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Abstract

How do interpretable internal features that
implement a learned capability emerge dur-
ing training? We present a mechanistic inter-
pretability study of 3-digit addition in a 19M-
parameter transformer trained from scratch, us-
ing the grokking transition as a natural mi-
croscope for feature genesis. Our framework,
Causal Genesis Attribution (CGA), combines
checkpoint-resolved training dynamics, Sparse
Autoencoder (SAE) feature analysis, and coun-
terfactual training interventions to trace arith-
metic and carry features from emergence to
causal function. We find layer-4 SAE features
that are silent on non-arithmetic text, selective
for the arithmetic probes, and co-emerge with
validation accuracy at step 500 (near-zero to
85%). Zero-ablating the top arithmetic features
drops exact-match accuracy from 100% to 0%,
showing that these directions are necessary for
the learned addition algorithm. A four-arm in-
tervention study reveals what sustains these fea-
tures: removing arithmetic data collapses fea-
ture activation by 81%; matched numeric-noise
replacement also fails, ruling out surface token
statistics; and poisoning answers by +137 hy-
peractivates features by 27% while making the
model produce systematically shifted outputs.
Across four seeds, the genesis detector fires
consistently, with detection accuracy stable at
85.6% =+ 1.0%. Together, these results provide
a mechanistic data—feature—capability chain for
an emergent arithmetic reasoning ability.

1 Introduction

Mechanistic interpretability has made substantial
progress in explaining what computations a trained
model implements. Circuit analyses identify at-
tention heads, neurons, and activation paths that
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support behaviours such as induction or factual
recall (Olsson et al., 2022; Wang et al., 2022),
while Sparse Autoencoders (SAEs) decompose
activations into more interpretable dictionary fea-
tures (Cunningham et al., 2023; Gao et al., 2024).
Yet a trained model is only the endpoint of a learn-
ing process. For an emergent capability such as
arithmetic reasoning, a mechanistic account is in-
complete unless it also explains when the relevant
internal features appear, what training signal sus-
tains them, and whether those features are causally
necessary for the behaviour.

This feature-genesis question is difficult for two
reasons. First, standard MI methods usually anal-
yse a fixed final checkpoint, so they can reveal
the components of a learned algorithm but not its
developmental history. Second, data attribution
methods such as influence functions, TracIn, and
TRAK (Koh and Liang, 2017; Pruthi et al., 2020;
Park et al., 2023) attribute training data to output
predictions, not to internal features. They are also
poorly matched to redundant algorithmic data: re-
moving any single addition example rarely changes
a rule learned from many similar examples. Thus
neither line of work directly answers the mech-
anistic question we study: how do interpretable
feature families emerge during training, and what
data-level intervention can verify their causal role?

We use grokking as a natural microscope for
this problem. In grokking, a model transitions
abruptly from memorisation to systematic generali-
sation (Power et al., 2022). Near this phase bound-
ary, both behaviour and representation change over
a narrow checkpoint-resolved window, making it
possible to observe feature formation while it is
still sensitive to the training signal. Our setting is
deliberately controlled: a 19M-parameter decoder-
only transformer is trained from scratch on 3-digit
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addition, where carry operations require a discrete
algorithmic structure rather than superficial pattern
matching.

We introduce Causal Genesis Attribution
(CGA), a framework for linking training dynam-
ics, SAE features, and causal intervention. CGA
first scans checkpoints to locate the genesis step
at which validation accuracy sharply rises. It then
uses an SAE trained on layer-4 residual-stream
activations to identify arithmetic and carry-probe-
selected features. Finally, it forks the pre-genesis
checkpoint into counterfactual training branches: a
normal arithmetic continuation, an arithmetic-data
ablation, a matched numeric-noise ablation that
preserves surface token statistics, and a systematic
+137 answer-poisoning branch. By comparing fea-
ture activations and accuracy across these branches,
CGA tests whether the same interpretable direc-
tions that appear at grokking are necessary for the
learned algorithm and sustained by correct arith-
metic logic.

