%See fns. 5, 9, 14, 18. A compiler that takes modular
grammars (i.e. finite sets of atoms and vi rules) to equivalent
MCEFGs is also in preparation, adding to the collection of sim-
ilar compilers for previous mildly context sensitive grammars
(Guillaumin, 2004).

(Seki et al., 1991) and learning results (Clark and
Yoshinaka, 2014). The copying noted by Yuan
(2025) and others is very restricted, perhaps shaped
in large part by performance factors. Structures
like that should not exact the same price in parsing
and learning efficiency as parallel MCFGs impose.

Another piece of evidence for the second con-
jecture, evidence relevant to the smc, comes from
the fact that the smc itself is not integrated into the
foundations of the grammar. It is a separately stip-
ulated condition. When we find better, empirically
well-supported locality conditions, we may be able
to impose those in a similar way, without signifi-
cantly disrupting the basic structure our grammars
and the empirical domains they cover. And on the
small structures relevant in human language pro-
cessing, again, less restrictive locality conditions
may be compatible with feasible models of human
parsing and learning.

New capture of prominent generalizations.
With roots in syntactic atoms, we can model some-
thing like Chomsky’s (1970) nominalization. With
vocabulary insertion, we can model something like
the Halle and Marantz (1993) competition-based
allomorphy. And we can capture something similar
to the ‘overflow’ analyses of auxiliaries proposed
by Bjorkman (2011), Olivier (2025) and others.
Like earlier DO-support analyses, these involve
‘last-resort’ rules which are, we conjecture, weakly
equivalent to rule-based MGs but more succinct.
Rule-based MGs miss those generalizations, but
can enumerate the relevant cases.?’
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Abstract

Long-distance syntactic dependencies such as
movement and agreement have been argued
to be tier-based strictly 2-local (TSL-2) over
Minimalist Grammar (MG) dependency trees,
placing tight constraints on the range of pre-
dicted patterns (Graf 2022b; Hanson 2025Db).
Here, I argue that the same is true of the syntax
of case. Building on Vu et al. (2019) and Han-
son (2023), I show that small variations on a
TSL-2 tree grammar correspond to well-known
phenomena such as case spreading, variation
in alignment, and several types of differential
argument marking. At the same time, many
simple yet unnatural patterns are ruled out. This
study therefore strengthens the TSL-2 hypothe-
sis while providing a computational explanation
for several aspects of the typology of case.

1 Introduction

The tier-based strictly 2-local (TSL-2) formal lan-
guages over strings and trees have been found to
be a good model of many long-distance phono-
logical and syntactic dependencies, respectively
(Heinz 2018; Graf 2022a). In addition to provid-
ing a tight upper bound on predicted structural
patterns, the patterns that can be expressed corre-
spond closely to attested cross-linguistic variation
in long-distance phonotactics (McMullin and Hans-
son 2016), syntactic movement (Graf 2022b), and
agreement (Hanson 2025b). These results thus
show how formal considerations provide insight
into issues of locality and typology which are of
broad interest within linguistic theory.

The syntax of case has also been studied from a
TSL perspective by Vu et al. (2019) and Hanson
(2023), but no such cross-linguistic study has yet
been conducted. In addition, prior work assumed
that case may utilize structure-sensitive tier projec-
tion, which increases expressive power, and did not
emphasize the typological significance of limiting
the constraint window on the tier to two elements.

This work addresses all of the above limitations.
It argues that many well-attested case patterns are
understood as follows: case assigners (licensors)
determine the cases of one or more nominals in their
domain (clause, VP, etc.) according to a TSL-2
tree language. Furthermore, the natural parameters
of the model—the set of visible elements and the
structure of the bigram constraints—correspond to
key points of attested variation, while many unnat-
ural patterns are ruled out. Case therefore turns out
to be less mysterious than is sometimes thought:
it occupies a small and well-structured corner of
the space of formal patterns and is computationally
similar to other long-distance dependencies.

The resulting model, which makes full use of
both dimensions of a tree tier, is highly reminiscent
of existing configurational theories of case (Yip
et al. 1987; Baker 2015), but unlike those theories,
it uses only computational mechanisms which are
independently necessary. The analysis does raise
several formal questions, in particular, why certain
TSL-2 patterns do not seem to have any correlate
in the realm of case. While some of these gaps are
presumably best explained by extra-grammatical
factors, I propose two additional formal general-
izations which further narrow down the space of
possible case patterns.

The remainder of this paper proceeds as follows.
First, I introduce the TSL-2 model of case assign-
ment and discuss some important characteristics
of the model ( 2). Next, I show how the model
accounts for many classic case phenomena while
ruling out unattested patterns ( 3). Finally, I ad-
dress the overgeneration question, and discuss how
case fits within the larger picture ( 4).

2 Background and model

This section lays out the background on case and
subregular syntax, and presents a TSL-2 model of
case which forms the basis for the cross-linguistic
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analysis which follows. It begins with a brief
overview of subregular complexity (2.1), the syn-
tax of case (2.2), and previous subregular analyses
of case (2.3). Next, I introduce the MG depen-
dency tree framework (2.4) and how it can be used
to model case dependencies (2.5), with examples
from English. Finally, I discuss some formal and
linguistic issues related to the proposed model (2.6).

2.1 Subregular complexity

The Chomsky Hierarchy (Chomsky 1959) measures
the complexity of linguistic patterns in terms of
string languages (string sets); similar hierarchies
can be described for tree languages, string-to-string
maps, and so on. Within these classifications,
studies to date have found that linguistic patterns are
overwhelming subregular, meaning that they do not
require the full power of even the regular, or finite-
state class (see Graf 2022a and references therein).
Of the various subregular classes, TSL appears to be
the upper bound for most individual dependencies,
and M[ulti]-TSL for a grammar containing many
such dependencies. This is true even for syntax
if we use an appropriate tree-based representation.
Limited exceptions also exist; so far these have
been modeled with a set of extensions known as
structure-sensitive TSL, or SS-TSL.!

2.2 Case in syntax

This work is solely concerned with the syntactic dis-
tribution of case, not the details of morphological
realization, nor the distribution of overt/covert nom-
inals (‘Case’ in the sense of Chomsky 1981). Given
a syntactic structure, we seek only to correctly de-
termine the cases assigned to each nominal. Within
this scope, I focus almost exclusively on structural
cases such as nominative, accusative, dative, erga-
tive, and genitive, which have a non-trivial distribu-
tion. Lexical case, which is assigned to arguments
of specific predicates, will be treated briefly, as it is
interesting insofar as it interacts with structural case.
Semantic cases such as locative/instrumental/etc.
which occur mainly on adjuncts, are essentially self-
licensed, and will therefore be ignored.” See Blake
(2001), Butt (2006), and Malchukov and Spencer
(2008) for additional general background on case.

!'See De Santo and Graf (2019) for a formal definition and
Mayer and Major (2018), Graf and Mayer (2018), and Graf
and Shafiei (2019) for empirical studies.

2Some theories distinguish an additional category of in-
herent case, which is assigned to arguments with a specific
thematic role. For our purposes, it can be rolled into lexical
case, since it is similarly local in character.

Note that I assume to nominal phrases be DPs,
but nothing crucial hinges on this; some or all
nominals must instead be NPs, KPs, etc. Next,
note that a given case may have multiple modes
of assignment; for our purposes these will be con-
sidered distinct cases. Finally, although I speak of
case being assigned to DPs, the present account is,
mathematically speaking, a pure licensing model;
see Section 2.6 for explanation.

2.3 Previous work

Vu et al. (2019) made the initial argument that the
syntax of case is TSL. Technically, their model is SS-
TSL rather than TSL proper; however, the need for
SS-TSL comes solely from their use of traditional
MG derivation trees, as is true of Graf (2018), on
which their model is based. With the introduction
of MG dependency trees (a different subtype of
derivation tree) the need for SS-TSL appears to be
eliminated for movement (Graf 2022b), agreement
(Hanson 2025b), and case (this work), though not
for binding (Graf and Shafiei 2019).

The present analysis therefore starts with the
model in Hanson (2023), which uses dependency
trees to analyze a variety of case patterns in
Japanese. Although not emphasized in that pa-
per, the analysis is entirely TSL-2 except for a brief
use of SS-TSL for reasons of conciseness; Hanson
(20254, ch. 5) revises this to achieve a pure TSL-2
analysis. I also retain the approach of gathering all
DPs in some case domain as the daughters of the
domain node on a tier, with the case of each being
determined by the tier mother and sisters together,
as introduced there.

2.4 MG dependency trees

Here, I describe the MG dependency tree model as
used in recent work in subregular syntax.’

MGs (Stabler 1997, 2011) are a formalization of
ideas from Minimalist syntax. They can generate
a variety of structures, but for present purposes
the relevant structure is a derivation tree, which
encodes the sequence of operations (Merge, Move,
etc.) in a syntactic derivation. MG dependency
trees are a subtype of derivation tree in which
every node represents a lexical item; the operations
themselves are indicated only in the form of feature
diacritics on the nodes themselves. See Graf and
Kostyszyn (2021) for a formal definition.

3The dependency trees in Kobele (2012) are essentially

identical. In contrast, Boston et al. (2010) generate surface
dependency trees using MGs.
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Figure 1: MG dependency tree and case tier for They showed us themselves. Left: full tree with case tier overlain.
Right: case tier in isolation. Other dependencies such as EPP movement are controlled by a separate tier (not shown).

An example dependency tree for They showed
us themselves is given in Figure 1, in which the
subject moves to Spec-TP (call this EPP movement)
and receives nominative case; both objects receive
accusative case. Each daughter of a node is an
argument, ordered from left to right in reverse or-
der of first merge; this order also corresponds to
asymmetric c-command among co-arguments. The
features +epp and —epp indicate the landing site of
EPP movement and the mover, respectively. Addi-
tionally, case features show which DPs receive nom-
inative/accusative/genitive case. Following Hanson
(2023), case assigners are not given a feature; in-
stead, the label of the case assigner determines
the string of cases of its dependents on a tree tier,
as described in the next section. For simplicity,
selectional features are omitted.*

As in traditional MG derivation trees, all ele-
ments appear in their base positions only. This
works well for case, since scrambling and wh-
movement, for example, preserve case. Even when
movement is thought to alter case marking, the
movement features themselves may be enough to
determine the correct case; see Section 3.6 for an
example. We diverge from standard MGs in one
important way: the negative movement (and case)
features are unordered, which is crucial if the tree
language is to be TSL. For example, a DP bearing
—epp and —wh simply moves to the closest landing
site for each, and traces or copies are inserted as
appropriate (cf. Graf 2022b, 2023).

2.5 TSL case assignment

I now explain the TSL model of case assignment
as presented in Hanson (2023). I start with the
definition of a TSL string language, which is then
generalized to trees. I demonstrate the system with
an analysis of some case patterns in English.

4Unlike in Minimalist syntax, MG features indicate op-
erations that occur in the present derivation rather than the
potential to undergo some operation.

A string language is tier-based strictly k-local
(TSL-k) iff there is a set of salient symbols such
that, when all others are deleted, licit/illicit strings
can be distinguished with a strictly k-local (SL-k)
grammar (Heinz et al. 2011). The set of salient
symbols is the tier alphabet, notated T, and the
string obtained by deleting all non-salient symbols
is a tier projection. The SL-k grammar may be
either a negative grammar (G ™), which is a set of
forbidden k-grams, or a positive grammar (G™),
which is a set of permitted k-grams; for present
purposes the positive form is more convenient.
Also, we include the edge markers x/x in the tier
projection so that we can refer to the beginning/end
of the string. For example, consider a natural
language whose high vowels harmonize in backness,
such that every word contains only [i] or [u] but
never both. This pattern is TSL-2, with T = {i, u}
and Gt = {Xi,xu,ii,uu,ix,ux}. As a result,
words like ‘kibili’ (xiiix) and ‘kubulu’ (xuuuix)
are ruled in, but ‘kibulu’ (xiuux) and ‘kubilu’
(Xuiux) are ruled out.

We generalize this idea to tree languages as
follows. First, we ignore the non-salient elements
and construct a tree tier which preserves dominance
and precedence relations among those that remain.
Continuing the preceding example, let us assume a
single tier regulating case in English, containing all
case assigners and assignees, which include at least
T and all D heads (we consider other candidates
below). The result is that all verbal arguments
become daughters of Ty, as illustrated in Figure 1.
Second, we associate each node on the tier with a
TSL-k daughter string language (DSL), expressed
in the form of a TSL-k daughter string grammar
(DSG). In English finite clauses, the first (= highest)
DP is nominative, and any others are accusative.
Taking the position in the daughter string as a proxy
for structural height (see Section 2.6), this pattern
is described using the following grammar, which is
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SL-2, and therefore also TSL-2.> A dot is added
between elements for readability, and movement
features are omitted for simplicity.

(1) Daughter string grammar for Tpy (SL-2)
G+ = {><1 . D[N()M], D[\OM] . D[A('(‘], D[/\(‘('] . D[A('('],
Dinom - X, Dracc - l><}

This grammar allows daughter strings such
as D[~nowm], D[nom] - D[acc], D[nom] - Dlacc] - Dlacc],
etc., while disallowing an accusative subject fol-
lowed by a nominative object, among many other
configurations. Assuming that infinitive fo does not
appear on the tier, the analysis immediately extends
to raising infinitives as well as ECM infinitives.
These are illustrated below.

(2) She seems to like me (raising)
THN["’epp]

\

v

[
seems

|
to > RSt
| she[-epp, Nom] me[acc]
Vv
/\
She[fepp, nvom]  like
|

me[acc]
(3) We expect her to win (ECM)

Trnl+epp]
|
v
/\
we expect
[—epp. ~ow] | . i
to[+epp] we
\ [—epp, NoMm]
v
T
her win

[—epp, Acc]

her
[—epp, acc]

Several other aspects of English were previously
treated by Vu et al. (2019) and could be translated
into the current system with little difficultly. Since
developing an in-depth analysis of English is not
our goal, I will expand the grammar only slightly.
(Movement features are henceforth omitted when
not directly relevant.) I assume that DPs allow up to
one genitive argument/possessor, possibly followed
by one or more accusative arguments in the case of
a poss-ing gerund (e.g. his devouring the caviar)

and that other domains such as non-finite CPs (e.g.
for him to love caviar) only allow accusative DPs.

These structures are shown below. The case of the
root is intentionally left unspecified, but would be
accusative by default.

3 Although we do not make use of tier projection in the

DSL at the moment, the definition of tree TSL allows it, and
we do need it for case. See Sections 2.6 and 3.4.

(4) his devouring the caviar (DP gerund)

D
/\
his[cen]  devouring D
‘ — o
the[acc]
|
caviar

hiS[‘G‘l’LNJ theiAC(‘]

(5) for him to love caviar (non-finite CP)

for
|
to
|
v for
him[acc] love
|
Diacc]
|
caviar

him[vACC] D[;\cc]

We must now deal with the fact that T/C heads
also occur in the DSL. Let us assume that they
absorb the case that would otherwise be assigned in
that position. That is, they are marked for case, but
show no morphological realization, just as lexical
DPs do not. The following example demonstrates
absorption of nominative by a clausal subject. Later,
we will consider examples where certain elements
are invisible rather than filling a case slot.

(6) That he owned a motorcycle surprised us

TFlN
I
Vv
that  surprised
| | Ten
Ten[Nvom]  us[acc] T
| i Ten[Nvom]  us[acc]
T he[nom]  a[acc]
he[nom] owned
I
afacc]
|
motorcycle

Putting all of this together, we arrive at the
following TSL grammar.°

(7) Case tier for English:

¢ Project: {Tey, D, Cine}
* Daughter string grammars:
Ten: {X:NOM, NOM - ACC, ACC + ACC, NOM - X,
AcC- X}
D: {X:GEN, GEN-:ACC, ACC-ACC, GEN-KX,
ACC- X, X+ X}
Civr: {X-ACc, ACC-ACC, ACC X, X - X}

This grammar incorporates several notational
shortcuts. A lone category label stands in for any
node of the given category regardless of its MG

6 A more elegant analysis might use finite C for the domain
of nominative case, mirroring C,y for non-finite clauses.
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features. Additionally, a label like Nowm stands in for
any nominative XP, regardless of its other features.
The reader may confirm that each daughter string in
the immediately preceding examples is well-formed
according to the grammar.

To review, we have a TSL-2 model of case assign-
ment which brings together all nominals in a case
domain as the tier daughters of a case assigner, using
the tier mother and sisters together in determining
the case of each nominal. Compared to earlier work,
the key innovation is the use of relative order among
tier sisters. In existing TSL analyses of movement
(Graf 2018, 2022b), all daughter string languages
are closed under permutation, that is, the daughters
can be shuffled with no change in wellformedness;
here, this no longer holds. As shown in the next
section, by making full use of both dimensions of
the tree tier, we can account for a wide range of
case phenomena in a straightforward manner.

2.6 Some consequences of the model

To close this section, I wish to briefly discuss a few
formal and linguistic issues related to the model
just presented.

Two chances for tier projection The definition
of a TSL tree language allows for tier projection
in the construction of the tree tier, and again in
the daughter string languages. In the preceding
example, there was no need for tier projection in the
second step, but this is not always true. As discussed
in Hanson (2023), adjuncts must be ignored for
purposes of case assignment, but if they are ignored
in the tree tier then any DPs inside them will be
strewn among those in the containing clause. This
problem can be avoided if we preserve adjuncts in
the tree tier, then filter them out in the daughter
string language. I make use of this technique in the
treatment of lexical case in Section 3.4.

Configurational case assignment As mentioned
in the introduction, the configurational perspective
on case has ample precedent in the frameworks of
Case in Tiers Yip et al. (1987) and Dependent Case
Theory (Marantz 2000; Baker 2015), among others.
While I do not conduct an in-depth comparison here,
I do wish to highlight a few key points. Case in Tiers
is a direct adaptation of autosegmental phonology
(Goldsmith 1976), which itself inspired the TSL
formal languages; unlike the current approach, it is
framed in terms of linear surface order among DPs.
The core idea of Dependent Case Theory is that
case is assigned according to relative c-command

relations among DPs in some domain; the present
model is an implementation of the same idea.

As noted by Vu et al. (2019), tree tiers also
subsume standard generative case theory, in which
case is a pairwise relation between assigner and
assignee. This is especially clear in the present
model: such relations are just the special case
in which the daughter string language is closed
under permutation, as with movement. In this way,
the model explains why case patterns which are
described so naturally by configurational theories
should exist—they are just examples of the more
general capabilities of tree tiers.

Tier sisters and command Although we are
using sister order as a proxy for structural
height/prominence, it is possible for a node X to
be the left sister of Y on the tree tier even though
X does not c-command Y in the phrase structure
tree. This could be useful in deriving certain c-
command violations, such as the limited possibility
for an NPI to be licensed by an element embedded
in a left branch (e.g. [[No one’s] directions] were
any help). On the other hand, if c-command is in
fact the relevant structural relation between DPs
for purposes of case assignment, this could lead to
incorrect predictions.

In practice, there is usually some independent
reason to project the root of a complex left branch;
this applies to adjuncts as just mentioned, but also
to clausal subjects and PP subjects. That said,
the issue points towards the need for additional
constraints beyond those provided by tree tiers,
as was already acknowledged by Graf (2022b).
The other major approach to subregular syntax
applies string constraints to paths which encode
command relations (Graf and Shafiei 2019; Hanson
2025b). It may be possible to recast much of the
present analysis in that system. However, given
the naturalness of the tree tier analysis of case, it
seems to me that the ideal solution for case would
be a hybrid system in which tier sister order is
guaranteed to respect c-command.’

Multi-tier patterns While a single case tier is
sufficient for the above fragment of English, this
might not be true for all languages. For example,

"While writing this paper, I considered redefining the tier
sister relation in terms of the d[derivational]-command relation
of Graf and Shafiei (2019), but this only created a new problem:
a single node could end up with several discontinuous daughter
strings. The complement spine model in Hanson (2025b),
which filters out the unwanted command relations, may be a
better starting point.
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the analysis of Japanese in Hanson (2023) includes
three case tiers, corresponding to case in the verbal
domain (nominative, accusative, dative), case in
the nominal domain (genitive), and lexical case;
the entire case system is therefore MTSL-2.% In
this paper, I focus on typological predictions of a
single tier system, which by hypothesis is enough
to handle the structural cases of a single domain,
leaving a proper study of multi-tier patterns to future
work. That said, I do include several examples of
interactions across tiers in Section 3.

Assignment vs licensing Finally, a comment on
the issue of case assignment versus licensing. A
dependency tree is well-formed if it does not violate
any constraints in an (M)TSL tree grammar. Con-
ceptually, the presence of a case feature on a given
node can be interpreted as saying that it will be
assigned said case as part of the syntactic derivation.
In a mathematical sense, however, the model is a
pure licensing model; this applies not only to case,
but to all syntactic dependencies. It may also be
insightful to model case as a TSL transduction from
the dependency tree to the corresponding phrase
structure tree (see Graf 2023 regarding movement).

3 Cross-linguistic study

In this section, I demonstrate how the proposed
model of case assignment accounts for many well-
known and theoretically interesting patterns in the
syntactic distribution of case. As in previous studies
of this type, I emphasize how the natural parameters
of the model—the tier projection and the constraints
on the daughter strings—correspond closely to
attested cross-linguistic variation ( 3.1). Specific
phenomena of interest include case spreading ( 3.2),
variation in alignment (accusative, ergative, etc.)
( 3.3), interactions between lexical and structural
case ( 3.4), domain effects ( 3.5), and four types of
differential argument marking ( 3.6). I also briefly
discuss what we do not see, and why the model
rules out such patterns ( 3.7).

3.1 Parameters of variation

I wish to highlight two aspects of the TSL-2 model
of case which are the focus of the present study.
First, the model provides two basic parameters for
manipulation: 1) the tier alphabet, which deter-
mines which items are visible, and ii) the bigrams
of the daughter string grammars. Each of these is

8 An MTSL language is just the intersection of several TSL
languages (De Santo and Graf 2019).

expected to vary across languages, and I show that
the obvious ways that they may differ aligns closely
with the variation that we see. For example, Graf
(2022a) explains how the difference between single
and multiple wh-movement boils down to presence
or absence of a single bigram in the daughter string
language. Similarly, many island effects arise from
the presence of extra nodes on the tier which in-
terrupt the relation between mother and daughter.
Here, I show that the same sorts of variation can be
found in the realm of case.

Second, we have considerable control over the re-
lationship between a domain node and two adjacent
DPs on the tier, both in the mother-daughter and
left-sister relations. For example, we can refer to the
properties of the the domain node to determine the
case pattern for its daughters, and to the properties
of the sisters in the derivation of differential argu-
ment marking. This also has precedent in previous
work in TSL syntax (Graf 2022a; Hanson 2025b);
as mentioned above, the main innovation here is the
specific focus on tier sisters. In contrast, our ability
to coordinate elements which do not stand in such
a relationship is extremely limited. Accordingly, I
show how many logically simple yet linguistically
unnatural patterns are ruled out on the grounds that
they are not TSL-2.

Of course, not every unattested pattern can be
ruled out in this manner. Many other factors are
involved, including substantive differences between
different types of dependencies as well as con-
straints on diachronic development and language
acquisition. Even so, we have a strong hypothesis
for what constitutes a possible case pattern, which
plausibly derives from some limitation of the un-
derlying cognitive system (Graf 2022a). This in
turn clarifies which gaps must be accounted for by
other factors, computational or otherwise; I suggest
some additional formal factors in Section 4.

3.2 Spreading

One of the major motivations of Yip et al. (1987)
was to account for case spreading, that is, situations
where a single case is assigned to multiple DPs
in some domain. We saw spreading of accusative
in the previous section, though as Yip et al. note,
Swedish would be a better example, since accusative
is plausibly the default case in English.

(8) Multiple accusative in Swedish (Yip et al. 1987)

Kungen gav honom henne (till maka).
the.king gave him.acc her.acc (for wife)

21



Similarly, Japanese allows multiple nominatives
and genitives in several contexts.

(9) Multiple nominatives in Japanese

a. Stative object (Hiraiwa 2001)
Mary ga eigo ga yoku dekiru.
Mary nom English nom well can.do
‘Mary can speak English well.’

b. Possessor raising (Kuno 1973)
Yama ga ki ga kirei desu.
mountain NoM trees NOM pretty are
‘The mountains—their trees are pretty.’

(10) Multiple genitives in Japanese

a. Multiple possessors (Saito et al. 2008)
Taroono Chomsky no hon
Taroo Gen Chomsky GEN book
‘Taroo’s book by Chomsky’

b. Nominal subject/object (Saito et al. 2008)
yabanzin no Roomano hakai
barbarian GEN Rome GEN destruction

‘the barbarians’ destruction of Rome’

As discussed by Graf (2022b), multiple licensing
is also a straightforward prediction of the TSL-2
model: all we need is a bigram in the relevant daugh-
ter string grammar which duplicates the same item
twice. Thus, by including acc-Acc, NOM - NOM,
Or GEN-GEN, etc., we enable spreading without
the need to posit additional (covert) case assigners.
We also predict that spreading will continue if ad-
ditional DPs are present, since a daughter string
with three or more repetitions of, say, accusative,
has exactly the same bigrams: {x - Acc, acc - Acc,
Acc- X }. Put another way, an SL-2 grammar cannot
distinguish “exactly two” from “two or more”.

While the literature rarely discusses such con-
structions, this appears to be true at least of posses-
sor raising in Japanese (Kuno 1973).” Furthermore,
restricting spreading to a maximum of two DPs
requires at least TSL-3. This kind of counting is
highly unusual in natural language, and TSL-3 can
generate many other strange patterns that TSL-2
cannot (see Section 3.7). In absence of contradic-
tory evidence, the TSL-2 analysis of spreading is
therefore preferred.

Another superficially similar phenomenon, not
treated by Yip et al. (1987), is case concord, in
which the case of the DP is realized in multiple
places, including the head noun, the determiner,

9Numeral quantifiers and PP modifiers of nouns also take
the no clitic, which would seem to imply an unlimited number

of genitives. But no can also be an adnominal copula, and it is
difficult to tell apart these two functions.

adjectival modifiers, and perhaps other elements.
An extreme example of this type from Panjima
(Pama-Nyungan), with five concordial elements, is
shown below.

(11) Ngatha wiya-rna  ngunha-yu  maripa-yu
LxoMm see-PST that-acc man-Acc
paka-lalha-ku nharniwalk-ku
COme-PRF-ACC hither-Acc

warrungkamu-la-ku
morning-LocC-ACC

‘I saw that man who came this way this morning.’
(Blake 2001, ch. 4)

There are several ways this might be implemented.
The direct approach involves duplicating the bi-
grams of the spreading grammar to allow iteration
of each case. The trouble with strategy is that the
case shared among the concordial elements is not
arbitrary, but rather determined by the case of the
entire DP. One possible solution is to split the DSG
for D on the case tier into several, one for each case.

(12) Schematic grammar for case concord
Divoml: {X - NOM, NOM - NOM, NOM - X, X - X }
Disccl: {X-acc, acc-Acc, AcC- KX, X - X}
Divsrls {X:DAT, DAT - DAT, DAT- X, X - X }

etc.

A better approach might be to treat case concord
as a kind of agreement, since person/number/gender
features are often shared as well. Furthermore, the
class of items involved is somewhat different, includ-
ing nouns and adjectives but excluding possessors
and arguments (e.g. the possessor of an accusative
DP does not become accusative). While the basic
idea remains the same, the tier for case assign-
ment would be completely separate from those for
case concord; see Hanson (2024a) for a possible
approach to the latter.

To briefly summarize, the TSL-2 model predicts
the existence of iteration. The appears to be bourne
out in several ways in the realm of case, mirroring
its appearance in long-distance harmony, multiple
wh-movement, and concord in the DP. However,
we cannot reasonably expect every such pattern to
occur in each of these domains. In particular, there
are TSL-2 patterns which are highly characteristic
of case but which are not nearly as robustly attested
elsewhere. We consider some of these below.

3.3 Alignment

Case marking correlates imperfectly with both se-
mantic role and grammatical function. In line with
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the configurational view adopted above, I show
that many of the most common patterns correspond
exactly to minor differences in the structure of the
SL-2 daughter string language on a case tier. Note
that many languages employ multiple alignments in
the same domain, conditioned by various structural
and lexical factors, which I abstract away from here;
in Section 3.5 we consider case conditioned by
aspect and finiteness.

Following common convention, I refer to the sole
argument of an intransitive verb as S, the “more
agent-like” argument of a transitive verb as A, and
the “less agent-like” argument as O (cf. Bickel and
Nichols 2008). The case of S is usually the (literally)
unmarked case, which we call nominative. When A
and S share a case and O receives a different case,
we call the case of O accusative. This is known as
accusative alignment, and is the dominant pattern in
most Indo-European languages. It is also common
for S and O share a case to the exclusion of A. We
call the case of A ergative, and the overall pattern is
known as ergative alignment. This is the dominant
pattern in Shipibo (Panoan family).

(13) Shipibo (Baker 2015)

a. Maria-nin-ra ochiti noko-ke.
Maria-=rc-prT dog  find-PRF

‘Maria found the dog.’
b. Maria-ra ka-ke.
Maria-PRT gO-PRF

‘Maria went.’

For the languages under discussion, I assume
a consistent structural relationship such that A is
higher than O. I further assume following Baker
(2015) that ergative case in Shipibo is assigned
to the higher of two DPs (the A argument) in the
same clause.'” The basic grammar for ergative
alignment is therefore nearly identical to that for
accusative. The key difference is that the ‘new’
case of the transitive structure is introduced to the
left of nominative case.

(14) Grammar for ergative alignment
G = {X-NOM, X - kG, -NOM, NOM - X }

It is also possible for S, A, and O to each have
a distinct case (‘tripartite’ alignment), or for them

to all share the same case (‘neutral’ alignment).

The neutral grammar is identical to what we called

107t is likely that not every language with a case called
‘ergative’ works like this, which Baker acknowledges. See
Butt (2006, ch. 6) for additional discussion. In Section 3.5, I
examine another type of ‘ergative’ system.

Case of
Alignment S A o

Accusative NOM NOM  ACC
Ergative NOM NOM
Tripartite NOM ACC
Neutral NOM NOM NOM

Table 1: Common case alignments

‘spreading’ in 3.2, and the tripartite grammar is
given below.

(15) Grammar for tripartite alignment
Gt = {x-NOoM, X- R
ACC- X}

- ACC, NOM - X,
We see that every logical possibility for the cases
of the canonical transitive verb is realized: either
A or O may have a special case, or both, or neither.
This is summarized in Table 1. Furthermore, each
variant differs in only a few bigrams compared to
the others. Note that some authors, such as Bittner
and Hale (1996), distinguish even more systems.
For example, internal and external arguments of
intransitive verbs may behave differently, which is
a major factor in certain dialects of Basque. Addi-
tionally, alignment may change according to tense
or aspect, as in Hindi. From the present perspective,
such “alignments” usually involve multiple domain
nodes, and will be addressed in Section 3.5.

Now, we ask what happens when there are more
than two arguments. Following Bickel and Nichols
(2008), I refer to the two objects of a ditransitive verb
as G (for the more goal-like argument) and T (for the
more theme-like argument); ditransitive subjects
are rarely distinguished from transitive subjects, so
they are still A. It is common for either G or T to
receive the same case as O, while the other receives
a new case. For example, G can be dative, and T
aligned with O. This occurs both in languages with
accusative alignment, such as German and Japanese,
as well as languages with ergative alignment, such
as Ingush (Nakh-Daghestanian).

(16) Japanese ditransitive verb

Jinga Yumini hon o ageta.
Jin NoMm Yumi paT book acc gave

‘Jin give Yumi a book.” (Hanson 2023)

(17) Ingush ditransitive verb

Aaz
IsG.

‘T gave him/her a car’ (Bickel and Nichols 2008)

cynna mashen jelar
3SG.DAT car.NOM gave

Maintaining our earlier assumption that the de-
fault linear order indicate c-command among base
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argument positions, the grammar for such systems
are given below.

(18) Accusative alignment with dative G
G* = {X-NOM, NOM - ACC, NOM - DAT, DAT - ACC,
NOM -+ X, ACC -+ X}

(19) Ergative alignment with dative G
Gt = {x-NOM, X- ,
DAT * NOM, NOM - X }

- NOM, - DAT,

It is also possible for T to have a special case and
G aligned with O, or for all three to be aligned, with
various relationships to S/A. On top of this, some
languages may employ low goals rather than high
goal, or perhaps include both structures. While I
cannot do justice to the full typology here, what is
clear is that as with transitives, several well-attested
systems correspond to simple manipulations of the
TSL-2 grammar: is there a third basic case and
does it occur before or after the case of O?

We could continue in this fashion by asking what
happens when there are four arguments. Although
simplex predicates with four DP arguments are rare
(perhaps nonexistent), they can be constructed by
valency increasing operations such as morpholog-
ical causatives. Unfortunately, as with spreading,
the literature on case rarely discusses such data. For
instance, not a single example of a causative of a
ditransitive could be found by searching all index
entries for both “causative” and “ditransitive” in the
900-page Oxford Handbook of Case (Malchukov
and Spencer 2008). However, Hanson (2023) notes
that such constructions are possible in Japanese,
and the middle two DPs are both dative (both da-
tives are plausibly structural, or at least ambiguous
between structural and lexical dative).

(20) Causative of ditransitive
Kenga Jinni Yumini hon o agesaseta.
Ken nom Jin paT Yumi pDAT book acc gave.caus

‘Ken made/let Jin give Yumi a book.’

The grammar proposed there, shown below with
extraneous details removed, involves spreading of
dative.

(21) Verbal cases in Japanese
G* = {X-NOM, NOM - ACC, NOM  DAT, DAT * DAT,
DAT + ACC, NOM - X, ACC- X }

While further investigation is clearly needed, our
survey of alignment clearly supports the idea that
the various structural cases available in a given
domain can be assigned according to a TSL-2
grammar. There are, of course, alternatives that

could fit the readily available data. For example,
we could employ a traditional generative analysis,
in which each case is associated with a unique
functional head: T, Aspect, Voice, Appl, etc. But
then we would lose generalizations like the dative
rule in Japanese.!! In contrast, such patterns are
a straightforward prediction of the TSL-2 model
with very coarse case domains.

3.4 Lexical case and visibility

In the preceding sections, we focused mostly on
the structure of the constraints. Now, we begin to
consider the contents of the tier alphabet as well.

In Section 2.5, I showed how a clausal subject
fills the nominative slot in English, which I called
case absorption. When a lexically case-marked DP
occurs in a particular case position, it is possible
for the corresponding structural case to instead be
displaced to the next available DP. This occurs with
lexical datives in Icelandic.

(22) Case displacement in Icelandic (Yip et al. 1987)

a. Siggi leyndi konuna
S.NoMm concealed the.woman.acc
sannleikanum.
the.truth.

‘Siggi concealed the truth from the woman.’

b. Siggi sagdi barninu
S.~owm told  the.child.

‘Siggi told the child the story.’

sOguna.
the.story.acc

c. Barninu batnadi
the.child. recovered.from
veikin.

the.disease.NOM

‘The child recovered from the disease.’

When occurs in the lowest (oblique) po-
sition, the subject and first object are unaffected.
But when it marks in the first object position, ac-
cusative is displaced to the second object, and when
it marks the subject, nominative is displaced to the
object. Icelandic is a particularly good example
of the latter phenomenon, as it is clear that the
lexically-case marked subject is in fact in the usual
subject position (Zaenen et al. 1985).

The core of the analysis is to make lexical datives
as invisible on the tier controlling structural case
in the clause. That is, the tier alphabet contains T
and any D marked for structural case (nominative,

"I'The idea that dative is the case of the middle of three DPs
originates in Kuno (1973). In Baker (2015), dative applies
to the upper DP in the domain of VP, but only when vP is a
phase. Kuno’s generalization therefore becomes an accident.
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\
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Figure 2: Derivation of case displacement. Lexical
datives appear on the tree tier, but are ignored in the
daughter string language of T. Nominative and accusative
are adjacent as usual.

accusative, and perhaps structural dative) but not
lexical dative. As a result, the tiers for the above ex-
amples look the same as they would for an ordinary
transitive/intransitive clause.

As mentioned in Section 2.6, there is a compli-
cation, which is that any DPs inside the invisible
lexical dative will be strewn among the arguments
of the containing clause. The solution, borrowed
from Hanson (2023), is to retain lexical datives in
the tree tier, but ignore them in the daughter string
language, which is now properly TSL-2. This is
illustrated for (22b) in Figure 2.'?

As a final remark, though I have not specified
how lexical dative itself is assigned in Icelandic,
lexical case is generally held to be assigned locally
to arguments of specific predicates. This means
that lexical case occupies the tier which contains
everything; in other words, a simple SL. grammar
will do. But as we have seen, it is still formally
interesting due to its interaction with cases assigned
on non-trivial tiers.

3.5 Domain effects

Next, we consider effects arising from the the nature
of the domain nodes which appear on the tier.

As mentioned in Section 2.6, it is normal to have
several case domains, which might include TP, VP,
DP, and perhaps others. Case may also correlate
with clausal properties such as aspect, as in Hindi.

(23) Alignment split by aspect in Hindi (Mahajan 1990)

a. Raam rotii khaataa thaa.
Raam.NowMm bread.Nowm eat.IPFV be.PST

‘Raam ate bread (habitually).’

2Hanson (2023) uses this technique to factor out PP
adjuncts—Ilexical datives do not require this treatment due to
a quirk of the grammar of Japanese. We might also use it for
PP arguments that induce case displacement, to the extent that
such PPs can be distinguished from DPs with lexical case.

b. Raam-ne rotii
Raam-

khaayii.
bread.NoM eat.PFV

‘Raam ate bread.’

Based on this data, imperfective clauses have
neutral alignment while perfectives are ergative.
(Hindi also has differential object marking, which
is covered in 3.6.) Leaving aside the details, let us
assume that the Asp(ect) head, realized by an aux-
iliary only in the imperfective, controls alignment
according to the following grammar:

(24) Split alignment in Hindi
* Project: {Asp, D}
* Daughter string grammars:
Ipfv: {x-~Nom, NOM - NOM, NOM - X }
Pfv: {x-Nom, X -ErG,
NOM - X }

- NOM, NOM - NOM,

Inreality, it is more likely that neutral and ergative
alignment are associated with Asp and T or vice
versa (Thomas McFadden, p.c.), but without delving
into the details, it is difficult to distinguish between
these alternatives. The key point is that major
category alone need not be the distinguishing factor.

However, a clear example of this type can be
found in Basque, in which finiteness is the distin-
guishing factor. For context, transitive clauses show
ergative alignment, while the case of an intransi-
tive subject varies. The data is complex, but in
western/central dialects, the basic generalization is
that a lone external argument receives ergative case,
while a lone internal argument receives absolutive
(=nominative) case, a pattern which is sometimes
called ‘Split S’.

(25) Split S in Basque (Berro and Etxepare 2017)
a. Jon-ek dantza-tu du.
Jon- dance-PRF AUX
‘Jon has danced.” (unergative)
b. Jon eror-i da.

Jon.Nnowm fall-pPRF AUX

‘Jon has fallen.” (unaccusative)

By testing a variety of constructions, it is possible
to show that ergative case is only available in the
domain of finite T (Rezac et al. 2014). For example,
embedded finite clauses can have ergative subjects,
whereas in gerunds, which are non-finite, ergative
marking is lost.

(26) Ergative is lost in gerunds (Rezac et al. 2014)

a. [Katu-ek sagu-ak harrapa-tu
cat-pL. mouse-PL.NOM  caught
dituzte-la] ikusi dut.

Aux-that seen Aux
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TIN “; Ten TIN Ten 1‘) Tine

v Ten | v T . T~
o~ i fell — fell o~ — D[irc]  chased Dinom] chasing — Dilnom]  chasing

D[irc] danced D[irc] | D[irc]  chased |
| Dilnom] Dinom] | D[nom] cats Dilnom] Dinowm]
Jon | cats Di~om] |
Jon mice

mice

Figure 3: Ergative in Basque is available only in the domain of finite T. From left to right: unergative, unaccusative,

transitive finite, transitive gerund.

‘I saw that the cats caught the mice.’

b. [Katu-ak sagu-ak harrapa-tzen]
cat-PL.NOM mouse-PL.NOM catch-ing
ikusi ditut.
seen AUX

‘I saw the cats catch the mice.’

We can derive this pattern if we assume that
TP and VP are case domains and that only finite
T can assign ergative; both V and non-finite T
cannot. This is illustrated in Figure 3. I leave open
whether the domain nodes should absorb case, or
whether they should be ignored in the daughter
string language as in Section 3.4.

Itis also possible for a domain node that is usually
present to be invisible in certain contexts. This is the
basis of the analysis of long-distance (cross-clausal)
case assignment in Hanson (2023), as exemplified
by constructions such as the following.

(27) Finite ECM (adapted from Kishimoto 2018)

Kenga [Eri{ga/o} kawaii to] omotteiru.
Ken nom Eri {nom/acc} be.cute C  think

‘Ken thinks that Eri is cute.’

While I cannot go into detail here, the basic idea
is that certain lexical predicates optionally select
an embedded complementizer which is invisible
on the relevant tier. Thus, all arguments become
dependents of the upper case assigner, effectively
merging two case domains, with the result that
the embedded subject receives accusative case like
a canonical object.'?> Though it is perhaps more
common to analyze such phenomena as involving a
truncated clause structure, the TSL approach allows
us abstract away from the precise nature of the
structural difference. This is helpful for Japanese
since the particle fo appears extremely high in the

13In Japanese, the embedded subject need not vacate the
clause for this to happen, though as discussed below, we can
also handle case alternations triggered by movement in the
present system.

extended CP (Saito 2015), yet is still present under
long-distance assignment of accusative.

To summarize what we have seen so far, we can
derive many of the most common variations in case
marking simply by manipulating the contents of
the tier alphabet, the number of cases, and their
positions in the bigrams of the daughter string
grammars. In the next section, we consider the last
obvious variable, which is to utilize features of DPs
other than case in our grammars.

3.6 Differential argument marking

Differential argument marking (DAM) refers to
phenomena in which some morphological marking
of a DP, including but not limited to case, is only
sometimes present; see Witzlack-Makarevich and
Serzant (2018) for an overview. DAM subsumes
both differential object marking (DOM) as well as
differential subject marking (DSM), and tends to
be linked to discourse and semantic factors, which
themselves could involve the argument itself or a
co-argument. Here, I show that the TSL-2 model
derives this four-way typology.

We begin with a classic example of DOM, as il-
lustrated with accusative case in Sakha (Turkic). In
Sakha, accusative case marking is associated with
a definitive/specific interpretation as well as move-
ment out of the VP, as diagnosed by the position of
manner adverbs.

(28) Sakha DOM (Baker and Vinokurova 2010)

a. Masha salamaat-*(y) tiirgennik sie-te.
Masha porridge-acc quickly eat-pst.3sG

‘Masha ate the porridge quickly.’

b. Masha tiirgennik salamaat-(#y) sie-te.
Masha quickly porridge-acc eat-psT.3sG

‘Masha ate porridge quickly.’

(acc on ‘porridge’ only with contrastive focus)

Baker and Vinokurova (2010) posit that ac-
cusative is assigned to the lower of two DPs in
the domain of T (as I have been assuming), and that
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Locus of Controlling Property

Subtype Self External

DSM Kham, Folopa, Eastern Ostyak,
Umpithamu Ika, Kanuri

DOM Hindi, Spanish, Ik

Turkish, Sakha

Table 2: Typology of self/externally driven DAM

movement of the object out of the VP is what causes
it to receive accusative case. That movement is the
trigger for DOM is not a foregone conclusion, as I
discuss below, but let us adopt this view for now.
As discussed in Graf (2022b) and Hanson
(2025b), we can handle certain interactions between
syntactic dependencies by referencing the MG fea-
tures for one dependency in the TSL grammar for
another, as there is no a priori reason why such
information should not be available. For example,
case-sensitive agreement is modeled by projecting
only D heads bearing an appropriate case on the tier
regulating agreement. Here, we assign accusative
only to DPs which bear the feature for object shift
in addition to appearing after another another DP
on the tier. This is illustrated in the grammar below.

(29) Accusative DOM triggered by object movement

* Project: Ty, all D

e DSG of Tyy: {X - Dixoml, Dixoum] - Di-oshift, accl,
D[NOM] . D[NOM], D[NOM] - X, D[—oshift, Acc] ¢ D(}

If such constraints are generally possible, we pre-
dict that movement of the object may also influence
ergative case marking of the subject, a kind of DSM.
Baker (2015, pp. 127-129) also gives several exam-
ples of this type. In addition, we predict that DSM
could be triggered by an internal property of the
subject, or conversely, DOM triggered externally by
a property of the subject. As discussed by Daniel
(2024), all four possibilities are realized. The set
of examples she cites are shown in Table 2.

At least one cell in the typology is problem-
atic for many approaches to case. For example,
self-driven DSM is unexpected under Baker’s as-
sumptions, since subjects do not normally move for
semantic/discourse reasons, while externally-driven
DAM is generally unexpected under functionalist
theories (Baker 2015, pp. 129-130). From the
present perspective, all four cells are equally easy
to derive. Furthermore, movement need not be the
trigger; it could also be agreement, or the underlying
semantic/discourse feature, if we make it available

in the syntax. Indeed, Hindi also has differential
object marking (not shown previously), but unlike
in Sakha it is not thought to involve movement.
We can therefore provide a maximally simple
explanation for the four-way typology: given that
the subject and object appear in the same tier bi-
gram, we can reference the properties of either in
determining their cases. In future work it would be
important to confirm whether global case splits (cf.
Barany 2017), in which the combined properties
of both the subject and object influence case or
agreement, can be handled in the same manner. In
principle this should be possible, but the data is
complex enough that a closer look is warranted.
As this marks the end of our final case study, the
case phenomena which have been treated in this
paper are summarized in Table 3. Just from this
brief survey, we have identified clear correlates of
visibility in both the tree tier and daughter string
language as well as various manipulations of the
mother-daughter and sister-sister relations on the
tier. Conversely, many common and sometimes
theoretically problematic case phenomena have a
straightforward analysis in the TSL-2 model.

3.7 Non-existent case patterns

Having shown how many of the positive predictions
of the TSL-2 model for case are bourne out, I close
this section by examining some non-existent pat-
terns which are ruled out purely on formal grounds.
Graf (2022b) constructs a selection of logically
simple yet unattested island constraints, and notes
that none of them are TSL-2. Now, consider the
following hypothetical case systems:

(30) 2x2 alignment: the first two DPs are nominative;
the next two DPs are accusative; repeat

(31) Anti-local dependent case: the subject is nom-
inative if there are one or two arguments and
ergative if there are three or more; objects are

always accusative
(32) Coordinated alignment: when two clauses are
coordinated, one must have accusative alignment
and the other ergative, in either order
(33) Rationed dative case: up to two clauses may
contain dative DPs; the rest use genitive instead
(34) Rotating alignment: the main clause is ac-
cusative; a singly embedded clause is ergative;

a doubly embedded clause is accusative; etc.

All of these are straightforwardly ruled out due
to requiring some non-TSL-2 mechanism, either in
domain node identification or in the daughter string
language:
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Phenomenon Section One line summary

Spreading 3.2 Allow NOM - NOM, ACC - ACC, etc. in the DSL

Alignment 33 Does the marked case precede or follow the unmarked case?
Split alignment 3.5 PEV/TPFV, Trn/Tine, €tc., have different DSLs

Long-distance case 3.5 Certain C heads are invisible on the structural case tier
Case absorption 2.5 P/C/etc. are visible on the tree tier and in the DSL

Case displacement 34 Lexical case-marked D is invisible in the DSL

Diff. argument marking 3.6 DSL can reference non-case features of D

Table 3: Summary of case patterns and their TSL-2 analysis

A window larger than two (30, 31)
Global boolean logic (32)
Threshold counting (33)

Modulo counting (34)

These examples were selected in part because
they are conceptually straightforward yet extremely
unnatural from a linguistic perspective. They are
also simple in computational terms, all being regular
over dependency trees, and with the exception of
(34), subregular. As such, we have good reason to
believe it is TSL-2 specifically that characterizes
the class of possible case patterns—it is powerful
enough, but also not overpowered.

One possible objection to this line of reasoning
is that all of the above systems are clearly dysfunc-
tional as a means of mapping DPs to grammatical
positions, and are therefore already ruled out for this
reason, irrespective of computational complexity.
But this mapping is tenuous at best even in real lan-
guages. Already, we have seen many examples of
grammatical roles being conflated under the same
case, and of the same role being split. The mapping
is also subject to extensive but not unlimited varia-
tion. There remains ample room for formal factors
to play a role in explaining the typology, and the
fact that TSL-2 makes approximately the right cut
is unlikely to be a coincidence. This is especially
true when we consider the broader picture, since
seemingly unrelated phenomena such as movement
and long-distance phonotactics also seem to obey
the same restriction.

4 The overgeneration question, or, what
makes a possible case pattern?

In the preceding section, we saw how many robustly
attested case patterns are TSL-2, and in contrast,
how many simple yet unattested patterns are not.
Now, we should also ask whether there are any
instances of undergeneration and overgeneration. I

am not aware of any attested case patterns which
are clearly not TSL-2 (undergeneration), but we
can construct certain unattested patterns which are
TSL-2 (overgeneration). For instance, nominative
and accusative could alternate according to the
grammar below:

(35) G* = {x-NOM, NOM-ACC, ACC-NOM, ACC-K,
NOM - X }

This pattern is only slightly different from (30) in
that it utilizes a window of size 2 rather than 3, but
it is just as unnatural.

However, as discussed in Section 3.1, we can-
not expect every (T)SL-2 pattern to be realized in
every type of linguistic dependency. Some, like
iteration, are shared across many dependency types,
while others show up only here and there. Indeed,
although alternating patterns like the above are un-
natural for case, they can be found in the realm
of category selection—D selects N, which selects
P, which selects D, and so on—as well as syllable
structure (Hanson 2024b). Another set of patterns
is characteristic of in feature-matching operations
such as long-distance harmony and syntactic agree-
ment (Hanson 2025b). Case exhibits yet another
slice of the overall space of TSL-2 patterns.

Can we say anything more specific about the
subclass of TSL-2 which is representative of case?
I believe that we can. As mentioned at the outset, I
have assumed that case is fundamentally a relation
between one or more DPs which indicates their
relative position in some domain. If this is on the
right track, it is reasonable to posit that the map-
ping from position to case must be monotonic. This
would rule out the example in (35), in which the first
and third DPs are mapped to nominative, with the
second mapped to accusative, much like the *ABA
constraint in morphology. Furthermore, this would
be just one of several monotonicity requirements af-
fecting case, along with morphological syncretism
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(Graf 2019), visibility (Bobaljik 2008), and locality
(Poole 2022; also see Graf 2020).

Another possible formal restriction relates to it-
eration/spreading.'* In previous examples, only a
single case in each daughter string language could
iterate. I propose that this is a hard constraint. Sup-
pose that we had a language which is like English
except that both nominative and accusative iterate.

(36) G* = {x-NOM, NOM - NOM, NOM + ACC, ACC * ACC,
NOM - X, ACC - X}

Now, whenever there are three DPs in a clause, the
middle may be either nominative or accusative, with
no corresponding difference in structure or meaning;
if there are four, the number of possibilities only
increases. This seems extremely unnatural.

Intuitively, the order of cases assigned in a given
domain should be deterministic in the sense that
only one sequence is permitted for a string of a
given length, modulo category and other features.
Restricting iteration to a single case slot achieves
this for the present example. More generally, it
could be derived if the string-to-string mapping was
found to be a input tier-based strictly local (ITSL)
function in the sense of Burness et al. (2021). This
provides further motivation for revisiting case as a
transduction, as suggested in Section 2.6.

In summary, there may be some unattested case
patterns that are TSL-2, but there are far more that
are not. Once embedded in a larger theory, the
unwanted patterns can be further whittled down by
the other factors—computational or otherwise—for
which we have independent evidence.

5 Conclusion

In this paper, I have argued that the typology of
case dependencies in syntax is explained well by
the assumption that they are TSL-2. Major points
of cross-linguistic variation such as presence of
iteration, the structural order among cases, the visi-
bility of DPs and domain nodes, and interactions
between DPs in the same domain naturally fall out
from the parameters of the model, while many unat-
tested patterns are excluded. Case therefore joins
agreement, movement, and long-distance phonotac-
tics in exemplifying the close link between formal
typology and computational complexity, further
strengthening the TSL-2 hypothesis.

14This proposal builds on a suggestion by a reviewer that the
order of cases must not be uniformly reflexive or irreflexive.
The former constraint is too strong (just one case with iteration
is reflexive) and the latter is too weak, as described in the text.

This does not at all mean that the investigation of
the subregular complexity of case is complete. As
mentioned at the outset, the typological predictions
of a multi-tier system of case assignment are not
nearly as clear as those for a single tier. The
same can be said of movement, agreement, and
the interactions among these phenomena. Working
this out will require a close examination of the
grammars of individual languages, similar to the
study of Japanese case in Hanson (2023). We should
also carefully investigate the parallels between case
and agreement, particularly complex DAM effects,
which have been argued by theorists as a reason for
unification under the Agree operation (cf. Clem and
Deal 2024). The present perspective also argues
for unification, but of a very different sort: given
that case and agreement are built upon the same
computations and both can involve multiple DPs
which are adjacent on a tier, the existence of such
parallels is exactly what we expect.

In addition, the present study highlights several
directions for further investigation of the formal
model. These include treating case in the mapping
from the dependency tree to the phrase structure tree,
determining how best to reconcile the tree tier model
with the c-command constraint, and exploring other
formal constraints such as monotonicity which may
complement subregular complexity. Now that we
have a clearer understanding of the aspects of case
which are explained well by the TSL-2 model, this
should help with identifying good candidate factors
to handle the rest.
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Abstract

The class of tier-based strictly 2-local (TSL-
2) languages has been shown to be useful in
modeling patterns in both phonology (Heinz
et al., 2011) and syntax (Graf, 2022a). This
paper presents an algorithm for learning the
intersection closure of the TSL-2 languages, the
multi-TSL-2 (MTSL2) languages over arbitrary
structures. The algorithm builds on prior work
on learning a subclass of MTSL2 over trees
(Swanson, 2024b), as well as insights about
searching partially ordered spaces (Chandlee
etal., 2019). I show that the algorithm correctly
learns the MTSL2 class from a limited data
sample and discuss tradeoffs with the existing
approach offered by Swanson (2024b).

1 Introduction

Understanding the structure of linguistic knowl-
edge and how humans acquire this knowledge from
limited input is one of the key questions in linguis-
tics. The field of subregular linguistics (Heinz,
2018, Graf, 2022a a.0.) approaches this question
by seeking out formal language classes which are
complex enough to represent the range of patterns
found in human language, but structured enough to
be efficiently learned. Creating learning algorithms
for these classes not only demonstrates that they
can be learned, but also sheds light on how differ-
ent learning strategies behave, what kinds of time
and data requirements they impose, and how they
compare with human learners.

The subregular class of tier-based strictly local
(TSL) languages has recently emerged as partic-
ularly relevant for linguists. Intuitively, TSL lan-
guages can capture dependencies which are im-
mediately local, once a certain set of irrelevant
elements is ignored (Lambert, 2023). This class is
useful for analyzing many of the patterns found in
human language, where long-distance dependen-
cies are often restricted or relativized to a particular
set of elements (Heinz, 2018). One such example

is harmony patterns, like the sibilant harmony pat-
tern found in Samala, a Chumash language from
southern California. In Samala, sibilants in the
same word must agree in anteriority, so words con-
taining ‘s...s’ are permitted, but those with “*s...[’
are forbidden (Hansson, 2010). The TSL grammar
for this pattern consists of a tier for the sibilant
sounds, tier = {s, [}, and constraints over that tier
banning adjacent sibilants which disagree in ante-
riority: constraints = *sf, *[s. So, a word like
[sapitsolus] (‘he has a stroke of good luck’) is ac-
ceptable because its projection onto the sibilant
tier, ““sss”, does not contain any of these banned
factors. Adding the past-tense suffix /-wa//, how-
ever, results in the form [ [apitfolufwa]]. This form
is grammatical, with tier projection “[[[[”, but the
fully faithful form [sapitsolus-wa[] is ungrammat-
ical, since its tier projection “sss|” contains the
banned factor “s[”. Specifically, this pattern is TSL-
2, since the constraints needed to enforce it contain
at most two elements each.

TSL-2 can largely capture the typology of phono-
tactic patterns seen in natural language, including
local dependencies, long-distance harmony, and
blocking (McMullin and Hansson, 2014). In ad-
dition, a variety of syntactic patterns have been
shown to belong to the parallel class of TSL-2 over
tree structures, including verb agreement (Han-
son, 2023b), case assignment (Hanson, 2023a), and
movement patterns (Graf, 2022b). Moreover, the
TSL-k languages are known to be efficiently learn-
able for any fixed value of k (Jardine and McMullin,
2017, Lambert, 2021). Human languages, however,
typically involve many such TSL patterns operat-
ing at once, and these may interact with each other.
To capture multiple TSL patterns which are ac-
tive at once, the more complex class of multi-TSL
(MTSL) is needed. An MTSL-£ language is simply
the intersection of one or more TSL-k languages,
in other words “several TSL patterns applying at
once”.
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Existing work on learning MTSL is limited to
an algorithm sketched by McMullin et al. (2019)
and adapted by Swanson (2024b) to be provably
efficient and generalizable across trees and strings.
This algorithm, however, does not learn the exact
class of MTSL, but rather a subclass with a few ad-
ditional restrictions—restrictions which prove prob-
lematic in the realm of syntax, where they do not
seem to hold on natural language data (see Section
3).

This paper introduces MTSL-BUFIA, an algo-
rithm which learns the class of MTSL proper with-
out these additional restrictions. I show that MTSL-
BUFIA exactly identifies the class of MTSL in the
limit, in the sense of Gold (1967) and has polyno-
mial data complexity, in the sense of de la Higuera
(1997). However, it has exponential time complex-
ity in the worst case.

The remainder of this paper is organized as fol-
lows: Section 2 offers definitions for relevant terms
used in this paper. Section 3 briefly recaps the ex-
isting MTSL learning work and summarizes the
outstanding problems. Section 4 describes the
novel MTSL learning algorithm MTSL-BUFIA,
and Section 5 works through an example of it in
action. Section 6 defines the representative sample
for MTSL and proves that MTSL-BUFIA exactly
identifies the class in the limit. Finally, Section 8
offers future directions and concludes.

2 Preliminaries

2.1 Representations and Relational Structure

An important insight from Swanson (2024b) is that
MTSL-2 can be defined over any type of structure
built from symbols and the relations between them.
Rogers and Lambert (2019) describe this type of
relational model and show some of their properties.
I adopt adapted versions of three of their definitions
here:

Definition 2.1 (Relational Structure). A relational
signature, R, is a finite ranked alphabet of re-
lation symbols. An R-structure is a tuple S =
(D,R{, RS ...) where D is the domain and each
Rf is an interpretation of some symbol from R.

Definition 2.2 (Homomorphism). Given R-
structures S and S’ with domains D and D’
respectively, a homomorphism from S to S’
is a (total) function h : D — D’ such that
i€ RS==h(d) e RS

Definition 2.3 (2-Factor). Let F and S be rela-

tional structures with domains F' and D respec-
tively. F is a 2-factor of S iff:

1. |F| =2

2. Va,y € Flx #+ y=>3R € R,a ¢ R[x,y
both occur in G]]]

3. 3h: F' - D, a homomorphism

The set of all 2-factors of any structure S is
denoted 2fac(S). Additionally, given some set
of structures I, 2fac(l) = {f | 3S € I[f €
2fac(S)]}.

2.2 Strings and Trees

These definitions are highly general, and can cover
many types of structures. For the purposes of mod-
eling language, however, the primary areas of in-
terest are string models and tree models. I offer
examples here to illustrate how these two kinds of
models operate.

Example 2.1 (String Models). This example is
adapted from Rogers and Lambert (2019). Let
s be a string over the alphabet 3. Let |s| be the
length of s. A string model for s is a structure:

M- (8) = <DS7 <]S7PO‘S€Z>

Where:
D?—is a set of natural numbers such that:

1. 0eD

2. Vi,jeD[i+1=je=idj]

< °—is the successor relation on s

P3—is the set of all positions in s at which the
symbol o occurs.

So the string “pat” would be modeled:

M (pat) == (D ={0,1,2},< = {(0,1),(1,2)},
Py, ={0}, P, = {1}, P, = {2})

And the 2-factor corresponding to the “pa” sub-
string would be modeled:
M (pa) = (D ={0,1},< = {(0,1)},
Py ={0}, Pu = {1})

These can trivially be related by a homomor-
phism h(z) — .
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Example 2.2 (Tree Models). Let t be a tree over
the alphabet 3. Let |t| be the number of nodes in t.
A tree model for t is a structure:

M (1) = (D", 2" <" Pres)

Where:
D'—is a set of strings of natural numbers, includ-
ing the empty string €, such that:

l.eeD
2. VueN*,jeN[uj e D==ue D Aru< uj]
3. Yu,v e N*[u < v=3i € N[v = ui]]

4. Vu € N*j € N[uj € D=Vi € N[i <
j==ui € D]]

5. VueN* j>0eN[uje D=u(j-1)<uj]

6. Yu,v € N [u<v=3i,j € Nyw € N*[u =
wiAv=wjAi+1=7]]

Qt—is the proper dominance relation on t
«t—is the immediate left sibling relation on t

Pl—is the set of all positions in t at which the
symbol o occurs.

These domain definitions essentially encode or-
dered addresses to each element, which is relevant
for defining how tiers and 2-paths are constructed.
For strings, this address encoding is a simple posi-
tional index. For trees, it is Gorn addresses, which
encode the path through the tree required to reach
that node from the root. Notably, these addresses
are computationally easy to assign, requiring only
a single traversal (O(n) time) to do so.

In both of these structures, the unary relations
of the form P, induce a partition on the domain
elements, with each element being a member of
exactly one of these sets. We can thus refer to the
label of any given element [(«) = o< P, ().

Definition 2.4 (Tier Projection). A tier projection
function is a function 7() which takes as input a
relational structure S with domain D and relations
R and a set of unary relations [P € R and returns an
output structure S’ for which the following hold:

1. VP e P[P = o]
2. Vee D[VP e P[P(e)==¢ ¢ D']]
3. Vee D[} PeP[P(e)]=>e € D']

4. VR € R[R ¢ P:>((R:S(61,62,...en)/\ 2
P e P[P(eicen)])==RS (e1, €2, ...n))]

For a structure S over some alphabet X, with each
element in the structure bearing exactly one sym-
bol o € ¥ (like trees or strings) we can also write
7(S,T) = 7(S,P), where T = X — {o|PS ¢ P}.
For strings, we use the tier projection function

TS((Da q7P(‘J'>a'6277—‘) = <DT7 <]TaPO>a'€T

where:

Dr:={eeDll(e) T}

dr={{z,y)|lre D' rye D' Az <yn
PzeD'[r<z<y]}

Intuitively, this is just removing the non-tier ele-
ments and re-stringing the elements back together
in the successor relation in their original order. In
other words, precedence is preserved.

For trees, we use the tier projection function

Tt((-Dv qa*apa)anyT) = (DTa qTa_(TaPo'>oeT

where:

Dr:={eeDll(e) eT}u{x,x}

7= {{z,y)|lz e D'Ay e D'AJu e N*[y = zu]A
AzeD'[Fu,veN[z=zuny=2v]]} U
{{x,z)| Du,v e N*[ue D' Az =uv]} U

{z,x)| pu,veN*[ue D' Au=zv]}

7= {(l’,y”
Ju,v,w e N* i< jeN[x=uivAy=ujw]A
JueN[udprAuryn

3 2eD'[Fv,w,qeN* i< jeN[x=viwrz =vjg]r

Ju,w,q e N* i <je N[z =viw Ay =vjq]A

urz]]}

Intuitively, this can be thought of as ripping out
all non-tier elements from the tree and attaching

their children as additional daughters in the same
slot that node was pulled out of. For notational
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convenience, we also stipulate designated head and
foot markers, x and x which mark the upper and
lower edges of the tree. The x marker also ensures
that the output is a well-formed tree by maintaining
parent closure.

Definition 2.5 (2-Path). The notion of 2-paths was
introduced by Jardine and Heinz (2016), and it is
used to represent the idea of intervention in poten-
tial 2-factors. A 2-path (for a structure) is a tuple
(f,V) where f is a 2-factor and V' is a set of sym-
bols which prevent that 2-factor from being present.
This set of symbols which, if removed, would allow
the 2-factor to be present is known as an intervener
set for that 2-factor. The 2-path for factor f with
intervener set V' is denoted ( f, V'). For some set of
structures D, we say that paths(D) is all 2-paths
present in all structures in D. For strings and trees,
2-paths can be computed in much the same way
as tier projections, using the addresses of each ele-
ment (Jardine and Heinz, 2016; Swanson, 2024Db).

