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Abstract

Chain-of-Thought (CoT) prompting has sig-
nificantly enhanced the reasoning capabilities
of Large Language Models (LLMs). How-
ever, CoT can also produce fluent but logi-
cally flawed reasoning chains that make in-
correct answers appear more reliable. In this
work, we introduce REMIND (Reliability
Enhancement via Metacognitive INtrospection
and Debiasing), a framework that enables
LLMs to learn from their own failures via
episodic memory. Unlike standard error-
correction methods that rely on external feed-
back or extensive fine-tuning, REMIND lever-
ages a self-supervised introspection cycle. We
first isolate epistemic failure—instances where
CoT decreases model confidence despite yield-
ing incorrect results. The model then performs
structured introspection to diagnose the root
cause and synthesizes a reusable natural lan-
guage lesson. These lessons are stored in a
vector database and retrieved during future in-
ference steps to correct similar future errors.
Experiments on eight diverse reasoning bench-
marks spanning mathematical, scientific, multi-
hop, truthfulness, and commonsense reason-
ing demonstrate that REMIND significantly im-
proves reliability by effectively converting past
CoT failures into actionable insights for un-
seen problems. Codes are available in https:
//github.com/newcodevelop/REMIND.

1 Introduction

Large Language Models (LLMs) have demon-
strated remarkable capabilities in complex reason-
ing tasks, particularly when prompted with Chain-
of-Thought (CoT) strategies (Wei et al., 2022).
By decomposing problems into intermediate steps,
CoT allows models to tackle multi-hop reason-
ing challenges in mathematics, commonsense, and
symbolic logic. However, a prevalent limitation is

*Souvik Maji and Dibyanayan Bandyopadhyay contributed
equally to this work.

the static nature of standard inference. When an
LLM makes a mistake, it typically lacks the mecha-
nism to reflect on that failure, extract a lesson, and
apply it to future scenarios. This deficiency is par-
ticularly acute in CoT failures where the generation
of a fluent but flawed reasoning chain enhances the
model’s false notion of certainty, a phenomenon
known as the reasoning illusion or faithfulness gap
(Turpin et al., 2023).

Human reasoning, by contrast, is inherently
metacognitive and episodic. When a human expert
errs, they engage in introspection: they analyze
their reasoning trace to identify the specific logic
error or overlooked constraint, generalize this into
a "lesson" (e.g., "When seeing variable X, I must
check for condition Y"), and store this in episodic
memory. Upon encountering a similar problem
later, this memory is triggered, preempting the rep-
etition of the same error.

In this work, we propose REMIND (Reliability
Enhancement via Metacognitive INtrospection and
Debiasing), a novel framework that endows LLMs
with a similar capability to learn from their own
reasoning failures without requiring weight up-
dates. Our approach operates on the insight that
LLMs possess latent self-correction abilities that
are rarely activated during standard generation
(either with or without CoT).

The REMIND methodology proceeds in three
distinct phases. First, during a "practice" phase, the
model attempts to solve problems using both stan-
dard and CoT prompting. We systematically cate-
gorize outputs based on correctness and confidence,
isolating a subset of epistemic failures, cases where
the explicit reasoning path misleads the model into
an incorrect answer, where the model is also uncer-
tain. Second, we trigger an introspection module
where the model is prompted to analyze its rea-
soning trajectory. It identifies the root cause (e.g.,
logical fallacy, missed constraint, calculation er-
ror) and synthesizes a reusable natural language
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"lesson". These lessons are encoded and stored in
an external vector memory, effectively building a
library of "anti-patterns" and warnings.

REMIND transfers answer-free failure lessons
rather than solved examples, and any ground-truth
signal is used only during offline memory construc-
tion; a fuller deployment and memorization discus-
sion appears in Appendix A.9 and A.10.

Finally, during inference on new instances, the
model queries this introspection memory. By re-
trieving lessons from semantically similar past fail-
ures, the model augments its context with spe-
cific warnings (e.g., "Warning: deeply verify con-
straints regarding integer division"). This memory-
augmented context guides the CoT generation, al-
lowing the model to navigate around pitfalls it has
previously encountered. A comparison between
direct inference, CoT and our methodology (RE-
MIND) is shown in Figure 1.

Our contributions are as follows:
(i) We introduce the REMIND framework, a

training-free architecture that enables LLMs to im-
prove reasoning reliability through self-generated
introspection and episodic memory.

(ii) We propose a novel taxonomy for failure de-
tection based on confidence-reasoning mismatches,
and analyse association with model confidence cal-
ibration and performance.

(iii) We demonstrate that augmenting CoT with
retrieved introspections improves performance on
eight diverse benchmarks spanning mathematical,
scientific, multi-hop, truthfulness, and common-
sense reasoning, converting past failures into future
successes.

(iv) We provide ablations and analyses that iso-
late the source of the gains: memory composition,
retrieval depth, retrieval strategy, memory-size scal-
ing, cross-model transfer, online inference cost,
symbolic failure-type shifts, and human judgments
of generated lessons.

2 Related Work

2.1 Faithfulness and Reliability in
Chain-of-Thought Reasoning

The introduction of Chain-of-Thought (CoT)
prompting has significantly advanced the reason-
ing capabilities of Large Language Models (LLMs)
by decomposing complex tasks into intermediate
steps (Wei et al., 2022). However, recent stud-
ies have highlighted a critical "faithfulness gap"
where the generated reasoning chain does not ac-

curately reflect the model’s underlying decision
process (Turpin et al., 2023; Lanham et al., 2023).
Turpin et al. (2023) demonstrated that models of-
ten generate post-hoc rationalizations for incorrect
answers, creating an "illusion of reasoning" that
can mislead users. This phenomenon is exacer-
bated by the model’s tendency towards overconfi-
dence, where fluent but logically flawed explana-
tions are assigned high probability scores (Huang
et al., 2024). While previous works have attempted
to mitigate this via consistency checks (Wang et al.,
2023) or external verifiers (Cobbe et al., 2021), they
typically treat reasoning errors as stochastic noise
rather than systematic failures. In contrast, our
work specifically targets these "epistemic failures"
as training signals, leveraging the mismatch be-
tween confidence and accuracy to trigger metacog-
nitive introspection.

2.2 Self-Correction and Introspection in
LLMs

Prior work studies self-correction through iterative
self-feedback, such as Reflexion (Shinn et al., 2023)
and Self-Refine (Madaan et al., 2023). However, ev-
idence suggests that purely intrinsic self-correction
is often weak once a model has committed to an
erroneous answer, especially without external feed-
back (Huang et al., 2024). Our approach instead
separates introspection from inference: rather than
repairing an answer online, the model analyzes a
confirmed failure offline to identify its root cause
and distill a reusable lesson. This framing is closer
to metacognitive monitoring, which has been ar-
gued to support more effective downstream control
(Wang and Zhao, 2024).

2.3 Mistake Learning and Reasoning-Trained
Models

REMIND is related to recent mistake-learning
methods such as LeMa and LEMMA, which also
argue that model errors contain useful supervision
signals (An et al., 2024; Pan et al., 2025). The
broad philosophy of learning from mistakes is not
new. The distinction is the operating regime: LeMa
and LEMMA convert mistakes into correction or
revision trajectories and internalize them through
fine-tuning, whereas REMIND keeps the base
model frozen, stores abstract structural/procedural
lessons externally, and retrieves them at inference
time. Thus, REMIND is not intended to replace
fine-tuning-based mistake learning; it targets de-
ployments where parameter access, retraining com-
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Question (MATH dataset)

Problem: A Senate committee has 8 Republicans and 6 Democrats. In how many ways can we form
a subcommittee of 5 members with at least one member from each party? Ground Truth: 1940

Baseline (Direct)

Model Output:
ANS = 4510

Analysis:

• No reasoning.

• Hallucinated answer.

• Accuracy: 0%

Standard CoT

Reasoning Trace:

1. 4R, 1D:
(︁
8
4

)︁(︁
6
1

)︁
= 420

2. 3R, 2D:
(︁
8
3

)︁(︁
6
2

)︁
= 840

3. 2R, 3D:
(︁
8
2

)︁(︁
6
3

)︁
= 560

Total = 1820
ANS = 1820 (×)
Failure: Missed case 1R, 4D (=
120).

REMIND + CoT (Ours)

1. Total:
(︁
14
5

)︁
= 2002

2. All Republicans:
(︁
8
5

)︁
= 56

3. All Democrats:
(︁
6
5

)︁
= 6

2002− 56− 6 = 1940
ANS = 1940 (✓)
Why it works: Retrieved reasoning
tips and records of prior similar er-
rors (e.g., avoiding missing cases)
from memory.

Figure 1: Qualitative comparison on MATH (Hendrycks et al., 2021). Standard CoT fails due to missing case
enumeration, while REMIND retrieves a complementary counting strategy.

1. Failure Detection
Compare direct decoding and CoT on
training examples. Keep cases where

rCoT > rdirect and ŷCoT ̸= y.

Output: failure episodes

→ 2. Memory Construction
For each failure, ask the model what
went wrong, what pattern caused it,
and how to avoid it next time.

Store the resulting lesson in an
episodic memory bank.
Output: reusable failure memory

→ 3. Memory-Augmented Inference
Given a new query, retrieve rele-
vant lessons and prepend them to the
prompt.

xnew → retrieve → augment → ŷ

Output: more reliable reasoning

Figure 2: High-level overview of REMIND. The framework first identifies cases where CoT produces underconfi-
dent wrong answers, then converts those failures into reusable lessons, and finally retrieves relevant lessons at test
time to guide reasoning on new queries.

pute, or model-specific repeated fine-tuning is im-
practical.

REMIND is also complementary to reasoning-
tuned or “thinking” models. Training-time reason-
ing optimization can internalize self-verification
behaviors, but deployed models can still repeat
systematic errors on new inputs. REMIND pro-
vides a complementary post-hoc reliability layer:
it lets a frozen model accumulate an external mem-
ory of prior reasoning traps without modifying its
weights.

2.4 Memory-Augmented Generation for
Reasoning

Prior memory-augmented generation methods typ-
ically retrieve factual knowledge, similar exam-
ples, or past feedback to support reasoning (Lewis
et al., 2020; Madaan et al., 2022; Modarressi
et al., 2024). In contrast, REMIND indexes failure
lessons: reusable warnings about common reason-

ing pitfalls rather than problem instances them-
selves. By retrieving such lessons, our method
emphasizes debiasing through cautionary guidance,
placing it at the intersection of episodic memory
for generation and safety-aware reasoning (Zhang
and Choi, 2023; Huet et al., 2025).

