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Abstract

Policy gradient methods are widely used
to align large language model outputs with
human preferences, but the log-likelihoods
they require cannot be directly computed
in Masked Diffusion Language Models
(MDLMs). MDLM post-training therefore
relies on a surrogate objective based on the
Evidence Lower Bound (ELBO), and recent
work estimates a blockwise variant of this
objective via Monte Carlo methods to support
blockwise generation. However, existing
estimation schemes randomly sample the
block index, so they may evaluate the same
block more than once and leave some blocks
unevaluated. This introduces variance arising
from block selection into the estimates. In
this work, we propose a full-block estimator
that evaluates every block exactly once
and averages the results. We theoretically
show that the proposed estimator remains
unbiased while eliminating the between-group
variance arising from block selection, thereby
achieving lower variance than the baseline for
the same sample size. In experiments on five
benchmarks spanning mathematics, planning,
and coding, our method achieves the highest
accuracy on four benchmarks and outperforms
the random block sampling baseline by an
average of 12.79 points.1

1 Introduction

Policy gradient methods are widely used to align
large language model (LLM) outputs with human
preferences (Ouyang et al., 2022; Rafailov et al.,
2023; Shao et al., 2024). These methods require
the log-likelihood of the response, which in auto-
regressive language models (ARLMs) can be com-
puted as the sum of conditional log-probabilities
over individual tokens.

*Work done while at Kyoto University.
1Code is available at https://github.com/githu

bhyz/See_Every_Block_Once.
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1Figure 1: Comparison of block selection in Monte
Carlo estimation of the blockwise surrogate objective.
For each Monte Carlo sample index k, a block b is sam-
pled, and the corresponding set of token positions is
denoted by Bb. For each block b, the masking ratio tb
and the masked positions Mtb are sampled to compute
the blockwise surrogate objective in (1). Top: In our
method (full-block evaluation), each sample k corre-
sponds to a distinct block, so that every block is eval-
uated exactly once. Bottom: In the existing method
(random block sampling), each sample independently
selects a block, which may cause the same block to
be evaluated multiple times (B2 is selected for both
k=1, 2) or some blocks to remain unevaluated (B1).

In contrast, Masked Diffusion Language Mod-
els (MDLMs), which have recently gained at-
tention, cannot directly compute log-likelihoods.
MDLMs generate sequences by randomly mask-
ing tokens in a sequence and then progressively
unmasking them. The generation process in
MDLMs does not uniquely determine the un-
masking order, so computing the log-likelihood
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requires marginalization over all possible or-
ders (Uria et al., 2014). For long sequences, this
computational cost is prohibitive.

Consequently, MDLM training cannot directly
maximize the log-likelihood of the full response
and instead optimizes the Evidence Lower Bound
(ELBO), as a surrogate objective (Sahoo et al.,
2024). Recent MDLMs also adopt blockwise gen-
eration, which partitions sequences into blocks
and generates them left to right (Arriola et al.,
2025; Nie et al., 2025); a corresponding blockwise
surrogate objective has also been proposed (Wang
et al., 2026; Sun et al., 2025).

This work focuses on the Monte Carlo estima-
tion of the blockwise surrogate objective. The
blockwise surrogate objective is defined as an ex-
pectation over the block index b, the masking ratio
tb within the block, and the subset of masked po-
sitions Mtb :

LBlock = Eb, tb,Mtb

[
ℓb,tb,Mtb

]
(1)

(see Section 2.2 for the definition). Here, ℓb,tb,Mtb

is the token prediction loss at the masked posi-
tions within block b. In practice, LBlock is approx-
imated via Monte Carlo estimation by sampling
b, tb, and Mtb a small number of times, and the
resulting estimation variance can destabilize pol-
icy updates. In particular, the existing estimation
scheme (Wang et al., 2026) that randomly samples
the block index b (random block sampling; Fig. 1,
bottom) may select the same block multiple times
or leave some blocks entirely unevaluated.

Unlike prior work that focuses on designing
policy optimization rules (Zhao et al., 2025; Tang
et al., 2026), improving the surrogate objec-
tive (Wang et al., 2026), or controlling the bias and
variance of likelihood approximation (Zhu et al.,
2026), this work examines the design of the Monte
Carlo estimator itself while keeping the surrogate
objective fixed. Specifically, instead of randomly
sampling the block index, we propose a full-block
estimator that evaluates every block exactly once
and averages the results (Fig. 1, top). Since this
approach replaces only the estimator without mod-
ifying the blockwise surrogate objective itself, it
can be readily integrated into existing MDLM
post-training pipelines.

We evaluate our method on five benchmarks
(GSM8K, MATH-500, Countdown, Sudoku, and
HumanEval) and find that it outperforms baselines
on most benchmarks. Furthermore, compared

with random block sampling, our method exhibits
higher Spearman rank correlation and lower esti-
mation error relative to reference values treated as
ground truth, showing that it suppresses the vari-
ance arising from block selection at the estima-
tor level. These results indicate that the design
of the estimator for the surrogate objective is also
a viable avenue for improvement in MDLM post-
training.

2 Background

This section first describes Masked Diffusion Lan-
guage Models (MDLMs), which form the basis of
our method, then formulates blockwise generation
used in MDLMs, and finally explains the instabil-
ity of block selection.

2.1 Masked Diffusion Language Models

Masked Diffusion Language Models (MDLMs)
apply an absorbing-state diffusion process to
discrete text sequences and generate sequences
through mask prediction (Sahoo et al., 2024; Nie
et al., 2025). In the forward process, each token
is independently masked according to a diffusion
timestep t ∈ (0, 1], and in the reverse process the
sequence is recovered by predicting the tokens at
masked positions (see Appendix C.1 for details).

Notation. Let o denote the response generated
by the model for an input prompt c. Each response
o = (o1, . . . , oL) consists of L tokens over a vo-
cabulary V . We denote by ot the corrupted se-
quence obtained by independently replacing each
token of o with a mask token2 M /∈ V with prob-
ability depending on t. The MDLM pθ(o

i | ot, c)
predicts the original token at position i given the
corrupted sequence ot and the prompt c, where θ
denotes the model parameters.

Objective in pre-training. In pre-training,
MDLMs maximize the Evidence Lower Bound3

(ELBO) (Sahoo et al., 2024):

LELBO(o; θ)

= Et,ot


1
t

∑

i: oit=M

log pθ(o
i | ot, c)


 , (2)

2The mask token M serves as the absorbing state in the
diffusion process.

3The summation in (2) runs only over positions that are
masked in the corrupted sequence ot.

5837



Token (not masked)

M Token (masked in block)

M Token (fully masked)

M
(5)

M
(7)

M
(8)

M
(9)

M
(10)

M
(11)

B0 B1 B2

1Figure 2: Mask state during the generation of block
b = 1 for a response o of length L = 12 (C = 3, B =
4). Block B0 is considered already generated, so its
original tokens are retained. In this example, positions
5 and 7 within block B1 are masked (Mt1 = {5, 7}),
and all positions in block B2 are masked. The full set
of masked positions is S1(Mt1) = {5, 7, 8, 9, 10, 11}.

where t ∼ Unif((0, 1]) and ot ∼ q(· | o, t); here
Unif(X) denotes the uniform distribution over a
set X .

2.2 Blockwise generation

To achieve better generation quality, recent
MDLMs adopt blockwise generation, which par-
titions a sequence into multiple blocks and gen-
erates them sequentially from left to right (Ar-
riola et al., 2025). When blockwise generation
is used at inference time, it is desirable to com-
pute the training objective based on the blockwise
generation process as well. This work considers
reinforcement learning (RL) via policy optimiza-
tion4 and formulates a blockwise surrogate objec-
tive based on their implementation5.

Notation. Let B denote the block length and
C = L/B the number of blocks6 when a response
o of length L is partitioned into blocks of length
B. Let b ∈ {0, . . . , C − 1} be the block index and
Bb the set of token positions belonging to block b
(|Bb| = B). We write tb ∈ (0, 1] for the masking
ratio within block b. Let Mtb ⊆ Bb denote the
set of positions masked with probability tb within
block b. During the generation of block b, all posi-
tions in ungenerated blocks b′ > b are also masked
in addition to Mtb ; we write Sb(Mtb) for this ex-
tended mask set (see Appendix C.5 for the formal
definition and Fig. 2 for an example).