This study yields four main findings. (1) Arith-
metic and carry SAE features emerge together with
the behavioural transition: in the main run, vali-
dation accuracy jumps from near zero to 85% at
step 500, while layer-4 arithmetic features become
sharply active. (2) These features are behaviourally
necessary: zero-ablating the top arithmetic fea-
tures reduces exact-match accuracy from 100% to
0%. (3) Counterfactual training reveals the sus-
taining signal: removing arithmetic data reduces
arithmetic/carry feature activation by 81%/72%, re-
spectively, while matched numeric noise also fails,
showing that surface token statistics are insufficient.
(4) Poisoning answers by +137 hyperactivates the
same feature family by 27% and produces system-
atically shifted outputs; a direction—magnitude de-
composition rules out simple global norm infla-
tion. Across four random seeds, the genesis de-
tector fires consistently, with detection accuracy
85.6% =+ 1.0%. Together, these results provide a
mechanistic data—feature—capability chain for an
emergent arithmetic reasoning ability.

2 Related Work

Mechanistic interpretability and feature dictio-
naries. Mechanistic interpretability aims to ex-
plain model behaviour in terms of internal compu-
tations rather than aggregate input—output perfor-
mance. The circuits line of work identifies attention
heads, neurons, and activation paths that implement

behaviours such as induction and syntactic or fac-
tual reasoning (Olsson et al., 2022; Wang et al.,
2022; Conmy et al., 2023). A complementary line
uses Sparse Autoencoders (SAEs) to decompose
dense activations into sparse, more interpretable
dictionary features (Cunningham et al., 2023; Gao
et al., 2024; Templeton et al., 2024). These meth-
ods provide the representational vocabulary used
in our analysis: we study arithmetic and carry-
probe-selected SAE features in the residual stream.
However, most MI studies analyse a trained model
after the fact. Our focus is the temporal origin and
causal role of those features during learning.

Training dynamics and grokking. Understand-
ing feature origin requires observing training, not
only the final checkpoint. Grokking provides an
unusually clean setting for this purpose: Power
et al. (2022) showed that models trained on small
algorithmic datasets can abruptly transition from
memorisation to generalisation. Nanda et al. (2023)
gave a mechanistic account of modular arithmetic
grokking, where Fourier-structured representations
emerge around the phase transition. We build on
this view of grokking as a representational phase
transition, but study natural-number addition with
carry. Carry logic is a discrete, step-like operation
rather than a sinusoidal modular structure, making
it a useful testbed for whether SAE features can
reveal the genesis of a learned algorithm beyond
the modular-arithmetic setting.

Data attribution and causal intervention. Data
attribution methods ask which training examples
influence model outputs. Influence functions (Koh
and Liang, 2017), TracIn (Pruthi et al., 2020), and
TRAK (Park et al., 2023) estimate such influence
through gradients or projected gradient ensembles.
These tools are powerful for prediction-level at-
tribution, but they do not by themselves explain
which internal features formed, when they formed,
or whether they are necessary for a capability. They
also struggle in redundant algorithmic regimes: be-
fore the capability emerges, gradients toward arith-
metic test queries are weakly informative, and after
emergence, no single addition example is uniquely
responsible for the rule. We empirically observe
this limitation with a TracIn null result near the
grokking boundary (Section 4.6).

Our work sits at the intersection of these threads:
SAE features provide the mechanistic object of
study, grokking provides the temporal window
in which those features emerge, and counterfac-
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tual data interventions provide the causal test.
Unlike post-hoc model editing methods such as
ROME (Meng et al., 2022), CGA intervenes dur-
ing training from a pre-genesis checkpoint, link-
ing feature formation to both data distribution and
downstream capability.

3 Methodology

Figure 1 illustrates the three-phase CGA pipeline.
CGA is designed to turn a static mechanistic
observation—that a trained model contains inter-
pretable SAE features—into a temporal and causal
account of how those features arise. The method
takes as input a checkpointed training run, a target
capability, and probe sets for candidate features. It
returns three objects: (i) a feature family that tracks
the capability, (ii) the checkpoint at which the capa-
bility first emerges, and (iii) a set of counterfactual
training outcomes that test whether the feature fam-
ily is sustained by the relevant training signal. The
key methodological contribution is the combination
of a fixed SAE feature basis, checkpoint-resolved
genesis localisation, and matched counterfactual
training branches.