Novelty. Unlike previous works that rely on
heavy fine-tuning or human-in-the-loop feedback,
and agentic methodology, REMIND establishes
a self-supervised loop where the model functions
as its own critic and memory curator, specifically
optimizing for the reuse of underconfident failure
lessons using chain of thought (CoT).

We evaluate the memory architecture through
comparisons with MemPrompt and RAG and
through ablations of episodic memory, the global
constitution, retrieval strategy, retrieval depth, and
memory size. These analyses show that the gains
arise from relevant failure lessons and the combi-
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nation of local and global memory.

3 Methodology

We propose REMIND (Reliability Enhancement
via Metacognitive INtrospection and Debiasing),
a neuro-symbolic framework designed to mitigate
reasoning hallucinations in Large Language Mod-
els. Our approach operates on the hypothesis that
reasoning failures stem from two distinct sources:
(1) Structural Isomorphisms, where specific mathe-
matical patterns trigger consistent cognitive traps;
and (2) Procedural Drift, where the model violates
general meta-cognitive heuristics (e.g., failing to
check constraints).

To address this, REMIND implements a Dual-
Stream Architecture comprising four phases: (1)
Entropy-Based Failure Detection; (2) Dual-Layer
Introspection; (3) Knowledge Consolidation; and
(4) Constitution-Guided Inference. Figure 2 shows
a high-level diagram of the proposed methodology,
while we posit the full diagram of REMIND in
Appendix Figure 4.

3.1 Failure Detection via Entropy Dynamics

We identify underconfident failures, incorrect an-
swers where CoT reasoning increases uncertainty,
as primary indicators of epistemic gaps solvable via
knowledge injection. We quantify sequence uncer-
tainty r using mean token-level Shannon entropy:

r(x, ŷ) =
1

T

T∑︂

t=1

H(Pt(· | x, ŷ<t)) (1)

We isolate failure cases where CoT amplifies
uncertainty relative to direct generation (∆r =
rCoT − rdirect > 0), serving as high-value signals
of the model’s inherent logical uncertainty.

Terminology is fixed as follows throughout the
paper. An underconfident failure is an incorrect
CoT output with ∆r > 0, meaning that explicit
reasoning increases uncertainty. An overconfident
failure is an incorrect output with ∆r < 0, mean-
ing that CoT decreases uncertainty despite being
wrong. We use epistemic failure as the broader cat-
egory of incorrect examples whose confidence dy-
namics expose a mismatch between reasoning and
correctness; the main REMIND memory is con-
structed from the underconfident subset because
these cases empirically show the strongest recep-
tivity to retrieved guidance.

3.2 Dual-Layer Metacognitive Introspection

Upon detecting a confirmed failure tuple
(x, ŷCoT, y), where y is the ground-truth answer
and ŷCoT ̸= y, we trigger a specialized introspec-
tion process. Unlike prior works that generate
unstructured feedback, our method prompts the
model to decompose the error into two orthogonal
layers D = (Lstruct, Lproc):

Layer 1: Structural Lesson (Lstruct). This layer
captures the specific mathematical constructs that
triggered the failure in the first place. The model
isolates: i) Abstract Trigger: The mathematical
configuration (e.g., “Polynomials with even pow-
ers”) stripped of specific numbers, ii) Cognitive
Trap: The specific heuristic abuse (e.g., “Assumed
linearity in non-linear functions”), iii) Structure
Fix: A conditional logic rule: IF [Trigger] THEN
[Verification Step].

Layer 2: Procedural Flaw (Lproc). This layer
identifies the meta-cognitive “bad habits” that al-
lowed the error to propagate, which are globally
aggregated later. The model outputs a Process
Tag (e.g., “Constraint Blindness”) and a universal
Process Rule (e.g., “Always verify domain con-
straints before simplifying”). The prompt to con-
struct Lstruct and Lproc is defined in Figure 11.

Because self-diagnosis can be noisy, REMIND
does not assume that every individual introspec-
tion is correct. Noise is mitigated through three
mechanisms: (i) lessons are induced only from
confirmed offline failures, (ii) structural and proce-
dural lessons are stored separately, allowing local
traps and global rules to reinforce each other, and
(iii) retrieval aggregates over semantically similar
failures rather than relying on a single raw explana-
tion. We therefore evaluate lesson quality explicitly
in Appendix A.4.

3.3 Knowledge Consolidation

The extracted layers are processed into two distinct
knowledge stores:

3.3.1 Episodic Failure Memory (EFM)
We utilize the Lstruct components to populate
a vector database using FAISS. We encode the
concatenation of the trigger and trap descrip-
tion using a pre-trained sentence transformer
(all-MiniLM-L6-v2). This ensures that future re-
trieval is driven by the structural mechanics of the
problem rather than surface-level lexical overlap.
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3.3.2 Global Reasoning Constitution

While EFM handles specific traps, the Global Con-
stitution addresses systemic deficits. We aggregate
all Lproc entries and perform a Frequency-Based
Pruning and Semantic Consolidation. The specific
prompt is shown in Figure 12.

We calculate the frequency distribution of Pro-
cess Tags across the failure set. The most frequent
failure modes are synthesized by the same LLM
into a concise Reasoning Constitution (Cglobal), a
static set of high-priority “universal laws” that the
LLM must obey. Figure 5 demonstrates one such
global constitution (Cglobal).

3.4 Constitution-Guided Inference

During the inference phase for a new question
xnew, we employ a memory-augmented generation
pipeline that dynamically integrates both knowl-
edge streams. The process follows three steps:

1. Dual-Stream Context Construction. We re-
trieve the top-k (specifically k = 3) most relevant
failure episodes Mretrieved from the EFM based on
cosine similarity with xnew. Mretrieved represents
the serialized content of the top-k retrieved fail-
ure episodes, serving as dynamic, context-aware
guardrails. Simultaneously, we load the static
Global Constitution Cglobal.

2. Prompt Assembly. The system prompt is con-
structed by hierarchically layering the general rules
and specific retrieval contexts before the opera-
tional directives:

P = [Cglobal]⊕ [Mretrieved]⊕ [Imeta]⊕ [xnew]
(2)

Where: Imeta is the Instruction Block. It
acts as a standard operating procedure containing
three parts: (1) A command to apply the retrieved
memories (e.g., "CHECK against the specific fail-
ure patterns listed if applicable (You may or may
not apply)"); (2) A solved example (few shot) to
demonstrate the reasoning style (e.g., CoT: "Ques-
tion: Janet has 16 apples... ANS = 12"); and (3)
Strict output rules to ensure the answer is readable
(e.g., "Response MUST end with EXACTLY: ANS
= <value>").

This structure ensures that the model’s attention
is primed with both global principles and specific
historical pitfalls before it attempts to solve the new
problem.

3. Constrained Generation. To ensure the
retrieved knowledge is utilized, the model is
prompted to output a “Self-Correction” block be-
fore the final answer. The instructions (shown in
Figure 13) explicitly constrain the model to: (1)
Check if the current problem matches the retrieved
warning signs in Mretrieved, and (2) Apply the veri-
fication steps mandated by Cglobal. This effectively
primes the attention mechanism to attend to poten-
tial pitfalls before generating the reasoning chain.

4 Results and Analysis

In this section, we evaluate the REMIND frame-
work across a diverse set of eight reasoning bench-
marks spanning mathematical, scientific, and com-
monsense reasoning tasks. The evaluated datasets
include GSM8K (Cobbe et al., 2021), MATH
(Hendrycks et al., 2021), GPQA (Rein et al., 2024),
ARC-C (Clark et al., 2018), HotpotQA (Yang
et al., 2018), Minerva (Lewkowycz et al., 2022),
TruthfulQA (Lin et al., 2022), and StrategyQA
(Geva et al., 2021). Table 1 summarizes the ag-
gregate accuracy and predictive entropy across all
datasets.

Our primary objective is to evaluate whether RE-
MIND improves reasoning reliability by reducing
reasoning failures and producing more calibrated
predictions. In addition to standard accuracy, we
analyze predictive entropy as a measure of reason-
ing stability and confidence. We further investigate
the effect of memory construction strategies and
identify which types of failure cases provide the
most effective signals for episodic learning.

4.1 Experimental Setup

All experiments use the Qwen2.5-7B model (Qwen
et al., 2025) as the base language model. Evalua-
tion is conducted on the standard test splits of each
dataset.

For constructing the Episodic Failure Mem-
ory, we collect diverse reasoning examples sep-
arately from the evaluation data to avoid any leak-
age. For mathematical reasoning benchmarks
(GSM8K, MATH, and Minerva), memory ex-
amples are drawn from the NuminaMath-CoT
dataset.1 Specifically, we sample a diverse set of
100 reasoning problems to populate the episodic
memory used during inference.

For non-mathematical reasoning benchmarks

1https://huggingface.co/datasets/AI-MO/
NuminaMath-CoT
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(ARC-C, HotpotQA, GPQA, TruthfulQA, and
StrategyQA), we similarly construct the memory
using 100 examples sampled from the respective
datasets, ensuring that these examples do not over-
lap with the evaluation instances.

REMIND, RAG, and MemPrompt all use the
same 100 labeled practice examples. RAG retrieves
the raw solved examples, while REMIND trans-
forms confirmed failures into answer-free, struc-
tured lessons capturing reusable reasoning patterns
and verification strategies. Thus, REMIND’s gains
over RAG isolate the benefit of converting exam-
ples into introspective lessons, rather than access
to additional labeled data.

This setup ensures that episodic memory con-
struction remains independent from the test set
while providing a diverse set of failure patterns
for introspective lesson extraction. Additional im-
plementation details and hyperparameter settings
are provided in Appendix A.5.

Ground-truth labels are used only to select failed
practice examples during offline memory construc-
tion, never at inference. We also include a label-
free self-consistency pseudo-label variant and addi-
tional cross-model experiments; full details appear
in Appendix A.9 and A.10.2.

4.2 Main Results
Table 1 shows a clear and highly consistent out-
come: REMIND is the best-performing method
across all eight benchmarks. It achieves the high-
est accuracy and the lowest predictive entropy in
every dataset, outperforming not only the standard
CoT baseline but also stronger inference-time base-
lines such as Self-Refine (Madaan et al., 2023),
Self-Consistency (Wang et al., 2023), MemPrompt
(Madaan et al., 2022), Meta-Prompting (Suzgun
and Kalai, 2024), and RAG. This is the central
empirical result of the paper.