4Objectives for pre-training (Arriola et al., 2025) (Wang
et al., 2026) and Supervised Fine-Tuning (SFT) (Sun et al.,
2025) have also been proposed.

5Wang et al. (2026) adopt a blockwise masking strategy
in their implementation but do not explicitly formulate the
corresponding objective (https://github.com/fac
ebookresearch/SPG).

6For simplicity, we assume that L is divisible by B.

Blockwise surrogate objective in RL. The
number of masked tokens within block b is
max(1, ⌊tbB⌋), and we write Ωb(tb) for the set
of all possible masked-position subsets7 (see Ap-
pendix C.6 for the formal definition). We also
define the fraction of masked positions relative
to the total sequence length as γb(Mtb) =
|Sb(Mtb)|/L. The blockwise surrogate objective
is then defined as:

LBlock(o | c; θ) := Eb,tb,Mtb

[
ℓb,tb,Mtb

(o, c; θ)
]
,

(3)
where

ℓb,tb,Mtb
(o, c; θ)

=
1

γb(Mtb)

∑

i∈Sb(Mtb
)

log pθ

(
oi | ob,Mtb

, c
)
,

(4)

where b ∼ Unif({0, . . . , C − 1}), tb ∼
Unif((0, 1]), and Mtb ∼ Unif(Ωb(tb)). Here,
ob,Mtb

denotes the partially masked sequence ob-
tained by replacing the positions in Sb(Mtb) with
M (see Appendix C.5 for the formal per-position
definition). This gives the formal definition of (1).
The coefficient 1/γb(Mtb) scales the token pre-
diction loss by the number of masked positions,
ensuring a consistent loss scale across different
masking ratios. We adopt Group Relative Policy
Optimization (GRPO) (Shao et al., 2024) for pol-
icy optimization and use LBlock as a surrogate for
log πθ(o

j | c) in the GRPO objective8 (see Ap-
pendix C.3 for the formulation of GRPO).

2.3 Instability of block selection
Estimation of the blockwise surrogate objective
relies on sampling blocks. This work focuses
on the finite-sample instability that arises when a
small number of blocks are randomly selected.

Estimation of the blockwise surrogate objec-
tive. A finite-sample Monte Carlo estimate of
LBlock in (3) is obtained by K independent sam-
ples:

L̂Rand(o | c; θ) := 1

K

K∑

k=1

ℓbk,tk,Mk
(o, c; θ), (5)

where bk
i.i.d.∼ Unif({0, . . . , C − 1}), tk

i.i.d.∼
Unif((0, 1]), and Mk

i.i.d.∼ Unif(Ωbk(tk)). How-
7⌊·⌋ denotes the floor function.
8Here, oj denotes the j-th of the g responses {oj}gj=1

generated by the model for an input prompt c.
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Figure 3: Instability of random block sampling with a
small number of blocks. (a) Some blocks receive zero
selections after K=4 independent draws. (b) The miss
probability increases rapidly with C (see Appendix C.7
for a formal derivation).

ever, in practice the number of blocks C is typi-
cally small (e.g., C = 2, 4, or 8). Consequently,
with a finite number of evaluations, the same block
may be repeatedly sampled, while other blocks
may never be selected. As a result, the variabil-
ity in block selection increases the instability of
the estimate of LBlock.

Block sampling simulation. Figure 3 illustrates
the finite-sample instability arising from random
block selection. Figure 3a shows the results of
simulating 8 independent trials with C = 4 and
K = 4; red-bordered cells indicate blocks that
were never selected. In all trials, at least one block
remains unselected. Figure 3b shows the proba-
bility that at least one block is never selected for
C ∈ {2, 4, 8}. At K = C = 4, Pr = 0.91,
indicating that unselected blocks occur with high
probability.

3 Proposed Method

We introduce a full-block estimator that evaluates
all blocks rather than randomly selecting a subset,
while keeping LBlock itself unchanged (see Fig. 1,
top).

Since L̂Rand in (5) randomly selects the block

index b, the same block may be evaluated more
than once. The proposed full-block estimator eval-
uates every block exactly once and averages the
results over all C blocks:

L̂Full(o | c; θ) := 1

C

C−1∑

b=0

ℓb,tb,Mtb
(o, c; θ), (6)

where tb ∼ Unif((0, 1]) and Mtb ∼ Unif(Ωb(tb))
are sampled independently for each block b.

Indeed, L̂Full is an unbiased estimator of LBlock:

E
[
L̂Full(o | c; θ)

]

=
1

C

C−1∑

b=0

Etb,Mtb

[
ℓb,tb,Mtb

(o, c; θ)
]

= LBlock(o | c; θ),

where the last equality follows from the fact that
each block b is selected with probability 1/C un-
der b ∼ Unif({0, . . . , C − 1}) in (3).

4 Theoretical Comparison of Objective
Variances

This section theoretically compares the variances
of the proposed estimator L̂Full in (6) and the base-
line L̂Rand in (5) in terms of the within-group vari-
ance and the between-group variance.

Notation. For each block b, we define the ex-
pected loss and the variance of the loss within the
block as

µb := Etb,Mtb

[
ℓb,tb,Mtb

(o, c; θ)
]
,

σ2
b := Vartb,Mtb

[
ℓb,tb,Mtb

(o, c; θ)
]
,

respectively. We further define the between-group
variance, which measures the variability of the ex-
pected losses across blocks, and the within-group
variance, which is the average of the variances
within each block (Muthén, 1991):

σ2
between := Varb′ [µb′ ] =

1

C

C−1∑

b=0

(µb − µ̄)2, (7)

σ̄2
within := Eb′

[
σ2
b′
]
=

1

C

C−1∑

b=0

σ2
b , (8)

where b′ ∼ Unif({0, . . . , C − 1}) and µ̄ :=
1
C

∑C−1
b=0 µb.
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Variance of L̂Rand. We derive the variance of
each sample ℓbk,tk,Mk

in L̂Rand in (5). The ran-
domness of each sample consists of two stages:
the selection of the block index bk and the sam-
pling of (tk,Mk) within the selected block. Ap-
plying the law of total variance (Casella and
Berger, 2002), Var[X] = Var[E[X | Y ]] +
E[Var[X | Y ]], with X = ℓbk,tk,Mk

and Y = bk,
we obtain

Var[ℓbk,tk,Mk
] = Varbk [Etk,Mk

[ℓbk,tk,Mk
| bk]]

+ Ebk [Vartk,Mk
[ℓbk,tk,Mk

| bk]]
= Varbk [µbk ] + Ebk

[
σ2
bk

]

= σ2
between + σ̄2

within, (9)

where the last equality holds since bk ∼
Unif({0, . . . , C − 1}). Since the K samples are
mutually independent, from (5) and (9) we have

Var
[
L̂Rand

]
=

1

K

(
σ2
between + σ̄2

within

)
. (10)

Variance of L̂Full. In L̂Full in (6), the block index
deterministically takes every value b = 0, . . . , C−
1 exactly once. The only random variables are
(tb,Mtb) within each block, and these are inde-
pendent across blocks. From (6) and (8),

Var
[
L̂Full

]
=

1

C2

C−1∑

b=0

σ2
b =

σ̄2
within

C
. (11)

Variance ratio. From (10) and (11),

Var
[
L̂Full

]

Var
[
L̂Rand

] =
K

C
· σ̄2

within

σ2
between + σ̄2

within

. (12)

Since the second factor in (12) is at most 1, the
variance ratio is at most 1 whenever K = C (i.e.,
the sample size matches the number of blocks).
That is, L̂Full remains unbiased for LBlock while
eliminating the between-group variance σ2

between

arising from block selection, thereby achieving
lower variance when K = C.

The variance ratio derived above in (12) is re-
stricted to K = C for simplicity. Appendix D
extends the same analysis to arbitrary K ≥ 1, and
the resulting expression (26) shows that the vari-
ance ratio is at most 1. The variance reduction of
our method (Var[L̂Full] ≤ Var[L̂Rand]) therefore
holds beyond the K = C setting.

5 Experimental Setup

This section evaluates the proposed full-block es-
timator L̂Full in (6) on five benchmarks across
three categories: mathematics, planning, and cod-
ing. Specifically, we assess (i) whether the dif-
ference in estimator alone leads to a performance
gap when the sample size matches the number
of blocks (L̂Full in (6) vs. L̂Rand in (5)), and
(ii) whether our method achieves competitive per-
formance compared with existing MDLM post-
training methods.