Table 1 demonstrates finding the 2-paths for an
example tree. In this example, the tree is visualized
with the labels of each domain element occupying
each node, and with solid arrows indicating dom-
inance and dashed arrows indicating siblinghood.
Note that every relation which is present in this
structure corresponds to a 2-path with an empty
intervener set.

The remainder of this paper will not treat spe-
cific structures differently, but will instead deal
exclusively with tiers, 2-factors, and 2-paths.

Definition 2.6 (MTSL). An MTSL language is
a set of structures over some alphabet X for
which membership is defined by a grammar G =
=(f1,T1) A =(f2,T2) A ...=(f;, T;) of 2-factor, tier
pairs. A structure S is in the language (notated
L(G)iff A (f, T € G)[f € 2fac(7(S,T))].

3 Existing Approach: MT2SLIA

Swanson (2024b) introduces the multi tier-based
2-strictly local inference algorithm (MT2SLIA), a
learning algorithm for a subclass of MTSL (over
both trees and strings) which runs in polynomial
time and data. This algorithm uses the idea that any
2-factor which is not present in the input sample
must be banned on some tier. For each of these
missing 2-factors, it finds all the intervener sets
present in the data and uses these to construct the
tier which forbids that 2-factor. To do this, elements
from the smallest intervener sets are added to the

hypothesized tier until each intervener set contains
at least one tier element (this ensures that the 2-
factor in question is in fact absent on that tier in the
input data).

The MT2SLIA is provably efficient, operating
in polynomial time and data with respect to the
size of the target grammar. However, the concept
class it learns imposes two additional requirements
on the MTSL languages that it can induce. Firstly,
a given structure can be banned on at most one
tier. Secondly, all tier elements (for each tier) must
be independent from all non-tier elements for that
tier (meaning they can freely occur with or without
each other).

This second restriction introduces issues in the
realm of syntax, where many theories of syntac-
tic structure predict that syntactic elements are not
independent of each other in this way. In particu-
lar, theories of syntax rely on the universal spine
(aka hierarchy of projections), which is the idea
that certain functional elements always show up in
a certain order in syntactic trees. This inherently
introduces exactly the kind of element dependence
which cannot be represented by the subclass of
MTSL which the MT2SLIA learns. Indeed, Swan-
son (2024a) demonstrates how the universal spine
disrupts the ability of the MT2SLIA to correctly
learn the English that-trace effect pattern, which
can be represented with a fairly simple TSL-2 anal-
ysis (Graf, 2022c). This poses a challenge to the
idea that MTSL with these restrictions is a good
model of possible human languages, and under-
scores the need for algorithms which can learn the
class of MTSL proper.

4 MTSL-BUFIA

The algorithm introduced in this section combines
key insights from the MT2SLIA and from the
Bottom-Up Factor Inference Algorithm (BUFIA)
introduced by Chandlee et al. (2019). Similar to
the MT2SLIA, this algorithm leverages the idea
that any 2-factor which is not present in the in-
put data must be absent because it is banned on
at least one tier. Additionally, 2-paths are used
to inform how these forbidding tiers should be
constructed: each set of interveners for a given
2-factor must contain at least one element from
each tier on which that 2-factor is banned. Un-
like the MT2SLIA, however, this algorithm also
leverages the fact that the space of possible forbid-
ding tiers is partially ordered, and can therefore be
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a

2-paths:
b/: (a Zab,sz)
(a1 b, (c))
N\ (a<c, )
b »a

(b= a,@)

(C<] b,@) <b'< a,{b,c})
(C<] a,@) (b‘< ba {C})
(O,Q a7{C}> (b_< C,@)

Table 1: Example tree and 2-paths. Solid arrows indicate dominance relation, and dashed arrows indicate sibling

relation.

traversed using a bottom-up breadth-first search,
where the search space is pruned as constraints are
located. This search strategy is inspired by Chan-
dlee et al. (2019)’s Bottom-Up Factor Inference
Algorithm (BUFIA). Using this approach, the most
general tiers on which 2-factors do not appear can
be exhaustively located.

4.1 Canonical Form

It is possible for multiple distinct MTSL grammars
to be extensionally equivalent, i.e., generate the
same language. For this reason, I provide a canoni-
cal form for MTSL grammars.

Definition 4.1 (MTSL Canonical Grammar). The
Canonical Grammar for an MTSL language is a
conjunction of 2-factor, tier pairs G = —( fo, Tp) A
—(f1,T1) A ... for which the following hold:

L V=(fi,T2). ~(f;, 1) € Gfi = f;=T ¢
Ty nT5 ¢ T3]

2. Y(Ji TYL(G) € L(~{fi, T})=—3TI[T} <
Ty A3, T]) € G])

This says that in order for an MTSL grammar to
be canonical, 1) all forbidding tiers for the same
factor must be incomparable, and 2) if the language
generated by G obeys some constraint against a
2-factor f; on some tier 7;, then there must be
a constraint in G which bans f; on T; or some
subset tier. The essential idea is that all surface-
true constraints must be represented in the grammar
in their most general form (i.e., on the smallest
possible tier).

Lemma 1. Any MTSL grammar is extensionally
equivalent to a unique canonical MTSL grammar.

Proof. Consider any MTSL grammar G. Suppose
L(G) obeys some constraint —(f;,T;) ¢ G. We
can then construct a grammar G’ = G A =(f;, T;).
Since —( f;, T;) is true over L(G) and the two gram-
mars differ only in the presence of this constraint,
L(G") = L(G). This process can be repeated
to yield a G’ for which 2 —(f;, T;)[-(f:, T5) ¢

G' A L(G') € L(~{fi,T}))] and L(G") = L(G).
G’ then meets requirement 2) of a canonical gram-
mar, since every surface-true constraint of L(G) is
present in G'.

Then, if 3-(fi. 1), ~(fin T}) € G'[T; )],
we can construct G” = G’ — =(f;,T}). Since
any form which contains the 2-factor f; on the
T tier will necessarily also contain f; on the T;
tier, any langauge which obeys —( f;, 7;) must also
obey —(f;,Tj). Therefore L(G") = L(G"). Ad-
ditionally, G”' still meets requirement 2) since the
subset tier is always preserved. Once again, we
can repeat this process until we reach a G” for
which 2 ~(fi, T3), -(fi, T;) € G'[T; c T}] (i.e., re-
quirement 1) holds) and L(G") = L(G') = L(G).
G"' thus meets both requirements for a canonical
MTSL grammar and is equivalent to G, meaning
any MTSL grammar is equivalent to some canoni-
cal MTSL grammar.

Next, consider any canonical MTSL grammar
G, and consider some other canonical MTSL gram-
mar G’ such that L(G") = L(G). If G' = G, it
must be the case that either G’ contains some con-
straint which is not in G, or that G contains some
constraint which is not in G’. Suppose G’ con-
tains a constraint —( f;, 7;) which is not in G. Since
L(G) = L(G"), L(G) must obey this constraint.
Since G is canonical, it must then (by require-
ment 2) contain some constraint —( f;, 7;) such that
T; c T;. But then, since @G’ is also canonical and
must obey —(f;,T;), G' must contain some con-
straint —( f;, Ty,) such that Tj, ¢ T;. But then by
transitivity, 7}, c T;, meaning that G’ violates re-
quirement 1 and cannot be canonical. Thus, G’
cannot contain any constraints which are not in G,
and G’ € G. Suppose G contains some constraint
—(fi,T;) not in G'. By the same logic, G’ must
then contain some —( f;, 7;), and G must contain
some —( f;, T);) such that T}, ¢ T; c T;. This means
G violates requirement 1 and cannot be canonical.
Thus, G ¢ G’, and G’ = G, meaning any canonical
MTSL grammar is unique. O
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x{a,b,c,d} W
/\
vH{a,b,c} X{a,b,d}
—

J v {a,b}

Figure 1: Hierarchy of possible forbidding tiers for ab
over X = {a,b,c,d}. If ab is absent from a particular
tier (denoted by X), it must be absent from all superset
tiers. If it is present on a tier (denoted ") it is necesarily
present on all subset tiers.

4.2 BUFIA

To find the forbidding tier(s) for each 2-factor,
MTSL-BUFIA uses a bottom-up, breadth-first
search of the partially ordered set of possible tiers.
This approach is inspired by BUFIA (Chandlee
et al., 2019; Rawski, 2021), an algorithm designed
to find the most general constraints over this type
of partially ordered search space.

It is easy enough to see that the set of possible
tiers (i.e., the powerset of X.) is partially ordered
under the subset relation. Furthermore, the set of
constraints introduced by these possible tiers (for
the same 2-factor) obeys that same partial order-
ing. For example, consider a toy language with
alphabet ¥ = {a,b, c,d} with just one constraint:
(ab,{a,b,d}). So strings like adbcca and beacedb
(with tier projections adba and badb) are in the
language, but daccbda is out, since its projection
(dabda) includes the substring ab. It is immediately
clear that no string in this language can contain
ab on the superset tier of {a,b, c,d}(= %), since
this would necessarily mean ab is present on the
{a,b,d} tier as well. More generally, a factor f; is
absent from a tier 7; if and only if every possible
occurrence of f; is precluded by the intervention of
some element from 7;. If T; c T}, then any factor
absent from 7; will also be absent from 77, since
the intervention of an element from 7 entails the
intervention of an element from 77 (all elements of
T; are in T}). Therefore, any language which obeys
the constraint (f;,T;) obeys all other constraints
(fi, Tj) where T; c T}. Figure 1 visualizes this
property on the set of possible forbidding tiers for
this toy language rooted at the {a, b} tier.

These entailment relationships between possi-
ble constraints are exactly what BUFIA uses for
learning. Starting from the “bottom”, or most gen-
eral constraint, BUFIA proceeds upwards layer by
layer, looking for constraints which are surface-

true. When it finds them, it adds them to the gram-
mar and prunes away the section of the search space
above that new constraint. Chandlee et al. (2019)
also outline several useful learning guarantees for
this algorithm. Namely, BUFIA is guaranteed to
find only and all incomparable constraints which
are consistent with the input data, and it is guar-
anteed to find the most general such constraints.
These are exactly the properties required to con-
struct canonical MTSL grammars.

4.3 Algorithm

MTSL-BUFIA, defined in Algorithm 1, operates as
follows: First, it finds all possible 2-factors which
are absent from the input sample. This absence is
an indicator that each of these 2-factors is forbidden
on some tier(s). The algorithm then iterates through
these missing 2-factors and computes the intervener
sets for each. Once intervener sets are collected,
the algorithm begins its bottom-up search for the
smallest tier(s) on which that 2-factor is missing. It
begins by looking at the tier consisting only of the
symbols present in the 2-factor itself, and proceeds
breadth-first to increasingly larger possible tiers.
To determine whether a 2-factor is absent from a
tier projection t, it must be the case that there is
no intervener set ¢ for that 2-factor such that ¢ n¢
is empty. In other words, each intervener set must
contain some tier element, otherwise the 2-factor
in question is present on that tier.

Any time the search encounters a tier where the
2-factor is not present in the data over that tier, the
2-factor, tier pair are added to the grammar, and all
supersets of that tier are removed from the search
space. In this way, the search space of possible
tiers is pruned as the search proceeds.

Once this bottom-up search has been conducted
for every 2-factor, the final grammar is returned.

S Example

To demonstrate this algorithm in action, I will
use a toy example language in which local and
long-distance dependencies interact (this example
is string-based, but recall that this can be smoothly
generalized to tree structures as described in Sec-
tion 2). The string language we will consider
is defined by the following regular expression:
((ab*c)|(eb*d))*. This is all strings consisting of
any number of sequences of one a followed by one
or more bs followed by one c interspersed with any
number of sequences of one e followed by one or
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Algorithm 1 MTSL-BUFIA

Data: Positive sample D

Result: Grammar G, a conjunction of (2-factor,
forbidding tier) pairs.

G:={}
B:=2fac(X*) -2fac(D)
foreach f := p1 Rps € B:
S :={Ifor (x,I) € paths(D) where x = f}
Q:=1[{ p1,p2 }1
while Q # []:
T" = Q.pop()
it 3(f,T) e G[T < T']:
continue
if3VeS[TnV =g
Q.append(NextSupersets(T"))
else:
G = Gu~(f,T")

return A\ c
ceG

more bs followed by one d. So abbbcebd, ebbbbbd,
and abcebdebdabbc are all valid strings in the lan-
guage, but abd and edac are not. This involves
local restrictions, for example a and e can only
be followed by b, but also non-local dependencies
which interact: b can be followed by c only in the
case where the first  in its sequence was preceded
by a, and similarly with d and e. This violates
the “tier-element independence” requirement of
the MT2SLIA, which stipulates that each element
on each tier must be independent from (i.e., not
bound to always occur next to) each non-tier el-
ement. However, in this language it is critical to
enforce constraints like “a cannot be followed by d
unless there is a e in between them”. In this case, a,
d, and e must all be tier elements. However, b must
be off the tier, since its presence as an intervener
between a and d does not license the structure. But
none of these tier elements are independent from
b: each is required to either precede or follow a
b. Therefore, this language would not be learnable
by the MT2SLIA. As we will see, however, the
BUFIA-MTSL learner has no problem.

Suppose we are given the data presented in Ex-
ample 1.

D = abbbe, ebd, abcebdebdebd,
ebdebdabcabcabbcebd,
abcebdabcebdabceebd

(1

In the first step, the algorithm will compute the 2-

vi{ad, e}
/N
X{ab} X{ac} v{ad} v{ae}
W
V{a}

Figure 2: Caclulation of tiers for aa 2-factor.

factors which are missing from this sample. These
are given in the first column of Table 2.

Then, for each missing 2-factor, the intervener
sets will be computed. This is column 2 of Table 2.

Finally, the algorithm will conduct a bottom-up
search of the possible tiers. The search procedure
is diagrammed in Figures 2 and 3, for the 2-factors
aa and db respectively. If each intervener set con-
tains at least one tier element, the factor is missing
on that tier, and the tier is added as a constraint
(notated by the X symbol). For example, in Figure
2, the {a, b} tier is added as a forbidding tier for the
aa 2-factor because each intervener set contains a
b. This is exactly as expected—aa cannot be present
on the {a, b} tier because every a must be followed
by at least one b. Similarly, each a must be fol-
lowed by a c before another a can be present, and
so this 2-factor is also banned on the {a, c} tier.

For the db 2-factor, meanwhile, there must be ei-
ther an a or an e intervening. However, projecting
just one of these to the tier would require that sym-
bol to always be present. For example, if db were
banned on the {a,b,d} tier, the (licit) sequence
ebdebd would be banned, since its tier projection
would be bdbd, which contains the db 2-factor.

If a tier is not a forbidding tier (indicated with
V'), then the search continues upwards. Notice,
however, that supersets of previously added for-
bidding tiers are not searched, so the final set
{a,b,c,d,e} (i.e., X) is never reached in Figure
3, and the search in Figure 2 can get no higher
than {a,d, e}, since any other tiers that could be
searched would be supersets of one of the existing
forbidding tiers, {a, b} or {a, c}.

The final forbidding tier(s) for all 2-factors are
given in column three of Table 2.

In some ways, the grammar found by this al-
gorithm could be considered “inefficient”, since
it contains some constraints that are not strictly
needed to enforce the target pattern. For example,
there is no need for the constraint (ad, {a,b,d}),
which enforces that a b must occur between a and
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2-factor interveners tier(s)

aa {b,c},{b,c,a},{b,c,e,d},{b,c,e ,d a} {a,b},{ac}

ac {b},{ab,c},{b,c,ed a} {a,c,b}

ad {b,c,e},{b,c,e,a},{b,c,e,d},{ab,c,de} | {adb},{adc}, {ade}

ae {b,c},{b,c,a},{b,c,a,ed} {a,e,c},{aeb}

ba {c},{d},{b,c},{bd},{c,ab}, {de b}, {ab,c,d}
{c,e,b,d},{d,a,b,c},{ab,cd e}

be {c},{d},{b,c},{b,d},{b,d, e}, {ab,c}, {b,c,d, e}
{a,b,c,d},{b,c,d, e}, {ab,cde}

cb {a},{e},{a,b},{be},{ab,c}, {e,b,d}, {ab,c,e}
{a,b,c,d},{e,b,d,a},{ab,cde}

cc {a,b},{ab,c},{ab,ed}, {ab,cde} {c,a},{c,b}

cd {e,b},{eb,d},{ab,c,e}, {ab,cde} {c,d,b},{c,d, e}

db {a},{e},{ab},{be},{ab,c}, {e b, d}, {ab,d e}
{a,b,c,e},{ab,de},{ab,cde}

dc {a,b},{ab,c},{ab,d e}, {ab,cde} {d,c,a},{d,c,b}

dd {e,b},{e,bd},{eb,ac}, {ab,cde} {d,b},{d, e}

ea {b,d},{b,d, e}, {ab,c,d e} {a,b,e},{ad,e}

ec {b,d,a},{b,d,a,e},{b,dac},{ab,c,de} | {eca}l,{ecb} {e,c,d}

ed {b},{eb,d},{ab,c,de} {e,d b}

ee {b,d},{b,d,e},{b,d,a,c},{ab,c,de} {e,b},{e,d}

Table 2: Missing 2-factors, intervener sets, and calculated tiers.

v{ab,c,d} X{ab,d e} v{b,c,de}

> >

vi{ab,d} v{b,c,d} v{b,d,e}
\‘/
v {b,d}

Figure 3: Calculation of tiers for be 2-factor.

d, since the other constraints already enforce that b
is the only symbol which can follow « in the first
place. This, however, is part of the definition of
canonical grammar: if a constraint is true it must
be represented in the grammar. This allows the
grammar to be more universal by obviating the
question of which constraint should be used for a
given purpose.

6 Exact Identification in the Limit with
Polynomial Data

The approach adopted here follows the tradition of
grammatical inference, using the exact identifica-
tion in the limit learning paradigm (Gold, 1967)
with a polynomial bound on data (de la Higuera,
1997). Under this paradigm, the learner is pre-
sented with a positive text t of examples drawn

from the target language L. The first n items in ¢
are denoted ¢,,. The examples can appear in any
order, and may repeat, but for any given structure s
in L, it is guaranteed that there is some finite n € N
such that s € ¢,,.

In this sense, it is assumed that the learner will
eventually receive a representative sample which
characterizes L with respect to MTSL-BUFIA.
Once this sample has been seen, the learner must
1) converge on the correct grammar and 2) not de-
viate from this grammar when more positive data
is presented.

Definition 6.1 (Grammar Size). For any MTSL-k
grammar G, its size is defined by:

> ke

-(f,T)eG

6] =

Definition 6.2 (Representative Sample). For a
MTSL language L over alphabet 3> whose grammar
isG = ﬁ(fo,T()) A ﬂ(fl, T1> A .,,—|<f2-, TZ>, aset D
of structures is a representative sample iff all of the
following hold:

1. Vo e 2fac(X)[z ¢ {f
Gl===xz € 2fac(D)]

I-(f,T) €

2. V=(f,T) € G[Vo € T - symbols(f)[
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3(f,V) € 2paths(D)[oc e VA-Fo' e V[o' €
Tnro' +0]]]

3. Vo e {f : 3=(f,T) € G}[-IT'[({x,V) €
2paths(D)=V nT' + @) A (-3-(x,T) €
GIT ¢T')]]

This essentially states that 1) a representative
sample must contain all 2-factors which are not
banned on any tier, 2) for each banned 2-factor and
each tier on which it is banned, every tier element
that is not part of the 2-factor itself must be present
in an intervener set (for that same 2-factor) which
contains no other tier elements, and 3) for each
banned 2-factor there can be no set of elements
which is represented (i.e., at least one element of
this set is present) in every intervener set (for that
2-factor) but which is not itself a superset of a tier
on which that 2-factor is banned.

Lemma 2. For a MTSL language L, the size of the
representative sample D for L is polynomial in the
size of G for any MTSL grammar G of L.

Proof. The first condition requires that all 2-factors
which are not banned on any tier are present in
the sample. The number of possible 2-factors will
vary with the type of structure being used, but it
will be limited to ¢ - |S|?> where c is the number of
possible relations (for trees this is two, while for
strings it is just one). Embedding these 2-factors in
well-formed structures (to form a data sample) may
require the addition of extra “connecting” symbols
(such as in the case for the sibling relation over
trees, where an additional parent node is needed).
Assuming the number of these connecting symbols
required is bounded by another constant k (which
it is for both trees and strings), the total size will
be ck - |3

The second condition stipulates that each tier
element of each restricting tier for each banned 2-
factor must appear in some intervener set for that
2-factor without any other tier elements. Ensuring
these intervener sets requires structures containing
the two symbols present in the 2-factor, plus the tier
element, plus any additional connecting symbols
necessitated by the type of structure. These will
contain some constant number of symbols (just
3 in the case of strings and 3 or 4 in the case of
trees). Since one such structure is needed for each
tier symbol, the amount data required to satisfy
condition two is linear in the size of the grammar
(since this is just the number of total tier symbols
plus twice the number of 2-factors).

The third condition is about making sure that
there are sufficiently small intervener sets repre-
sented in the sample (i.e., those uncluttered by
many non-tier elements). Constructing the smallest
possible sample which fufills conditions 1 and 2 en-
sures this condition without the need for additional
data.

Therefore, the space complexity of the represen-
tative sample is O(||? + |G|) (where |G| is the
number of total symbols present in ). Assuming
all alphabet symbols are used in the grammar, this
is polynomial in the size of the grammar. O

Lemma 3. Given any superset I of a representative
sample D for a MTSL language L with canonical
grammar G = —( fo, To) A—=(f1, T1) A ... A=(fi, T3),
MTSL-BUFIA will return a grammar G' = G.

Proof. Consider the set B of all the 2-factors which
are banned on any tier in G. Since I contains
only valid structures in L, these 2-factors must
all be absent from /. By definition of a repre-
sentative sample, all other possible 2-factors over
> must be present in D, and therefore also in I.
B is therefore equivalent to the set which will
be iterated over in the outer loop. Each f/ € B
must therefore be associated to one or more pairs
~(f],Tv),~(f], T2)...~(f!,Tx) € G. First, we
show that every constraint in G’ is in G. Sup-
pose G’ contains a forbidding tier for some f;,
—(f/,T) which is not one of those in G. It must
then be the case that each intervener set for f;, con-
tains at least one element from 77, otherwise this
pair would not get added to the grammar. Because
D c I, the set of intervener sets for fi’ , S must con-
tain all intervener sets for f] which are present in
D. By requirement 3 for representative samples, it
must then be the case that there is some constraint
—(f;,Tj) € G such that T; c T/. Since the queue
(Q) grows breadth-first, the algorithm will consider
T; as a forbidding tier for f; before it considers
T}. Since —(f;,T}) holds on all the data, each in-
tervener set in I for f; must contain at least one
element of 7. Therefore, the algorithm will add
—(f!,T};) to the grammar, and when it considers
T} this tier will be discounted since T c T is al-
ready present as a forbidding tier for f/. Therefore,
G’ cannot contain any forbidding tiers for any f/
which are not contained in G.

Next, we show that every constraint in G is in
G’. Suppose G contains a forbidding tier for f;,
—(fi, T;) which is not contained in G’. In order for
T; to not be added to G’ in the inner loop, it must
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be the case that either a forbidding tier —( f;, Tj) is
already in G’, where T} c T;, or there is some inter-
vener set IV which contains no elements of T;. As
established above, the only constraints which will
be added to G’ are those which are also present
in G. Therefore, —(f;,T;) € G'=~(f;,T}) €
G. However, if G were to contain —(f;,7;) and
—(fi, T;), where T} c T; it would not be a canoni-
cal grammar by the definition in Section 4. Since
-(fi,T;) € G, and I consists of only positive data
generated by G, there can be no such intervener
set V such that V' nT; = &, since this would mean
fi was in fact present on the tier 7;, thereby di-
rectly violating the constraint. Therefore, T; will
be added to G’ during the inner loop, and G cannot
contain any constraints not contained in G’.

Since G ¢ G' and G’ c G, the two are equal:
G'=G. O

Theorem 1. For any MTSL language L, MTSL-
BUFIA identifies the canonical grammar for L in
the limit using polynomial data.

Proof. From Lemmas 2 and 3. O

7 Time complexity

In the worst case, MTSL-BUFIA runs in expo-
nential time. To see why, consider the time re-
quired for each step: The time complexity of
computing 2-paths is O(n?) for strings (Jardine
and Heinz, 2016) and O(n*) for trees (Swanson,
2024b). Then, for each missing 2-factor, the rele-
vant tier(s) must be found. There are at most ||
(or 2:|3|? for trees) 2-factors to consider. Any miss-
ing 2-factor could be banned only on the segmental
tier (i.e. T" = X)), and in this case the algorithm
would have to traverse all possible tiers to discover
this, with a time complexity of 2! for each fac-
tor. This yields a time complexity of O(|3]? - 2)
The final step of traversing the powerset of the al-
phabet introduces exponential complexity to this
algorithm, a disadvantage against the MT2SLIA
which is guaranteed to run in polynomial time.
The utility of BUFIA, however, does not come
from its worst-case performance but rather from its
ability to turn sparsity in the input data to its advan-
tage. As in the example given in Section 5, when
the input data obeys highly general constraints,
BUFIA is able to prune away large chunks of the
search space along the way, enabling it to tractably
search very large spaces under the right conditions.
Indeed, BUFIA has been successfully implemented

and used to analyze natural-language scale data
(Swanson et al., 2025). So although MTSL-BUFIA
to some degree trades a tighter concept class for a
worse time complexity, its exponential worst-case
bound may not indicate intractability on natural lan-
guage data, which is highly marked by sparsity. In
the case of subregular syntax, many of the phenom-
ena which have been analyzed as TSL require tiers
with three or fewer symbols (ie highly restrictive),
which would play into BUFIA’s ability to prune the
search space.

8 Conclusion

This paper introduces MTSL-BUFIA, an algorithm
which exactly identifies the class of MTSL in
the limit from a polynomially-sized data sample.
This algorithm avoids the shortcoming of previous
MTSL learning algorithms which placed additional
problematic restrictions on the concept class which
could be learned. The greater expressiveness of
patterns that MTSL-BUFIA can induce comes at
the cost of a polynomial runtime guarantee, but
this does not mean the algorithm is universally in-
tractable. The BUFIA approach does best (in terms
of time complexity) with sparse data which can be
captured by more general constraints.

Future work in this area involves testing MTSL-
BUFIA on natural-language data samples, which
would not only allow exploration of its average-
case time performance (on the types of data found
in human language), but also give insight into
whether natural language typically furnishes the
requisite representative sample to learn the target
patterns.

Additionally, MTSL-BUFIA is suggestive of sev-
eral possible extensions which could be fruitful to
explore. Lambert (2021) provides a method for
online learning of TSL-k languages, and it might
be possible to adapt MTSL-BUFIA along those
same lines. While MTSL-BUFIA is limited to the
MTSL-2 languages, the concept of intervener sets
can be extended to larger k-factors, allowing for
the possibility of learning MTSL-£. With larger k
values, the set of possible 2-factor, tier pairs is itself
partially ordered and can be traversed in the same
fashion to yield a grammar with mixed sizes of
k-factors. Another useful aspect of BUFIA is that
it is well-suited to feature-based representations,
so this approach could also be easily extended to
operate over features rather than segments.

Finally, another area of future exploration is into
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additional concept classes between MTSL and the
more restricted class learned by the MT2SLIA.
For example, what would it mean to enforce only
constraint-uniqueness or only tier-element indepen-
dence? Are there different restrictions on MTSL
that are more appropriate for natural language? The
work presented in this paper offers a foundation on
which to continue probing these open questions.
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Abstract

This paper presents an approach to learning
a subclass of phonological maps that can
be expressed with non-recursive quantifier-
free logical transductions within the frame-
work of Boolean Monadic Recursive Schemes
(BMRS). Building on previous work on phono-
logical learning with partially-ordered hypothe-
sis spaces, this paper shows that similar struc-
tures can be used in learning phonological maps
when these maps are represented by logical
transducers over unconventional string models.
This paper demonstrates how a model-theoretic
framework can be used for computational learn-
ing of phonological generalizations.

1 Introduction

Input Strictly Local (ISL) functions character-
ize phonological maps in which sounds undergo
change based on local information in the input
(Chandlee, 2014; Chandlee and Heinz, 2018). In
other words, every ISL function has a parameter
k such that for every x in the input string, the in-
formation needed to determine the output of x is
within some window of size k around x. Consider
the postnasal voicing map below from Zoque, in
which voiceless stops become voiced when they
are immediately preceded by a nasal (Wonderly,
1951). The input-output pair of words in Figure 1
illustrates why this map is ISL-2.

pama ‘clothing’ | mbama ‘my clothing’
tatah  ‘father’ ndatah  ‘my father’
kama ‘cornfield’ | ggama  ‘my (corn)field’
hayah ‘husband’ | nhayah ‘my husband’
=2
fm ?] a m a
4
[m b a m a |

Figure 1: Postnasal voicing in Zoque is ISL-2.

The ISL class of functions is learnable from pos-
itive data; for every ISL function f, it is possible
to learn a finite state transducer which computes
f from a characteristic sample S C f of input-
output pairs of strings (Chandlee, 2014; Chandlee
et al., 2014). The purpose of this paper is to revisit
learning from a model-theoretic perspective, where
the goal is to learn ISL functions as logical trans-
ductions from pairs of input-output string models.
While finite state transducers traditionally operate
over string representations, logical transducers op-
erate over more enriched representations. This pa-
per uses ‘unconventional’ string models (Strother-
Garcia et al., 2016; Chandlee et al., 2019) which
represent strings with phonological features.

One of the main ideas presented in this paper is
that we can learn logical transductions from input-
output pairs of string models by using partially-
ordered hypothesis spaces. Similar spaces have
been used for various learning problems within
phonology (Rawski, 2021; Chandlee et al., 2019;
Tesar, 2013; Heinz et al., 2012; Heinz, 2010). A
common theme among them is that a partially-
ordered hypothesis space encodes entailment re-
lations that are relevant for learning. These entail-
ments allow a large space to be pruned efficiently
with a small number of data points. This paper
shows that a similar approach can be applied to the
problem of learning logical transducers. This paper
culminates with a demonstration of how a logical
transducer for postnasal voicing can be learned us-
ing a very small number of input-output pairs.

This work closely relates to previous work on
model-theoretic learning of phonotactic constraints
from Chandlee et al. (2019) and Rawski (2021).
More specifically, this paper shows that the prob-
lem of learning the environment that triggers a par-
ticular feature to undergo change employs the same
structure as learning banned k-factors in a gram-
mar. In the case of postnasal voicing, for example,
Zoque has a phonotactic constraint *[+nas][-voi,-
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cont] which says a voiceless stop cannot be imme-
diately preceded by a nasal. This constraint also ex-
presses the environment where voicing takes place:
if an underlying form violates *[+nas][-voi,-cont],
the second sound undergoes voicing in order to re-
pair the violation. The partially-ordered hypothesis
space used to learn the surface constraint *[+nas][-
voi,-cont] can therefore be adapted to learning the
environment where a voiceless sound becomes
voiced. As such, the procedure presented here is
a means of [lifting phonotactic learning to learning
phonological maps via logical transductions.

A broader contribution of this paper is a demon-
stration of how this model-theoretic approach can
be used to learn phonological generalizations from
a sample of underlying and surface form pairs. To
that end, the style of this paper is mainly expository,
and the learning problem is abstract rather than
formally-defined. This paper moreover focuses on
length-preserving and order-preserving ISL func-
tions because they are a natural starting point for
motivating the larger research program of model-
theoretic phonology. The method introduced here
can be extended to more complex function classes,
as well as more complex representations.

The structure of this paper is as follows. Sec-
tion 2 provides the relevant background and defini-
tions of string models, logical transductions, sub-
factors, and partially-ordered sets (posets). Section
3 discusses previous work on phonological learning
with posets, with emphasis on the Bottom-Up Fea-
ture Inference Algorithm (BUFIA; Chandlee et al.,
2019). Section 4 presents the learning goal and
procedure, and Section 4.4 illustrates these ideas
using postnasal voicing as a case study. Future
extensions of this work are discussion in Section 5.

2 Preliminaries

Given an alphabet 3, a string/word is a finite con-
catenation of symbols in X. The set of all such
strings, along with the empty string ), is denoted
Y*. Foreachw € ¥*, we let w; denote the it" char-
acter in w, and |w| denote the length of w. This sec-
tion presents definitions of relational structures and
string models which are used to represent words in
>*, and ultimately functions over X*. These struc-
tures are then enhanced with phonological features
over which phonological maps are defined.

2.1 String Models

Definition 1. A signature is a collection of relation
symbols { R; }i<m, and function symbols { f; }i<n."

Definition 2. Given a signature S, an S-structure
M = (D ARM i<, {f"}i<n)

consists of a domain D, a relation RZ-M C Dk
for each k-ary relation symbol R;, and a function
fM . D* — D for every k-ary function symbol f.
Struc(S) denotes the set of S-structures.

Structures are built over a signature by specify-
ing a domain and interpretations for the relation
and functions symbols. Every word in X* is as-
sociated with a particular kind of structure called
a string model built over a signature consisting of
unary predicates { X, X, P, } ;5 and successor and
predecessor functions. An alphabet and a signature
over that alphabet are often designated by the same
symbol; the string models built over an alphabet >
are called X-structures.

This paper looks at a specific type of string
model which we refer to here as monadic string
models, following Chandlee and Lindell (forth.).

Definition 3. For an alphabet 3. and word w € ¥,
a monadic string model for w is a X-structure

M(w) = <D7 X, M7P075;p>0'62

where D = {0, ..., |w| + 1} is a set of indices;
each Py : D — {T, L} is a monadic predicate s.t.
P, (i) = Tiffw; =o0; x(i) = Tiffi =0; x(i) =
Tiffi = |wl+1; s,p: D — D are successor
and predecessor functions over D; for each i €
{1,...,|w|}, exactly one o is s.t. P,(i) = T.

The predicates P, indicate which symbol of the
alphabet appears at an index, the symbols x and X
indicate the left and right edges of the word, and
p and s capture the linear ordering of the symbols.
The monadic model for the string ‘baa’ over the
alphabet {a, b} is illustrated in Figure 2.

String models can be further enriched with
other relations/functions to represent autosegmen-
tal structure (Lambert and Rogers, 2020; Chandlee
and Jardine, 2019a; Jardine, 2017), syllable struc-
ture (Strother-Garcia, 2019, 2018; Strother-Garcia
et al., 2016), prosodic structure (Dolatian, 2020),
and syntactic structure (Rogers, 2003). String

'The concept of ‘signature’ is also commonly referred to

in model theory literature as ‘vocabulary’ (e.g. Libkin, 2004)
or ‘language’ (e.g. Marker, 2002).
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Figure 2: M(baa): monadic model of the string ‘baa’.

models have been used to characterize subregu-
lar classes of phonological grammars (Lambert and
Rogers, 2020; Rogers and Lambert, 2019; Rogers
and Pullum, 2011) and to develop inference algo-
rithms for these grammars (Rawski, 2021; Chan-
dlee et al., 2019; Strother-Garcia et al., 2016; Vu
etal., 2018).

2.2 Logical Transductions

The focus of this paper is on phonological maps.
We represent the underlying and surface forms of
words with string models, and represent phono-
logical maps as relations between string models.
Consider a string function f : ¥* — I'*. For
every input string w € X* and corresponding 3-
structure M (w), there is an output string f(w)
and corresponding I'-structure M ( f(w)). We call
Y = (Py, X, X,p, S}oex the input signature and
I' = (P, X, X,p, $)~er the output signature, and
capture the relationship between input and out-
put string models with a map that transforms -
structures into I'-structures by means of logical
formulas. In particular, the predicates { P, }ycr in
the output I'-structure are associated with logical
formulas over the predicates { P, } ;¢ in the input
Y.-structure. These maps are called logical trans-
ductions (Courcelle, 1994; Engelfriet and Hooge-
boom, 2001; Courcelle and Engelfriet, 2012). Log-
ical transductions over monadic string models are
quantifier-free (Chandlee and Jardine, 2019b, 2021;
Chandlee and Lindell, forth.).

As an example, consider the simple function
f expressed by the rewrite rule a — b/b__, ap-
plied over the alphabet ¥ = {a,b}. The logi-
cal transducer which expresses f transforms a -
structure (D, X, X, P,, Py, p, s) into a ¥-structure
(D,x,x, P! P],p,s), where P, and P/ are ex-
pressed as logical formulas over the signature of
the input model, as in (1). The predicates P, and
P, express when an index in the input string model
carries an ‘a’ or ‘b’ symbol, respectively. The pred-

inmput X b a a KX

0O 1 2 3 4

x(z) T L L L L

Py(z) L L T T L
P(z)y L T L L1 1L
x(xz) L L L L T

Pz) L L1 1 T L
P(zy L T T L1 1
output X b b a KX

Figure 3: Logical transducer in (1) over M (baa).

icates P, and P/ express when an index in the
output string model carries an ‘a’ or ‘b’. Since f is
a length-preserving function, the input and output
models have the same domain, linear ordering, and
boundary predicates x and .

(1) Logical transducer which expresses a — b/b__
Py(x) = Pa(x) A Py(p(x))
Py(z) = Py(z)V (Pa(z) A Py(p()))

The equation for P.(x) in (1) expresses the fol-
lowing: the index x will carry an ‘a’ in the output
model iff it carries an ‘a’ in the input model, and
the index preceding it does not carry a ‘b’ in the
input model. Stated more simply, x will output as
an ‘a’ iff it is an ‘a’ that is not preceded by a ‘b’
in the input. Similarly, P}(z) says: x will carry
a ‘b’ in the output iff it is either a ‘b’ in the input,
or it is an ‘a’ that is preceded by a ‘b’. The string
transformation baa — bba is presented in Figure 3.
In the input model M (baa), the logical formula for
P!(2) evaluates to L and the logical formula for
P} (2) evaluates to T. These facts together capture
the following relationship between the input and
output models: the ‘a’ at index 2 of the input model
becomes a ‘b’ in the output model.

More recent work within model-theoretic
phonology uses the framework of Boolean
Monadic Recursive Schemes (BMRS) to repre-
sent string functions. Logical transductions over
monadic string models within the BMRS frame-
work have been used to represent phonological
maps (Chandlee and Jardine, 2021; Jardine and
Oakden, 2023), model process interaction (Oakden,
2021), and provide logical characterizations of the
expressivity of phonological maps (Bhaskar et al.,
2020, 2023; Yolyan, 2025; Chandlee and Lindell,
forth.). This framework expresses the predicates in
the output signature using an if...then...else
syntax; logical transductions within the BMRS
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framework are referred to as programs. The logical
transducer in (1) can equivalently be expressed as
the BMRS program in (2).

(2) Logical transducer with BMRS syntax
P!/(z) =if Py(p(x)) then L else P,(x)
P/(z) =if P,(z) then Py(p(x)) else Py(x)

The equation for Pj(x) in (2) expresses the fol-
lowing: if x is an ‘a’ in the input, then it will
output as ‘b’ iff it is preceded by a ‘b’; other-
wise, it will output as an ‘b’ iff it is a ‘b’ in the
input. Chandlee and Jardine (2021) discuss how
the if...then...else syntax of BMRS can be
used to represent meaningful phonological general-
izations such as licensing/blocking structures and
elsewhere conditions. Section 4.1 of this paper
discusses how this syntax is also valuable for ex-
pressing the generalizations involved in learning
phonological maps. Thus, while these logical trans-
ductions can be expressed using propositional logic
operators, the syntax of BMRS programs is useful
for refining the learning problem.

2.3 Feature Models

The string models discussed so far have the require-
ment that the predicates { x, X, P, },ex partition
the domain. Phonological maps, however, target
particular features or bundles of features (Jakob-
son et al., 1952; Clements and Hume, 1995). In
order to model phonological words and maps, we
use unconventional string models (Strother-Garcia
et al., 2016), in which more than one predicate
can hold at each index.? In the case where the
predicates represent phonological features, we will
refer to these unconventional string models as ‘fea-
ture models’. In this case, the monadic predicates
range over an alphabet of phonological features
F, rather than an alphabet of characters. For sim-
plicity, we use the same notation for each feature
F' € T as the associated monadic predicate. That is,
F(z) = T means the sound at index x of the model
has feature [+F] and F'(z) = L means it has fea-
ture [-F].> Moreover, because the requirement that
only one predicate hold at each index is dropped
for feature models, the predicates INITIAL/FINAL
or MIN/MAX can be used in place of the bound-
ary symbols x/x. For simplicity of demonstra-
tion, we consider here the limited collection of

2String models in which exactly one predicate holds at
each index are referred to as ‘conventional models’ in previ-
ous research because that is the convention used in computer
science literature (e.g. Buchi, 1960).

sounds /p,b,t,d,a,h/ over the four binary phonologi-
cal features [sonorant], [coronal], [continuant], and
[voice]. Each of these sounds corresponds with a
unique combination of these four feature specifica-
tions, given in Figure 4. The sound /d/ for example,
has the specification [—son, +cor, —cont, +Voi].
Moreover, because postnasal voicing does not dis-
tinguish between nasal sounds, the feature [nasal]
will be used to identify any nasal sound.

p b t d a h N
[son] - - — - + - +
[cor] - - + + - -
[voi] - + - + + - +
[econt] - - — — + + -
[nas] - - - - - - +

Figure 4: Limited inventory of sounds and features

A logical transducer over feature models spec-
ifies output predicates F’(z) for every feature
F' € F. The logical transducer which expresses
the postnasal voicing map in Zoque is given in (3).
A sample transduction of /mpama/—[mbama] ‘my
clothing’ is presented in Figure 5.

(3) Logical transducer for Zoque postnasal voicing

[voi) (z) = [voi](x) V
(=[cont](x) A [nas](pz))
F'(x) = F(x) forallother F € F
input m P a m a
0 1 2 3 4
Initial(z) T L L 1 L
[son](x) T L T T T
[cor](z) 1l 1L L 1 1
[voi](x) T L T T 0T
[cont](z) 1 1 T 1 7T
[nas](z) T L L T 1
(Final(@) L L L L T
voil'(z) T T T T L
output m b a m a

Figure 5: Logical transducer in (3) over M (mpama)

In order to represent feature models more com-
pactly, we use feature matrices to encode all the
relevant information in a feature model. The input
feature model for /mpama/ in Figure 5, for example,
can be represented with the shorthand in (4).

3This convention is not the only way to model phonologi-
cal maps within this framework. We may instead allow F to
contain both [+F] and [— F] as predicates. Moreover, Chan-
dlee and Jardine (2021, pg.42) show that feature models can
be adapted for non-binary feature systems as well. Further dis-
cussion of feature systems from a model-theoretic perspective
can also be found in Nelson (2022).
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(4) Shorthand notation for M(mpama)

—+son —son —+son —+son —+son

—cor —cor —cor —cor —cor

+voi —voi +voi +voi +voi

—cont —cont —“+cont —cont —“+cont

—“+nas —nas —nas -+nas —nas
2.4 Subfactors

The substructures which are relevant to this paper
are subfactors of monadic feature models. This
section does not delve into formal definitions of
subfactors in general; discussions and definitions
of subfactors can be found in Rogers and Lam-
bert (2019); Rawski (2021); Chandlee et al. (2019);
Strother-Garcia et al. (2016). The relevant result
is that subfactors of monadic string models corre-
sponds with substring models. The substrings of
w € X* are the strings v € X* for which there exist
x,y € X* such that w = xvy. For example, the
substrings of ‘bac’ are {\, b, a, ¢, ba, ac, bac}. The
subfactors of M(w) are the models M (v) such
that v is a substring of w.

The subfactors of unconventional string models,
however, are more complex than substring models
because any number of predicates can be true at
each index. Figure 6 presents the subfactors of a
feature model with a domain that has cardinality
1. The feature [coronal] is left out of this figure in
order to keep the space manageable. An example
of a subfactor of [-nas,-son,-cont,-voi] is a model
with no specification for [voice]: [-nas,-son,-cont].
These structures no longer represents a particular
sound, but instead collections of sounds. The sub-
factor [-nas,-son,-cont] corresponds with the set of
sounds {/p/, /b/, It/, /d/}. Although the space of
subfactors for feature models is very large, they
allow for a formal representation of relevant lin-
guistic generalizations because each subfactor in
Figure 6 represents a natural class.

For any model M, the set of subfactors is de-
noted Subfact(M). A subfactor is called a k-
factor if the domain has cardinality k. The set of
k-factors of M is denoted Subfacty(M). The
subfactor relation between models is denoted C.

2.5 Partially-Ordered Sets

A structure (X, <) is a partially-ordered set (poset)
iff < is reflexive, antisymmetric, and transitive.
Figure 6 is an example of a poset. Chandlee et al.
(2019) show that this is true in general; for a model
M, the structure (Subfact(M),C) is a poset.

Two types of posets which are particularly rel-
evant for the discussion of learning in this paper

-nas
-son

[-nas] [-son] [-cont]

N

Figure 6: Poset of subfactors for feature models.

[-voi]

are filters and ideals, defined in Definitions 4 and
5, respectively. For every x € X of a poset, the
subset of objects above x forms a filter, and the set
of objects below x forms an ideal. The remainder
of this paper shows how filters and ideals are used
to generate and prune a hypothesis space.

Definition 4 (Filters). For a poset (X, <), a filter
is a non-empty set F' C X such that:
(a) foreveryx € F, ifx < ytheny € F
(b) forevery x,y € F, there is some z € F such
that z < x and z < y
The principal filter generated by x € X is the set

ta:={y€ Xz <y}

Definition 5 (Ideals). For a poset (X, <), an ideal
is a non-empty set I C X such that:
(a) foreveryx € I, ify < xtheny € 1
(b) for every x,y € I, there is some z € I such
thatx < zandy < z
The principal ideal generated by x € X is the set

lr={yeXly<az}

Posets have been used as a hypothesis space
for various learning problems within phonology
(Rawski, 2021; Chandlee et al., 2019; Tesar, 2013;
Heinz et al., 2012; Heinz, 2010). A partially-
ordered hypothesis space encodes entailment re-
lations that are relevant for learning, which allow
a large space to be pruned efficiently with a small
number of data points. The next section presents
two such examples to highlight this point.
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3 Phonological Learning with
Partially-Ordered Structures

Tesar (2013) uses a stress-length system to illus-
trate a learning algorithm for underlying forms
with a partially-ordered hypothesis space. In this
system every vowel in a word can be stressed or
unstressed, and long or short. Consider the sur-
face form [paka:], where the second vowel is both
stressed and long. The space of possible underly-
ing forms of [paka] is a poset under the relative
similarity relation, defined as follows: z < y iff
y is more similar to [pakd:] than z. This poset
encodes entailment relations relevant to learning.
If the map /paka/—[paka:] leads to inconsistency,
then /pakd/ is not a possible underlying form. This
information entails that anything less similar to
[paka:] than /pakd/ will lead to inconsistency (in
an output-driven map). Thus, being inconsistent is
downward entailing, as illustrated in Figure 7 with
the candidates marked X.

Although the poset contains 16 possible candi-
dates for the underlying form of [paka:] (Figure
8), downward entailment of inconsistency allows
the space to be pruned efficiently. If the learner
determines that /paka/ cannot be the underlying
form, the entire substructure highlighted in gray
(i.e. the principal ideal | /pakd/) in Figure 8 can
be removed from the hypothesis space. As Tesar
(2013) explains, the benefit of the structured hy-
pothesis space is computational efficiency:

[...]Ithe possible optimality of a node entails up-
ward, while the definite non-optimality of a node
entails downward. This makes it possible to draw
conclusions about whole sublattices of candidates
based on the evaluation of only a single candidate.
[...] This converts exponential search into linear
search: the number of possible underlying forms
is exponential in the number of features, but the
number of forms to actually be tested is linear in
the number of features. (Tesar, 2013, pg.287-289)

v Ipaka:/
/ \
v /pakay/ /pakd/ X
N j
/paka/ X

Figure 7: Entailments for learning underlying forms

paka:

paka: paka

paka: paka

pa: paka: pa:ka: paka pakd paka
Péxkaﬁé péaka paka
paka

Figure 8: Removing | /paka/ from hypothesis space.

Similar observations are made by Chandlee et al.
(2019) for the problem of learning phonotactic
grammars. In this case, subfactors form a poset
of potential banned structures in a grammar. Un-
grammaticality is upward entailing; if a structure
is ungrammatical, then all its superfactors must be
ungrammatical. For example, if [+nas][-voi,-cont]
is an ungramamtical surface form (as in the case of
Zoque), then [+nas][-nas,-voi,-cont] must also be
ungrammatical. On the other hand, grammaticality
is downward entailing; if a structure is grammati-
cal, then all its subfactors must also be grammatical.
These entailments are illustrated in Figure 9, where
ungrammatical structures are represented by X and
grammatical structures are represented by v/. Simi-
lar to the previous example, these entailments are
used to prune the hypothesis space. In this case, if a
structure is ungrammatical, all the structures above
it (i.e. the principal filter) will be removed from the
hypothesis space. This process is discussed in the
next section.

3.1 Bottom-Up Feature Inference Algorithm
(BUFIA)

The learning algorithm introduced by Chandlee
et al. (2019) is called the Bottom-Up Factor Infer-
ence Algorithm (BUFIA). The goal of BUFIA is

-cont

-nas
[+nas] | -voi | X
~

v [+nas] -;:\;)(Et}

IS

v [+nas][-voi]

Figure 9: Entailments for learning grammars
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to learn the banned k-factors of a language from
a positive sample (i.e. collection of grammatical
words from the language). BUFIA runs as follows.
There is a finite sample S containing words from a
language. The goal is to learn the grammar of the
language, which is represented as a set of k-factors
which are not permitted in the language. Because
there are many ways to express the ungrammatical
k-factors, a further goal is to find the most general
description. For this reason, the algorithm searches
through the hypothesis space bottom-up. If some
k-factor x in the space is not found in any surface
form in S, then it is added to the set of constraints.
Because ungrammaticality is upward entailing, all
of z’s superfactors must also be ungrammatical.
Thus, the entire filter T « is removed from the hy-
pothesis space since the grammaticality of these
structures no longer needs to be considered. In this
way, only the minimal (most general) ungrammati-
cal k-factors are part of the resulting grammar.

BUFIA is illustrated here with the example of
postnasal voicing in Zoque. For brevity, the fea-
tures [sonorant] and [coronal] are left out of the dis-
cussion because they are ultimately not necessary
to identify the minimal ungrammatical 2-factor in
Zoque.* The surface forms from Section 1 pro-
vide evidence that all the subfactors of [+nas][-voi,-
cont] are grammatical. These subfactors are pre-
sented in Figure 10 with N, V, and C for the features
[nasal], [voi], and [cont], respectively. The form
[tatah] ‘father’ provides evidence that [][-voi,-cont]
is a grammatical structure. The form [nhayah]
‘my husband’ provides evidence that [+nas][-voi]
is grammatical. The form [ndatah] ‘my father’ pro-
vides evidence that [+nas][-cont] is grammatical.
Moreover, all the subfactors of these three 2-factors
are grammatical. The 2-factor [+nas][-voi,-cont] is
the minimal structure in the poset that is not found
in any surface form of Zoque; all the structures
below it are grammatical, while all the structures
above it ungrammatical.

These data points are revisited in the next section

“The [-voi,-son] /h/ in [nhayah] ‘my husband’ does not
have a voiced counterpart in Zoque, and therefore does not
become voiced after a nasal (Wonderly, 1951). Thus, [nhayah]
provides evidence that [+nas][-voi,-son] (and every subfactor
of it) is grammatical. The feature [cont] is therefore neces-
sary to distinguish the sounds which can be preceded by a
nasal from the sounds which cannot. Moreover, since the
ungrammaticality of [+nas][-voi,-cont] entails the ungram-
maticality of both [+nas][-voi,-son,-cont] and [+nas][-voi,-
cor,-cont], [son] and [cor] are not necessary to represent the
ungrammatical structures in Zoque because a more general
subfactor suffices.

Ungrammatical

e

[1-V] [1[-C] (+NI[ ]

Grammatical

Figure 10: Minimal ungrammatical structure in Zoque.

to show how the same structures and principles can
be used to learn the postnasal voicing map. Further
discussion of BUFIA and abduction principles used
in learning can be found in Rawski (2021). Recent
applications of BUFIA can also be found in Li
(2025) and Payne (2024).

As a final note, the learning problem for BUFIA
(Def. 9 of Chandlee et al., 2019) is not stated in
terms of finding the correct grammar in the limit,
as in Gold (1967), but instead finding the most
general grammar that is consistent with the sample
of surface forms. The goal of learning phonological
maps is similar: generate a logical transducer that
expresses the most general phonological map that
is consistent with the sample of input-output pairs.
A formal statement of the learning problem in this
paper is left for future work.

4 Learning Logical Transducers

Chandlee and Lindell (forth.) show that non-
recursive quantifier-free logical transductions over
monadic models are the logical characterization
of finite-to-one ISL functions. A string function
f X% — I'* is finite-to-one iff for every w € I'*,
the set {u € X*|f(u) = w} is finite. In other
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words, every surface form has finitely many un-
derlying forms that map to it under the applica-
tion of f. The output of the learning procedure
introduced here is a quantifier-free BMRS program.
This means we assume that we are always learn-
ing finite-to-one phonological maps. We moreover
restrict the maps we consider to those that order-
preserving and length-preserving. That is, epenthe-
sis, deletion, and metathesis are not considered
here. Future extensions to non-length-preserving
maps are discussed in Section 5.

The examples from Tesar (2013) and Chandlee
et al. (2019) illustrate how two very different learn-
ing goals can be pursued with partially-ordered
hypothesis spaces, where entailment relations en-
coded in the structure make it possible for the
learner to remove large substructures with a single
data point. The remainder of this paper shows that
the same observation holds of the problem of learn-
ing environments where features undergo change,
and ultimately logical transducers which express
a phonological map. The main idea expressed in
this section is that learning a phonological map
amounts to learning several phonotactic grammars
simultaneously. In that sense, the learning proce-
dure here is a way of lifting the ideas in Chandlee
et al. (2019) to maps. This idea is formalized with
the normal form for logical transducers proposed
in Definition 6 and the main result in Theorem 7.

4.1 Normal Form for Logical Transductions

Consider a signature S = { P, ... P,,, s, p}, where
each P; is a unary predicate. A term over this signa-
ture is recursively defined as follows: a variable is
a term; for every term 7', p(7T') and s(7") are terms.
The atoms over this signature are defined as

atoms(S) := {P;(T) | T is a term}

Definition 6. Let { P}, cx be a collection of for-
mulas defined over an input signature .. Each P)
is in normal form if it is expressed as

Pl(z) = if P,(x) then —¢,(x) else 1, (1)

where ¢ (x) and 1, (x) are either T, L, or disjunc-
tive normal form expressions over Atoms(X).

Although normal form programs use the
if...then...else syntax, the ‘then’ and ‘else’

SWe assume that the input and output alphabets are the
same. This means that we assume the underlying and surface
forms have the same feature inventory. This assumption is not
necessary, and is only used for simplicity.

parts of the equations are expressed with proposi-
tional operators.® This brings into question why we
would bother using the if...then...else syntax
at all. The reason for this representations is that
the syntax compartmentalizes each equation in a
program into two components: the ‘then’ expres-
sion and the ‘else’ expression. We consider first
two examples which illustrate the information the
‘then’ and ‘else’ parts of these equations encode.
The normal form of the program in (2) is pre-
sented in (5). Recall that this program expresses
the same function as the rewrite rule a — b/b__.
The four pieces of information contained within
this normal form program are presented in (6). The
expression ¢, (x) is a logical description of the en-
vironment where an ‘a’ input becomes a non-‘a’
output. ¥,(z) is a logical description of the en-
vironment where a non-‘b’ input becomes a ‘b’
output. Similarly, 1, (z) = L and ¢p(x) = L en-
code the facts that an non-‘a’ input never becomes
an ‘a’, and a ‘b’ input never becomes a non-‘b’,
respectively. The normal form in (5) rearranges the
atoms of (2) into a syntactic form that explicitly
references environments where change takes place.

(5) Logical transducer from (2) in normal form
Pf(x) =if Py(z) then - Py(pz) else L
Py(x) =if Py(x)then -L

else (Py(z) A Py(pz))

(6) Information encoded in the normal form in (5)
¢a(x) = By(pr) talz) =L
op(z) = L Up(x) = Py(z) A\ Py(px)

A similar translation can be done for the postnasal
voicing transducer in (3), presented in (7). The
highlighted expression [nas|(px) A —[cont|(x) is
a logical description of the environment in which a
[-voi] sound in the input model becomes [+voi] in

the output (i.e. Yjy0y (7))

(7) Logical transducer from (3) in normal form

[voi]*(z) = if [voi](x) then =L
else ([nas](pz) A —=[cont](x))
F*(x) = if F'(x) then =L else L

The intuition for the normal form in Definition
6 is that every string function can be uniquely-
identified with {¢,, ¢; } 75, which encode infor-
mation about the changes the function induces, and
the environments those changes take place. With

®Every propositional operator can be expressed using
if...then...else. Forexample, pV g = if p then T else q.
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respect to learning, the significance of the normal
form is that it refines the learning problem in the fol-
lowing way: in order to learn a program { P, },cx,
it is sufficient to learn {¢,, s }scx. This fact is
the immediate result of Theorem 7.

Theorem 7. Every program { P.},cx, over an in-
put signature ¥ = (P, s, p)seyx is logically equiv-
alent to a program { P’} ;cx, where each P is in
normal form.

The proof of Theorem 7 is presented in the ap-
pendix. The main idea is that for any output predi-
cate P/, there is a systematic way to construct an
equivalent normal form predicate P by generating
a truth table of all the atoms in the definition of P,
and determining ¢, and v, from that truth table.

For phonological maps, learning a program over
feature models amounts to learning {¢r, ¥} per,
where ¢ (1) expresses the environment where a
[+F] ([-F]) sound in the underlying form becomes
[-F] ([+F]) in the surface form. In this way, learn-
ing programs in this normal form amount to learn-
ing phonological generalizations regarding envi-
ronments where features undergo change. The ob-
servation that connects this learning goal to the
examples presented in Section 3 is that the space
of possible expressions for ¢ and ) can also be
modeled as a poset, with relevant entailment rela-
tions that allow the space to be pruned efficiently.

Consider the case of postnasal voicing and the
goal of learning the environment where a [-voice]
input becomes [+voice] (¢y0;))- A similar diagram
to Figures 7 and 9 is presented in Figure 11 for
the goal of learning the environment where voic-
ing takes place. Environments where voicing takes
place are upward entailing, while environments
where voicing does not take place are downward
entailing. For example, if being a [-cont] that is
immediately preceded by a [+nas] is sufficient to
trigger voicing, then being a [-cont,-son] that is
immediately preceded by a [+nas] is also sufficient.
This is illustrated in Figure 11 with the logical ex-

[nas](pzx) A =[cont](z) A =[son](x) vV 1

/

X [nas](px) A —[son](z)

N

[nas](pz)

nas](pz) A —[cont](z) vV

N\

Figure 11: Entailments for learning environments

pressions marked v/. This means that in order to
find the most general description of the environ-
ment that triggers voicing, we must traverse the
space bottom-up. On the other hand, if an input-
output pair indicates that some environment does
not trigger voicing, then none of its subfactors are
going to trigger voicing and therefore, its entire
principal ideal can be removed from the hypothesis
space, similar to the example of learning underly-
ing forms in Figure 8.

Each logical expression in Figure 11 corresponds
with a description of a 2-factor. The expression
[nas|(px) A—[cont](z), for example, describes the
2-factor [+nas][-cont]. The subfactors which are
used to learn grammars in BUFIA can therefore
be adapted to learning environments. The distinc-
tion is that when we are learning maps rather than
surface constraints, some index of the subfactor
is the target of the map. Every k-factor we con-
sider will therefore have an extra predicate target
which identifies the unique index of the structure
that is the target of the feature change in question.
Figure 12 presents the 2-factor [+nas][-voi,-cont]
with an additional predicate target which picks
out the index that the voicing process targets. As
a shorthand, we underline the subfactor that is the
target of the map, as (8).

O_@

[nas|(z) | T

[voi] (z) L
[cont](z) 1
target(z) | L T

Figure 12: 2-factor targeted by postnasal voicing

(8) Shorthand notation for 2-factor in Figure 12
—cont
[+nas] [ ]

—Sson

Note that the subfactor partial order extends to a
natural ordering on environments. For example,
[+nas][-cont] is a subfactor of [+nas][-cont,-son],
but [+nas][-cont] is not. Thus, the resulting struc-
tures with the target predicate form a partially or-
dered hypothesis space consisting of environments.
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4.2 Variables and Initialization

In the case of learning grammars, there is a single
hypothesis space consisting of all the possible sub-
factors. In the case of learning maps, there are sev-
eral hypothesis spaces: one for each of the learning
targets {¢p, ¥ r}pep. Thus, learning a program
can be viewed as learning several grammars simul-
taneously. This section shows how principal ideals
are used to construct each of the hypothesis spaces.

For every X € {¢F,r}rer we need two sets
of k-factors: V(X) and V(X). V(X) contains
the relevant k-factors in which the targeted change
takes place. V(¢ ), for example, contains all the k-
factors in which an index z is such that F'(z) = T
in the input model but F'(z) = L in the output
model. V(¢ ) contains all the k-factors in which
an index z is such that F'(z) = T in the input
model and F'(x) = T in the output model. In
other words, V' (¢r) contains all the k-factors in
which a [+F] sound becomes [-F], and XA/(QS F) con-
tains all the k-factors in which [+F] sounds do not
undergo change. In this way, the collections V' and
V encode positive and negative evidence for the
environments where features undergo change. The
hypothesis spaces are then defined in Definition 8.

Definition 8. For every X € {¢r,Vr}rer, the
corresponding hypothesis space is the set

U bxr— U lx

zeV(X) zeV(X)

H(X) =

subject to the following two restrictions:

(i) Every M € H(X) has exactly one index i in
the domain of M such that target(i) = T.

(ii) If X is ¢ for some F' € F, then for every
M € H(X), F(i) = T must hold for the
unique i such that target(i) = T. If X is
Yp, then F (i) = L must hold.

The posets defined in Definitions 8 takes all
the k-factors in which the relevant change was ob-
served in some pair of input-output models, and re-
moves the subfactors in which the relevant change
was not observed. The restrictions in (i) and (ii)
then ensure that only the subfactors which represent
relevant environments are included in the space.
The restriction in (i) ensures that every structure
in the hypothesis space represents an environment.
The restriction in (ii) ensures that the hypothesis
space includes only the relevant environments. If
the goal is to learn the environment where a [-voi]

sound becomes [+voi], then the hypothesis space
should only include environments where the target
of the change is [-voi]. This means that 1 (¢[,0)
will only include k-factors where the unique in-
dex that satisfies the predicate target is such that
[voi](xz) = L.

The learning procedure starts with an initial hy-
pothesis, and generates a new hypothesis with each
input-output pair of models. Before any data have
been observed, V(X) and V(X) are empty for
each X € {¢r,¥r}. This means that the initial
hypothesis space for each X will also be empty by
definition. Consequently the set of minimal ele-
ments, will be empty. In this case, the correspond-
ing logical formula for X must be L. The initial
variables, hypothesis, and corresponding BMRS
program are summarized in (9). The consequence
of V and V being empty is that the initial (null)
hypothesis corresponds with a BMRS program that
represents the identity map.

(9) Initial Variables and Hypothesis
Variables; for all X € {¢p,Vp}per

V(X) =0
V(X) =0
min(H(X)) =0

Individual learning goals
{or(z) = L; Yr(z) = L}rer
Initial Hypothesis as a BMRS program
{F'(z) =if F(x)then =L else L}per
={F'(z) = F(z)}per

4.3 Updating the Hypothesis

When an input-output pair provides evidence for
a feature change, the corresponding hypothesis
space is updated. For example, if a pair of models
(M, M) is such that some index z is [-F] in the
input model but [+F] in the output model, the set
V(¢ p) will be updated with the k-factor(s) of M
which contain z as the target. If, on the other hand,
some index z is [-F] in the input and remains [-F] in
the output, the set V(qb r) will be updated with the
relevant k-factors. Each time V or V is updated,
the set of minimal elements must also be updated.
Thus, there are two possible types of updates.
Consider first the case in which a k-factor x is
added to V(X)) for some X. In this case, the hy-
pothesis space H (X) grows, and potentially the set
of minimal elements grow. This means that when a
new k-factor x is added to V' (X), the update func-
tion maintain all previous minimal elements and
only determines whether to add new ones. The pro-
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cedure for determining which elements to add to
M (X) is as follows: we traverse the structure |
bottom-up in order to find the minimal subfactors
of x which are neither subfactors of any current
minimal elements, nor subfactors of any k-factor in
V(X). Because both k and the number of features
we consider are fixed, the structure | x is always
of fixed size. Moreover, we only need to know
the set of factors in M (X) and V(X)) in order to
determine the new set of minimal elements.