The improvement is not confined to one task
family. REMIND remains strongest on mathemati-
cal reasoning benchmarks such as GSM8K, MATH,
and Minerva; on knowledge-intensive and scien-
tific reasoning datasets such as ARC-C and GPQA;
and on multi-hop, commonsense, and truthfulness-
oriented tasks such as HotpotQA, StrategyQA, and
TruthfulQA. This breadth is important because it
shows that the method is not exploiting quirks of a
single benchmark, but providing a general improve-
ment in reasoning performance.

Equally important, the gains in accuracy are ac-
companied by systematic reductions in entropy.

Thus, REMIND does not merely make the model
more confident in an arbitrary sense; it makes the
model both more correct and more decisive. The
same pattern holds uniformly across all datasets,
suggesting that the retrieved episodic lessons are
helping the model avoid repeated reasoning failures
while also stabilizing its inference behavior.

Among the baselines, Self-Consistency is often
the strongest competitor. REMIND nevertheless
obtains a higher accuracy point estimate and lower
predictive entropy on each of the eight evaluated
benchmarks. This indicates that the benefit of RE-
MIND is not simply due to additional sampling or
iterative refinement. Instead, the advantage appears
to come from its core mechanism: converting prior
failures into reusable introspective memories that
can guide future reasoning.

REMIND and Self-Consistency operate on dif-
ferent components of the inference procedure. RE-
MIND modifies the reasoning context through re-
trieved failure lessons, whereas Self-Consistency
improves robustness by aggregating multiple sam-
pled generations. The two mechanisms are there-
fore conceptually complementary and could in
principle be combined. Evaluating such a com-
bined system is outside the scope of the present
experiments, which compare REMIND and Self-
Consistency under their respective standalone con-
figurations.

More importantly, Self-Consistency incurs sub-
stantial decoding and token costs because it gen-
erates 40 full reasoning paths for every exam-
ple, whereas REMIND requires only one standard
CoT generation, a lightweight embedding/FAISS
lookup, and a fixed memory of 100 examples. Al-
though the accuracy margins over Self-Consistency
are modest, REMIND achieves these gains with
one standard CoT generation, a lightweight embed-
ding/FAISS lookup, and a fixed memory of 100
examples, whereas Self-Consistency uses 40 full
reasoning paths per example, making REMIND
more practical for real-world deployment.

The gains are not explained by prompt length
alone: the dual-memory, retrieval-strategy, and
retrieval-depth ablations in Appendix Section A.2
show that relevant failure lessons, rather than ar-
bitrary added context, drive the improvement. In
online decoding cost, REMIND requires one full
generation plus a lightweight embedding/FAISS
lookup, whereas Self-Consistency and Self-Refine
require multiple LLM generations; the detailed cost
comparison is in Table 9.
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Configuration Accuracy (↑) Entropy (↓) Configuration Accuracy (↑) Entropy (↓)

Dataset: GSM8K Dataset: ARC-C
Baseline (CoT) 0.854 ±0.015 0.110 ±0.003 Baseline (CoT) 0.637 ±0.017 0.119 ±0.004

Self-Refine 0.863 ±0.014 0.098 ±0.003 Self-Refine 0.645 ±0.016 0.112 ±0.004

Self-Consistency 0.869 ±0.013 0.089 ±0.003 Self-Consistency 0.651 ±0.016 0.105 ±0.004

MemPrompt 0.854 ±0.015 0.110 ±0.002 MemPrompt 0.640 ±0.017 0.118 ±0.005

Meta-Prompting 0.861 ±0.014 0.101 ±0.003 Meta-Prompting 0.643 ±0.016 0.113 ±0.004

RAG 0.857 ±0.015 0.107 ±0.003 RAG 0.639 ±0.017 0.117 ±0.004

REMIND 0.879 ±0.012 0.056 ±0.002 REMIND 0.662 ±0.015 0.078 ±0.003

Dataset: MATH Dataset: HotpotQA
Baseline (CoT) 0.780 ±0.039 0.118 ±0.005 Baseline (CoT) 0.211 ±0.019 0.151 ±0.007

Self-Refine 0.791 ±0.038 0.103 ±0.005 Self-Refine 0.215 ±0.018 0.146 ±0.006

Self-Consistency 0.795 ±0.038 0.097 ±0.004 Self-Consistency 0.215 ±0.018 0.139 ±0.006

MemPrompt 0.784 ±0.040 0.115 ±0.003 MemPrompt 0.213 ±0.020 0.150 ±0.006

Meta-Prompting 0.789 ±0.038 0.106 ±0.005 Meta-Prompting 0.214 ±0.018 0.147 ±0.006

RAG 0.783 ±0.039 0.115 ±0.005 RAG 0.212 ±0.019 0.149 ±0.007

REMIND 0.805 ±0.037 0.052 ±0.003 REMIND 0.220 ±0.017 0.110 ±0.005

Dataset: GPQA Dataset: Minerva
Baseline (CoT) 0.364 ±0.020 0.145 ±0.006 Baseline (CoT) 0.093 ±0.015 0.172 ±0.010

Self-Refine 0.379 ±0.019 0.132 ±0.005 Self-Refine 0.113 ±0.014 0.158 ±0.009

Self-Consistency 0.387 ±0.018 0.121 ±0.005 Self-Consistency 0.113 ±0.014 0.147 ±0.009

MemPrompt 0.368 ±0.021 0.143 ±0.006 MemPrompt 0.096 ±0.015 0.170 ±0.010

Meta-Prompting 0.376 ±0.019 0.134 ±0.005 Meta-Prompting 0.110 ±0.014 0.160 ±0.009

RAG 0.367 ±0.020 0.143 ±0.006 RAG 0.096 ±0.015 0.169 ±0.010

REMIND 0.411 ±0.017 0.094 ±0.004 REMIND 0.121 ±0.013 0.125 ±0.007

Dataset: TruthfulQA Dataset: StrategyQA
Baseline (CoT) 0.564 ±0.018 0.121 ±0.004 Baseline (CoT) 0.750 ±0.016 0.104 ±0.004

Self-Refine 0.564 ±0.017 0.116 ±0.004 Self-Refine 0.755 ±0.015 0.097 ±0.004

Self-Consistency 0.571 ±0.017 0.109 ±0.004 Self-Consistency 0.758 ±0.015 0.090 ±0.004

MemPrompt 0.561 ±0.018 0.123 ±0.004 MemPrompt 0.748 ±0.016 0.106 ±0.004

Meta-Prompting 0.564 ±0.017 0.117 ±0.004 Meta-Prompting 0.753 ±0.015 0.099 ±0.004

RAG 0.563 ±0.018 0.120 ±0.004 RAG 0.752 ±0.016 0.102 ±0.004

REMIND 0.587 ±0.016 0.082 ±0.003 REMIND 0.763 ±0.014 0.070 ±0.003

Table 1: Aggregate Performance Across Eight Benchmarks. Accuracy and entropy comparisons across datasets.
Values report mean ± 95% confidence interval. Self-Consistency is evaluated using 40 independently sampled
reasoning trajectories from the same LLM. Here, accuracy denotes final-answer correctness under each benchmark’s
evaluation protocol. Entropy is the mean token-level Shannon entropy over the full generated sequence, averaged
across benchmark examples, rather than entropy only on the final answer token.

Overall, the main takeaway from Table 1 is
straightforward: REMIND consistently improves
reasoning quality across diverse benchmarks, and
it does so in a way that is simultaneously more
accurate and lower in uncertainty. This makes the
empirical evidence for the framework both strong
and unusually uniform.

As additional benchmark-level evidence, RE-
MIND has a higher accuracy point estimate than
Self-Consistency on all eight datasets, with an aver-
age difference of 1.11 accuracy points and consis-
tently lower predictive entropy. An exact two-sided
sign test over the eight benchmark-level compar-
isons gives p = 0.0078, indicating that the uni-
form direction of the benchmark-level differences
is unlikely under an equal win/loss hypothesis.
This analysis concerns the direction of benchmark-
level comparisons and should not be interpreted
as an instance-level significance test for individual

datasets.

4.3 Optimality of Memory Formation

A critical question in designing self-correcting
agents is: Which failure modes constitute the most
effective learning signals? We posit a theoreti-
cal framework for Epistemic Receptivity to explain
memory optimality.

We define the optimality of a memory set M
based on its ability to maximize the model’s likeli-
hood of self-correction, denoted as P (correct|M).
We hypothesize that not all errors are equal. Specif-
ically, we categorize failures based on the model’s
confidence during the erroneous generation:

i) Overconfident Failures (Delusion): The
model is wrong but highly confident (∆r = rCoT −
rdirect < 0). This implies a strong internal misalign-
ment or “knowledge hallucination.”

ii) Underconfident Failures (Uncertainty):
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The model is wrong and exhibits low confidence
(∆r = rCoT − rdirect > 0). This implies a recogniz-
able “knowledge gap” or uncertainty.

Hypothesis. We argue that Underconfident sam-
ples are the optimal seeds for memory M. If an
LLM is overconfident about a mistake, it effec-
tively “believes” it is correct; retrieving a correc-
tion for such a case often results in the model ig-
noring the memory due to its own high internal
prior. Conversely, underconfident errors represent
a zone of epistemic uncertainty where the model is
uncertain and thus statistically more receptive to
external guidance (the retrieved memory). This in-
terpretation also clarifies an important failure mode
of memory-augmented inference: there are cases
where a relevant lesson may be retrieved but not
acted upon because the model’s internal prior re-
mains too strong. The weaker performance of mem-
ory built from overconfident failures in Table 2 is
consistent with this mechanism, suggesting that
high-prior errors are less receptive to corrective
retrieval even when an appropriate warning is avail-
able.

To validate this hypothesis, we performed an ab-
lation study constructing M using strictly Overcon-
fident, Random, or Underconfident failure samples.
We evaluate this strategy across several reasoning
benchmarks including GSM8K, MATH, GPQA,
and StrategyQA.

Dataset Overconfident Random Underconfident

GSM8K 0.866 0.872 0.879
MATH 0.796 0.801 0.805
GPQA 0.398 0.405 0.411
StrategyQA 0.758 0.760 0.763

Table 2: Ablation on Memory Composition across
datasets. Accuracy obtained when episodic memory
is constructed using different failure selection strate-
gies. Underconfident failures consistently produce the
strongest performance, supporting the Epistemic Recep-
tivity hypothesis.

Table 2 shows that the Underconfident strategy
consistently performs best across datasets, yield-
ing the highest accuracy in each case. Random
sampling provides moderate gains, while Overcon-
fident failures are least effective as memory seeds.
This pattern supports the intuition that failures oc-
curring under uncertainty are more amenable to
correction through retrieved lessons.