5.1 Baselines

We use LLaDA-8B-Instruct (Nie et al., 2025)
as the base model. The compared methods are
LLaDA-1.5 (Zhu et al., 2026), D1 (Zhao et al.,
2025), WD1 (Tang et al., 2026), SPG (Wang et al.,
2026), and L̂Rand in (5).9 In particular, the com-
parison between L̂Rand in (5), which samples the
block index independently and uniformly, and our
method L̂Full in (6) serves as an ablation that iso-
lates the effect of the estimator while keeping the
objective fixed. See Section 8 for details on each
method.

5.2 Tasks

We use five benchmarks spanning the follow-
ing three task categories. (i) Mathemat-
ics: GSM8K (Cobbe et al., 2021) and MATH-
500 (Lightman et al., 2024). (ii) Planning: Count-
down (Pan et al., 2025) and Sudoku (Arel, 2025).
(iii) Coding: HumanEval (Chen et al., 2021). The
training data for the coding task are taken from
Open R1 (2025).

5.3 Training Details

Model settings. Our method and all compared
methods are trained with the same hyperpa-
rameter settings. In all experiments, we fine-
tune the base model (LLaDA-8B-Instruct) using
QLoRA (Dettmers et al., 2023) (4-bit NF4 quanti-
zation, LoRA rank r = 128; r = 64 for the coding
task). We use the AdamW optimizer (Loshchilov
and Hutter, 2019) with a learning rate of 1.5 ×
10−6 (constant schedule with warmup), and all
tasks are trained for 4,000 steps.

9LLaDA-8B-Instruct is one of the largest publicly avail-
able instruction-tuned MDLMs, and the compared methods
are also evaluated on LLaDA-family MDLMs; we therefore
adopt it as the base model in this work. LLaDA-1.5, D1,
WD1, and SPG are all standard baselines used in prior work
on MDLM post-training.
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Benchmark

Method Blockwise GSM8K MATH-500 Countdown Sudoku HumanEval Avg.

LLaDA × 76.27 31.80 19.14 26.56 27.44 36.24
LLaDA-1.5 × 78.70 33.00 18.36 23.64 32.93 37.33
D1 × 81.43† 36.00 36.72 13.21 32.93 40.06
WD1 × 81.20 34.60 44.14 62.25 28.05 50.05

SPG ✓ 80.29 36.20† 70.31↑3.90 72.73† 29.88 57.88†

L̂Rand ✓ 76.20 34.40 44.14 61.20 34.76† 50.14

L̂Full (ours) ✓ 82.26 38.00 66.41† 91.39 36.59 62.93
▲6.06 / ↑0.83 ▲3.60 / ↑1.80 ▲22.27 ▲30.19 / ↑18.66 ▲1.83 / ↑1.83 ▲12.79 / ↑5.05

Table 1: Performance comparison across benchmarks. Higher scores indicate better performance. LLaDA denotes
the base model (LLaDA-8B-Instruct) before fine-tuning. The Blockwise column indicates methods that use the
blockwise surrogate objective (3). Bold denotes the highest accuracy in each column, and † denotes the second
highest. ▲ indicates the improvement of L̂Full over L̂Rand, and ↑ indicates the improvement of the highest accuracy
over the † value.

Generation settings. During training, the gen-
eration length is L = 256 (512 for the coding task)
and the block length is B = 64 (128 for the cod-
ing task), yielding C = 4 blocks for all tasks. The
number of diffusion steps is set to half the gen-
eration length, corresponding to an average of 2
tokens unmasked per step.

Objective settings. We use GRPO (Shao et al.,
2024) for policy optimization with task-specific
rule-based verifiers as reward functions (see Ap-
pendix B for more details). L̂Full, L̂Rand, and
SPG all employ blockwise surrogate objectives,
and we set the number of Monte Carlo samples
to K = C = 4 for all three methods. Un-
der this setting, L̂Full evaluates each block exactly
once, while SPG and L̂Rand independently sample
(bk, tk,Mk)K times. D1 and WD1 do not use the
blockwise surrogate objective, so this sample size
is not applicable.

See Appendix A.1 for further details.

5.4 Evaluation
Following prior work (Wang et al., 2026; Zhao
et al., 2025), the evaluation settings for each task
are as follows. (i) Mathematics & Planning:
GSM8K and MATH-500 are evaluated in a 0-
shot setting using exact match accuracy between
the generated answer and the ground-truth label.
For the mathematics tasks, we extract the expres-
sion inside \boxed{}, normalize the LaTeX rep-
resentation, and check for mathematical equiva-
lence. For Countdown and Sudoku, correctness
is determined by whether the generated answer
matches the ground truth. Sudoku is evaluated in a
2-shot setting. (ii) Coding: HumanEval is evalu-

ated in a 2-shot setting using Pass@1 (the fraction
of problems for which a single generation passes
all test cases).

We evaluate each task using the checkpoint
from the final training step. See Appendix A.2 for
details on inference parameters.

6 Results

Table 1 presents the results. Our method achieves
the highest accuracy on four out of five bench-
marks and outperforms SPG, the strongest base-
line, by 5.05 points in the simple average across
all five benchmarks.

We first compare L̂Full in (6) and L̂Rand in (5)
as an ablation that isolates the effect of the esti-
mator. L̂Full outperforms L̂Rand on all five bench-
marks, with an average improvement of 12.79
points. This result shows that, even with the same
surrogate objective, the design of the estimator
affects the final task performance in the finite-
sample regime.

Our method also demonstrates consistent per-
formance compared with all existing methods. On
the mathematics tasks, our method achieves the
highest accuracy on both GSM8K (82.26) and
MATH-500 (38.00). On Sudoku, the performance
gap among methods is large; our method (91.39)
outperforms the strongest baseline, SPG (72.73),
by 18.66 points. On HumanEval, a coding task,
our method (36.59) also outperforms all baselines.
On the other hand, on Countdown, our method
(66.41) outperforms L̂Rand (44.14) by 22.27 points
but does not surpass SPG (70.31). SPG combines
(a) the sandwiched objective and (b) random block
sampling. Our method does not use (a), and in-
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stead improves (b). The gap on Countdown may
therefore be attributable to the effect of (a).

We examine whether these results depend on the
specific setting K = C = 4 through the additional
experiments in Appendix E (K ∈ {2, 6, 8} with
C = 4 fixed) and Appendix F (doubling to C =
8). Our method matches or outperforms L̂Rand in
every setting.10 Note that within the settings we
examined, the gain of our method is largest in the
low-sample regime K = C and generally shrinks
as the sample size K grows beyond the number of
blocks C (Appendix E).

The next section analyzes the difference be-
tween our method and the existing estimator more
directly from the perspectives of estimation qual-
ity and variance.

7 Empirical Comparison of Objective
Estimates

This section quantitatively compares the statistical
properties of L̂Full in (6) and L̂Rand in (5). To this
end, we first describe the experimental setup, then
evaluate the overall trend of estimation quality us-
ing the Spearman rank correlation and RMSE with
respect to a high-precision reference estimate. Fi-
nally, we verify the theoretical variance ratio de-
rived in (12) using empirical measurements.

7.1 Setup

For the five benchmarks described in Section 5.2,
we extract n = 1,000 prompts from the training
data and generate one response per prompt using
LLaDA-8B-Instruct11, with the number of blocks
set to C = 4. Since L̂Full evaluates each block
exactly once, we set K = C = 4 for L̂Rand to
match the sample size.

In what follows, we refer to L̂Rand computed
with sample size K = 1024 as the high-precision
reference estimate Lref . Although this is not the
exact true value, we regard it as an approximate
reference with sufficient precision for the compar-
isons in this section12.

10The improvements over L̂Rand are as follows: at K = 2,
+6.66 points on the five-dataset average; at K = 8, +0.33
points on the GSM8K/MATH-500 average; and at C = 8,
+2.92 points on the GSM8K/MATH-500 average.

11We use the base model rather than the trained model from
Section 6 so that the statistical properties of L̂Full and L̂Rand
are compared under the same conditions.