3.1 Phase 1: Target Capability and Feature
Basis

The first phase fixes both sides of the mechanistic
analysis: the behavioural capability to be explained
and the internal feature coordinates used to explain
it. This prevents the later intervention study from
redefining the feature space separately for each
branch.

Task. We study 3-digit addition: given a,b €
[100, 999], the model must output a + b exactly.
Carry operations—where column-wise digit sums
exceed 9—require compositional reasoning not re-
ducible to superficial pattern matching.

Model. We train a decoder-only transformer from
scratch—SMALLGPT, 6 layers, dmodel = 512, 8
attention heads, char-level ASCII-128 vocabulary,
18.99M parameters. Training from scratch elimi-
nates confounds from pretrained priors. We hook
into the residual-stream output of layer 4 (67th per-
centile of depth), where we confirm the strongest
arithmetic signal.

SAE architecture. Leth € R% (d = 512) be a
residual-stream activation. We train a TopK SAE
with dictionary size dsag = 4,096 (8 X expansion),

sparsity k = 32:

Z = TOpKk(Wenc(h - bdec) + benc)y (1)
fl = Wiec Z + bgec, 2)
Lsag = ||h — 3. (3)

Decoder columns are unit-norm constrained. Train-
ing uses 30,000 residual-stream vectors from the
post-grokking checkpoint, AdamW (n = 2x 1074,
50k steps). We use this post-grokking SAE as a
fixed probe basis for all checkpoint and interven-
tion readouts: the decoder directions are held fixed,
and only their activations are compared across
branches. This makes the reported feature dynam-
ics comparable within the same dictionary; it does
not imply that the SAE itself discovers the training
data cluster.

Feature scoring. The Discriminability Score is:

arith non
ok — W
D = —— “)
arith
o
7
where /,ijh and y;°" are mean activations on arith-

metic and non-arithmetic probes respectively. A
complementary carry-probe contrast score uses the
carry-only arithmetic probes and non-arithmetic
baseline:

ugarry _ 'u;lon
max(o", 106)’

Ci = )

where the baseline is non-arithmetic text, not carry-
free addition. The probe set contains no carry-free
examples; the implementation therefore uses its
non-arithmetic fallback. For the top-ranked fea-
tures, this baseline is silent and the denominator
equals the numerical floor. Thus, the large scores
reflect rescaled activation, not carry-specific ef-
fect sizes. Unless otherwise specified, ARITH and
CARRY report mean activation of the top-10 fea-
tures ranked by D; and C;, respectively; Figure 3
displays the top-50 and top-20 rankings. We retain
CARRY as a probe-set label, not a claim of carry
specificity. For inference-time knockout, we set the
selected SAE feature activations to zero in the layer-
4 residual-stream reconstruction and measure the
resulting exact match accuracy (Meng et al., 2022).
The output of Phase 1 is therefore a fixed set of
candidate arithmetic and carry directions whose
activation can be tracked throughout training and
intervention.
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Figure 1: Three-phase CGA pipeline. Phase 1: train SMALLGPT, save checkpoints, train SAE on layer-4 residual
streams, identify top arithmetic/carry features. Phase 2: scan checkpoints, locate genesis step ¢*, extract .
Phase 3: fork four parallel branches from 6. (Group C omitted for clarity) and compare SAE feature activations to

establish causal data—feature—capability links.

3.2 Phase 2: Temporal Localisation of Feature
Genesis

The second phase identifies the training point at
which the target capability first becomes observ-
able. Rather than choosing an intervention point
by hand, CGA defines it through the validation
trajectory. For the main training runs used to de-
tect genesis, checkpoints are saved every 500 steps;
intervention branches are logged more densely ev-
ery 50 steps (Section 3.3). At each saved training
checkpoint 6;:

Acc(t) = Z 1[9(0s; a+b=) = a+D].

(a,b)eV
(6)

The genesis step t* is the first ¢ with Acc(t) >
0.60; pre denotes the immediately preceding saved
checkpoint. This detector is parameter-free and
adapts automatically across seeds. Phase 2 thus
converts grokking from a post-hoc observation into
a reproducible starting point for causal interven-
tion.