In the case where a new k-factor z is added to
17(X ), the update function must remove any ele-
ment m € M (X) such that m C x, and potentially
add new minimal elements. In this case, there are
two possibilities: if z € V(X), then m is removed
from the set of minimal elements; otherwise m is
replaced by new minimal elements that are imme-
diately above m in the poset. In this case, we only
need information about V' (X) and M (X)) in order
to update the set of minimal elements.

Both types of updates therefore amount to
traversing a restricted space in order to find new
minimal elements. Although the hypothesis space
can get very large, for each X € {¢r,?r}, only
the sets M (X), V(X), and V(X) need to be main-
tained in memory in order to update the hypothesis.
The next section illustrates the update process with
the example of postnasal voicing.

4.4 Case Study: Postnasal Voicing in Zoque

Consider first the input-output pair of models in
Figure 5 representing /mpama/ — [mbama]. The
input-output models for this transformation were
presented in Figure 5. The sound at index 1 is [-voi]
in the input model and [+voi] in the output model.
This means that the set V (¢/[,,;) must be updated
with the 2-factors that contain the sound at index
1 as a target. There are two possible 2-factors in
the input model which contain the sound at index
1. These are presented in Figure 13. The updated
hypothesis space is presented in Figure 14. The
corresponding updates are summarized in (10).

‘ m p ‘ p a

[nas](z) | T L [nas](z) | L L
[voil(z) | T L [voil(z) | L T
[cont](z) | L L [cont](z) | L T
target(z) | L T target(z) | T L

Figure 13: 2-factors added to V' (¢,0:)

[-V] VI
\ /
-Vl

Figure 14: H(¢)[y04) given (/mpama/, [mbama]).

Since being [-voi] is presumed to be true when
learning ;) (by restriction (ii) of Definition 8),
the minimal element is [-V] rather than (). This el-
ement corresponds with ., (z) = T. We could
also set Yy,05) = —[v0i](); this would give a logi-
cally equivalent program and corresponding map,
but with unnecessary redundancy. The new hy-
pothesis therefore says that a [-voi] sound always
becomes [+voi]. This hypothesis corresponds with
the most general hypothesis that accounts for the
input-output sample observed.

(10) Hypothesis update given /mpama/— [mbama]
mzn(,H(w[voz])) - {m}
w[voi] (.%') =T
as a BMRS program
[voi]*(x) = if [voi](x) then — L else T
as a phonological map
[—voi] — [+voi]

We consider next the case where the underlying and
surface forms are the same. Consider the surface
form [tatah] ‘father’. The hypothesis in (10) pre-
dicts that we should not see this surface form; we
would instead expect to see [dadah]. This surface
form therefore provides evidence that the the previ-
ous hypothesis is incorrect. In this case, the pair of
2-factors in Figure 15 are added to f/(w[m]). The
updated hypothesis space is presented in Figure 16.
The corresponding updates are summarized in (11)

| a ¢ |t a

[nas](z) | L L [nas](z) | L L
[voi](z) | T L [voi](z) | L T
[cont](z) | T L [cont](z) | L T
target(z) | L T target(z) | T L

~

Figure 15: 2-factors added to V' (¢[,04))
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Figure 16: Updated H(v(,0;)) given (/tatah/, [tatah]).

The hypothesis space has two minimal elements:
[+N][-V] and [-C][—V]. The resulting hypothesis
is therefore a disjunction. The new hypothesis says
that a [-voi] sound becomes [+voi] if it is either
preceded by a [+nas] or by a [-cont] sound. The
remaining updates with /nhayah/—[nhayah] and
/ku?tpa/—[ku?tpa] are presented in Figure 17.

(11) Hypothesis update given /tatah/—[tatah]
min(H(Ype)) = {H+N[=V], [-CI[=V]}

Viwor) () — [nas](pz) V ~[conf](pz)
as a BMRS program
[voi]*(z) = if [voi](x) then =L

else [nas|(px) V —[cont](pzx)

as a phonological map

[—voi] — [+voi]/ {[H”‘”] }

—cont]

The remaining subfactors in the hypothesis space
in Figure 17 are exactly the ungrammatical 2-
factors as Figure 10. While [+N][-V,-C] is the most
general description of ungrammatical 2-factors in
Zoque, [+N][-V,-C] is the most general description
of the environment where a sound becomes voiced.
Since ungrammaticality is upward entailing (Figure
9), it makes sense that being an environment where
voicing takes place is also upward entailing (Fig-
ure 11); a [-V,-C] segment becomes voiced when
it is preceded by a nasal as a means of repairing
the fact that [+N][-V,-C] is an ungrammatical sur-
face form. The learning approach presented here
therefore makes the relationship between surface
constraints and phonological maps concrete.

5 Discussion and Conclusion

This paper starts with length-preserving and order-
preserving ISL functions in order to show how

partially-ordered hypothesis spaces over model-
theoretic representations can be used to learn
phonological maps as logical transducers. Chan-
dlee and Jardine (2021, pg.3) state the appeal of the
BMRS formalism for phonology as follows: “this
formalism has a well-understood complexity bound
that corresponds to previous results in the study of
computational phonology, but it also provides a
way to implement phonological substance”. The
approach presented here is extends this advantage
of BMRS to learning; because BMRS can be used
to represent phonological generalizations, we can
adapt previous work on model-theoretic learning to
show that BMRS can also be used /earn phonolog-
ical generalization. This latter point is ultimately
the broader contribution of this work.

This paper assumed that there is a trivial one-
to-one correspondence between input and output
elements, where the segment at index x in the out-
put model is the surface form of the segment at
index z in the input model. This assumptions
rules out deletion, epenthesis, and metathesis maps
which are also ISL (Chandlee, 2014). An inter-
esting extension of this work would be to develop
a learning procedure for input-output index corre-
spondences. Consider for example a simple dele-
tion map a — A\/b__b, where an ‘a’ is deleted
whenever it is between two ‘b’s. (12) presents the
input-output correspondences for the string trans-
formation ababa — abba.

(12) Deletion input-output correspondences

ab ab a

L7/

a b b a

Recent work from Li (2025) uses BUFIA to learn
tonotactic patterns, where the structures in the hy-
pothesis space encode autosegmental representa-
tions. An interesting question to pursue further is
whether a similar hypothesis space can be used to
represent input-output correspondences. Doing so
would amount to learning the environments where
features undergo change and the input-output cor-
respondence between segments in the underlying
and surface forms simultaneously.

A further extension of this work is to extend
hypothesis space to contain pairs of subfactors,
corresponding with input and output string models.
In this case, the corresponding BMRS programs
would be recursive, allowing for representation of
output strictly local maps (Chandlee et al., 2015).
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[ku ?t pa] / mp ama/—[ mb ama] [ nh ayah] [t at ah] [ta ta h]
-N] [- +N]| [- +N| [-N N [- -N]| [-N
- -V +V| |-V +V| |-V +V| |-V -V [+V
| |-c C||-c -C| [+C +C| |-C c| [+C
_— \\
_— // \\\ /
_— \ /
_— //
\ /
_ : : ; \ /
] TR R [ e [ wip]
— = g \ /
[+N][-V] [+VI[-V] (] [:V} [] [:C} \ /
—_— ] \\ /
T — \\ / /r/

Figure 17: Updated H (¢(,0:)) given /nha

Theorem 7 stated that every non-recursive BMRS
programs can be expressed as an equivalent normal
form program. However, it seems intuitive that this
result should extend to programs in general because
every map can be uniquely identified in terms of
environments where features undergo change; this
is afterall how SPE-style rewrite rules express a
function. However, such a result requires reasoning
about recursion in BMRS, which uses a fixed point
semantics (Bhaskar et al., 2020), and is outside the
scope of this paper.

Ultimately, the purpose of this paper was to
present a starting point for a model-theoretic ap-
proach to learning phonological maps, and the mer-
its of such an approach. The ideas and procedure
presented here can be extended to different rep-
resentations and classes of functions. In order to
extend this work to more complex representations,
the next step for this research is an implementation
of the learning procedure presented here. Doing
so would also make it possible to obtain empirical
results.
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A Appendix

Proof of Theorem 7. Let {P.},cx, be a non-
recursive BMRS program over the input signa-
ture ¥ = {P,,p,s}sex. Fix o0 € 3, and let
Atoms(P.(x)) be the set of Boolean expressions
in Atoms(X) which appear in the equation P, (x).
We can then construct a truth table with columns
C = atoms(PL(z)) U{P.(z)}. Forevery a € C
and row r, we say r = « if and only if « evaluates
to T in row r of the table. For every row r, we de-
fine a conjunction consisting of all the information
contained in row r as follows

A

acAtoms(P) (x))

Wy(x) = {O‘ ifr = o
-« otherwise
We show that there is a normal form expression P
such that P! is logically equivalent to P}.
Case 1. Consider first the case where P, (x) ¢ C.
In other words, the equation P, (x) is not defined
in terms of the input predicate P,(z). Set 1, (z)
and ¢, (x) as follows.

¢U(x) = \/ \IIT<m)
{rirfePy ()}

Yolx) = \/ U(x)
{rirf=Py(x)}

Let P} (z) = if Py(x) then ~¢,(x) else 14 ().
By construction, ¢, (x) = =1, (z), and therefore
P (z) = ¢y (x). Because ¢, (x) exhaustively con-
tains all the possible situations in which P, (z) eval-
uates to T, Y, () = P.(x). Thus, P is equivalent
to P..

Case 2. Py(z) € atoms(P,(x)).
and 1, (z) as follows.

Define ¢, (z)

bo(z) := \V U,(z) (1)
{rirk=Po (2), Py (2)}
Vo (z) i= \/ U.(z) ()

{rirEPo (z), ri=Pg ()}

Set P*(x) = if P,(x) then =¢,(x) else Y, ().
We show that P (z) evaluates to T iff P, (z) eval-
uates to T. Consider first the case where P, (z)
evaluates to T. Then P}(z) evaluates to T iff
¢o(x) evaluates to L. By the definition in (1), this
means W, evaluates to L for every row r such that
r = P.(x). In other words, none of the conditions
under which P’ (z) can evaluate to L are satisfied.

Thus, ¢, (x) evaluates to L iff P, (x) evaluates to
T. Similarly in the case where P,(x) evaluates
to L, P}(x) evaluates to T iff 1), (x) evaluates to
T. By the definition in (2), 1, (x) evaluates to T
iff U,.(z) evaluates to T for some row r. In other
words, one of the conditions under which P, (z)
can evaluate to T is satisfied. Thus, 1, (z) evalu-
ates to T iff P/ (x) evaluates to T. O
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Abstract

This paper presents purely algebraic charac-
terizations of the languages locally testable in
the strict sense (strictly local) and those piece-
wise testable in the strict sense (strictly piece-
wise). These characterizations provide poly-
nomial time algorithms to effectively decide
whether a given regular language, presented
only as its algebraic structure, belongs to the
class: linear time for strictly piecewise and
quintic time for strictly local. The techniques
described herein are broadly applicable across
the subregular hierarchy, admitting a universal
approach to deciding membership.

1 Introduction

A longstanding hypothesis in computational
phonology is that all phonological surface con-
straints are regular, and indeed that they require
significantly less computational power to recognize
or to learn than arbitrary regular languages (Rogers
etal., 2013; Heinz, 2018). Each of the many subreg-
ular language classes provides another perspective
on this space; a language within a given class has
some additional structure that can facilitate per-
ception and learning (Heinz et al., 2012; Heinz
and Rogers, 2013; Rogers et al., 2013; Lambert,
2021; Lambert et al., 2021; Johnson and De Santo,
2024), while languages not in the class do not have
this additional structure. A common question re-
gards which single class has enough structure to
be effectively learnable but weak enough structure
to contain every attested pattern, and much work
has gone into the quest to find such a class or to
find patterns witnessing that a given class is in-
sufficient (Graf, 2017; Heinz, 2018; Mayer and
Major, 2018; De Santo and Graf, 2019; Jardine,
2020). Recently, researchers have investigated the
performance of neural networks on various subreg-
ular classes, showing a bias toward simpler classes
(Bhattamishra et al., 2020; Torres and Futrell, 2023;

van der Poel et al., 2024), lending support to the
simplicity bias proposed by Lambert et al. (2021).

As abstract algebra is the study of structure, alge-
braic techniques have long been used by computer
scientists to study subregular classes of languages
(Straubing, 1985; Tilson, 1987; Almeida, 1995;
Pin, 1997; Straubing and Weil, 2021), and these
techniques have recently been applied to linguis-
tic study by Lambert (2023) and by Lambert and
Heinz (2023, 2024). A semigroup is a set alongside
an associative binary operation under which it is
closed; this kind of structure naturally represents a
formal language when the set is the set of strings
over some alphabet 3. and the operation is con-
catenation. By collapsing strings into equivalence
classes that respect the language, each regular and
subregular language is associated to a finite semi-
group. Many subregular classes are varieties of lan-
guages in the sense of Eilenberg (1976), meaning
they are completely characterized by equations that
hold for every instantiation of variables for all and
only the languages in the class (Reiterman, 1982).
The Language Toolkit software of Lambert (2024)
uses these equations to classify regular languages
with respect to a large portion of the subregular
hierarchy.

However, to be a variety, a class of languages
must be closed under the Boolean operations of
union, intersection and complement. Many classes
important to the study of natural language patterns
are not closed under all of these operations. In
this work, we primarily consider the strictly local
languages (which operate by forbidding particular
substrings, blocks of adjacent symbols) and the
strictly piecewise languages (which operate by for-
bidding particular subsequences, which may have
gaps), neither of which is closed under complemen-
tation. In order to capture these less-well-behaved
classes, one has traditionally turned to external in-
formation outside of the semigroup structure. For
instance, De Luca and Restivo (1980) first query
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whether the language accepts words of the form
>*wd* before applying algebraic techniques in
characterizing the strictly local languages. Fu et al.
(2011) similarly make membership queries as part
of their characterization of the strictly piecewise
languages.

We show that the strictly piecewise languages
can be captured by imposing an order over the
semigroup elements that is compatible with multi-
plication and captures some amount of membership
information while not explicitly querying accept-
ability. The limited information added by this or-
dering is not, however, sufficient to capture the
strictly local languages. For that, we add additional
structure, looking not at individual words under
concatenation, but instead at sets of words with
both concatenation and union: a join-semigroup
structure. This is a semigroup augmented with
an extra operation that forms a semilattice; the re-
sulting structure is akin to a semiring with extra
requirements on its addition, except that it need
not necessarily have neutral elements. Our primary
results are that the strictly piecewise languages are
characterized by an inequality over their associated
monoid structure:

1<zx

where 1 is the neutral element of the monoid, and
the strictly local languages are characterized by
an inequality over an associated join-semigroup
structure:

azx¥d < az®bV cx?d.

In each of these inequalities, all variables (a, b, ¢, d,
and x) are universally quantified over the elements
of the algebraic structure in question. The notation
x* refers to the unique element that both is a power
of x and squares to itself; this is formally defined in
§3. Note that V here refers not to a logical disjunc-
tion but to the least upper bound in the ordering
imposed by the semilattice in the join-semigroup.

2 Preliminaries

Given a finite alphabet ¥, the set ¥* is the set of
all finite strings over . A formal language L is a
subset of X*. The unique empty string is denoted
by A and the set of nonempty strings is X =
¥* — {\}. Henceforth, the word “language” is
used unambiguously to mean “formal language”. A
semigroup is a set S alongside a binary operation,
usually indicated by adjacency, under which the

set is closed and associative: s(tu) = (st)u for all
s, t and v in S. A monoid is a semigroup with
a neutral element 1, where 1s = s = sl for all
elements s. The free semigroup (free monoid)
over ¥ is ¥ (resp. ¥*) under concatenation. The
neutral element of such a monoid is 1 = A.

Define the Myhill relation for a subset L of a
semigroup S such that z ~, y means that for every
context u—uv it holds that uzv € L if and only if
uyv € L, where u, v, x and y are elements in .S.
If there is any context that distinguishes = and y,
then they are not related. The Myhill relation is
an equivalence relation: it is reflexive (z ~p ),
symmetric (x ~p, y implies y ~ x), and transitive
(x ~, yand y ~, z together imply z ~p, 2).

A relation R on a semigroup S is stable if and
only if for all elements x, y and z of S it holds that
whenever x R y itis also the case that zz R zy and
xz R yz. That is, a stable relation is a relation that
is compatible with the operation of the semigroup.

The Myhill relation is a stable equivalence rela-
tion. Denote by [x]7, the equivalence class of  un-
der ~ .. One can form a new semigroup X1/ ~p
(or monoid, ¥*/ ~1) whose elements are the [z],
and whose operation is [x];[y]r, = [zy]r. This
is the syntactic semigroup, S(L) (resp. syntactic
monoid, M (L)) of the language L. The syntactic
monoid recognizes L, in the sense that L is a union
of equivalence classes.

A deterministic finite-state automaton is a five-
tuple (Q, %, 0, qo, F') where @ is a finite set of
states, Y is a finite alphabet, §: ¥ — Q — Q
is a transition function, gg € ( is the initial state,
and F' C ( is the set of accepting states. The
automaton is in canonical form if for all states q;
and ¢ there is some string w such that the path
labeled w from ¢; leads to a state in F' while that
from g9 does not, or vice versa. It is trimmed if the
transition function is made partial by removing any
states from which no path leads to a state in F'.

3 Varieties of Sets and Structures

In this section we present the standard definitions
of varieties of sets and pseudovarieties of algebraic
structures, which we will refer to simply as va-
rieties, and their importance in the study of for-
mal languages. We briefly demonstrate that these
notions are not equipped to handle the classes of
languages under discussion in this work.

A class C of languages associates with each fi-
nite alphabet X the set 3C of languages L C »*
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that are in the class. A x-variety of languages is a
class V such that each >V is a Boolean algebra (i.e.
it is closed under finite unions, finite intersections,
and complementation) and is closed under both
left and right quotients in the sense of Brzozowski
(1964). Further, if ¢ : I'* — »* is a homomor-
phism (a function such that (zy) = ¢(x)p(y) for
all z and y and where (1) = 1 where applicable)
and L is a language in XV, then ¢! (L) must be
in I'V; the class is closed under inverse images of
homomorphisms. A +-variety is exactly the same,
except that ¢ is a nonerasing homomorphism from
't to . One often uses +-varieties when de-
pendencies are local, as, if ¢ is allowed to erase
symbols, then ¢! can freely insert those same
symbols, destroying any semblance of locality.

A pseudovariety of monoids is a set V of fi-
nite monoids that is closed under finitary direct
products, quotients, and inverse images of homo-
morphisms. A pseudovariety of semigroups is
defined analogously. The “pseudo-" in pseudova-
riety regards the fact that we are considering only
finite structures. Henceforth, the prefix shall be
omitted and we will say simply “variety”. The
direct product of S and 7', written S x 7' is a semi-
group whose elements are of the form (s, ¢) for
s € Sand ¢t € T. Multiplication is pointwise, so
<81, t1><82, t2> = <8182, t1t2> If both S and T are
monoids, then so too is S x T'. A semigroup (7', -)
is a subsemigroup of a semigroup (.5, -) with the
same operation iff 7" C S and T is closed under
the semigroup operation. Finally, a semigroup T’
divides a semigroup S if there is some equivalence
relation ~ such that for some subsemigroup U of
Sitholdsthat T = U/ ~.

Eilenberg’s theorem (1976, Theorems 3.2-3.4)
states that there is a 1-1 correspondence between
varieties of monoids and *-varieties of languages,
and that there is a 1-1 correspondence between va-
rieties of semigroups and ---varieties of languages.
Reiterman’s theorem (1982, Theorem 3.1) states
that varieties of semigroups and monoids can be
characterized by systems of universally-satisfied
equations over profinite words v = v. This means
that, given the syntactic semigroup or monoid of a
language, one can determine whether it belongs to a
given variety by merely checking that the equations
are satisfied for all (finitely many) instantiations of
its variables. If a system includes & variables, then
this method decides membership in time O(n*)
where 7 is the number of elements in the structure.

The variables in the equations can usually be

treated as words, but in reality they represent a
completion of this space. This work will not dis-
cuss topology in depth, but we must introduce one
small notion: each element in the equations is the
limit of a Cauchy sequence of words. A sequence
is Cauchy if for any given positive distance, all but
finitely many elements of the sequence are within
that distance from one another. Following Almeida
(1995), we consider the distance between two dis-
tinct words to be 27"(W1:w2) where 7 (w1, ws) is
the number of elements in the smallest monoid that
separates w; and ws, and the distance between
a word and itself to be zero. This means that
words that are only distinct in large monoids are
“closer” than words that can be distinguished by
small monoids. In the context of regular languages,
whose syntactic monoids M are finite, this further
means that Cauchy sequences of words map to se-
quences of Myhill classes (semigroup elements)
that are eventually constant, as words with distance
below 2~ 1M cannot be distinguished by M.

The simplest Cauchy sequence of words is z rep-
resenting the limit of the constant sequence a,, = ,
where all words are at distance 0 from each other.
The sequence a,, = 2™ is also Cauchy;1 its limit is
often denoted by xz%. In any finite semigroup, =% is
the unique element that is both a positive power of
x and idempotent (it squares to itself). Oftentimes,
the notion of “for all sufficiently long words” is
useful; in these instances one turns to elements of
the form z*.

For example, per Almeida (1989), the piece-
wise testable languages are all and only those
whose syntactic monoids universally satisfy the
equation (zy)¥z = (zy)* = y(zy)¥ (or, alter-
natively both z¥x = z* and (zy)* = (yx)*).
And the locally testable languages are all and only
those whose syntactic semigroups universally sat-
isfy both z%yx“z2¥ = z%zzx%yx* and x¥yz* =
r¥yx“yx® (Straubing, 1985). The variety induced
by a set of equations is denoted by the equations
separated by semicolon (;) within double-brackets
[...]. Thatis, we say that the variety corresponding
to piecewise testable is

J = [(zy)” = (yx)*; 2% = 2] ()

"Note that a,, = =™ is not Cauchy, as any infinite subse-
quence will contain words whose length modulo 2|z| is 0 and
words whose length modulo 2|xz| is |z|, with a distance of at
least 272171,
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and the variety corresponding to locally testable is

J1 D = [2¥ya® za¥ = a¥za%ya”;

r¥yr® = x¥yxyx?]

See Straubing (1985) for more information on va-
rieties of the form V x D; this * is a product of
varieties, the details of which exceed the scope of
the present work. The “(*)” and “(+)” subscripts
are not standard notation but are used here to dis-
tinguish between monoid varieties and semigroup
varieties.

However, none of these results can immediately
apply in our situation. A language L and its com-
plement L share the same syntactic semigroup (or
monoid), which means that if S(L) € V it must
hold that S(L) € V. But the language classes con-
sidered in this work are not closed under comple-
mentation, so no variety can possibly characterize
them. In later sections, we discuss how imposing
additional structure allows us to capture classes that
do not have all of the closure properties required to
be a variety.

4 Strictly Piecewise Languages

In order to reason about long-distance dependen-
cies that arise in the study of natural language
constraints, Rogers et al. (2010) examined the
languages piecewise testable in the strict sense,
also called strictly piecewise. Per Heinz (2007,
2010a), these languages capture aspects of long-
distance harmony patterns that are attested in nat-
ural language, such as the sibilant harmony of
Tsuut’ina. The following examples taken from
Cook (1978) and Li (1930) demonstrate that, in
Tsuut’ina, a [+anterior] sibilant like [s] cannot pre-
cede [—anterior] sibilants like [[] at any distance,
although the reverse is not true.

1. /si-tfvgn/  [itfpgd  ‘my flank’
[si-tsdya/  sitsdyd  ‘my hair’
/gi-si-t?[ast/ gifit?[ast ‘they are piled up’

The strictly piecewise languages are defined in
terms of a grammar. Let X be a fixed finite alphabet.
A (negative) precedence grammar ( is a finite set
of finite words over . A word £ = x1x9...x, 18
a subsequence of another word w, written x C w,
if and only if w = wpx1u;y . . . TpUy for strings u,;.
The language of the grammar G is the set of words
w € ¥*suchthat z C w = x ¢ G. A language
is piecewise testable in the strict sense (strictly

piecewise) if and only if it is the language of a
precedence grammar. If the longest word in the
precedence grammar is at most length k, we say
that its language is piecewise k-testable in the strict
sense, or alternatively, strictly k-piecewise. Rogers
et al. (2010) provide several other characterizations
of the class, but the most useful to us here is that
the strictly piecewise languages are all and only
those that are closed under taking of subsequences.

4.1 Known Decision Procedures

Several algorithms have been proposed to deter-
mine whether a given regular language is strictly
piecewise, and, perhaps, to obtain its grammar if it
is.

Rogers et al. (2010) provide a simple grammar-
based decision procedure. The input is presented
in the form of a deterministic finite-state automa-
ton in canonical form. First, they show that if a
language is properly strictly k-piecewise, then it
must contain at least k states. Then, by enumer-
ating all possible grammars whose longest word
is at most length k, each can be converted to a
finite-state automaton and compared against the
original language. If one is equal, then that gram-
mar witnesses the fact that the language is strictly
piecewise. Otherwise, the language is not strictly
piecewise. This algorithm runs in time O(|%|/?l),
where X is the alphabet and @ is the set of states
in the input automaton.

Rogers and Lambert (2019a) construct the small-
est strictly piecewise superset of the given language
by allowing edges in the automaton to be skipped,
and test whether the resulting language is equal to
the original. This too runs in exponential time, as
the construction invokes nondeterminism and the
result must be determinized before comparison.

Fu et al. (2011) use some tools from algebra and
state that a language is strictly piecewise if and
only if it is “wholly nonzero” and “right annihilat-
ing”. A zero in a semigroup is an element 0 such
that Oz = 0 = 20 for all x. Let L be a language
and let n : ¥* — M(L) be the syntactic mor-
phism mapping w +— [w]|r. Fu et al. (2011, Defini-
tion 5) define that a language is “wholly nonzero”
if and only if 7(L) = 0. However, the syntac-
tic monoid for the strictly piecewise language >*
has n(L) = 0 while (L) does not exist.”> Per-

Fu et al. (2011, Corollary 2) also claim that strictly local
languages are wholly nonzero. We describe strictly local
languages in a later section, but at this point it is important to
note that the language of words that begin with “a” is strictly
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haps a better phrasing would be that L is wholly
nonzero if and only if w € L = n(w) = 0. Fu
et al. (2011, Definition 7) define that a language
is “right annihilating” if and only if its monoid sat-
isfies za = 0 = xya = 0. Modulo the trivial
languages >.* and &, this provides a mechanism
by which one can decide in O(n?) time whether a
given monoid represents a strictly piecewise lan-
guage, assuming that the elements are marked for
whether they contain accepted words or rejected
words.

In the following sections, we present a different
algebraic characterization that admits a linear-time
decision procedure and more closely resembles
how varieties of languages are defined.

4.2 Closure Properties

In this section we explore the closure properties of
the class of strictly piecewise languages and see
where they fail to be a variety. From there, we
present a piece of additional structure that allows
algebraic techniques to make the distinctions nec-
essary in order to characterize the class. Finally,
we present a characterization that admits a deci-
sion procedure that operates in linear time when
given the appropriate kind of input. Recall that to
be a variety, a class C must be such that each 3C
is a Boolean algebra closed under left- and right-
quotients, and the class must be closed under taking
inverse-images of homomorphisms.

First, the strictly piecewise languages over X
are not a Boolean algebra. They are not closed
under complementation. If 3J is nonempty, the lan-
guage containing only the empty string L = {\}
is strictly piecewise, but its complement is not,
as A ¢ L despite the fact that \ T w for all w.
They are, however, closed under both union and
intersection. Consider the union. Let L; and Lo
be strictly piecewise languages and consider their
union L1 U Ly. Letw € L1 U Ly and let x T w.
Then either w € L1 or w € Lo. In the case that
w € Lj, because L is strictly piecewise, it fol-
lows that x € L; and therefore x € Li U Lo.
Alternatively, w € Ly and, because Lo is strictly
piecewise, it follows that x € Lo and therefore
x € Ly U Lo. In either case, the union is closed
under subsequence and is therefore strictly piece-
wise. Next consider the intersection L1 N Lo. Let
w € L1 NLyandlet x C w. Then w € L7 and
w € Lo, and as each is strictly piecewise, it follows

local but is decidedly nor wholly nonzero whenever {a} C 3,
as its syntactic monoid does not even have a zero.

thatz € L1 and x € Lo, sox € L1 N Lo. The in-
tersection is closed under subsequence and is there-
fore strictly piecewise. As they are closed under
both union and intersection, the strictly piecewise
languages over X are a positive Boolean algebra.’

The strictly piecewise languages over X are
closed under left- and right-quotients in the sense
of Brzozowski (1964). The left quotient of a lan-
guage L over X by a symbol a € X is

a'L={we¥*:awel}
and the right quotient is
La~'={w e " :wa € L}.

Leta € %, let w be in a~ 'Ly, and let z C w.
Then aw € L7 and because z C w, and therefore
ax C aw, it follows that ax € Ly and x € a1 L.
Similarly, if w € Lia~! then x € Lia~'. Both
quotients are closed under subsequence and thus
strictly piecewise.

Finally, the strictly piecewise languages are
closed under inverse images of homomorphisms.
Let ¢: I'* — 3* be a homomorphism, a function
where p(xy) = p(x)e(y). Also let L C I'* be the
language

L= (L) = {w: p(w) € L}.

Let w € L and let + C w. This means that
r =2x1...T, for some n and there exist ug . .. u,
such that w = wugriuy...Tpu,. We have that
w € o Y(L1) and so it follows that p(w) =
o(up)p(z1)e(ur) ... o(xn)e(uy,) is in L. As
L is closed under subsequence, the subsequence
o(z1)e(z2) ... p(xn) = w(z) of p(w) is also in
L1, s0o x € o '(L1). The inverse image of ¢ is
closed under subsequence and therefore it is strictly
piecewise.

Definition 1 (Pin, 1997). A positive x-variety of
languages is a class that is closed under taking
inverse images of homomorphisms and assigns to
each alphabet X a set of languages that is a positive
Boolean algebra closed under the left- and right-
quotient operations.

Lemma 1. The strictly piecewise languages form
a positive x-variety.

3The term “positive Boolean algebra” is common in French
treatments of formal language theory. Another name for a
Boolean algebra without complementation (a structure that is
isomorphic to a class of sets that is closed under finitary union
and intersection) is a “distributive lattice”.
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4.3 Ordered Semigroups and Monoids

A preorder is a relation < that is both reflexive
and transitive. Let S be a semigroup. An ordered
semigroup is a semigroup equipped with a stable
preorder. Every semigroup may be treated as an
ordered semigroup under the trivial order where
T < ymeans T = y.

The syntactic order of a language L is the or-
dering defined such that [s] < [¢] if and only if
utv € L = usv € L for all strings u and v in
¥* (Pin, 1997).* This is a stable preorder. The
syntactic ordered semigroup of L is its syntactic
semigroup endowed with the syntactic order.

Varieties of ordered semigroups and monoids
are defined analogously to their unordered coun-
terparts. Pin (1995, Theorems 5.7 and 5.8) citing
to Bloom (1976) extends Eilenberg’s theorem to
provide a 1-1 correspondence between varieties of
ordered monoids (ordered semigroups) and positive
x-varieties (resp. positive -+-varieties) of languages.
Pin and Weil (1996, Theorem 3.3) extend Reiter-
man’s theorem to show that varieties of ordered
monoids or semigroups are characterized by uni-
versally satisfied sets of inequalities. In either case,
a structure belongs to the variety if and only if
the equations or inequalities are satisfied for every
instantiation of the variables involved.

As we have shown that the strictly piecewise
languages are a positive x-variety of languages,
this means that there is a corresponding variety of
ordered monoids.

Theorem 1. Let L be a language. The following
are equivalent.

o L is strictly piecewise

* M(L) is a finite ordered monoid in the variety
[t <=l

Proof. First, we show that the syntactic ordered
monoid of any strictly piecewise language is finite
and satisfies the inequality 1 < « for all x. Finite-
ness is trivial, as strictly piecewise languages are
regular and the defining characteristic of a regular
language is that it has a finite syntactic monoid (Ra-
bin and Scott, 1959). Let L be a strictly piecewise

“Pin (2017) states that this definition was “regrettable” and
that the inverse order should be used instead. However, the
choice of orientation does not affect the results, and using <
in this sense connects more strongly to the additional structure
imposed in the next section for strictly local languages. All
this means is that one must be careful to consult the definitions
used in any given work and to swap the roles of < and > where
appropriate.

language over > whose syntactic ordered monoid
is M (L). Further, let uxv € L for strings « and v
in X*. Then, as uv C uxzv we have that uv € L as
well. By the definition of the syntactic order, we
have that 1 < z.

Next, we show that any language whose syn-
tactic ordered monoid is finite and satisfies the in-
equality 1 < x for all x must be strictly piecewise.
Let L be a language whose syntactic monoid M (L)
is finite and universally satisfies the inequality and
let n : ¥* — M(L) be the syntactic morphism.
Letx = x1...2, and w = wox1Uq ... ZTpU, be
strings such that x C w. Because < is stable we
have the following.

n(x) =n(z)n(x2) ... n(xn)
< n(uo)n(z)n(ur) . .. n(zn)n(un)
=n(w)

By the definition of the syntactic order, then, we
have that whenever uwv € L it is also the case
that uzv € L. By instantiating u = v = \ we
have w € L — x € L. Thus, L is closed under
subsequence and is strictly piecewise. O

Recall that two strings x and y map to the same
equivalence class if and only if in all contexts u—uw
it holds that both uzv € L and uyv € L, or neither
is. This means that L and its complement, L, share
the same syntactic monoid. However, their syntac-
tic ordered monoids are duals: whenever [z]| < [y]
in M (L), we have that for all  and v it holds that
uyv € L — uxv € L. By contrapositive, we have
uzv € L — uyv € L, so [y] < [x]in M(L).
Corollary. A language L is the complement of a
strictly piecewise language if and only if its ordered

syntactic monoid is in the variety [z < 1] ().

Corollary. If a language and its complement are
both strictly piecewise, then for all x, it holds that
1 <ax <1, ie x=1. The only such languages
are the empty set and its complement.

As a result of this characterization, there is an al-
gorithm that decides in linear time whether a given
regular language is strictly piecewise (or the com-
plement of a strictly piecewise language), when
the language is presented as its ordered syntac-
tic monoid, or even as its syntactic order alone.
For each element x, compare x with 1. If for all
comparisons, 1 < z, then the language is strictly
piecewise. If for all comparisons, z < 1, then the
complement of the language is strictly piecewise.

64



This class has been studied before under many
names. The strictly piecewise languages that we
know and love are known by Pin (1997) as “the
complements of languages at the one-half level of
the Straubing—Thérien hierarchy” and the order-
theoretic characterization of this class is presented
in that work. And before that, Haines (1969) also
studied the languages closed under subsequence
(and their complements: those closed under super-
sequence).

It is also worth noting that every variety of lan-
guages is a positive variety of languages, and every
variety of semigroups (monoids) is a variety of
ordered semigroups (resp. monoids) where iden-
tities of the form = = y are replaced by the pair
of inequalities * < y and y < x. Therefore this
structure provides sufficient information to capture
varieties such as the piecewise testable and locally
testable languages as well.

5 Strictly Local Languages

Just as the strictly piecewise languages are a restric-
tion of the piecewise testable languages, the strictly
local languages are a restriction of the locally
testable languages. Introduced by McNaughton
and Papert (1971) the languages locally k-testable
in the strict sense (strictly k-local) are defined
by a grammar G C (X U {x, x})*: a word w is
accepted if and only if every sliding window of
size k of xwx*~1 is in G (Rogers and Pullum,
2011). A language is strictly local if and only if
it is strictly k-local for some k. Per Edlefsen et al.
(2008), approximately 75% of the more than one
hundred distinct patterns governing stress assign-
ment in natural language catalogued by Goedemans
et al. (2015) are strictly local; Rogers and Lambert
(2019a) found that 92.5% of these patterns were
covered by a conjunction of a strictly piecewise
constraint, a strictly local constraint, and a con-
straint whose complement is strictly local. The
class handles restrictions on prefixes, on suffixes,
and on what symbol clusters are permissible.

As reported by Edlefsen et al. (2008) and by
Rogers and Pullum (2011), another characteriza-
tion of the strictly local languages, adapted from
McNaughton (1974), is suffix substitution closure:
L is a strictly k-local language if and only if when-
ever axb € L and cxd € L are strings such that
|z| > k — 1, it also holds that axd € L.

5.1 Known Decision Procedures

The strictly local languages are all and only those
in which all sufficiently long words w are constant
in the canonical finite-state automaton: there exists
a state ¢/ such that for all ¢, w maps into the set
{¢’, 0}, where 0 is the unique rejecting sink state,
if any (De Luca and Restivo, 1980).

This means that, if the sink state is removed,
then there will be no cycles involving states that
correspond to sets of size greater than one in the
automaton that results from applying the power-
set construction used for determinization with an
initial state corresponding to the set of all origi-
nal states. This construction was used by Rogers
and Lambert (2019a) to facilitate both the decision
procedure and to recover the grammar, if one ex-
ists. This procedure runs in exponential time if
presented with the trimmed canonical automaton,
or in linear time if given the powerset graph.

Edlefsen et al. (2008) present a modification
of this algorithm from Caron (2000) that runs in
quadratic time when given the trimmed canonical
automaton: consider only the graph generated by
states that correspond to pairs in the original au-
tomaton. As it is deterministic, no larger sets will
ever be generated.

De Luca and Restivo (1980) use the constancy
property to show that a language that does not con-
tain two-sided ideals >*w3* is strictly local if and
only if for any idempotent x* of its syntactic semi-
group, z%yz* C {z¥ 0}. (If there is no 0, this
becomes z“yx* = x“.) As a two-sided ideal con-
tains every possible length-k substring, the only
strictly local language to contain such ideals is >.*,
so this also results in an effective characterization.
This subset property can be checked in quadratic
time when presented with a syntactic semigroup.

All of these techniques employ information not
contained in the algebraic structure of the language.
In the next section, we demonstrate why even or-
dered semigroups cannot characterize the strictly
local languages, then we present a related structure
that does contain sufficient information to capture
the class in a purely algebraic way. The resulting
characterization strongly resembles the statement
of the suffix substitution closure property.

5.2 Closure Properties

The strictly local languages over a fixed alphabet
3. are not a Boolean algebra nor even a positive
Boolean algebra, as they are not closed under com-
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plementation nor are they closed under union. To
witness lack of closure under complementation,
consider the set Ly = ¥* — X*abX*, the strictly
2-local language in which the ab substring does
not occur. Its complement then, is X*abX*, but
as discussed in the preceding section, the only
strictly local language to contain a two-sided ideal
is X* itself. Every possible substring appears in
L1, so every word must be accepted for this to be
strictly local, but bb is not. The reversal of L; is
Lo = ¥* — ¥*baX*, another strictly 2-local lan-
guage, in which the ba substring does not occur. To
witness lack of closure under union, we consider
L1 U Lo. This is the language in which either there
is no ab or there is no ba; accepted words are all
and only those that do not contain both ab and ba.
This does not satisfy suffix substitution closure, as
a(b*)b € L and b(b*)a € L but a(b*)a ¢ L for all
k> 1.

This means that the strictly local languages can-
not be captured by a variety of (ordered) semi-
groups. A variety of semigroups is insufficient
because a language and its complement share the
same semigroup. A variety of ordered semigroups
is insufficient because, while a language and its
complement can be distinguished, the inequalities
used entail closure under union. Recall that x < y
means that uyv € L = uxv € L for all u,v € ¥*.
Let Ly and L2 be languages universally satisfying
the inequality and let u, v, and y be strings such
that uyv € L1 U Lo. Then either uyv € L; and by
the inequality we have uxv € L1, or uyv € Lo and
by the inequality we have uzv € Ls. In either case,
uzv € L1 U Lo, and the inequality is satisfied.

However, the strictly local languages over 3 are
closed under intersection. Let L and Ly be any
strictly k-local languages over 3, and let axzb and
cxd be words in L; N Ly such that |z| > k — 1.
Then, because each of axb and cxd are in each of
Ly and Lo, it follows by suffix substitution closure
that axd is in both L and Ly. That is, axd €
L1 N Lo and suffix substitution closure holds. The
result is strictly k-local.

The class is also closed under left and right quo-
tients. Let L be a strictly k-local language over X
and let axb and cxd be words in s~!L for some
s € ¥ where |z| > k — 1. Then saxb and scxd are
in L, which by suffix substitution closure means
that sazd € L and axd € s~'L. Suffix substi-
tution closure holds, so s~ 'L is strictly k-local.
Similarly, Ls~! is strictly k-local.

The class is not closed under inverse images of

arbitrary homomorphisms; indeed the tier-based
strictly local languages are defined as the inverse
image of a strictly local language under a particular
kind of erasing homomorphism (Heinz et al., 2011;
Lambert, 2023). But the class is closed under in-
verse images of nonerasing homomorphisms. Let
@: I'" — X7 be a (nonerasing) homomorphism
Also let L be a strictly k-local language over ¥*,
and let azb and cxd be words in ¢! (L) such that
|z| > k — 1. Then p(axb) = ¢(a)p(z)p(b) € L
and p(cxd) = p(c)p(x)p(d) € L, and because
 is nonerasing, |p(x)| > |x| > k — 1. By suf-
fix substitution closure, this means that ¢(axd) =
¢(a)e(z)p(d) € L and therefore axd € ¢~ 1(L).
This demonstrates closure under inverse images of
nonerasing homomorphisms.

Indeed, the strictly local languages satisfy a
stronger condition. The following is adapted from
Poldk (2001). For a set S define S" to be the set
of all nonempty finite subsets of S*, and S to be
the set of all nonempty finite subsets of S*. Let
¢: T® — 3% be a (nonerasing) homomorphism
where the operation is concatenation lifted to sets,
and define for L C ¥* an inverse:

SL) = {w e TT :p({w}) C L}

Let L C 3* be strictly k-local, and let axb and cxd
be words in 1y ~!(L) such that |z| > k— 1. Observe
the following (omitting 1 ({w}) if w = A):

P({axb}) = p({ah)p({z})p({b}) € L
({ead}) = p({c})p({x})p({d}) € L

As every word in ¢({z}) is at least as
long as z, it holds that by suffix substitution
v({a})v({x})({d}) C L and therefore it holds
that azd € 1!~ (L). We have that 1)[~1 is strictly
k-local.
Definition 2 (Poldk, 2001). A conjunctive —+-
variety of languages is a class that is closed under
1/)[_1] for homomorphisms of the form : I'® —
¥ and that assigns to each alphabet ¥ a set of
languages that is closed under intersection and the
left- and right-quotient operations.
Lemma 2. The strictly local languages form a
conjunctive +-variety.

A conjunctive x-variety is defined analogously,
using Y in place of ®.

5.3 Join-Semigroups

The following concepts are adapted from Poldk
(2001) and Klima and Poldk (2019). A join-
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semigroup is a structure (S, -, V) such that (.5, -) is
a semigroup and (.S, V) is a join-semilattice (a com-
mutative semigroup where all elements are idem-
potent) alongside a distributive property: for all z,
y, and z in S it holds that x(y V z) = zy V zz
and (z V y)z = 2z V yz.> A join-monoid is a
join-semigroup where (S, -) is a monoid.

The usual ordering relation for a join-semilattice
induces an order on the structure: r < y means
x V y = y. This is stable under multiplication. Let
x < y and let a be an element. Then x Vy = y and
so a(x V y) = ay. By the distributive property, we
have ax V ay = ay and thus ax < ay. Similarly,
za < ya. The order is clearly also stable under
join,asaV(xVy) =aVyand (xVy)Va =yVa.

The syntactic join-semigroup of a language
L C ¥*, is the join-semigroup (X%, - U)/~p,
where A = B means that for all sets U and
V in XV it holds that UAV C L if and only if
UBYV C L. This is a set-based analogy to the My-
hill relation. As before, X5 and =¥ are defined to
be the set of nonempty finite subsets of X* and X,
respectively. The syntactic join-monoid is defined
analogously. Note that for a regular language, this
structure is finite, as one can consider the elements
n(w) of the syntactic semigroup or monoid rather
than the strings w themselves.

Poldk (2001) extends Eilenberg’s and Reit-
erman’s theorems to provide a 1-1 correspon-
dence between varieties of join-monoids (join-
semigroups) and conjunctive x-varieties (resp. con-
junctive +-varieties) of languages and to provide
a means for characterization by a system of in-
equalities. The inequalities are of the form =z <
y1Vya V---Vy, forn > 1, and can be interpreted
as requiring that whenever it holds for all strings u
and v that uy;v € Lforall 1 < ¢ < n, it also holds
that uzv € L.

As we have shown that the strictly local lan-
guages are an conjunctive 4--variety of languages,
this means that there is a corresponding variety of
join-semigroups. To get there, we first must show
that all sufficiently long words can be written in
terms of an idempotent.

Lemma 3. Let S be a finite semigroup and let
be a sequence of elements of S of length k > |S|.

Poldk (2001) used the term idempotent semiring, with V
being +, but this is an abuse of terminology, as, properly, the
definition of a semiring requires that both operations impose a
monoid structure, with the neutral element of addition being
0 such that Oz = 0 = 20 for all x. However, there appears
to be no standard terminology for two interacting semigroups
rather than two interacting monoids.

Then x = ae“b for some a, band cin S.

Proof. If any individual z; is idempotent, then
x = (z1...wi—1)(x;)(xiy1...x) and we are
done. Otherwise, consider the prefixes z;) =
z1...x;. By the pigeonhole principle, there ex-
ist ¢ < j such that T = T[j) = $m($i+1 e a:j).
Leta = xp; and e = 2441 ... 2;. By iteratively
expanding, we have @ = ae = aee = - -+ = ae”.
Finally, let b = xj41... 2 if j < k else e”. We
then have x = ae“b. O

Theorem 2. Let L be a language. The following
are equivalent.

o L is strictly local

* The syntactic join-semigroup of L is in the
variety [ar®*d < az®b V cx¥d] 4

Proof. First, we show that the syntactic join-
semigroup of any strictly local language is finite
and satisfies the inequality ax*d < az®b V cz“d.
Finiteness is trivial, as strictly local languages are
regular. Let L be a strictly local language over
>.. Then there is some k for which L is strictly k-
local. Further, let uaebv and ucedv belong to L for
strings a, b, e, u, and v where n(e) = n(e)n(e).
That is, n(e)* = n(e). Then ua(e®)bv and
uc(eF)dv are in L, as they are Myhill-equivalent
to uaebv and wucedv, respectively. By suffix-
substitution, it follows that ua(e®)dv € L, that
uaedv € L. This demonstrates satisfaction of the
inequality.

Next, we show that any language whose syn-
tactic join-semigroup, Z, is finite and satisfies the
inequality must be strictly local. Specifically, we
show that it is strictly k-local for k = |Z| + 2. Let
L be a regular language with finite syntactic join-
semigroup Z satisfying the inequality, and let axb
and czd be words in L such that || > k£ — 1. In
the case that n(x) = n(x)“, the inequality directly
guarantees that axd € L. It is not necessarily the
case that all long words are themselves idempotent,
but, by Lemma 3, we can rewrite x as 1exy where
n(e) = n(e)* to find that axjexrad € L. This
means that azd € L, that suffix substitution clo-
sure is satisfied, and hence L is strictly k-local. [

A consequence of this is an effective algorithm
for deciding whether a language is strictly local: for
all instantiations of the five variables a, b, ¢, d and
%, where x% is restricted to idempotents, verify
that az“d < ax*b V ca®d. This is not a particu-
larly efficient algorithm; naively it runs in quintic
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time in the size of the syntactic join-semigroup, as
there are five variables. However, it does provide
a purely algebraic characterization of the strictly
local languages, unifying their analysis with that
of other classes in the piecewise-local subregular
hierarchy.

It also allows for a new proof of the obvious fact
that strictly local languages are locally testable.

Proposition 1. Let L be a language whose syntac-
tic join-semigroup Z belongs to

laz“d < az“bV cx“d] 4,

i.e. let L be strictly local. Then L is locally testable,
i.e. Z belongs to

J1 D = [2¥ya” za¥ = a¥za%ya”;
Yyr® = x¥yxyx] 4.
Proof. Let L be a strictly local language and let
Z be its syntactic join-semigroup. In the follow-
ing analyses, for clarity, we will parenthesize the
shared idempotent that enables substitution of suf-
fixes. Consider the element z*yx* for all x and y.

We have by strict locality and by the idempotence
of both % and V that

And we also have that

?yx? < 2¥y(x?)yz? V ¥y y(z¥)x

w
= ¥y yx®.
As each is less than or equal to the other,
yx? = 2¥yx¥ya”

Next, consider an element of the form x“yz® zz*.
Let e = . We have by strict locality and by the
idempotence of both e = z“ and V that

eyeze < e(e)zeyeze V ez(e)yeze
= ezeyeze
< ezeyez(e)ye V ezeyezey(e)e

= ezeyezeye.
By the preceding argument this final form reduces:
2 (za%y)a® (za“y)z” = a¥za%ya”

So, z¥yz¥zx¥ < x¥zax¥yx? by transitivity. By
a similar argument, the reverse holds as well and
the two are equal. Both equations that characterize
local testability are universally satisfied. O

Without using any external knowledge about
how the classes are defined or how they interact,
we showed purely by symbolic manipulation that
every language locally testable in the strict sense is
locally testable.

5.4 Positive Varieties as Conjunctive Varieties

Recall that a conjunctive variety is like a positive
variety except that closure under union is not re-
quired but additionally the class must be closed
under inverse images homomorphisms of the form
: A9 — BY (or+p: A¥ — B). It turns out that
every positive variety is a conjunctive variety of the
same type.

Theorem 3. Let V be a positive x-variety (+-
variety). Then V is also a conjunctive x-variety
(resp. +-variety). Moreover, the characteristic in-
equalities are identical.

Proof. Let V be a positive variety and let ¢ be a
homomorphism from A5 or A® to BY or B®, as
appropriate. Also let L C BYV. For all words w €
A*, the output ¢ ({w}) is completely characterized
by the output ¢)({a}) for a € A. Because B"
and B contain only finite sets, it is the case that
¥({a}) is finite for all a € A. Construct A by
creating a symbol a; for each a € A and each
L<i<[y({a})l.

As there are finitely many elements of A and
each maps to finitely many objects, there are
finitely many functions f that map each pair (a, 7)
(witha € Aand 1 < i < |({a})]) to an ele-
ment of ¢)({a}). Let F be the collection of these
functions. Construct 1Zf: A* — B* such that
sz(ai) = f(a,i). AsV is a positive variety, we
have that each @;1(L) € AV. The intersection

of this family, X = (V;cp ¥ '(L), is also in AV,
as positive varieties are closed under finitary inter-
sections. The intersection accounts for the restric-
tion that ¢({w}) C L, rather than capturing only
nondisjointness.

Moreover, as every permutation of the indices is
handled by some f € F, it is the case that a; ~x
a; for all appropriate 7 and j. Let # be the stable
subrelation of the Myhill relation where a; # a;
for all 7 and j but no other elements are related.
Let .S be the syntactic ordered semigroup (ordered
monoid) of X; then S/# is a quotient of S and
therefore the corresponding language is in AV.

Finally, that the characteristic inequalities are
identical is from the definition. An inequality for

68



an ordered variety of the form = < y means that
uyv € L = wuxv € L, which is exactly what
x < y means under the semilattice ordering. [

Corollary. The strictly piecewise languages are
the conjunctive *- variety that corresponds to the
variety of join-monoids J— = [[1 < :v]]

It is for this reason that we chose to use the
syntactic order as presented by Pin (1997) rather
than the inverse order as used by Pin (2017).

This means that the syntactic join-monoid or
join-semigroup provides sufficient information to
capture varieties such as the piecewise testable and
locally testable languages as well as positive vari-
eties such as the strictly piecewise languages.

6 Constructing Join-Semigroups

For completeness, this section briefly describes
the construction of the syntactic join-semigroup
or join-monoid detailed by Poldk (2001). Let L
be a language over X recognized by a determin-
istic finite-state automaton .4 in canonical form,
whose state set is () and whose transition function
isd: X — @ — Q. Define L(q) to be the language
of the state ¢, the set of permissible continuations
from that state. Fix for each equivalence class [w]
in X7 (X*) under ~, a shortest representative w
such that n(w) = [w] and let W be this set of rep-
resentatives. Construct a modified automaton with
state set

Q={Ntw@:scqf

qeS

and transition function
S PW)—{2}>Q—Q
where 3({a})(Nyes £(@) = Nyes £(8(a)(q))

for § C @. This transition function is implicitly
extended to (singleton sets of) finite words in the
typical way, and is then extended again to arbitrary
sets by 6*(T)(q) = Nwer 0({w})(q). The syntac-
tic join-semigroup (join-monoid) of the language is
the transition semigroup of this automaton (Polék,
2001), i.e the structure
{o5(T): T € PW) —{2}}, -, +)

where - is 5*(T1)5*(T2) = 5*(T2) o (5*(T1) and

+ 18 5*(T1) + (5*(T2) = 5*(T1 U TQ). Whether it
is the join-semigroup or join-monoid depends on
whether [\] is included in W.

e
I N

Figure 1: A strictly local language L, states extended.

6.1 Example Computation

Consider for example the strictly 2-local language
L over ¥ = {a,b,c} consisting of all and only
those words which begin with ‘a’, end with ‘¢’

and do not contain “ca’” as a substring. Its canon-
ical finite-state automaton is shown in Figure 1
restricted to states {0, 1,2, 3}. State 1 corresponds
to the language itself. In state 2, the initial a has
been accounted for, so its language is simply the
set of continuations which end with ‘¢’ and do not
contain “ca” as a substring. In state 3, the initial
a’ has been accounted for and a ‘c’ has just been
read: its language is the set of continuations which
end with neither ‘a’ nor ‘b’ and do not contain “ca’
as a substring (much like state 2, modulo \), with
the added restriction that the continuation not start
with ‘a’, as, if it does, this creates a “ca” substring
in the broader word. Finally state O is the rejecting
sink.

’

The only nonempty subset of states whose lan-
guages intersect to yield a language not already
accounted for is {2, 3}, whose intersection is the
language of state 3 minus the empty string. The
state 2 represents this state in (. The empty inter-
section is 2* and is unaffected by transformations
and therefore omitted.

By calculating the transition semigroup in the
usual way, one finds that there are five elements in
the syntactic semigroup of L, with representatives
“a”, “b”, “c”, “ac”, and “ca”. These five words
represent every possible function over the original
state set {0, 1,2, 3} that arise from any word in X+,
These elements multiply as shown in Table 1.

For each state ¢ in @ and for each nonempty
subset of semigroup elements, follow the paths
labeled by each semigroup element in the subset,
and construct the intersection of the resulting states.
For example, {a,c} acts on state 2 by having ‘a’
go to state 2 while ‘c’ goes to state 3; to simulate
having done both of these at once, the resulting
state is {2,3} (represented in Figure 1 as ). In
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Table 1: Multiplication of semigroup elements of L,
idempotents highlighted.

a b c ac ca

al a a ac ac ca
b b c ca

ca b ca ca

ac | ca a ac ca ca
ca | ca ca ca ca @ ca

{ca}

|
{a,c}

/ NN
tab}] [(e}] a0} {e.ac)
| |
o] [ ] e

Figure 2: The join-semilattice structure that orders L.
Multiplicative idempotents boxed.

the end, there are ten distinct actions arising from
nonempty sets of semigroup elements, arranged
into the semilattice shown in Figure 2. The join
operation z V y finds the least upper bound of x
and y; e.g. {ac} vV {b} = {a,c}.

Finally, one can verify that for any for sets A, B,
C, and D and for any idempotent set X*, it holds
that

AXYDVAXYBVCXYD = AX“BVCX¥“D.

For instance, consider A = {ac}, B = {c}, C =
D = {b}, and X* = {b, c}:

AXYB = {ac}{b,c}{c} = {acbe, accc} = {ac}
OX“D = {b}{b, c}{b} = {bbb, beb} = {b}
AXYD = {ac}{b, c}{b} = {acbb, accb} = {a}

We verify that {ac} V {b} = {a, ¢} and that {a} V
({ac} v {b}) = {a} V {a,c} = {a,c}. In other
words, AX“D < AXYB V CX¥D as desired.
The same holds when considering any other valid
instantiation of the variables, so the language is
strictly local.

7 Conclusions and Prospects

We presented augmentations of the syntactic semi-
group (monoid) structure to accommodate the addi-
tional information that is needed in order to capture

two fundamental classes in the subregular hierar-
chy that are not closed under the Boolean opera-
tions. The syntactic join-semigroup (join-monoid)
has enough information to capture conjunctive vari-
eties of languages, which may not be closed under
union or complementation. As computational lin-
guistics research emphasizes intersection-closed
classes without regard to whether they are also
closed under the other Boolean operations, these
techniques may prove more valuable in this space.
Specifically, we provided purely algebraic charac-
terizations for the strictly piecewise languages:

[T < 2]
and the strictly local languages:
laz“d < az“bV ca“d] 4.

Recall that inequalities in the join-semigroup or
join-monoid structure are notational shorthand for
equalities, so one could also say that the strictly
piecewise languages are characterized by

[[1 V= J}]] (%)
and the strictly local languages by
laz“d V ax®bV cx¥d = ax”bV cx®d] ;).

The latter perspective is preferred from the perspec-
tive of universal algebra, but the former offers a
simpler statement of the characterizations.

Following Lambert (2023), the characterization
of the strictly local languages extends to a charac-
terization for tier-based strictly local languages of
Heinz et al. (2011), by omitting [\] where possible
in the construction of the syntactic join-semigroup,
even when that class contains some neutral letters.

This also paves the way toward characterization
and analysis of several other classes introduced in
the computational linguistics literature. Using the
techniques introduced herein alongside those of
Lambert (in press), one might capture the multiple-
tier-based strictly local languages of De Santo and
Graf (2019). Join-semigroups may also help to cap-
ture the interval-based strictly piecewise languages
of Graf (2017) or the melody-local languages of Jar-
dine (2020). The decision procedures derived from
the algebraic characterization could then be used
to efficiently catalogue attested language patterns.
For now, we leave open the question of whether
these classes are conjunctive varieties, and, if so,
what their characterizing inequalities are.
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Known classes that are too restrictive can be ex-
tended to a more general class by removing one or
more equations, perhaps after inserting redundant
ones. For instance, piecewise testable languages
satisfy both (zy)“z = (xy)¥ and y(zy)* =
(zy)“, while the broader class of R-trivial lan-
guages (see Brzozowski and Fich, 1984) requires
only the former. One can also extend a class, e.g.
J—, by forming a product variety, e.g. J~ * D,
which characterizes the “strictly piecewise-local”
languages of Rogers and Lambert (2019b), also
known as “generalized subsequence languages”
(Heinz, 2010b) or “languages of dot-depth at most
one-half”. The resulting structures can instantiate
learning algorithms using ideas from Garcia and
Ruiz (2006) and Heinz et al. (2012).

Another area of future work concerns the ex-
tension of these techniques to transducers. Lam-
bert and Heinz (2023, 2024) explored the algebraic
structure of phonological maps and some of the
classes used to classify them. For each subregu-
lar x-variety (+-variety), one can say that a finite-
state transducer belongs to an analogous class of
functions if and only if its syntactic monoid (resp.
semigroup) belongs to the corresponding variety
of algebraic structures. Lambert and Heinz (2023)
demonstrated that the “input strictly local” func-
tions of Chandlee et al. (2014) have definite struc-
ture, a proper subclass of strictly local. Understand-
ing how to derive a join-semigroup structure from
a transducer will allow us to understand the class of
functions that has the richer structure of the strictly
local languages. It will also show whether the func-
tion class that Burness and McMullin (2020) refer
to as strictly piecewise captures all and only those
processes that are structurally strictly piecewise, or
if there is another related class that does so.
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Abstract

We provide a novel mathematical implementa-
tion of tree-adjoining grammars using two com-
binatorial definitions of graphs. With this lens,
we demonstrate that the adjoining operation
defines a pre-Lie operation and subsequently
forms a Lie algebra. We demonstrate the utility
of this perspective by showing how one of our
mathematical formulations of TAG captures
properties of the TAG system without needing
to posit them as additional components of the
system, such as null-adjoining constraints and
feature TAG.

1 Introduction

Formal languages have long been one of the most
prominent tools used by mathematical linguistics
in attempts to develop formal systems generating
natural language (Harrison, 1978; Sipser, 1996;
Hopcroft et al., 2001). Different grammars enable
descriptions of different phenomena in natural lan-
guage to varying degrees. While the goal is often
conceptualized as generating a given language as
string of words, the inherent hierarchical nature of
language leads to another aim: to generate a lan-
guage via the appropriate tree structures modeling
those hierarchical relationships within natural lan-
guage. Tree-Adjoining Grammars (TAGs) (Joshi
et al., 1975; Joshi, 1987; Joshi and Schabes, 1997;
Kroch and Joshi, 1985) are one approach to such a
goal. Structure building via Merge in Minimalism
is another approach.

At the same time, mathematicians have worked
to reframe various linguistic structures and formu-
lations as mathematical systems. With respect
to formal languages, and in particular tree lan-
guages, Giraudo (2019) demonstrates that the al-
gebraic structures known as colored operads can
successfully define various string languages (such
as context-free languages) and tree languages (in-
cluding those generated by tree grammars, regular

tree grammars, and synchronous grammars). Most
recently, Marcolli et al. (2025a) have algebraically
formalized Merge in the framework of the Strong
Minimalist Thesis, modeling syntactic derivations
in Hopf-algebraic terms. Also relevant to the Lie
algebra formalism considered here, Marcolli and
Port (2015) use different combinatorial definitions
of graphs to show specific context-free and context-
sensitive graph grammars have associated Lie alge-
bras.

With respect to linguistic structure, operations to
build larger trees from smaller trees are fundamen-
tal in capturing the compositional nature of syntax.
In Minimalism, two trees are combined together
by Merge by creating a new node and two edges,
each of which joins to the two respective roots of
the other trees. A complimentary perspective to
this external composition, where the combining
operation does not affect the internal structure of
either of the two independent components, would
be internal composition, where one tree is inserted
into another. This operation is exactly the way that
TAG operates, and pre-Lie operations’ ability to
capture this underpins the relevance of Lie algebras
to syntactic structure-building. Moreover, there are
two complimentary types of insertion of one tree
into another, i.e. at a node (as in TAGS) or at an
edge.! This paper explores the pre-Lie operation
derived from node-insertion.

One mathematical motivation for studying Lie
algebras is their close and richly-studied relation-
ship with Hopf algebras. Every Lie algebra has a
Hopf algebra associated to it through its universal
enveloping algebra; conversely, the Milnor-Moore
theorem provides conditions for a Hopf algebra to
occur as the universal enveloping algebra of some
Lie algebra. Pre-Lie algebras are also closely tied

'Edge-insertion provides another example of a pre-Lie
operation which can be compared and contrasted to the TAG
pre-Lie operation. Due to issues of space, we are unable to
expand upon this in this work.
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to rooted trees in that the free pre-Lie algebra gener-
ated by a single element is isomorphic to the vector
space of nonplanar rooted trees equipped with an
insertion pre-Lie operator, which also has an inher-
ent operadic description (Chapoton and Livernet,
2001). In fact, the Connes-Kreimer Hopf algebra of
rooted trees is dual to the universal enveloping alge-
bra of the Lie algebra from a free pre-Lie operator
(Connes and Kreimer, 1998).

In this work, we explore the formal properties of
tree-adjoining through the mathematical lens of Lie
algebras. Although we initially define adjunction
on trees in a more general setting, we can constrain
our analysis to a particular TAG by restricting the
set of generators to the initial and auxiliary trees
which occur in that TAG. By recasting TAGs as
an algebraic system, we demonstrate that the most
appropriate mathematical representation of TAG
that yields a Lie algebra requires TAG to be de-
fined using the combinatorial definition of graphs
in terms of corollas and half-edges (typically used
in theoretical physics but not in computer science
or formal language theory, so we refer to it as the
“physics definition”). By allowing a single edge
to be described as comprising of two half-edges,
this provides a more elegant description of the ele-
mentary and auxiliary trees and their compositions.
With this physics definition of trees, components of
the TAG system such as null-adjoining constraints
and specification of insertion positions naturally
follow and do not need to be postulated ad-hoc (as
they do with standard formulations of TAG). Not
only this, but elaborations of TAG such as feature-
TAG are easily implementable.

From the algebraic side, we show that various
alternatives to the physics definition (undirected bi-
nary tree graphs and an elaboration on these, which
we coin double vertex trees) cause problems with
the Lie algebra structure (in particular, the pre-Lie
operation) and also converge to the physics defini-
tion as the most natural algebraic description. We
also show that colored operads can model TAG
insertion via the composition of two insertion oper-
ations at the leaf.