12For example, on GSM8K the Spearman rank correlation
between the estimates at K = 512 and K = 1024 is 0.994,
indicating that the ranking is nearly stable and further increas-
ing K has little effect.
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Figure 4: Comparison of estimation quality for LBlock
in (3) between L̂Full in (6) and L̂Rand in (5) on GSM8K
(C = 4). L̂Rand is computed with varying sample size
K. The estimate at K = 1024 is used as the high-
precision reference estimate Lref for computing Spear-
man ρ and RMSE. Higher ρ and lower RMSE indicate
better estimation quality. The star indicates the result of
L̂Full at K = C = 4, which achieves estimation quality
roughly comparable to L̂Rand at K ≈ 32.

7.2 Estimation Quality

We evaluate how close the estimates of LBlock
in (3) are to the reference value Lref under a fi-
nite sample size. As evaluation metrics, we use
the Spearman rank correlation coefficient ρ and
the Root Mean Squared Error13 (RMSE) with re-
spect to the reference value. The rank correla-
tion measures how well the relative ordering of
the estimates is preserved, and the RMSE mea-
sures the magnitude of the estimation error. For
L̂Rand, we compute estimates with sample size
K = 2, 4, 8, . . . , 1024 and compare them against

13The RMSE for n samples is defined as:

RMSE =

√√√√ 1

n

n∑

i=1

(
L̂i − Lref,i

)2

,

where L̂i and Lref,i are the estimate (L̂Full or L̂Rand) and the
reference value for the i-th sample, respectively.
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GSM8K MATH Countdown Sudoku Code

0.122 0.119 0.095 0.076 0.107

Table 2: Variance ratio Var[L̂Full] / Var[L̂Rand] in (12),
evaluated numerically for each sample and averaged
within each dataset (K = C = 4). Smaller values
indicate a greater variance reduction effect of L̂Full.

Lref .
Figure 4 shows the results on GSM8K. At sam-

ple size K = 4, L̂Full achieves ρ = 0.878 and
RMSE = 50.1, substantially outperforming L̂Rand
(ρ = 0.602, RMSE = 136.0). This level of accu-
racy is comparable to L̂Rand at K ≈ 32, demon-
strating that merely eliminating the random sam-
pling of the block index substantially improves the
estimation quality in the finite-sample regime.

Similar trends are observed on the other datasets
(Appendices G.1, G.2); L̂Full further exhibits sub-
stantially lower tail probability of estimation er-
rors than L̂Rand (Appendix G.3).

7.3 Quantitative Evaluation of the Variance
Ratio

We quantitatively evaluate the variance ratio de-
rived in (12). We then also discuss the variance
ratio at the policy-gradient level.

Estimator level. For each of the C = 4 blocks,
we independently sample the diffusion timestep
50 times14 and compute ℓb,tb,Mtb

(o, c; θ) in (4).
From these sampled values, we compute σ2

between

in (7) and σ̄2
within in (8). We then evaluate the

right-hand side of (12) with K = C = 4 for each
sample. Table 2 reports the average of these val-
ues within each dataset. The variance ratio ranges
from 0.08 to 0.12 across all datasets, indicating
that the variance of L̂Full in (11) is approximately
1/10 of the variance of L̂Rand in (10).

As shown in (12), when K = C, the difference
between the variance of L̂Full and that of L̂Rand
lies in the presence or absence of the between-
group variance σ2

between arising from block selec-
tion. The results in Table 2 show that σ2

between ac-
counts for the majority of Var[L̂Rand]. By elimi-
nating this component, L̂Full provides a more sta-
ble surrogate estimate at the estimator level.

Policy-gradient level. We also examine how far
this variance reduction carries over to the policy

14For each block b, we independently sample tb and Mtb

50 times.

gradient, which is what actually updates the pol-
icy. On GSM8K and MATH-500 at mid-training
checkpoints, the estimator-level variance ratio
is 0.10–0.16 (Appendix I), whereas the policy-
gradient variance ratio is 0.79–0.96 (Appendix H),
so the accuracy gains in Section 6 are not necessar-
ily due to reduced gradient variance. Unlike L̂Rand,
which is likely to leave some blocks unselected
at each step (Section 2.3), L̂Full delivers a learn-
ing signal to every block at every step, which we
consider another source of its advantage. We do
not disentangle how much each of the two factors,
estimator-level variance reduction and the learning
signal delivered to every block, contributes to the
accuracy difference.

8 Related Work

Masked Diffusion Language Models. Discrete
diffusion models originated from D3PM (Austin
et al., 2021) and have since evolved through
SEDD (Lou et al., 2024), MDLM (Sahoo et al.,
2024), and MD4 (Shi et al., 2024). LLaDA (Nie
et al., 2025) scaled masked diffusion models to 8B
parameters, demonstrating performance compara-
ble to auto-regressive language models and intro-
ducing efficient inference via blockwise genera-
tion. This work targets the post-training based on
blockwise generation and the surrogate objective
adopted by LLaDA.

Blockwise Training for MDLM. For pre-
training, Arriola et al. (2025) proposed block
diffusion, which performs discrete diffusion
within blocks and generates across blocks auto-
regressively, and introduced a noise schedule that
minimizes gradient variance. For SFT, Sun et al.
(2025) proposed computing the loss by selecting a
single active block, and Wu et al. (2026) proposed
converting ARLMs to block diffusion models via
a complementary masking strategy.

Reinforcement Learning for MDLM. Within
the same GRPO + blockwise surrogate frame-
work as our method, diffu-GRPO (Zhao et al.,
2025) proposes one-step log-likelihood estima-
tion via a mean-field approximation, WD1 (Tang
et al., 2026) proposes a ratio-free objective, and
SPG (Wang et al., 2026) proposes a sandwiched
policy gradient. VRPO (Zhu et al., 2026) performs
an MDLM variance analysis in the preference-
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based setting15. RL methods compatible with
blockwise generation have also been proposed, in-
cluding DiRL (Zhu et al., 2025), GDPO (Rojas
et al., 2026), and StableDRL (Zhong et al., 2026).

Relation to Classical Sampling Techniques.
When K = C, L̂Full is equivalent to stratified sam-
pling with one sample per stratum (Owen, 2013).
The contribution of this work is to introduce the
perspective of Monte Carlo estimator design into
the blockwise generation structure of MDLM. See
Appendix J for discussion, including the extension
to importance sampling. We also derive the vari-
ance ratio for general K, including K ̸= C (Ap-
pendix D). Moreover, our method can be viewed
as a form of Rao–Blackwellization, in that it com-
putes the expectation over the block index exactly.
The variance that our method targets arises from
block selection and differs from the variance tar-
geted by the antithetic sampling of VRPO (Zhu
et al., 2026).

While these prior studies focus on designing
the surrogate objective, approximating the likeli-
hood, or improving the policy optimization rule,
this work explicitly examines the missing cover-
age and the variance arising from block index se-
lection in the Monte Carlo estimator while keeping
the blockwise surrogate objective fixed.

9 Conclusion

This work proposed a full-block estimator L̂Full
that evaluates every block exactly once to address
the missing coverage and the estimation variance
caused by random block-index sampling in the
Monte Carlo estimation of the blockwise surro-
gate objective for MDLM post-training. The pro-
posed estimator remains unbiased while eliminat-
ing the between-group variance from block selec-
tion, and it achieved the highest accuracy on four
out of five benchmarks, outperforming the random
block sampling baseline by an average of 12.79
points. These results indicate that the design of
the estimator is also important for improvement in
MDLM post-training, in addition to the design of
the surrogate objective and the policy optimization
rule.

15VRPO performs antithetic sampling for a preference-
score estimator (the ELBO difference on the DPO preference
pair (yw, yl)), which presupposes the existence of (yw, yl)
and a reference policy πref; an estimator-level comparison be-
tween VRPO and our method is therefore not feasible. Like-
wise, objective-level prior work such as SPG cannot be ap-
plied to VRPO.

Limitations

• Due to computational resource constraints,
we did not conduct experiments with in-
creased training steps or GRPO group size g.

• Because our estimator changes only how the
block index is selected, it is in principle ap-
plicable to other policy optimization meth-
ods, such as PPO (Schulman et al., 2017) and
DPO (Rafailov et al., 2023), as long as they
use a blockwise surrogate objective. How-
ever, we have not verified its effect in combi-
nation with these methods.

• Although LLaDA-8B-Instruct is one of the
largest publicly available instruction-tuned
MDLMs (Section 5 footnote), generalization
to other model sizes and architectures as well
as to block counts beyond C ∈ {4, 8} re-
quires further investigation.