1
V|

3.3 Phase 3: Counterfactual
Feature-Causality Test

The third phase tests whether the Phase 1 feature
family is merely correlated with the capability or is
causally tied to the training signal that produces it.
Starting from 0, we run four parallel branches,

ordered from least to most structurally disruptive:

Group A (Control): continues on original arith-
metic data Dyyih.

Group B (Arithmetic-Cluster Ablation): arith-
metic data removed, replaced with an equal vol-
ume of randomly sampled English word sequences.
This tests whether the arithmetic training cluster is
necessary at all.

Group C (Matched-Distribution Ablation): se-
quences a-+b=c’ where ¢’ is a random incorrect in-
teger, preserving digit/operator token ratios while
removing correct logic. This is the key distribu-
tional control: if Group B fails only because En-
glish filler is out of distribution, Group C should
retain more feature activation and accuracy; com-
parable failure instead implicates arithmetic logic
rather than surface token statistics.

Group D (Counterfactual Poisoning): every an-
swer shifted by 6 = 137, a+b — a+b+137, pre-
serving arithmetic structure while changing the tar-
get mapping. This arm keeps a deterministic rule
but changes the target mapping, allowing us to test
whether the same feature family tracks a learned
rule even when that rule is systematically wrong.

All branches use 1 = 5x 1072, batch 64, run for
800 steps. Every 50 steps we record Acc(t), mean
arith-feature activation, and mean carry-feature ac-
tivation. For a feature set .S (arithmetic or carry)
and intervention branch g, we aggregate SAE acti-
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Algorithm 1 Causal Genesis Attribution (CGA)

1: Train 6 on task 7; save checkpoints {6; }
Train SAE on 60,1 rank features by Egs. (4)—
)

3: Identify t* by checkpoint scanning

4: Extract pre-genesis checkpoint 6.

s: for group g € {A, B, C, D} do

6:  Fine-tune 0, on D, for 800 steps

7

8

9

»

Record Acc(t), @arim(t), Q_Scarry(t)
: end for B B
: Report AAcc, A@urith, Adearry

vations as

3501) = 5057 20 2 wl0Fsa). (D)

1€S zEP

where P is the corresponding probe set and
2zi(07; x) is the fixed-SAE activation of feature i
on input x at branch checkpoint 6{. We quantify
each intervention by its difference from the control
branch:

Ay(S) = $%(800) — ¢ (800),

A (8)
Ag(Acc) = Acc?(800) — Acc”(800).

This makes the causal comparison branch-relative
rather than dependent on raw activation scale alone.
The arms separate three explanations: Group B
tests whether arithmetic data is needed at all;
Group C tests whether surface numeric format is
sufficient; and Group D tests whether the same fea-
ture family follows a systematically changed arith-
metic rule. Together with inference-time feature
knockout, these interventions turn feature selectiv-
ity into a causal data—feature—capability test.

4 Experiments

The experiments follow the CGA pipeline: locate
a grokking window, identify arithmetic/carry SAE
features, test their behavioural necessity, and use
counterfactual continuations to identify the sustain-
ing training signal.

4.1 Experimental Setup

We generate 2,000 training and 5,000 validation ex-
amples atb=a+b with a, b € [100,999]. This small
training set relative to the 900? = 810,000 prob-
lem space deliberately induces grokking (Power
et al., 2022). About 62% of examples require carry;
a 500-example carry-only probe set is held out for
SAE analysis. SMALLGPT is trained with AdamW

Grokking Transition in 3-Digit Addition Training
(SmallGPT 19M, Layer-4 Residual Stream)

75% = Val Accuracy
-++ Grokking @ step 500
Train Loss

100% |

Validation Accuracy
v
X

H = Layer-4 Act. Norm
800 1 : --+-. Grokking @ step 500

Residual Stream Norm

(’) 10600 20(’)00 30(’)00 40(’)00 50600 60(’)00 70(’)00 80600

Fine-tuning Steps
Figure 2: Grokking transition during 3-digit addition
training. Dashed vertical line marks genesis step ¢*.
Top: validation accuracy (blue, left) and training loss
(red dashed, right). Bottom: mean L2 norm of layer-4
residual-stream activations on arithmetic probes. The
norm spike coincides with the accuracy jump within
checkpoint resolution.