We performed ten independent random selec-
tions and reported the best-performing result in

Table 2 rather than the average. This gives the
Random baseline a favorable comparison, but Un-
derconfident memory still performs better on all
four datasets. Random memory may also contain
some Underconfident failures, which explains why
its performance generally lies between the Under-
confident and Overconfident variants.

Underconfident memory achieves the highest ac-
curacy point estimate on all four benchmarks in Ta-
ble 2, with a statistically significant improvement
over Random memory on GSM8K. A paired McNe-
mar test for Underconfident versus Random mem-
ory on GSM8K is reported in Appendix A.10.1.

A paired McNemar test further supports this
trend for Underconfident versus Random mem-
ory on GSM8K; details are provided in Ap-
pendix A.10.1.

Consequently, the optimal memory M∗

should prioritize failures where the model’s con-
fidence is uncertain rather than strongly miscal-
ibrated. See Figure 3

4.4 Sensitivity to Model Architecture

REMIND is not tied to Qwen2.5-7B. On a difficult
MATH subset, it improves Llama-3.2-3B-Instruct
from 45% to 53%, Phi-3.5-mini-instruct from 49%
to 56%, and Qwen2.5-7B-Instruct from 77% to
81%. A further Llama-3.2-8B evaluation improves
accuracy and reduces entropy on all eight bench-
marks, including ARC-C, HotpotQA, TruthfulQA,
and StrategyQA (Tables 10–11).

4.5 Process Fidelity and Error Recoverability

Accuracy alone hides failure severity: REMIND
more often turns early cognitive collapse into struc-
turally aligned near-misses that are easier to verify
or repair. The human lesson-quality study, and
symbolic-checker analysis are provided in Appen-
dices A.4 and A.3.

5 Conclusion

We introduced REMIND, a training-free frame-
work that improves LLM reasoning reliability by
turning past CoT failures into reusable introspec-
tive memories. REMIND identifies uncertain fail-
ure cases, distills them into structured lessons, and
retrieves them to guide future reasoning. Across
eight benchmarks, it improves accuracy and pre-
dictive entropy over standard CoT and stronger
inference-time baselines, with underconfident fail-
ures providing the most effective memories. Be-
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Problem (MATH Dataset): The circle x2 + y2 = 2 and the parabola y2 = 8x have two common tangents, forming
four points of tangency. Find the area of the quadrilateral formed by the four points of tangency.

Ground Truth: 15

Baseline: Cognitive Collapse (Schema Error)

Model Output Excerpt:

"Substitute y2 = 8x into circle... x2 + 8x − 2 = 0
... Coordinates approx (0.34, 2.8)
... Area calculation ... ANS = 8"

Metrics: Token Count: 702 Status: Unrecoverable

Failure Analysis:

• Wrong Logic: Used Intersection (f(x) = g(x)) instead of Tangency.

• Consequence: Derived phantom points where curves cross, not touch.

REMIND (Ours): Structural Alignment (Execution
Slip)

Model Output Excerpt:

"Condition: Dist from center = radius (d =
√
2)...

Solved m = ±1. Points: (2,±4), (−1,±1)...
Shape is a Rectangle (8 × 3)... ANS = 24"

Metrics: Token Count: 918 Status: Recoverable

Success Analysis:

• Correct Logic: Used d = r formula; solved hard algebra perfectly.

• Error: Visual Hallucination (Trapezoid → Rectangle) at the very last
step.

Detailed Process Verification

Criterion Baseline (Standard CoT) REMIND (Ours)
1. Understanding
(Common Tangents)

× Incorrect
Failed to grasp problem structure.

✓ Correct
Correctly identified goal.

2. Methodology × Wrong (Curve Intersection)
Equated f(x) = g(x) directly.

✓ Correct (True Tangents)
Used distance formula condition.

3. Tangent Equations × Not valid
No slopes derived.

✓ Correct
Derived m = ±1.

4. Points of Tangency × Incorrect
Found intersection points.

✓ Correct
Found all 4 coordinates.

5. Geometric
Interpretation

× Fabricated Geometry
Hallucinated non-existent shape.

× Rectangle Assumption
Misidentified Trapezoid as Rectangle.

6. Area Computation × Inconsistent
Math did not follow from vertices.

× Wrong Method
Valid calculation for the wrong shape.

7. Logical Consistency × Self-contradictory ✓ Mostly Consistent
OVERALL VERDICT Zero Credit Partial Credit

Figure 3: Process Fidelity Analysis. On a hard geometry problem, both methods miss the ground-truth answer (15),
but their failures differ: REMIND (right) follows the correct tangency-based setup and fails only at the final shape
classification, whereas the baseline (left) makes a fundamental logic error early. Full outputs appear in Figures 8
and 9 in Appendix A.13.

yond final-answer gains, REMIND also shifts resid-
ual errors toward more structurally aligned reason-
ing, making failures easier to verify or repair. Over-
all, REMIND shows that explicit memory of in-
trospected failures can make LLM reasoning more
reliable, calibrated, and tool-ready without parame-
ter updates.

Limitations

While REMIND demonstrates promising results,
several limitations warrant discussion.

Dependency on Oracle Feedback. The current
failure detection module relies on access to ground
truth labels to confirm when a generated practice
answer is incorrect. This is an offline memory-
construction requirement, not a test-time require-
ment: once the memory is built, REMIND only
retrieves lessons and prompts the model. In real-

world deployment scenarios where ground truth is
unavailable, the system would need to rely on unsu-
pervised uncertainty quantification or consistency
checks (e.g., self-consistency voting) to identify
potential failures for introspection or may rely on
synthetic datasets created by more potent LLMs.
Our self-consistency pseudo-label experiment sug-
gests that such label-free alternatives are feasible
but noisy, motivating future verifier- or execution-
feedback-based memory mining.

Black-Box Log-Probability Access. REMIND
uses token-level probabilities to mine underconfi-
dent failures during offline memory construction.
The inference-time pipeline itself only needs re-
trieval and prompting, so it applies directly to
API models that expose log-probabilities. For
strict black-box models that provide no proba-
bility information, entropy-based failure mining
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must be replaced by proxy signals such as self-
consistency disagreement, answer instability across
paraphrases, external verifier scores, execution
feedback, or user corrections.

Retrieval Latency and Context Window. Aug-
menting the prompt with retrieved lessons in-
evitably increases the input token count, which
linearly scales inference cost and latency. While
we limited retrieval to the top-k lessons (k = 3),
scaling the episodic memory to thousands of di-
verse failure modes may require more sophisticated
selection mechanisms to prevent context window
saturation or "lost-in-the-middle" effects where re-
trieved warnings are ignored. In our setup, however,
the dominant online cost remains a single autore-
gressive generation; Table 9 summarizes this cost
relative to Self-Consistency, Self-Refine, RAG, and
MemPrompt.

Single-Turn Introspection. Our current intro-
spection module operates in a single turn. If the
model’s self-diagnosis is flawed (e.g., it attributes
a calculation error to a logic error), the stored les-
son will be noisy. Future iterations could employ a
multi-turn verification step where the model must
prove its diagnosis is correct before storage.
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A Appendix

A.1 Memory Pruning

To control memory growth and remove redundant
lessons, REMIND applies pruning mechanisms to
both L1 and L2 memories.

A.1.1 L1 Episodic Memory Pruning
Episodic lessons are clustered in embedding space
and near-duplicate lessons are removed. Addition-
ally, lessons that are rarely retrieved during infer-
ence may be pruned.

In practice, episodic memory contains substan-
tial local redundancy because multiple failures of-
ten yield semantically similar warnings. We there-
fore cluster lessons in embedding space and remove
near-duplicates before indexing, while also pruning

2927

https://doi.org/10.18653/v1/2022.acl-long.229
https://doi.org/10.18653/v1/2022.emnlp-main.183
https://doi.org/10.18653/v1/2022.emnlp-main.183
https://doi.org/10.52202/075280-2019
https://doi.org/10.52202/075280-2019
https://mlanthology.org/iclrw/2024/modarressi2024iclrw-retllm/
https://mlanthology.org/iclrw/2024/modarressi2024iclrw-retllm/
https://mlanthology.org/iclrw/2024/modarressi2024iclrw-retllm/
https://doi.org/10.18653/v1/2025.findings-acl.605
https://doi.org/10.18653/v1/2025.findings-acl.605
https://arxiv.org/abs/2412.15115
https://openreview.net/forum?id=Ti67584b98
https://openreview.net/forum?id=Ti67584b98
https://doi.org/10.52202/075280-0377
https://doi.org/10.52202/075280-0377
https://doi.org/10.52202/075280-0377
https://arxiv.org/abs/2401.12954
https://arxiv.org/abs/2401.12954
https://arxiv.org/abs/2401.12954
https://openreview.net/forum?id=1PL1NIMMrw
https://openreview.net/forum?id=1PL1NIMMrw
https://doi.org/10.18653/v1/2024.naacl-long.106
https://doi.org/10.18653/v1/2024.naacl-long.106
https://doi.org/10.18653/v1/2024.naacl-long.106
https://doi.org/10.52202/068431-1800
https://doi.org/10.52202/068431-1800
https://doi.org/10.18653/v1/D18-1259
https://doi.org/10.18653/v1/D18-1259
https://doi.org/10.18653/v1/2023.emnlp-main.879
https://doi.org/10.18653/v1/2023.emnlp-main.879


Phase 1: Failure Detection

Input:

• Question & Ground Truth

LLM (Direct)
Generate answer without CoT
→ rdirect, Answer

rdirect = LLM greedy in-
ference uncertainty using
token level shannon entropy

LLM (with CoT)
Generate reasoning chain
→ rCoT, Answer

rCoT = CoT uncertainty
using token level shannon
entropy

Filtering Criterion:
{︄
rCoT > rdirect (Lower Conf.)
AnsCoT ̸= Truth (Incorrect)

Output:
Epistemic Failures
Cases where CoT traces make the
model into undeconfident errors

Phase 2: Episodic Memory
Construction

Input:

• Underconfident failure samples

• Failed reasoning traces

Introspection Prompt
Analyze root cause of failure:
- Abstract Trigger
- Cognitive Trap
- Structural Fix
→ Natural language lesson

Dual-Layer Extraction:

• Lstruct: Specific pattern lesson

• Lproc: Procedural meta-rule

Encoding & Storage
S-BERT encoding → Vector
Store in EFM (FAISS)
+ Build Global Constitution

Output:
Episodic Failure Memory
Searchable library of lessons

Phase 3: Memory-Augmented
Inference

Input:

• New unseen question

Encode Query
S-BERT(xnew) → embedding

Retrieve from EFM
FAISS similarity search
→ Top-k relevant lessons
(Past failures matching current
problem)

Prompt Construction:

P = Cglobal ⊕Mretr ⊕Imeta ⊕xnew

where Cglobal = global constitution,
Mretr = EFM retrieved lessons,
Imeta = meta-instructions, xnew =
query

LLM with Warnings
Generate with augmented con-
text
→ Guided reasoning

Output:
Correct Answer (✓)

Figure 4: The REMIND Framework. Our pipeline operates in three phases: (1) Failure Detection systematically
identifies epistemic failures where CoT decreases model confidence (rCoT > rdirect), yielding incorrect answers;
(2) Episodic Memory Construction triggers metacognitive introspection to extract dual-layer lessons (structural
patterns and procedural rules), encoded via S-BERT and stored in a vector database (EFM); (3) Memory-Augmented
Inference retrieves relevant past lessons for new queries, constructing a warning-augmented prompt that guides the
model toward more reliable solutions.

lessons that are rarely retrieved across validation
queries. This keeps the memory compact and im-
proves retrieval specificity as the library grows.