• Our evaluation is limited to three task cate-
gories (mathematics, planning, and coding)
and the effectiveness on other task categories
such as open-ended natural language gener-
ation and summarization has not been con-
firmed.

• We evaluate the accuracy of every method
only at its final checkpoint and do not com-
pare accuracy at intermediate checkpoints.

• Since L̂Full evaluates all C blocks in parallel,
GPU VRAM usage scales linearly with C. In
our experiments, C = 4 was small enough
to avoid this issue. For larger C, this O(C)
overhead is specific to the parallel-batch im-
plementation and can be relaxed by sequen-
tially accumulating gradients over blocks,
which reduces peak VRAM to a single-block
footprint at the cost of C× wall-clock time
per iteration; a systematic memory-vs-time
trade-off study is left for future work.

• We have not disentangled how much each of
the two factors, estimator-level variance re-
duction and the learning signal delivered to
every block, contributes to the accuracy dif-
ference between our method and L̂Rand.

• Our full-block evaluation targets the block in-
dex, which is discrete and takes only a few
values. Extending the same idea to contin-
uous or high-dimensional random variables,
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such as diffusion timesteps and masked posi-
tions, requires approximation and is left for
future work.
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A Experimental Details

This section provides detailed experimental set-
tings. All methods evaluated in this study—D1,
WD1, SPG, L̂Rand, and L̂Full—share the following
common configuration.

A.1 Training Details
We describe the detailed training configuration.
We use LLaDA-8B-Instruct (Nie et al., 2025) as
the base model, which is one of the largest publicly
available instruction-tuned MDLMs. For memory
efficiency, we apply QLoRA (4-bit NF4) quanti-
zation (Dettmers et al., 2023). All experiments are
conducted using a PyTorch-based framework with
Accelerate and DeepSpeed (ZeRO Stage 2) (Ra-
jbhandari et al., 2020) on two NVIDIA GPUs
(RTX A6000 or RTX 6000 Ada Generation), with
bfloat16 precision. We set the random seed to 42
for all experiments. We follow the prompt tem-
plates of Wang et al. (2026) for all tasks.
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Hyperparameter Value

Optimization
Optimizer AdamW
Learning rate 1.5× 10−6

LR scheduler constant_with_warmup
Weight decay 0.1
Max gradient norm 0.2

LoRA (QLoRA, 4-bit NF4)
Rank (r) 128‡

Alpha (α) 64‡

Dropout 0.05
Target modules All linear layers†

Training
Number of GPUs 2
Per-device batch size 2‡

Gradient accum. steps 3
Num. generations (g) 4‡

Num. iterations (µ††) 4
Epsilon (clipping) 0.5
Beta (KL coeff.) 0.0
Max steps 4000
Max prompt length 256‡ §

Max completion length (L) 256‡

†q,k,v,o,up,down,gate_proj.
††GRPO iteration numbers.
‡Code task uses r = 64, α = 32, g = 2, L = 512.
Code: per-device batch size 1, max prompt length 1800.
§Sudoku: max prompt length 1000 (2-shot prompts).

Table 3: Common training hyperparameters.

Parameter Default Code

Temperature 0.9* 0.9
Block length 64 128
Diffusion steps 128 256
Generation length 256 512
Remasking strategy low_confidence

Table 4: Diffusion generation settings during training.
Default applies to GSM8K, MATH, Countdown and
Sudoku. *Sudoku uses 0.3.

Hyperparameters. Table 3 lists the optimiza-
tion, LoRA, and training hyperparameters, and Ta-
ble 4 lists the diffusion generation settings during
training. All methods share these hyperparame-
ters.16

Datasets. Table 5 lists the training and eval-
uation data sources for each task. We select
five tasks that span diverse domains: mathe-
matical reasoning (GSM8K, MATH), planning
and search (Countdown, Sudoku), and code
generation (Code). GSM8K (Cobbe et al.,

16Because of limited computational resources, our training
settings, such as the batch size, differ from those of the SPG
paper (Wang et al., 2026). Our numbers are therefore not di-
rectly comparable to the values reported in that paper, and we
retrain all methods under this single setting for comparison.

2021) consists of grade-school multi-step arith-
metic reasoning problems. For MATH, we use
ankner/math-500 as the training data, which
contains competition-level problems in algebra,
geometry, number theory, and other topics. Count-
down (Pan et al., 2025) requires combining given
numbers with arithmetic operations to reach a tar-
get value. Sudoku (Wang et al., 2026) is a 4 × 4
puzzle that requires filling in empty cells while
satisfying row, column, and box constraints. For
Code, we adopt HumanEval (Chen et al., 2021)
as the evaluation benchmark; however, since Hu-
manEval does not provide a training split, we use
Verifiable Coding Problems from Open-R1 (Hug-
ging Face, 2025) as the training data, which con-
sists of Python programming problems with au-
tomatic test-case verification. Because the Code
task requires a longer generation length (512 to-
kens), we adjust the LoRA rank and the number of
generations to accommodate memory constraints
(Table 3).

Reward Functions. The design of the reward
function for each task is described in Appendix B.

A.2 Evaluation Details
We describe the inference parameters and bench-
mark details used for evaluation.

Generation Hyperparameters. At inference
time, we use greedy decoding (Temperature
= 0.0) for reproducibility. We adopt the
low_confidence remasking strategy (Nie
et al., 2025), which preferentially remasks low-
confidence tokens. For a generation length L, the
number of diffusion steps is uniformly set to L/2.
Table 6 lists the common settings.

Benchmarks. Table 7 lists the benchmarks used
for evaluation, along with the number of evalua-
tion samples and the metric for each task.

Correctness Criteria. We describe the correct-
ness criteria for each benchmark. GSM8K: We ex-
tract the numerical value from the model response
and check for exact match with the ground-truth
integer. MATH: We normalize LaTeX expressions
and judge mathematical equivalence. For floating-
point numbers, we use a tolerance of 10−6. Count-
down: We extract the arithmetic expression from
the <answer> tag of the model response and
check two conditions: (i) the numbers used in the
expression correspond one-to-one with the given
numbers (each number is used exactly once), and
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Task Train Source Eval Source

GSM8K gsm8k (train) (Cobbe et al., 2021) gsm8k (test)
MATH ankner/math-50017 MATH-500 (Lightman et al., 2024)
Countdown Jiayi-Pan/Countdown-Tasks-3to418 Jiayi-Pan/Countdown-Tasks-3to4
Sudoku Custom 4×4 (train) (Wang et al., 2026) Custom 4×4 (test)
Code Verifiable Coding Problems19 HumanEval (Chen et al., 2021)

Table 5: Datasets used for training and evaluation.

Parameter Value

Temperature 0.0
Remasking strategy low_confidence
Generation length (L) 256, 512
Diffusion steps L/2

Table 6: Inference hyperparameters.

Benchmark Samples Metric

GSM8K 1,319 Accuracy
MATH-500 500 Accuracy
Countdown 256 Accuracy
Sudoku 256 Accuracy
HumanEval 164 Pass@1

Table 7: Evaluation benchmarks.

(ii) the evaluation result of the expression matches
the target value (tolerance 10−5). Sudoku: We ex-
tract the digit string from the <answer> tag and
interpret it as a 4 × 4 board. For each empty cell
(cells with value 0) in the puzzle, we compare the
response with the ground-truth label cell by cell.
The metric is the empty-cell accuracy (number of
correctly filled cells / total number of empty cells),
pooled over all problems. HumanEval: We exe-
cute all test cases provided with the dataset and
consider a response correct if and only if all test
cases pass (functional correctness).

B Reward functions

For GSM8K, MATH, and Code, the reward func-
tion is a weighted sum of a correctness reward
and a format reward. The format reward is
an auxiliary reward that encourages responses to
follow prescribed XML tags (<reasoning>,
<answer>). For all tasks except coding task,
we use the same reward functions as Wang et al.
(2026). For the coding task, we design the reward
function based on Hugging Face (2025). We de-
scribe the reward function for each dataset below.

GSM8K. The correctness reward extracts the
string within the <answer> tag from the model
response and checks for exact string match with

the ground-truth label. A match yields 2.0; a mis-
match yields 0.0. The format reward consists of
an XML tag count reward, a soft format reward,
a strict format reward, and an integer format re-
ward. All reward components are summed with
equal weights.