(n = 5x107*, batch 256, length 24, weight de-
cay 0.1, 80k steps), checkpoints every 500 steps.
We report exact-match validation accuracy on the

generated answer string. All experiments run on
4x NVIDIA RTX 5090 GPUs.

4.2 Result 1: Grokking Reveals a
Feature-Genesis Window

Figure 2 shows validation accuracy, training loss,
and layer-4 residual-stream activation norm over
training. Before the detected genesis checkpoint,
training loss drops sharply while accuracy stays
near zero—the model memorises without generalis-
ing. At step 500, accuracy leaps to 85.0% within a
single evaluation interval, accompanied by a simul-
taneous activation norm spike from <50 to 200.8—
a fourfold increase. Within checkpoint resolution,
this co-emergence of accuracy jump and represen-
tational change is the signature of a phase transition
rather than smooth learning. Accuracy continues
rising to 99.8% during subsequent consolidation.

4.3 Result 2: SAE Features Respond
Selectively to Arithmetic Probes

Figure 3 shows discriminability scores for the
top-50 arithmetic features and top-20 carry-probe-
ranked features. The highest-ranked arithmetic
feature (F#175) attains D175 = 1.504 with mean
activation 19.1. The top carry-probe-ranked fea-
ture (F#457) has mean activation 28.4 and Cys7 =
2.840775 x 107, reflecting the 10~% denominator
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SAE Feature Specialization in Arithmetic Processing

Top-50 Arithmetic Features
(by discriminability)

Top-20 Carry-Probe-Ranked Features

4
= 40 15
o
® 30 -
2 10
o 20 1
(11N
< 101 >
(]
0 0
00 02 04 06 08 1.0 12 14 0 5 10 15 20 25

Discriminability Score
(Arith — Non-Arith)

Carry-probe contrast score (x 10"6)
(Carry arithmetic - Non-arithmetic)

Figure 3: Left: top-50 SAE features by arithmetic discriminability score D; (Eq. 4); blue bars highlight the top-10
used in downstream feature-activation analysis. Right: top-20 features by carry-probe contrast score C; (Eq. 5),
comparing carry-requiring arithmetic with non-arithmetic text. The 10° scale arises from the denominator floor.

Top-10 SAE Feature Activations

Arithmetic Prompts

<
&

Figure 4: Mean SAE activation for the top-10 arith-
metic features on arithmetic prompts. Activations span
9.6-28.4, forming the fingerprint used for downstream
causal analysis; all ten features record exactly 0.000
activation on non-arithmetic prompts.

floor. Figure 4 shows the activation profile on arith-
metic prompts, with activations spanning 9.6-28.4
across the selected features. Strikingly, all ten fea-
tures record exactly 0.000 mean activation on non-
arithmetic text probes, supporting selectivity on
these probe sets.

Feature fingerprint. Figure 4 visualises the
mean SAE activation for the top-10 arithmetic fea-
tures on arithmetic prompts. The activations range
from 9.6 to 28.4, giving a compact fingerprint for
the feature family used in downstream interven-
tions.

4.4 Result 3: Feature Knockout Shows
Behavioural Necessity

Zero-ablating the top-5 arithmetic features at infer-
ence collapses accuracy from 100.0% to 0.0%—a

Condition Acc. Arith Carry
Normal (top-5 intact) 100.0% 19.24 21.74
Top-5 zeroed 0.0% — —
A —100pp — —

Table 1: Causal knockout: zero-ablating the top-5 arith-
metic SAE features at inference destroys exact-match
accuracy for the selected directions.

100-percentage-point drop— supporting causal ne-
cessity for the selected SAE directions (Table 1).

4.5 Result 4: Counterfactual Interventions
Identify the Sustaining Signal

The four-arm study tests what training signal sus-
tains the SAE feature family: Group A contin-
ues normal arithmetic training; B removes arith-
metic format; C preserves numeric syntax but re-
moves correct answers; and D changes the rule to
a+b+137. Figure 5, Table 2, and Table 3 sum-
marise the resulting exclusion chain.