A.1.2 L2 Constitution Pruning
The global reasoning constitution is derived by ag-
gregating procedural failures and retaining only the
most frequent rules.

A.2 Ablation Studies

This section analyzes the key design choices in RE-
MIND and evaluates the contribution of its main
components. In particular, we study: (i) the role
of the dual-memory architecture, (ii) the effect of
retrieval depth, (iii) the impact of retrieval strategy
and embedding similarity, and (iv) the influence

of memory size. These ablations isolate the fac-
tors responsible for the improvements observed in
Table 1. Unless stated otherwise, all experiments
follow the same setup described in Section 4.

A.2.1 Role of the Dual-Memory Architecture

REMIND separates introspective knowledge into
two complementary components: an episodic mem-
ory (L1) that stores structural lessons derived from
failure cases, and a consolidated knowledge store
(L2) that aggregates recurring reasoning patterns
into global guidance rules. To understand the con-
tribution of each component, we compare four vari-
ants: (i) standard Chain-of-Thought reasoning with-
out memory, (ii) L1-only retrieval using episodic
lessons, (iii) L2-only reasoning using the consoli-
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Symbol Definition
x Input question/problem
y Ground-truth answer
ŷdirect Answer generated without CoT
ŷCoT Answer generated with CoT
T Number of generated tokens
ŷ<t Generated prefix before decoding step t
Pt Next-token probability distribution at step t
H(Pt) Shannon entropy at decoding step t
r Mean token-level predictive entropy
rdirect Predictive entropy under direct generation
rCoT Predictive entropy under CoT generation
∆r rCoT − rdirect
Lstruct Structural introspective lesson
Lproc Procedural introspective lesson
D (Lstruct, Lproc)
M Episodic failure memory
Cglobal Global Reasoning Constitution
xnew Unseen inference-time question
Mretrieved Top-k retrieved failure lessons
Imeta Instruction block
⊕ Ordered textual concatenation

Table 3: Notation used throughout the REMIND frame-
work.

dated constitution, and (iv) the full REMIND sys-
tem combining both components.

Table 4 reports the performance of these variants.
This comparison reveals whether improvements
arise primarily from episodic retrieval, from global
reasoning rules, or from the interaction of both
memory streams.

Method Accuracy Entropy

CoT 0.854 0.110
L1 Only 0.861 0.096
L2 Only 0.872 0.071
REMIND 0.879 0.056

Table 4: Ablation on the dual-memory architecture
(GSM8K).

A.2.2 Effect of Retrieval Depth
During inference, REMIND retrieves the top-k
most relevant lessons from the episodic memory.
The number of retrieved lessons determines how
much prior failure knowledge is injected into the
prompt. To study the sensitivity of the system to
this parameter, we vary the retrieval depth and eval-
uate the resulting performance.

Figure 6 shows how performance changes as
the number of retrieved lessons k increases. The
results illustrate the trade-off between providing
richer guidance and introducing additional prompt
complexity. In particular, performance typically
improves as more lessons are retrieved, before sat-
urating or slightly degrading at larger k, indicat-

Global Reasoning Constitution

1. [General Verification]: List all given conditions
and constraints explicitly before proceeding.

2. [Step-by-Step Validation]: Double-check each
step and its validity throughout the problem-
solving process.

3. [Contextual Consistency]: Ensure that all units,
context, and domain constraints are consistent at
every stage.

4. [Pattern Confirmation]: Verify any assumed pat-
terns or simplifications with concrete evidence or
examples.

5. [Final Review]: Re-evaluate all derived results
against the initial conditions and constraints to
ensure no oversight.

Figure 5: An example Global Reasoning Constitution
(Cglobal).

1 2 3 5 8
Number of retrieved lessons k

0.872

0.874

0.876

0.878

0.880

Ac
cu

ra
cy

 (
)

Accuracy
Entropy 0.055

0.060

0.065

0.070

En
tro

py
 (

)

Figure 6: Accuracy and entropy as a function of retrieval
depth k. Performance improves as more lessons are
retrieved, then saturates or slightly declines at larger
k, reflecting the trade-off between richer guidance and
increased prompt complexity.

ing that moderate retrieval depth provides the best
balance between usefulness and distraction. We
sweep k ∈ {1, 2, 3, 5, 8} and use k = 3 as the main
setting because it gives the best accuracy–entropy
trade-off.

These results indicate that REMIND benefits
from increasing memory size only up to a moder-
ate regime, after which returns diminish and may
slightly reverse. The likely reason is that larger
memories improve coverage but also increase se-
mantic redundancy and retrieval ambiguity, so the
top-k lessons become less specific to the current
query. We therefore interpret REMIND as op-
erating in a bounded-memory regime: moderate
episodic libraries are sufficient to capture common
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failure patterns, while very large libraries require
stronger pruning or reranking to avoid saturation.

Based on this trade-off, we use k = 3 in the
main experiments as a stable operating point that
provides useful guidance without excessive prompt
clutter.

A.2.3 Retrieval Strategy and Embedding
Similarity

REMIND retrieves episodic lessons using semantic
similarity in embedding space. To evaluate whether
the performance gains depend on this retrieval
mechanism, we compare several retrieval strate-
gies including random retrieval, lexical matching
(BM25), dense semantic retrieval using sentence
embeddings, and hybrid approaches that combine
lexical and embedding-based signals.

Table 5 reports the performance of these retrieval
methods. This experiment tests whether retrieving
structurally similar reasoning lessons is necessary
for effective guidance, or whether simpler retrieval
strategies are sufficient. We also evaluate whether
combining lexical and semantic retrieval or apply-
ing cross-encoder reranking further improves the
quality of retrieved lessons.

Retrieval Strategy Accuracy Entropy

Random Retrieval 0.869 0.070
BM25 Retrieval 0.873 0.063
Dense Retrieval (MiniLM + Cosine/IP) 0.879 0.056

Table 5: Impact of retrieval strategy on performance.

A.2.4 Memory Size and Scaling
We further investigate how REMIND scales with
the size of the episodic lesson memory. Increasing
the number of stored lessons can improve coverage
of diverse reasoning failures, but overly large mem-
ories may introduce retrieval noise and reduce the
precision of the retrieved lessons.

Figure 7 shows the effect of memory size on rea-
soning performance. Performance improves as the
memory grows from small to moderate sizes, indi-
cating that broader coverage of prior failures helps
retrieve more useful lessons. However, gains satu-
rate once the memory becomes sufficiently large,
and very large memories can lead to a slight degra-
dation, suggesting a trade-off between coverage
and retrieval specificity. We sweep memory sizes
of 25, 50, 100, 250, and 500 lessons; accuracy
peaks around 100 lessons while entropy is also
lowest at that point.

25 50 100 250 500
Episodic memory size

0.868

0.870

0.872

0.874

0.876

0.878

Ac
cu

ra
cy

 (
)

Accuracy
Entropy

0.055

0.060

0.065

0.070

0.075

En
tro

py
 (

)

Figure 7: Effect of episodic memory size on reason-
ing performance. Accuracy improves and entropy de-
creases as the memory grows from small to moderate
sizes, peaking around 100 stored lessons. Beyond this
point, gains saturate and slightly reverse, suggesting a
trade-off between broader failure coverage and retrieval
specificity.

A.3 Symbolic Checker Experiments

To better understand the nature of reasoning er-
rors produced by different methods, we analyze
the outputs of the Chain-of-Thought (CoT) base-
line and REMIND using a lightweight symbolic
verification procedure. Rather than focusing only
on final-answer correctness, this analysis character-
izes the structure of reasoning failures and evalu-
ates whether the reasoning trajectories produced by
REMIND are more compatible with downstream
verification.

A.3.1 Motivation

Incorrect reasoning outputs generally arise from
different types of failures within the reasoning tra-
jectory. In some cases, the reasoning diverges early
due to incorrect intermediate deductions or logical
inconsistencies. In other cases, the reasoning pro-
cess is largely correct but the final answer contains
a small arithmetic or transcription error.

Distinguishing between these error types is im-
portant for building reliable reasoning systems.
Early reasoning collapse typically requires regen-
erating the entire reasoning trajectory, whereas lo-
calized execution mistakes can often be corrected
automatically using symbolic verifiers or program-
matic tools. Consequently, methods that produce
structurally coherent reasoning trajectories—even
when incorrect—are more compatible with tool-
augmented reasoning pipelines.
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A.3.2 Symbolic Verification Procedure
For mathematical reasoning datasets such as
GSM8K, MATH, and Minerva, we construct a
symbolic verification pipeline consisting of three
stages:

1. Answer Extraction. The final numeric an-
swer is extracted from the generated reasoning
trace using a deterministic parser.

2. Symbolic Reconstruction. Arithmetic ex-
pressions appearing in the reasoning trajectory
are evaluated using a symbolic mathematics
library (e.g., sympy) to recover the implied
numeric computations.

3. Consistency Analysis. The reconstructed
symbolic results are compared with both the
reported final answer and the ground-truth so-
lution in order to determine whether the rea-
soning trajectory is internally consistent.

This procedure allows us to inspect not only
whether the answer is correct, but also whether
the reasoning trajectory contains structural incon-
sistencies.

A.3.3 Failure Type Classification
Using the symbolic checker, incorrect model out-
puts are categorized into three classes:

• Early Reasoning Collapse. The reasoning
trajectory diverges from the correct solution
path due to incorrect intermediate deductions
or invalid logical steps.