A formulation of TAGs in terms of Lie alge-
bra and operad insertions was suggested in Sec-
tion 2.5.1 of Marcolli et al. (2025a), for the purpose
of comparison with Merge, and is implemented
here. While in formal languages generative mod-
els are usually compared in terms of their weak
and strong generative capacity, a more refined com-
parison is possible, in the sense of being able to

more explicitly define and compare the underlying
algebraic structures.

2 Background

In this section, we introduce the linguistic and
mathematical concepts and tools necessary for the
paper. We begin with TAGs, before defining graphs
and Lie algebras.

2.1 Tree-Adjoining Grammars

We follow the presentation of tree-adjoining gram-
mars as given in Joshi and Schabes (1997). We
define the grammar below, before defining the two
types of operations that allow building of larger
trees out of insertion/composition of smaller trees.

Definition 2.1. A tree-adjoining grammar (TAG)
is a 5-tuple (X, N,I, A, S), where ¥ and N are
finite sets of terminal and nonterminal symbols, re-
spectively (X NN = ()); S € N is a distinguished
nonterminal symbol known as the start symbol;
and A are finite sets of (finite) trees called initial
and auxiliary trees, respectively, whose interior
nodes are labeled by nonterminal symbols, leaves
of initial trees are labeled by either terminal or non-
terminal symbols and those labeled by nonterminal
symbols are marked for substitution. The auxil-
iary trees’ leaves are all marked for substitution
except one, denoted by an asterisk and required to
be labeled with the same label as the root.

Lexicalized TAG requires at least one terminal
symbol to appear at a leaf of every initial or auxil-
iary tree. Elementary trees are those contained in
1 U A, and derived trees are those built by compo-
sition of two or more trees. The two composition
operations are defined as follows:

Definition 2.2. The adjoining operation builds a
new tree from an auxiliary tree S and an initial,
auxiliary or derived tree T. This is done by insert-
ing S into T at a node o when the root of S and a
leaf of S are both labeled with . In other words,
the node labeled o in T is replaced by the tree S.
We denote this operation, somewhat nontradition-
ally, as
T < S,

in order to introduce the insertion operation which
is relevant for the Lie algebra.
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Example 2.3. Let S and T be the following trees:*

T: S:
S
/A\ VP
NP VP A
A \% Vv P*
v  np  has
watched

Then inserting S into T' at the VP node of T yields

T <yp S= %

watched

The second operation available in TAGs, substi-
tution, was not included in the original definition of
TAGs and in fact does not provide any additional
expressive power. As such, our Lie-algebraic for-
malization of TAGs explicitly implementing only
the adjoining operation (as the pre-Lie operation)
is sufficient to express the entirety of the TAG for-
malism.

Typically, the arity of TAG trees is unary-
binary—that is, nodes can have 0, 1 or 2 children.
One can restrict to (full) binary trees (all non-leaves
have two children and leaves have zero children)
to simplify the set of objects or for comparison to
other analyses (Lie-algebras of binary trees and lin-
guistic analyses which consider Merge to be binary,
such as Marcolli et al., 2025a).

TAG trees have labeled insertion spots at inte-
rior nodes. In our formulation, one can either have
uniform insertions at every interior node, or la-
beled insertion: both cases are realized as a sum
over all possible insertions. Similarly, we allow
re-attaching of the remainder (part beneath the in-
sertion spot) of the tree being inserted into to be
reattached at any leaf, and denote this as a sum

?Adapted from Joshi and Schabes (1997).

over all leaves. We discuss variations of this la-
beling later in the paper when we demonstrate the
ability of the physics graph formulation of TAG to
seamlessly incorporate null-adjoining constraints
and feature-TAG.

2.2 Math

We now present the mathematical concepts utilized
in this paper: graphs, Lie algebras, and operads.

2.2.1 Graphs

The usual combinatorial definition of graphs is
in terms of vertices and edges, namely we de-
fine a graph G = (V(G), E(G)), where V(G) =
{v1,v2,...,v,} is a set of n vertices, E(G) =
{e1 = (va, W), ..., em = (vp,vq)} is a set of m
edges. If the edges are undirected, the edge pair
(v4, v;) is unordered, whereas if the edge is directed,
the edge pair is ordered (start, end).

The degree d, of a vertex v is the number of
edges connected to that node. A leaf is a node of
degree 1. Two adjacent vertices are connected by
an edge. A path from some vertex v; to another v;
is the sequence of edges connecting adjacent nodes
between v; and v;. A graph is connected if there is
a path from every node to every other node.

The class of trees is the class of connected
acyclic graphs T = (V, E) defined by the exis-
tence of exactly one path connecting any two dis-
tinct vertices v1,vy € V—that is, they have no
loops. A directed tree is a tree with directed edges.
A rooted tree is a tree for which a specific node has
been designated as the root, and is graphed with
this root at the top or bottom. We refer to the set of
nodes adjacent to, and below, another node v as the
children of v. Any rooted tree can be viewed as a
directed tree, where all edges are either uniformly
directed towards the root, or away from it. A tree
is planar (or, planarly embedded) if for all v, the
children of v have a linear order.

2.2.2 Lie algebras

We follow the definition of Lie and pre-Lie alge-
bras given in Procesi (2007) and Cartier and Patras
(2021). All vector spaces are assumed to be over
the real numbers R, although our exposition will
work for any field of characteristic 0.

A Lie algebra is a vector space V equipped with
a bilinear product [a, b] satisfying the Lie axioms
of antisymmetry,

[a,6] = —[b, a],
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and the Jacobi identity,
[a, [b, c]] + [b, [¢, a]] + [¢, [a, b]] = O.

This product is called the Lie bracket. Due to an-
tisymmetry, the Lie bracket is not commutative
unless it is uniformly zero.

A vector space V is graded if it decomposes
into a direct sum indexed by the non-negative inte-
gers: V = @, , Vs, where each V, is a subspace
of V.and V; N V; = {0} whenever i # j. We
say a graded vector space V' is connected it Vj is
one-dimensional.? If a € V,,, then a is called a ho-
mogeneous (or pure) element of degree n. If each
V,, is finite-dimensional, then V' is locally finite.

A Lie algebra L is graded if the Lie bracket
respects the grading: if a € L,, and b € L,,, then
[a, b] S Ln+m-

Example 2.4. Any associative algebra A has a
Lie bracket defined by |a,b] := ab — ba, which is
called the commutator of a and b. For instance, let
A = M5(R), the space of 2 x 2 matrices. Then

[(66), (36 =(80) = (38) = ("10)-

We can hence say the following about a commu-
tative algebra:

O

Example 2.5. If A is a commutative algebra, then
[a,b] = 0 forall a,b € A and the commutator Lie
bracket is trivial.

More generally, the Lie bracket is the commu-
tator of a binary operation (such as a product or a
pre-Lie operation), meaning it can be considered to
be a measure of the degree to which the operation
is not symmetric.

Let L, M be two Lie algebras. A linear map
¢ : L — M is called a Lie algebra homomorphism
if it commutes with the Lie brackets; that is, for
a,be L,

¢([a,0]L) = [d(a), p(0)]ar-

2.2.3 Pre-Lie algebras

Let V' be a vector space. A bilinear product <:
V xV — Vis called a (right) pre-Lie operator if
it satisfies the (right) Vinberg identity

(a<b)<c—a<(b<c)
=(a<c)<b—a<(c<b),
3This terminology originates from topology, where the

number of generators of the zeroth homology group of a topo-
logical space counts its connected components.

making (V, <) a (right) pre-Lie algebra. The ex-
pression (a <9 b) < c—a < (b < ¢) is referred
to as the associator A(a,b, c) with respect to <;
if < is associative, then A(a,b,c) = 0 uniformly.
The Vinberg identity asserts that the associator is
unchanged when the second and third arguments
are swapped; that is, for all a,b,c € V,

A(a,b,c) = A(a,c,b).

A pre-Lie operator induces a Lie bracket defined
by [a,b] :== a < b — b < a, which automatically
satisfies antisymmetry and the Jacobi identity, mak-
ing A a Lie algebra. We do note that not all Lie
algebras arise from a pre-Lie operator.

2.2.4 Tree-insertion as a free pre-Lie operator

Let V' = span(B) be a vector space, say of
countable dimension, with basis given by B =
{a,b,c,...}. We use span(B) and (B) inter-
changeably to refer to the span. The free asso-
ciative algebra over V has, as its basis, words
over the alphabet B, such as aabc, acccbba or the
empty word &; the product is defined over basis
elements by concatenation of words with no other
relations. This construction is often denoted by
T (V) and called the fensor algebra over V; if V is
d-dimensional, we often call T'(V') the free associa-
tive algebra on d generators (or letters), which is
unique up to isomorphism. Any tensor algebra has
a natural grading over N, where the n-degree com-
ponent of 7'(V') is generated by words of length n.
There is an injective copy of V' embedded in T'(V),
and any extension of V' to an associative algebra is
a quotient of T'(V).

We can similarly define L(V'), the free pre-Lie
algebra over V', with pre-Lie operator < satisfying
the Vinberg identity on the associators and no other
relations. If V' = span(B) is d-dimensional, then
we will refer to L(V') as a free pre-Lie algebra on d
generators (or letters), the elements of B. However,
words over B are no longer sufficient to form a ba-
sis for L(V'), since < is not associative; instead, we
require strings to be parenthesized such that each
pair of parentheses corresponds to one application
of the <1 operator. One interpretation would be as
planar full binary trees with leaves labeled by ele-
ments of B, since such trees with n leaves are in
correspondence with complete parenthesizations of
a string of length n. This basis works for any non-
associative algebra over V' with no further relations,
and it is reminiscent of the Merge operation since
it combines left and right arguments into a single
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tree by grafting them together as the left and right
child, respectively, of a new root node. However,
this basis does not provide us with a convenient
geometric or combinatorial interpretation of the as-
sociator, since they are defined over a difference of
basis elements.

Another interpretation of the free pre-Lie algebra
over V is due to Chapoton and Livernet (2001),
where basis elements are nonplanar rooted trees
(not necessarily binary), with vertices labelled by
basis elements of V. The pre-Lie operator can
now be interpreted geometrically as insertion: if
T and S are two trees, then T' <1 S'is the sum of
all possible trees that result from grafting .S to T’
by joining a node of 7" to the root of .S with a new
edge.

Since a new edge is produced in every nontrivial
insertion, trees are graded by numbers of vertices
and < respects the natural grading. The degree
zero component of L(V) is generated by the empty
tree &; for any tree 7', we have T' <« & = T and
@ < T = @, which extends to the entire vector
space by linearity. In the following example, note
that the trees are non-planar and so we are currently
ignoring linear ordering of the leaves.

Example 2.6. Let

T = ,

S= ().

Then

TS = + o

This model provides a geometric interpretation
for the associator. If T, T, T3 are three trees, then
(T < Ty) < T3 is a sum of all trees obtained by
first inserting 75 into 77, and then inserting 7% into
the resulting tree. The associator consists exactly
of the trees produced by inserting 75 and 73 into
distinct vertices of T7.

Fix a label o € B from the basis. We can define
a restricted insertion operator <1, where grafting
only occurs at nodes in the first argument labelled
«a; this is still a pre-Lie operator. The general pre-
Lie operator allowing insertion at every node is
the sum of the restricted operator over all basis
elements: <= ) p <a.

(@)
+ :
® © ®

The insertion operators here will serve as a
framework for our definition of TAG as a pre-Lie
operator. Tree-adjoining will be viewed as a kind
of “insertion” where, instead of grafting one tree
to a node of the other, the inserted tree becomes
embedded inside another one.

2.2.5 Tree-adjoining as a pre-Lie operator

Let X be a collection of trees. For now, we will
assume the trees in X are binary, planar and unla-
belled. Let 7 = Tyin 1 be the free vector space
with X as its basis. We define <1 on basis elements
T, S € X by adjoining S at every possible position
in T over every leaf of S; then, T' <1 S is the sum
of all trees produced by this process.

Note that we permit adjunction of S into 7" at
leaves of T'. This procedure superficially resembles
the process of substitution, where a leaf is replaced
by a larger tree. However, adjunction at leaves
is different because it implicitly pairs the root of
the inserted tree with one of its leaves, whereas
substitution only considers the root of the inserted
tree. Hence the coefficient of a tree obtained in
such a way in 7" <0 .S will be at least the number of
leaves in S.

In general, a tree having a coefficient larger than
1in T <1 S means it is obtainable from adjunction
in multiple different ways.

If T has n vertices and S has ¢ leaves, then the
sum of the coefficients of T' <1 S will be nf. The
operation < is then extended to the whole vector
space 7 by linearity in both arguments.

Example 2.7. Let

T:% and SZA,

which respectively have 5 nodes and 2 leaves. We
show the result of adjoining S to T. The copy of S
in each term is drawn with white nodes and dashed
edges purely for illustrative purposes; the actual

trees are unlabelled.
o
s T oéy T gg

S

+2
o
+

T<S=

G

O
o foXe)
4[}}\+3 ) <>
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In the first expression for T <1 S, the last three
terms each have a coefficient of 2 because adjunc-
tion occurs at a leaf of T. There is no subtree to
be attached to any leaf of S; however, a leaf of S
still needs to be chosen to ensure consistency in
the associator, so the two copies correspond to the
choices of leaf in S.

We reiterate that each tree has a fixed planar
embedding; indeed, if the trees were nonplanar,
then the first three terms in the last line would
represent the same tree.

The insertion operation above has the following
property:
Theorem 2.8. < is a pre-Lie operator.

See proof on page 13.
Example 2.9. Let

] Q
Tl:Av =6 s 13= go-

Then

4

appears as a term of (T1 < Ty) < T only, since
adjunctions occur at different vertices of T1, while

A

Q
66
[6N6]
appears in both (T} < Ty) < Tz and Th < (Tr <
T3), hence will be cancelled out in the associator.

An immediate question is whether or not tree-
adjoining, in any formulation (planar or non-planar,
labelled or unlabelled), is isomorphic as a pre-Lie
algebra to a free one. This question is relevant to
an algebraic comparison between TAGs and the
insertion Lie algebra dual to the Hopf algebra of
workspaces in Minimalism. Before we can answer
this question, we will need to fix some more condi-
tions on the basis elements of 7 and how exactly
the tree-adjunction operation is defined. Several
different possibilities will be considered in §3 on
the mathematical formulation of TAG, but we will
use the binary planar unlabelled case as our first
example.

We note the behaviour of the single-node tree in
insertions:

Example 2.10. Let T be a binary planar unla-
belled tree, and let e be the tree consisting of a
single node. Then

T <e=|TT
o T =((T)T

where |T| is the number of nodes in T, and {(T) is
the number of leaves. Hence the Lie bracket of T
and e is

[T o] = (IT| = £(T)T-

Theorem 2.11. Ty, ;1 is not isomorphic as a pre-
Lie algebra to L., the free pre-Lie algebra on
one generator.

See proof on page 14.

To prevent overgeneration, we can introduce la-
bels to Ty and modify the adjunction operation
so that adjunction only occurs when an insertion
spot of 1" has the same label as the root of .S, and
moreover that S has at least one leaf with the same
label, to which the subtree of T will be attached.
If S has a unique such leaf, then it represents the
distinguished foot node of an auxiliary tree in TAG.
See 3.1 for an example.

2.2.6 Operads

As mentioned in the introduction, operads have
recently been connected to mathematical linguis-
tics (Giraudo, 2019; Marcolli et al., 2025a). Col-
ored operads have most recently been used in for-
mal language theory to obtain a new proof of the
well-known Chomsky-Schiitzenberger representa-
tion theorem (Mellies and Zeilberger, 2025). Col-
ored operads are also used in Marcolli and Larson
(2025) and Marcolli et al. (2025b) to model theta
roles and phases in Minimalism, as outlined in Mar-
colli et al. (2025a). Indeed, in this work we also
utilize colored operads as operations on the vector
space containing TAG trees that can mimic the TAG
pre-Lie insertion operation as a combination of two
colored-operad compositions. We define the notion
of a colored operad below, before returning to it in
section 3.3.2 to demonstrate how it appropriately
captures the Lie-algebraic TAG system.

We provide here a preliminary introduction to
the theory of colored operads, and we refer the
reader to Giraudo (2019) for a more detailed for-
mulation in a formal languages context.

An operad organizes the compositional structure
of operations that take multiple inputs and produce
a single output. It is a collection ® of sets D(n),
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D = {D(n)} that consist of operations 7" € D(n)
with n inputs and one output. The operad has an
algebraic structure defined by composition opera-
tions

v : D) XD (k1) X...xD(kp) = D(k14...+kp)

These composition operations take the single
output out of an operation in D (k;) and plug it
into the i-th input of an operation in ©(n). This
results in a new operation in ® (k1 +...+k;,) whose
set of inputs is the union of all the inputs of the
operations D (k;), and a single output, which is the
output of the operation in ©(n) they are composed
with. The compositions ~y are associative. Operads
can be unital, symmetric, etc., but we omit these
definitions here as they are not relevant for the
current work.

An algebra A over an operad ® is a set that can
serve as inputs and outputs for the operations in 2,
namely for which there are maps

74 :®(n) x A" - A

compatible with the v compositions of ©.

A colored operad O = {O(c, cy,...,cn)} is an
operad where inputs and outputs are labelled (by a
set of colors ¢, ¢; € () and composition can only
occur when the output color ¢ of one operation
matches the color ¢; of the ¢-th input it feeds to.

In fact, the concept of a pre-Lie operator is in-
herently operadic. Chapoton and Livernet (2001)
explain that pre-Lie algebras naturally arise as al-
gebras over a binary quadratic operad.

In the next section, we mathematically define
TAGs in three different ways, and show that only
the third mathematical formulation of TAG (using
the physics definition of graphs) suffices when we
would like to require the TAG to be a Lie algebra.

3 Mathematical Formulation of TAG

To begin formulating TAG as a mathematical sys-
tem, we use the combinatorial graph definition of
trees as given in section 2.2.1.

3.1 Normal single vertex method

In what follows, we will demonstrate insertion at
a specific (labeled) location in the tree, instead of
giving the sum over all possible insertions. We
label the spot we insert at in 7', as well as the two
locations (root and specified leaf) that the adjoining
occurs at in .S, with a. Note also that usually we
would be summing over all leaves for the lower

part of T' to re-attach to, but again for simplicity
we omit this.

Example 3.1. We formulate the trees from the ini-
tial TAG example (2.3) as graphs. Let

T = . S= o
a A
«

Then
A a

T <, 5=

The problem with this comes when we think
about the grading of the vector space. We are mo-
tivated to introduce a grading to our vector space
because trees are fundamentally combinatorial ob-
jects with a notion of size. Furthermore, provided
that the set of nodes labels is finite, then the vector
space will be locally finite. Ideally we would also
want the degree-0 part of the vector space to be gen-
erated by a single element, such as the empty tree,
so that the vector space is connected, much as in the
case of the free pre-Lie algebra. Indeed, if V' is con-
nected as a graded vector space, then the universal
enveloping algebra of L(V') is a graded connected
Hopf algebra, which carry many desirable prop-
erties. The pre-Lie operator and Lie bracket with
respect to the degree-0 generator should be sim-
ple enough that their outputs can be described in
closed-form, potentially allowing us to determine
whether or not the (pre-)Lie algebra is isomorphic
as (pre-)Lie algebras to another one.

If we grade over vertices, we see that the in-
sertion operation does not preserve gradation: in-
serting an n-noded tree S into an m-noded tree T’
yields an n + m — 1-noded tree, because .S is re-
placing a vertex in 7" and hence one vertex overall
is lost.

A possible repair to this, to preserve the grada-
tion of the vector space, would be to grade over
number of edges rather than number of vertices.
Then inserting an n-edged tree S into an m-edged
tree " yields an n + m-edged tree, which fixes that
problem, but there is now a new issue: there are
two unique trees with zero edges. These are the
empty tree, and the tree comprising of a single node.
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The situation is further complicated when trees are
labeled, since there is now a distinct single-noded
tree for every label. As stated in 2.10, the inser-
tion of any of these single-noded trees will return
T multiplied by a factor of |T|,, the number of
times « occurs in 7', meaning it is not exactly the
identity insertion operation and hence even more
problematic.

Mathematically, we can solve this ambiguity by
equating all single-noded trees with the generator
of the degree-0 component, which is achieved by
quotienting out the ideal generated by elements
1—e,, for all labels «, where e, is the single-noded
tree where the only node is labelled a. However,
this trivializes the Lie bracket with respect to e,
and insertions of the form 7' < e, are no longer
eligible to be used as a way of counting occurrences
of o in T'. Thus, we are motivated to reformalize
the TAG tree graphs in a different way. This is done
with the double vertex method in the following
section.

3.2 Double vertex trees

Rambow et al. (2001) suggest that locations within
a tree where adjunction was possible, which are
normally represented as a node in the tree, are ac-
tually two nodes, an upper copy and a lower copy,
connected by a dashed line (see figure 1).

Inspired by this and in or-
der to fix the grading issue

raised by defining trees as S
regular graphs, we can in- /\
troduce a modification on NP VP
the previous trees which she |

we call double-vertex trees.
These trees are also graph- VP

ical trees, with the caveat /\
that any node « that is able Vv S
to be inserted into is actu-
ally a double node, i.e. is
counted as two nodes. The
maximum count of any ver-
tex is two, meaning we can-
not increase the count of
a vertex to any n € N.
In order to prevent this un-
bounded increase, and be-
cause we are working with unlabeled trees, i.e.
where adjoining can occur freely at any location,
this means that in any non-auxiliary tree every node
will be a double vertex. In every auxiliary tree,
there will be exactly two single vertices: the root,

saw

Figure 1: A tree
adapted from Ram-
bow et al. (2001)
which can be in-
serted into at the VP
node(s).

and one leaf. These are the two nodes that will each
get one additional count from the double vertex «
they are inserting into, meaning that the root and
that distinguished leaf will become double-vertex
interior vertices in the larger post-adjunction tree.

We can see this in the following example, which
recasts example (3.1) in terms of this new counting
system.

Example 3.2. Let S, T be as above, i.e.
©®

Note that every node in T is doubled and otherwise
unlabelled. Inserting S into T at the marked node
(which is gray, with a thicker border) yields

TaS= G +--

00
OJO,

However, this model also has its drawbacks. In
particular, we are now able to grade by vertices, be-
cause we see that the insertion operation does pre-
serve gradation: inserting an n-noded tree S’ (with
(n —2)/2 double-nodes and 2 single nodes) into an
m-noded tree T yields an n 4+ m-noded tree (as the
double node in 7" where they are both inserted con-
tributes one node to each of the two single nodes,
where adjunction takes place, turning those two
single nodes into two double nodes). That being
said, there is still a strange effect that this has on
the overall gradation of the vector space. All odd-
degree components are ignored when restricting to
the trees we use in TAG: since all binary trees have
an odd number of nodes, odd-degree indicates that
there are an odd number of single nodes.

The following is the set of all gradations of the
space up to five nodes.

Example 3.3.
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We notice that gradation by nodes results in two
trees being able to have the same dimension (num-
ber of nodes) but they can have different numbers
of edges, e.g. in 75 there are trees with either two
or four edges. This vector space contains many
trees that will never be used in tree-adjunction, so
we will consider the subspace 7' C T restricted
to the trees that appear in TAG, which is closed
under <. Under the grading inherited from 7, the
even-degree components of 7" have the following
generators; the odd-degree, as mentioned above,
are trivial.

Example 3.4.

Pyt
Tfo=<,>

There is now an alternation in the degrees; the
ones which are 0 mod 4 contain the auxiliary trees,
whereas the ones which are 2 mod 4 contain the
non-auxiliary trees where all nodes are doubled.
The difference between the two fundamental types
of trees is encoded in the grading. Note that 7~ is
still not a free pre-Lie algebra since certain inser-
tions of basis elements produce zero: namely, any
attempt to adjoin a non-auxiliary tree into another
tree is zero since it is an invalid insertion.

This method’s particular utility in being able to
encode the different types of trees (auxiliary vs.
elementary) in the grading scheme is one reason
that these tree graph encodings should continue to
be studied in future work. However, the amount
of hoops necessary to jump through in order to
establish this class of graphs as useful as a mathe-
matical formulation of TAG motivates us to look at
a third graphical encoding of TAG trees, which is
even simpler than this version and has particularly
interesting linguistic implications.

3.3 TAG as physics graphs

We present an alternative combinatorial defini-
tion of graphs that is primarily used in theoretical

physics (Marcolli and Port, 2015), which is con-
venient for defining the colored operads model of
tree operations.

3.3.1 Physics definition

A graph G = (C(G), F(G),TI) consists of a set
C(G) = {v1,...,v,} of n corollas (nodes distin-
guished by having half-edges attached to them),
aset F(G) = {f1,..., fm} of m flags (or half-
edges), and an involution Z : F(G) — F(G) on
the flags. The external edges E..:(G) of G are
the flags f € F(G) fixed by the involution, i.e.
Z(f) = f, while the internal edges E;n:(G) corre-
spond to the two-element subsets { f, f'} € ( G))
such that Z(f) = f’ (and correspondingly Z(f") =
f). The valence of a corolla v € C(G) is the num-
ber of half-edges attached to it.

Operadic insertion is now represented by joining
external edges; adjunction involves splitting an in-
ternal edge by dividing it into its component flags
and joining two external edges of a new graph, one
to each flag.

This model also provides a concrete distinction
between non-auxiliary trees and auxiliary trees.
Auxiliary trees have exactly two half edges; one
corresponding to the root, and another correspond-
ing to the leaf that has the same label as the root in
Joshi’s original formulation of TAG.*

In fact, there is some nuance here. Because we
are representing the pre-Lie insertion operation as
a summation over all possible insertions, this will
be generalized as all leaves of auxiliary trees being
half edges—the insertion operation of 7" <1 S then
varies across the half edge beneath the insertion
point in T being re-attached in turn to each half
edge leaf of S. This naturally motivates the colored-
operad lens on the TAG Lie algebra—every single
leaf is a location where the colored operad will,
in turn, insert a terminal node with a half edge
attached to it. We return to this idea later on in this
section, but note that we will not be writing the
trees with terminal symbols and half-edges for all
leaves, for sake of convenience.

The concept of half-edges is reminiscent of the
usage of half-arcs to represent features in Minimal-
ist grammars, where matching features are joined
together. We explore this interpretation further in
Section 4.1.

“See, for instance, tree S in example (3.6).
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3.3.2 Operadic definition of TAG Lie algebra

The following describes how TAG insertion can
be implemented via the composition of two unary
operad insertions.

Definition 3.5. Consider the insertion T < S,
where insertion location is labeled with o. T was
originally derived from composing two trees at &
via an operad composition:

T =0O(T1,T3) = T1 0q T. )]

This o composition location is exactly where T will
be broken apart in order to insert S between the
two:

T <o S=0(0(11,5),Ts) = (T1 0q, 5) oq, Tt

u and [ stand for “upper” and “lower" copies of
a, respectively.’ Note that o, actually comes from
S, and oy comes from T, because the edge above
a in T is what is split into two half edges in order
to insert S.

Because one of the o nodes is coming from the
auxiliary tree S, and the other is coming from the
tree being adjoined into, 7, this results in the grad-
ing by vertices is preserved with this formalization
of graphs, maintaining the connectedness of the
space and hence solving those issues as they per-
tained to the previous two graph formalisms.

In the following example, we demonstrate the
physics graph definition as it is applied to the TAG
trees, using our running example, and show how
the adjoining operation can be performed via the
composition of two operad operations.

Example 3.6. An example of the insertion opera-
tion (outside of the operad). Supposed the grading
is by nodes.

Let S,T as in the previous examples:

T = S =

A o

a ﬁ
To insert S into T at «, forming T <, S, we break
T into Ty and Ty such that T = Ty o, Th, and

>One may view conceptualizing a tree containing an inser-
tion spot at an interior node as being comprised of two trees
who each contain that node on their periphery (the upper copy
being a leaf in 7 and the lower copy being the root of 7%)
as linguistically-alternative, but any tree can be viewed as the
composition of a subgraph and the quotient graph over the
subgraph.

specifically the edge above « in T is broken into
two half edges. Hence, T; retains o

Then inserting S into T at « is simply the com-
position

T Qa8 =T 04850, Ts

AN
AT
e}
«
/N
There is a distinction that must be made regard-
ing the arity of the colored operads we will use
in the context of the TAG Lie algebra. In the Lie
algebra formalism we sum over insertions at all
possible locations, and readjoining at any possi-
ble leaf. Then, in order to complete the TAG tree,
after readjoining at one of the leaves, the remain-
ing [ — 1 leaves must be “capped off" with op-
eradic insertion of [ — 1 half-edges whose single
nodes are labeled with terminals. When we use op-
eradic compositions to describe the insertion oper-
ations, we can decompose the composition ~y (that
fills all inputs at once) into repeated compositions
0; : D(n) X D(m) — D(n + m — 1) that per-
form a single match of output to input. When the
color-matching is also taken into account, these
give (1). Thus, we can assume that only one leaf is
a half-edge and all the other leaves are filled with
terminals. In operadic terms, filling with terminals

is part of the algebra over an operad structure, see
Giraudo (2019).

4 Implications of Mathematical
Formalizations of TAG

The physics definition of a graph makes it easier
to recast TAG in terms of the graph grammars in
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Marcolli and Port (2015). While it was possible to
describe the production rules of TAG in terms of the
combinatorial definition of graphs, the fact that tree-
adjoining must be ultimately viewed as an insertion-
elimination operation introduces an unwelcome
degree of context-dependence to the formulation.
For every label at which adjunction may occur,
there needs to be a distinct production rule for every
possible degree and every possible combination of
labels that the neighbours of this node may have, in
order to account for all possible insertions. When
using the physics definition, the production rules
may be defined in terms of the corollas; in this case,
we still need a distinct production rule for each
possible valence but the labels of the neighbouring
vertices no longer need to be considered.®

4.1 Linguistic implications

A striking benefit of this model is that null-
adjoining constraints are automatically granted
based on whether or not an edge is allowed to be
split into two half edges. If it is restricted from be-
ing two half-edges, then adjoining is not possible.
If it is required to split, then adjoining is required.
This leads into another immediate linguistic payoft:
feature-TAG.

In feature-TAG (Vijay-Shanker and Joshi, 1988),
the argument is made that tree adjoining is required
when there is a featural mismatch in an elementary
tree at a given node, e.g. it has [+WH] from above
but [-WH] from below. Then in order to resolve
this, the insertion of an auxiliary tree which has
[+WH] in the upper node and [-WH] in the lower
node would fix this, because the two [+WH] would
match as well as the two [-WH], resolving the fact
that originally the elementary tree had [+WH] and
[-WH] in the same node.

Example 4.1. To form the question “What do you
think Elizabeth lost?", we can use the following
single elementary tree T’ (left) and auxiliary tree S
(right):

®For an example of this, see §3 of Marcolli and Port (2015).

S S [+WH]

W%/“i @//\
NP VP

NP VP you
Elizabeth A A
\%4 S [-WH]
vV NP think
lost t;

In the elementary tree, there is a featural mis-
match in the lower S node, because above this S
node “What" dictates it is [+ WH], but below this S
node there is no such lexical time/syntactic feature,
meaning the lower feature is [-WH]. This featural
mismatch prompts the insertion of S into T, yield-
ing the following well-formed tree with no featural
mismatches:

S

A [+WH]

¢ § [+WH]

What; A

Aux S

do/\

NP VP

VAN
[-WH]

S wH]

Vv
think /\
NP VP
Elizabeth /\
V. NP

lost t;

TS =

Implementation of feature TAG follows easily
from the half-edge model of TAG.” We can think
about the half edges as carrying the feature labels,
so an original o node’s parent edge is split in half
exactly when the upper half edge has a [+F] and the
lower half edge is labeled by [-F] (or vice-versa).
Then the auxiliary tree’s upper half edge coming
out of the root must carry a [+F] and the lower half
edge, representing a leaf location, must carry a [-F].
After adjoining the two sets of two half edges will

"Note that this implementation is based upon labeling half-

edges—this is an inherent component of the physics definition,
so no additional functionality is being added to the system.
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each have featural match. Below, we implement
example (4.1) with the physics-based TAG graphs.

Example 4.2. The trees T and S are, respectively,

s T [+WH]
[+WH] S
[-WH]
What, A Aux A
Elzzabeth A NP
/\ [-WH]
lost ti
thmk

The insertion of S into T follows from the feature
mismatch of the two half-edges—and this is re-
solved with the insertion:

S

[+WH]
[+WH]

S

/N

Aux

A

NP VP

[-WH]
[-WH]

thtnk

What;

TS =

Ellzabeth A

lost ti

4.2 Mathematical implications

The Lie-algebraic structure provides many further
avenues of exploration. The fact that we have man-
aged to define graded and connected Lie algebra
structures using TAG is convenient for future inves-
tigation of the universal enveloping algebra, since
the universal enveloping algebra is graded, con-
nected and furthermore commutative as a Hopf
algebra. A graded connected commutative Hopf
algebra is known to be free as an algebra (in other
words, it is isomorphic to a polynomial algebra),
thanks to a theorem of Hopf-Leray, which means
that it can easily be implemented in computational

algebra programs. If the Hopf algebra arises from
a pre-Lie structure, then the coproduct can be de-
fined in terms of the pre-Lie operator, which in our
case has an intuitive combinatorial description in
terms of trees. Indeed, any monomial over tree
generators can be interpreted as a forest, so the
Hopf algebra has a basis indexed by forests. All
of these properties facilitate explicit calculations in
the Hopf algebra.

As mentioned in the introduction, TAG insertion
via nodes is only one type of graphical insertion.
The other insertion type involves inserting into ex-
isting edges via splitting an edge into two with a
node in the middle, and then connecting that node
to the tree being inserted via another edge, as de-
picted in the following example.

Example 4.3. Let S, T be as previously, i.e.

T = ]\ s=N.

Inserting S into T at the dashed edge yields

T<S= f ;
4§

where the single dashed edge has been split into
two dashed edges via the creation of the white node

and a new (red) edge has been created connecting
the root of S to the new node.

This creation of two new edges allows the in-
sertion operation to preserve the binary nature of
the trees. It is worth recasting TAG insertion as
an edge-insertion operation (e.g. above the labeled
vertex, as the half-edges constructed in the physics
formulation were) and exploring the algebraic dif-
ferences and implications of these two different
types of TAG insertion.

Another interesting perspective is due to a uni-
versal property of connected commutative Hopf
algebras, which states that any such Hopf algebra
is characterized by a unique nontrivial 1-cocycle.
For the Connes-Kreimer Hopf algebra of rooted
nonplanar trees, which arises from the free pre-
Lie algebra on one generator, this cocycle acts on
forests by grafting the component trees to a com-
mon root. When the forest consists of exactly two
trees, this provides a description of the fundamental
Merge operation in Marcolli et al. (2025a).

It would be interesting to examine the corre-
sponding cocycles for the Hopf algebras obtained
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from the TAG Lie algebras. We expect them to
be different from the grafting procedure since the
pre-Lie operation based on TAG is not free.

5 Conclusion

In this paper, we formalized tree-adjoining gram-
mars mathematically as Lie algebras where the
pre-Lie operation was defined via the adjoining
operation of TAG. In order to work with TAGs as
mathematical objects, we demonstrated that rep-
resenting the trees as graphs is only feasible in
the Lie-algebra setting when we use the physics
definition of graphs, allowing us to express single
edges as two half-edges. This mathematical moti-
vation also had striking linguistic payoffs, allowing
various components of TAGs usually posited as ad-
ditional constraints to be inherent via the nature of
the graphs.
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A Appendix: Proofs of Theorems
Theorem 2.8. <1 is a pre-Lie operator.

Proof of Theorem 2.8. It is enough to show that
the right Vinberg identity holds for basis elements.
Let 71,715,735 be trees in X. In the associator
A(Tl,TQ,Tg) = (Tl < TQ) QI3-T1 « (TQ <
T3), the only basis elements with nonzero coeffi-
cient are the ones where 75 and 73 are adjoined
at distinct vertices of 77, meaning that 75 and T3
are disjoint subgraphs of the resulting tree. These
terms will appear in (77 < T3) < T3, but not
Ty < (Ty < T3). Any term where T3 is adjoined
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to T3, or a copy of T in a term of 77 <1 15, neces-
sarily appears in both terms of the associator, hence
are cancelled out. This cancellation ensures that
A(Th,Ts,T3) = A(T, T3, Th). ]

Theorem 2.11. Ty;y, 1,1 is not isomorphic as a pre-
Lie algebra to Ly, the free pre-Lie algebra on
one generator.

Proof of Theorem 2.11. Suppose, for the sake of
contradiction, that Ty, p; is isomorphic to L fyce;
then there exists an isomorphism ¢ : Lyfpee —
Toinpt such that ¢(z < y) = ¢(z) < @(y) for
all 7,y € Lyree. (We use the same symbol <
to denote the pre-Lie operation on both algebras,
since context prevents any ambiguity.)

The contradiction is defined by considering the
inverse element ¢ (®) € Lree, and showing that
it cannot be well-defined.

We will use the basis on Ly,.. given by unla-
belled nonplanar trees of arbitrary arity, where trees
are graded by its number of nodes.

Since L ¢y, is graded, Tyip 5 inherits a grading
from the isomorphism, although it may not be an
obvious one based on any combinatorial properties
of trees. In fact, a basis element of 7Tp;;, ,,; may not
even be a homogeneous element under this grading.

Let T be a tree in Ty, pi; then T < @ = |T'|T,
o)

¢~ HT) <2 ¢~ (o) = |T|o~(T).

Let ¢ € R be the coefficient of & in ¢~!(e), so
that

¢~ '(e) = c@ + (higher degree terms).

Let y be a term in ¢~ !(T) of minimal degree.

Since & is the unique degree-0 generator in L ¢y,
it is the only element that does not raise the degree
of y when inserted into it. Since |T'|y occurs in the
expression ¢~ 1(T) <1 ¢~ 1(e), it can only be the

result of performing ¢~1(T") <1 ¢@, hence ¢ = |T].

But ¢~ !(e) cannot depend on any specific T. [
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Abstract

Linear Indexed Grammar (LIG) and Head
Grammar (HG) are derivationally equivalent:
not only do they generate the same string lan-
guages, each pair of equivalent grammars gen-
erates each string in the same number of ways.
Moreover, any compositional interpretation for
a grammar in one formalism can be trans-
formed into a compositional interpretation of
the equivalent grammar in the other formal-
ism such that the same strings are assigned the
same meanings. Although this paper focuses
on these two formalisms, it serves as an exam-
ple for how to compare formalisms beyond the
string languages they generate.

1 Introduction

When considering different ways to compare gram-
mar formalisms, weak generative capacity, or the
string languages generated, is one common point of
comparison. For example, Vijay-Shanker and Weir
(1994) proved that four mildly context-sensitive
grammar formalisms generate the same set of string
languages. Of those four, this paper will examine
two in detail: Linear Indexed Grammars (LIG) and
Head Grammars (HG).

Though generating the correct set of strings is im-
portant, linguists use grammars to provide analyses
of languages. They may assign internal structure
to strings to explain how the subcomponents of a
string relate to the whole — compositionality — or
how a string may be associated with more than one
meaning — ambiguity.

Thus, it is no surprise that linguists use notions
beyond weak generative capacity to compare for-
malisms, such as comparing tree structures asso-
ciated with grammars (e.g. Bresnan et al., 1982;
Frank and Hunter, 2021). However, comparison
across tree structures is not infallible. While some
formalisms like Tree Adjoining Grammars directly
derive tree structures, others, such as HG, only
derive strings (or pairs thereof). The only notion

of structure present in HG and string-generating
formalisms are derivation structures, which record
which rules were used to construct the string and
how those rules interact. Though grammar for-
malisms vary wildly in how derivations are struc-
tured, there are still ways to compare derivations
across formalisms.

For example, we might count the number of
derivations assigned to a each string, so that a two-
way ambiguous string in a grammar is assigned
two different derivations. The translation given in
Vijay-Shanker and Weir (1994) does not preserve
the number of derivations per string. To see this,
consider an extremely simple LIG, which has a
single rule S[] — a, and a single derivation.

SI]

a
Following their translation, the corresponding HG
has infinitely many derivations:'

S S S
| W\ WS
ea (S5,5,6) S (S.S,6) S
I | W
€r€ €ra ere (S.S,e) S
I
€1€ 6Ta

This problem arises more generally for any pair
of weakly equivalent grammars given by their trans-
lation: despite being weakly equivalent, the HG
will have infinitely many derivations. In fact, no
matter how many derivations generate a string in
the LIG, there will be infinitely many derivations
that generate that string in the HG.

I propose two ways to handle this problem. One
involves changing the grammar translation so that
the resulting grammar is derivationally equivalent:
the LIG and the HG generate the same number
of derivations per string. The other way involves

The W under a node indicates wrapping two components
of the left daughter around those of the right daughter.
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defining a method of interpreting HG derivations
given an LIG interpretation function such that the
resulting interpreted HG generates the same set of
string-meaning pairs, or vice versa.

In this paper, I will show both of these are possi-
ble with LIG and HG: they are both derivationally
and interpretationally equivalent. After prelimi-
nary definitions in Section 2, Section 3 lays out
a function to construct, given an arbitrary LIG, a
derivationally equivalent HG, i.e. one which has
the same number of derivations per string, in a
sense comparing the multiset of strings generated.
Section 4 presents the reverse translation, from HG
to LIG.

In Section 5, I will prove that for any LIG
equipped with a homomorphic interpretation func-
tion on derivations, there is an HG with a homomor-
phic interpretation function such that the two inter-
preted grammars generate the same set of string-
meaning pairs (and vice versa). The notion of inter-
pretational equivalence is intended to encompass
any compositional property relating to meaning or
relations between parts of the derivation that lin-
guists wish to capture in a grammar as an analysis
of a language.

Section 6 discusses the relation between the ap-
proach taken in this paper and a few other papers
which have looked at notions of equivalence across
formalisms, and Section 7 concludes the paper.

2 Definitions

2.1 Linear Indexed Grammars

Linear Indexed Grammars (Gazdar, 1988) extend
Context-Free Grammars by adding stacks to non-
terminals and allowing rules where exactly one
daughter inherits the stack from the mother, mod-
ulo whatever changes to the stack the rule specifies.
In effect, there are now an infinite number of cat-
egories represented by nonterminals with stacks,
in the same way a pushdown automaton can be
viewed as having an infinite number of states.

Formally, an LIG is a 5-tuple of finite sets
G = (W, Vr, W1, S, P), consisting of nonterminal
symbols Vy, terminal symbols Vr, stack symbols
(indices) Vi, start symbols S C Vy, and produc-
tion rules P. Each production rule has one of two
forms:

* Leaf: A[] - w, where A € Vy,w € Vi

* Branch: A[¢(] — B;...Bj[n]... By, where n >
L;¢,neWVu{es; V5. B; € W

Let n denote the rank of a Branch rule, and Leaf
rules have rank 0. I assume each Branch rule is
either Push (¢ = € # n), Pop (n = € # (), or No
Change (( =n =¢).2

Additionally, I will abbreviate such a rule as
A[(] — Bp, B.[n] Br, where B, = B; is the des-
ignated/central daughter of A which receives the
remainder of the stack, By, = B; ... B;_; repre-
sents the daughters to the left of the center, and
similarly B = Bjy1 . . . B;, the daughters right of
the center.

Treat LIG production rules as a ranked alphabet,
where the rank of each alphabet symbol is the rank
of the rule. Let the set of trees over such rules
be Trig (i.e. where the number of daughters of a
node matches the rank of the rule of that node).
LIG derivations (or derivation trees) are elements
of Tiig. Define 7(G) as the set of trees over the

rules of G.

I will use the following abbrevia-
tion for trees, similar to rules: if m =
A[C]—)BlBZ[n]Bn, tr, = t1,...,ti—1,

te = t;, and tg = tj41,...,t, where each t; €
T(G), then m = m .
t1 ...t ...ty i te tr
Let cat denote the category (W x Vi) of a
derivation. For trees consisting of a single node:

cat(A[] — w) = A]]

For larger trees: if cat*(t) = B[], cat(t.) =
Be[no] (o € V;*), and cat*(tg) = Bg|], then®

A[¢] = By, Bc[n] Br
cat = A[(a],

t, te g

else it is undefined.

An LIG derivation d is well-formed with respect
to an LIG G, i.e. wfg(d), iff cat(d) = A[s| for
A€ W, s €V, and for every node rind, r € P.
Let D(G) be the set of LIG derivations well-formed
with respect to G. A well-formed LIG derivation d
is complete with respect to an LIG G, i.e. cwfg(d),
iff cat(d) = A[] for some A € S. Let Dy be the
set of all well-formed LIG derivations, i.e. the set
of derivations which are well-formed with respect
to any LIG.

This assumption does not affect any equivalence results;
simply replace any rule which performs more than one stack
actions with a set of rules which only perform one.

3 f* denotes mapping f over a set or list of arguments.
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A spine is a node which is not a designated
daughter, along with the maximal chain of desig-
nated daughters it dominates. Define the sequence
flagseq(d) = [flag(r) |r € s], where s is the
spine of the root of d, and

(77 1f77 7é 67
flag(A[¢] = A Acln] Ar) = { )¢ ifC#e,
€  otherwise.

Lemma 1. For a well-formed derivation d, if
cat(d) = A[], A € W\, then flagseq(d) is a Dyck
word, i.e. one generated by S — € | (, S ), S, for
eachn € 1.

The yieldy : D(G) — V7 is the result of read-
ing the terminal symbols at the leaves of the tree.

YA = w) =w
Y| T | =Y (tn)yte)y (tr)
tr,  te tm

The language of a grammar £(G) is given as the
set of yields of the complete well-formed deriva-
tions of G: L£(G) = {y(d) |ewfg(d)}

2.2 LIG Tree contexts

In this subsection, I will define LIG tree contexts,
which are closely related to LIG derivations, to
serve as a useful intermediate structure in the trans-
lation from LIG to HG derivations. Intuitively, LIG
tree contexts are LIG derivation trees where the
rule at the bottom of the root spine has been re-
moved. Accordingly, a context paired with a Leaf
rule is isomorphic to a derivation.
LIG tree contexts Ky jg is the smallest set s.t.

* e Kue

* If m € Phasrank n # 0; 71, ...

and B1,...,08i-1,Bi+1,- -
then m

e
(v1,81) -+ % - (Yns Bn)

and similarly for KC(G), LIG tree contexts over a
grammar G.

It will be handy to have a function pt to extract
the node at the bottom of the spine of a derivation
(the tail of the spine), which will be a Leaf (rank 0)
rule (Pr). Define pt : 7(G) — K(G) x P(G) as:

* For rank(5) = 0:
pt(5) = (L, B)

Y € Krigs
, B are Leaf rules;
€ Kue

* For rank(m) > 0:
m m
pt{ T~ | = T B[
L te tr ptic;, T ptitr
where (T, §) = pt(t.).

Let I'{A; — Ay} denote locating the subcon-
text or subtree Ay in I' and replacing it with the
context or tree Ag. Formally, I'{A; — Ag} =

Ay ifT = A

m if ' = m

T SN

tr,  YelAr = Ao} tg tL Ye tr
andlet '{A} =T{0O— A}

It is straightforward to show that if pt(d) =
(I, B), then T'{8} = d, and so pt is invertible.
From now on, I will treat elements of 7j ;g and
KLic x P, as interchangeable.

Let C(G) denote the set of well-formed LIG tree
contexts over G — those which come from well-
formed LIG derivations.

C(G) = {T'|d e D(9),pt(d) = (', 5)}

I define the notion of category for an LIG con-
text: catc : C(G) x Vs — Vi x V¥, which returns
the category of what the context would be if it was
filled by a lexical rule of the given category.

catc(I', B) = cat(I'{ B[] — w})
Thus, cate([], B) = B]].

2.3 Head Grammars

Head Grammars (Pollard, 1984; Roach, 1987) in-
crease the expressive power of CFGs by manipulat-
ing a slightly more complicated structure: a pair of
strings, separated by an arrow 4. Derivations ma-
nipulate pairs of strings, and a new kind of rule is
added: one which wraps one pair of strings around
another.

Formally, an HG is a 4-tuple G =
(WN, V1, S, P), consisting of nonterminal symbols
VN, terminal symbols Vr, start symbols S C Wy,
and production rules P. Each production rule has
one of three forms:

* Leaves: A — uqyv, where A € Wx;u,v € Vf
* Wrap: A w, B; B,, where A, B, B, € W

¢ Concat;: A el B;...B,, where i < n and
A By,...,B,eW
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The rank of Leaves rules is 0, Wrap rules 2, and
Concat rules n. An abbreviation similar to that
for LIG rules will be applied to Concat rules:
A% B, .. .B,=A% B, B,Bx.

Treating HG production rules as a ranked alpha-
bet, where the rank of each alphabet symbol is the
rank of the rule, let the set of trees over such rules
be Thg, and an HG derivation is a tree of that set.
Define 7 (G) as the set of trees over the rules of G.

Let cat denote the category (V) of a derivation.

cat(A - uv) = A

If cat(¢;) = B; and cat(t,) = B,, then
AY, BB,
cat A = A.
t; t,
If cat*(¢;) = By, cat(t.) = B, and cat*(tg) =
Bp, then
A —> B, B. Br
cat =A

RN

tr te tr

else it is undefined.

An HG derivation d is well-formed with respect
to an HG G, i.e. Wfg(d), iff cat(d) € Vx, and for
every node r in d, r € P. Let D(G) be the set of
HG derivations well-formed with respect to G. A
well-formed derivation d is complete with respect
toan HG G, i.e. cwfg(d), iff cat(d) € S. Let Dyg
be the set of all well-formed HG derivations, i.e.
derivations well-formed with respect to any HG.

The yield functiony : D(HG) — Vi x Vi is
defined as:

y(A — UT'U) = UV
If V(tz) = X11Y1» and Y(tr) = TpqYp!
AY BB,

i\

tt

= TTr1YrYl

Ify(t;) = xjpy; forall 1 < j < n:

A—)BLBBR
I N SR
tr, tc tr

- Litli - - - Tnln

The language of a grammar £(G) is defined as:
L(G) = {uv|cwfg(d),y(d) = upv}

3 Derivational equivalence: LIG to HG

Two grammars are derivationally equivalent iff
they generate the same number of derivations for
each string. Two formalisms F; and > are deriva-
tionally equivalent iff for each grammar G; € Fq,
there is some Go € JF> that is derivationally equiv-
alent to Gy, and vice versa. In this section, I will
prove that for every LIG, there is a derivationally
equivalent HG.

First, given the source LIG G, I will define the
resulting HG G’ = LH(G). Next, I define a function
lh : Dy g — Dug which transforms a well-formed
LIG derivation into a well-formed HG derivation
while preserving its yield and category.

To show that G and G’ are derivationally equiv-
alent, I show that the set of well-formed deriva-
tions of G are bijective to the derivations of G’
via Ih, and since lh preserves yields, so too are
the sets of well-formed derivations for a given
string. The diagram # below commutes, that is,

Ih*(D(G)) = D(LH(G)) = D(F).

LIG —*  HG

[» &

’P DLIG) L 73 DHG)

The proof proceeds by showing lh*(D(G)) C
D(LH(G)), and then the reverse, relying on the fact
that lh has an inverse lh 1.

3.1 Grammar translation

Theorem 2. For any LIG G, we can construct an
HG LH(G) = G’ s.t. G and G’ are derivationally
equivalent, i.e. D(G) and D(G’) contain the same
number of derivations per string.

This theorem will be proved over the next few
subsections. First, I present the construction of
LH(G). Given an LIG G = (W, V1, W1, S, P), con-
struct HG G’ = LH(G) = (V{, Vr, S, P’) such that

. VN—VNUVNU
{ |A€VN,B€VNUVN,U€WU{6}}
Whereﬁ—{AVlEVN}

. Foreachrule in P: A[¢] — AL Ac[n] Ag; add to

P’ AC = Ap AC" Ap, for all B € Vy, where

B represents two separate instances of the rule,
one with B and one with B.

“P denotes the powerset.
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* For each rule in P: A[] - w; add to P”:
A — &W.

* Add these HG rules to P/, forall A, B,D € Wy
andn € 1

An W Ae Dn
w
-A—> 4B FILL
Ae
- A — €T€ EMPTY

The construction of the HG G’ is similar to that
given in Vijay-Shanker and Weir (1994), with sev-
eral modifications to ensure derivational equiva-
lence. The additional nonterminals Vi indicate a
subtree whose root is a rule originating in the LIG
(either a Leaf or Branch rule). This will prevent
spurious applications of the HG structural rules
(COMP, FILL, and EMPTY).

Additionally, there are additional nonterminals
written as fractions: %, presented in Vijay-
Shanker and Weir (1994) as (A, B,n). This HG
nonterminal corresponds to an LIG tree context that
would have category A[no], if the gap was filled in
with a tree with category B[o]|. Combining these
fraction nonterminals with Wrap rules allows the
HG to emulate the stack actions of the LIG.

3.2 The Ih and Ich translation functions

Let G be an arbitrary LIG, and G’ = LH(G). Then
Ih : D(G) — D(G’) converts well-formed LIG
derivations to well-formed HG derivations. Since
pt can produce pairs of LIG contexts and Leaf rules
from trees, I define lh on some derivations with the
tail of the spine already separated for convenience.
After defining lh, I prove that the HG derivation
produced matches the category of the source LIG
derivation.

* Ih(B[] - w) =B = ¢qw

« IND{B[] - w}) = AL 4B
lch(T,B) B— ew

where A — ... is at the root of T".

A separate function to translate LIG tree contexts
combined with an LIG category to HG derivations
is given as Ich : C(G) x W — D(G').

« Ich(3,B) = 5 — ere

s IfT' = Aln] —» Ap Ac[] Agr and n € Vi U {e},

N

A
thenlch(I,B) = 41 S& 4; A 4y

Ih"t, Ich(A,B) Ih*ts

s If I' = A[] - AL Ac[n] Ar and n € 14, then
there are two subcases. Decompose flagseq(T")
into (,;u),v, where u, v are Dyck words. Let A
be the context at the node corresponding to ),, in
the decomposition, and let A; = A{A;, — O}.

(a) If A; = O (i.e. the root of A is a Pop n rule),

thenlch(T, B) = 4 Zo 4 Ao g
Ih"t, Ich(A,B) Ih¥ty
(b) Otherwise,
Ich(T,B) = 4 S5 4, 4 4, ,
Ihig, A Wy A Do piyy
Ich(A,,D) Ich(A,, B)

where D[n] — ... is the top node of Ay,

Note that the flagseq of A, is exactly u, a Dyck
word, and that of Ay is exactly ), v, with v a Dyck
word. Since the root of Ay has ), as its flag, the
root node of Ay is the Pop 7 rule that corresponds
to the Push 7 rule at the root of T".

Theorem 3. lh preserves categories
cat(lh(d))[] = cat(d), and thus the image of lh
contains only well-formed HG derivations.

Proof. The proof will proceed by induction on
these two statements:

(i) for d € D(LIG), if cat(d) =
cat(lh(d)) = A

AJ], then

(i) for T € C(LIG), if catc(l,B) = Al
(n € ViU {e}) and Ich(T", B) is defined, then
cat(Ich(T, B)) = 47

Base cases:

(i) cat(B[] »w) =B
cat(lh(B[] - w)) = cat(B — ¢qw) = B

(i) catc(d, B) = B]
cat(lch(d, B)) = cat(Zf — epe) = Z¢
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Inductive cases:

(i) Let d = D{B[] — w}, and cat(d) = A[] =

catc(I', B).
Let d = Ih(d) = AW A p
|Ch(F,§) B — G w

By the IH (ii), since catc(I',B) =
cat(Ich(I', B)) = %, so cat(d') = A.

i) Let T = A[(]— AL AJy]Ag with

t; Aty
catc(I', B) = A[(], catc(A, B) = A.[n].
Since cat*(t;) = Apr[], by the IH(),
cat*(lh*(t;)) = Ar, and similarly for ¢p.
Let d’ = Ich(T", B). It follows that (ii) is true
at I' by considering two possibilities for I':
@Ifn=ed= 455 A, 4 Ap

Ih“t, Ich(A,B) Ih'tg

Since catc(A,B) = A.[], by the IH
cat(Ich(A, B)) = 4, so cat(d') = 4.

(b) If n # e
e C c
d = % — AL ABU AR .
Ih't, A 25 A<D hiy,
Ich(A;, D) Ich(Ay, B)

where A; and Ay, are as defined above in Ich.

As noted above, the root of Ay is a Pop
rule D[n] — ..., and the designated daugh-
ter of that node is a context whose flagseq
is a Dyck word. Thus, by the IH (i),
catc(A,, B) = Din] and by the IH (ii)

cat(Ich(A,, B)) = 4.

Also, as noted above, flagseq(A;) is a
Dyck word. By the IH (ii), catc(A, B) =
A.[] and we know A; = A{A, — O},
so catc(A;, D) = A.[]. By the IH (i),
cat(Ich(A;, D)) = 45

Thus, cat(d') = 4¢. O

Corollary 4. If d is a complete well-formed deriva-
tion of LIG G, then lh(d) is a complete well-
formed derivation of HG G’ = LH(G). This shows
Ih*(D(G)) < D(LH(G)).

Proof. This follows fairly straightforwardly from
the previous theorem. Given any complete well-
formed derivation d € D(G), we can easily inspect
that each rule used in Ih(d) is a rule of Pg/. Fur-
thermore, G and G’ share the same start symbols S,
so Ih(d) must be complete and well-formed with
respect to G'. ]

The proof that lh preserves yields is very similar
to that of Theorem 3 and will not be provided here.
Moreover, it follows as a corollary of Theorem 10.

Example 1. Here is an example of an LIG G;
which generates {ww|w € {a,b}*}. Figure
1 shows an LIG derivation d; € D(G;) for
abbabb, and the HG derivation lh(d;), which is
in D(LH(Gy)).

Gi = ({S,T,AB},{a,b},{1,2},{S},P;) where
Py = {S[1— AS[1], S[]1—BSI[2], S[]—TII,
T[1] — T[] A, T[2] = T[] B, T[] — €, A[] — a,
B[] — b}

3.3 Derivational equivalence

In this subsection, I complete the proof of Theorem
2 by proving that D(LH(G)) C Ih*(D(G)). To do
that, I will show that lh and Ich are invertible, with
their inverses identified below. lh™! : D(G') —
C(G) x PL(G) is defined over HG derivations with
asimple category A, and Ich™ : D(G') — C(G) x
VN over those with a fractional category .

@ Ih™'(B = ¢w) = (0, B]] —» w)

Giyit = AL 4<B | then Th™!(d) =

N

I E — ©wW
(lch~ ("), B[] — w)

(iii) lch™* (55 — e1¢) = (0, B)

Gv)if & = G0 % ApA<Ap  then

Ich~'(d') =
A[n] — AL Ac[] AR

j/’\ ’B
lh— Ich—'t., Ih~ ¢y

*tL

) if d = Ac O, Ap A Ap

B

/’\

Ay W, A,
tv F — 5 B IR

/N

ty 1y

, then

)
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W.s
S — f T
@
S[] — A S[1] AR Toee
All—a S[] — B S[2] A= e 5%1)%%1
Bll 5b S — BS[2] S CmT
€ 2 1 €
T — B T T A
B[] —b S[]— TI] /\
B — eb %&%% %—)qe A — era
T[2] — T[] B =
Se C2 S2 ™ Ci. T
T[2] = T[IB B[] —b Te/—>B\T F— e
T[1] = T[]A B[l —b EEEE R T —ee Boeb
T[] —€e A[]l—a §r601 % %
%—METG %—)eTe B — &b
Figure 1: Derivation of abbabb in LIG G, (left) and HG LH(G, ) (right)
Ich™!(d') = Al = A Ac[nl Ar
All = AL Acnl AR ,B |, where
Ih—i(lh*t;) A, Th~i(lh*tg)

/’\ B
Ih~ {lchy'ty} Th~ g

*tr,  (Ichy't,)
where Ich, 1 denotes the first element
returned by Ich~!.

It is not hard to verify that these functions com-
posed with lh and Ich, respectively, return the iden-
tity. I show this is the case for (v):

Ich(Ich~!(d)) =

% 2) A Aén Ap
* —1x% c w € * —1x%
Ih*(Ih~"*tp)  4e8 =5 A i Jh*(Ih 1 g)
Ich(lch~'t;) Ich(lch™'t;)
By induction, Ih*(Ihn""t; ) = t;/p and
Ich(lch_ltt/b) = 5. and we know that

(lch~*t){lch~'#,} will be split by Ich into
Ich—'t, and Ich~'¢,. This is because cat(t;) =
Asc so cat(lch™'t;, D) = A.[]; thuslch~'t, is a
context whose flagseq will be a Dyck word.

Ifl' = A[C] — Ap AC[U] Ap, then

t A
Ich~!(Ich(T, JiB)) =

tr

A, = (Ichy ' (leh(A, D))){Ich; ' (Ich(Ay, B))}.
By induction, we know A, = A{Ap} = A,
and also that Ihfl*(lh*tL/R) = tr/R; therefore,
Ich~!(Ich(T', B)) = (T, B).

It is important to note that for every derivation in
D(G"), either Ih~! or Ich~! is defined. To see why,
consider all the kinds of rules that could be at the
root of an arbitrary derivation d’ in D(G’). If the
root of d’ is a Leaves or Fill rule, Ih 1 (d) is defined
in cases (i) and (ii). If the root of d’ is an Empty
rule or a Concat rule which did not come from an
LIG Push rule, Ich™!(d) is defined in cases (iii)
and (iv). The only time a Compose rule appears
in an HG derivation is when it is dominated by a
Concat-from-Push rule, which is defined in (v).

Thus, every d’ € D(LH(G)) can be mapped to
a derivation in D(G). Since Ih™*(D(LH(G))) C
D(G), this proves that D(LH(G)) C Ih*(D(G)).
And since D(G) and D(LH(G)) are bijective and
the bijection lh preserves yields, each derivation set
contains the same number of derivations per string
generated. This completes the proof of Theorem
2, that LH constructs derivationally equivalent HGs
from LIGs.
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4 Derivational equivalence: HG to LIG

In this section, I will prove the reverse of the previ-
ous section: that for every HG, there is a derivation-
ally equivalent LIG. The proof will proceed with
the same structure.

First, given a source HG G, [ will define the re-
sulting LIG HL(G) = G’. Next, I define a func-
tion hl, : DPug — DL which transforms a
well-formed HG derivation into a well-formed LIG
derivation while preserving its yield and category.

To show that G and G’ are derivationally equiva-
lent, I show that the set of well-formed derivations
of G stand in correspondence to the derivations of
G’ via hl. T will show that the diagram below com-
mutes, that is, hI’,(D(G)) = D(HL(G)) = D(G').

HG —™ 4 1LIG

b s

P(DH(‘,> — ’P('DLI(;)

The proof proceeds by showing hl},(D(G)) C
D(HL(G)), and then the reverse. I show that hl,
has an inverse hl~}, and is thus bijective, so there
is a one-to-one correspondence between HG and
LIG derivations.

4.1 Grammar translation

Theorem 5. For any HG G, there is an LIG G’ =
HL(G) s.t. G and G’ are derivationally equivalent.

Again, this theorem will be proven through this
section. I first present the construction of the equiv-
alent LIG. Given an HG G = (W, Vr, S, P), con-
struct LIG G’ = HL(G) = (W}, Vr, W, S, P’) such
that:

o Vi =WU/{a}UVr, where Vi = {u|u € Vr}

« For each rule in P of the form A <% A LA AR,
add to P’ the LIG rule A[] — Ap A.[] Ag.

« For each rule in P: A% B D, add to P’
A[] = B[D] and a|D] — D]].

* For each rule in P: A — uqv, add to P
All = @ of] U, u]] — u, and 9] — .

e Addto P: af] — €. ALPHA

The constructed LIG is similar to the original
HG, but there are several new nonterminals: V7,
which are solely to introduce the corresponding ter-
minals; and o, which serves as a gap in the LIG tree

structure, allowing the LIG to emulate the bipartite
nature of HG strings.

The indices of the LIG are just the nontermi-
nals of the HG. Intuitively, if an HG rule wraps B
around D, the corresponding LIG rule will push
D on the stack, to construct a D subtree inside the
B subtree at the bottom of its spine. It is in this
way that the constructed LIG can use the stack to
emulate the HG Wrap rules.

4.2 The hl translation function

hl : Dyg — Cprig converts HG trees into LIG con-
texts. hl, fills the context resulting from hl with
the rule af] — € to produce a well-formed LIG
derivation which is equivalent to the HG deriva-
tion.

* hl(A — upv) =

e Ifd=A %5 A; A, Ap, then

N

t, te tr

hl(d) = AH = AL Ac[] AR
hiZt, hit. hltg
e1fd=AY BD, then
4t
A[] = B[D] (a[D] = D[]
hi(d) = \ \
hit, hit,

* hly(d) = hl(d){af] — €}

The hl translation function preserves categories
and well-formedness. First, I introduce a lemma
about context composition.