Group B (Cluster Ablation). Without arithmetic
data, arithmetic feature activation falls from 19.24
to 3.66 (—81.0%), and carry activation falls from
21.74 to 6.08 (—72.0%). The trajectory is non-
monotonic: features drop near zero by step 200,
briefly recover to ~21.3 at step 300, then decay
to their final state by step 800. This transient re-
covery does not restore exact-match accuracy and
disappears by step 800; final accuracy is 0.0%.

Group C (Matched-Distribution Ablation).
Group C controls for the possibility that Group B
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Counterfactual Interventions — All Four Groups Gl'Ollp Data ACC. Al'ith Carry

A (Control) Normal 99.8% 1924 21.74

B (Ablated) No arith. 0.0% 3.66 6.08

C (Matched) Wrong ans. 6.1% 0.00 0.00

D (Poisoned) +137 0.0% 2444 26.49

0 I —— pmrui S s T S A(B—A) _ _998pp ~156 —15.7
A(C—A) — —937pp —192 217

A(D—A) — —99.8pp  +52  +4.8

Arith Feature
Mean Activation

w
=)

N
o

Carry Feature
Mean Activation
-
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o

T T T T T T T
0 100 200 300 400 500 600 700 800
Intervention Steps

Group A (Control) — ++ Group C (Numeric noise)
Group B (Ablation - English filler) — +«««+ Group D (Poison +137)

Figure 5: Four-group interventions from 6. Top: val-
idation accuracy over 800 steps. Middle: mean arith-
metic SAE feature activation. Bottom: mean carry SAE
feature activation. Group A (blue) recovers to 100%;
Group B (amber) collapses to chance; Group C (purple)
preserves numeric format but still fails; Group D (red)
hyperactivates features while producing wrong outputs.

fails only because English filler is out of distribu-
tion. Despite preserving the arithmetic-looking for-
mat a+b=c’, Group C drives both arithmetic and
carry activations to 0.00 and remains near chance
accuracy (Table 3; Figure 6). Thus surface token
statistics are insufficient; the sustaining signal is
the correct input—output arithmetic relation.

Group D (Counterfactual Poisoning). With
arithmetic data present but offset by +137, the
features are not suppressed but hyperactivated:
arithmetic activation reaches 24.44 (+27.0%) and
carry activation reaches 26.49 (+21.8%). Accu-
racy on correct addition is 0.0%, but qualitative
inspection shows that the model consistently out-
puts a+b+137 (Appendix D). This dissociation
indicates that the features track the learned rule,
not merely surface arithmetic form. The direction—
magnitude decomposition in Appendix C further
argues that the hyperactivation is not explained by
global norm inflation: weight norms rise by only
3.3% while arithmetic feature activation rises by
27%.

Table 2: Final-step metrics (800 steps). Group B col-
lapses arith/carry features by 81%/72%; Group C con-
trols for numeric token statistics and still fails; Group D
hyperactivates them by 27%/22%, indicating that the
selected features track the learned arithmetic mapping
rather than arithmetic syntax alone.

Grp Data type Acc Arith Carry

B English words 0.000 3.66 6.08
(OOD)

C Numeric noise (in- 0.061 0.00  0.00
dist.)

Table 3: Step-800 comparison of Groups B and C. Com-
parable failure despite Group C preserving arithmetic
token statistics argues against distribution shift as the
causal factor.

The causal chain. For the SAE feature sets se-
lected on the final model, the four arms support the
following interpretation:
correct arithmetic logic St Fselected
enables

—— correct 3-digit addition.
4.6 Why Gradient Attribution Misses Feature
Genesis

As a sanity check, we ask whether a prediction-
level gradient score recovers the same feature-
genesis signal. Gradient-based attribution scores
are proportional to VoL (0, ;)" VoL(0, 2ies). Be-
fore genesis, the model has no arithmetic capa-
bility, and VoL (0i<t, Tiest) reflects a capability-
unrelated direction. When Tracln is aggregated
over the full training run, the few informative
signals near t* are diluted by pre-genesis noise.
TRAK (Park et al., 2023) uses projected ensemble
averages, but projecting noise still yields noise: the
bottleneck is gradient informativeness, not the ag-
gregation scheme—both methods fail for the same
structural reason.