• Constraint Violation. The reasoning steps
contain contradictions with previously derived
quantities or problem constraints.

• Execution Slip. The reasoning trajectory is
largely correct, but the final answer contains a
minor arithmetic or transcription error.

The first two categories represent structural rea-
soning failures, whereas execution slips correspond
to localized computation errors.

A.3.4 Results
Table 6 summarizes the distribution of failure types
for incorrect predictions produced by the CoT base-
line and REMIND across the evaluated mathemati-
cal reasoning datasets.

REMIND substantially reduces the proportion of
early reasoning collapse while increasing the share

of execution-level errors. This indicates that when
REMIND produces incorrect answers, the reason-
ing trajectory more often remains structurally con-
sistent but contains a localized computation mis-
take.

A.3.5 Implications for Tool-Augmented
Reasoning

This shift toward execution-level errors has impor-
tant implications for reliable reasoning systems.
Execution slips are typically easier to detect and
correct using external verification tools, whereas
structural reasoning failures require regenerating
the reasoning process. Consequently, the reasoning
traces produced by REMIND are more compatible
with symbolic verification pipelines and program-
matic correction mechanisms.

Overall, the symbolic checker analysis suggests
that REMIND not only improves answer accuracy
but also produces reasoning trajectories that are
structurally more stable and easier to verify.

A.4 Human Evaluation Details

To assess the quality of the introspective lessons
generated by REMIND, we conduct a human eval-
uation study. The objective is to determine whether
the lessons extracted from failure cases are mean-
ingful, generalizable, and useful for guiding future
reasoning.

A.4.1 Evaluation Setup
Human annotators are presented with reasoning
examples drawn from the evaluation datasets. Each
example contains three components:

• the original problem statement,

• the reasoning trajectory that led to an incorrect
answer,

• the introspective lesson generated by RE-
MIND.

Annotators evaluate the lesson independently of
the final answer correctness. In particular, the eval-
uation focuses on whether the lesson captures a
meaningful reasoning insight that could help pre-
vent similar mistakes in future reasoning tasks. Ex-
amples are presented in randomized order, and an-
notators are blinded to the generation method.

A.4.2 Annotation Criteria
Each lesson is evaluated along three dimensions:
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Method Early Reasoning Collapse (↓) Constraint Violation (↓) Execution Slip (↑)

CoT 54.7% 13.7% 31.6%
REMIND 35.2% 14.9% 49.9%

Table 6: Distribution of reasoning failure types identified using the symbolic checker.

Correctness. Whether the lesson accurately iden-
tifies the source of the reasoning failure.

Generality. Whether the lesson captures a prin-
ciple that applies beyond the specific instance in
which it was generated.

Usefulness. Whether the lesson would plausibly
help a model or human solver avoid similar reason-
ing errors in future tasks.

Each dimension is scored on a 3-point Likert
scale:

• 1: Poor

• 2: Moderate

• 3: High

A.4.3 Annotation Procedure
Each example is independently evaluated by mul-
tiple annotators with prior experience in mathe-
matical or logical reasoning tasks. Annotators are
provided with annotation guidelines and calibration
examples before beginning the evaluation.

To reduce bias, the annotation interface hides
the identity of the generation method and presents
only the problem, reasoning trace, and extracted
lesson. Final scores are computed by averaging the
annotator ratings for each example.

A.4.4 Human Evaluation Results
Table 7 summarizes the aggregated scores across
all annotated examples.

Dimension Mean Score Std. Dev.

Correctness 2.41 0.52
Generality 2.28 0.57
Usefulness 2.36 0.54

Table 7: Human evaluation scores for REMIND-
generated introspective lessons. Scores are averaged
across all annotated examples using a 3-point Likert
scale.

The results indicate that the extracted lessons are
frequently judged to correctly identify the underly-
ing reasoning error while also capturing principles
that generalize beyond the specific example. The

usefulness scores further suggest that these lessons
provide actionable guidance that could help pre-
vent similar reasoning mistakes in future problem-
solving scenarios.

A.4.5 Inter-Annotator Agreement

To assess annotation reliability, we compute
inter-annotator agreement using Krippendorff’s α.
Agreement values range between 0.62 and 0.69
across the three evaluation dimensions, indicating
substantial agreement among annotators.

A.5 Extended Experimental Details

While the experimental setup describes the data
distribution, we provide the exact hyperparameters
used for inference and memory retrieval to ensure
reproducibility. All experiments, including the ab-
lation studies across different model architectures,
utilized a unified set of generation parameters to
ensure fair comparison.

Retrieval overhead is modest relative to LLM
decoding because each query requires only one
sentence-embedding pass and a top-k nearest-
neighbor search with k = 3 over 384-dimensional
vectors. In our setup, the dominant cost remains
autoregressive generation rather than retrieval it-
self. Nevertheless, as the episodic library grows
further, retrieval may require additional pruning,
approximate indexing, or reranking to maintain low
latency.

Inference Configuration. We enabled sampling
to generate diverse reasoning paths. The specific
generation parameters are detailed in Table 8.

Parameter Value

Temperature (T ) 0.6
Top-p (Nucleus Sampling) 1.0 (Disabled)
Max New Tokens 4,096
Decoding Strategy Sampling (do_sample=True)
Repetition Penalty 1.0 (None)

Table 8: Generation Hyperparameters. These settings
were held constant across all baseline and REMIND
experiments.
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Quantization and Compute. To emulate a
resource-constrained environment typical of local
deployment, all models were loaded in 4-bit preci-
sion using the bitsandbytes library. The specific
quantization configuration was:

• Quantization Type: NF4 (Normal Float 4)

• Compute Dtype: bfloat16

• Double Quantization: Enabled (to further
reduce memory footprint)

Retrieval Engine Details. The Episodic Failure
Memory relies on vector similarity search. We
implemented this using the FAISS library with
an IndexFlatIP (Inner Product) index, which
corresponds to Cosine Similarity given normalized
embeddings. The embedding model used was
sentence-transformers/all-MiniLM-L6-v2
(384 dimensions). During the inference step, the
retrieval depth was set to k = 3 neighbors.

A.6 Compute Resources

All experiments, including memory construction,
model inference, and ablation studies, were con-
ducted on a single NVIDIA A100 GPU with 40GB
of VRAM.

A.7 Datasets

We evaluate on nine reasoning benchmarks span-
ning arithmetic, advanced mathematics, scien-
tific reasoning, commonsense reasoning, multi-hop
question answering, and truthfulness-oriented QA.
We group them into broad categories below and
then briefly explain what each dataset measures
and why this diversity is necessary.

Broad categories.

• Mathematical and numerical reasoning:
GSM8K, MATH, Minerva, GPQA

• Scientific reasoning: ARC-C

• Commonsense and abductive reasoning:
StrategyQA

• Multi-hop factual reasoning: HotpotQA

• Truthfulness-oriented question answering:
TruthfulQA

Why multiple datasets are necessary. No sin-
gle dataset is sufficient to characterize model rea-
soning performance, because different benchmarks
stress different failure modes. A model that per-
forms well on arithmetic problems may still strug-
gle with scientific multiple-choice questions, multi-
hop evidence aggregation, commonsense infer-
ence, or truthfulness under misleading priors. Con-
versely, strong performance on a knowledge-heavy
or truthfulness-oriented benchmark does not imply
robust symbolic reasoning or long-horizon problem
solving. Using multiple datasets therefore helps
distinguish whether a method improves general
reasoning behavior or merely overfits to a narrow
task format.

GSM8K. GSM8K is a benchmark of grade-
school math word problems. It evaluates whether
a model can carry out multi-step arithmetic rea-
soning, maintain intermediate quantities correctly,
and reach the final numerical answer without los-
ing consistency across steps. We include GSM8K
because it provides a clean testbed for composi-
tional numerical reasoning, where errors are easy
to observe and often reflect flaws in intermediate
reasoning rather than missing world knowledge
alone.

MATH. MATH is a benchmark of challenging
competition-style mathematics problems spanning
algebra, geometry, number theory, combinatorics,
and related areas. Compared with GSM8K, it re-
quires substantially deeper symbolic manipulation
and longer reasoning chains. We include MATH
because it tests whether a method that helps on sim-
pler numerical tasks continues to be useful in more
demanding mathematical settings where shallow
heuristics are much less effective.

Minerva. Minerva-style mathematics bench-
marks focus on advanced quantitative and scientific
reasoning problems that require formal manipula-
tion, equation-based reasoning, and careful step-by-
step derivation. We include Minerva because it ex-
tends the evaluation beyond standard school-level
arithmetic into more technical quantitative reason-
ing, helping assess whether the method generalizes
to harder mathematical problem distributions.

GPQA. GPQA consists of difficult graduate-
level multiple-choice questions designed to be chal-
lenging even for strong language models. Com-
pared with GSM8K, it places less emphasis on
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simple arithmetic and more on expert-level concep-
tual reasoning and precise discrimination among
closely related answer options. We include GPQA
because it probes whether the method scales be-
yond elementary reasoning into harder, more spe-
cialized settings where superficial pattern matching
is less reliable.

ARC-C. ARC-C (the Challenge split of the AI2
Reasoning Challenge) contains science exam ques-
tions that require non-trivial reasoning rather than
direct lookup. Many questions combine basic scien-
tific facts with elimination, comparison, or causal
reasoning. We include ARC-C because it tests
structured scientific reasoning in a multiple-choice
format, complementing the free-form numerical
reasoning in GSM8K and the harder expert-style
questions in GPQA.

TruthfulQA. TruthfulQA evaluates whether
models answer questions truthfully rather than re-
producing common misconceptions or attractive
falsehoods. This benchmark is important because a
response can sound fluent and confident while still
being factually wrong in a systematic way. We in-
clude TruthfulQA to measure whether the method
improves not just reasoning fluency, but also cali-
bration against misleading priors and popular but
incorrect associations.

StrategyQA. StrategyQA contains yes/no ques-
tions that often require implicit multi-step reason-
ing over everyday and factual knowledge. The
intermediate reasoning steps are usually not stated
directly in the question, so the model must infer
the latent chain needed to reach the answer. We in-
clude StrategyQA because it tests decompositional
reasoning in a concise QA format, bridging the
gap between explicit math reasoning and broader
commonsense or factual inference.