Lemma 6. Composition lemma for categories
Let I''A € C(LIG). Let 01,00 € V/. If
catc(I', B) = Alo;] and catc(A, D) = Blos],
then catc(I'{A}, D) = A[o09].

Proof. Induction over the structure of I'. O

Theorem 7. hl preserves categories

If d € Dyg, then hl,(d) is a well-formed LIG
derivation. In addition, hl preserves categories to
the extent that catc(hl(d), «) = cat(d)][].
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Proof. Induction will proceed on the statement
catc(hl(d), «) = cat(d)[].

Base case:

d=A — uv. cat(d) = A.

cat(hl(d), o) = A]].

Inductive cases:

i) Ifd =A% Ay A Ap and cat(d) = A,
then cat(t;/ r) = Arsr By induction,
catc(hl(tz,./r), o) = cat(tr . r)] = Arje/rl-
So, catc(hl(d), o) = A[].

(i) Ifd = A5 BD, and cat(d) = A, then
t t,
cat(t/)) = B and cat( ) = D. By induc-
tion, catc(hl(¢;), o) cat(t;)[] = BJ], and
J.

catc(hl(t,), o) = cat( [l = D[

Let ' = hl(t;)) and A = «[D] — DJ], so
hi¢,
catc(A, o) = a[D] and hl(d) = A[] — B[D].
r{A}

Applying Lemma 6 where catc(I',a) = B]]
and cat(A, of]) = a[D] yields catc(T'{A}, a) =
B[D]. Thus, catc(hl(d), af]) = A]]. O

Corollary 8. If d is a complete well-formed deriva-
tion of HG G, then hl,(d) is a complete well-
formed derivation of LIG G’ = HL(G). This shows
hI.,(D(G)) € D(HL(G)).

Proof. This follows fairly straightforwardly from
the previous theorem. Given any complete well-
formed derivation d € D(G), we can easily inspect
that each rule used in hl,(d) is a rule of Pg. Fur-
thermore, G and G’ share the same start symbols S,
so hl, (d) must be complete and well-formed with
respect to G'. O

Again, the proof of yield preservation is not dif-
ficult, and would follow the same structure as The-
orem 7. It also follows as a corollary of Theorem
12.

Example 2. Figure 2 shows an example of an HG
G2 which generates {ww |w € {a,b}*}, and the
equivalent LIG G} resulting from HL. The figure
also shows a Gs derivation for abbabb, and the gg
derivation resulting from hl.

G = ({S,T,U,A,B}, {a,b}, {S},P>), where P, =
(S AT, T sA sBuU, U sB,
A— €ra, B— ETb}

4.3 Inverting hl

In this subsection, I complete the proof of Theorem
5 by proving that D(HL(G)) C hl(D(G)). To do
that, I will show that hl, has an inverse, hlj(lx, and
use it to show that hI~*(D(HL(G))) C D(G).
Since the last step of hl,, is to add «[] — €, the
first step of hl~. is to remove it: hI=.(d') =
hI='(d'{af] = € — O}). Then, hI™! is the in-

verse of hl. hI™! can be spelled out as:

i If d = Al —»ual]v , then
] wu O 73]—>wv
hi=!(d) = A = upo.
(11) Ifd = A[] — AL Ac[] AR ,
(v, el =€) v (v, af] =€)
then hlI=1(d) =
A AL A AR
hl‘m*m
A[l = B[D] (a[D] = D]
(iii) If & = | | , then
Y Tr
hi(d)= AY BD . Thatis, d is
hl_l’Yl hl_l’)/r

a LIG context whose root node is a Push D
rule; this means somewhere along the spine
must be the corresponding Pop D rule because
flagseq(d’) is a Dyck word. The correspond-
ing Pop rule is found in the same way as in
the lh translation function.

It is not difficult to verify that hl o hI™! = id
and h1™! o hl = id; I show case (iii) below:
A[] — B[D] («a[D] — D]
hi(hI='(d")) = | |
hithy)  hi(hIy,)
The flagseq of ~+; and v, must be Dyck words
as well, and v; and ~y, have an a-shaped gap, mean-
ing hl™! is defined over them, and by induction,
hith™"y,,) = 30
Forhl ' ohl: Ifd = A 5 B D, then hl(d) =
T
Al = B[D] (a[D] = D]
‘ . The intuition here
hl¢, hl¢,
is that since ¢; is a well-formed HG derivation, the
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S[1 — A T[]

All = alla T[] = SIA]
|
S%AT af] - a[l]—a S[]—BU[]
PN B—allb U st
W
A Gl T/_>< allSe bl=b SO—BUl
SEBU A ea B[l — allb U[]—‘>S[B]
/\ a[l >e bll—b Sll—all
W
sl U/—>S\B o[B] L B[]
—
SE5BU B—oeb Bl allb
/\W o[B] 5 B[] b[]—b
B—eb U-—SB I
/\ B[l — allb
S—ere B—eb ofAlS Al Bl —b
All = ofla
af] >e a[] —>a

Figure 2: Derivation of abbabb in HG G» (left) and LIG HL(G>) (right)

flagseq of hl(t;) will be a Dyck word, so hl™!
will split hl(d) at the Pop D corresponding to the
Push D at the root of hl(d). Thus, hI™!(hld) =

AY. BD —d.

hi=thi(#;) hI7'(hlt,)

Combining the fact that hl and h1™! are inverses
with Theorem 7 results in the category preserva-
tion of h1~}: cat(d') = cat(hl=.d’)[]. Given any
(complete) well-formed derivation d’ € D(HL(G)),
h1=1*(d") will be a (complete) well-formed deriva-
tion in D(G). Therefore, D(G) and D(HL(G)) are
bijective. Additionally, since hl, preserves yields,
the number of derivations per string is the same in
G and HL(G). This completes the proof of Theo-
rem 5, that HL constructs derivationally equivalent
LIGs from HGs.

5 Interpretational equivalence

Let us now consider the ways grammars can match
semantics to syntactic structures, following the ap-
proach taken by Miller (1999). An interpreted
grammar consists of a grammar paired with a rule
interpretation function: (G, i), where p is a func-
tion from rules of G to functions over the interpre-
tation domain M. The interpretation domain M
can be a set of any kind of elements: lambda terms,

strings, and even trees. Two interpreted grammars
are interpretationally equivalent iff they generate
the same set of string-meaning pairs using their
respective interpretation functions. And two for-
malisms F; and F5 are interpretationally equiva-
lent iff for each interpreted grammar G; € F; with
interpretation function p1, there is some (Go, uu2)
(with Gy € F>) that is interpretationally equivalent
to (G1, (1), and vice versa.

Formally, for a grammar G, let u be a func-
tion which assigns interpretations to rules of G:
it maps each rank O rule to an element of M, and
each rank n rule to an n-ary function M" — M.
Then, let [-]* be the homomorphic extension of the
rule interpretation function p, defined over D(G):
for § rank 0, [B]* = w(B), and for m rank n,

m 1

Additionally, define the interpretation function

[-]# over tree contexts in such a way that if d =

I'{p}, then [d]* = [T (n(5))-

— p(m)[a]". .. [tal"

o [OJ* = Az x
o IfT' = m , then
tr, Ve tr

[T = Az p(m) [EL]* ([ve] (=) [ERD*.
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Lemma 9. Composition lemma for interpretations
The interpretation of the composition of two tree
contexts I'; A is function composition:

[T{AH" = Az [T]*([A]"x)
Proof. Induction over the structure of I'. ]

The proofs to show interpretational equivalence
between LIG and HG will proceed as follows: for
any LIG G equipped with an arbitrary rule interpre-
tation function p, I will show how to construct a
rule interpretation function p’ for the HG LH(G),
such that for all d € D(G), [d]* = [lh(d)]*.
In essence, in addition to translating grammars to
grammars with LH, and derivations to derivations
with Ih, we can also translate interpretation func-
tions to interpretation functions. I will also show
the same for the reverse translation: how to con-
struct an function to interpret derivations resulting
from hl, in grammars resulting from HL.

5.1 LIG to HG

Theorem 10. lh preserves interpretations

Given an LIG G with interpretation function g,
we can construct an HG interpretation function
p' for G = LH(G) such that for every derivation
d € D(G), [d]* = [Ih(d)]*".

« W(B = equ) = u(B[ = w)

Ifm= A[C] — AL AC[T]] AR
and m’ = % %AL%AR,

then p/(m') = M pt.tpx. pmtp(tex)tr

. Nl(% & % %) = Azyz. x(yz) COMP
e (A% A By = )

1 5 B) = TY. TY FILL
° ul(% - eTe) = )\xx EMPTY

Proof. We want to show that both lh and Ich pre-
serve interpretations. We prove this by induction
on both of these statements:

« Vd € D(G).[d]* = [Ih(d)]*

*VI' € C(G),B € W.[T'|" =
whenever Ich(T", B) is defined

[lch(r, B)]*

Base cases:

(i) If d = B[] — u, then [d]* = u(B][] — u).
[h(@)]* = [B = eu]” = u(B[| = u).

(i) T =
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(i) If T = O, then [T]* = Az. 2.

[lch(T, B)]* = [5¢ — ere]* = Az

Induction:

(i) If d = D{B}. then [d]* = [T]*(u(8)). By

the inductive hypothesis, for any B, [I']* =
[lch(T", B)]*, where defined.

[th(a)]*

— /(FiLL) ([leh (T, B)* ) ([th(3)]*)
— [ich(r’, B)]* (IIh(8)]*)

— [C*(u(8)

m and

N

t, A tp
m = A[(] = ALA:[n]AR, then
[TT = Az pu(m) [t ] (AT (@) [ERD"
By induction, [tr/g]"* = [[Ih(tL/R)]]“/
and [A]* = [lch(A, B)]* for any B s.t
Ich(A, B) is defined. There are two kinds
of I", depending on the root node:

(a) If m is not a Push rule (n = ¢), then

[ich(T, B)]*

= /(th(m))[Ih(t.)]* [ich(A, B)]* [ih(t)]”
= ()\tLtctRx.u(m)tL(tca:)tR)ﬂtL]]”[[A]]“[[tR]]”
= Az. p(m) [tL]* ([A] z) [tr]"

(b) If m is a Push rule (1 # ¢), then let m’ =

% G, Af Aé” Ag. Thus, Ich(T', B)
m/ ,  where
e, g 5 g
Ich(A;, D) Ich(A;, B)
At{Ab} = A.
[A]* = [A{ A} = Ax. [A]#([Ay] )
by Lemma 9.

By the IH, [A* = [lch(A;, D)]* and
[Ay]* = [leh(Ay, B)]*.



[ich(r, B)]
= 1/ (m)[Ih(t2)]* (4 (comp)
[[lCh(At, D) [ich(&y, B)]*)[Ih(tr)]*
p (m)[EL]” (4 (comP)[A [Ae] ") [t £]*
p (m) L] Nz [AD*([Ae]” ()]t R]"
p (m) L] [A] [tr]"
= Az p(m) [eL]* ([A] 2) [tr]"

So Ih and Ich both preserve the results of any arbi-
trary interpretation function y via 1. O

Corollary 11. Weak equivalence and preservation
of yields by lh follows from interpretational equiv-
alence and preservation of interpretations. Let
i =Y, the natural yield function for LIGs, and
p' =y, the natural yield function for HGs, with a
pair of strings being equivalent to a function from
strings to strings: u4v = AZ. uzv.

5.2 HG to LIG

This subsection shows the reverse: how to preserve
interpretations in the translation from HG to LIG.
LIG interpretations in this section will involve lists,
so here are a few preliminary definitions regarding
lists: [z]¥ = x and 2:[y,...] = [z,y,...].

Theorem 12. hl preserves interpretations

Given an HG G with p, we can construct an
interpretation function y' for HL(G), such that
vd € D(G).[[d]*] = [h(d)][]. ie. [d]* =
([hI(d)]* [])*. That is, the interpretation of hl(d)
applied to the empty list is equal to the interpreta-
tion of d contained in a list. To define y':

c W@ =) =]
o W(A] = uaf v) = dusv.(u(A = wyv)):s

cItm=A AL A Ag
and m’' = A[] — A A.]] Ar,
) = Aa(y:s)z. (u(m)(xh)y(2h))zs.

«ifm=A"% BD,
then 1/ (A[] — B[D]) = M a:y:). (umzxy):s
and ¢/ (a[D] — D[]) = \z. x.

* wall =€) =]

Proof. Note that since the image of hl is C(LIG),
the interpretation of contexts applies.

Base case:
d=A — up, so [d]* = pu(A — up).

then p/(m

ALPHA

hl(d)

[hi(d)]*[]
(As. p(A = upo):s)]
Inductive cases:

1 If m

A% AL A, Ap and d
, then [d]* = pu(m)[tL]*[t]*[tr].

t,  te tr
Letm’ = A[] — AL A.[] Ar, so
hi(d) = m/ .

hi’y.  hly.  hiiyg
And by the IH, [[t7,/c/r]"] = [Nz e/r]" (]

[i(a)]* (1))
= (Az. ¢/ (m/)[(hI*~yz, ALPHA)]*

([hle]* 2)[(hI*y g, ALPHA)] )]
[y )7 ) ([l el (D) (T ya] ()
[t 1Tt ][ [ERD"]
eI ([t ([ RT#TH):1]
= [u(m)[tL]" [t]" [t r]"]

~
—~
33
~— —
N — o~

i ifm=AYsBDandd = m , then
6ot
[d]* = p(m)[t]* [t "
A[] - B[D] a[D] — D[]
Let I' = | and A = | ,
hit, hit,

so hl(d) = TI'{A}. By induction, [[t;,.]'] =
[hl tl/r]]“/[]. This entails [hl;]* = \z. [t;]*:x.
[A]Y = Ay. (Az. 2) ([ £, ]*'y) = [ht]*.
[C]* = Xz. (A(z:y:s). (umay):s)([hI4]" 2).

[hi(d)]*'[] = [T{A}]*[

= [T]#([A]*[]) (by Lemma 9)

= (Mazy:s). (pmay):s)([hl ] (T, [])

(Azzyzs). (pmay):s)((Ae. [G]":2)[[t]])
= [u(m)[t]" [t "]

Finally, since hl,(d)

[hla ()] = [[d]*).
Again, weak equivalence and preservation of

yields by hl,, follows as an instance of y. In addi-

tion, if we let 1 be the identity function on D(G),
1/ will emulate h1=).

hi(d){a]] — €},
]
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6 Discussion

The translation from LIG to HG presented in Vijay-
Shanker and Weir (1994) formed the basis for this
paper; because they only considered generated
string languages, their translations did not preserve
the number of derivations per string. Thus, to study
equivalences deeper than of sets of strings, Section
3.1 presented a modified version of their grammar
translation which is indeed derivation-count pre-
serving.

However, it is worth noting that when paired
with the semantic translation defined in Theorem
10, the original translation algorithm in Vijay-
Shanker and Weir (1994) is also string-meaning
preserving, despite not producing derivationally
equivalent grammars. The HGs produced from
their translation contain infinite families of spuri-
ous ambiguities, but the semantic translation in this
paper is defined in such a way to overlook these
instances of spurious ambiguity, treating them as
semantically vacuous. This shows that derivational
equivalence is not a prerequisite to interpretational
equivalence. In general, derivational equivalence
may become a less useful notion when working
with infinitely ambiguous grammars, but interpre-
tational equivalence does not.

Other researchers have proposed ways to com-
pare generative capacity at a level beyond strings,
such as Koller and Kuhlmann (2009) and Schif-
fer and Maletti (2021). Most notably, Kanazawa
(2014) shows that the set of derivation trees of ar-
boreal indexed grammars (with categories stripped
of indices at each node) is equal to the set of trees
derived by simple context-free tree grammars. In
the base case, this equivalence roughly reduces
down to the deindexed derivation trees of LIG be-
ing equal to the trees derived by Tree-Adjoining
Grammars (TAG), the latter of which has essen-
tially been proven strongly equivalent to HG in
Fujiyoshi and Kasai (2000).

The goal of establishing notions of equivalences
beyond string languages is to consider what kinds
of properties each formalism is capable of ascrib-
ing to each string. If these properties, such as se-
mantics, are computed compositionally from the
derivations, then in comparing interpretations, we
are implicitly comparing derivations which have
that interpretation. In theory, it is not enough to es-
tablish that the derived trees of a tree grammar are
in correspondence with the deindexed derivation
trees of an index grammar, since there could be

multiple derivations per derived tree in the former
case, or multiple derivations which are identical
modulo indices in the latter case. However, it is
easy to see that given the semantic translation devel-
oped here, Kanazawa’s result can be strengthened
to interpretational equivalence.

7 Conclusion

In this paper, I explored two kinds of equivalence
beyond weak equivalence and proved they both ap-
ply to LIG and HG. Two grammars are derivation-
ally equivalent if they generate the same number of
derivations per string, and two grammars are inter-
pretationally equivalent if they generate the same
set of string-interpretation pairs.

These proofs were facilitated by the functions lh
and hl,, which translated derivations from a gram-
mar in one formalism to an equivalent grammar in
the other formalism. It is important to note that
these functions did not depend on the grammars
themselves in any way. This means that they could
be defined over Drig and Dyg, showing that all
LIG and HG derivations stand in a bijection.

This paper can serve as a model for how to rig-
orously compare recursive mechanisms across for-
malisms. The notions of derivational and interpre-
tational equivalences shed light on how the genera-
tive structures of different grammar formalisms re-
late. In this case, the equivalence between LIG and
HG reveals how working with a linear stack-based
category system is equivalent on some fundamental
level to the ability to wrap pairs of strings.
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Abstract

It is shown that the dynamic logics corre-
sponding to theories of generative grammar
are decidable. The theorems establish fairly
general decidability results for structures that
use a restricted form of reentrancy. Our meth-
ods give effective algorithms and upper bounds
for the complexity of the decision problem.
Although the bounds are fairly high (some-
times in the order 2EXPTIME) it is hoped that
the complexity can be reduced in most cases.
This opens the way to create effective tools for
testing grammars and theories, and for check-
ing satisfiability of web queries for reentrant
structures.

In Memoriam dr. Andrds Domokos

1 Introduction

This paper is a continuation of (Kracht, 2008). Al-
though the proofs are independent of those of the
previous paper, we omit here the motivations that
lead to the definitions of the structures whose log-
ics we shall look at here.

A grammar can be seen as a theory of a class
X of structures. A framework admits classes
of grammars, and so classes of classes of struc-
tures. As I have shown in (Kracht, 2001), the
structures used in generative grammar since the
GB framework—thus including the theory of Prin-
ciples and Parameters as well as the Minimalist
Program—are more complex than trees. Their ge-
ometrical part consists of a relational structure of
the form (M, <), where M is finite, <™ is cycle
free, and for all x, {y : x < y} is linearly ordered
by <*. These are called multidominance struc-
tures. Everything else, starting from categories,
adjunction and subcategorisation can be dealt with
by adding suitable propositional constants or by
considering lexical entries to be structurally com-
plex (see (Kracht, 2008)). Adjunction complicates

the matter insofar as it requires a more liberal no-
tion of reentrancy. We shall deal at the end of
the paper with adjunction by proving a very gen-
eral theorem that admits structures that have any
kind of relations added to trees. Thus, particu-
lar grammars determine classes of MDSs. The-
ories of grammar determine sets of grammars and
thus—indirectly—sets of logics. Consider now a
class of structures K. We may now ask: what
is the logic of these structures? In the literature
one typically settles either on monadic second or-
der logic (see (Rogers, 1994) and (Kolb et al.,
2003)) or on modal logic. The disadvantage of
MSO is that multidominance prohibits a straight
application of Rabin’s Theorem. So far it is—to
my knowledge—not known, how Rabin’s Theo-
rem can be applied to MDSs, see (Kepser, 2010).
But it is not necessary to use such strong logics,
whose complexity anyhow is far beyond the prac-
tical needs. It turns out that everything that needs
to be said at all can be said in a relatively weak
logic, using five modal operators. The language
allows to distinguish two different grammars and
is therefore expressive enough.

We shall show that virtually all theories for-
mulated within GB and MP are decidable. This
is a big step forward. It technically means that
one can decide in principle whether a principle
follows from a conjunction of other principles,
whether a grammar admits certain types of struc-
tures, whether a given string is grammatical given
a particular grammar, and so on. It means that
these questions can be settled once and for all in
a formal way, and not simply by looking at ex-
amples. For all those who do not wish to per-
form such arguments themselves it may be said
that since all methods are constructive they can be
executed by a machine as well and so it is also pos-
sible to design work benches for syntacticians that
allows to define a grammar or even a constraint on
grammars and see how it interacts with other con-
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straints, or whether it is satisfied in a grammar, and
so on. It also allows to check queries on linguis-
tic structures for consistency with a given theory,
eliminating costly searches in the internet in case
of unsatisfiability. !

2 Reentrancy Structures and
Multidominance Structures

In the previous papers we studied the logic of
MDSs. It turns out that MDSs can be coded in
reentrancy structures. From a formal viewpoint,
reentrancy structures are somewhat easier to deal
with. A reentrancy structure uses two kinds of re-
lations: the ‘white’ relations >;, i < m, and the
‘black’ relations »;, j < n. (The use of > in place
of the more usual <1 is mnemonic: we remind our-
selves that we are inside a tree and we are going
down, whence following > rather than <1.) On the
basis of these relations we set

>:= (U >l~]+ (1)

i<m

Definition 1 A reentrancy structure is a structure
M= (M, {>;:i<m},{»;:j<n}) 2)

where (M, {r>; : i < m}) is an m-branching tree
with successor relations <;, i < m, and for every
J < n, »; is a partial function such that »; C>.
M is narrow if for all j < n, «; := >; also is a

partial function.
> = o 3)
i<m
We use V; and V for the operators that use these
relations. And we use ¥ for the operator of the
relation » ;.

Before we dive into technicalities let us indi-
cate how we code MDSs by means of narrow reen-
trancy structures. Recall from (Kracht, 2008) the
following.

Definition 2 A multidominance structure is a
Structure

(M, >00, >01,>10, >11) 4
such that
@ (M, >q9,>01) Is a tree with dominance rela-
tion (> U >]0)+.

'T thank Hans-Martin Girtner for the help he has given
to me. Thank to Ed Keenan, Greg Kobele, Ed Stabler and
Andras Kornai.

@ Ifthere is ay <y; x for some i € {0, 1} then
there is ay’ <o; x for some j € {0, 1}.

® Forie€ {0,1}: If x >;1 y then x (>00 U >10
)y

@ Fori e {0,1}: If x >0 yand x >;1 Y then
y=y.

® Foriel0,1}: >N >1=a.
® Foriel0,1}: >¢ N >1= @.

Let M(x) :=={y : ¥y >01 xory >11 x}. M is called
narrow if |M(x)| < 1 for every x € M.

It follows from the definitions that
(>00 U >01 U>10 U>11)" = (00 U >01)"  (5)
Let Mt be given. For all i € {0, 1} we put
<j i=>0 (6)
By definition. M(x) is linearly ordered by the tree
order <. So, M(x) = {y; : i < p}, where y; < yr41

for all k < p — 1. Then put

(& x <qjyiand x <o1 yis1
& x <1 yir1 and x <11 Yiy

Yi €0j Yi+1

7
Yi 41 Yit1 @

First of all, let us note the following.
Lemma 3 »;; and «;; are partial functions.

Proof. Assume x <«go y and x «gp y’. Then x,y €
M(z) for some z, and x,y’ € M(Z') for some 7’
Now, z = 7/, otherwise M(z) N M(Z') = @. To
see this, observe that x € M(z) N M(Z'), which is
to say that x > z as well as x > 7. Moreover,
by definition of <y, x >¢; z and x >¢; z’. This
means z = z7’. So,y = y’, since y and y’ both are the
next node up from x in the tree order. Similarly for
the other relations «;;. Now assume x »(o y and
x »o0 Y. This again means x,y € M(z) for some
z, x,y € M(Z') for some 7/, from which z = 7/.
Since M(z) is linearly ordered by the tree order,
y =Y’, by definition of » . Similarly for the other
relations »;;. O
Put

v = (M (> 0 i <2}, {10, j<2})  (8)

It is not hard to see that »;; C >* for all i, j < 2.
Hence we have

Lemma 4 v(IN) is a narrow reentrancy structure.
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We have to see how to recover 9t from v(9). Put

>00:= <o >o01:= <4 9

This defines the same tree order underlying the
MDS. Put

< =<V« (10)

We define now: x >jg yiff thereisa j < 2 and a
sequence x = zg <1; 2] d1; 22 41 Z3... 4o Iy = ),
n>1. x> yiff there is a j < 2 and a sequence
X =202 422 4;23... 41 Zp =Y, n > 1.
Given a reentrancy structure 9t put

HN) == (M, >01,>10, >10, >11) (11)

This defines an MDS, a fact that follows immedi-
ately from the following fact.

Lemma 5 For every MDS: u(v(t)) = M.

Proof. The tree order is identical, so we need to
care only about >¢ and >;. Suppose that in I
x >10 y. Then y € M(x) and so we can enumerate
M(x) as z;, i < p + 1, such that x >10 z1 >},
72 > 23 > Zp- Suppose that x >o zo. Then
x<lozo. By definition of «;;, we have z; «4; z;+1 for
all i < p. Moreover, we have z,,_| 4o z,. This is
exactly the definition of (the reconstructed version
of) >1¢ given above. Similarly for the other cases.
O

For the next theorem we only need to remark
that we can use the full power of dynamic logic.

Corollary 6 The modal logic of reentrancy struc-
tures has the finite model property and is decid-
able.

3 Axiomatisation

We work with polymodal logic. We shall now re-
hearse the details, and refer instead to standard
sources. Let Var := {p; : i € N} be the set of
variables. The set of constants is C. The boolean
connectives are T, — and A. For every white rela-
tion >; we assume a modal operator [V;], and for
every black relation »; a modal operator [V ;]. (In
fact, V; and V ; are the programs in the sense of dy-
namic logic, and modalities are formed from them
by using the brackets [—] or {(—).) Finally, there is
a master modality 0. We also write H¢p := @ A Q.
The first set of postulates regulates that the struc-
ture (M, {I>; : i < my}) is acyclic.

(R1) o(@p — p) — Op.

(R2) Foralli < m: {(Vy)p — <p.

(R3) Foralli < m: (V;)p — [V]p.

The proof is not repeated here. Using unravelling
one can show that the structures all derive from
finite trees by collapsing certain subtrees.

The logic with the axioms (R1) — (R3) is the
logic of acyclic structures. We call it ACy,. If
we expand the language into dynamic logic we
get the logic DPDLy, f, also called the logic of
finite deterministic computations on m programs.
This logic was shown in (Kracht, 1999) to be com-
plete with respect to finite m-branching trees. Al-
though we are not dealing with a dynamic logic, it
was proved in (Kracht, 2008), that the star can be
added with impunity, since all programs are termi-
nating in finite structures. Technically, therefore,
although the language defined above contains no
programs in the sense of PDL, we can add them in
the form of abbreviations in the following way.

(@UBx =LV {Bx

;B  =L{a)Bx (12)
ONx =0AY

(@) =0 e x Viay) —q

where in the last line ¢ is a variable not occur-
ring in y or @ and « is cycle free. The last re-
duction works in general for every program, since
R(a) can be shown in PDL.f to be always of the
form R(67) U R(B) for a cycle free 8. To be a bit
more precise, let us be given a formula ¢ in the
language of DPDL.f. Then for every formula y in
the Fisher-Ladner closure we introduce a variable
q, and replace ¢ by

ED(p) = gy (13)

where D(yp) is the conjunction of the following for-
mulae:
Qla:p)s < G{a)(B)s
d(aup)ys < G(a)s V 4(B)s
qnMs < dn N 4s
da*ys € 4s \ 9{a;a*)s
v < (Vi)gs
qos < <Ogs

(14)

Moreover, as we have explained in (Kracht, 2008),
it is possible to add the converse @~ with impunity
provided that R(a™) is a partial function and that
we have a formula ¢ equivalent to [@~] L. In order
to replace o™, suppose the following holds at the
root of the frame:

Bl « (x Ao) Via)g) 15)
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Then g is true at anode u iff [@™~]y. Then (a7 )y <
g A —c, by functionality of @™ and the definition of
c. Alternatively, add to D(¢) the following:

45 © 45 N 4e NV Qazays (16)

(This will require adding g,.,-s to the set of vari-
ables, and some more variables for the subformu-
lae, whenever (@~ )¢ is in the Fisher-Ladner clo-
sure.)

What we need, however, is the constant c. If, for
example, we are interested in inverting the domi-
nance relation, >, we can do the following. If ¢
is consistent, so is ¢ A O—¢. Thus, we can always
assume that our model satisfies ¢ only at the root.
In that case, the desired c is ¢ itself. It is likewise
possible to invert >; for all i < m.

Thus, adding the converse does not increase ex-
pressibility as long as one can define ¢ and the con-
verse is a partial function. It follows that for every
regular expression formed from programs which
have this property, is also definable. However, one
may not to use * in programs that contain basic
programs as well as their converses, since the re-
sulting program may contain cycles.

The next batch of postulates concerns the ax-
iomatisation of reentrancy structures.

(R4) Forall j <n: (¥;)p — $p.

(R5) Forall j <n:(V¥;)p — [V,]p.

(R6) Forall j <n: (Vj)p = (V*)p.

(R7) Foralli< j<m: (V. )T — —|<V7>T.

The axioms (R4) — (RS) are unproblematic, see the
discussion above. They in fact give us the logic of
finite computations for m + n programs. (R6) adds
the requirement that »; is contained in the transi-
tive closure of >>. (R7) finally makes the models
trees. For it says that any node can have only one
mother via < so that reentrancy is eliminated for
the white relations. Notice that we have used the
converse here; so although this postulate seems to
use no variables, it abbreviates a formula that does.

Finally, we present an axiom for narrow reen-
trancy structures. Before we begin we draw atten-
tion to the fact that in trees one can effectively use
nominals; these are variables which are true at ex-
actly one point (see (Blackburn, 1993)). Set

n(p):=-8-pAE(p— [V ]-p)

A = Ay 9 A (T 7%p) D)

Lemma 7 Suppose M = (M, {>>; : i < m}) is a
tree with root w. Then (I, B, w) E n(p) iff B(p) =
{x} for some x € M.

Proof. (=). First, w F = [0 —p guarantees that
the set B(p) is nonempty. Next, since w F H(p —
[V*]=p) and w is the root, for every x € M: x F
p — [V*]-p. This means that the set B(p) is an
antichain with respect to >*. For if x> y and x
p then y F p cannot hold. Finally, this antichain
has only one point. For if it contains two different
points y and y’ then there is a z and u, u” such that
y<"u<;zand y <" u’ <jzfori < j. Thus
Z BV ViV ; V*)p, which is also excluded.
(). Basically similar. O

(R8) For all j < n:
[V*; ¥;]-p)

n(p) — G(Y)p —

The logic RS the logic axiomatised over K, 4,1
by (R1) — (R7), while NRS is the logic obtained
by adding to K,,4,,+1 the axioms (R1) — (R8).

Lemma 8 A reentrancy structure is narrow iff it
satisfies the postulate (RS).

Proof. (<). Suppose 9t is not narrow; say, x <o
v,y with y>*y’. Define B(p) := {x} and the above
axiom is violated at y (and, as is not hard to see,
also at the root). From Lemma 7 follows that at
the root w:

(M, B, w) E n(p) (18)

Nevertheless,

wF BV )p = [V V;]-p) (19)
For we have y = (V¥ ;)p. However, y ¥ [V*; vil-p
since y>"y" and x «;y" whence y’ E (V¥ )p. (=).
Now, conversely, assume that 9 is narrow. As-
sume that g is such that

(M, B, w) E n(p) (20)

Then by Lemma 7, B(p) = {x} for some x. Lety
be such that

yEAYp 21

Then y >* x, since p is only true at x. Lety’ <" y
be such that y* = (¥ ;)p. Then y’ > x. However,
also y > x F p. Since the structure is a narrow RS,
y = ). Contradiction. Hence, y" F —(V¥;)p, and
since y’ was arbitrary,

yEIVTV1-p (22)

as promised. O
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We are ultimately interested in the logic of the
class of structures of the form v(90). It is obtained
by adding to NRS a few postulates. Namely, no-
tice first that the relations >, »g9 and » i are
mutually exclusive. A node can only have one left
daughter. Similarly for right hand daughters. And
finally, if a node has a right hand daughter it also
has a left hand daughter:

(R9) Foralli <2: (V)T = (¥, TA(Y{)HT)A
(Yo T = A(ViT A (V)T ALY )T —
(VT A=(V¥p;)T)

(R10) KYo)T VAVIT VAV IDT) — (Yoo)T V
(VoT V{(¥10)T)

It is clear that these axioms characterise the de-
scribed properties; also, they are constant and
therefore will be left out of consideration in the
sequel, since constant axioms preserve decidabil-
ity and also complexity.

In what follows we give a proof that both RS
and NRS have the finite model property, and so
characterise exactly the class of finite (narrow)
RS:s.

4 Some Basic Results on Complexity

Call a finite structure linearisable if there exists
a linear irreflexive order < computable in lin-
ear time such that (1) for every modal operator
B, R(W) C<, and for every modal operator
either (2a) there is a number k such that l no
point has more than k successors via W, or (2b)
there is a number k such that for every point x,
{y: x <y, =(x R(M) y)}| < k.

Lemma 9 Truth in a linearisable model is com-
putable in linear time.

Proof. Suppose that we have a well-order < on
the domain of the model such that if x R(H) y then
x < y for all basic modalities B. Let h(w) := |{z :
w < z}|. Assume that for all subformulae ¢ of ¢
and all z > w, truth at z is computed. Truth at w of
a subformula ¢ is a matter of checking a bounded
boolean combination of formulae. O

This can be applied to our logics as follows.
Each node is given an address in the following
way. The root has address €. If x <; y and y has
address ¢, then x has address ¢ - j. By assump-
tion, every node has a unique address. As order
we take ¢ < € iff ¢ is a prefix of ¢ or there are p,
gand Fsuchthat ¢ = p-0-gandé=p-1-7
This takes care of the basic modalities. O still is

tricky. Notice, however, that for a node ¢, ¢ F Og
iff ¢-0 FE ¢;0¢, ¢- 1 F ¢; O, so that truth at &
is a bounded boolean combination of truth at some
nodes later in the order.

The following is from (Vardi and Wolper,
1986).

Theorem 10 (Volper & Vardi) Satisfiability in
DPDL.f is globally (and locally) EXPTIME-
complete.

5 Preliminaries

Let M, B, ¢ be fixed. We assume that ¢ contains
only basic modalities; everything else is just an ab-
breviation as defined above. Let S F(¢) denote the
set of subformulae of ¢. For A C S F(¢p) put

amp(H) := /\X/\ /\ W
YeA  yeSF(o)-A

(23)

If M and B are clear from the context, we drop
them and write a(H). Such formulae are called ¢-
atoms. Let At(p) denote the set of all g-atoms.
For a set A of formulae, the notation S F(A) and
At(A) are used in the obvious way. For w € M, let
a(w) denote the atom which is true at w.

Here is a general result on how to make new
models from old ones. Fix a set A closed under
taking subformulae. Let (¥, 3) be a model and
X,y € M. Write x ~5 yifforall 6 € A: (M, B, x) F
O iff (I, B,y) E 6.

Lemma 11 Let (M, {<; : i < m}) be a frame, B
a valuation. Now let N C M and <; be relations
such that the following holds for alli <m, x € M
andz € N:

@ If x <; y then there exists ay’ ~p y such that
Yy € N and x<i;y’.

@ If z<;y then there exists a'y’ ~a y such that
4
x<;y.

Then for ally € N and 6 € A:

(M A<ii<n}),B,y)ES

o (NAZ i< pyEs Y

Proof. By induction on the complexity of ¢. If
0 is a variable, the claim is trivial. The induc-
tion steps for — and A are immediate. Now let
0 = O, Then ¢ € A, by assumption. (=). As-
sume that (M, B,y) F <. Then there exists a
Z € M such that y <i; z and (I, 3,2) F ¥. By as-
sumption there is a 77 ~ z such that 77 € N and
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y<1;z’. Hence (M, B,7’) E 9. By inductive hypoth-
esis, (N,B,7') E ¥ and so 0, B,y) E O, (<).
Assume now that (9t,8,y) F <$p%. Then there is
a z € N such that y<;z and (R,8,z) F 9. By
assumption, there is a 77 ~5 z such that y <; 7.
By inductive hypothesis, (M,8,z) F ¥ and so
M, B,7') E . From this we get (M, B, y) E .
O

Call w minimal if w F a(w) A [VT]=a(w). No
two minimal points with same atom are compara-
ble via <. Equivalently, if a(w) = a(v) and v and w
are both minimal, and v < w then w = v. We shall
show how to build a model on some set of minimal
points. First, observe that we may choose the root
of the model to be minimal. Let the depth of w be
the defined by

dp(w) := {a(x) : x < wi| (25)

Call w egregious iff either (a) dp(w) = 0 and w is
the root and minimal, or (b) dp(w) = n+1 > 0 and
for the unique x such that w < x and dp(x) = n,
and y such that w < y<tx w is the leftmost minimal
member of the set

{z:z25xa(2) = a(y)} (26)

(Here leftmost is defined as follows: if x <i; y and
x’ <jythen xis left of x" iff i < j. In general, x is
left of x’ iff there are u, ' and z such that x < u<;z
and X’ <u’ <juandi< j.)

The definition makes sure that for every egre-
gious x which has a daughter, there is a unique
egregious w with depth dp(x)+1 below that daugh-
ter. We denote by x® the unique egregious point u
such that u < x and a(u) = a(x).

We shall prove a rather general theorem on the
logic of finite trees based on m primitive relations
and one master 0.

Theorem 12 For every RS-model (M,B,x) E ¢
where < is a tree order, there is an RS-model for ¢
such that < is a tree order, and which has at most
22" points.

Proof. Assume that (0,8, w) F ¢. Let E := {x° :
x € M} be the set of egregious points of (M, B).
For a relation R put R = {(x, y®) : {x,y) € R}. Put

€ = (E, {$iNE* i <m), (% ;NE*: j<n}) (27)

It is not hard to see that the order > is a tree order.
First we notice that for egregious points y and y’:
y<y iff y < y’. This is shown by induction on
the number of egregious points between y and y’.

Suppose this number is zero. (=). We have y<1y’.
Hence y = x® for some x <1y’. From this follows
y <¥. (). y <y and there is x such that y =
x° <y from which y<iy’. Now suppose that this
number is not zero. (=). y'y implies y < y’
from the previous and the fact that < is transitive.
(&). There is a chain of egregious points y = yg <
y1 < y2 < .. <y, = Y such that there is no
egregious point between y; and y;j; 1, i < n— 1. By
the previous, y;<y;.+1, and so y<y’.

For assume that y,y’>x. Then also y,y’ > x, by
the fact that x° < x so that in general yi>;z implies
y > z. It follows that y < y" or y’ < y. From this
we get y<y’ or y'<y.

The valuation is y(p) := B(p) N E. From
Lemma 11 we get for every y € S F(y) that

CrxorExy © OB x)Fx (28)

It follows that

(C,y,w) Fo (29)

Thus the model is based on a tree. Given a formula
of length n, there are n subformulae, whence 2"
atoms. The depth of a point is therefore bounded
by 2". This is equal to the depth in €. It follows
that since the models are based on binary branch-
ing trees of height at most 2 there are at most 22"
points in E. O
This is the basis of all the proofs that we give
in the sequel. The only addition they make is that
there shall be additional relations to take care of.

6 The Main Theorem

We now formulate our main theorem.

Theorem 13 NRS has the finite model property,
and the size of models is bounded from above by
22" where n is the length of the formula.

Proof. Let ¢ be given. We write a(v) for the ¢-
atom of v. For each @ € At(p) let r, be a new
variable and put MVar := {r, : @ € At(p)}. Next
let IT:

N(=re @ € AK(p))
A NB[VH]=rg - a € A())
A NELYI(@ = re) @ @ € At(yp),
j<n)
AN NB(rg = —rg) ta # B € At(p))

(30)

First we verify that if (M, B8,w) F ¢, where 8 :
Var — (M) is a valuation and < a tree order on
M then there is a unique valuation 8* on Var U
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MVar extending B8 such that (I, B, w) E ¢; 1L
The formulae say the following. (1) r, is not true
at the root. (2) r, is not true at a node x where
there is a y such that x < y. Hence, r, can only be
true if there is a y such that x «; y. (3) says that in
that case r, is true iff @ is true at x. Since Mt is a
tree, y is unique, and so the valuation is uniquely
defined. (4) says that not both r, and rg can hold
if @ # B. (It is actually a consequence of (1), (2)
and (3).) So,

B(re) ={u:a(u) = o and fornov: u <v} (31)

Suppose that ¢ is DPDL.f-consistent and ¢ con-
tains no variable from MVar. Then ¢;II is
DPDL.f-consistent as well.

Define X(p)

N n(re) — E’(/\('j)"d - [VT, 'j]_‘ra)
T € At(p), j < m) (32)
ANKY = (VHm e A(p), j < n)

Notice that X(¢) is a set of instances of NRS-
axioms.

Now suppose that ¢ is NRS-consistent. Hence
©; X(¢) is NRS-consistent and a fortiori DPDL.f-
consistent. Thus, ¢;I1; X(¢) is DPDL.f-consis-
tent. Therefore there is a structure T := (T, {>>; :
i <m},{»;: j<n}) whichis an m + n-branching
tree, a valuation 8 and a world w such that

(T,B,w) F ¢ I, X(¢) (33)
and

O all <;, i < m, and all «;, j < n, are partial
functions;

@ all >;, i < m, and all »;, j < n, are partial
functions, and

® < is cycle free.

This is because DPDL.f has the finite model prop-
erty and the fact that we can apply unravelling. We
shall now produce a narrow reentrancy structure
based on the egregious points.

Let H be the closure of w under the relation >.
Define the function u +— u® as in the proof of the
previous theorem. Then let £ := {x* : x € H}
be the set of egregious points and define >;, i <
n, as before. Now suppose that x »; u, j < n.
Then (T, B, x) F (V¥ j)a(u). So, by choice of X(¢),
we have (T,8,x) E (V')a(u). So we choose an
egregious u” such that ¥ < x and a(u”) = a(u).

Then u” € E. We keep the partial function u — u”
fixed now. (In fact, a single such function suffices.)
C:=(E({S;ti<m},{»;:j<n}) (34)
The valuation is y(p) := BT (p)NE. For y € S F(p)
we get by Lemma 11 that for every egregious x:

Cr.xnEy o (T xEx (35)

Thus we have a model (€, y,w®) F ¢. Finally,
we need to see that € is a narrow reentrancy struc-
ture. Recall the function u +— u”. By definition,
u’ < x if u < x, and from u” < x it follows
that u”<x. Thus, € is a reentrancy structure. To
show that it is narrow we need to show that the
map u +— u” is injective. Let therefore u and v be
distinct egregious points such that u¥ = v¥. Let
u < xand v «;y. Then, since u” < x and v’ <y
we have W < x,y and so y < x or x < y. With-
out loss of generality, assume the first. Then ei-
ther x = y, and we are done; or y < x. We shall
derive a contradiction. Notice that a(u) = a(v),
whence u and v both satisfy the same r, in T.
Since (T, B8,w) F n(ry) and (T,B7,x) E (V¥ )1,
we find that (T,8%, x) F [V"; ¥;]-r,, in particu-
lar (T, 8%, y) E (V¥ )=r,. This is the desired con-
tradiction. O

Theorem 14 Satisfiability in NRS is decidable in
2EXPTIME.

Proof. Let n be the length of the formula. S F(y)
is linear in n, and so there are 2" many atoms.
Observe next that the auxiliary formulae are of
combined length O(2"). This is because there are
2" atoms, and there are 2" formulae of the form
rg — -, and ¢2" formulae of the remaining
kinds. Notice, though, that the formulae of the first
kind are redundant. So, we really only need 2"
many formulae. Each formula has length at most
dn for some d. This, combined with the fact that
the logic of trees is EXPTIME, gives the result. O

7 Further Results: Distance Principles

In (Kracht, 2008) I have considered variants of the
definition of MDSs where lengths of movement
steps are restricted. We shall look at such principle
here again. Since we have changed the format of
encoding, the form of the distance principles also
changes slightly. Notice that in the reentrancy for-
mat it is not the links that get encoded directly but
rather the movement paths. So, if x»;;y this means
that x and y are members of a chain and that there
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has been movement from y to x. This has advan-
tages in the codification of movement. For we can
set down distance principles in a very direct way
as follows. While before we had

(Vjp = (V5)p (36)
we now consider postulates of the form
(Vj)p = (aj)p (37)

There are now two cases to consider. If we con-
sider Freeze Movement then the distance covered
in a single movement step is measured in terms of
underived links (see (Kracht, 2003)), that is, white
relations. We can capture this by requiring that «;
is a program not using any of the v;. If we are
interested in Shortest Move then matters are dif-
ferent. Here the movement path will involve also
derived links, that is to say, black relations. In this
case the principle is stated as follows:

(Vj)p = {aj)p (38)

with the condition that in the execution chain (to
be defined below) 6y does not contain ¥;. This
condition ensures that we measure the movement
path of the link against the different alternatives.
We shall defer the treatment of Shortest Steps and
concentrate here on Freeze derivations.

On certain conditions on «; the present con-
struction can be repeated almost verbatim. What

one must ensure is that if y 4 x holds in T, it also
holds in €. This is not the case for all ;. However,
under certain conditions this is the case. One case
that interests us here is the case where «; defines
a command relation in terms of the white relations
(see (Kracht, 1999)).

We shall give a proof below. Command
relations have the property that they continue
to hold even if points are removed in a tree.
To define that notion, let us say the follow-
ing. An execution chain of « is a series y =
705007150175 .05 Tp—1;0,—17 such that all 1;, i <
n, are basic programs and R([y]) € R([a]). ¥ is
called a subchain if it is obtained from y by re-
moving some occurrences of the ¢; or &r; (but keep-
ing their order).

Definition 15 Let @ be a program. « has the sub-
chain property if for every execution chain y of «
every subchain of y is an execution chain of .

Let us compare the chains of programs in € and 9,
in particular those of the tree relations. If x I>; y in

€ then x >; ¥ for some y’ > y with a(y’) = a(y).
Thus, all we can say is the following. Every chain
vy = V;;671in € where 6? € S F(p) corresponds to
an execution chain y’ of the program

V62U V5 60%(V; T V;6? (39)

It is not hard to see that vy is a subchain of y’.
Definition 16 Let o be a program that has the
subchain property. A reentrancy structure is called
(a, j)-distance restricted if the logic satisfies

(Vj)p = (a)p (40)

For A = {(CZ(), O)’ (CY], 1), ceey (an—lan - 1)} we say
that M is A-distance restricted if it is («;,i)-
distance restricted for every i < n.

Now recall again the proof of Theorem 13. The
proof goes through as before. What we must en-
sure however is that € also is a structure for the
logic. To this end it suffices to note the following:
every chain of @ in € is a subchain of a chain of &
in M. By construction, if x «; y in M there is a z
such that z R([e]) y and x = z or x «; z. We have
seen to it that there is also an egregious z such that
either z = x or x «; z. What remains to be seen is
that z R([a]) y in €. This follows from the fact that
there is an a-chain y in 9t from y to z, and it has a
correlate y €, which is a subchain of y. Hence it is
an a-chain from y to z, as promised.

Theorem 17 For every A where all programs
have the subchain property the logic of A-distance
restricted reentrancy structures has the finite
model property and is decidable in 2EXPTIME.

8 Movement

We shall point a particular application. A com-
mand relation is a relation R that is characterised
by the following property: there is a finite set S of
sequences 17 = {1o; 115 ...; Tn—1) of constant formu-
lae such that x R y iff for the least z that strictly
dominates x and nonstrictly dominates y: the se-
quence of points that are strictly between x and z
does not contain a subsequence that is contained in
S. Somewhat more exactly: S contains sequences
of properties of points, and a sequence (x; : i < n)
of points satisfies such a sequence 7 iff x; F n; for
all i < n. Let us denote the relation by C(S).

For example, idc-command is defined be the
set {(T)}. Thus, x c-commands y iff for the least
z>xandz > y:theset U = {u: x < u < z} does
not contain a subsequence satisfying (T). This
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is the case iff there is no nonempty subsequence
iff U = @ iff z is immediately above x. Next,
0-subjacency is defined by {{cp,ip)}. Thus, x 0-
subjacency commands y iff for the least z such that
z>x,z=y:thesetV:={u:x <u < z} does not
contain a subsequence {xp, x1) of points such that
xo F ip and x; F cp (see (Kracht, 1998)). We are
interested in such relations D(S) of the form

xDS)y:oyCS)xandy < x 41
These are the nearness relations defined in the
Koster-matrix (see (Koster, 1986) and (Kracht,
1993)). They can be described by programs,
which we denote by 6(S'). These programs have
the subchain property. Suppose that y is an exe-
cution chain of 6(S) and that y” is a subchain. By

definition, no subchain of v is an execution chain
of D(S), and this holds a fortiori of y’.

Corollary 18 Let A = {(6(S ), j) : j < n} and let
X be the class of A-distance restricted reentrancy
structures. Then L(X) has the finite model prop-
erty and satisfiability is in 2EXPTIME.

It follows that the @ defined through D(S)—and
these are the ones that are of linguistic interest—
are preserved by passing from 9t to the model €
of egregious points. Yet, I should point out that
the restriction to white relations in the definitions
practically means that the distance principle define
distance with respect to D-structure. Or, equiva-
lently, if we are looking for a derivational account,
they encode true movement paths only for Freeze-
movement. This means that we still have to find
analogous results for Shortest Steps (which is the
most common type of movement).

Now what if @ is not a command relation or of
the form D(S)? Then so far anything is possible.
However let us mention a particular case, namely
when we have conditions of the form

(Vj)p = {aj)p (42)
where «; contains only white relations (even in
tests).

Corollary 19 Suppose that X is the class of A-
distance restricted reentrancy structures defined
by distance programs of the form (42). Then L(X)
has the finite model property and is decidable in
2EXPTIME.

9 Shortest Steps

Now let us consider the distance principles related
to Shortest Steps Movement. They are of the form

(Vj)p = {ajp (43)

where the first program of the computation trace
of aj does not contain V ;.

Definition 20 Call « initially white if there are 3;,

i < n, such that
aC U Vi Bi

i<m

(44)

We start with fact that NRS has the finite model
property. Let X(¢) be the following set

X(p) =KV j)p = app: pe€Anp),j<n}
(45)
Furthermore, let At*(¢p) the set of atoms based on
©; X(¢). By the previous results there is a finite
NRS-model

M, B, x) = ¢ X () (46)

We may assume the frame is generated from x via
the white relations. By induction we define a se-
quence ‘? of relations and a sequence

M, = (M, {>>; i <m},{»;:j<n}) 47

Moreover, the inductive claim is that for every § €
FL(p; X(9)):

D, Bx)ES & (M,BXES  (48)

Denote by a,(x) the p-atom of x in (9, ). Then
(48) is true if for all x: @: a,.1(x) = a,(x) and @:
for all 6 = (B)v a subformula of (@ ;)v or 6 = (V¥ ;)v
(48) holds. This is the way the results is going to
be proved.

From this we get that a,,(x) = a,(x), and so
by induction a,(x) = ag(x). From (48) we get that
forall x € M:

M, B, x) F X(p) (49)

For all points x of height # p we set x‘?“ y iff
xﬂf y. For x of height p we do the following. Sup-

. . . a;
pose that x»? y. Two cases arise. Either x —a, y

or not. In the first case we put x"/.’“ y. In the

aj
second case we choose a y’ such that x -, y
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and ap(y’) = ap(y) and then put x‘f y" (and elim-

inate the old arc). That y’ exists is seen as fol-

lows. First, we have (3, 8, x) & (V¥ j)a,(y), where

ap(y) is the atom of y in (M, B). By (49) we have

(M, B,x) F {aja,(y). And so there is a y* with
(04

X —J>5mp Y and a,(y’) = a,(y), as desired. Now
using Lemma 11 we get @, which is (48) for all
6 € FL(yp). Finally, we need to establish @, which
is (48) for formulae of the form (A) (V¥ ;)v or (B)
(B)v. Case (@A) is immediate from the definition.
Case (®B) is done by induction on the complexity
of 8. B =B UB” is immediate. 8 = y? is imme-
diate. 8 = B8*. Then 8 = T? U B';B8" and so is
reduced to the cases T? and B'; 8’*. There remains
the case 8 = B’;8”. Now, either B is simple or
we can reduce it analogously. Using the associa-
tivity of ; and distributivity over U we can reduce
everything to the case that 8’ is basic and the for-
mula has the form (8’; 8”)v, which is equivalent to
BB yw. Now, (B”)v € FL(X(p)). Assume that

Bj . Bj .
B#+V x —ngml yiff x —jxmp y and this gives the
claim together with (48) for y. If = ¥ then let y

and y’ be such that x Lj)i]ﬁp yand x L/xmp“ y. We
apply the inductive hypothesis (48) for y.

The inductive gqnstruction is sucl(ly that if x is of
height n then x —'Qsmp y implies x —j>gnp y for all
p = n. So if g is the height of the entire tree, the
model we need is (Miy, B).

Theorem 21 Suppose that X is the class of A-
distance restricted reentrancy structures defined
by initially white distance programs. Then L(X)
has the finite model property and is decidable in
2EXPTIME.

Proof. The finite model property and decidability
follow from the previous. Now, the complexity
is more subtle. Given ¢ we are building a model
for ¢; X(¢), which contains 2" formulae of length
linear in 7 := |¢|. Given the 2EXPTIME bound for
NRS this gives a bound of 3EXPTIME. However,
rather than cascading the proof one can work out
a direct proof of an analogue of Theorem 13. O

It follows that the theory of any class of struc-
tures of generative grammar constrained by Short-
est Steps movement and distance regulated by
command relations is decidable.

10 Naming The Egregious Points

Given that we can bound the size of a model we
can now also introduce nominals that will cover
the entire frame. This is done as follows. An ad-

dress is a sequence v = ag; bo; @1;b1;...; by—1; ap,
where the @; are atoms and pairwise distinct, and
b; < i. Call o(¢p) the set of addresses. For each
address v we introduce a new variable p,. These
variables are contained in the set EVar.

¢:=\/(po: v e o) (50)

Consider now the following formula A. Call it ®:

/\(pn;b;a - [VI(a — Pn;b;a)
(03bya € o())
A /\<pn;b;w A[Vi]ma — /\i<j<m[vj](a
— =& b€ o(p),i <m)

A /\<pn;h;w - [Vi(B — =) (51)
:peED,B+Ea)
A /\<pn = [Vil(a — pn;j;a)
Ta g, j<i<m)
A Npo = pw 10 #F W)
Further,
E:=[v']®A A a o po (52)

aco(p)

Proof similar of Theorem 13:

Lemma 22 For every valuation 8 on the set Var
such that (M, B, x) E ¢ there is a unique extension
v defined on Var U EVar such that (M, y,x) F
ARG

Lemma 23 Let (M, B, x) E E. Then w E p, A
[Viol=py iff w is egregious of address v.

Thus put

E@):=\/(p Al mpy iv € 0(9))  (53)

Then E(y) is true exactly at the egregious points.
For an egregious point w we have a formula g,
which is true exactly at w. Let us recall how the
new model was defined on the egregious points.
We have w <; v iff w < u <; v and a(w) = a(u).
Thus the fact that w <J; v can be expressed as

[V 1(py = (Vi V) pw) (54)

11 Broadening The Scope

Now we shall generalise the theorems even fur-
ther. This will allow to derive decidability even
in presence of adjunction. We start again with a
structure (M, {r>; : i < m},{»; : j < n}) such that
(M,{>; : i < m}) is a finite tree. The additional
relations must satisfy a few conditions. First, we
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assume that »; as well as its converse is a partial
function. This is axiomatised as follows. Put

n(p) === -pAE(p - [VI]-pA

B Aiejon ~(V5 T AT 7))
The desired axiom is
d(p,q) :=n(p) A= E=(qg A{Y;)p) (56)

- 8(Vlp— g

It says that if p is true at a single point, then the set
of points seeing p through R([V¥]) is a singleton as
well. Second, we shall require that if x R([V¥;]) y
then y is within a certain distance of x. This no-
tion of distance is what we now turn to. For the
purpose of the next definition notice that if a has
the subchain property, so does a™.

Definition 24 An oval is a program of the form
a”'; B, where both a and B have the subchain prop-
erty and neither contains any of the »j, j < n.

So the desired axiom is

o(p) :=(V)p = {a ;B)p (57)

Definition 25 Let K be a class of structures
(M, {>; : i <m},{»;: j<n})such that

@ (M, {r>; : i < m}) is an m-branching tree, all
relations being partial functions.

@ All wj are partial functions.

® There are ovals a™; 8 such that if x » ;y then
a”iB

X — .

Then X is a class of oval-expanded trees.

As usual, our logic will be a i + j + 1-modal logic.
The added modalities are all definable and used for
the eye only. It is crucial to understand that since
we did not require of the »; that they are cycle-
free we cannot use the Kleene star on programs
containing any black relations. It is used only on
white relations.

We now proceed to a proof that the logic of
a class of oval-expanded trees is decidable. As
usual it will turn out that we can construct a model
from the egregious points, from which a complex-
ity bound can be derived. We start with the logic
Tree,,, which comprises axioms for V; and >. This
logic has the finite model property and is EXP-
TIME complete. For ¥ ; we choose the logic Alt;.
Thus we start with

L := Tree,, ® ® Alt,

j<n

(58)

This logic has the finite model property and is
complete with respect to finite trees. Put

Y(p) ;= {d(po, pw) : 0,0 € 0(p)};

(o(p) : p € At(p)) (59)

Assume that ¢ is satisfiable in the logic of XK.
Hence Y () is K-satisfiable, since it adds instances
of the axioms. A fortiori, it is L-satisfiable in a
tree. Therefore, Y(p); E is satisfiable as well. So,
assume i is a tree and that

(M, B, w) E E; Y(p) (60)
We let E(¢) be the set of egregious points, and de-
fine 1>, as before: ul>;v iff v is the unique egregious
point such that v < V' >; u and a(v) = a(v’). Fur-
ther, for j < n, define the following function (—)*.
It is defined on the egregious points u with a » ;-
successor. Assume u has a successor via »; in .

Then by assumption there is a v such that u a—[f V.
Now let v* be an egregious point below v with the
same atom. Put u >; v* in the new structure. By
the subchain property, it will also hold that v* is in
the oval of u in the new structure. >; is a partial
function since v — v* is. It follows that egregious
points have the same atom in the new structure as
they do in the old structure (by induction on the
formulae). The new structure is now
C:=(E(p),{>;:i<m}{>;:j<n}) (6]
The valuation is y(p) := B(p) N E(p). As before, it
is shown by induction on y € S F(y) that for every
egregious Xx:
Cr.oFx e

O, B, x) Ex (62)

This is by now routine. All that needs to be shown
is that the converse of >; is a partial function as
well. Pick v*. We have (M, 3,v*) E p, for a cer-
tain v € o(¢p). It follows that also (I, 5,v) F p,.
By construction, u > ;v* means that u is egregious,
and so u F py, for some w. Since the root satisfies
d(p», pw), we have that every point «’ such that u’
sees a point satisfying p, must satisfy py. Thus,

u' > u, and either ¥’ = u or u’ is not egregious.

This shows the claim.

Theorem 26 The modal logic of a class of oval-
expanded trees has the finite model property and
is decidable. A model for ¢ has at most 2*" points,
where n is the number of subformulae of .
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12 Conclusion

As outlined ((Kracht, 1989), (Kracht, 1993),
(Kracht, 1995b), (Kracht, 1998), (Kracht, 2001),
(Kracht, 2003) and (Kracht, 2008)), the theories of
generative grammar, starting with GB can be mod-
elled entirely using modal logic over five basic re-
lations. This does not mean that there is a single
logic that describes them all (see (Kracht, 1995a)
for an extensive discussion). It means however
that the theories describe a set of grammars, and
thus a set of possible logics for grammars. Here
I have shown that—excluding economy principles
and copies e.g. (Kobele, 2006)—the entire logic
is decidable. Thus, one can effectively decide for
any pair of GB/MP theories whether they gener-
ate the same structures (not strings, as this is even
undecidable in the context free case).
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Abstract

In variational learning of two grammars, the
grammar with the greater advantage is glob-
ally asymptotically dominant, meaning that this
grammar wins out over inter-generational time,
leading to the extinction of its competitor. Here,
we prove necessary and sufficient conditions for
global asymptotic dominance in competition be-
tween an arbitrary number n > 2 of grammars,
working in the deterministic limit of iterated
inter-generational linear reward—penalty learn-
ing.

1 Introduction

Grammar competition (Kroch, 1989), particularly
when combined with variational learning! (Yang,
2002), is a much-employed framework for explain-
ing language change (see e.g. Yang, 2000; Heycock
and Wallenberg, 2013; Simonenko et al., 2019).
In its usual application, the procedure is to define
a simple model of language acquisition, and then
to bootstrap a model of population-level linguistic
change from it. This is typically done by setting up
a discrete sequence of non-overlapping generations
of learners, assuming that the learning environment
for learners in each generation is constituted by the
average linguistic production of learners of the im-
mediately preceding generation, abstracting away
from stochastic fluctuations (cf. Andersen, 1973).
The dynamics of such a system are fully under-
stood in the case of two competing grammars; in
this special case, the population-level equation is a
replicator dynamic with a flat fitness landscape. As
a consequence, these systems are capable of two
types of behaviour only: either every population
state is a stable (albeit not asymptotically stable)
equilibrium, or a single asymptotically stable equi-
librium exists, attracting all non-equilibrium initial
INot to be confused with the collection of methods known

as variational inference in Bayesian learning theory (MacKay,
2003).

states. Typically, the latter situation is the linguisti-
cally interesting one, implying that, over repeated
inter-generational interactions, one grammar ousts
the other. Which grammar wins depends on the
competing grammars’ relative advantages; these
can be estimated from corpora, enabling one to
empirically test the predictions made by the mathe-
matical model.

The linear reward—penalty learning scheme
(Bush and Mosteller, 1955) underlying the vari-
ational learner has a natural extension to n actions—
in our case, to competition between an arbitrary
number n of grammars. This extension has rarely
been employed, however, and its mathematics also
remain—apart from results concerning systems em-
bodying certain kinds of strong symmetries (Kauha-
nen, 2019)—unexplored.

Here, we study the general n-grammar model
in detail. We demonstrate that the population-
level equation is again a replicator dynamic, al-
though generically (whenever n > 2) fitnesses are
frequency-dependent and nonlinear. Despite this,
certain crucial aspects of the dynamics remain char-
acterizable. In particular, we prove necessary and
sufficient conditions for the global asymptotic domi-
nance of a single grammar under n-way competition,
meaning that the population state corresponding
to total use of this grammar is an attractor for any
non-equilibrium initial state in which the grammar
has some non-zero abundance. In other words, we
provide an answer to the question: once a particular
grammatical change has been actuated (cf. Wein-
reich et al., 1968), under what conditions will it
proceed to completion? These conditions only ref-
erence pairwise advantages between grammars and
as such they generalize the well-known “fundamen-
tal theorem of language change” for two grammars
(Yang, 2000). Our results turn on the notion of the
resilience of a grammar, defined as the reciprocal
of the advantage that its competitor(s) hold(s) over
it.
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The necessary and sufficient conditions for global
asymptotic dominance make available further re-
sults about the dynamics of grammar competition
between more than two grammars. As an illustra-
tion, we demonstrate how the sufficient condition
can alternatively be characterized using the notion
of grammatical flux, a measure of the tendency for
a grammar to lose abundance to its competitors in
a speech community.

2 Definitions

In the general case, we assume that the language
learner has access to n grammars G, ..., G, and
attaches a weight W; to each grammar G; (cf. Yang,
2002). The weights are assumed to form a cate-
gorical probability distribution over the grammars;
in other words, they must satisfy the following
conditions:?2

1. W; > 0Oforalli
2. ZiWizl

Each weight is a random variable; together
they form the random probability vector W =
(Wi...W,]T = (Wy,...,W,). We note that W
is an element of A”~!, the simplex

AL = {x: (X15..sxp) €eRE D x = 1}.

Whenever no confusion can arise, A"~! will be
written as A for short. This set is partitioned into
its boundary

OA = {x e A :x; =0 for some i}
and interior
A° ={x e A:x; >0 forall i}.

The boundary dA contains, in particular, the n
vertices, which are the standard basis vectors of R";
we denote these by e; = (1,0,...,0) through to
e, =(0,...,0,1).