MATH. The correctness reward extracts the ex-
pression within the last \boxed{} from the
model response, normalizes the LaTeX expres-
sion via regular expressions, and judges mathe-
matical equivalence. Equivalence yields 2.0; non-
equivalence yields 0.0. The format reward encour-
ages the use of \boxed{} and <answer> tags.
The correctness reward and the format reward are
summed with equal weights.

Countdown. We extract the arithmetic expres-
sion from the <answer> tag of the model re-
sponse. The correctness reward is 0.0 if extraction
fails, 0.1 if the expression is extracted but either
the given numbers are not each used exactly once
or the evaluation result does not match the target
value, and 1.0 if all numbers are each used exactly
once and the result matches the target.

Sudoku. We extract the digit string from the
<answer> tag and interpret it as a 4 × 4 board.
For each empty cell, we check for exact string
match between the response and the ground-truth
label. The correctness reward is the empty-cell
accuracy (number of correctly filled cells / total
number of empty cells), a continuous value in
[0.0, 1.0].

Code. We extract the Python code block from
the model response and execute the test cases in a
sandboxed environment. Each test case has a time-
out of 5 seconds, and the correctness reward is the

17https://huggingface.co/datasets/ankn
er/math-500

18https://huggingface.co/datasets/Jiay
i-Pan/Countdown-Tasks-3to4

19https://huggingface.co/datasets/open
-r1/verifiable-coding-problems-python_de
contaminated-tested
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pass rate (number of passed tests / total number
of tests). A format reward is added with a weight
of 0.1. The implementation of the reward func-
tion and code evaluation follows Open-R1 (Hug-
ging Face, 2025).

C Background Supplement

This section supplements the technical details
omitted from the Background (Sections 2.1–2.3).
We first describe the formulation of the forward
and reverse processes of MDLM (Appendix C.1),
then present the general formulation of policy gra-
dients (Appendix C.2) and the intractability of
log πθ in MDLM (Appendix C.4). We then pro-
vide the formal definition of the mask state in
blockwise generation (Appendix C.5), the def-
inition of the masked-position set Ωb(tb) (Ap-
pendix C.6), and the derivation of the probability
that at least one block is never selected, used in
Fig. 3b (Appendix C.7).

C.1 Forward / Reverse Process of MDLM
Forward Process. The forward process of
MDLM is based on absorbing-state diffu-
sion (Austin et al., 2021) and independently
masks each token. In general, a noise schedule
αt defines the masking probability as 1 − αt; fol-
lowing Sahoo et al. (2024), we adopt a log-linear
schedule αt = 1 − t. Under this schedule, for
a diffusion timestep t ∈ (0, 1], each token oi is
replaced by the mask token M with probability t:

q(oit | oi, t) =
{
1− t if oit = oi,

t if oit = M,
,

where oit denotes the state of position i at timestep
t.

Reverse Process. The reverse process of
MDLM is realized by predicting the tokens at
masked positions via pθ. In pre-training, the
Evidence Lower Bound (ELBO) in (2) is max-
imized (Sahoo et al., 2024), where Unif((0, 1])
denotes the uniform distribution over the interval
(0, 1].

C.2 General Formulation of Policy Gradients
The gradient of the policy gradient objective J (θ)
in language model post-training is given by

∇θJ (θ)

= Ec,o[R(c,o)∇θ log πθ(o | c)] (13)

(Williams, 1992; Schulman et al., 2017), where
c ∼ D, o ∼ πθ(· | c), D is the prompt distribu-
tion, and the reward function R(c,o) is a scalar-
valued function that evaluates the quality of the re-
sponse o generated under the input c.

C.3 Group Relative Policy Optimization
(GRPO)

Following Sandwiched Policy Gradi-
ent (SPG; Wang et al. 2026), we adopt Group
Relative Policy Optimization (GRPO; Shao et al.
2024). Let {oj}gj=1 denote the g responses
generated by the model for an input prompt c.

Objective for ARLM. Let D be the prompt dis-
tribution, R(c,o) the reward function, and πθ
the generation policy with parameters θ. Assum-
ing on-policy updates and omitting clipping20, the
GRPO objective can be written as:

Jgroup(θ)

= Ec,o1,...,og


1
g

g∑

j=1

Aj log πθ(o
j | c)


, (14)

where c ∼ D, o1, . . . ,og i.i.d.∼ πsg[θ](· | c), and
Aj = R(c,oj) − 1

g

∑g
k=1R(c,ok). Here sg[θ]

denotes the stop-gradient operator, which fixes the
parameters at sampling time so that gradients flow
only through the current policy πθ.

Surrogate Objective for MDLM. Prior
work (Zhu et al., 2026; Zhao et al., 2025) ad-
dresses the intractability of the log-likelihood of
MDLM by using the ELBO (2), a lower bound
on log πθ(o

j | c), as a surrogate objective. With
this surrogate, one can optimize the following
objective, which replaces log πθ(o

j | c) in (14)
with LELBO in (2):

JMDLM(θ)

= Ec,o1,...,og


1
g

g∑

j=1

AjLELBO(o
j | c; θ)


 ,

where c ∼ D and o1, . . . ,og i.i.d.∼ πsg[θ](· | c).
Furthermore, when using blockwise generation,

LELBO in (2) is replaced by the blockwise surro-

20GRPO originally includes importance ratio clipping as in
PPO (Schulman et al., 2017), but under on-policy updates the
importance ratio equals 1, so clipping can be omitted.
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gate objective LBlock in (3):

JBlock(θ)

= Ec,o1,...,og


1
g

g∑

j=1

AjLBlock(o
j | c; θ)


 .

(15)

In practice, since LBlock is approximated with a
finite number of samples, the gradients are com-
puted by replacing LBlock in (15) with its estimator
L̂ ∈ {L̂Full, L̂Rand}.

C.4 Intractability of MDLM’s
Log-Likelihood

The likelihood of an entire sequence under the
MDLM generation process requires marginaliza-
tion over all possible unmasking orders σ (Uria
et al., 2014):

log πθ(o | c) = log
∑

σ∈SL

πθ(o, σ | c),

where SL is the set of all unmasking orders for a
sequence of length L. Since |SL| is on the order
of L!, this marginalization is computationally pro-
hibitive.

C.5 Mask State in Blockwise Generation
We define the set of all positions masked during
the generation of block b as

Sb(Mtb) = Mtb ∪
⋃

b′>b

Bb′ . (16)

This set includes the masked positions within
block b as well as all positions of subsequent
blocks. The mask state of each position during the
generation of block b is then given by

oib,Mtb
=

{
oi i /∈ Sb(Mtb),

M i ∈ Sb(Mtb).
(17)

That is, the tokens in blocks preceding b and
the unmasked tokens within block b are retained,
while all positions in Sb are masked.

C.6 Formal Definition of Ωb(tb)

We define the set of all possible masked-position
subsets within block b under masking ratio tb as

Ωb(tb) :=
{
M ⊆ Bb

∣∣ |M| = max(1, ⌊tb|Bb|⌋)
}
.

When L is divisible by B, we have |Bb| = B,
and Ωb(tb) is the set of all max(1, ⌊tbB⌋)-element
subsets of Bb.

C.7 Probability That at Least One Block Is
Never Selected

We derive the probability, used in Fig. 3b, that at
least one block is never selected when sampling K
times i.i.d. uniformly from C blocks.

For each block b ∈ {0, . . . , C − 1}, let
Ab denote the event that block b is never se-
lected in K samples. The desired probability is
Pr
(⋃C−1

b=0 Ab

)
.

For each Ab, Pr(Ab) =
(
C−1
C

)K
, and for any

set of s blocks {b1, . . . , bs},

Pr

(
s⋂

m=1

Abm

)
=

(
C − s

C

)K

.

Applying the inclusion-exclusion principle,

Pr

(
C−1⋃

b=0

Ab

)

=

C∑

s=1

(−1)s+1

(
C

s

)(
C − s

C

)K

. (18)

For example, when K = C = 4, (18) gives Pr ≈
0.91, which is consistent with Fig. 3b.

D Variance Analysis for K ̸= C

The estimator L̂Full in (6) handles only K = C.
We denote its extension to arbitrary K ≥ 1

by L̂(K)
Full and derive the variance ratio relative to

L̂Rand. Following the notation of Section 4, we ad-
ditionally define

λ :=
σ2
between

σ2
between + σ̄2

within

∈ [0, 1] (19)

to denote the contribution of the between-group
variance to the total variance.