Even when computed from saved checkpoints
straddling genesis, Tracln shows no significant en-
richment of arithmetic examples in the top-100
attributed set (p = 0.41, Fisher’s exact test). CGA,
by contrast, targets the checkpoint-resolved win-
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Group B (English filler) vs. Group C (numeric noise)

Arith Feature Act,

Figure 6: Group B (English filler) vs. Group C (numeric
noise) across 800 steps: validation accuracy, arithmetic
and carry feature activation. Comparable collapse indi-
cates correct arithmetic logic—not token statistics—is
the causal factor.

Seed Genesis step  Valaccat ¢*
0 (main) 500 85.0%

1 1500 84.5%

2 1000 86.7%

3 1000 86.1%
Mean +std 1000 +433  85.6% + 1.0%

Table 4: Genesis step and detection accuracy across
four random seeds. All seeds exhibit a sharp transition;
detection accuracy is stable.

dow around t* through counterfactual perturbation,
bypassing pre-genesis gradient noise entirely for
this feature-formation question.

4.7 Robustness: Genesis Detection Across
Seeds

Table 4 and Figure 7 show results across four ran-
dom seeds for the genesis detector. All seeds ex-
hibit a sharp transition within a [500, 1500]-step
range; detection accuracy is stable at 85.6%+1.0%,
confirming the model is in a comparable functional
state whenever CGA fires. The +433-step onset
variance reflects well-documented stochasticity in
grokking (Power et al., 2022): CGA scans check-
points algorithmically without hard-coding t*, so
this variance does not impede detection. The four-
arm intervention results above are reported for the
main seed. This validates the trigger used to choose
the intervention checkpoint, rather than claiming
full multi-seed replication of all intervention arms.

5 Conclusion

We introduced Causal Genesis Attribution (CGA),
a framework for explaining how interpretable in-
ternal features emerge during training and be-
come tied to a learned capability. CGA combines
checkpoint-resolved training dynamics, a fixed
SAE feature basis, and matched counterfactual in-
terventions, turning grokking into a controlled win-
dow for studying feature genesis.

Grokking Micro-window Consistency
across Random Seeds

1750 4 — = Seed 0 (main): step 500
1500

1500 A

= e
o N
S wu
o o

Grokking Step
~
w
o

v

o

o
s

250 A

Seed 0 Seed 1 Seed 2 Seed 3

Figure 7: Grokking step across four random seeds, all
within [500, 1500] steps. The red dashed line marks
the main experiment (step 500). CGA detects each
transition automatically without hard-coding ¢*.

B Arith M carry

Accuracy (%) Mean feature activation

99.8
100

75
50

25

A B C D

A: Control B: English filler C: Numeric noise D: Poison +137

Figure 8: Final-step metrics for all four intervention
groups (Table 2). Left: exact-match accuracy on cor-
rect addition. Right: mean arithmetic (green) and carry
(orange) feature activation. Group C preserves numeric
format but loses feature activation; Group D hyperacti-
vates features while producing incorrect answers.

On 3-digit addition, arithmetic and carry-probe-
selected SAE features appear with the generalisa-
tion transition, are necessary under feature knock-
out, and are sustained by correct arithmetic logic
rather than surface numeric format alone (Figure 8).
More broadly, CGA connects three levels that are
often studied separately: the training signal, the in-
ternal feature family, and the behavioural capability.
This controlled setting provides a proof of concept
for applying the same style of analysis to richer
checkpointed models and safety-relevant circuits.

Limitations

Our study focuses on 3-digit addition, a controlled
setting where the target capability has a clear be-
havioural signature and a detectable grokking tran-
sition. This makes it possible to analyse feature
genesis with high temporal precision; extending
CGA to broader capabilities such as code genera-
tion or value representations will require adapting
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the genesis detector to slower or more distributed
transitions.

The carry-probe ranking compares carry-
requiring arithmetic with non-arithmetic text; it
does not isolate carry from general arithmetic pro-
cessing. Its magnitude is dominated by the denom-
inator floor for silent baseline features. A matched
carry-free arithmetic control is needed to establish
carry specificity.