Additionally, for every non-empty subset of gram-
mar indices H C {1,...,n}, we define Ay as the
set of points X € A in which G; has zero weight for
each i ¢ H, in other words

Ag={xeA:x;=0foralli ¢ H}.

2Throughout this paper, missing bounds such as on a
summation (3};) are taken to imply that the index ranges from
1 to n, i.e. over all grammars. Further conditions on indices
will be explicitly indicated whenever necessary.

Equivalently, Ay = A N span{e; : i € H}. Intu-
itively, Ay is the set of possible weight vectors
in which grammars outside the index set H never
occur; it is itself an (|H| — 1)-dimensional simplex.

Each grammar is assumed to accept a language,
understood as a set of grammatical expressions out
of all expressions it is possible to form using a
common alphabet X. In other words, to each G; we
attach a set L; satisfying L; C X* where £* is the
Kleene star (the infinite set of all finite sequences
of symbols from X). If s € L; (i.e. if G; accepts
the string s), we also express this as G; + 5. The
complement of L; with respect to £* will be written
CL;:forall s € CL;, we have G; ¥ s.

To each G;, we attach a probability measure u; on
>* with support on L;, referred to as the grammar’s
associated production measure. For any K C X*,
wi(K) gives the probability of G; producing an
expression belonging to K. Whereas acceptance
(+) is a purely formal, grammatical property, pro-
duction (u;) may depend on both grammatical and
extra-grammatical factors, the latter including fac-
tors such as discourse constraints and performance
limitations.3

Expanding on Yang (2000), and following Kauha-
nen (2019), we adopt the following definition.

Definition 1. The quantity
aij=u;(CL)

is called the (pairwise) advantage of grammar G ;
over grammar G;.

In words, a;; is the probability of G ; producing a
string that G; does not accept. It is useful to collect
pairwise advantages in an n X n matrix A = [a;;];
we refer to this as an advantage matrix. Note that
such matrices have zero diagonals: a;; = 0 since,
by assumption, each production measure y; has no
support outside L;.

A learner operates in a learning environment,
which we take to be a probability measure on X*
according to which sequences of expressions are
presented to the learner.

Definition 2. A learning environment is any prob-
ability measure u on X*.

3Construction of production measures is non-trivial. Under
traditional conceptions of grammar, the language L; gener-
ated by a grammar G; is typically a (countably) infinite set,
containing, among other things, expressions whose produc-
tion probabilities are practically indistinguishable from zero
(e.g. centre-embeddings to arbitrary depth). In practice, it
normally suffices to assume that y; has finite support. In any
case, these complexities need not concern us here, as long as
some well-posed probability measure y; exists for each G;.
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Definition 3. The quantity
' =u(CLy)

is referred to as the penalty probability of grammar
G; in the environment u.

Whenever no confusion can arise, we drop the
measure y from the notation and denote the penalty
probability of G; simply as c;.

Note that, on this definition, a learning environ-
ment is necessarily stationary, as it is associated
with a single, unchanging measure on £*. In prac-
tice, this means we assume that each learner (in a
given generation of learners) is exposed to a con-
stant set of penalty probabilities for the competing
grammars over the duration of learning.

An important distinction exists between learning
environments that punish each grammar at least
some of the time, and environments which never
punish some grammar(s). In order to have termi-
nology for these, we define:

Definition 4. A learning environment is omnipuni-
tive if ¢; > O for all i. If this is not the case (i.e. if
c; = 0 for at least one i), the learning environment
is parapunitive.

Now assume the learner receives an infinite ran-
dom sequence of expressions sy, 52, 53,... € X~
according to such a g. Upon reception of s,,, the
learner samples a grammar to employ according
to the current value of W (i.e. G; is chosen with
probability W;). Suppose this grammar is G¢. The
learner then checks whether G + s, and, based
on this result, applies one or another operator to
W to transform it to its new value, W’.# This
amounts to assuming the existence of n reward
operators u} : A — A and n punishment operators
u; : A — A and setting

— u; (W) ?kal—sm 0
u];(W) if Gy ¥ s,

The learner then receives the next expression in the
sequence (s,+1), and the cycle continues.

The central learning-theoretic challenge concerns
whether W converges in some relevant sense as
learning continues, based on particular choices for
the reward (u7) and punishment (u;) operators,
subject to a given learning environment y. Conver-
gence results exist for a number of choices of these

4Throughout this paper, we use the notation x” for the
successor of x.

operators (see Bush and Mosteller, 1955; Norman,
1972; Narendra and Thathachar, 1989); in what
follows, we will make use of these results in order
to study a deterministic approximation, or mean
dynamic (Sandholm, 2010), of the population-level
evolution of a sequence of generations of such
learners.

To obtain the population-level mean dynamic, we
first need to obtain a mean dynamic that expresses
how the expected value of the learner’s weight
vector, W = E[W], evolves. In general, from (1)
we have that

Wi= > Wileju; (Wi + (1= cp)uf (W)
J

Taking expectations on both sides, this becomes

W: = ZWJ-(CJ-MJ_.(W),' +(1- Cj)M;(W)i)- (2)
J

In the following sections, the operators {u],u; }
will be given particular forms and the resulting
mean dynamic studied in detail.

Passage to the population-level mean dynamic
then follows via one (or both) of two routes. One
can either assume that learning is so slow (but con-
tinued for long enough) that stochastic fluctuations
inherent in the learning process affect the learner’s
eventual weight vector W only to an insignificant
extent: the actual value of W stays close to its
expected value, w (see Norman, 1972; Narendra
and Thathachar, 1989). Alternatively (or addition-
ally), one can assume that the learners in each
generation randomly sample input from an infinite
population of independent, identically distributed
learners in the previous generation; adherence to
the population-level mean dynamic then follows
by the Law of Large Numbers (cf. Niyogi, 2006).
Taking either of these limits (learning rate to zero,
or population size to infinity) recovers the same
mean dynamic that relates the competing grammars’
abundances from one generation to the next.

3 Linear Reward—Penalty Learning of
Two Grammars

In the classical two-action learning problem
(i.e. when n = 2), it has been customary ever since
Bush and Mosteller (1955) to employ the linear
map described by the matrix

Ly
+ _
Ul_[O 1—7]
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for the reward operator ], meaning that

Wi +yW
wH(W) = UtW = W;—ZWﬂ‘
To punish G, the matrix
- 1=y O
v _[ Y 1]

is used, so that

_ 1=y O |Wi| _
G |

The corresponding matrices for rewarding and pun-
ishing G are obtained as row permutations of U}
and Uy :

Wy —yW
Wo+yWi |~

U;:[(l) I-y

and UZ_:[IZ)/ (1)]

In each of these formulae, 0 < y < 1 is a parameter
that sets the learning rate; note we assume that the
same learning rate applies to each operator.

Suppose that at least one of the penalty probabil-
ities ¢; and ¢, is strictly positive. Then it is well
known (see Bush and Mosteller, 1955; Narendra
and Thathachar, 1989) that the expected value W
tends to

W*: ( (6) C1 ) (3)

Cl +02’C1 +Cy

with increasing learning iteration. In other words,
W is the (unique) fixed point of the learner’s mean
dynamic in this case.

Suppose we have a generation of learners, all
exposed to the same learning environment, and
sample a learner at random from this population.
What is the probability that this learner employs G ?
Since all learners are assumed to operate in the same
learning environment, this probability is identical
to the probability of a single learner employing G
which, in turn, is just the expected value W'. To
avoid a proliferation of complex notation, and also
to consistently distinguish between the individual
and population levels, in what follows we will write
x; for the probability of encountering an individual
employing grammar G;, and call this the abundance
of G;. The abundances can be collected in a vector,
X = (x1,...,x,); of course, X € A.

At the population level, the probability measure
( which defines the learning environment can be

decomposed into the individual production mea-
sures of the competing grammars. Specifically, for
any K C ¥,

H(K) = x1u1(K) +x202(K).

In other words, the probability of encountering a
string s € K equals the probability of meeting a
speaker employing G and this speaker producing
s € K, plus the probability of meeting a speaker
employing G, and this speaker producing s € K.
By the definition of penalty probability, we then
have

c1 =u(CL) =x2u2(CL1) = arnxa,
c2 = u(CLy) =x111(CLa) = azix;.

By (3), a learner in such an environment will tend
to converge to

a1 xy apnxa

s .
apxs +azx; apxy+azxg

(). W,) = (

Assuming a discrete sequence of generations of
this kind, we thus have the following deterministic
difference equation for the abundances of the two
grammars in the population:

, az|xi
X

ajpxy +azx
apx;

xl
apnXxz +azixi

Since x; + x, = 1, it of course suffices to track
the evolution of x = x| only, whereby we have the
simple expression

X = azg X
a(x)™’

“)

where
a(x)=ap(l—x)+ayx

denotes average advantage.

Equation (4) is a discrete-time constant-fitness
Maynard Smith replicator dynamic (cf. Sandholm,
2010). As such, its behaviour is extremely simple.
Outside of the case of a symmetric advantage matrix
(a12 = asy), in which case every x € [0,1] is a
fixed point, the system has a single asymptotically
stable equilibrium that attracts from any initial state
0 <x < 1. If ap; > ayy, this equilibrium is x = 1;
if ap; < ajp, itis x = 0.3 This is summarized in:
Theorem 1 (Yang, 2000). When n = 2, the gram-
mar with the greater advantage wins.

5We do not concern ourselves with the pathological case
aip = ap; = 0 in which neither grammar ever produces output
that its competitor cannot parse, i.e. in which the grammars
are extensionally equivalent.
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4 Linear Reward-Penalty Learning of »
Grammars

We now turn to the general case of n competing
grammars, where Bush and Mosteller’s (1955) lin-
ear scheme takes the following form. Suppose G
is the grammar selected by the learner for input se-
quence Sy,. Then, the grammar weights are updated
as follows:®

Wy=(0-y)Wr+y
W =00-y)W;

Wi =0 =y)Wi
Wi =1 -y)W;+ 25 (i #k)

ika F Sm:
(i # k)
(5)

if G ¥ s

To characterize a learner’s behaviour under this
learning algorithm, we focus on the expected weight
vector W = E[W]. With the operators (5), it can
be checked that the learner’s mean dynamic (2)
simplifies to

Wi=(1-

J#

In other words, we may write

W' = BW, (6)
where B = [b;;] is the n X n square matrix with
1—ye; ifi=j,
bij=13, e
mcj if i * J-

Generically, W evolves to a limit whose value
can be obtained by solving the system of equa-
tions BW = W. In an omnipunitive environment
(i.e. ¢; > O for all i), this system of equations has
the unique solution W = (cl‘1 /C,...,c;'/C) with

6Just as in the two-grammar case, this definition gives rise
to a set of linear operators. To see this, notice that the first
equation, for instance, can be rewritten as

Wi =Wi+y(1=Wi) =Wr+y Xz Wi

so that W,’( is found to be a linear combination of Wy, ..., W,.
In fact, if 7 denotes the n X n identity matrix (i.e.  has 1 in
each diagonal cell and 0 in each non-diagonal cell), J denotes
the n X n matrix of ones (i.e. J has 1 in each cell), and Ejj
denotes the matrix unit (i.e. Ex has a 1 in cell (k, k) and
is O elsewhere), then the learning operators can be written
concisely as the following matrices:

Uy =(1 =) +yExd
Uy = (1 =PI+ 2= (] = Exad)
n-—1

C=2c; -1 (Bush and Mosteller, 1955; Narendra
and Thathachar, 1989).7 The following result gener-
alizes this to also cover parapunitive environments.
Theorem 2. If the learning environment is om-
nipunitive, then

-1 -1
s c c
i‘ = ! PEIIRIRY 4
1 -1
2ic; 2i ¢

is the only fixed point of the learner’s mean dynamic
(6).

If it is parapunitive so that ¢; = 0 for i € H,
then all W € Apg, are fixed points.

Proof. First suppose the environment is omnipuni-
tive. Then ¢; > O for all i, and so the matrix B
is both positive and column-stochastic. By the
Perron—Frobenius Theorem, there is then a unique
stationary W that satisfies the equilibrium cc condmon
W = BW. It is quick to check that the W stated
in the theorem satisfies it.

Then suppose the environment is parapunitive.
We begin by showing that a W that satisfies the
conditions stated in the theorem is a fixed point of
the mean dynamic. We have

W—W-:—ch+Z

JFEL J#i
J€Hy J¢Ho

n_

On the right hand side, the second term is zero
since all the c; are zero (since j € Hj), and the
third term is zero because all the W j are zero (since
J ¢ Hp). Hence

i= _VCiWi-

Now, if i € Hy, then ¢; = 0 and so W; -W,; =0,
and we are done. On the other hand, if i ¢ Hy, then
W, =0and again W; -W,; =0.

To see that the assumed form of W is necessary,
suppose i € Hy. Then ¢; = 0, and so

— N Y J—
Wi - Wl' = Z ijWj.

J#L

J€H)y
In the summation, we have ¢; > 0 since j ¢ Hy.
Hence, if we had W > 0 for even one j, we would

obtain that W W; # 0. Hence, we must have
W_ =0 forall j ¢ Hy, andsoWeAH0 O

7Note that (3) is a special case: we have

— cl’1 Clcch] cy

W, = = =
cTlhaesl  crea(ert +¢3h
1 2 16284 2

cy+Cq

and similarly for W.

118



Corollary 1. Ifthe learning environment is para-

punitive with ci = 0 for a unique k, then W tends
to the vertex ey.

Proof. This follows because Ay, is a singleton:
Ay = AN span{er} = {ex}. O

See Figure 1 for illustration.

Moving to the population level, we note that the
learning environment u again decomposes: for any
K C ¥*, we have

u(K) = xju;(K).

J

Hence

ci=u(CLy) = ijﬂj(CLi) = Z“ifxf’

J J

and so the penalty probabilities are linear combi-

nations of the grammar abundances. Assuming as
before a discrete sequence of infinite generations,

we have .
X! i

4 ZJ C;l

if ¢; > O for all i, i.e. if the learning environment is
omnipunitive at the population state x. As will be
explained in the following section, this is usually
the case.

In particular, if omnipunitivity holds, then in
the interior A° (i.e. when x; > O for all i), the
above equation may be expressed in more familiar
terms: multiplying the numerator by x Ix; and each
summand in the denominator by x; Tx 7, we obtain

-1.-1

R o fi(x) .
Z_ixjxj?lcj‘.] ' ijjfj(x) "
i.e.
,_ )
()"
where
1
(x)=xlete ——
fl(X) xl Cl Zjaijxixj

supplies the fitness of grammar G; in the population
state x, and

p(x) = > xfi(x)

J

is average fitness. This shows that the system is
again characterized by a replicator dynamic, albeit

(a)
€ c|1 = 0.2
c; =03
c3=0.6
e3 €]
(b)
€ c1=0
Cy) = 0
c3 = 0.6
€3 €]
(©)
€2 c1=0

Figure 1: Learning in an omnipunitive (a) and two para-
punitive (b, ¢) environments. Three learning trajectories
are simulated in each case, starting from different initial
states W. In each case, the learning rate was set at
y =0.001. The light thick lines show the corresponding
mean dynamics.
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in this more general case, fitness is frequency-
dependent rather than constant. Note that the prod-
uct a;jx;x; may be interpreted as the amount of
motion away from grammar G; in the direction of
grammar G, explaining the appearance of these
terms in the denominator of f;(x).

5 Global Asymptotic Dominance in
n-grammar Competition

In the two-grammar case, Theorem 1 supplies a
necessary and sufficient condition for one grammar
to be an attractor. We now ask if a corresponding
condition can be found in the more general case
of n-grammar competition. The abundance vector
x, describing the abundances of the n grammars
in a given generation of learners, belongs to the
simplex A = A"~!. At each vertex e; € A of the
simplex, one grammar claims all the abundance,
and we define:

Definition 5. Grammar G, is dominant if e; is an
equilibrium. It is asymptotically dominant if ey, is
asymptotically stable. It is globally asymptotically
dominant—abbreviated g.a.d.—if ey is an attractor
for any non-equilibrium initial state x € A with
Xk > 0.

Clearly, Theorem 1 implies that, in the n = 2
case, G is g.a.d if and only if a;x > ag;. The
restriction to initial states that satisfy xz > O is a
technicality which will be required in some of the
proofs below; note that this assumption is innocuous
since, empirically, convergence to a grammar can
only occur after an innovation in the direction of
this grammar has happened.
We moreover define:

Definition 6. Grammar G; is vulnerable to gram-
mar G if a;; > 0. Grammar G ; is non-submissive
if every other grammar G; is vulnerable to it.

We then have the following result:

Theorem 3. G is dominant only if it is non-
submissive.

Proof. Suppose Gy is not non-submissive. Then
some G; exists such that a;; = 0. At the vertex ey,
the penalty for this grammar G; is

c; = ajrxr = a;r = 0.

Hence, G is not the only zero-penalty grammar,
and so, by Theorem 2, W does not generically
converge to the vertex eg. In other words, in an en-
vironment in which only G, is employed, a learner

does not acquire full use of G. This implies that
e is not an equilibrium and hence that G, is not
dominant. O

As an immediate consequence, we obtain that a
non-submissive grammar cannot be globally asymp-
totically dominant:

Corollary 2. G is g.a.d. only if it is non-
submissive.

In particular, the above results imply that no
grammar G; that stands in a subset relation to
another grammar G, in the sense that L; C L,
can be (globally asymptotically) dominant.

Corollary 3. Suppose L; € L;. Then G; is not
(globally asymptotically) dominant.

Proof. L; € L; implies that a;; = 0. Hence
G is not vulnerable to G; and so G; is not non-
submissive. O

On the other hand, suppose a grammar G is non-
submissive and that ay; = O for all i # k. In this
case, Gy is vulnerable to none of its competitors,
while each of the latter is vulnerable to G;. Let
us call such a grammar apical (it is located at the
“apex” of the competition situation).

Definition 7. Grammar Gy is apical if it is not
vulnerable to any of its competitors but all its
competitors are vulnerable to it.

An apical grammar is necessarily g.a.d.:

Theorem 4. If G is apical, it is g.a.d.

Proof. Let x € A such that x; > 0. For all gram-
mars G; with i # k, the penalty is

c; = Zaijxj > ajrxr > 0.
J

For Gy, the penalty is

Ck =Zaijj =0

J
on the assumption of apicality. Hence, by Theorem

2, G is g.a.d. (In fact, in this case, the vertex ey is
attained in one generation of learning.) O

We now continue to look for a general criterion
for global asymptotic dominance. With the above
results in mind, we can assume without loss of
generality that a putative g.a.d. grammar Gy, is both
non-submissive (since if it were not non-submissive,
it could not be g.a.d.) and non-apical (since if it
were apical, it would necessarily be g.a.d.). On

120



the assumption that G is non-submissive, we have
a;r > 0 for all i # k. Hence, whenever x; > 0, we
have
ci = Zaijxj > ajxg > 0.
J
On the other hand, since G is not apical, we have
ax; > 0 for at least one i # k, whereby

Ci = Zaijj > agix; >0
J
whenever x; > 0. Hence, at least in the interior
A°, every grammar has non-zero penalty, and so
the learning environment is omnipunitive in all of
the interior. Therefore, we have the well-posed
population mean dynamic

,_
e
with
(x) = _
Ji 2 QijXiX;

and ¢(x) = 2;x;f;j(x). By the following result,
we can also assume without loss of any generality
that the initial state x lies in the interior:

Lemma 1. Suppose x € dA with x; > 0 and that
G is non-submissive. Then either W converges to
some point in the interior A° or it converges to the
vertex e.

Proof. For any i # k, we have

c; = Zaijxj > ajxr >0
=

on the assumption that G is non-submissive. Now,
either ¢x > 0 or cx = 0. In the former case, every
penalty probability is non-zero and so the learning
environment is omnipunitive. By Theorem 2, w
converges to W = ci‘l/Zj c]‘.1 € A°.

Then suppose cx = 0. In this case, Corollary 1
implies that W converges to the vertex ey. O

We now ask under what conditions trajecto-
ries starting at X € A° converge to e, so that
Gy is g.a.d. (assuming, as above, that G is non-
submissive and not apical). We define:

Definition 8. The resilience of grammar G; against
grammar G ; isrj; = 1/a;;, the inverse of the advan-
tage that G ; holds over G;. The fotal resilience of
grammar G; (against all its competitors) is defined

as
1

the inverse of the cumulative advantage against G;.

Of course, the resilience rj; is only defined if
a;j > 0, i.e. only if G; is vulnerable to G;. In
consequence, the total resilience R; is only defined
if G; is vulnerable to at least one other G ;. Since
a putative g.a.d. grammar Gy is assumed to be
non-submissive and non-apical, the total resilience
R; is defined for all 7, and the pairwise resiliences
ri; also exist for all i.

We point out that (total) resilience measures how
robust a grammar G; is against its competitor(s),
i.e. it only references the advantage(s) of the latter
over G;, and not the advantage that G; itself holds
over its competitor(s).

We can now state our two main results. The first
gives a sufficient condition for a grammar’s global
asymptotic dominance; the second, a necessary one.
The proofs, which are tedious, are relegated to the
Appendix.

Theorem 5. Grammar Gy is g.a.d. if
Rk > Z Vi
izk

i.e. if its total resilience is greater than the sum of
pairwise resiliences against it.

Theorem 6. Grammar Gy is g.a.d. only if

1
n—lZRi

i.e. only if its total resilience is greater than the
average total resilience across its competitors.

Rk>

6 Grammar Flux

Theorem 5 enables an alternative characterization
of sufficient conditions for a grammar’s being g.a.d.
This turns on the notion of a chain of grammars
and its associated flux.

Definition 9. A chain of grammars is any triple
(Gi, Gk, Gj) such thati # k and j # k (but possi-
bly i = j). We denote this by Cjx; = (G;, Gk, Gj).
A chain traverses grammar G if Gy, is in the mid-
dle position of the chain. The set of chains through
G is the set of all chains that traverse G.

Definition 10. The flux through a chain of gram-

mars C;y; is defined as the ratio

ajf i
0(Cixj) = —
aik

whenever a;; > 0.
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Figure 2: The total flux through grammar G, ®(Gy),
is defined by adding together the fluxes over all chains
that traverse Gy.

If we can imagine abundance as “flowing” from
one grammar to another, then ¢(Cjx;) measures
how much abundance, obtained from G;, grammar
Gy lets flow through to G;. The better Gy is at
resisting losing advantage to G ; under “pressure”
from (advantage flowing from) G;, the lower the
flux.

We further define (cf. Figure 2):

Definition 11. The total flux through grammar Gy,
denoted ®(Gy), is the sum of fluxes over all chains
through Gy, i.e. the quantity

D(Gy) = Z Z ©(Cixj).
ik j7k

A sufficient condition for g.a.d. is then the follow-
ing: the total flux through a grammar is bounded
from above by one.

Theorem 7. Grammar Gy, is g.a.d. if ®(Gy) < 1.
Proof. By Theorem 5, Gy is g.a.d. if

1 1
> —.
Zjakj Zaik

ik

Since agy = 0, this is equivalent to
1 1

2 jzk Akj aik

ik
Multiplying both sides by 2. ;. ax;, we obtain

1>Zakj2£zzzzl;f = ®(Gy)

j#k izk JEk izk

as wished. ]

A loose analogy exists between the notion of
grammar flux and elementary properties of elec-
tronic circuits that may assist in the former’s inter-
pretation. By Ohm’s Law, the current passed by a

component, /, equals the voltage applied to the com-
ponent, V, divided by its resistance, R. From this,
one obtains R~! =1 /V, where R, the inverse of
resistance, measures the component’s conductance,
i.e. how many units of current it passes per unit
of voltage applied. The flux through a grammar—
even though a dimensionless number—similarly
measures how much abundance a grammar “leaks”
under the pressure of abundance flowing into it;
Theorem 7 shows that, in order for a grammar to be
globally asymptotically dominant, it is enough for
this grammar to be a sufficiently poor conductor of
abundance.

7 Discussion

We have studied the inter-generational dynamics of
the general n-grammar variational learning model,
asking the following question: under what condi-
tions is a single grammar globally asymptotically
dominant (g.a.d.), meaning that this grammar at-
tracts from any non-equilibrium initial state once
the grammar has been innovated? We have proved
two main results, each turning on the notion of a
grammar’s resilience. The first result gives a suffi-
cient condition, stating that grammar Gy is g.a.d. if
its total resilience is greater than the cumulative
pairwise resiliences of its competitors,

Ry > Z Tki-
ik

The second result gives a necessary condition, and
states that if G is g.a.d., then necessarily

1
n—lZRi’

i+k

Rk>

i.e. the total resilience of G is greater than the
average total resilience computed over all its com-
petitors. An alternative characterization by way of
the notion of the flux through a grammar found that
the sufficient condition is equivalent to ®(Gy) < 1,
which states that the total flux through Gy is
bounded from above by 1.

These results may now be applied to empirical
data to evaluate the merits of this particular model
of language acquisition and language change. The
estimation of advantage parameters from corpora is
by now commonplace in the two-grammar special
case (e.g. Yang, 2000; Heycock and Wallenberg,
2013; Simonenko et al., 2019). In principle, es-
timation of such parameters in multidimensional
competition is no different, although it is more
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Gy not g.a.d. ?

ﬁ Zi:ﬁk Ri Zi:#k T'ki

Figure 3: Necessary and sufficient bounds on Ry for
grammar Gy to be globally asymptotically dominant.

laborious due to the greater number of pairwise
comparisons required. The sufficient condition for
global asymptotic dominance may then be used
to predict whether a given set of estimates for the
a;j parameters (a particular advantage matrix A)
leads to eventual dominance by one grammar. Con-
versely, the necessary condition may be used to
argue that a particular choice of A could never lead
to a grammar’s being g.a.d. In practice, application
of the sufficient condition for purposes of arguing
for a grammar’s g.a.d. status may be more useful
than using the necessary condition to argue against
a grammar’s g.a.d. status—a particular advantage
matrix may fail the necessary condition, and hence
imply that a grammar is not formally g.a.d., yet the
system’s stable equilibrium may still be arbitrar-
ily close to the vertex representing full use of this
grammar.

The sufficient and necessary conditions of global
asymptotic dominance reference the competing
grammars’ pairwise and total resiliences; in partic-
ular, both give a lower bound for the total resilience
Ry of a candidate grammar. It is important to point
out that the bounds for Ry established here do not
coincide (except in the special case n = 2). In other
words, a region exists in which mere examination of
the magnitude of Ry does not (yet) tell us whether
Gy is g.a.d. or not (see Figure 3). This is because
the proofs of Theorems 5-6 rely on simple bounding
arguments; in particular, the proof of the sufficient
condition in fact establishes the stronger claim that
convergence to dominance is strictly monotonic, in
the sense that the abundance of the g.a.d. grammar
always increases. If a trajectory converging on a
vertex is non-monotonic, this is not captured by
Theorem 5. Future work should thus look for a
more complete characterization of the conditions
under which convergence to the vertices occurs.

These results were obtained for a particular model
of language change obtained from a particular
model of language learning through a particular
set of assumptions. We have assumed a discrete
sequence of non-overlapping generations, each of

which consists of infinitely many well-mixing, iden-
tically learning speakers. In other words, we have
only studied the deterministic limit in which the
system’s mean dynamic is a faithful description of
the system’s evolution. Any of these simplifying
assumptions could in principle be lifted, resulting
in a stochastic process also at the inter-generational
population level.

On the other hand, ample possibilities exist for
future work even in the deterministic limit. We
have here assumed, with tradition, that the pairwise
advantages a;; remain constant for the duration of
any evolutionary process we may be interested in
observing and modelling. This is not necessarily
so in the real world. Interesting extensions of
the model occur when the a;; are allowed to be
frequency-dependent, i.e. to depend on the current
abundance vector X obtaining in the population.
These await formal study.

Finally, we point out that the operators in (5) are
but one out of many possible ways of generalizing
the two-grammar learning algorithm for n > 2
grammars. In particular, this choice of operators
implies that, whenever a grammar is punished, then
all remaining n — 1 grammars are rewarded. Yet
this is clearly not a necessary feature of a model
of language learning, and may not be particularly
realistic. An alternative model might equip the
learner with a short-term memory, which would
be used to reward only grammars employed by the
learner in the very near past, for example. The
effects such modifications have on the population-
level evolution remain to be studied.
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A Proofs

Proof of Theorem 5. Let x € A°. We look for a
condition under which x;c > xi. If this holds for
arbitrary x € A°, then x; increases in the entire
interior of the simplex, which suffices to show that
Gy is g.ad.

Now, x;c > xy if

fi) > > xifi(x).

i
Write xp, = 1 -6 for 6 > 0. Then the above
inequality becomes

fix) > (1=0) fi(x) + > xi fi(x),

i#k
or
5i(®) > ) xifi(x).
ik
Expanding the fitnesses, we have
0 X

_— > _—
Tiawi(l=0)x; = & ¥ aixix;’

ie.
1
— > (1-9) . 7
i AkiXi ;,:‘ 2 aijXj
Since agy = 0, this is equivalent to
1) 1
— > (1-9) _ (8)
Dizk AkiXi #Zk 2 ijXj

Since x; = 1 — 6, it follows that x; < ¢ fori # k.
Thus, the left-hand side is bounded from below; in
fact, it is bounded from below by Ry:
0 S 0 : 1
Dizk AkiXi  Dizk Aki0 Dz Aki

= Ry.

Hence, to establish (8), it suffices to show that
1

Rk>(1—6)2m
J St

izk
Working on the right-hand side, we find

1-06
Z 2jaijX; B Z

i+k ik

1-9¢
aik(l —5) +Zj:#k a;jxj
1

. 1 oy
TF Gik T o5 2 jzk GijXj

which is obviously bounded from above:
1 1
2o < Qi =
izk dik T 17=5 Zj¢k aijXj iz ik ik
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Hence, the condition

Ry > Zrki

i+k

implies that x; > x; everywhere in the interior of
A, which implies that G is g.a.d. |

Proof of Theorem 6. We in fact show the following
stronger result: if Ry < >;.x Ri/(n — 1), the ver-
tex ey is not asymptotically stable. From this it
immediately follows that G is not g.a.d.

To prove that ey, is not asymptotically stable, we
show that, in (possibly infinitesimally small) local
environments of the vertex, x; < x, so that x moves
away from e;. Let x € A° such that x; = 1 — ¢ for
6 > 0. The condition x; < x is equivalent to

0 1 1

: < .
1-6 X;akix; v 2 AjiXi

©)

(cf. the derivation of (7) in the proof of Theorem
5). Let m = min;zx {x;}. Thenx; > m foralli # k,
and so
1 1
< .
2iQkiXi MY Ak

Hence, to show (9), it suffices to show that

1

1 1
C— < . (10)
m. ;g

Py i AjiXi

1-6

Suppose ¢ is small (xis close to ex). Thenx; < 1-6
for all i # k. We have

Zaﬁxi = ajk(l —5) +Zaﬁx,—,

i i+k
and so (10) is equivalent to

0 1 1
— <
m

i Aki

1D

Ak + 105 Lisk @jii
Since x; < 1 — ¢ (fori # k), the right-hand side is
bounded from below by

1 1

1 =
Gk Gk + =5 Dk aji(1=6) 2iaji

Hence, to show (11), it suffices to show that
o 1 1
<

m Ziaki ik Ziaji

i.e. that
1 m 1

<
Yiari 0 L ¥iaj’

ie.

m
Ry < gZRj.
J*k

Let us rewrite this last inequality:
1-6>1-mpy,

where pr = Y. Rj/Rk. Since xxp =1 -0, we
thus have
x> 1 —-mpy.

Now, since x € A and since m = min;.; {x; }, we

have
1 =xg +in
i#k
>xr+(n—1)m

>1—-mpr+(n-1)m,
which is equivalent to
pr >n—1.
In other words,
Z II:—i >n—1,
j#k

or

Ry < (12)

1
— D R;.
jtk
To recap: if condition (12) holds, then some
neighbourhood of e exists in A° in which the
value of xj increases. This implies that e is not

asymptotically stable; a fortiori, Gy isnotg.a.d. O
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Abstract

This paper re-visits the basis selection meth-
ods for Hankel matrices as in spectral learning
methods. The known algorithms have many
limitations, one being that no such algorithm
could find a full numerical rank sub-block. In
this paper, we present an efficient, deterministic
divide-and-conquer algorithm that finds a full
numerical rank basis. Our solution is especially
appealing due to its stable behaviour and its
versatility in training Hidden Markov Models.
We also provide two parameters for controlling
the trade-off between computational complex-
ity and model performance.

1 Introduction

Spectral learning methods have attracted the at-
tention of many researchers in computational lin-
guistics (CL) and the natural language process-
ing (NLP) community due to the strong theoret-
ical properties of the algorithms and the advan-
tages of Hidden Markov Models in processing se-
quences (Hsu et al., 2012; Balle et al., 2011; Cohen
et al., 2012).

It has been challenging to obtain language-
modelling results with spectral methods that are
competitive with neural methods mainly due to two
issues, as pointed out by Quattoni and Carreras
(2019): the scalability of handling long-range de-
pendencies, and the loss function for the spectral
learning scheme does not align with that of the lan-
guage modelling task. For the first issue, a natural
solution is to increase the length of sequences for
learning the distribution. As a consequence, the
size of the Hankel matrix increases so drastically
that it is not practical to perform factorizations
(i.e. singular value decomposition) on it. Hence,
people seek to find informative yet much smaller
sub-blocks of the Hankel matrices, induced by a
set of prefixes and a set of suffixes, to perform the
matrix factorizations. We call this basis selection
for Hankel matrices.

Gerald Penn
University of Toronto
gpenn@cs. toronto.edu

Over the past two decades, many basis selection
methods have been proposed. One basic approach
is to choose all the prefixes and suffixes observed
in the sample (Bailly et al., 2009). Although this
method has many good theoretical properties (De-
nis et al., 2016) for modelling a probability and
is always optimal in terms of loss, it is practically
infeasible for large corpora. Previously, the most
popular approach was to choose prefixes and suf-
fixes of length < 71" (Hsu et al., 2012; Siddiqi et al.,
2010). Bases chosen by this method tend to lose
too much information, making it hard to model
long-term dependencies. Balle et al. (2012) pro-
vided a randomized algorithm by cutting a string
at each time step over n iterations, resulting in an
n X n sub-block. When n is sufficiently large, there
is a high probability the algorithm returns a full-
rank sub-block of the empirical Hankel matrix. But
n must be polylog n times the rank of a complete
Hankel matrix in order to obtain a sub-block with
nearly full rank.

The work of Quattoni et al. (2017) proposed an
algorithm that performs maximum matching on the
underlying bipartite graphs realized by Hankel ma-
trices to get a full structural rank sub-block. The
bases generated by this method are very compact.
This method was the first to exploit the structural
properties of Hankel matrices in this task. The
authors claimed that bases generated by bipartite
matching have approximately the full numerical
rank of a complete empirical Hankel matrix. But
there is no theoretical analysis, and the matching
properties that they used in claiming the rank ob-
servation do not hold in most cases.

In this paper, we present an efficient algorithm
for finding a compact, full-rank basis of an em-
pirical Hankel matrix in a divide-and-conquer ap-
proach. Our method recursively computes the basis
for sets of sub-strings with a fixed first symbol. The
algorithm then combines such computed bases for
each first symbol in the alphabet. We also present a
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trade-off between the run-time of the algorithm and
the size of the resulting basis through the choice
of parameters called a and . Due to the nice
theoretical properties of a full numerical rank sub-
block (Denis et al., 2016) in learning a weighted
automaton and the limitation of each established
method mentioned above, we believe that our basis
selection method is very competitive and can be
an excellent complement to the method of Quat-
toni et al. (2017) for improving the accuracy of
language models without overly increasing the run
time for both training and testing.

2 Preliminaries

2.1 Notation

We start by introducing the notation we use
throughout this paper. Let X be a finite alphabet
with || symbols and let e denote the null sequence.
We use ¥* to denote the set of all strings over
Y. The concatenation of two strings =,z € X*
is denoted by z - /. P is a set of unique pre-
fixes and 8§ is a set of unique suffixes in sample
W. We always assume ¢ € P and ¢ € § unless
stated otherwise. For some strings ¢ and ¢, we
define P(q) = {p € P|Fv € ¥,*p = ¢ - v} and
8(t) = {s € 8|Fu € ¥, *s = u - a}. For a suffix
t, the set of all prefixes of strings with suffix ¢ is
denoted by P*(t) = {p € P|Fs € 8(t),p-s € W}.
We similarly define 8*(¢) = {s € 8|3p € P(q),p-
s € W}. Let a be some symbol in 3, we de-
fine P, = {v € ¥*|la-v € P}and §, = {u €
Y*lu-a € 8}. Note that both P, and §, contain
€. Also, 8F ={se8|Ipe Py,a-p-s€ W}and
Pr={pePIse8,,p-s-ac W}

For a sequence z = x1---xz, € X, we let
x| = x, -z denote the reversed sequence of x.
If we define W' = {w ' |w € W} as the multi-set
of reverse sequences, then H(W ') = H'(W).
In addition, we let PT = {pT|p € P} and 8T =
{sT|s € 8}. 8T and P are the respective prefix
and suffix set of sample TV .

For a matrix M, we denote the ith row of M by
M(i, :), the jth column by M(:, j). Fori > 1, we
use e; to denote the standard basis vector with the
t-th entry as 1 and O otherwise.

2.2 Non Deterministic Weighted Finite State
Automata

Here, we define a class of Non-Deterministic
Weighted Automaton (WA) over strings. Let
xr = x1---T, be a sequence of length n over

finite alphabet . A WA with k states is de-
fined as a tuple: A = (v, @0, {As}rex) Where
Qp, Qs € R are the initial and final weight vec-
tors and A, € RF*F are the transition matrices

associated with each letter o € Y. The function
fa:¥* — [0,1] realized by a WA A is defined as:

falz)=aj Ay, - Ay, . (1)

The equation above is an algebraic representation
of the computation performed by a WA on a se-
quence z. For an explanation of this observation,
we refer readers to (Hsu et al., 2012; Balle et al.,
2012; Quattoni et al., 2017).

A stochastic language £ : X* — R is a prob-
ability distribution over X.* If for every x €
¥, L(x) > 0, we say that £ has full-support. We
say L is rational when there exists a WA A such
that fa(x) = L(z) for any sequence z. For our
purpose, we assume the stochastic language that we
sample from is rational and has full-support. We re-
fer readers to (Denis et al., 2016; Balle et al., 2012)
for a rigorous discussion of stochastic languages in
relation to WA and spectral learning.

2.3 Hankel Matrices and Underlying Graphs

We now introduce the concept of a Hankel matrix in
WA. This paper focuses on Hankel matrices in the
context of learning a stochastic language £ from
sample WW.

The Hankel matrix of £ is a bi-infinite matrix
H, : ¥* x ¥* — R with entries indexed by pre-
fixes and suffixes. The rank of £ is defined as
rank(£) = rank(H,). Given P, 8 € 3,* a Han-

kel sub-block is denoted by HY'®) € RIZI¥IS|, The
are indexed by P and

rows and columns of H(ET’S)

8 with H(L?’S)(p, s) = L(p-s). We say that (P, 8)
is a basis for £ if rank(£) = rank(H,). For
any symbol o € X, we define H, € RIPI*I8| as
H,(p,s) =L(p-0o-3).

In the context of learning, the empirical Hankel
matrix of a finite multi-set W sampled 4.¢.d. from £
is denoted by H(1V), or simply, H. For any string
z € X" we define H, by Hy(p,s) = 1p.s=s
and H = ﬁZweW H,. Since W is finite,
we can always find a minimal P, 8§ € X* such
that H®S) contains all the non-trivial entries of
H(W). We say this matrix is the complete (em-
pirical) Hankel matrix. In addition, we define
hy(x') = 1y_,, and hy € Rl hg € REI
by hp(p) = p7 Lwew huw(p) and hs(s) =

ﬁ > wew Pw(s). For any o € X, we define
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H, c RP*Bl by Hy(p, s) = H(p, o - s). Notice
that H(p,o-s) = H(p-o,s) asp-(o-s) = (p-0)-s.
If the sub-block Hankel matrix H®"%") induced
by P* C P and 8* C § satisfies rank(H"$")) =
rank(H™®)), we say that (P*,8*) is a basis for
H(W). We denote the row of H induced by a pre-
fix p by H(p, :), and the column induced by a suffix
s by H(:, s).

Let G = (P, 8, E, 1) denote the underlying bi-
partite graph represented by H(”$) where p-s € F
if and only if H"S)(p,s) # 0and i : E — N is
the weight function such that p(ps) = H®S) (p, s).
Since all information in the 4-tuple can be directly
derived from W, we also use G(W) to denote
such a graph. dg(v) is the degree of a vertex
v € V(G). Let Ng(v) denote the neighbours of
vin G, |[Ng(v)| = dg(v). We also use Ng(V) to
denote the union of neighbours of vertices in V.
Without specifying, we assume G is the graph by
default and use d(v), N(v), N(V) as short forms
instead. Supposing V' is a set withv € V', we use
V' — v as a short form to denote V' \ {v}.

In the context of an underlying graph, 8*(¢) and
P*(t) correspond to N (P(q)) and N (8(t)), respec-
tively. Note that, while 8*(q) = N(P(q)) in graph
G, P(q) is likely not to be equal to N (8*(q)). Al-
ternatively, if we let W' = {wy, € X*[a-wy € W}
and W& = {w? € ¥*|w? - a € W} be two multi-
sets of samples induced from the original sample
W and let H = G(Wy) and I = G(W{) be the
bipartite graphs built from these samples, we then
have 8! = Ny (P,) and P} = N (8,). Moreover,
8% is essentially the same as 8*(a).

2.4 The spectral learning method

We now give a description of the spectral learn-
ing algorithm. Given a training set of samples W
and a parameter k¥ € N*, the spectral algorithm
computes a WA A with k states. We refer read-
ers to (Hsu et al., 2012) for the theory behind this
algorithm:

1. Select a sub-block (P, 8) of the complete Han-
kel matrix, denoted by H”$) or H.

2. Compute Hankel matrices for the sub-block
selection (P, 8), including H, hy, hg and H,,
forall o € X.

3. Compute the k-rank factorization of H
through SVD (i.e. H ~ UXV'). Define
forward matrix F = UX e RIPI*k and

backward matrix B = V € R,I8I%¥ then
H ~ FB' is a k-rank factorization.

4. Build the WA A of k states. The model pa-
rameters are computed by:

(a) Initial vector aOT = hg—B,
(b) Final vector al, = F¥hy,
(c) Transition matrices A, = FTH,B.

Note that we use M to denote the Moore-Penrose
pseudo-inverse of a matrix M. The computation is
dominated by SVD, which has a run-time complex-
ity of O(min(|P|, |8|)?). In Section 4.4.2, we will
present a trade off between run-time and the result-
ing sub-block size in our basis selection algorithm.
This, in turn, affects the run-time of the SVD step.

3 Properties of Hankel matrices

We will show some general properties regarding
a Hankel matrix with arbitrarily large but finite
sets of alphabet and samples. For the following
propositions, we denote the prefix and suffix of a
complete Hankel matrix over samples W, H, by P
and S respectively.

Proposition 1. ! Let P* C P and S* C 8 be span-
ning sets of row and column spaces, respectively.
The rank of the sub-block Hankel matrix H("57)

is equal to the rank of H®S).

As we present in later sections, our algorithm
finds a row spanning set for the complete Han-
kel matrix. To get a column spanning set, simply
perform the same algorithm on its transposition.
Combining these two sets thus results in a basis of
the complete Hankel matrix.

Proof. Suppose rank(H(""5")) < rank(H"9)).
Since P* spans the row space, rank(H("8)) =
rank(H (%)), There must exist a column induced
by a suffix s ¢ S,* H(%"S)(: ), that is not a lin-
ear combination of columns of H(">"S") " Since
S* spans the column space, H”S)(: s) is a linear
combination of columns of H.("»3") This means
that H(""9)(:, s) must also be a linear combination
of columns of H,(">"5") which creates a contradic-
tion. O

The following two propositions point out a cru-
cial insight into reducing the size of the sub-block
basis without losing rank.

'A stronger statement of this proposition is true for any
matrix.
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Proposition 2. Let U C P and V C 8
be the sets of vertices in G such that Yu €
U,d(u) = 1and (u,e) € E and Vv € V,d(v) =
1 and (e,v) € E. Let u,v be any vertex in U, V,
respectively. Then,

rank(HO\U—9S\V=)y — rank(H).

Proof. We prove this by showing that P \ (U — u)
is a row spanning set and 8 \ (V' — v) is a column
spanning set. When |U| = 1, U — u = () and
P\ (U —u) = P. Consider |U| > 1,and letu' € U
be any vertex other than u. By the assumption in
the proposition, H(u,:) = H(v/,:) as H(u, €) =
H(u',e) = 1 and H(u,w) = H(u/,w) = 0 for
any w € 8,w # e. Thus P\ (U — u) is a row
spanning set. A similar argument can be used to
prove 8 \ (V' — v) is a column spanning set, which
we omit.

By Proposition 1, we can infer that
rank(HO\U =) \(V=v)) — pank(H). O

We denote matrix HP\U=u):8\(V=v) for any u

and v by H' and let P and 8 denote the prefix
and suffix set for H'. We do not distinguish such
matrices by the choice of u, v since deductions
in later sections do not depend on their specific
properties.

Proposition 3. The matrix obtained by removing
the row and column induced by € satisfies the fol-
lowing equations:

rank(H"$79)) 4 1 = rank(H)
rank(H® %)) + 1 = rank(H).

Also, the following equalities hold:

rank(H® =¢8)) 4 1 = rank(H)
rank(H"'$~9)) 41 = rank(H).

Proof. By symmetry, we can safely omit the proof
for H(*$=¢) and H.(?":8'~¢)

We can always find a sequence w € W that is
neither a prefix nor a suffix of any other sequence.
Otherwise, W is non-finite, which contradicts our
assumption. By Hankel’s construction, w € P and
weEdSasw:-e=¢€-w=w € W. We claim that
such a sequence w satisfies the condition for both
U and V in Proposition 2. Thus, there is such a
non-empty V.

Let v € V be arbitrary and let 8’ = 8\ (V — v).
By the proof of Proposition 2, we know that H(:
,v) = e and H'(:,v) = e (but these two e;’s are

distinct). This directly implies that H(e, :) is not
a linear combination of rows in H.("=%3) Hence,
removing the row induced by e reduces the rank of
H by 1.

Similarly, H'(e,:) is not a linear combi-
nation of rows in H.*~¢%) We then have
rank(H' =€) 4 1 = rank(H’) = rank(H) by
Proposition 2. O

4 A Divide-And-Conquer Algorithm For
Basis Selection

4.1 A High Level Description of the Algorithm

We present a high-level description of the algorithm
as well as its intuitions. In the next two subsections,
we discuss correctness and limitations in the binary-
alphabet case and then extend the results to any
finite alphabet.

The algorithm returns a row spanning set for the
complete Hankel matrix H in the form of P* C P.
By applying the same algorithm to H,  one can
derive a column spanning set, S* C 8. Recall
Proposition 1: such P* and 8* form a basis for the
Hankel matrix.

Let us start by defining a subroutine ROW-
REDUCE that takes an input matrix and two ad-
ditional parameters « and -y, returning a full-rank
sub-block of the matrix.

Algorithm 1 Row-REDUCE(W, P, S, a, 7y)
. if |P| € [, ) then

P’ « Row-Basis(H(”S) (W)

S NG(W)(P/)

P+ PS5+ S

1
2
3
4: else
5
6: return (P’ S)

ROW-BASIS computes the input matrix’s row
basis, such as by Gaussian Elimination (GE) or QR
decomposition on M, which has a run-time com-
plexity of O(n?m) or O(nm - rank(M)) for M of
size n X m. Faster randomized algorithms (Cheung
et al., 2013) are known to run in> O (nnz(M ) + k%)
to compute a linearly independent row set of
size min{rank(M), k}, where w < 2.38 is the
matrix multiplication exponent. One can com-
pute a row set of size exactly rank(M) by iter-
atively doubling the size k from k£ = 1. Since
this only requires at most O(log rank(A/)) itera-
tions, our ROW-REDUCE algorithm runs in at most

20(-) hides polylogarithmic factors.
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O(nnz(M) + rank(M)“). Practically speaking,
when +y is sufficiently small, there is no real ad-
vantage to using a randomized algorithm for ROW-
BASIS.

Our parameter « serves as a lower threshold for
ROW-REDUCE. When a set P is small, perform-
ing ROW-BASIS cannot reduce the overall size by
much while still costing run-time. We can choose
to bypass such “redundant” computations using c.

We now present the algorithm, ROW-SPAN , for
computing a row spanning set for the complete Han-
kel matrix. The algorithm first divides the current
set of samples W by the first symbol of each string
and recursively computes spanning prefix sets for
each symbol that appears. Since the spanning pre-
fix sets, when combined, might be much larger than
the rank of the Hankel matrix of the current sample,
our algorithm attempts to reduce the size of the
combined set by performing ROW-REDUCE on it.

When the combined set is large, it becomes com-
putationally expensive to perform Row-Reduce.
Our parameter y then allows us to choose to bypass
such computations at the expense of having larger
sub-blocks. Moreover, if each recursively com-
puted prefix subset is large, then this is intuitively
a good indication that there is limited promise for
the algorithm to further reduce the size of the com-
bined set. As such, we additionally have the lower-
bound condition in line 7. A formal analysis of the
runtime is presented in subsection 4.4.1.

As mentioned above, we apply this algorithm
to both H and H' to get the row and column
spanning sets, P* C P and S* C §, which then
form a basis for Hankel matrix H(TV). To com-
pute the column spanning set, one can simply call
ROW-SPAN(XZ, W T 8T, PT «a,~). Reversing the
sequences in the first set of the returned tuple, one
can obtain the column spanning set S.* ROW-SPAN
is recursive. We choose to present it in a top-down,
divide-and-conquer fashion to facilitate its induc-
tive analysis and our later discussion. In fact, a
slightly faster, recursion-free, bottom-up approach
exists.

The parameters « and ~ are related to the esti-
mation of the rank of the complete Hankel ma-
trix H(W). When + is sufficiently large, say
v > |X] - rank(W) and a < rank(W), the result-
ing basis of ROW-SPAN is a minimal basis where
both the row spanning set and column spanning set
are linearly independent.

Algorithm 2 ROwW-SPAN(Y, W, P, S, o, )
. P+—0,S+<0,U~Q0L<+0
2: for o0 € X with P, # () do
3 (Py,S5,u,Ls) < ROW-SPAN(Y, WY,
Po, 855 0,7)
4: P« PU{p|3p, € PX,p=0-p,}—(o-u)

5 S+ SUSHLU<«+—UU{o-u}
6: L+ L,ifL <L,

7: if v > |P| > 2L then

8: (P,S) + ROW-REDUCE(W, P, S, v, 7)
9: L + max(|P|,2L)

10: if [U| = 0 then

11: U< €

12: else

13: Pick an arbitrary u € U

14: P+« PU{u}, S+ SU{e}
15: P* <+~ PU{e}, S* < SUS*(e)
16: return (P*,S*, u, L)

4.2 Simple Case with an Alphabet of 2
symbols

To motivate the analysis of the algorithm, it will
be illustrative to consider a simple alphabet with
2 symbols, ¥ = {a,b}, before generalizing the
results to arbitrary finite alphabets. We hold off
the proof of correctness and the generalized results
until subsection 4.3.

We start with the division scheme. Recall from
the definition of P(¢) in subsection 2.1, the inter-
section P(a) N P(b) = 0. Notice that P, is simply
P (o) with the first symbol trimmed off of all se-
quences in the set. Recall also that ¢ € P, and
e € Py by definition. We then have P, NP, = e.
However, the €’s in P, and P}, are distinct in that
the € in P, corresponds to the prefix a in P while
the € in Py instead corresponds to b. Hence, the
algorithm does not repeatedly consider the same
prefix.

Before we move on to the combining steps of
the algorithm, there are a couple of conditions we
need to establish to outline our inductive proof of
correctness.

1. After line 6, P N U = (). This is straightfor-
ward to see, as we intentionally remove the
elements in U from P at line 4.

2. At line 10, |U| = 0 iff all P, are empty.
Within each iteration of the for-loop, we add
a unique element to U. As such, we can only
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Figure 1: A visual representation of H("~¢$-¢) with
alphabet of 2 symbols.

end up with |U| = 0 when the if-condition is
not satisfied for all iterations of the loop.

3. After line 9, the pair (P,S) satisfies
rank(H(79)) 4+ 1 < rank(H*"5"), where
P* and S* are the returned prefix and suf-
fix set. Given fixed u, the matrix H(P—e5)
is a sub-block of the matrix H,("5") which
means that the rank of the latter must be at
least as large as the former. We can then ob-
tain the desired inequality by Proposition 3.

We now consider the combining steps (the al-
gorithm except line 3). In the case of a 2-symbol
alphabet, consider first the set P(a). Recall that
8*(a) = Ng(P(a)). Then each row and each col-
umn in the sub-block matrix H"(@):8"(2)) js non-
empty (i.e., there is at least one non-zero entry). In
contrast, the sub-block matrix H (@)8\8"(a)) — g,
To see this, consider the underlying bipartite graph
G. Any v € 8 that is not in N(P(a)) does not
have an edge connecting to the vertex set P(a).
Similarly, HP®):$\8"(%)) — 0. When 8*(a) and
8*(b) have no intersection, then simply combining
a basis for H(W) and one for H(W}}) with the e
row and column of H(W) yields a full numerical
rank sub-block. In fact, the resulting basis is an
optimal solution if the condition holds for all re-
cursive calls. However, this is not always the case.
When 8*(a) N8*(b) # 0, there is no guarantee that
combining € and the two column spanning sets of
H(W) and H(W}}) would yield a column span-
ning set for H(W). This is the reason for keeping
at least all the non-trivial columns. In contrast,
combining the rows still results in a row spanning
set, since P(a) N P(b) is always an empty set. We
give a visual representation of the matrix in Fig-
ure 1.

4.3 General Case

In the general case, we consider a finite alphabet
with |[X| = n € NT symbols. Many results in
subsection 4.2 can be generalized to an arbitrar-
ily larger finite alphabet. In this subsection, we
present an inductive proof of the correctness of this
algorithm.

Our goal is to prove that the algorithm returns a
row spanning set P.* We shall consider a stronger
statement that implies this:

Claim 1. ROW-SPAN returns a tuple (P*,S*, u)
s.t. P* is a row spanning set of the input Hankel
matrix H(W), for any s € Ng(P*), s € S* and
where u € P* is the only prefix that satisfies the
condition in Proposition 2.

We perform our induction on the maximum
length of a sequence 7" in the sample W. When
T = 0, Condition 2 always holds.’Hence, by line
15, we explicitly added the € row and column back
in and the resulting P* and S* are exactly {e¢}
and u = e. As for the inductive case, assume
Claim 1 holds for 7' < ¢t. We want to prove it
forT' =t + 1. For any o € %, the longest se-
quence in W7 must be at most ¢. Hence, in the
recursive step, the returned tuple (P}, S%, u,) sat-
isfies the correctness condition by the inductive
hypothesis. As a result, after line 6, the set P is
a row spanning set for H,(P=¢8-9) [/ satisfies the
condition in Proposition 2 and no prefix P has
the same property, by Condition 1. Moreover, S
has all neighbours of both P and U as in graph
G(W). By Condition 2, we know that U must be
non-empty and that the else-block in lines 12—-14
must be executed. This then leads us to Condition
3, which is rank(H("9) 4+ 1 < rank(H""5Y)),
By adding the € row back in, as in line 15, we
have rank(H®®)) = rank(H"5")), which also
implies that P* is a spanning set. The condition
N¢g(P*) C S* naturally holds, since each assign-
ment to S’ and S* guarantees it. Notice also we
added u to P’ at line 14, which consequently proves
the condition between v and P* in the claim. This
concludes the proof.

We remark that, unlike the random-cut algorithm
(Balle et al., 2012) or the bipartite matching algo-
rithm (Quattoni et al., 2017), our proof suggests
that this algorithm does not require the length of
sequences (length of support) in the sample W
to be uniform, which provides more flexibility in
choosing training data.

3We assume this exists and H (e, €) # 0 in this case.
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4.4 Run-time Complexity

In this subsection, we consider the run-time com-
plexity of the algorithm with a fixed moment size of
T'. That is, the length of each sequence is at most I’
symbols long. We set n = |P| and m = |§|. Then,
the complete Hankel matrix H is an n X m matrix.
We also let w = |W| denote the total number of
words in the multi-set of samples W.

Our theoretical runtime complexity is presented
in Theorem 1. We remark that our algorithm is
more efficient when the stochastic language fol-
lows Heaps’ Law. By Heaps’ Law, the size of
the vocabulary (i.e., the number of unique words)
V = Kuw® = O(w”), where K is typically be-
tween 10 and 100 and f3, between 0.4 and 0.6 for
English corpora. It is easy to see that both n and m
are bounded above by (7" + 1)V since each unique
word can spawn at most 7" unique prefixes and T’
unique suffixes, with one addition of the null prefix
and suffix e. Moreover, by the same argument, the
number of non-zero entries nnz(H) < (T + 1)V.

4.4.1 Run-time Complexity of Basis Selection
algorithm

Given a fixed y parameter, the total running time of
the algorithm is maximal when o = 1. For the rest
of this subsection, we only evaluate the running
time of the algorithm with o = 1 and we represent
the complexity in terms of T, w, 7.

Theorem 1. The run-time complexity of the al-
gorithm ROW-SPAN is O(TV + ny@-V) =
O(Tw? + ny@=1), or O(nm~ylogy)

We separate the running time of the algorithm
into two parts. The first part is the total cost of
all recursive calls other than ROW-REDUCE. The
second part is the total cost of the ROW-REDUCE
algorithm.

The running time of all operations other than
ROW-REDUCE is dominated by the set-union op-
erations. As the complete prefix and suffix sets P
and § are known and fixed, we can safely assume
a table representation. In that case, the set union
operation is linear in the size of the smaller set to
be unioned. That is, in each recursion the addi-
tional cost to calling ROW-REDUCE is O(|8*(¢)]).
Consider the corresponding cells of 8*(¢) in the
complete Hankel matrix H. By the recursion, there
is no overlap between the corresponding cells of
two different calls. Then, > |8*(e)| < nm or
> |8*(e)| < TV. Therefore, the running time of
the first part is O(nm) or O(T'V).

Now, consider the total cost of ROW-REDUCE.

Lemma 1. Suppose given valid input, ROW-SPAN
returns a prefix subset P* and a value L. Then
L < ~ and the total cost of ROW-REDUCE
throughout its entire operation is at most O(TV +
nL¥~ 1) < O(TV 4+ ny?~1) or O(nmLlog L) <
O(nmylog~).

Proof. By our recursive algorithm, we can define
a unique tree, where each node, except the root,
can be denoted by a unique prefix p € P. For a
node with prefix p, there is a call of ROW-SPAN
with input W), = {w € ¥*|p - w € W} where the
condition in line 7 is satisfied and |P| < 7, i.e.,
it performs a non-trivial case of ROW-REDUCE.
For two nodes with prefixes p and p,’ p’ is a child
of p, p is a prefix of p’ and no other node p” is
both a prefix of p’ and suffix of p. We assign three
attributes to each node p: the total number of non-
zero entries U, = nnz(H %) (W,)) and | P,|, the
size | P| after line 6, and the final value L,. The
one-time cost of ROW-REDUCE for node p is then
at most O(U, + Ly), or O(|P|mLy) if using GE
or QR. For the root, we denote it by the trivial
string € and let size U, = nnz(H) = O(TV),
|P| = |P] = nand L. = L be the final returned
L.

Let Ny, be all nodes of height h. The root has
height 0. For any distinct pair of nodes x,y €
P, neither can be a prefix of the other. Then, we
observe:

> Up < nnz(H) < TV, 2)
peNh
> 1Bl <, 3)
PEN

for all valid heights h. Notice that L =
maxpe N, Lyp. By line 9, we obtain a third observa-
tion:

L< 1

p = 2h,1L Vp € Nh- (4)

L, < 7, and the total height H < logy L + 2. By
the convexity of the function z* on [0, co) for any
w > 2, the condition in line 7 and (3) further yield:

2h=1lp 1
w w
;L’”< L gt
p h

n

w—1
= 2(w—1)(h—1) L.

For a randomized algorithm, by summing over the
entire tree using (2), (4) and above, we reckon a
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total cost of O(TV +nL*~') where we recall that
O(-) hides polylogarithmic factors. If we use GE
or QR instead, by (3) and (4), we get a total cost of

O(nmLlog L) < O(nmylog~y). O

Theorem 1 follows by combining our run-time
analysis for both parts. We remark that the
run-time guarantees using randomized algorithms
from (Cheung et al., 2013) are significantly better
asymptotically than the ones using Gaussian Elim-
ination. Note that 7V < O(nm) and we should
always choose v < min(n, m). This run-time dif-
ference is most apparent when the complete Hankel
matrix H(W) is sparse, i.e., TV = O(n +m).

4.4.2 Run-time Complexity in respect of SVD

There is a trade off between run time and the re-
sulting sub-block size in our basis selection algo-
rithm, controlled by the parameters a and ~y. As
mentioned before, the computational complexity is
dominated by SVD, which has a run-time complex-
ity of O(min(|P|, |S])?).

Since this is a divide-and-conquer algorithm,
there are many recursive calls where the sub-
sample is small, leading to small row spanning
sets. Even if we do not perform ROW-BASIS on
rows, the resulting row spanning set size is still
reasonably small. This is the fundamental reason
for introducing «. Generally speaking, o should
be around v/|X| to trigger the ROW-BASIS subrou-
tine. Consider when « is larger than v/|X| + 1,
and suppose the returned sub-block matrices in the
recursive call all have a prefix set of size « — 1. In
the recursive call, ROW-BASIS is not performed,
as & — 1 < a. Moreover, in the current call, ROW-
BASIS is not performed either since the total size
of prefixes is greater than .

According to our need, we can choose a larger
v, which leads to a more compact basis but with
longer run-time, and vice versa. This trade-off is
not linear, as we demonstrate in our experimental
evaluations in section 5.

5 [Experimental Evaluation

In this section, we evaluate our basis selection al-
gorithm ROW-SPAN , refereed to as RS. The inner
algorithm ROW-REDUCE that combines rows and
performs matrix rank algorithm ROW-BASIS is re-
ferred to as RR.

Implementation Details Our algorithm is im-
plemented in Python.We consider two choices of

matrix rank algorithm, GE and QR, for the ROw-
BASIS algorithm in RR.

For GE, we implemented an algorithm that re-
turns a reduced row echelon form (RREF) of a
matrix with partial pivoting. To reduce redundancy
in linear algebraic operations, our implementation
additionally returns the RREF of the Hankel sub-
block H.(""5") Note that the RREF of a matrix
M has the same row span as M.

Our QR-decomposition-based RR algorithm
uses a sparse QR implementation from SuiteS-
parse.* Since a matrix M passed to RR typically
has a much larger number of columns than rows,
our algorithm performs an additional QR decompo-
sition first on M to obtain a column spanning set
C. Note that the worst-case runtime of QR on M
depends quadratically on the number of rows, but
only linearly on the columns. Our algorithm then
proceeds to perform a QR on (M) T to retrieve
a row spanning set.

Note that we discarded the lowerbound check of
|P| > 2L in line 7 of RS from our implementation.
This lowerbound check is only included for proof-
theoretic reasons and has little practical benefit.

Setup and Datasets All experiments are per-
formed on a Linux machine using an Intel® Core™
17-9700KF CPU @ 3.60GHz and 12G RAM and
32G SWAP. All computations are performed on a
CPU. We measured the processing time using the
Python built-in function time.process_time().

For our evaluations, we considered two datasets:
the English Penn Treebank dataset (Marcus et al.,
1993) with universal part-of-speech tags (12 sym-
bols), and the War and Peace dataset (Karpathy
et al., 2016) for a character-based model (104 sym-
bols and a total of ~ 2.58m non-space characters).
Datasets were cleaned and prepared using tools
from SPiCe.’> Hankel matrices are computed using
the scikit-splearn package.®

Evaluations For our evaluations, we draw com-
parisons between our proposed algorithm RS using
QR or GE and a maximal-matching-based algo-
rithm, referred to as MM, from (Quattoni et al.,
2017). Since no implementation of the MM algo-
rithm was available, all experiments are performed
using our own re-implementation of the algorithm

4SuiteSparse https://people.engr.tamu.edu/davis/
suitesparse.html. Python wrapper for sparse QR from
https://github.com/yig/PySPQR.

Shttps://spice.lis-1lab.fr/index.php

°https: //pypi.org/project/scikit-splearn/
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in Python. A plain sparse QR decomposition al-
gorithm, referred to simply as QR, is used as a
baseline. Note that QR always returns optimal-
sized bases (prefix and suffix sets of size rank(H)).
A timeout limit of 5 hours (180k seconds) is set for
all experiments.