HotpotQA. HotpotQA is a multi-hop question
answering benchmark in which answering often re-
quires combining evidence from multiple support-
ing facts or passages. Unlike single-hop QA, the
model must connect pieces of information across
sources before arriving at the final answer. We
include HotpotQA because it tests compositional
factual reasoning and evidence aggregation, which
are central to understanding whether a method im-
proves reasoning across linked facts rather than
only within a single local context.

Overall dataset coverage. Taken together, these
datasets provide a more complete picture of model
capability. GSM8K, MATH, Minerva, and GPQA
test numerical, symbolic, and high-difficulty rea-
soning; ARC-C tests scientific and exam-style rea-
soning; StrategyQA tests commonsense and de-
compositional inference; HotpotQA tests multi-hop
factual reasoning; and TruthfulQA evaluates ro-
bustness against persuasive but false answers. This
breadth is important because improvements on one
reasoning type do not automatically transfer to oth-
ers, and a strong evaluation should therefore cover
multiple reasoning regimes rather than a single
benchmark.

A.8 Prompts Used

The REMIND framework utilizes a pipeline of five
distinct prompt templates to facilitate failure de-
tection, metacognitive introspection, knowledge
consolidation, and memory-augmented inference.
Each template is designed to target a specific stage
of the neuro-symbolic reasoning loop. We pro-
vide the verbatim prompts below (see Figure 10,
Figure 11, Figure 12, and Figure 13). Variables
enclosed in braces (e.g., {question}) denote slots
that are dynamically filled at runtime. To ensure
reproducibility, all prompts are presented in their
exact format used during experimentation.

A.9 Answer-free memory and offline-label
discussion.

A central design choice is that REMIND transfers
answer-free failure knowledge rather than mem-
orized solutions. The stored memory contains
abstract triggers, cognitive traps, and verification
rules; it does not store final answers or full solution
templates. Memory construction is also strictly
offline: ground-truth or verifier signals are used
only to identify failed practice examples, while test-
time REMIND requires only an embedding lookup,
retrieved lessons, and one standard LLM genera-
tion. This distinction addresses two deployment
concerns: the method is not a train–test memoriza-
tion procedure, and it does not require labels at
inference time.

A.10 Setup details on label-free construction
and cross-model visibility.

Ground-truth and label-free memory construc-
tion. Ground-truth labels are used only to select
failed practice examples during offline memory
construction; they are never used at inference time.
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Method Full gen. Extra LLM calls Retrieval Dominant online cost

CoT 1 0 No 1× decoding
Self-Consistency 40 0 No 40× decoding
Self-Refine 1 1–2 No 2–3× decoding
Meta-Prompting 1 0 No 1× decoding
RAG 1 0 Yes 1× decoding + lookup
MemPrompt 1 0 Yes 1× decoding + lookup
REMIND 1 0 Yes, k = 3 1× decoding + lookup

Table 9: Online inference cost comparison. REMIND
uses one full autoregressive generation, matching CoT,
RAG, MemPrompt, and Meta-Prompting in dominant
decoding cost. Its additional cost is a lightweight pre-
generation embedding and FAISS lookup, while Self-
Consistency and Self-Refine require multiple online
LLM generations.

This setting matches labeled development sets, his-
torical user corrections, and automatically verifi-
able tasks. To test a label-free proxy, we also built
memories using self-consistency pseudo-labels: the
model was sampled five times on training examples
and the majority-vote answer was treated as the
proxy label. On GSM8K and MATH, this pseudo-
label REMIND variant achieved F1 scores of 0.861
and 0.789, respectively, below the fully supervised
memory and standard self-consistency. This result
suggests that label-free mining is possible but cur-
rently noisy, so reliable failure signals remain im-
portant for memory construction. Although Table 1
uses Qwen2.5-7B as the main controlled backbone,
cross-model robustness is evaluated explicitly in
Section 4.4. We include both a difficult-subset
comparison across Llama, Phi, and Qwen, and an
additional Llama-3.2-8B evaluation across all eight
benchmarks.

Prompt-length control discussion. The gains
are also not explained by prompt length alone. Ta-
ble 4 shows that both episodic structural lessons
and global procedural rules contribute, with the
full dual-memory design performing best. Table 5
shows that random retrieval is weaker than dense
semantic retrieval; if longer context or implicit few-
shot supervision were sufficient, random lessons
of similar length should be competitive. Figure 6
further shows that increasing k saturates and can
slightly degrade performance, which is inconsistent
with a monotonic “longer prompt is always better”
explanation.

A.10.1 Statistical significance of comparison
between memory formation techniques

We also test the strongest comparison, Undercon-
fident memory versus Random memory, with a
paired McNemar test on GSM8K. Underconfident

memory significantly outperforms Random mem-
ory (n01 = 101, n10 = 52, exact two-sided
p = 9.18 × 10−5), where n01 denotes exam-
ples corrected by Underconfident memory but not
by Random memory and n10 denotes the reverse.
This provides statistical support for the epistemic-
receptivity hypothesis beyond the aggregate accu-
racy trend.

Model Architecture Params CoT REMIND Net ∆

Small Language Models
Llama-3.2-3B-Instruct 3B 45% 53% +8%
Phi-3.5-mini-instruct 3.8B 49% 56% +7%

Standard Scale
Qwen2.5-7B-Instruct 7B 77% 81% +4%

Table 10: Architecture Generalization on a subset
of MATH dataset (100 samples). Performance of the
REMIND framework across different model families
and sizes. The method proves effective across the spec-
trum, with particularly strong error recovery in smaller
models.

A.10.2 Cross model testing on Llama-3.2-8B.
To further foreground cross-model generality be-
yond the difficult MATH subset, we also evalu-
ated Llama-3.2-8B-Instruct across the same eight-
benchmark suite using CoT as the baseline. Ta-
ble 11 shows that REMIND improves accuracy and
reduces entropy in every dataset, including non-
mathematical benchmarks such as ARC-C, Hot-
potQA, TruthfulQA, and StrategyQA.

A.11 Recoverable Errors and Tool-Readiness.

When REMIND still fails, the error is often a ter-
minal heuristic slip rather than a core logic failure.
In our example, the model derives the correct co-
ordinates but misclassifies the final shape, yielding
the wrong area. This distinction matters: baseline
CoT fails through an incorrect method, whereas
REMIND fails after mostly valid reasoning. Such
localized errors are easier to detect and repair with
symbolic verifiers or external tools (Section A.3),
suggesting that REMIND improves not only an-
swer accuracy but also the tool-readiness of the
reasoning process. This qualitative picture is sup-
ported by two additional analyses. Human evalua-
tion of the extracted lessons (Appendix A.4) gives
mean scores of 2.41/3 for correctness, 2.28/3 for
generality, and 2.36/3 for usefulness, with Krippen-
dorff’s α between 0.62 and 0.69, indicating that
the recovered cognitive traps are generally accu-
rate and practically useful. Complementarily, the
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Dataset Baseline CoT REMIND
Accuracy ↑ Entropy ↓ Accuracy ↑ Entropy ↓

GSM8K 0.742 ±0.016 0.132 ±0.004 0.768 ±0.015 0.073 ±0.003

ARC-C 0.553 ±0.018 0.139 ±0.005 0.579 ±0.017 0.094 ±0.004

MATH 0.514 ±0.044 0.145 ±0.006 0.542 ±0.043 0.069 ±0.004

HotpotQA 0.160 ±0.020 0.178 ±0.008 0.168 ±0.019 0.134 ±0.006

GPQA 0.292 ±0.021 0.171 ±0.007 0.330 ±0.019 0.116 ±0.005

Minerva 0.061 ±0.013 0.197 ±0.011 0.082 ±0.012 0.150 ±0.008

TruthfulQA 0.520 ±0.019 0.145 ±0.005 0.542 ±0.018 0.104 ±0.004

StrategyQA 0.682 ±0.017 0.126 ±0.005 0.696 ±0.016 0.089 ±0.004

Table 11: Cross-benchmark generality on Llama-3.2-8B-Instruct. REMIND improves both accuracy and entropy
over CoT across all eight benchmarks.

symbolic-checker analysis (Appendix A.3) shows
that REMIND reduces early reasoning collapse
(54.7% → 35.2%) and shifts more remaining er-
rors into local execution slips (49.9% vs. 31.6%),
suggesting that retrieved lessons usually keep rea-
soning near the correct path rather than causing
new structural failures.

A.12 Extended Sensitivity to Model
Architecture

To verify that the efficacy of REMIND is not an
artifact of a specific model architecture, we evalu-
ated the framework across a diverse set of LLMs
with varying parameter counts. Specifically, we
tested the framework on Qwen2.5-7B (Qwen et al.,
2025), Llama-3.2-3B-Instruct2, and Phi-3.5-mini-
instruct3.

Table 10 presents the comparative results on a
difficult subset of the MATH benchmark (N =
100). We observe that REMIND consistently
improves performance regardless of model size,
though the magnitude of impact varies:
Small Language Models (SLMs). Models like
Llama-3.2-3B and Phi-3.5-mini show the highest
relative gains (up to +8%). These models often pos-
sess the raw reasoning capability but suffer from
"contextual drift" or formatting instability. The
episodic helps significantly boosting their reliabil-
ity (45% → 53% for Llama).
Standard Scale Models. For Qwen2.5-7B, which
already possesses a high baseline accuracy (77%),
REMIND still yields a distinct improvement to
81% (+4%). This indicates that even for capable

2http://huggingface.co/meta-llama/Llama-3.
2-3B-Instruct

3https://huggingface.co/microsoft/Phi-3.
5-mini-instruct

models, the method is effective.
We additionally evaluate Llama-3.2-8B-Instruct

across all eight benchmarks; REMIND improves
accuracy and reduces entropy in every dataset, in-
cluding non-mathematical tasks (see Table 11).

This cross-architecture consistency suggests that
REMIND addresses a fundamental mechanism of
context utilization in Auto-Regressive Transform-
ers, rather than overfitting to the idiosyncrasies of
a single model.

A.13 Process Fidelity and Error
Recoverability

Accuracy alone hides an important qualitative shift
in failure mode. REMIND changes errors from
cognitive collapse to structurally aligned near-
misses: even when the final answer is wrong, the
reasoning is often much closer to the correct solu-
tion path (Figures 8 and 9).

Schema Hallucination vs. Structural Alignment.
Baseline CoT failures often arise from schema hal-
lucination, where the model adopts the wrong math-
ematical formulation. In geometry problems with
tangency, for example, it may confuse intersection
points with points of tangency, producing an invalid
system from the outset. Such failures are typically
unrecoverable. By contrast, REMIND more often
remains structurally aligned: retrieved lessons
help the model identify the correct constraints (e.g.,
tangency via point-to-line distance) and carry out
the main symbolic steps correctly. See Figure 3 for
reference.