D.1 Definition of L̂(K)
Full

Decompose the sample size K as K = qC + r,
where q := ⌊K/C⌋ ≥ 0 and r := K mod C ∈
{0, . . . , C−1}, and define the estimator as the sum
of a deterministic part and a random part:

L̂(K)
Full (o | c; θ)

:=
1

K



C−1∑

b=0

q∑

j=1

ℓ
(j)
b +

r∑

k=1

ℓbk


 . (20)
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In the first term (the deterministic part), for each
block b we sample q pairs (t

(j)
b ,M(j)

tb
) inde-

pendently and i.i.d., and write the correspond-
ing loss as ℓ

(j)
b := ℓ

b,t
(j)
b ,M(j)

tb

. In the sec-

ond term (the random part), we draw r block
indices {b1, . . . , br} uniformly without replace-
ment from {0, . . . , C−1}. For each bk, we sample
(tbk ,Mtbk

) independently and i.i.d., and compute
the loss ℓbk := ℓbk,tbk ,Mtbk

. The total number of
samples is qC+r = K (only the deterministic part
if r = 0; only the K without-replacement samples
if q = 0).

D.2 Derivation of the Variance

The deterministic part Sdet :=
∑

b,j ℓ
(j)
b and the

random part Srand :=
∑

k ℓbk are independent
because they use independent (t,M) sample se-
quences. We derive each variance.

Variance of the deterministic part. The qC

samples ℓ(j)b are all independent, and using the re-
lation

∑C−1
b=0 σ2

b = Cσ̄2
within from (8), we obtain

Var[Sdet] =

C−1∑

b=0

qσ2
b = qCσ̄2

within. (21)

Variance of the random part. Conditioned on
b = (b1, . . . , br), each Xk := ℓbk is independent.
Applying the law of total variance to

∑
k Xk,

Var[Srand] = E

[
r∑

k=1

σ2
bk

| b
]
+Var

[
r∑

k=1

µbk

]

= rσ̄2
within +Var

[
r∑

k=1

µbk

]
. (22)

For the second term, using Var[µbk ] =
σ2
between and the without-replacement covariance

Cov[µbk , µbk′ ] = −σ2
between/(C − 1) for k ̸= k′,

we have

Var

[
r∑

k=1

µbk

]
= rσ2

between −
r(r − 1)

C − 1
σ2
between

=
r(C − r)

C − 1
σ2
between, (23)

whence

Var[Srand] = rσ̄2
within +

r(C − r)

C − 1
σ2
between.

(24)

Setting Variance ratio vs L̂Rand

General (K = qC + r) 1− λ+ λ · r(C − r)

K(C − 1)

K = 1 1

K < C (q = 0, r = K) 1− λ · K − 1

C − 1
K = mC (m ≥ 1, r = 0) 1− λ

Table 8: Variance ratio of L̂(K)
Full relative to L̂Rand. Here

K = qC + r with q = ⌊K/C⌋ and r = K mod C ∈
{0, . . . , C − 1}, and λ is defined in (19). The case
K = C corresponds to K = mC with m = 1.

Total variance. Since Sdet ⊥ Srand, combining
(21) and (24) gives

Var
[
L̂(K)

Full

]
=

1

K2
(Var[Sdet] + Var[Srand])

=
σ̄2
within

K
+

r(C − r)

K2(C − 1)
σ2
between.

(25)

Together with (10), the variance ratio can be writ-
ten, with r := K mod C ∈ {0, . . . , C − 1}, as

Var
[
L̂(K)

Full

]

Var
[
L̂Rand

] = 1− λ · K(C − 1)− r(C − r)

K(C − 1)

= 1− λ+ λ · r(C − r)

K(C − 1)
(26)

The second term on the right-hand side is a non-
negative correction term that vanishes only when
r = 0. The variance ratio is therefore at most 1 for
all K ≥ 1.

D.3 Reduction to Special Cases
Expression (26) immediately yields the following
special cases, summarized in Table 8.

K = mC (m ≥ 1, r = 0). Since r(C − r) = 0,
the variance ratio equals 1 − λ. This is a constant
independent of K and m. Hence even as K → ∞,
the variance ratio remains at the same value as in
the case K = C.

K = C (q = 1, r = 0). This is the special case
of K = mC with m = 1. The variance ratio
equals 1−λ, consistent with evaluating (12) in the
main text at K = C.

K < C (q = 0, r = K). From K(C − 1) −
K(C−K) = K(K−1), the variance ratio equals
1 − λ · (K − 1)/(C − 1). It equals 1 at K = 1
(matching L̂Rand) and decreases monotonically in
K.
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D.4 Behavior of the Correction Term and the
Variance Ratio as a Function of K

The correction term λ · r(C − r)/(K(C − 1)) in
(26) vanishes only when r = 0, so the variance-
ratio gap between our method and L̂Rand is maxi-
mized when K is a multiple of C (i.e., K = mC).
When K deviates from a multiple of C (r ̸= 0),
the correction term becomes positive and the gap
shrinks; for example, with C = 4 and λ = 0.90,
the variance ratio is ≈ 0.10 at K = 4 but ≈ 0.28
at K = 5. Here λ ≈ 0.90 is a representative value
consistent with the empirical measurements in Ta-
ble 2 (variance ratio 1 − λ ≈ 0.08–0.12). This
occurs because the single random sample added at
K = C + 1 reintroduces stochastic variation in
the block index. Nevertheless, the variance ratio
remains at most 1 for all K ≥ 1.

E Empirical Verification for K ̸= C

The special cases derived in Appendix D.3 de-
scribe the behavior of the variance ratio between
L̂(K)

Full and L̂Rand for K ≤ C and for multiples of
C: the ratio equals 1 at K = 1 (the two estima-
tors coincide), decreases monotonically to 1−λ at
K = C, and remains at the constant value 1 − λ
independently of K and m for K = mC with
m ≥ 2. This section reports training experiments
on both sides of the boundary K = C to examine
whether the advantage of our method depends on
the specific setting K = C = 4.

E.1 Left of the Boundary: Empirical
Evidence for K ≤ C

The special case K ≤ C (q = 0, r = K) pre-
dicts that the variance ratio decreases monotoni-
cally from 1 at K = 1 to 1 − λ at K = C.
This subsection reports a training experiment at
the point K = 2, C = 4.

We newly train the baselines (SPG and L̂Rand)
with K = 2 and the number of training iterations
I = 8,000, and reuse the result of our method
at K = C = 4, I = 4,000 from Table 1. The
baselines perform 4,000 updates, as in the main
experiment, and in each update they compute two
independent K = 2 estimates and sum the result-
ing gradients. Thus, I = 8,000 is the total num-
ber of these estimates. The total number of block
evaluations K · I = 16,000 is matched across the
two settings21, to examine whether the baselines

21In general, for the proposed method with iteration count
IFull and the random block sampling baseline with iteration

catch up with our method when K is halved and
the number of iterations is doubled. All other hy-
perparameters are identical to those in Section 5
and Appendix A.1; only the baselines’ K and I
are changed.

As shown in Table 9, L̂Full (avg. 62.93) outper-
forms both L̂Rand (56.27) and SPG (60.43) on all
five benchmarks, and the advantage is preserved
under a matched number of block evaluations.22

E.2 Right of the Boundary: Empirical
Evidence for K > C (Oversampling)

The setting K > C increases the number of block
evaluations per iteration beyond C and thus incurs
higher compute cost, so it is not normally used.
However, this subsection also examines the K >
C regime. The K = mC special case states that
the variance ratio is fixed at 1 − λ independently
of K and m. We examine two points with C = 4
fixed: a point without the correction term, K =
mC (K = 8, m = 2; the K = mC special case
predicts that the variance ratio returns to 1−λ, the
same as at K = C), and a point with a positive
correction term predicted by Appendix D.4 (K =
6, r = 2; the variance ratio is larger than 1−λ but
still strictly smaller than 1).