Runtime comparison to MM. We compared the
runtime of our basis-selection algorithm RS against
MM. We used the Penn Treebank and War and
Peace datasets with various choices of moments.
For these experiments, the parameters are fixed’ to
ensure that RR always returns a full numerical rank
basis of optimal size.
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10% 1 RS-GE
== MM
5 - R
g’ 104,
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Figure 2: Runtime comparison for varying moments.
(a) Penn Treebank, (b) War and Peace.

On the Penn Treebank corpus, RS is comparable
to MM for smaller moments, but significantly less
efficient for larger moments (7' > 8), see Figure 2
(a). The runtime of both the QR- and GE-based RS
algorithms increases as the moment grows larger.
This is as expected, since the dimension of the
complete empirical Hankel matrix increases (~
13k x 13k for T' = 5, ~ 55k x 55k for T' = 10).
We observe that the increase in runtime scales sub-
linearly to the size of H. From T" = 5 to 10, the

"1t suffices to choose v = |P| and a = 1.

runtime increases by a factor of less than 7, from
11s to 73s, while the size of H increases by a factor
of over 17. This suggests that RS is able to exploit
the structure and sparsity of Hankel matrices.

The runtime of MM is less than 16s for all tested
moments. We remark that the number of nonzero
entries (nnz) of the Hankel matrix remains roughly
the same from 7' = 8 to 10, at between 99% and
110k. The observed runtime of MM is also as
expected, since the theoretical runtime of the MM
algorithm scales linearly to the nnz of H.

Note that the timeouts that accrued to RS-GE for
moments 7' = 10 to 12 are due to memory limita-
tions. The runtime of RS-GE is also consistently
worse than RS-QR. We believe such inefficiency is
due to our sub-optimal implementation using dense
matrix operations for GE. While it is possible to
utilize sparse matrices in Python, no sparse matrix
implementations are particularly suitable to GE due
to excessive row and column slicing and modifica-
tions to the sparsity structure. We are optimistic
that a tailor-made sparse matrix implementation
can significantly improve our runtime: the returned
RREF of sub-block matrices is always sparse, with
less than 4 nonzero entries per column on average
when computing row-spanning sets. This imple-
mentation is beyond the scope of this paper.

Contrary to the above, for the War and Peace
corpus, both RS-QR and RS-GE consistently out-
performed MM, see Figure 2 (b). We stopped at
T = 6 since both RS-QR and RS-GE timeout at
T = 7 due to memory limitations. Hankel matrices
for this set of experiments are considerably larger:
H is ~ 58k x 58k in size with ~ 225k nnz even
at T' = 4, and the largest matrix is ~ 304k x 304k
with over 1.1m nnz. These matrices have ranks
that are considerably smaller relative to their size,
with a rank-to-rows ratio below 0.035, compared
to 0.09-0.37 for the Penn Treebank dataset when
moment 7" > 8. A relatively large rank-to-rows
ratio suggests that the number of samples in the
Penn Treebank dataset may be insufficient. We ex-
pect that, for sufficiently large datasets, our method
would achieve better runtime performance, albeit
at the cost of increased memory usage.

Finally, we remark that our algorithm RS is read-
ily parallelizable. Our divide-and-conquer scheme
is well-suited to parallel computing. The linear-
algebraic operations are efficient to perform in par-
allel as well. The sparse QR implementation from
SuiteSparse supports multi-thread computing. The
elapsed times of RS-QR are typically less than 40%
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Figure 3: Runtime and Basis size trade-off in v (a) Penn
Treebank (1" = 5), (b) War and Peace (I' = 5).

of the reported processing time.

Impact of o and ~y. We study the impact of the
parameters « and v to the runtime of RS and the
sizes of the bases produced. For fixed -y, we exper-
imented with varying the value of o (v < 0.017y
for both corpora) in a range that does not affect the
resulting basis size. Under such conditions, o only
has a marginal effect on the runtime — less than
10% of the optimal runtime.

The parameter +y, on the other hand, has a sig-
nificant impact and controls the trade-off between
runtime and basis size, demonstrated by Figure 3.
Increasing «y generally increases the runtime of RS
while reducing the size of the basis. When 7 is
close to but smaller than the threshold that pro-
duces an optimal-sized basis, the runtime of RS is
significantly shorter (50% to 0.1%) compared to
the case where +y is above the threshold. The size of
the spanning prefix/suffix set produced in this case
is often within a factor of 3 times the optimal size
(i.e., rank(H)). For a large Hankel matrix with
relatively small rank, one could prefer a smaller
to leverage runtime reduction.

We note that the impact of v to both runtime

and basis size is not gradual, especially for larger
alphabets. This is expected from our algorithmic
structure: the combined prefix set passed to RR
can be as large as |X| times the largest prefix set
returned from RS recursion. One can smoothe the
effect of v by partitioning the alphabet into a few
groups and performing multiple RR steps for each
group before executing RR on the entire alphabet.

6 Conclusions

We presented a simple divide-and-conquer algo-
rithm for choosing a full numerical rank basis for
Hankel matrices with good theoretical running time
guarantees and a practical trade-off between run-
ning time and the resulting sub-block size.
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Abstract

Focusing particularly on mass nouns, we de-
velop an ontology for natural language seman-
tics based on measure theory. The new frame-
work makes for rigorous discussion on changes
of states and on events of continuous nature.

1 Introduction

In languages like English, nouns come in two kinds:
count and mass. Count nouns, such as child and
statue, exhibit a singular/plural morphological dis-
tinction, and typically denote things or individuated
objects. In contrast, mass nouns, such as milk and
clay, have no morphological number distinction,
and typically denote stuffs or materials.

Two properties standardly associated with mass
nouns are cumulativity (Quine, 1960) and dis-
tributivity (Cheng, 1973). Cumulativity refers
to the fact that if x is milk and ¥ is milk, then
the sum of z and y is also milk. Distributivity
refers to the fact that any part of milk is also milk.
Theoretical analyses of mass nouns that take these
properties into account are naturally led to assume
some kind of Boolean structure that need not be
atomic (Bunt, 1979; Link, 1983; Roeper, 1983;
Lgnning, 1987). Let’s follow suit and assume that
mass entities forms a nonatomic Boolean algebra
(D,V,N\,—,0p,1p), where V is join (or supre-
mum), A is meet (or infimum), — is complement,
and Op and 1p are the bottom and top elements. It
is reasonable to take this algebra to be o-complete,
meaning that every countable subset has a join and
a meet. The part-of relation < on D is the partial
order defined by

x<y iff zvy=y (iff zAy=u2x).

For more on Boolean algebras, the reader is re-
ferred to Givant and Halmos (2009).

Assuming that the denotation of milk is identical
to that of the predicate is milk, it seems appropriate
to have

(1) [milk] ={zeD|z<m},

where m stands for the sum of all milk in the world.
To use a technical term, [milk] is an ideal.

Definition. A subset I of a Boolean algebra 4 is
an ideal iff it satisfies the following conditions:

(ChH 0z € 1.
(C2) Ifzxelandyel,thenxVyel.
(C3) Ifzxelandy <zx,thenyc€ [.

One can see that (C2) and (C3) correspond to cumu-
lativity and distributivity, respectively. (C1) is to en-
sure that I is nonempty, but in the present context,
it implies that Op € [milk]. This might appear
nonsensical, but I assume it to be a mere technical-
ity with no real semantic consequences. An ideal 1
is said to be o-complete if (C2) is strengthened to
the following:

(C2) If S C Iiscountable, then\/ S € I.

The elements that are less than or equal to some
element ¢ € 4 form an ideal, known as the princi-
pal ideal generated by a, and written Ja. With this
notation, (1) can be expressed as [milk] = |m. It
is easy to see that a principal ideal in a o-complete
algebra is necessarily a o-complete ideal.

This kind of classic model, which is static in
nature, might be good enough, if all that there is is
what exists at this moment in actuality. However,
the existing entities might not exist in the past or
future, and can be hypothesized to be absent in
a state of affairs—or possible world—other than
actuality. Conversely, something that does not exist
now may exist at a different time or in a different
world. As language enables such intensional talk,
a simple analysis like (1) is bound to be deficient.

This paper develops a theory to repair this inad-
equacy. Section 2 explains our ontological stand-
point that equates existence with positive measure-
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ment. Section 3 defines the life of an entity, the
time period throughout which the entity exists. This
leads us to review our ontological assumptions
about times, which shall now be understood as
(equivalence classes of) sets of time points of posi-
tive measure. Section 4 looks into the denotation
of a mass noun in our new ontological setting. Sec-
tion 5 examines sentences of continuous produc-
tion or consumption and concludes that they call
for mathematical integration, which shall be car-
ried out measure-theoretically. Finally, Section 6
notes connections between telicity and integration.

2 To Be Is To Measure Positively

Quantities of entities denoted by count nouns are
numerically expressed with cardinal numbers, as
in 9 children. In contrast, entities denoted by
mass nouns are generally not countable, and their
quantities are numerically expressed with mea-
suring expressions such as 9.8 liters of. To ana-
lyze them under the assumption that mass enti-
ties form a o-complete Boolean algebra, functions
known as measures come in handy (Halmos, 1950;
Cartwright, 1975; Krifka, 1989; Higginbotham,
1994).

Definition. A measure ;. on a o-complete
Boolean algebra & is a function from % into
R U {oo} that satisfies the following three con-
ditions:

* Nonnegativity: p(x) > 0 for all z.
° M(Ogg) = 0.

» Countable additivity: if {z,},en is a se-
quence of pairwise disjoint elements (i.e. i #
j implies z; Ax; = 0), then ,u(\/nGN xn) =

2 nen #(Zn)-

(1 is called a positive measure if it further satisfies
* Positivity: p(z) > 0 forall z > 0.

A Boolean algebra equipped with a positive mea-
sure is called a measure algebra.

Lemma 1. If x <y, then p(x) < p(y).

Proof. If x < y,thenx Ay = z,s0y = 1p A
y=(xV-ax)ANy=(xAy)V(zAy) =zV
(=2 Ay)ssoply) = pleV (~z Ay)) = plx) +
p(=z A y) > p(z) by countable additivity and
nonnegativity. O

Using measures, we may expect sentences as-
serting the existence of mass entities as in (2) to
translate as conditions that those entities have a
positive measurement as in (3):

2) a. There is some milk in the tank.
b.  There is 9.8 liters of milk in the tank.
3) a. p(V [milk in the tank] ) > 0.

b.  fuiter(\/ [milk in the tank]) > 9.8.!

However, such translations give us a conundrum.
Unless p is a positive measure, it is possible that
a = \/([milk in the tank] ) # Op and yet p(a) =
0. If this happens, then (3-a) predicts (2-a) to be
false even though the entity a is milk in the tank.

To avoid such puzzling situations, one might
stipulate that i be a positive measure. This is not
what we want, however. In the previous section, we
have noted that things change, and that something
that exists now might be no more at other times
or in other worlds, and vice versa. I propose that
we capture this intuition by employing a family
{1 P}yew, per of measures, where W is the set
of possible worlds and 7" the set of time points. Our
slogan here is “existence as positive measurement,”
which means something like the following:

4) An entity x € D exists at p in w iff
pP(z) > 0.

This will allow us to describe how entities come
into or go out of existence. For instance, if z was
born at noon, then P (z) = 0 if p is a time point
before the noon, and p*P(x) > 0 if p is a time
point after the noon. On this view, entities funda-
mentally never come into or go out of existence.
They are always there as elements of D and may or
may not have a positive measurement, depending
on the world and the time. On this approach, it is
essential that p*>P be not a positive measure.

3 The Life of an Entity

Let’s discuss the life of a mass entity z, i.e., the set
of time points at which x exists.> In what follows,

"We have “>" rather than “="" here because (2-b) is con-
sistent with there being more than 9.8 liters of milk in the tank.
The impression that (2-b) says that there is exactly 9.8 liters
of milk in the tank can be attributed to scalar implicature.

By “a mass entity x.” I mean an entity that happens to
be predicated of by a mass noun. I am not sure whether the
count/mass distinction is inherent in the entities in the model.
It seems possible for an entity to be predicated of by a count
noun and by a mass noun at the same time, as in This is
furniture—a chair to be precise.
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we will not vary the world parameter and focus on
a single, fixed world. Accordingly, we will drop the
world parameter and simply write pP. Under the
slogan “existence as positive measurement,” that
x exists at p will mean that  measures positively
at p. However, if some nonzero part of x (i.e., part
of x that is not Op) is of measure zero at p, we do
not want to think that x exists at p. In order to be
able to assert that x exists at p, every bit of x must
measure positively. We therefore put forward the
following definition.

Definition. The life of x with respect to a family
{pP}per of measures, written O, (), is

QOulx) ={peT|
Vy(O0p <y <z — pP(y) > 0)}.

Lemma2. (i) O, (VX) = (N Qux) for all
rzeX
countable X C D.

(i) If x <y, then O, (y) C V,(z) forall x,y €
D.

Proof. (i) For every x € X, since z < \/ X, we
have

p € Qu(VX)

<= Vy(Op <y <V X — pP(y) >0)
— Yy(0p <y <x— pP(y) >0)
< p e Qux),

50 0,V X) € O, (a).
Necx Vule).

Conversely, suppose that p € () oy Qu(z).
Suppose that Op < y < \/ X. Then \/ . x(y A
z) = yA(VX) =y > 0p, so there is some
o € X with y A zg # Op. Since p € O, (zo)
and y A\ zg < xg, we have uP(y A z¢) > 0 by the
definition of ©,. Since uP(y) > pP(y A o) by
Lemma 1, it follows that xP(y) > 0. This shows
that p € O, (V X).

(i) Ifz <y, thenz Vy =y, soby (i), V,(y) =
Op(zVy) = Ou(@) NOu(y) C Vple). O

Hence O, (\/ X) C

It might seem that the assertion that an entity x
exists sometime will be translated as O, (x) # @.
However, what if O, (z) consists of a single time
point py, i.e., O, (z) = {po}? This means that =
had some physical presence at pg, but none either
before or after. Do we still want to say that x ex-
isted? Even if such a situation obtained in reality,
there would be no way of ascertaining it, and I be-
lieve most of us intuitively think that things do not

work that way. Then, we might as well ignore the
possibility of such literally instantaneous existence.
For something to exist, it must be there for some
positive length of time. It is time we extended the
slogan “existence as positive measurement” to the
realm of times.

As in physics, let’s identify 7" with the set R
of real numbers. Then, the Lebesgue measure
u1, can be used to measure the length of a subset
of T'. For instance, if an interval X C T begins
at p and ends at ¢, then pug,(X) = ¢ — p (regard-
less of whether X is open, closed, or half-open).
Let Z(T) be the set of Lebesgue-measurable sub-
sets of T, i.e., subsets X of T for which pr, (X)
is defined. It is known that (£ (T),U,N, <, &, T)
is a o-complete Boolean algebra, and pp, gives a
measure on it. Since pur,({po}) = 0, through the
lens of the Lebesgue measure, {pg} is equivalent
to @. In other words, being there only at py will
be identified with being there at no time at all. The
mathematical way to achieve this perspective is to
go to the quotient algebra of . (T") modulo the
set I of sets of measure zero, i.e.,

I={XeZ(T)|p(X)=0}

I is a o-complete ideal in .Z(T'), and one can de-
fine an equivalence relation ~ on .Z(T") by

X~Y iff (XNY)U(YNXS) el

Let [X] ={Y € Z(T) | X ~ Y } denote the
equivalence class of X. Then

T:={[X]| X € Z(T)}

gives rise to the quotient algebra
(T,U,M,<,07, 17). This is a o-complete
Boolean algebra. For X,Y € Z(T), we have
X]ulY] = [X UYL [X]N[Y] = [X Y],
[(X]® = [X], 0 = [@] and 1+ = [T]. For
s,t€T,wedefinesCtiffsUt=¢tIfXCY,
then [X]| C [Y]. Whenever X,Y €t € T, we
have pp,(X) = pr(Y), so we can let puy,(t) be
this unique value that p, assumes at any element
of t. This way, u1, can be extended to 7, and it
is known that py, gives a positive measure on 7.
Thus 7 is a measure algebra.

We can now forsake (4) and put forward the

following definition:
Definition. Forallz € D:

* z exists at ¢ € 7 with respect to { 1"}, ¢ iff
(Ou(x)] Dt £ 0r.
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* x never exists with respect to {1}, cr iff
[Qu(2)] = 07

According to this definition, if x exists at t # O,
then pr,([V4(2)]) > pr(t) > 0 by Lemma 1 and
the positivity of i, on 7, so x’s life has some
positive length. On the other hand, if O, (z) =
{po}. then [V, (x)] = O7, so x never exists.?

Some immediate worries present themselves. In
this new setting, a “time” is a member of 7, i.e., an
equivalence class of Lebesgue-measurable subsets
of T'.* This means that if X C T is not Lebesgue-
measurable, we cannot even discuss whether an
entity exists at X. Also, if ©,,(z) is not Lebesgue-
measurable, we cannot discuss whether z exists at
any time. Indeed, using the axiom of choice, one
can construct subsets of R that are not Lebesgue-
measurable (Vitali, 1905). On the other hand,
Zermelo—Fraenkel set theory without the axiom
of choice has a model where every subset of R is
Lebesgue-measurable (Solovay, 1970). What I take
this to imply is that we probably need not worry
about the possible existence of sets that are not
Lebesgue-measurable. Even if they exist, since we
obviously cannot mentally execute an infinite-step
process involved in the use of the axiom of choice,
I believe it is safe to assume that such sets do not
figure in our mental model for natural language
semantics.

Another worry concerns equating subsets of T’
whose symmetric differences are of measure zero.
For instance, suppose that O, (z) = (0,1)U(1,2).°
Since [Q,(x)] = [(0,2)], it follows that = exists
at [(0,2)] by our definition. Such a statement,
however, would naturally lead one to expect every
nonzero part of z to measure positively through-
out (0, 2). Nevertheless, since 1 ¢ ©,(x), there is
some nonzero part y of  such that zz*(yy) = 0. This
is quite counterintuitive. How can something only
momentarily vanish and then come back? Makoto
Kanazawa (personal communication) suggests that
this should not be a problem from a measure theo-
retic point of view, since the probability of picking
such a point is zero. More precisely, if X C 7" and
X ~ Q,(z), then pr, (X NQ,(x)°) = 0, so assum-

*If t = O, then [V, ()] 3 ¢ trivially holds, so this case
has been excluded from the definition in order to avoid such a
clashing statement as “z exists at ¢ and  never exists.”

*In natural language semantics, “times” often mean time
intervals. Aside from dealing with equivalence classes, our
“times” are different from time intervals in that they can be
discontinuous.

>(a, b) denotes an open interval. Thus (0,1) = {p € T'|
0<p<1}.

ing that ur,(X) = pur (94 (x)) > 0, the probability
of picking a point p from X that is not in ©,,(z) is

pL(X N Qu(x)c)
p(X)

In measure theory, a property is said to hold almost
everywhere if it does except on a set of measure
zero. Analogously, in probability theory, an event
is said to happen almost surely if its probability is
1. Let’s shift to this way of thinking and speak as
follows:

=0.

(5) pe X~ Q,(x) almost surely entails that
pP(x) > 0.

Thus, [©,(z)] = [(0, 2)] almost surely entails that
pl(x) > 0.

Lastly, note that since ©,(0p) = T, it follows
that Op exists at any ¢ # O7. I take this to be a
mere technicality of no real semantic import.

4 Mass Noun Denotations

Let M be a mass noun. To describe situations where
an entity becomes M or ceases to be M, the mean-
ing of M needs to be sensitive to the time. So let’s
take M to denote a binary relation between times
and entities. Now that our slogan “existence as
positive measurement” motivates the view that the
times that matter in human minds are members of
T, this means that M denotes a relation between the
two Boolean algebras 7 and D, i.e., [M] C T x D.
Let [M] (¢) denote the set of entities that are M at
a given time ¢:

M] (t) :={z e D| =) e [M]}

As mentioned in Section 1, [M] (¢) ought to be a
principal ideal. This means that there is a family
{my}+eT of elements of D such that

[M] (t) = {me.

Now, let’s consider the set of times at which a
given entity = is M, for which we write:

M) z) :={teT|(tz) e [M]}.

Intuitively, if x is M both at s and at £, then x ought
tobe Mat sl ¢t Also,if risM at¢and s C ¢,
then x must be M at s as well. This means that
[M] ! (z) should be an ideal in 7. Regarding this
matter, the following holds.
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Proposition 3. Suppose that each [M] (t) is a prin-
cipal ideal | my. Then, the following are equiva-
lent:

(@) [M] () is a o-complete ideal in T for all
reD.

(b) A mi = my ¢ for all countable C C T.
teC

Proof of this proposition follows shortly. Before
that, note that what Condition (b) says is twofold.
First, if z is M at s and y is M at ¢, then x A y is
M at s U ¢t. This is expected of M’s denotation;
since x A y is part both of x and of y, it ought to be
M both at s and at £, and hence throughout s LI ¢.
Second, if something is M at s U ¢, then it must be
M both at s and at ¢. Again, this is only expected.

Lemma 4. Suppose that Condition (b) of Proposi-
tion 3 holds. Then, the following hold:

(1) mor = 1[).
(i) If s C t, then my < m.

Proof. (i) mo, = Mg = Nyegmut = NG =
1p.

() If s C t,thent = slUt, somy = mgp =
ms AN my < M.

Proof of Proposition 3. (a) = (b). Let C C T be
countable.

Suppose that z < m; for all t € C. Then for all
t € C, we have x € [m; = [M] (¢), so (t,z) €
[M] and hence ¢ € [M] ' (). Since [M] * () is
a o-complete ideal by assumption, it follows that
LIC € IM]"'(2), soz € M](LUC) = dmyje
and hence x < my j¢. Taking /.o my for = in
particular, we obtain /\;c. m: < myc.

Next, suppose that + < myjc. Then z €
Imyje = IM] (LUC), so | |C € [M] ' (z). For
every t € C,wehave t <| |C, and since [M] "' (x)
is a o-complete ideal by assumption, it follows that
t € [M] *(z), and hence z € [M] (t) = |my,
so z < my. It follows that x < A, . my. Tak-
ing my |¢ for z in particular, we obtain m ¢ <
Neec M-

This completes the proof that A\, m; = m j¢.

(b) = (a). We verity that [M] ! (z) satisfies the
three conditions for being a o-complete ideal.

(Cl) z < 1p = mo, by Lemma 4(i), so x €
Imo, = [M] (07). Thus, (07,z) € [M] and
0r € [M] ! (z).

(C2') Suppose that C C T is countable, and
t € [M] ! (z) forall t € C. Then for all ¢ € C, we

O

have z € [M] () = }m; and hence x < my, so
T < Npeeme = m| ¢ by the assumed condition.
Thus, = € {m| ¢ = [M] (L|C) and hence | |C €
M~ ().

(C3) Suppose that t € [M] '(z) and s C t.
Since z € [M] (t) = }my, we have x < my < my
by Lemma 4(ii), so € m, = [M] (s). Hence
se M] (). O

I think it is reasonable to assume that [M] ~*(x)
is indeed a o-complete ideal in T, and a principal
ideal at that, just as [M] (¢) is a principal ideal in
D. This means that there is a family {¢, },cp of
elements of 7 such that

[M] - (z) = $£,.°

As times and entities play symmetric roles in M’s
denotation, the following are immediate as parallels
of Proposition 3 and Lemma 4.

Proposition 5. Suppose that each [M] ™" (x) is a
principal ideal |l;. Then, the following are equiva-
lent:

(a) [M] (t) is a o-complete ideal in D for all
teT.

() [ ¢z = by forall countable C C D.
zeC
Lemma 6. Suppose that Condition (b) of Proposi-
tion 5 holds. Then, the following hold:

@) lo, = 17
(i) If x <y, then £, C /.

What is the meaning of Condition (b) of Proposi-
tion 5? First, it says thatif z is M at s and y is M
att,then x V y is M at s M ¢. Second, it says that if
x V y is M at some time, then both x and y are M
at that time.

Let M ={my |[teT}and L ={l, |z €
D }. Through domain restriction, ¢ can be regarded
as a function from M into L. Likewise, m can be
viewed as a function from £ into M. Then the pair
of £ and m forms what is known as a Galois con-
nection between (M, <) and (£, C), satisfying
the condition in (i) below (vide Mac Lane, 1998).

Lemma 7. Suppose that x € D and t € T.
(1) t 4, ifand only if © < my.

(i) z <my, andt C {,,.

®Speaking intuitively, £, is ’s lifespan as M.
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(i) my,,, = my and by, = L.

Proof. () t T £, iff t € L[4, iff t € [M] '(x)
iff (t,x) € [M] iff z € [M] (¢) iff x € [my iff
r < my.

(ii) Since £, € 0, = [M] *(z), we have
(ly,z) € [M], soxz € [M](4;) = lmy, and
hence x < my,. Dually for t C £,,,.

(iii) By (ii), m¢ < my,,,,. Also, since ¢ T £y, by
(i), we have me,,, < my by Lemma 4(ii). Hence
me,,, =M. Dually for Zméz =Y,. ]

Our denotation of a mass noun M is a binary
relation between equivalence classes of Lebesgue-
measurable sets of time points and entities. How-
ever, we should also like to be able to talk about
whether or not an entity is M at a specific time
point. I say that a natural idea would be that an
entity is M at a time point p if and only if it is
M at some open set (in topological sense) of time
points that contains p. Let’s define the derivative
denotation of M for a time point p € T' by

Ml ()= |J IMI(GD.

G open, peG

Definition.

Note that every open set G is Lebesgue-
measurable, so [G] makes sense. Here is a reason
for considering only open sets. Imagine that for
an entity =, we have £, = [(0,1)] = [[0,1]].
This means that x begins to be M at time point
0 and ceases to be M at time point 1. Now,
do we want to say that xz is M at time point 0?
How about at time point 1? Some might say
yes, but it seems fair to say that it is uncertain
whether = is M at those points. If we allowed
G to be the non-open set [0, 1] in the definition
of [M] (0), we would be forced to say that x is
M at 0. By dealing exclusively with open sets,
we can avoid such an undesirable conclusion.
On our definition, in contrast, if z € [M] (p),
then there is an open set GG such that p € G and
z € [M](|G]). As G is open, there is an open
neighborhood of p in GG, or more specifically, an
open interval B such that p € B C (. Since
(G] € [M] *(z) and [M] *(x) is an ideal, it
follows that [B] € [M] ' (z). Thus, we conclude
that z is M at some time interval that surrounds
p instead of having p on its edge. Assuming that
[M] (t) and [M] ‘() are principal ideals, our
definition leads to the following nice consequence.

710, 1] denotes the closed interval {p € T |0 <p <1},
and [[0, 1]] its equivalence class.

Proposition 8. [M](p) is an ideal in D.

Proof. We check the three conditions for being an
ideal.

(C1) Since Op < mq.,, we have Op € [my, =
M] (17) = [M] ([T]). Since the whole space T
is open and p € T, this shows that 0p € [M] (p).

(C2) Suppose that z,y € [M](p). Then, there
exist an open set G; such that p € G and = €
IM] ([G1]), and an open set G such that p € G2
and y € [M] ([Go]). Then [G1] € [M] '(z) =
Wy, so [Gi] T £,. Similarly, [Go] T ¢,. Then
[G1NG2] = [G1]N[G2] T £,y = L4y, by Propo-
sition 5(b). So [G1NGa] € Wpyy = [M] ' (zVy)
and hence z V y € [M] ([G1 N G2]). As G1 N Gy
is an open set and p € GG1 N G, this shows that
zVy € [M] (p).

(C3) Suppose that € [M] (p) and y < x. Then,
there is an open set GG such that p € G and = €
[MI([G]) = Img. Theny < = < myg), so
y € bmiy = IMI((G)). Hence y € [M](p). O

Note that [M] (p) is not necessarily a o-complete
ideal. This is due to the fact that countable inter-
section of open sets need not be an open set. For
instance, G,, = ( —%, %) is open for every positive
integer n, but (,,~, G, = {0} is not.

We have derived [M] (p)’s from [M] ([G])’s, but

we can also get back to [M] ([G])’s from [M](p)’s.
Proposition 9. Let G C T be an open set. Then

M] ([G]) = DG M] (p).

Proof. By the definition of [M] (p), for every p €
G, we have [M] ([G]) € [M] (p), so [M] ([G]) <
Npec IM] (p).

For the reverse inclusion, suppose that x €
(Mpec IM] (p). For each p € G, we have z €
M] (p), so there is some open set G, such that
p € Gpand z € [M] ([Gy]) = Jmq,) and hence
z < mig,). Since G C Upeq Gp {Gplpec is
an open cover of GG. Since T = R has a count-
able base for its topology, there exists a countable
subcover {Gp, }nen, 50 G C U,y Gp,- Then

[G] € [Unen G, ] and

r< A\ mg, ) (sincex <my, |foralln)

neN
=My [Gpn] (by Proposition 3(b))
- m[UneN GP”]
< myq, (by Lemma 4¢(ii))
sox € [mig = [M]([G]). This shows that
Mpec M (p) < M] (IG]). O
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It is time we revisited mass entities’ lives. If
something is M at some time, then that thing had
better exist at that time in the sense defined in the
previous section. I would now like to propose the
following:

(6) For every mass noun M, there is a relevant
family {yP},c of measures such that ¢t C
[Qu(x)] forallt € T and € D such that
(t,x) € [M].

This does not mean that there is a unique relevant
measure for a given mass noun. For instance, milk
can be measured in terms of volume (liters of)
or in terms of mass (grams of). (6) ensures that
even if sentences do not explicitly use expressions
like liters of, some implicit measure is involved
in modeling their meaning. In fact, the sentences
in (7) contain no specific measuring unit, and yet
demonstrate that the amount of milk is somehow
measured; otherwise, one could not state if the milk
in the tank is a lot or a little. As (8) shows, the same
point holds for nouns like love as well, for which
no appropriate word of a measuring unit seems to
exist.

@) a. There is a lot of milk in the tank.
b. There is a little milk in the tank.

(8) a. There is a lot of love between Christa
and Ymir.
b. There is a little love between Christa

and Ymir.

Why shouldn’t we rather say the following
stronger statement instead of (6)?

(6')  For every mass noun M, there is a relevant
family {xP },c7 of measures such that £, =
[Qu(z)] forallz € D.

This says that the maximum time at which z is, say,
milk coincides with x’s life, i.e., the time through-
out which z has some physical presence. However,
we do not want to stipulate that x be allowed to
exist only as milk. Imagine that x starts its life
as milk at time point O, turns into cheese at time
point 1, and eventually gets eaten by Chris at time
point 2 to completely vanish from the world. In
this case, ¢, = [(0,1)] and [©,(z)] = [(0,2)], so
Uy # [Qu(x)]. The following proposition shows
that (6) can be equivalently expressed in different
ways.

Proposition 10. The following are equivalent:

() t C [Quz)] forallt € T and x € D such
that (t,x) € [M].

(i) 4z C [QOu(x)] forall x € D.
(iii) ¢t T [, (my)] forallt € T.

Proof. (i) = (ii). Letz € D. Since ¢, € |4, =
[M] ! (z), we have (¢, z) € [M]. The assumed
condition (i) then implies that £, T [©,(x)].

(ii) = (iii). Let t € T. By Lemma 7(ii) and the
assumed condition (ii), t T £p,, T [, (my)].

(iii) = (i). Suppose that (¢, z) € [M]. Since ¢t €
M] _l(x) = |l,, we have t C /.. By the assumed
condition (iii), £, T [, (my,)]. Since x < my, by
Lemma 7(ii), O, (my,) € O, (z) by Lemma 2(ii).
Hence t C 4, C [, (my,)] T [, (x)]. O

Finally, let’s get back to the sentences in (2).
They can now be analyzed as follows, where p*
denotes the utterance time point:

9) a. There is some x such that =z €

[milk in the tank] (p*).

b. There is some z such that z €
[milk in the tank] (p*) and uﬁt*er(x) >
9.8.

Note that a number of assumptions are at work
under cover of the deceptively simple appearance
of (9-a). By the definition of the derivative deno-
tation for time points, (9-a) means that there ex-
ists an open G C T such that p* € G and = €
[milk in the tank] ([G]). By (6), there is a relevant
family {4?}per of measures and [G] C [©,(z)].
Adopting the way of talking in (5), this almost
surely entails that ;”" (x) > 0.

5 Continuous Production/Consumption

Let’s move on to sentences describing continuous
production or consumption of mass entities like the
following:

(10) a. The cow produced 9.8 liters of milk
yesterday.

b.  The calf consumed 9.8 liters of milk
yesterday.

When the subject is fixed to some particular indi-
vidual like the cow or the calf, transitive verbs may
be regarded as denoting a binary relation between
times and entities.

While not necessary for analyzing (10), it might
be illuminating to compare the denotations of these
verbs with mass noun denotations.
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An important property of these verbs is what
might be called double cumulativity,? in the sense
illustrated below:

1D

the cow produced x at s and y at ¢
—> the cow produced z V y at s LI ¢

This property implies that the verb denotation is
cumulative separately in the entity domain and in
the temporal domain:’

(12) a. the cow produced z att and y at ¢
— the cow produced z V y at ¢
b.  the cow produced = at s and x at ¢

—> the cow produced x and s LI ¢

However, these separate cumulative properties in
the two domains do not entail double cumulativity.
Indeed, the denotation of a mass noun is cumula-
tive in the two separate domains as detailed in the
previous section, but is not doubly cumulative:

(13) x is milk at s and y is milk at ¢

=~ xVyismilkats Lt

Also, I say that verbs V of production or con-
sumption (with a fixed singular subject) have dou-
ble distributivity'? in the following sense:

(14)  If (t,x) € [V], then for all nonzero s C ¢,
there is some nonzero y < x such that
(s,y) € [V], and for all nonzero y < =z,

there is some nonzero s C ¢ such that
(s,y) € [V].

However, this does not imply distributivity in each
separate domain:

(15) a. thecow produced x attandy < z
=~ the cow produced y at ¢
b. the cow produced z att and s C ¢

=~ the cow produced x at s

To understand this, imagine that the cow spent the
time period [(0,1)] to produce y, a total of 5.5
liters of milk, and spent the time period ¢ = [(0, 2)]
to produce x, a total of 9.8 liters of milk. Let
s =[(1,2)]. Theny < z and s C ¢, but no nonzero

8Krifka (1989) calls this property Summativity for relations
between events and objects.

9Although the kind of situation described in (10-b) is unre-
alistic, I see nothing wrong with the inference per se; so long
as one can imagine one and the same entity can be produced
twice, one sees that the inference goes through.

!0This corresponds to the properties Krifka (1989) calls
Mapping to Objects and Mapping to Events.

part of y was produced at any nonzero part of s.
The assumed double distributivity then entails that
the cow did not produce y at ¢ nor did it produce =
at s. This concludes that unlike in the case of mass
nouns, neither [V] (¢) nor [V] ! (z) is an ideal. I
would like to note, however, that the weaker form
of distributivity in (16-a) should hold, as evidenced
by the valid inference in (16-b).

(16) a. the cow produced x # Op att
—> the cow produced some nonzero
proper part of x at ¢
b. the cow produced 9.8 liters of milk
at¢
—> the cow produced 5.5 liters of

milk at ¢

Now, let me hope that I can come back to
study lexical denotations of verbs of produc-
tion/consumption in more detail in the future, and
let me return to (10). A straightforward analysis of
(10-a) will look something like the following:

(17)  There is some z such that z € [milk] (p*),
Uier(x) > 9.8, and (ystd,z) €

[the cow produced],

where p* denotes the utterance time point and
ystd € 7T is the equivalence class of the whole
interval of yesterday. (17) can be equivalently ex-
pressed as follows:

e (V( [milk] (p) N
[the cow produced] (ystd))) > 9.8.

Imagine, however, that the calf consumed all the
milk produced by the cow within yesterday. Then
no portion of the milk in question remains today,
so (17) will come out false. Can we perhaps fix this
problem by changing p* to some appropriate time
point in yesterday? No. Imagine that the calf drank
the milk directly from the breast of the dam as she
produced it. If the calf’s swallowing milk is to be
understood as disappearance of the milk from the
world, the milk in question that existed at any given
time point p is the milk that was in the mouth of the
calf at p, and it is quite possible that its volume was
always below 9.8 liters.!! We then might want to
split yesterday into small subintervals, and sum up
the amounts of milk that the cow produced at those

11Szab6 (2006) discusses a similar problem involving count
nouns such as Helen had three husbands, which can be true
even if there was no past time when Helen had three husbands
simultaneously.
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intervals. I argue, however, that that appraoch is
still insufficient for two reasons.

To illustrate my first point, let’s say that within
yesterday, the cow started milk production at time
point pg and ended it at p,. Then, we need
only look at (the equivalence class of) the inter-
val [(po, pn)]. Let’s say that we split this into n
subintervals t1 = [(po,p1)], t2 = [(p1,02)], ---»
tn = [(pn—1,pn)] and want to see whether some-
thing like the following holds:

18 52 gl (V(Emite] () 1
[the cow produced] (tk))) >9.38.

Unfortunately, exactly the same problem persists
for each subinterval in principle: there is no guar-
antee that the portion of the milk produced during
ti, remained wholly at pg. However, by making the
splitting finer and finer, we can expect to obtain a
more and more precise measurement of the total
milk production.

The second reason has to do with the fact that
even in a situation where an entity keeps exist-
ing, its measurement can change throughout its
life. (10-a) can be naturally used when the hearer
has no idea that such milk existed. In that case,
9.8 liters of milk is nonpresuppositional, and we
will focus on this reading in this paper. Musan
(1995) observes that the temporal interpretation of
a nonpresuppositional noun phrase is obligatorily
temporally dependent on the main predicate. In the
German example in (19), unless Einige is stressed,
which would indicate presuppositionality, the tem-
poral interpretation of Einige Professoren must co-
incide with that of gliicklich, so the sentence is only
understood as talking about individuals who were
professors in the sixties.

19)

Einige Professoren waren in den sechziger
some professors were in the sixties
Jahren gliicklich.

happy
(Musan, 1995, p. 79)

As for (10-a), we see that it talks about entities that
were milk at the time of production, as Musan’s
generalization predicts. What about the temporal
interpretation of the measuring phrase 9.8 liters?
Intuitively, what matters here is the volume of milk
as measured at the time of production. As a matter
of fact, milk shrinks in volume when cooled. So
if the produced milk was refrigerated in the tank

after the milking, then its volume must have be-
come smaller than at the time of production. How-
ever, none of such concerns seem to matter in judg-
ing whether (10-a) is true.!> 1 therefore suppose
that Musan’s generalization extends to measuring
phrases (Shimada, 2009). That is to say, the tem-
poral interpretation of the measuring phrase of a
nonpresuppositional noun phrase is obligatorily de-
pendent on the main predicate. But then, we see a
problem in the summands in (18), which are:

phe (\/ ([milk] (pg) N [the cow produced] (tx))).

Here, what is measured is the milk produced during
tx, but it is measure at pg, the endpoint of ¢;. This
means that what is produced, say, in the first half
of t; is not measured at the time of its production.
However, if we assume that volume change can
only be so gradual, then making the splitting finer
and finer will lead to a more and more precise
measurement.

At this point, it must be evident that we need to
look at infinitesimally small subintervals. In other
words, we need the full power of integration. In-
deed, Krifka (1989) suggests using a semantically
well-motivated “calculus” (p. 91) to analyze such
expressions as drink wine, and my idea is to carry
this out literally.!> Now, the set of entities that the
cow produced during [(p, p + h)], where h > 0, is
given by

[the cow produced] ([(p,p + h)]).

Suppose that x belongs to this set. Is z milk at
[(p, p + h)]? Definitely not. Halfway into this time
period, say at p + h/2, some part of z has yet to be
produced, so not only was that part not milk, but it
had measure zero. Therefore, in order to correctly
predicate the mass noun milk of z, it has to be
done at p + h, when all of x has been produced
(ignoring the possible partial loss of = due to the
calf consuming it by that point). Then, the total
milk that the cow produced during [(p, p + h)], for

2Granted that in reality, the volume of milk does not change
so wildly as its temperature changes, but if one imagines that
it does, this intuition will be clearer.

In Shimada (2009), I treated mass nouns and verbs of
production/consumption as essentially denoting relations be-
tween time points and entities. I think that that was the wrong
idea, and now I am a proponent of the view that “times” that
nouns and verbs are predicated of have positive length. From
a measure-theoretic perspective, points are as good as noth-
ingness. Simply put, size matters!
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which we shall write op ([(p, p + h)]), is

ap([(p,p + h)]) = V([milk] (p + ) N
[the cow produced] ([(p,p + h)])),

and its size can be meaningfully measured, again,
only at p + h, which is

1B (o ([(p, p + B)))).

Since the average rate of milk production during
[(p,p + h)] in terms of measurement at p + h is
given by dividing the above by h, the rate gp(p) of
milk production at p will be obtained by taking its
limit:
oo(p) = lim Mior @o(((2:p T 1))
h—0+ h

The total amount of milk production is obtained by
integrating it over yesterday, so the truth conditions
of (10-a) will be expressed as

ystd

This is a Lebesgue integral (vide Halmos, 1950),
and g, is the Lebesgue measure. Similarly, the rate
oc(p) of milk consumption at p can be calculated
by

i (ac([(p = b, p)]))
h )

= lim
e (p) h—0+

where

ac([(p — h,p)]) = V([milk] (p — h) N

[the calf consumed] ([(p — h,D)])).

To calculate oc(p), we now have to look at intervals
ending at p since the milk consumed by the calf no
longer exists after p. (10-b) can then be analyzed
as

20) / 0 dut, > 9.8,
ystd

6 Telicity and Integration

Since Verkuyl (1972), it has been known that the
type of direct object can affect the aspectual inter-
pretation of the whole VP. If the direct object is a
bare noun as in (21), the VP becomes atelic (i.e.
having no endpoint) and can take a for temporal
PP.

2D The calf consumed milk for 90 seconds

yesterday.

In contrast, if the direct object is quantified as in
(22) and (23), the VP becomes telic (i.e. having an
endpoint) and incompatible with a for temporal PP.

The calf consumed 9.8 liters of milk
yesterday. (= (10-b))

b. *The calf consumed 9.8 liters of milk
for 90 seconds yesterday.

(22) a.

(23) a. The calf consumed some milk yester-
day.
b. *The calf consumed some milk for 90

seconds yesterday.

In this final section, I will sketch how our approach
might deal with this phenomenon, leaving a fuller
theoretical development and comparisons with ex-
isting theories (Krifka, 1989, 1992, 1998; Zucchi
and White, 2001; Rothstein, 2004; Kovalev, 2024
inter alia) for a future occasion.

First, we need to know how for temporal PPs
are analyzed. Obviously, they measure the length
of times, and I say that this is achieved by means
of integration of functions from 7" into R. For
concreteness, let’s consider the following sentence:

(24) Ymir ran for six hours yesterday.

Assuming that the verb ran denotes a relation be-
tween times and entities, the denotation of Ymir
ran will be the set of times where Ymir ran.'* To
calculate the total length of Ymir’s running, we
need to get the set R of time points at which Ymir
was running, and this may be given by the follow-
ing (cf. our definition and discussion of the mass
noun denotation for time points):

R= U{G | G open, G # @, [G] € [Ymir ran] }.

The PP for six hours says that the intersection of
this set and the set of time points in yesterday is
at least 6 - 60% seconds long. Assuming that i,
measures times in seconds, this can be expressed,
using a Lebesgue integral, as

/ Xr dur, > 6607,
ystd

where x g is the characteristic function of R.

' Authors like Taylor (1977) and Dowty (1979) argue that
activities (such as run) have minimal parts, and if that is the
case, [ Ymir ran] will not be an ideal in 7.
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Let’s return to (21). We can regard the calf con-
sumed milk as denoting the set of times where the
calf consumed milk. If we are to trace our analysis
of (24) above, we should derive from this the set of
time points at which the calf was consuming milk,
and integrate its characteristic function. However,
in this case, we can directly get to the time points
at which the calf was consuming milk, as they must
coincide with the time points at which the rate of
milk consumption is positive.!> Using o from
the previous section, (21) will then be analyzed as
follows:

(25) / X{peT | ao(p)>0} AL = 90.
ystd

It should now be apparent why (22-b) does not
work. Both the expressions 9.8 liters and for 90
seconds require integration of a function from 7T°
into R, so we need two integrals. However, once
the time-point variable is “used up” by one integral,
it will no longer be available for the other. This
point might become transparent if we rewrite the
integrands in (20) and (25) in A notation:

(20) / [Ap € T 0c(p)] dpur, > 9.8.
ystd

2s') / [ €T e(p) > 0], > 90
ysti

As you can see, the time-point variable p gets
bound in an integral, so it cannot be further used to
define a meaningful integrand for another integral.
This situation is analogous to the variable binding
in the formula Va3 P(x); the inner quantifier 3x
binds the occurrence of = in P(x), and as a result,
the outer quantifier Va cannot bind it.

The contrast in (23) presents difficulties to theo-
ries like Krifka’s, which will expect the VP to be
atelic because proper parts of some milk are still
some milk. Our approach treats (23) in much the
same way as (22). (23-a) involves integration of the
rate of milk-consumption just like (22-a), except
that the consumed amount is unspecified, so it is
analyzed as follows:

/ oc dur, > 0.
ystd

15 Accordingly, [the calf consumed milk] as a set of times
will be given as the following principal ideal in 7

[the calf consumed milk]] = [[{p € T | oc(p) > 0}].

(23-b) is bad for the same reason as (22-b) is.

Finally, we note that in temporal PPs will cor-
respond to intervals of integration. It has been
observed in the literature that in temporal PPs go
with telic VPs, as demonstrated by (26).

(26) The calf consumed 9.8 liters of milk in

two days.

Here, the PP in two days plays the same role as
yesterday in (22-a), except that it is quantified.
Therefore, it can be analyzed as something like
the following:

(27) There is a time interval I (beginning at
some contextually salient time point) such

that pp,(I) = 2 - 24 - 602 and

/Qc dpg, > 9.8.
1

In fact, a for temporal PP and an in temporal PP
can co-occur as in (28), and this can be straightfor-
wardly analyzed in much the same way, as shown
in (29), where R is as defined earlier.

(28)
(29)

Ymir ran for six hours in two days.

There is a time interval I (beginning at
some contextually salient time point) such
that pg,(I) = 2 - 24 - 60 and

/deuL > 6 - 60°.
I

7 Conclusion

By examining sentences involving mass nouns, we
outlined an ontology based on the view that to be is
to measure positively. Regarding mass noun deno-
tations, we argued that our intuition is best captured
if they are thought to give rise to Galois connec-
tions, and showed that it is possible to derive mass
noun denotations for time points from those for
time intervals, and vice versa. Our approach allows
one to talk rigorously about changes of states and
about events of continuous nature. In particular,
we argued that sentences of continuous production
or consumption inherently require mathematical
integration. Since our theory is framed in terms
of measure theory, they receive a natural treatment
with Lebesgue integration. In fact, regardless of
whether or not mass nouns (or events of continu-
ous nature) are involved, it is expected that a great
deal of existential quantification may be eliminated
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from the truth conditions of natural language sen-
tences in favor of conditions on Lebesgue integrals;
one would only need to invoke appropriate mea-
sures for involved nouns and verbs. Finally, we
sketched how we might develop a theory of telic-
ity on our approach. I hope to have demonstrated
both the merit and necessity of a measure-theoretic
approach to natural language semantics.

Obviously, we have only scratched the surface
of this new direction of development, and much
remains to be investigated and to be elaborated
upon. For instance, we treated nouns and verbs
as denoting relations between times and entities,
but a more precise analysis should include even-
tualities. In such an analysis, mass nouns will be
associated with states, and verbs of production or
consumption with processes of some sort. The
times that we have so far associated with nouns and
verbs will correspond to (the equivalence classes
of) the projections of eventualities onto the time
axis via something like Krifka’s (1989) temporal
trace function. The different properties exhibited
by denotations of nouns and verbs should then be
ascribed to the different types of underlying eventu-
alities. Also, while the Lebesgue-integral method
yields a satisfactory treatment as far as meaning is
concerned, it gives one a good deal of headache
trying to work out how all this may be achieved
compositionally.

Finally, a note on possible worlds is in order. So
far, we have fixed the world parameter and focused
exclusively on temporal changes, but much similar
development is expected for worlds as well. If we
trace our train of discussion, we should be dealing
mainly with (equivalence classes of) sets of pos-
sible worlds of positive measure rather than with
possible worlds per se, just as we have decided
to deal mainly with sets of time points of positive
measure rather than time points. Those sets of pos-
sible worlds could be viewed as representing partial
information of a world, so they might be compara-
ble to situations (Barwise and Perry, 1983; Kratzer,
1989). The obvious candidate for the measure on
these “situations” will be one that assigns them
their probabilities. By positing a “situational trace
function” similar to the temporal trace function,
predicates could be analyzed as relations between
situations and entities, if the temporal parameter is
fixed. Lebesgue integrals over situations will calcu-
late expected values. All of this is mere speculation
at this point, but I hope to delve deeper into these
and other matters in future research.
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Abstract

Quantifier Raising (QR) is a tremendously pop-
ular tool for repairing type mismatches and ana-
lyzing scope in LF-based approaches to seman-
tic interpretation. But despite its prominence,
its computational properties are barely known.
To fill this gap, I study the time complexity
of the following decision problem: given a
tree whose leaves are assigned semantic types,
can repeated applications of QR lead to a well-
typed logical form (LF)? The main result is
that this problem is NP-complete, meaning that
there exists no general and efficient algorithm
for building interpretable LFs using QR (as-
suming P # NP). The problem remains NP-
complete even if one constrains QR by limit-
ing the type of traces, limiting the number of
atomic semantic types, banning parasitic scope,
and banning cyclic QR.

1 Introduction

Any compositional semantic analysis has to answer
two questions: what are the meaningful pieces, and
how do they fit together? The need for answers
becomes both pressing and difficult as soon as a
syntactic structure contains type mismatches, or a
subexpression has to take scope over a portion of
its context. Semanticists have met these challenges
over the years with a battery of methods like Quan-
tifier Raising (May, 1977; Heim and Kratzer, 1998),
Quantifying In (Montague, 1973), Cooper Stor-
age (Cooper, 1983), Continuation-Passing Style
(Barker and Shan, 2014; Kiselyov and Shan, 2014),
and Flexible Montague Grammar (Hendriks, 1993).
Varied as they are, at a high level these tools are all
just ways of chopping up trees and piecing them
back together in a fashion that makes the compu-
tation of meaning possible. One way or another,
every compositional theory of semantic interpreta-
tion ends up sawing and gluing.

This paper studies that process of semantic
reshuffling by taking a close look at Quantifier Rais-

ing. QR is a particularly simple and popular way
to solve the problem of type mismatches and dis-
placed scope, but despite fifty years of widespread
use, surprisingly little is known about it computa-
tionally. In order to improve our formal understand-
ing, I therefore answer some basic but unresolved
questions about its complexity:

* Given a logical form that is not well-typed,
how difficult is it to determine whether re-
peated applications of QR can turn it into one
that is?

* Does the difficulty depend on the number of
atomic types one uses? Does it depend on
the possibility of higher-order traces, or the
possibility of parasitic scope, or the possibility
of QR applying to an element multiple times?

* Do we need any purely formal constraints on
quantifier raising to keep it well-behaved?

My answer to the first question above is: very dif-
ficult (NP-complete). My answer to the second
is: no, none of those constraints affects the diffi-
culty (as measured by asymptotic, worst-case time
complexity). My answer to the third question is:
yes, we need a formal constraint that prevents QR
from targeting A-abstractions that were themselves
created by QR.

To date, the only formal study of QR is Barker
(2020). This paper looks at the operation in the
same spirit that Barker did and builds on the foun-
dation he laid.

The rest of the paper is organized as follows. Sec-
tion 2 provides a formal definition of logical forms,
of Quantifier Raising, and of the decision prob-
lem LF REPAIR: given a possibly ill-typed logical
form, can repeated applications of QR make it well
typed? The section also proves a couple of useful
facts about logical forms. Section 3 proves that LF
REPAIR belongs to the complexity class NP, follow-
ing Barker (2020) closely. Section 4 proves that
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LF REPAIR is NP-hard by a reduction from the DI-
RECTED HAMILTONIAN CYCLE problem. Section
5 makes a few concluding remarks.

I assume that the reader is familiar with basic
notions from computational complexity theory, in
particular the theory of NP-completeness. For a
general introduction, see Papadimitriou (1994) and
Arora and Barak (2009). For overviews focused
on linguistic issues, see Pratt-Hartmann (2010) and
Barton et al. (1987).

2 Preliminaries and Notation

2.1 Types, Logical Forms, Contexts

Given a finite set A of atomic types, the set of types
over it is
T:=A|T—T.

In the rest of the paper, lowercase greek letters
(o, 8,7, .. .) will range over types. As usual, ‘—’
associates to the right. I often drop the ‘—’, so
that a8+, for example, is a shorthand for the type
a— (8 — 7). Tuse a =% §3 as a shorthand for

a—--=>a—=>p
~———

m times
A useful way to stratify the set of types is by
assigning each one an order. If we think of types as
describing functions, then the order quantifies how
complex that function’s arguments are. Formally,
the order of an atomic type p is ord(p) = 1, and
the order of a complex type o — [ is

ord(a — ) = max(1 + ord(«a), ord(3)).

Types of order n describe functions whose argu-
ments have types of order less than n. Some exam-
ples: if e,t € A, then ord(e) = 1, ord(eet) = 2,
and ord ((et)et) = 3.

Let {V,}aeT be a disjoint family of countable
sets indexed by T, and let

V= Uva.

acT

The members of each set V, = {z,y,...} are
variables of type c. Nodding at linguistic practice,
I sometimes call variables traces. When the type
of a variable x is relevant, I will write it as z“ to
indicate that x € V.

The set L of logical forms is

L:=T|V|L:-L|AVoL.

In words, an LF is either a type, a variable, the
concatenation of two LFs, or a A-abstraction over
an LF. An abstraction-free LF is one built from
only the first three cases, i.e., an LF that contains
no A-abstractions. It’s usual in semantics to place
typed lexical items rather than types themselves at
the leaves of logical forms. But since this paper is
only concerned with type coherence, the definition
above is simpler.

The constructor ‘-’ associates to the left and ‘o’
to the right. Both are commutative, meaning « » 3
and (3 - « are considered equivalent, as are a o 3
and (8 o cv. ‘o’ binds more tightly than ‘.

Ife,t € A, then

e« (eet+e) and (et)teAzo (e- (eet«xf))

are each examples of logical forms. From now on
I’ll leave out the ‘o’ after A-abstractions, represent-
ing for instance the second LF above as

(et)t - Ax®(e -« (eet - z°)).

I sometimes present LFs as unordered binary trees
in a way familiar to linguists, e.g.

DN

eet e

(et)t

Az®
e
eet x°
Later on I will need to talk about LFs with a
“hole” that can be plugged by another LF. I call
these contexts. Formally, the set of contexts is

C:=[]|L-C|AVoC.

If I is a context and A is an LF (or context), then
I'[A] is the LF (or context) that results from substi-
tuting A for [] in I". In Section 4, it will be useful
to have notation for repeatedly nesting a context
inside itself: if ' is a context, let [V = [] and
'™ = T !]. In the rest of the paper, capital
Greek letters (I', A, etc.) will denote either LFs or
contexts.

The typing function 7 : L — T is the following
partial map:

« ifI' = q,
8 ifT=A-0,7(A) =ap
() = . and 7(0) = a,
af if I' = Az® A[z%] and
T(A[a]) =0,
undefined otherwise.
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The second and third cases correspond respec-
tively to the semantic rules of function applica-
tion and predicate abstraction in Heim and Kratzer
(1998). When 7(I") = « holds, I will usually just
say I' has type a. I occasionally use the notation
I' : « to mean that either 7(I') = aorT' = x
for some © € V,. (Note that 7(z®) is formally
undefined.)

An LF T is well typed iff 7(I") is defined. The
two LFs mentioned above, e - (eet « ) and (et)t -
Az€ (e+(eet-x®)), each have type ¢ and are therefore
well typed.

A trace x in an LF is bound if it occurs within
a subtree of the form Az X[z]. Otherwise it’s un-
bound. Notice that an LF containing an unbound
trace cannot be well typed. The definition of the
typing function therefore enforces a form of the
empirically motivated proposal that remnant move-
ment must reconstruct (Huang, 1993; Bhatt and
Dayal, 2007): movement steps that create an un-
bound trace are always “undone” before interpreta-
tion begins.

2.2 Quantifier Raising

The surface syntax of a sentence is often ill-typed
and therefore not suitable for semantic interpre-
tation. A classic example comes from transitive
sentences with a quantifier in object position (“the
critic panned every film”), which correspond to the
ill-typed LF e « (eet « (et)t). Function application
can’t combine the type of a transitive verb, eet,
with the type of a generalized quantifier, (et)t.

In this case, we know what LF we would like to
interpret (Heim and Kratzer, 1998, 178-79). The
proper semantic argument for the quantifier in ob-
ject position is an abstraction over its context, also
known as its continuation, so the LF we want is

(et)t « Ax€ (e« (eet+xf)).
——

quantifier continuation

Quantifier Raising is just an operation for mov-
ing from ill-typed LFs like e « (eet « (et)t) to the
well-typed one above. Given an LF T'|A[O]], QR
“raises” O so that it becomes A’s sister, puts a
variable in ©’s old position, and adds a binder
for that variable between © and A. The result
is I'[© « Ax A[z]]. In the case above,

=[], A=e-(eet-[]), © = (et)t.

My goal is to study QR in its most general
form. Accordingly, I won’t constrain it by—just

to name a few possibilities—imposing scope is-
lands, scope economy (Fox, 2000), or limits on the
types of traces (Poole, 2024). Whatever empirical
merits they might have, these restrictions would
only weaken the mathematical results in this paper.
More importantly, to understand the effect (if any)
that specific constraints have on complexity, it’s
necessary to first understand the complexity of the
general case.

That said, one formal constraint is necessary to
keep QR from running totally amok: the operation
should be disallowed from targeting abstractions,
that is, LFs of the form Az I". To illustrate what can
go wrong without this constraint, look at Figure
1. The leftmost tree shows an innocent-looking
analysis of the sentence Mary gave John the book.
It might not seem like QR can do anything interest-
ing to this tree, because no subtree has a complex
enough type to take scope. But the ability to raise
abstractions lets us create a scope-taker.

The middle tree is the result of applying QR to
gave, moving it to a position right below Mary and
leaving a trace of type eet. The rightmost tree is the
result of quantifier raising the abstraction created
by the previous step to the root of the tree and
leaving a trace of type e. Not only is the resulting
LF well typed, but (assuming natural denotations
for the lexical items) it means the book gave John
Mary.

Completely unrestricted QR therefore allows us
to create scope-takers on the fly, even in sentences
where nothing ought to be taking scope, and the
semantic effect is disastrous. It does not behave in
the way linguists expect QR to behave and it lacks
good theoretical properties. The definition below
therefore explicitly prevents QR from targeting ab-
stractions. !

Definition 2.1. Quantifier Raising is the smallest
binary relation —qr € L x L such that for all con-
texts I" and A, all LFs © that are not abstractions,
and all fresh variables x,

The reflexive, transitive closure of —qg 18 —¢.

' A more elegant way to ban QR of abstractions is to change
the structure of LFs so that no constituent corresponds to an
abstraction in the first place. Variable binding would instead be
handled by an index on moved items, so that QR would relate
an LF I'[A[O]] to something like I'[©, « A[x]] (Heim, 1997,
Heim and Kratzer, 1998, 187-88). But this approach can’t
easily accommodate parasitic scope (Barker, 2007). Since I
want a formalization of quantifier raising that covers all of its
uses in linguistics, I've therefore stuck with tradition and used
A-abstraction to bind variables.
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Figure 1: Raising abstractions is dangerous.

Because this operation targets not just quantifiers
but any part of an LF at all, the name “Quantifier
Raising” is misleading. “Scope Taking,” as Barker
(2020) says, is more accurate. But like him, I’'ve
stuck with the traditional, firmly entrenched name.

Now we can define the central decision problem
of this paper:

LF REPAIR
Given a set of atomic types A and an LF
I', is there an LF A of type « such that
[ =5 A?

The name comes from the idea that ill-typed LFs
are “broken,” and that repairing them involves rais-
ing the scope-takers and finding appropriate trace
types in such a way that the result is well-typed.

Here is an example. Let A = {e, ¢} and let " be
the ill-typed LF

[(et)e« [(((et)et)et)et - et]] « [eet - (et)t].
Is there a A of type ¢ such that I' =5, A? The
answer, not immediately obvious, is yes:
I —qr (et)t« Ax[[(et)e - [(((et)et)et)et - et]]
« [eet - 2¢]]
o (et)t+ [(((et)et)et)et » ANQD Nz
[tet)e [Q -] - eet -] .
and this last LF has type ¢.

2.3 Normalization

QR’s purpose is to let a function take some portion
of its semantic context as an argument. But it’s
also possible for the raised element to become an
argument rather than a function of its context: for

example, e « et —qr €« Az¢(z€ « et). Such steps
are licit but pointless—they will never help turn an
ill-typed LF into a well-typed one. In general, if
an LF has the form A[IT « Az X[z]], where IT : «
and Az X[z] has type o3, then I call the abstraction
Az X[x] vacuous. A well-typed LF is normalized
iff it contains no vacuous abstractions.
The next lemma justifies the label “vacuous.”

Lemma 2.1. Let I" be a variable- and abstraction-
free LE.If T' =8y A, where A has type «, then
there exists a normalized LF A" of type « such that
' =g A

Proof. If A isn’t already normalized, then it con-
tains a vacuous abstraction and therefore has the
form O[IT-\z® X[27]], where IT : B and \z” X[27]
has type . By definition, QR cannot target an
abstraction. And since A is well-typed, no step
in the derivation I' —¢, A raises z” outside the
scope of its binder Az”. The derivation I —or A
therefore has the following form:

' —&g ©1[X1[I11]]

—or O1[I; + AP El[asﬁﬂ

—or O2[My + Az? Bo[27]]

—or “

—or O[Tl « 2P %, [27]],
where the ©; and X; are contexts; the II; are LFs;
and ©,, = 0, Y,, = ¥, and II,, = II. Then

I' —6g ©1[X1[I11]]
—qr O2([32 1]
—or "

—qr On [ [I1,]]
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is a valid derivation of O[X[II]] from I'. Like A,
the LF O[X[IT]] also has type c, but it contains one
fewer vacuous abstraction.

By repeating this process, we can eliminate vac-
uous abstrations one by one until we obtain a nor-
malized LF A’ of type a such that T' =%, A’. [

The following lemma, needed in Section 4,
makes it easier to check whether a variable- and
abstraction-free LF I" can be repaired. It turns out
that the order of the traces created by each QR step
never has to exceed a constant fixed by I

Lemma 2.2. Suppose T' is a variable- and
abstraction-free LF, A is a normalized LF, and
' =&k A. Let m be the maximum order among
[’s leaves. If x© is a trace occurring in A\, then
ord(ar) <m — 1.

Proof. Let n be the maximum order among all of
A’s traces, and suppose n > m — 1. Consider a
trace xz“ of order n and write

A = O[T+ \z* X[z]].2

Because A is normalized, II’s type has the form
(a« = 7(X[a])) — S for some 3, and so

ord(r(I)) > ord(a) + 1 =n+1. (1)

Every node within the subtree 1I is either (i) a
leaf of order at most m < n + 1, (ii) function
application of two elements of order at most n + 1,
or (iii) an abstraction over a variable of order at
most n. It follows (by an induction from the leaves
to the root) that every node of II has order at most
n+ 1, s0 ord(7(II)) < n+ 1. This contradicts (1).
Therefore n < m — 1. O

3 LF REPAIR s in NP

This goal of this section is to prove that LF REPAIR
is in NP. This result would be a simple corollary of
the proof in Barker (2020) that LF REPAIR is decid-
able, but it turns out the proof is not valid.> The
rest of this section provides a corrected proof, and
uses it to show that LF REPAIR is in NP. Because
many of the details from Barker’s paper don’t need
to change, the proofs in this section move fast; see
his paper for further information.

Technically, there could be more abstractions intervening,
5o that I should write ©[IT « Ay?* ... )\y,f"‘ Az® X[z“]]. But
this doesn’t affect the rest of the proof.

3Barker points out the problem himself in a footnote added
after the early-access version of the paper was published.

The plan, following Barker’s lead, is to define a
type-logical grammar called QRT (Quantifier Rais-
ing with Types) that captures the logic of quantifier
raising in the following sense: if I' is an LF, then
I' = A'is a theorem of QRT if and only if I" —¢; A
for some A of type A.* I show below that provabil-
ity in QRT is in NP. Since LF REPAIR clearly has
the same time complexity as provability in QRT, it
must also be in NP.