Recoverable Errors and Tool-Readiness.
When REMIND still fails, the error is often a
terminal heuristic slip rather than a core logic
failure. Such localized errors are easier to detect
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and repair with symbolic verifiers or external
tools (Section A.3), suggesting that REMIND
improves not only answer accuracy but also
the tool-readiness of the reasoning process.
Human-evaluation and symbolic-checker details
are reported fully in Appendices A.4 and A.3.
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Baseline CoT Output (Failure: Cognitive Collapse)

First, we need to find the points of tangency between the circle and the parabola. The equations
of the circle and parabola are: - Circle: x2 + y2 = 2 - Parabola: y2 = 8x
For tangency, the system of equations must have exactly one solution for each tangent line. We
substitute y2 = 8x into the circle’s equation:

x2 + 8x = 2 =⇒ x2 + 8x− 2 = 0.

Using the quadratic formula x =
−b±

√
b2−4ac

2a
, where a = 1, b = 8, and c = −2:

x =
−8±

√
64 + 8

2
=

−8±
√
72

2
=

−8± 6
√
2

2
= −4± 3

√
2.

Since x must be non-negative, we take x = −4 + 3
√
2. Now, substituting back to find y:

y2 = 8(−4 + 3
√
2) = −32 + 24

√
2.

Thus, the points of tangency are:

(︃
−4 + 3

√
2,

√︂
−32 + 24

√
2

)︃
and

(︃
−4 + 3

√
2,−

√︂
−32 + 24

√
2

)︃
.

Similarly, for the other tangent, we get:

(︃
−4− 3

√
2,

√︂
−32− 24

√
2

)︃
and

(︃
−4− 3

√
2,−

√︂
−32− 24

√
2

)︃
,

but since the latter is not valid as it doesn’t lie on the circle, we only consider the first pair.

The coordinates of the points of tangency are approximately:

A ≈ (0.343, 2.828), B ≈ (0.343,−2.828), C ≈ (−7.343, 2.828), D ≈ (−7.343,−2.828).

The quadrilateral formed by these points is a rectangle with side lengths:

AB = 2× 2.828 = 5.656 ≈ 5.656

and
AD = 7.343− 0.343 = 7.

The area of the rectangle is:
5.656× 7 = 39.592 ≈ 39.592.

However, the exact calculation using the exact values gives us:

Area = 8.

ANS = 8

Figure 8: The raw reasoning output from the Baseline CoT model. It incorrectly conflates the condition for tangency
with curve intersection, leading to invalid coordinates and a fabricated geometric shape.
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REMIND Output (Success: Structural Alignment)

To find the area of the quadrilateral formed by the points of tangency between the circle x2+y2 = 2
and the parabola y2 = 8x, we need to first determine the coordinates of these points of tangency.
Step 1: Find the Points of Tangency The general equation of a tangent to the parabola y2 = 8x is
given by y = mx+ 2

m
. For this tangent to be also tangent to the circle x2+y2 = 2, it must satisfy

the condition that the distance from the center of the circle (0,0) to the line mx− y+ 2
m

= 0 is

equal to the radius
√
2.

The distance from the origin to the line mx− y + 2
m

= 0 is:

⃓⃓
2
m

⃓⃓
√
m2 + 1

=
√
2

Squaring both sides, we get:

4

m2(m2 + 1)
= 2 =⇒ 2

m2(m2 + 1)
= 1 =⇒ 2 = m2(m2 + 1) =⇒ m4 +m2 − 2 = 0

Let u = m2, then the equation becomes:

u2 + u− 2 = 0 =⇒ (u+ 2)(u− 1) = 0 =⇒ u = 1 or u = −2

Since u = m2 must be non-negative, we have m2 = 1 =⇒ m = ±1.
For m = 1, the tangent line is y = x+2. Substituting y = x+2 into the parabola equation y2 = 8x,
we get:

(x+ 2)2 = 8x =⇒ x2 + 4x+ 4 = 8x =⇒ x2 − 4x+ 4 = 0 =⇒ (x− 2)2 = 0 =⇒ x = 2

Thus, y = 2 + 2 = 4. So one point of tangency is (2, 4).

For m = −1, the tangent line is y = −x − 2. Substituting y = −x − 2 into the parabola equation
y2 = 8x, we get:

(−x− 2)2 = 8x =⇒ x2 + 4x+ 4 = 8x =⇒ x2 − 4x+ 4 = 0 =⇒ (x− 2)2 = 0 =⇒ x = 2

Thus, y = −2− 2 = −4. So another point of tangency is (2,−4).
Similarly, for the other pair of tangents, we get the points (−1, 1) and (−1,−1).
Step 2: Determine the Area of the Quadrilateral The points of tangency are (2, 4), (2,−4), (−1, 1),
and (−1,−1). These points form a rectangle. The length of the rectangle is the distance between
(2, 4) and (2,−4), which is 8, and the width is the distance between (2, 4) and (−1, 4), which is 3.
The area of the rectangle is:

Area = 8× 3 = 24

ANS =
24

Figure 9: The reasoning output from the REMIND agent. It correctly applies the distance-to-center condition for
common tangents and derives the exact coordinates. The final error (Area = 24 instead of 15) is a benign geometric
misclassification (rectangle instead of trapezoid) rather than a fundamental logic failure.
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Prompt 1: Baseline Direct Generation (No CoT)

Solve this problem. You can show your work, but you MUST end your response with a final line in
this exact format answering the exact question asked: ANS = <value>
Do not include any explanation or extra text on the final ANS = <value> line.
Question: {question}

Prompt 2: Baseline Chain-of-Thought (CoT)

Example:
Question: Janet has 16 apples. She gives away 4 apples. How many apples does she have left?
Let’s think step by step:
Janet starts with 16 apples.
She gives away 4 apples.
So she has 16 - 4 = 12 apples left.
ANS = 12
CRITICAL INSTRUCTIONS:
1. Show your step-by-step reasoning
2. Your response MUST end with EXACTLY this format on the last line answering the exact question
asked:
ANS = <numerical_value>
3. Do NOT write anything after the ANS = line
4. Do NOT add explanations, periods, or extra text on the final line
5. The answer must be a single number after the equals sign
Now solve this problem following the exact format above:
Question: {question}
Let’s think step by step:

Figure 10: Baseline prompts used for entropy-based failure detection. Comparison between Direct (Prompt 1) and
CoT (Prompt 2) outputs identifies "reasoning illusions" where confidence increases despite incorrectness.
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Prompt 3: Dual-Layer Introspection

You are a Senior Mathematical Logician analyzing a failure in an AI’s reasoning.
[FAILURE CONTEXT]
The AI attempted this problem but failed.
Problem: {question}
AI’s Reasoning: {reasoning_chain}
AI’s Wrong Answer: {wrong_answer}
Correct Answer: {ground_truth}
[YOUR TASK]
Analyze this failure in TWO DISTINCT LAYERS.
=== LAYER 1: The Structural Lesson (For Vector Retrieval) ===
Extract a GENERALIZABLE mathematical lesson. Do not fixate on specific numbers (like 31, 28, f(-3)).
Instead, identify the structural pattern.
1. Concept: What mathematical concept is this? (e.g., "Binomial Symmetry").
2. Abstract Trigger: Describe the type of problem configuration that invites the error, without
using specific numbers. (e.g., instead of "xˆ4 and xˆ2", say "Polynomials containing only even
powers").
3. Cognitive Trap: Why did the CoT reasoning feel confident? What heuristic did it abuse?
4. Structure_Fix: A concise, actionable directive for future problems of this TYPE. (IF [Abstract
Condition], THEN [Specific Check]).
=== LAYER 2: The Process Flaw (For Global Constitution) ===
Identify the "Meta-Cognitive" bad habit that allowed the error to pass.
1. Process_Tag: A short 2-3 word category for the bad habit (e.g., "Constraint Blindness").
2. Process_Rule: A universal, short maxim (max 10 words) to prevent this habit in ANY math problem.
[OUTPUT FORMAT]
Concept: [Short tag]
Abstract Trigger: [Description]
Cognitive Trap: [Logic flaw]
Structure_Fix: IF [Condition], THEN [Action].
Process_Tag: [Category]

Process_Rule: [Universal Maxim]

Figure 11: The introspection prompt used to decompose failures into specific structural patterns (for EFM) and
general procedural flaws (for the Constitution).

Prompt 4: Global Constitution Synthesis

You are a Mathematical Reasoning Coach.
Below is a raw list of "Bad Habits" and "Fixes" collected from various AI failure cases.
Many are repetitive (e.g., multiple mentions of "Check constraints").
[RAW LIST]
{raw_rules_text}
[YOUR TASK]
Synthesize a "Universal Reasoning Constitution" of exactly 5 RULES.
1. Merge Redundancies: "Check steps", "Verify logic", and "Validate" are the SAME rule. Combine
them.
2. Remove Domain-Specifics: Remove rules about "Geometry" unless they apply to ALL math.
3. Actionable Commands: Do not say "Be careful." Say "List constraints explicitly."
[OUTPUT FORMAT]
### UNIVERSAL REASONING CONSTITUTION
1. [Category]: [Actionable Command]

Figure 12: The synthesis prompt used to aggregate noisy procedural feedback into a clean, static Global Constitution.
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Prompt 5: Constitution-Guided Inference

{constitution_text}
# RELEVANT PAST FAILURES (Specific Patterns)
## Pattern 1 (similarity: {sim_score_1})
- Trap: {error_type_1}
- Trigger: {warning_signs_1}
- Fix: {lesson_1}
... [Additional retrieved patterns] ...
Before answering:
1. APPLY the Constitution rules above.
2. CHECK against the specific failure patterns listed.
3. If uncertain, verify constraints explicitly.
Example:
Question: Janet has 16 apples. She gives away 4 apples. How many apples does she have left?
Let’s think step by step:
Janet starts with 16 apples.
She gives away 4 apples.
So she has 16 - 4 = 12 apples left.
ANS = 12
CRITICAL INSTRUCTIONS:
1. Show your step-by-step reasoning
2. Your response MUST end with EXACTLY this format on the last line:
ANS = <numerical_value>
3. Do NOT write anything after the ANS = line
4. The answer must be a single number after the equals sign
Now solve this problem following the exact format above:
Question: {question}
Let’s think step by step:

Figure 13: The final inference prompt, which dynamically assembles the Global Constitution and retrieved failure
patterns (Mretrieved) to guide the model’s generation.
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