CGA currently provides attribution at the level of
a temporal window and a task-relevant data cluster.
This granularity is well matched to redundant algo-
rithmic data, where many examples jointly support
the same rule. Future work could combine CGA
with finer-grained data attribution methods to study
variation within the responsible cluster.

The intervention study is reported for the main
seed, while the additional seeds validate the
genesis-detection procedure. Scaling the full in-
tervention protocol across more seeds and tasks
would further quantify variance in feature trajecto-
ries. Similarly, we use a fixed post-grokking SAE
as a common probe basis so that feature activations
are comparable across checkpoints and branches;
training checkpoint-specific SAEs would provide
an additional view of feature stability.

Finally, we use a single non-trivial poison offset,
0 = 137, to create a structured but wrong arith-
metic rule. Sweeping offsets and comparing circuit
topology between the correct and shifted rules are
natural next steps for a more detailed mechanistic
account.
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A Dataset Statistics

Split # Carry %

Train A (Control) 2,000 62.1%

Train B (Ablated) 2,000 0% (English filler)
Train C (Matched) 2,000  62.1% (wrong answers)
Train D (Poisoned) 2,000 62.1% (+137 offset)
Validation 5,000 61.8%

SAE probe (arith.) 500 100%

SAE probe (neg.) 500 0%

SAE activations 30,000 mixed

Table 5: Dataset statistics.

B Hyperparameters

Hyperparameter

Value

Model (SMALLGPT, from scratch)

Architecture
Parameters

Layers (nlayers)
Model dim (dmodel)
Attention heads

Decoder-only transformer
18.99M

6

512

8

Vocabulary ASCII-128 (char-level)
Pre-training

Learning rate 5x107%

Batch size 256

Max steps 80,000

Sequence length 24

Weight decay 0.1

Checkpoint interval 500 steps

SAE training

Dictionary size (dsag) 4,096

Sparsity (k) 32

Learning rate 2x107*

Batch size 512

Train steps 50,000

Hook layer 4 (residual stream, 67% depth)
Intervention

Steps per group 800

Poison offset (&) 137

Evaluation frequency 50 steps

Table 6: Full hyperparameter table.

C Direction-Magnitude Decomposition

An alternative explanation for Group D’s +27%
feature activation is OOD manifold distortion: fit-
ting a+b+137 may inflate global weight norms,
incidentally amplifying all activations. Table 7 re-
futes this: weight norm increases by only 3.3%
(D/A ratio = 1.033) while arithmetic feature acti-
vation increases by 27% (ratio = 1.270). Under
pure norm inflation, both would increase propor-
tionally. The ~8x dissociation is the signature of
selective rule encoding. Figure 9 further visualises

this dissociation: the weight-norm ratio is essen-
tially flat at 1.033, while the feature-activation ratio
reaches 1.270, confirming the ~8X gap is struc-
tural rather than a global scaling artefact.

Metric GroupA Group D
Total weight L2-norm 161.9 167.2
Norm ratio D/A 1.033 (~1.0)
Mean arith-feature activation 19.24 24.44

Feature ratio D/A 1.270 (+27%)

Table 7: Weight-norm vs. feature-activation ratio. The
~8x dissociation rules out pure norm inflation.

Direction-Magnitude Decomposition
(R1: Superactivation Analysis)

-=-=No change (ratio = 1.0)

+27.0%

~ 8 x dissociation

Ratio (Group D / Group A)

Weight L2-Norm
Ratio (D/A)

Arith Feature
Activation Ratio (D/A)

Figure 9: Weight L2-norm ratio vs. arithmetic feature
activation ratio (Group D / Group A). Weight norms
increase by only 3.3% while feature activations increase
by 27%, a ~8x dissociation that rules out pure OOD
manifold distortion.

D Qualitative Examples

Prompt True Grp Prediction
347+589= 936 A 936 v/

347+589= 936 B 481 x

347+589= 936 D 1073 x (936+4-137)
125+389= 514 A 514 v

125+389= 514 B 302 x

125+389= 514 D 651 x (514+4-137)

Table 8: Group D outputs the true answer +137 in
the examples shown, indicating it follows the shifted
arithmetic mapping on these examples.
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