The axiom and inference rules of QRT are shown
in Figure 2. T', A and © represent LFs or con-
texts, and A and B represent types. AT and A\ are
subject to the restriction that the LF © not be a
A-abstraction (or equivalently, that © be either a
type or of the form ¥ - €2). This restriction, which
is the main difference between the version of QRT
in this paper and the one in Barker (2020), will
guarantee that the critical Theorem 3.2 holds. Un-
restricted raising—which is what caused problems
in Barker’s proof—wreaks havoc when combined
with the commutativity of ‘<. For instance, it lets
us freely swap an inner and outer context above a
‘’-node, which results in massive overgeneration:

IA[A-B]|FC
A xAlzx-B]|F C
Az Alz+B])-AyL[A-y| - C
AlAyL[A-y])-B)FC
Al'A-B]JFC
This issue is not really different from the one in
Figure 1, and my solution is similar: forbidding A
and A\¥ from targeting abstractions.
Figure 3 shows a small QRT proof.
There is a natural decision problem associated

with QRT. As mentioned above, it has exactly the
same time complexity as LF REPAIR.

QRT PROVABILITY
Given a sequent, is it a theorem of QRT?

The next theorem shows that cut-elimination
is possible in proofs of QRT sequents that are
abstraction-free, that is, sequents I' - A where
I" contains no A-abstractions.

Theorem 3.1. Every abstraction-free theorem of
ORT has a CUT-free proof.

Proof. By the normal method of permuting cuts
upward. When the cut formula is not principal in

*For a proof which carries over with minimal changes to
the version of QRT in this paper, see the appendix to Barker
(2020).
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AX r-A A[B]FC I'[Al - B
AFA AT A
A[AB T+ C Azt Tz - AB
e xxAlz]]F A rAB)F A r-A A[Al+ B c
T[A[O] - A [0 Az Afa]] F A Al F B vt
Figure 2: Axiom and Rules of QRT.
et - et AX tHt AX
AX —L
ele (et)teet -t
—L
(et)t«(eetee) bt R
Az€ ((et)t - (eet«x)) et ~ tht AX
—L
(et)t« Ax€ ((et)t« (eet+x®)) -t A
A

(et)t« (eet+

(et)t) -t

Figure 3: An example QRT derivation.

both premises of CUT, the proof transformations
are straightforward.

The subtle case is when the cut formula is prin-
cipal in both premises:

T[A]+ B AFA O[B]FC
Ao Tz] - AB O[AB-A]F C
Ol(AxT[z]) - Al F C

Notice that A cannot be an abstraction. To see
why, first define a sequent to be stuck if its left-
hand side has the form X[® « U] where ® and ¥
are both abstractions. A straightforward induction
shows that if a sequent in a QRT proof is stuck,
then every subsequent sequent—and in particular
the conclusion—is stuck too. Now if A were an
abstraction, then O[(Az T'[z]) + A] F C would be
stuck and the proof’s conclusion would contain an
abstraction, contrary to assumption. A is therefore
not an abstraction, and we can replace the cut with
two smaller ones:

AFA  T[AFB
T[A] - B

—R —L

Cut

Cut

O[rA]F C
O[(\z[z])- Al F C

O]

Theorem 3.2. Every abstraction-free theorem of
ORT has a CUT- and \*-free proof.

Proof. Take a CUT-free proof of an abstraction-
free theorem, and consider an occurrence of A of
maximal depth. Because the proof’s conclusion is

abstraction-free, there must be a lower occurrence
of AT eliminating the abstraction introduced by ',
If the occurrence of AT is immediately below, then
the application of A* is eliminable:

I[AO] F A
re-xxAlz]|FA
rAe)|FA

~ T[A[O]F A

AT

Otherwise we can permute the occurrence of \*
downward across any occurrence of —L, —R, and
AT until it meets up with a suitable lower occur-
rence of AT and can be removed. (The requirement
that AT and \¥ not target abstractions guarantees
that it is possible to permute A across AT whenever
needed.)

By repeating this procedure, we can eliminate
each occurrence of \* one by one. Since the
procedure doesn’t introduce any new applications
of CUT, the end result is a CUT- and \-free
proof. O

Theorem 3.3. QRT PROVABILITY is in NP.

Proof. A sequent Az T'[z4] - AB is provable if
and only if ['[A] F Bis,and I'[E - Az Afz]] F A
is provable if and only if I'[A[X]] F A is. Given
an arbitrary sequent, we can use these facts to effi-
ciently find an abstraction-free sequent that is prov-
able iff the original sequent is. QRT-provability for
arbitrary sequents is therefore reducible in polyno-
mial time to QRT-provability of abstraction-free
sequents, which we now show is in NP.
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Theorem 3.2 shows that every abstraction-free
theorem of QRT has a proof using only the rules
AX, —»L, »R, and \T. Read bottom to top, each
application of —L and —R eliminates an occur-
rence of ‘—’, and no rule introduces new ones. The
number of uses of each of these rules in a proof is
therefore bounded by the number of ‘—’s in the
conclusion. Since each application of AT introduces
a \-abstraction that must be removed by a corre-
sponding application of —R, it can only be used
as many times as —R is. Every abstraction-free
theorem of QRT therefore has a proof whose size is
polynomial in the theorem’s length and which can
serve as an efficient witness of theoremhood. [

Since LF REPAIR has the same time complexity
as provability in QRT, the result we set out to show
follows:

Theorem 3.4. LF REPAIR is in NP,

4 LF REPAIR is NP-Hard
4.1 Directed Graphs and Hamiltonian Cycles

The proof in this section uses some terminology
from graph theory. As a reminder, a directed graph
(or digraph) is a pair (V, E'), where V is a finite set
of vertices and E C V x V a set of edges. The
first component of an edge is its tail, the second
its head. Given a vertex v, its indegree deg™ (v)
and outdegree deg™ (v) are the number of edges of
which v is a head and tail, respectively.

A Hamiltonian cycle in a digraph is a sequence
of edges ey, ea, . . ., e, such that for 0 < ¢ < n, the
head of e; is the tail of e; 1, the head of e, is the
tail of e1, and every vertex occurs exactly once as
a head and a tail of an edge in the sequence. The
following decision problem is NP-complete (see,
e.g., Garey and Johnson 1979):

DIRECTED HAMILTONIAN CYCLE
Given a digraph, does it have a Hamilto-
nian cycle?

4.2 Encoding Hamiltonian Cycles in LFs

This section describes a polynomial-time reduction
from DIRECTED HAMILTONIAN CYCLE to LF RE-
PAIR. Let G = (V, E) be a digraph with n > 0
vertices and m > n edges. It’s convenient to as-
sume that the vertices of G are some initial seg-
ment of the natural numbers, i.e. V = {1,...,n}.
I will construct an instance of LF REPAIR whose
answer is “yes” iff G has a Hamiltonian cycle. The
method has some similarities to the one in Krantz

and Mobile (2001), who encode DIRECTED HAMIL-
TONIAN CYCLE in the multiplicative fragment of
linear logic.

The set of atomic types for the instance consists
of a type v for each v € V, plus the additional
types a, b, ¢, d, e, and t. That is,

A={1,...,n}U{a,b,c,d,e t}.

When describing the reduction below, I’ll use the
following abbreviations for types:

El :=(a—u) > b—u,

V,:i=(a—=wv) >c—o,

Gy=(@—t) »>d—u,
(

The rest of this subsection shows how to build
an LF I" such that I' —§; A for some A of type ¢
if and only if G has a Hamiltonian cycle. Without
loss of generality, I assume the cycle begins at the
vertex 1. To make the construction more concrete,
I will illustrate it as I go using the digraph in Figure
4. Notice that the graph has a Hamiltonian cycle:
(1,3),(3,2),(2,4), (4,1).

I’'ll build T" up in four layers, defining an LF
I'; and three contexts I'9, I'g, I'4, such that I' =
['y[T3[[2[T'1]]]. The plan is as follows. I'; will
contain a leaf E!, for each edge (u, v) of G, as well
as a leaf V,, for every vertex. Each one of these
leaves will need to undergo QR to have a chance of
making I into a well-typed LE. The context Iy will
have n positions to which n of the leaves E;, from
I'y can undergo QR, as well as n positions for the
V,. By design, the types will properly compose if
and only if the n corresponding edges in G form a
Hamiltonian cycle.

The m — n leaves EY, corresponding to edges
not occurring in the cycle will also need a place
that they can QR to. The context I'y will provide
m — n positions for them. Since a Hamiltonian
cycle enters and exits every vertex exactly once,
for each vertex v there are deg™ (v) — 1 edges with
head v and deg™ (v) — 1 edges with tail v that do
not occur in the cycle. I's will accordingly contain
deg™(v) — 1 leaves G, and deg™ (v) — 1 leaves
G". For each E, that QRs into I'y, G, and G will
QR right below and above it in I'4. This last step is
needed to make all the types combine.

Now for the technical details. Let
(u1,v1), ..., (Um,vm) be G’s edges, and let

m+n

Ip=(@ ™ 1)eEl e s EY e Ve 2V,
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Figure 4: A directed graph.

For the digraph in Figure 4, I'; would be

a1 B3

The intention is that every E? and V, will take
scope and leave a trace of type a. The leaf of type

m+n .
a —— 1 will consume these traces one by one,
producing a subtree of type 1.

Let A = []+be-c and let 'y = A". For the
digraph in Figure 4, T's = A%, which looks like

If E}, and V, each QR directly below the occur-
rences of b and c respectively in Alfu|, then the
resulting subtree will have type v. A is therefore
a gadget for simulating the traversal of an edge
from u to v. The left side of Figure 5 illustrates
the simulation with E$ and V3. Just for intuition,
one can imagine that QR of E, takes us from the
state “exiting u” to the state “entering v”, and QR
of V, takes us from the state “entering v” to the
state “exiting v”.

By nesting n copies of A, 'y can simulate a
path of length n in G. Notice that simulating the
traversal of an edge with head v requires raising an
occurrence of V,,. Since I' will contain exactly one
leaf V,, for each vertex v, the paths I'y can simulate
are those that visit each vertex exactly once, that is,
Hamiltonian paths.

I'5 is most complicated. First define

a ~b=max(a —b,0).
Now for each v € V let

Qv. ek
deg™ (v) = 1 times

Dy =[] Gye...* Gy, U, =][]-

deg™ (v) = 1 times
and let
b = (I)l[q)g[ .. (I)n]] and ¥ = \Ifl[\I/Q[ . \I/n]]

Also let

n

k= (deg" (v) = 1) + (deg~ (v) = 1)

v=1

Then I's = ¥[P[a 51 t]] « []- In the case of
the digraph in Figure 4 (where only ®3 and ¥, are
nontrivial), I's would be

[]
G4

a1t Gs
To make I" well typed, each G,, and G¥ will need
to undergo QR and leave behind a trace of type a.

The leaf of type a %, 1 — ¢ will consume these

traces, resulting in a subtree of type 1 — t.
Finally,let ¥ = []+d+b-e,and let Ty = ¥™7 ",

In the case of the digraph in Figure 4, I'y would be
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Figure 5: Simulating the traversal of an edge (left) and disposing of an unused edge (right). Interior nodes are
annotated with the type of the subtree they dominate. A-abstractions are now shown on the right, just for cosmetics

(remember that LFs are unordered binary trees).

(0]

(] d

The context ¥ is a gadget that works more or less
like A. If G, E7, and G each QR directly below
the occurrences of d, b, and e respectively in X[t],
the resulting subtree will have type t. The right side
of Figure 5 illustrates the procedure with Gs, Efgf,
and G*. Together X[t], G, and G¥ work as a kind
of disposal mechanism for the leaf EY,, providing it
a place to which it can QR and returning a subtree
of type t.

T'4 consists of m — n nested copies of . When
G has a Hamiltonian cycle, I'y will contain m — n

leaves EY, coming from edges not used in the cycle.

I'4’s purpose is to act as a waste bin of sorts for
these unused edges. Notice that “disposing” of a
leaf EY, requires raising both a leaf G,, and a leaf
G" from I'3. As mentioned earlier, for each vertex
v there are deg™ (v) — 1 edges with head v and
deg™ (v) — 1 edges with tail v that do not occur in
the cycle. I's therefore provides exactly the right

number of leaves G,, and G" to dispose of all the
unused edges.

Figure 6 shows the final LF " = T'4[T'3[T'2[T1]]].
Notice that I" will always be linear in the size of the
input, and can be constructed in polynomial time.

4.3 Correctness

It remains to show that the reduction is correct, i.e.,
that G has a Hamiltonian cycle iff the answer to
the LF REPAIR-instance constructed in the previous
subsection is “yes”.

First the easy direction.

Theorem 4.1. If G has a Hamiltonian cycle, then
there exists an LF A of type t such that I' =5, A.

Proof. Let

(ula 'LLQ), (Ug, Ug), sy (unfla Un)» (Una ul)

be a Hamiltonian cycle in GG. Without loss of gen-
erality, assume that u; = 1. We can derive an
appropriate A of type t from I" as follows. Note
that every QR step in the derivation below will
leave a trace of type a.

First QR E;;? and V,, directly below the lowest
occurrence of b and c respectively in Iy (compare
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the left side of Figure 5). Then QR E}2 and V,,
directly below the second-lowest b and c respec-
tively in I's. Continue this process for the rest of
the cycle, finishing with E;j! and V., .

Exactly m — n leaves of the form E?, in I'; are
still waiting to QR, each one of them corresponding
to an edge not used in the Hamiltonian cycle. For
each vertex v, exactly deg™ (v) — 1 of these leaves
correspond to an edge with head v and deg™ (v) — 1
to an edge with tail v.

For each b in 'y, QR one of the m —n remaining
leaves E;,’s directly below it. Then QR an instance
of G, and G" from I'3 directly below the adjacent
occurrences of d and e, respectively (compare the
right side of Figure 5). Since the number of leaves
G, and GV is deg™ (v) — 1 and deg™ (u) — 1 re-
spectively, by the end of this process every G,, and
G from I's will have undergone QR.

The LF resulting from these 3m — n applications
of QR is the A we wanted. An easy check shows
that it has type t. O

Now for the harder direction, which comes down
to showing that the procedure in the previous proof
is the only way to make I" well typed.

Theorem 4.2. Suppose that I' —§, A for some A
of type t. Then G has a Hamiltonian cycle.

Proof. By Lemma 2.1, we can assume that A is
normalized. We now make a series of claims about
A. Below, I refer to a leaf that occurs in " as a
“I-leat.”

(i) Every trace in A is of order one and therefore
of atomic type. The claim follows from Lemma
2.2 and the fact that all of I'’s leaves have order
at most three. A consequence is that nothing in
the derivation I' —¢, A, undergoes QR more than
once, since this would leave a trace of atomic type
next to an abstraction, contradicting the fact that A
is normalized.

(ii) Every internal node of A has a type of order
at most two. To prove the claim, suppose it were
false and consider a maximally deep internal node
of order greater than two. By (i), all abstractions
are over variables of order one, so the node is not
an abstraction (otherwise there would be a deeper
internal node of the same order). It therefore has
the form © « A, where © has type a3, A has type «,
and ord(8) > 2. Since ord(7(©)) = ord(af) >
2, © cannot be an internal node, so it must be a leaf.
But each leaf of A is either a trace of order one or
a I'-leaf, and by inspection no I'-leaf has the form

a8 where ord() > 2. So no such internal node
can exist.

(iii) A contains no “double abstractions,” i.e., it
is impossible to write A = ©[Ax (A\y A)]. Suppose
otherwise, and consider a “double abstraction” of
minimal depth, so that we can write A as O[II -
Az (Ay? A)]. Because A is normalized, IT must
have a type of the form («/7)d. This means that
I’s type has order at least three, and so by (ii)
IT must be a leaf. But no leaf of A has the form
(a87)d, a contradiction.

(iv) If an abstraction Az II occurs in A, then
A = O]l » \z*1I] for some context © and leaf
[ of type E7, V,, Gy, or G*. This follows from
(i), (ii), (iii), and the fact that A is normalized. A
consequence is that in a derivation I' =, A, the
only elements that undergo QR are leaves of type
EY, Vy, Gy, or GY.

(v) Every trace in A has type a. If % is a trace
in A, then it must be bound by some abstraction, so
by (iv) we can write A as O[l - A\z® II[z“]], where
[ is a I'-leaf. Since A is normalized, [ = (af3)~ for
some types (3, v. Inspecting the leaves of I' shows
that o can only be a.

(vi) Call the sister of the mother of a node in A
its aunt. Then the aunt of each leaf E?, V,,, G, and
G?in A is a I'-leaf of type b, c, d or e, respectively.
Consider, for example, a leaf E!, occurring in A
with sister © and aunt II, as shown below:

A
@EZ

© would need order at least 4 to take

El:=(@a—u)—b—wv
as an argument, but no node in A has order higher
than 3. So © must have type a — u and © « E!,
must have type b — v. For II to take b — v as
an argument, it would need to have order at least 3.
The only such elements of A are the I'-leaves, but
no I'-leaf has a type of the form (b — v) — . So
IT must have type b. Since all the traces in A have
type a, the only nodes of type b in A are the m
I"-leaves coming from I's and I'y, and therefore 11
is a I'-leaf of type b, as we wanted to show. Similar
arguments apply to the leaves of type V,, G,, and
G". Notice that none of the leaves E!, V,,, G,,, and
GY has an aunt of type b, c, d, or e in their base
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positions in I', so they must have all undergone QR
in the derivation I' —¢, A.

The upshot of all these observations is that in
the derivation I' —¢, A, every leaf of type E,
V., Gy, and GY undergoes QR exactly once (by
(i) and (vi)); lands in a position directly below a
unique leaf labeled b, c, d, or e respectively (by
(vi)); leaves a trace of type a (by (v)); and nothing
else undergoes QR (by (iv)).

We can now extract a Hamiltonian cycle from A.
Exactly 2n leaves E;, and V,, in A underwent QR
into I's. Order them by decreasing depth:

Evt Vi, Ev2 Vi, ..

uy? u?

v
SES Vi,

In order for A to be well-typed, it must be the case
that w1 = v, = w, = 1 and
v, =W = Ui+1, 1 <i<n.

So we can rewrite the sequence above as

E¥ V,, E% V.. ..

u? u2’

ug
Byl Vi,

Since V,,,, ..., V,, are pairwise distinct, so are
UL, ..., Upn, and

(ulu U2)7 (u27u3)7 ey (una U]_),
is therefore a Hamiltonian cycle in G. O

Putting Theorems 3.4, 4.1, and 4.2 together
proves the main claim of this paper:

Theorem 4.3. LF REPAIR is NP-complete.

Section 3 mentioned that LF REPAIR has the same
time complexity as provability in QRT. So a corol-
lary of the above is:

Corollary 4.1. QRT PROVABILITY is NP-complete.

5 Conclusion

The main result of this paper is that finding well-
typed logical forms using quantifier raising is NP-
complete, and therefore belongs to a well-known
class of intractable problems. Assuming P # NP,
this has an immediate practical consequence: there
is no efficient program that takes in an input tree
and computes the different scopal readings licensed
by QR.

In this paper I've chosen, in part for mathemati-
cal convenience, to work with a particularly pow-
erful version of QR. I’ve allowed it to raise almost
any subtree to any position and to leave a trace of
any type, so long as the final LF is well typed. A

reader might wonder: does the intractability result
depend on this choice? Not really. Even if one
worked with a vastly weaker version of QR, the
problem of repairing LFs would remain intractable.
Just to give an example, notice that the reduction
in Section 4

(1) did not need higher-order traces (in fact, every

trace had type a),

(ii) did not need parasitic scope (Barker, 2007),

(iii) did not need any elements to undergo QR mul-
tiple times.

So even if one changed the definition of QR in Sec-
tion 2 to always leave traces of a single atomic type,
or to ban parasitic scope, or to disallow elements
from undergoing QR multiple times, and even if
one imposed all of these constraints simultaneously,
the reduction in the previous section would still be
valid and the problem of finding a well-typed LF
would remain NP-complete. There may be good
empirical arguments for or against (i)—(iii), but as
far as computational tractability is concerned, none
of them are consequential.

The reduction does help itself to an unbounded
inventory of atomic types, but only a finite num-
ber are actually needed. Given the atomic types
a,b, c,d, e, t and an additional type v, it’s possible
to encode the types 1, ..., n in “unary”: replace 1
with v, 2 with v — v, 3 withv — v — v, etc. This
will preserve the reduction in the previous section.
So even if we only considered LFs over a small,
fixed set of atomic types, repairing them with QR
would remain NP-complete.

Despite being generally intractable, the instances
of LF REPAIR that semanticists solve in practice
tend to be easy. What could explain this discrep-
ancy? Semanticists have most likely been working
with a class of LFs subject to implicit constraints
that vastly reduce the complexity of the problem.
For example, the higher-order meanings that se-
manticists actually handle are extremely uniform
in that almost all of them have a type ending in t.>
The higher-order types appearing in the LFs from
Section 4 by contrast were extremely non-uniform.
This variety is what made it possible to construct
a computationally difficult “domino game” where
input and output types link together in an intricate
arrangement. If this is on the right track, then the
true source of complexity, the true reason why LF
REPAIR is difficult, is just the enormous number

5This is a strong tendency, not a rule. A simple counterex-
ample are choice functions, which have type (et)e.
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of derivational possibilities that arise when higher-
order types are variegated enough that they can
interact in nontrivial ways.

A natural question for further research is whether
a reduction similar to the one used in this pa-
per could prove NP-completeness results for other
scope-taking formalisms. The type-logical gram-
mar NL,, for example, is a very close relative of
the grammar QRT from Section 3, and should have
a similar time complexity (Barker, 2019; Moot,
2020). Another good candidate are continuized
CCGs (Barker and Shan, 2014; White et al., 2017).
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Abstract

We present an encoding of the meaning-text
theory into abstract categorial grammars, a
grammatical formalism based on A-calculus.
It adresses some shortcomings of a previous
encoding (Cousin, 2025). This encoding shows
some limitations, especially the articulation of
dependencies within structures and modifiers
behavior (predicative role of adjectives and ad-
verbs at semantic and syntactic levels, number
of modifiers, etc.). Reusing Cousin’s (2025)
grammars composition, we present a represen-
tation of syntactic dependency structures based
on de Groote (2023) that overcomes these limi-
tations, with a focus on deep-syntax.

1 Introduction

The work presented in this article takes place in a
context of encoding the meaning-text theory (MTT)
into abstract categorial grammars (ACG). It ex-
tends previous work presented in (Cousin, 2023b,a,
2025). While using the same ACG architecture, we
provide here a new encoding of dependency struc-
tures based on (de Groote, 2022, 2023) that con-
cerns MTT’s deep-syntactic and surface-syntactic
representations. This work falls within a text gen-
eration context with formal methods. Similar moti-
vations are to be found in Grammatical Framework
(Ranta, 2004). This work’s aims are to have strong
control over generated text in order to be sure that
it indeed conveys the message to be expressed, and
to implement MTT’s linguistic structures through
which this control operates. In order to do so, we
rely on a formal model, ACGs.

1.1 MTT and ACGs

MTT (Mel’Cuk et al., 2012, 2013, 2015, see sec-
tion 2) is a linguistic theory describing the link
between the meaning and the text of an utterance.
MTT can be used for generation as well as for anal-
ysis purposes. It is composed of seven representa-
tion levels (including semantic, deep-syntactic, and

surface-syntactic levels) and six transition modules
between these levels. Each representation is com-
posed of at least both predicative and communica-
tive structures. MTT heavily relies on the key con-
cepts of lexical functions (LF) and paraphrase. Sys-
tems presented in (Wanner et al., 2010) and (Lareau
et al., 2018) are two examples of MTT applied to
text generation. These systems use graph trans-
ducers to perform generation, while we use ACGs
which have the advantage of being reversible.

ACGs (de Groote, 2001, see section 3) are a
grammatical framework based on A-calculus, en-
abling the representation of other grammatical for-
malisms. For instance, Pogodalla (2017) shows an
implementation of TAGs into ACGs. ACGs can
also be used in generation and analysis (Kanazawa,
2007), since they are reversible. Their reversibility
is a property we take avantage of in this work.

In this article, we focus on an encoding of MTT
into ACGs.

1.2 Related Work

1.2.1 MTT Into ACG Encoding

(Cousin, 2023b,a) shows such an encoding of MTT
into ACGs, that only takes predicative structures
into account and completely ignores communica-
tive structures. This encoding enables several lin-
guistic phenomena’s handling, such as collocations
or paraphrase generation. Such phenomena are
enabled thanks to the encoding of LFs among oth-
ers. This article reworks Cousin’s (2023a) ACG
architecture and composition.

(Cousin, 2025) reuses this implementation to
take the communicative structure into account.
Theme-rheme opposition (Mel’cuk, 2001; Pol-
guere, 1990), included in communicative structures,
plays a crucial role in the determination of the deep-
syntactic tree corresponding to the semantic graph
of an utterance. Indeed, depending on the commu-
nicative structure, for two semantic representations
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sharing the same predicative structure, the obtained
expressions differ. It is the theme-rheme oppo-
sition, that, for instance, makes a copula appear
(or not) in deep-syntax when an adjective mod-
ify a noun, and therefore decides if the adjective
will be expressed as an attributive (“/the purple
dragon]Rrneme") Or as a subject complement (“/the
dragon]rheme [is purple]Rheme")- Two expres-
sions obtained from the same semantic predicative
structure are different if they have different commu-
nicative structures. In this case, the two expressions
are usually not paraphrases.

Since the communicative structure plays an im-
portant role in MTT’s generation process, we keep
Cousin’s (2025) addition of this structure. How-
ever, (Cousin, 2023b,a, 2025) show some limita-
tions, like the inability to use multiple modifiers on
one same predicate for instance. These limitations
are detailed below.

1.2.2 ACGs and Dependency Strutures

de Groote (2022, 2023) presents an ACG encoding
of a semantic-syntax interface to derive formal log-
ical semantic representations a la Montague. The
syntactic part of de Groote’s interface uses depen-
dency structures. We use here a similar approach
to add non-mandatory dependencies to syntactic
structures, such as adverbial and adjectival ones.
However, several aspects show differences:

* de Groote (2023) uses higher-order ACGs:
their parsing complexity is not polynomial,
and possibly only semi-decidable (de Groote,
2015). We want to use ACGs from a specific
class, ACGs of order 2, to have polynomial
complexity;

* de Groote’s (2023) encoding is made toward
analysis (syntax to semantics), we are working
toward generation (semantic to syntax);

* de Groote (2023) defines the coherence princi-
ple: regardless of the computation order of de-
pendents (given one common governor), com-
puted structures are logically equivalent and
yield the same semantic interpretation. The
coherence principle is not respected here. In-
deed, respecting de Groote’s coherence prin-
ciple would mean computationally intractable
or even undecidable ACGs. Since we focus
on the opposite direction to him (i.e., gener-
ation), and heavily rely on ACG parsing, it’s
something we choose to avoid.

1.3 Contributions

This article present a new version of MTT into
ACG encoding, with a focus on deep-syntax real-
ization. It reuses original aspects of MTT, such as
paraphrase and lexical functions (that enable the
representation and handling of idiomatic expres-
sions for instance). We are interested in the way
linguistic structures, especially MTT’s ones, can
be expressed in ACGs. The ACG encoding shows
some advantages. First, it can be used in generation
as well as analysis, since ACGs are reversible (see
section 3). Second, some similarities with other for-
malisms can be found, which enable a comparison
to them, and to reuse some aspects of these for-
malisms in our encoding. It is for example the case
of modification presented in section 5 and inspired
by Pogodalla’s (2017) TAG into ACG encoding.
Our contributions are the following:

* syntactic dependency structures allowing the
use of multiple modifiers (for both deep-
syntax and surface-syntax; this article focuses
on deep-syntax), less general than de Groote’s
(2023) ones, but which parsing is polynomial;

* decidable ACGs (as opposed to Cousin (2025)
who had higher order ACGs);

* an encoding that naturally falls within
Cousin’s (2023a) ACG architecture, with a
better encoding of predicative structures hav-
ing multiple dependents expressed by modi-
fiers (adjectives and adverbs).

Sections 2 and 3 present MTT and ACGs. Sec-
tions 4 and 5 detail the used ACG architecture and
the deep-syntax encoding. Section 6 presents ob-
tained results before the conclusion in section 7.

2 Meaning-Text Theory (MTT)

MTT (Mel’Cuk et al., 2012, 2013, 2015) is a linguis-
tic theory aiming at representing the link between
the meaning and the textual representation of an
utterance. The meaning is “a linguistic content to
be communicated” (Milievié¢, 2006) and the text
is “any fragment of speech" (Milicevi¢, 2006). In
order to do so, MTT uses a meaning-text model
(MTM, see. figure 1) composed of seven represen-
tation levels and six transition modules. MTT uses
key concepts of lexical functions (LFs, Mel’ Cuk
and Polguere, 2021) and paraphrase (Iordanskaja
et al., 1991; Milic¢evi¢, 2007). These concepts are
not detailed here.
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2.1 MTT Architecture

A MTM (see. figure 1) is composed of seven rep-
resentation levels, each one corresponding to an
eponym utterance representation, namely the se-
mantic (SemR), deep-syntactic (DSyntR), surface-
syntactic (SSyntR), deep-morphologic and surface-
morphologic (resp. DMorphR and SMorphR),
deep-phonologic and surface-phonologic (resp.
DPhonR and SPhonR) representations.

SPhonR
T
DPhonR
T
SMorphR
>
DMorphR
T
SSyntR
T
DSyntR
>
SemR

Analysis
Generation

Figure 1: Schema of a MTM (Mel’Cuk et al., 2012)

Between each pair of adjacent levels operates
a transition module, named after the level (of the
pair) nearest to the semantic level. For instance, the
semantic transition module operates the transition
between SemR and DSyntR.

Each representation level is made of several sub-
structures, among which a predicative structure
(graphs for SemR, trees for DSyntR and SSyntR,
strings for the four remaining ones) and a commu-
nicative structure. The latter bears (among other
communicative oppositions) the theme-rheme op-
position (Polguere, 1990), that decorate and com-
plement the predicative structure (see figure 3).

A transition module carry out all necessary op-
erations between two levels to transform the pre-
vious representation into the next one. It handles
structure changes, such as the semantic module
that transforms semantic graphs into deep-syntactic
trees, but can also perform other operations such
as paraphrase steps (see section 2.3).

2.2 DSyntR

DSyntR is made of four substructures (see figure 2),
namely: the deep-syntactic structure (DSyntS), the
deep-syntactic communicative structure (DSynt-
CommS), the deep-syntactic prosodic structure
(DSynt-ProsS) and the deep-syntactic anaphoric
structure (DSynt-AnaphS) (Mel’Cuk et al., 2013).
In this article, we only consider the first two ones,
DSyntS and DSynt-CommS.

DSyntR =
( DSyntS, DSynt-CommS, DSynt-ProsS, DSynt-AnaphS )

Figure 2: Composition of a DSyntR

DSyntS are dependency tree structures, which
nodes are deep-syntactic lexemes and edges are
labeled with deep-syntactic relations (see figure 3).
Several examples of DSyntS are given in sec-
tion 5. Deep-syntactic relations are mainly actan-
tial (actant I, actant 11, etc.), attributive (ATTR),
or coordinative (COORD) relations. Its lexemes
are deep lexemes (or “rough” lexemes): colloca-
tions and idiomatic expressions are represented by
one single lexeme (and not by as many lexemes as
there are words composing the expression, like in
SSyntS), and some lexical categories, like preposi-
tions and determinants, are not represented (prepo-
sitions appear in SSyntS and determinants in the
morphologic levels).

DSynt-CommS is represented by markers that
decorate the DSyntS with communicative opposi-
tions. For instance, theme and rheme markers are
represented as boxes that encapsulates subtrees (see
figure 3). The subtree in the theme-box (respec-
tively rheme-box) is labeled as theme (resp. rheme)
and therefore represents the theme (resp. rheme).

Rheme

Copul (PURPLE ) = BE

/ ™~

~

PURPLE

DRAGON

Theme

Figure 3: DSyntS and DSynt-CommS representing “The
dragon is purple."

2.3 Semantic Transition Module

The semantic module performs the transition be-
tween SemR and DSyntR. SemS are graphs which
nodes are semantemes and which edges are se-
mantic relations (labelled 1, 2, etc. depending
on the semantic actant (first, second, etc.) the edge
is pointing at). Hence, the semantic module per-
forms structural operations to transform a SemS
into a DSyntS. While doing so, some LF might
appear, such as the ones expressing support verbs
(like Oper;), that are semantically empty and there-
fore no semanteme represent them in SemS, or the
one indicating a copula (Copul) that is also miss-
ing from SemSs. Figure 3 shows an example of
DSyntS bearing the Copul LF.
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On top of such structural operations, the seman-
tic module also performs paraphrase steps, such
as semantic paraphrasing and deep-syntactic para-
phrasing. Semantic paraphrasing can bee seen as
unfolding the semantic graph with semanteme defi-
nitions. Deep-syntactic paraphrasing relies heavily
on LFs. Both paraphrase steps are described in
(Milicevié, 2007).

3 Abstract Categorial Grammars (ACGs)

ACGs (de Groote, 2001, whose definitions are used
here) are a grammatical framework based on -
calculus and used to represent other grammatical
formalisms. An ACG is composed of two vocab-
ularies (abstract and object vocabularies) that are
linked by a lexicon. The abstract language, build
upon the abstract vocabulary, corresponds to the
set of all abstract grammatical structures, such as
analysis trees. The object language, build upon the
object vocabulary, corresponds to the set of surface
realizations of abstract language structures, such
as strings. Section 3.1 gives necessary definitions
to define ACGs in section 3.2. Section 3.3 present
some ACGs operations and properties.

3.1 Types, Signatures, and Lexicons

Definition 1 Be A a set of atomic types. T (A) is
the set of linear implicative types, obtained induc-
tively over A:

e ifa€ Athena € T(A)
s ifa, € T(A) then (o« — ) € T(A)

Definition 2 A higher order signature. 3. is a tu-
ple¥ = (A, C, ), where:

e A s a set of atomic types,
e C is a set of constants,

o 7:C — T(A) is afunction associating a
type to constants.

Fs, t : s expresses that the type of a \-term
t is s in the signature > (or t : s if there is no
ambiguity on the used signature). A(X) denotes
the set of \-terms obtained using constants of C,
variables, abstractions and applications.

For instance, dragon® : T means that the
constant dragon® has type T and invite® :
MOD — G’ — G — G means that the constant
invite® has type! MOD — G’ — G — G, so that

"More detail about these types is given in section 5.

it expects a first argument of type MOD (a modifier),
a second argument of type G’ (an optional argu-
ment) and a third argument of type G (a mandatory
argument) to obtain a term of type G (a graph).
Edeep—syntactic—Otr and stynt—lreEa illustrated in ﬁg'
ure 5, are higher-order signatures which extracts
are given in figures 8a (page 8) and 6 (page 6).

Definition 3 Let >; and X2 be two signatures. A
lexicon L, from ¥ to X5 is a pair of morphisms
(F,QG) such that F : 1(A;) — 7(A2) and

We write L12(t) = + to express that vy is the
interpretation of t by Lj» (or t := = if there is
no ambiguity on the used lexicon), regardless of
whether the used morphism is F' and both t and
are types or the used morphism is G and they are
terms.

Then, ,CdsymRel(dmgonds) =\ A. A dragon™
means that the constant dragon® (from
Edeep—syntactic—Otr) is iﬂterpreted by EdsyntRel
in Sggnemee as the term A A. A dragon®.
Similarly, Edsynmel(mviteﬁﬁ) =AAXY.
A (\z. A1(Ag invite® V) £) X means that the
constant inviteﬁ,; of Ygeep-syntactic-or 18 interpreted
by Lasynirer 10 Xsyni-tree as the term A A X Y.
A (\z. Ay (Aginvite®Y) z) X. In figure 5,
»CdsyntRel is the lexicon from 2deep—syntactic—Otr to
Y dsynt-tree- Its extract is given in figure 9 (page 9).

3.2 ACG

We may now define notions of ACG, abstract lan-
guage and object language:

Definition 4 An abstract categorial grammar is a
tuple G = (X1, 39, L12, s) where:

° El = <A1,Cl,7'1> and 22 =
are two higher order signatures,

<A25 027 T2>

o L19 = 21 —> X9 is the lexicon,

* s € T(Ay) is the distinguished type of the
grammar.

Definition 5 The abstract language A and the ob-
Jject language O of an ACG G = (X1, %9, L12, S)
are:

e A={t € A(X1)| by, t: sisderivable}

e O = {t € A(X9)| Fu € A(G) such that
t = ﬁlg(u)}

This article uses Pn-equivalence as equality be-
tween \-terms.
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b)) dsynt-para

LsemRel L dsynt

-
Lsem —

o8

semantic-tr
Y semantic

L gsyntRel

Lpamra’tlc

Licaphra

et () Lami ’ »
ch(ﬁpfsynmciu:—(}f,v' O L O

by dsynt-tree

b)) dsynt-rule

O

5

X surface-syntactic

leafl Y Lsszds
Essynt-tree

X dsynt-0fl

4

Figure 4: ACG composition of MTT encoding

Both abstract and object languages of an ACG
are sets of \-terms obtained by induction over
eponym signatures of the ACG. For example, the
set of deep-syntactic trees corresponds to the object
language of the ACG (illustrated in figure 5) made
of Edeep-syntactic—Otr (itS abstract Signature), stynt—tree
(its object signature), and L gsyniRel-

3.3 Operations and Properties

ACGs allow the use of three main operations,
as illustrated in figure 5. Application is the
operation of applying the lexicon of an ACG
from its abstract signature to its object signature
(Edsym(vd“) = %), Lexicons are reversible, and
the operation of reversing the lexicon from the
object signature of an ACG to its abstract sig-
nature is called parsing (£, . (v*"") = {y%!}).
Both operations (application and parsing) can
be composed to form a transduction operation
Lasgnt (L3} (7)) = {75}, Two transduc-
tion examples are shown in figure 5.

Zdeep—syntucz'u—tr
Parsing
(Lsemper )
/" LsemRel

Application

L:dsy'n,i h .
\(

Zdeep—

syntactic—

Transduction from Xsemantic — tr

t0 Ldeep — syntactic — Otr Otr

Zsamuntic—tr
£dsyntRel

Transduction

from Ysemantic — tr t0 Ldsynt — tree

Ydsynt—tree

Figure 5: Example of application, parsing and transduc-
tion operations

An ACG is characterized by its order and its
complexity. The complexity of an ACG is its pars-
ing complexity.

Definition 6 The order of a type 7 € T (A) is in-
ductively defined.:

e order(t) =1ifT € A,

* order(a — f3)
= max(l + order(«), order(f3)) otherwise.

The order of an abstract constant is the order of its
type, and the order of an ACG is the maximum of
the order of its abstract constants.

The complexity of an ACG is the maximum of
the orders of its atomic types realizations. An ACG
of order y and of complexity 1) is written ACG ).

We aim to use a specific class of ACGs, ACGs said
of order two, since their parsing complexity is de-
cidable and polynomial (Salvati, 2005; Kanazawa,
2017)

4 MTT Into ACG Encoding

We use the ACG architecture of (Cousin, 2025)
(that uses Cousin, 2023b,a architecture while
adding theme-rheme opposition to the semantic
to deep-syntactic transition). However, we rewrite
several ACGs to model DSyntR and SSyntR depen-
dency trees based on de Groote’s (2023) ACGs. We
use the ACGtk software (Guillaume et al., 2024) to
implement this model.

Figure 4 shows the architecture and composition
of Cousin (2023b, 2025) that we use here. It is
divided into five areas:

e Areas 1 - 2: transduction between X s.ansic-tr
and Xggynrree allows transitions between
SemR and DSyntR. Area 1 corresponds to se-
mantic and area 2 corresponds to deep-syntax;

e Area 3: transduction between Xgyns-sree and
Ydsynt-rule performs deep-syntactic paraphrase
steps;
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* Area 4: transduction between X syns.sree and
Ydsynr-of Tealizes LFs eventually present in
DSyntR;

* Area 5: transduction between X501 and
Yssynt-tree transforms DSyntR (without LFs)
into SSyntS. Area 5 corresponds to surface-
syntax.

Our modifications concern areas 2, 4 and 5. This
article only present the ones about the second area,
i.e., about deep-syntax.

Notations: In the following, Xgeep-syntactic-or 18
referenced as Y4, (deep-syntax with thematic-
itY)’ Edee}/)—synlactic—0tr as Eds (deep'syntax without
thematicity), and X gynr-rree a8 2gr (deep-syntactic
trees). A constant representing a lexeme LEX in
the signature Yy is written lez®. For instance,
dragon® is the constant representing the lexeme
DRAGON in X 4. A term representing an expression
E in A(Zs) is written 5. For instance, the term
encoding the DSyntR associated to the expression
(cpd): “the calm purple dragon" in ¥4 is written
’Yg;d-

5 Deep-Syntax Encoding

We adapt de Groote’s (2023) dependency struc-
tures. This section details how it is done for deep-
syntactic dependency structures. Figures 8a, 8b,
6, 8c and 9 (on the following pages) respectively
show extracts of Yy, Xas, Zar, Lasynr and Lagynirer
that are used below.

5.1 DSyntS Encoding (>4)

>4 (deep-syntactic trees, see figure 6) enables
DSyntS representation. DSyntS are dependency
tree structures, which nodes are deep lexemes and
branches are deep-syntactic relations, such as I, II,
or ATTR for example. These three examples re-
spectively correspond to relations expressing the
first actant, the second actant, or an attributive de-
pendent of a deep lexeme. A relation is represented
as a branch in the deep-syntactic tree that starts at
the governor and points toward its dependent.
Each deep lexeme is encoded in this implementa-
tion by a constant of type 7' (see (1)). In MTT, cat-
egories are distinguished at the deep-syntactic level.
However, for simplification purposes, we chose to
represent them only at the surface-syntactic level of
the present encoding and not at its deep-syntactic
level. Therefore, grammatically incorrect struc-
tures can be produced. However, they will be fil-

tered out by lexicons and won’t be generated at the
surface syntactic level (see section 5.3). Hence, no
distinction is made between grammatical categories
in Ed;.

dragondt, invite™ : T (1)

Since a relation starts at one lexeme and points
toward another, it is represented by a constant that
takes two arguments of type T  (being resp. the
governor and the dependent), and that has a result-
ing type T'. Hence, each deep-syntactic relation
(such as the ones in (2))isof type T' — T — T.

LATIR: T T —» T 2)

Since the resulting type of a relation is 7', a
dependency (i.e. a governor, the relation, and its
dependent) is represented by a term of type T as
well. This term can in turn be used as a governor
(to add another dependency to its governor) or as
a dependent (to make it depend from another lex-
eme). Hence, type 7' is used for constants and
terms encoding trees, sub-trees, and single nodes.

deym—lme
T : type
LILII : T —-T—T
ATTR : T - T —> T
Convey : T —T—T
calm® . T
invite® . T
dragon™ : T
often®™ : T
purple® . T
reason® : T
specific? . T
wyvern® . T

Figure 6: Extract of Xgsyns-ire. (noted X4, that enables
the representation of deep-syntactic trees)

Figure 7 shows two examples of DSyntS along
with terms of A(X;) encoding them. Figure 7a
pictures a rather simple DSyntS, having only one
dependency, while figure 7b pictures a more com-
plex one, with several dependencies.

5.2 DSyntR Encoding (>4 and X 4)

As stated in the introduction (section 1), a
DSyntR contains a communicative structure,
DSynt-CommS. This structure is absent from X
(deep-syntactic trees) and >4 (deep-syntax with-
out thematicity), but is present in X 45, (deep-syntax
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DRAGON

ATTR

v

CALM

’yffé = ATTR dmgondt calm®
. T

(a) “the calm dragon" (v

INVITE
/N
| Il ATTR ATTR
—  / \

DRAGON WYVERN OFTEN REASON
| |
ATTR ATTR

¥
CALM SPECIFIC

Y oiugsr = ATTR (ATTR (I (IT invite®
wyvern™) (ATTR. dragon® calm))
often™) (ATTR. reason™ specific™)

. T

(b) “The caém dragon often invites the wyvern for a specfic
W dt
reason (7cdoiwfm‘)

Figure 7: Representation of DSyntS associated to ex-
pressions “the calm dragon" and “The calm dragon
often invites the wyvern for a specific reason" and their
associated object terms (from A (X4 )).

with thematicity). Indeed, theme-rheme opposi-
tion plays a crucial role in the determination of
the DSyntR that corresponds to a SemR. In order
to represent this role and enable the potential cor-
responding choices inherent to the theme-rheme
opposition of a SemR, thematic annotations are
encoded in the type of constants from X, (seman-
tic with theme-rheme opposition) and >4 (deep-
syntax with thematicity).

In both X4, and Y4, lexemes are encoded with
constants of type G-like. These types stand for
graph, subgraph or node and follows the same use
principle as type T'. Variants can be found, such
as Gy or G, that respectively express a theme or
a rheme marking. If a prime symbol is used (like
G’ or GY), it denotes an optionally expressible ar-
gument?. Type G}, is used to indicate that a pred-
icative structure contains a thematic opposition (i.e.
both theme and rheme areas) with the index —,
and that its dominant node (the future tree root) is
marked as rheme with the index —,..

dst (which type expression

For 1nstance, invite,;;

2Optionally expressible arguments are detailed in sec-
tion 5.3.

is given in (3)) is a constant encoding a verb which
predicative structure expects two arguments, the
first one being marked as theme (type G;), the
remaining part of the predicative structure being
marked as theme (type G,). Its first argument (of
type MOD) stands for a potential modifier, such as
an adverbial group.

invites' © MOD — Gy — Gy — Gyr 3)

Thematicity markers in the constants’ types are
lost between Y45 and X45. Ly, only purpose is
to erase these types markings (see Figure 8c). For
instance, L gsyn: (invited) = invited:. is given in
(4). Therefore, expressions of terms from A (X44)
and A(Xy) are really similar (see figures 8a and
8b, page 8).

invitess. : MOD — G — G — Gy (4)

Itis Lagynrer (see Figure 9) that will really build
all DSyntS in A(X4) from A(Xg). In other words,
Y.d4sr 1S used to express and control thematicity
contraints and optional arguments issues (see sec-
tion 5.3), while Lgsynre realizes DSyntS. Lggyn
and X4 are intermediary lexicon and signature
used for encoding purposes.

Y45 bears the encoding of all constraints and is
therefore used in examples from the following sec-
tion about these constraints. However, for reading
simplicity purposes, we use in section 5.5 exam-
ples from X (see figure 8b). Their pendants from
Y45+ do not add any information for section 5.5
purpose and can be found in figures 8a, and their
interpretation by Ly, in figure 8c (page 8).

5.3 Constraints Encoding (X4 and Lggyncrer)

Since all lexemes of X4 are encoded by constants
of type T, incorrect structures can be build upon
A(X4), like the one illustrated in (5). In this ex-
ample, two major issues occur. First, in a DSyntR,
according to well-formedness rules of MTT, each
node (or lexeme) has at most one actancial relation
of each kind; dragon® can’t be the governor of
two I relations. Second, invite®™ is a lexeme ex-
pecting at least one dependent (‘Y is invited"), and
usually two, since its predicative structure contains
two arguments: X invites Y.

=1 (I dragon® wyverndt) invite® )
. T

*Modifiers are described in section 5.5.
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Edeep-syntacic-tr

Gy, Gy, Gl : type G, &
MOD, : type MOD
MODy, : type MOD’
MOD'.. : type MODj
MODj. : type

ds
Orﬁf : GT d Gt IIFZI\@O[/) :
dst MOD
IMO.D,TT : MOD vatlig?)j
LSk 1 MODy, '
[nfgfbwr : MODy, calm®
Lt vt MODJry invite,
invited,
calm®" : MOD,, — MODJ,- — MODJy dragon®
invite! : MOD;. — Gy — Gy — Gf.» often™
inviteds! : MoD!, — G — G; — Gy, purple®
dragon®' : MODj — G, fsr
often* : MODy. — MODyr wyvern®
purple’ : MOD,. — MODj — MODJ»
fsrst . MOD4 — MODy,
wyvernf“ : MODJrr — Gy

(a) Extract of Edeep—symactic—tr (l’lOth Edﬂ)

(b) Extract of Zdeep—xynmclic—(]tr (nOICd Eds)

Ed('('p—synmcic—Ozr Edsynt

: type G =G

: type G =G’

: type MOD;, MOD¢ := MOD

: type MoD’rr := MOD’
MODj, := MODj

: MOD

: MOD/ Cr—t (= Ap.p

: MODj Il\jli(s)f) ™) I]\?S?) tr = Idén

’ J ’ dst .__ 7ds
Mop/,rr *— ‘MoDp’

: MOD — MODj — MODj Lt o 1= Lo,

:MOD = G — G — G calm®! := calm®

:MoD' - G - G — G inviteXs! = invite’.

:MODj — G inviteds! = invitel,

: MOD — MOD dragon®' := dragon®

: MOD — MODj — MODj oftendst = often®

: MOD — MOD purple®st = purple®

:MODj — G forst = fords

wyvern®t = wyvern®

(c) Extract of Lsyn

Figure 8: Extracts of X geep-synracric-or (deep-syntax without thematicity), X geep-syntacric- (deep-syntax with thematicity)

and »Cdsynts lexicon from Edeep-s_vntacti(t-tr to Edeep-syntactic-()tr

In order to tackle these issues, two main strate-
gies are used. Regarding the number of dependents
(and their nature), we use abstract signatures to con-
trol obtained structures by encoding the constraints
in the constants’ types. Hence, these constraints
are dealt with in abstract signatures >4 and X 4.
Figures 8a and 8b give extracts of X, and ¥ as
examples.

Each predicate has a predicative structure that ex-
pects mandatory dependents. Among these depen-
dents, some are necessarily expressible, and other
may be omitted. Let’s take the example of INVITE.
When using this verb, we know that someone; in-
vites another someone;. However, sentences like
“Charlie is invited" are correct (with “Charlie" be-
ing the invited someones). Hence INVITE has two
mandatory dependents (someone; and someones),
but the first one is optionally expressible. Such
constraints are expressed in the type of constants of
Y451, With the prime notation indicating an option-
ally expressible argument. In the case of a noun
like DRAGON, no dependent is expected, hence no
argument is mandatory. (6) and (7) * give the types
of constants invites and dragon®? illustrating
the encoding of this constraint.

(6)

z‘nvitef,f;,t : MODy — Gy — Gr — Gy r

*MoD-like types (MODy,., MOD,, etc.) are modifiers types
and explained in section 5.5. Their theme-rheme markings
reflect the thematic markings of their semantic actants.

invite : MoD,, — G — Gy — Gy.r

, 7
MODj, — Gy

dragon®* :
Nevertheless, (7) shows two constants for
INVITE, invites and invites!. The former has
its first argument marked as theme, and will pro-
duce sentences like “/The dragon]rheme [invites
the wyvern]ppem.", where the first dependent of
INVITE is not optionally expressible (since it is the
theme, hence it can not be omitted). The latter has
its second argument marked as theme, and will pro-
duce sentences like “/The wyvern]rpeme [is invited
by the dragon]gheme", Where the first semantic de-
pendent of INVITE, DRAGON, is marked as rheme
and can easily be omitted (“/The wyvern]rheme
[is invited] gheme"). S0, on top of constraints in-
herent to the predicative structure (optionally ex-
pressible arguments), we need to take the thematic
opposition and its consequences into account. This
example (with INVITE) is one illustration of the
role of the thematic opposition. This opposition is
to be found in communicative structures of MTT,
that complement its predicative structures. Theme-
rheme opposition is not limited to active/passive
distinction®. Another example of its implication
can be found in the introduction (subsection 1.2.1)

3See (Polguere, 1990) and (Mel’cuk, 2001) for further
details about MTT’s communicative structure and the the-
matic opposition. Some similarities can be found between
theme-rheme opposition and information structure (Kruijff-
Korbayova and Steedman, 2003; Steedman, 2024).
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»Cd.rymRel

G, G, =T
MoD,MOD’ := (T = T) = (T — T)
MODj =T — T
Ids. = v, v
L&, = dv. v
I,J,ing = An.n

calm® := XM A P. (ATTR (A P) (M (Am. m) calm®))
invitels, =AM X Y. M (\z. 1 (Il invite™ Y) z) X
invites, ;== AM X Y. M (Az. 1 (I (Convy; invite™) z) Y)X

dragon® := AA. A dragon®

often® = AM PX. M (Az. ATTR (P z) often’)X
pquleds =AM A P. (ATTR (A P) (M ()\m m) purpledt))
fSTdS = )\M PX. M ()\x ATTR (P x) (ATTR reas(mdt Speciﬁcdt) X

wyvern® = NA. A wyvern®

Flgure 9: Extract of ﬁdsyntRel P lexicon from Edeep-syntactic-()tr to Z:dsym‘-tree

where it determine the apparition (or not) of a cop-
ula. As shown in (7), the thematic opposition is
also encoded in the type of abstract constraints (see
(Cousin, 2025) for further details on the thematic
opposition encoding).

Regarding the well-formedness of DSyntR, it is
enforced in Lggyurer (see Figure 9) that associates
abstract constants from >4 to their object terms in
A(Z4). (8)° shows the interpretations by L isyniRel
of a predicate expecting two dependents, respec-
tively an actant I and an actant IT (inwvite.) and the

interpretation of a noun which predicative structure
does not except any dependents (dragon®).

LdsyntRel (vaZte:‘ltér)
= AMX Y. M (\z. 1 (IWinvite™ V) z) X ®

LdsyntRel (dmgon ds )
:= X A. A dragon™

The encoding of interpretations by the lexicon
solves the issue of having only well-formed struc-
tures in A(X4). Since only correct interpretations
are encoded, only correct structures will be gener-
ated. Reversely, if an incorrect structure is build
upon X4, no antecedent will be found by parsing
of Lysynirer, and hence no SemR can be obtained
(when continuing the analysis).

We therefore have the following equalities’:

8 Abstract varibles A and M encode modifiers. Their be-
havior is explained in section 5.5.

"Constants Iﬁgé and its variants (that depends on the the-
matic markings of their governor predicative structure) have a
MOD-like type (i.e., a variant of MOD) and are interpreted by
LasynireioLasyns as the identity.

dst
LdsyntRel (Cdsynt (dragon'r

= ATTR dmgondt calm™
»CdsyntRel (Edsynt (valtegt; Ihfcllgg,rt ( C7‘—>t (9)

(dragon™" Liop; ) (wyvern,™* Lish; 1))

(calm®" Lo v Taon;)))

= I (Il invite™ wyvern™) dragon™
5.4 Discussion

This encoding presents some major differences
with de Groote’s (2023) one, since we made
choices opposed to his, as stated earlier in sec-
tion 1.2.2. He encodes dependency relations in the
abstract signature, while we do so in the object sig-
nature. In (de Groote, 2023), relations (or rather,
constants encoding them) constrain the grammat-
ical categories of their governor and dependent.
Here, we do not have grammatical categories, at
least not at the deep-syntactic level. In the encod-
ing presented here, lexemes themselves (and not
relations) constrain their dependents: they force the
mandatory ones to be represented (by a lexeme or a
dummy constant indicating that the dependent is, in
fact, not expressed) and the obligatory expressible
constant to be expressed (in this case the dummy
constant of type G’ can’t be used). Dependency
relations are encoded in the object signature, and
do not constrain anything nor bear any constraints.

On top of that, de Groote (2023) respects what he
calls the coherence principle: regardless of the de-
pendencies’ computation order, obtained structures
are logically equivalent. This result is obtained
using affine constants. However, we want linear
constants and ACGs of order 2. It is a constraint
we fix ourselves for parsing computation and com-
plexity issues, and in order to encode the model in
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ACGtk to automate the computation process. Thus,
respecting the coherence principle seems incom-
patible with this constraint. Moreover, the order in
which relations are computed does matter in our
case. At the deep-syntactic level, relations are not
ordered, so one could think the order is of no im-
portance. However, their order does matter at the
surface syntactic level, since it will be used in the
linearisation process toward the morphological lev-
els. Consequently, two structures having the same
dependencies but in different orders are to yield two
different expressions in MTT. Such representations
have to be considered different and not logically
equivalent. Hence, the dependency order does mat-
ter at the surface-syntactic level. Then, even if the
order doesn’t matter at the deep-syntactic level, it
is also useless to care for the coherence principle at
that level since it will have to be broken at the next
level. Additionally, not respecting the coherence
principle makes both syntactic levels have homo-
geneous encoding. For all these reasons, ACGs
presented here do not respect the coherence princi-
ple.

Next section describes the encoding of modifiers.
One straightforward possibility to do so would have
been to allow a bounded arbitrary number of op-
tional dependents slots in the lexemes’ lexical en-
try. This, however, would significantly complexify
the deep-syntactic paraphrase part of the encoding
(area 3 of figure 4), and one could always find a
case where the arbitrary number of slots would be
too small to represent the wanted expression. For
these reasons, we chose to use a recursive solution,
drawn from Pogodalla’s (2017) TAG encoding, and
described below.

5.5 Modifiers Encoding

Modifiers, such as adjectives and adverbial groups,
have a specific behavior at the deep-syntactic level.

We may observe that they have a specific behav-
ior in the semantic module as well. In a SemR,
the modifier predicates over the entity that is modi-
fied (the modifier governs the predicate), while in
a DSyntR, dependencies between a modifier and a
predicate usually go from the predicate to the mod-
ifier: the predicate governs the modifier (some ex-
ceptions can be found, but that is the general case).
Hence, a dependency inversion is to be found in the
semantic module during the transition from SemR
to DSyntR (Mel’Cuk et al., 2013, p.248). We ac-
count for this, but since it is not our point here, we
focus on DSyntR themselves.

In a DSyntR, modifiers are not mandatory de-
pendents of a lexeme. A lexeme can have zero
modifier (as illustrated in figure 10a), one modifier
(as illustrated in figures 7a and 7b for DRAGON),
or more (as illustrated for DRAGON in figure 10b
and 7b for INVITE).

DRAGON

'ygt = dmgondt
. T

(a) “the dragon" ('ygt)

DRAGON
SN
ATTR ATTR

CALM

'yg‘;,’d = ATTR (ATTR dragon™ calm®) purple™
T

PURPLE

(b) “the calm purple dragon" (ﬂ;d)

Figure 10: Representations of DSyntS associated to
nominal expressions “the dragon" and “the calm purple
dragon", and associated object terms (from A(Xy;)).

In Montague semantics, a modifier
like an adverb wusually have a type like
(NP - 8) — (NP — S) (Carpenter, 1998).
Since we encode constraints in the abstract
signature and do not make distinctions between
grammatical categories (see section 5.1), such
a type would be translated with a type like
(G — G) = (G — G), ie., ahigher order type.
To avoid such higher order types, we draw from
Pogodalla’s (2017) TAG encoding into ACGs
and introduce MOD-like atomic types, used for
modifiers in both >4, and X 4.

In X4, modifiers are considered like any other
lexemes and encoded with a constant of type T
(see figure 6, page 6). In X and X4, MOD-like
types are used.

5.5.1 Adverbial Modifiers

In a SemR, an adverbial group can govern up to
two semantemes, namely the semanteme it mod-
ifies, and the first semantic actant of this seman-
teme (see figure 11, adverbial group “for a specific
reason"). Therefore, an adverb is encoded with a
constant of type® MOD — MOD, and MOD is inter-
preted by Lasymirer as (T — T) = (T — T), i.e.,
a type similar to the classical one mentioned above.
(10) gives the example of often®. Then, each con-
stant of Y4 encoding a predicate that accepts an
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(

invite’
‘often’ o—— 1 —/>o\
/ ' + ? \
(dragon’ 2 o ‘wyvern’

O\ 1 \lﬁ
3 —»0 ‘specific’

<reason)

Figure 11: SemS associated to the expression “The
dragon often invites the wyvern for a specific reason"
that illustrate the semantic behavior of adverbial groups
“often" and “for a specific reason".

adverbial modifier (i.e. verbs and adjectivesg) have,
in X4, its first argument being of type MOD (or
MOD’ depending on the expressibility of the first
argument), to enable a possible modification to take
place. Following arguments have type G or G’ (de-
pending on the expressibility of arguments), and
the final argument has type G (see (10)° for the

example of invitel).

often® :
invite’s. . MOD — G — G — G
Lasyntret(MOD) := (T - T) —» (T — T)
Lasyntrer(often™) := XM P X. M (X z.
ATTR (P z) often™) X

MOD — MOD

10)

With such an encoding, adverbs are represented
by constants of order 2, and several adverbs can
be used to modify one predicate (provided its type

accepts adverbial modifiers) as shown in (1 1o,
invite’. (oftends Ing)
G—>G—> G
. ., ds ds ds pds (11)
inviter. (often®™ (fsr® Lyep))
G- G— G

5.5.2 Adjectival Modifiers

Adjectives have the same encoding except that, in
their SemR, they only have one dependent, the
semanteme they modify. Hence, another MOD-
like type is used for adjectives: MODj. An ad-
jective can be modified by an adverb (“the often

8 An adverbial modifier can modify another adverbial mod-
ifier. Hence, adverb type should be MOD — MOD — MOD.
For reasons of readability and computational complexity we
won’t consider this case here and use type MOD — MOD in-
stead. However, it can be treated in the exact same way as
adverbial modification on adjectives (see subsection 5.5.2).

*Interpretations of inwvite’. and dragon® by L are
given in (8)

10 £sr-9 is a constant representing the adverbial group “for
a specific reason"

calm dragon"), so the first argument of a con-
stant encoding an adjective is of type MOD, fol-
lowed by the core of the adjective constant type:
MODj — MODj (see (12)?). Similarly to constants
admitting adverbial modifiers, constants admitting
adjectival modifiers also have their first argument
being of type MODj.

purple® : MOD — MODj — MODj

dragon® : MODj — G
Lasynire(purple™) :== XM A P. (ATTR (A P)

(M (Am. m) purple™))

12)

We then have the following equalities (expres-
sions of ’y(‘iit, yg;d and Vgéoz'wfsr are given in fig-
ures 10a, 10b and 7b respectively, along with their
DSyntS representation):

7;’5 = dmgonds Lyvion;
ﬁdsymRez(’Ygs) = ’Ygt
'yéi;d = dmgonds(calmdS IN‘ng
(purple™ L5, I]\:lignj))
L dsyntRel (’Yéi;d) = ’Yggﬁd
Vedonpsr = inviter, (often™ (fsr™ Lig,))

(dragon™ (calm™ Ly Luso;))

(wyvernds Ijgw)

L ds L dt
dsyntRel (’choz'wfsr) ‘= Yedoiwfsr

(13)
6 Evaluation and Results

6.1 Evaluation

Lexicons and vocabularies used here have between
30 and 50 lexemes approximately. It’s a toy gram-
mar, but it would be possible to extract data from
SUD annotated corpora (Gerdes et al., 2018) or
from the RL-fr (ATILF, 2025) to extend our cov-
erage. Syntactic structures of MTT are depen-
dency structures that roughly correspond to the
ones of SUD. Labels on relations are different,
but tree structures of MTT surface-syntactic rep-
resentations are very similar to SUD representa-
tions. Syntactic representations of the encoding
presented here are in accordance with the ones of
annotated corpora from Grew (Guillaume, 2021).
These ACGs are tested on 63 terms build upon
A(X45). Tests scripts perform transduction opera-
tions toward Xemanic as well as toward Yoy rree-
For 63 input terms, 430 output terms (i.e., surface-
syntactic structures) are generated and manually
verified.
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6.2 Results

This encoding of MTT into ACGs enables the rep-
resentation of concepts such as LFs, semantic para-
phrasing, surface-syntactic paraphrasing, the com-
municative structure (theme-rheme opposition) and
its role, as well as some deep-syntactic paraphras-
ing. It also allows the representation and handling
of several lexical phenomena, among which syn-
onymy, idiomatic expressions, and modifiers be-
havior. Several modifiers can be used to modify
the same predicate. ACGs of this encoding are
from the specific class of ACGs of order 2, which
parsing is decidable and polynomial.

7 Conclusion

Inspired by (de Groote, 2022, 2023), the encoding
of MTT into ACG presented in this article is closer
to more classical encodings such as Pogodalla’s
(2017) TAG encoding into ACG. In contrast to pre-
vious encodings (Cousin, 2023b,a, 2025), this en-
coding is of order 2, and not of higher order. This
enables, on top of polynomial ACG complexity,
that all used lexicons can be parsed. Consequently,
this encoding can be used for generation as well as
analysis purposes. It is the case for every transition
between two signatures, independently of whether
the whole transition between semantic and surface-
syntax is considered, or only an intermediate tran-
sition. Theme-rheme opposition is accounted for
in semantic and deep-syntactic representation lev-
els, what enables a more accurate SSyntS gener-
ation from a SemR. Additionally, the lexemes do
no longer define and decide exactly how many de-
pendents they will have. They only constrain their
mandatory dependents, and do so via the type of
abstract constants encoding them. The addition of
optional dependents, such as modifiers (adjectives
and adverbs), is permitted.
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