Table 10 reports the accuracy comparison be-
tween L̂(K)

Full and L̂Rand on GSM8K and MATH-
500 at the two points. At K = 8, the variance
ratio between L̂(K)

Full and L̂Rand remains at 1 − λ
as predicted by the K = mC theory, while the
empirical accuracy gap in Table 10 is smaller than
at K = 4 (GSM8K +6.06 → +0.46; MATH-
500 +3.60 → +0.20). At K = 6, the accu-
racy gap on GSM8K is smaller than at K = 8.
On GSM8K specifically, both methods reach the
same accuracy of 80.89 at K = 6; here, L̂Rand ap-
proaches the GSM8K performance level attained
by L̂(K)

Full across this K range (within a ±1-point
band around 81%). MATH-500, by contrast, still
shows a +2.20-point advantage for L̂(K)

Full at K =
6. In summary, within the settings we examined,
the gain of our method is largest in the low-sample
regime K = C and generally shrinks as the sam-
ple size K grows beyond the number of blocks C.

count IRand, equalizing the total number of block evaluations
corresponds to C ·IFull = K ·IRand, i.e., IRand = (C/K) ·IFull.
For example, if C = 8,K = 2, then IRand = 4 · IFull.

22Because the training settings differ from those of Table 1,
the baseline values in Table 9 do not match those in Table 1.
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Method GSM8K MATH-500 Countdown Sudoku HumanEval Avg.

SPG 81.88 35.20 64.84 89.76 30.49 60.43
L̂Rand 81.58 33.40 54.30 80.96 31.10 56.27
L̂Full (ours) 82.26 38.00 66.41 91.39 36.59 62.93

Table 9: Empirical verification for K < C. Baselines (SPG and L̂Rand) are re-trained with K = 2, C = 4,
I = 8,000, and our method L̂Full uses K = C = 4, I = 4,000 (reused from Table 1). Both settings have the same
total number of block evaluations K · I = 16,000.

K = 4 K = 6 K = 8

Method GSM8K MATH-500 GSM8K MATH-500 GSM8K MATH-500

L̂Rand 76.20 34.40 80.89 34.00 80.97 34.00
L̂(K)

Full (ours) 82.26 38.00 80.89 36.20 81.43 34.20

Table 10: Empirical verification for K > C (C = 4 fixed, I = 4,000). The K = 4 column is reused from Table 1.
The K = 6 and K = 8 columns are new experiments.

F Generalization to a Doubled Block
Count C

The variance-reduction derivation in Section 4
treats C as a general parameter and does not de-
pend on its specific value. In this section, we re-
train L̂Full and L̂Rand on GSM8K and MATH-500
with C = K = 8 and compare the results with
the main experiment (C = K = 4) in Table 11,
showing that the advantage of our method is pre-
served when C is doubled. Code, Countdown, and
Sudoku are excluded from this verification due to
limited computation time and resources.

As shown in Table 11, L̂Full outperforms L̂Rand
on both GSM8K and MATH-500 at C = K = 8
as well, showing that the advantage of our method
is preserved when C is doubled.

G Detailed Estimation Quality Analysis

This section extends the estimation quality analy-
sis conducted on GSM8K in Section 7 to all five
datasets (GSM8K, MATH-500, Countdown, Su-
doku, and Code). The experimental setup is iden-
tical to Section 7. We first report the overall statis-
tics of estimation errors (mean, standard deviation,
and median) and compare per-sample variances
in tables (Appendix G.1). We then present five
types of analysis results for each dataset in figures
(Appendix G.2): Spearman rank correlation ρ and
RMSE with respect to the reference value (estima-
tion quality), tail probability Pr(|L̂ − Lref | > τ)
(frequency of large estimation errors), the density
distribution of estimation errors, and scatter plots
of per-sample variances.

G.1 Estimation Error Statistics

Table 12 shows the statistics of the estimation er-
ror |L̂ − Lref | across all five datasets. Across all
datasets, L̂Full achieves substantially lower mean
error and median compared with L̂Rand. The
improvement is particularly notable on Sudoku,
where the mean error is reduced approximately
fourfold from 105.95 to 26.42. On Code, the ab-
solute errors are larger than on the other datasets,
which is likely due to the longer generation length
(L = 512); nevertheless, L̂Full improves the mean
error of L̂Rand by approximately threefold.

Table 13 compares the per-sample variances of
the absolute error. The proportion of samples for
which this variance is lower for L̂Full than for
L̂Rand is at least 98.9% across all datasets, reach-
ing 100.0% on Sudoku. The ratio of the mean
variances ranges from 7.35× to 11.28×, and all
differences are statistically significant under the
Wilcoxon signed-rank test with p < 10−100.

G.2 Per-Dataset Details

Fig. 5 presents all results as a single figure, with
five datasets as rows and five types of analysis as
columns. We describe the first two columns and
the last two columns as grouped pairs below; the
Error tail column (the third column) is detailed in
Appendix G.3.

Estimation quality (Spearman ρ and RMSE).
The first two columns plot the Spearman rank cor-
relation ρ and RMSE between each estimator and
the reference value Lref as a function of the Monte
Carlo sample count K. Both quantities compare
the K required for L̂Full and L̂Rand to achieve com-
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C = K = 4 C = K = 8

Method GSM8K MATH-500 GSM8K MATH-500

L̂Rand 76.20 34.40 80.52 31.80
L̂Full (ours) 82.26 38.00 81.35 36.80

Table 11: Empirical verification of doubling C. Comparison between the main experiment (C = K = 4) and the
re-trained models with C = K = 8. The C = K = 4 columns are reused from Table 1. All other hyperparameters
are identical to those of the main experiment (LLaDA-8B-Instruct, I = 4,000). Code, Countdown, and Sudoku
are excluded due to limited computation time and resources. Bold indicates the higher value within each C = K
setting.

Mean Std Median

GSM8K L̂Rand 109.32 85.14 90.81
L̂Full 36.25 31.82 28.85

MATH L̂Rand 118.14 90.89 99.45
L̂Full 36.64 33.32 29.18

Countdown L̂Rand 131.66 98.14 113.46
L̂Full 37.82 32.09 30.90

Sudoku L̂Rand 105.95 80.04 92.64
L̂Full 26.42 23.79 20.91

Code L̂Rand 297.49 233.67 247.40
L̂Full 99.69 86.04 80.44

Table 12: Statistics of the estimation error |L̂ − Lref|
(K = 4, 50 independent repetitions). The reference
value is computed with K = 1024.

parable estimation quality, with the star marker in-
dicating the result of L̂Full at K = C = 4. On all
five datasets, the L̂Full star marker lies at a position
where L̂Rand requires a much larger K (roughly
an order of magnitude larger) to reach comparable
Spearman rank correlation and RMSE. This means
that the effect observed on GSM8K—“making
block-index selection deterministic improves esti-
mation quality”—is consistent across all datasets.

Per-prompt error distribution and variance.
The last two columns visualize per-prompt error
and variance distributions. Error dist. (a) shows
the density distribution of the estimation error
|L̂ − Lref | (with the vertical axis on a log scale),
comparing the heaviness of the error tail. Error
dist. (b) plots the per-prompt variances of the ab-
solute error computed from 50 iterations as a scat-
ter plot of L̂Rand vs. L̂Full; points lying below the
diagonal y = x indicate smaller per-sample vari-
ance for L̂Full. In Error dist. (a), the L̂Full distribu-
tion concentrates toward smaller errors on all five
datasets, with the heavy tail suppressed. In Error
dist. (b), the vast majority of prompts lie below

Full < Rand (%) Var. ratio

GSM8K 99.5 7.35×
MATH 98.9 7.47×
Countdown 99.7 9.71×
Sudoku 100.0 11.28×
Code 99.6 7.36×

Table 13: Comparison of per-sample variances of the
absolute error |L̂ − Lref | (K = 4, computed from
50 independent repetitions). Full < Rand denotes the
proportion of samples for which L̂Full has lower vari-
ance than L̂Rand. Var. ratio denotes the ratio of the
mean variances (L̂Rand/L̂Full). Wilcoxon signed-rank
test p < 10−100 for all datasets.

the diagonal y = x, showing that the per-sample
variance of L̂Full is smaller than that of L̂Rand on a
per-prompt basis. Together, these results indicate
that the advantage of our method holds not only at
the average level but also at the per-prompt level.

G.3 Tail Probability of Large Estimation
Errors

Whereas Spearman ρ and RMSE summarize the
overall trend of the error distribution, the tail
probability discussed in this subsection directly
compares the frequency of rare large estimation
errors. Specifically, for each estimator L̂ ∈
{L̂Full, L̂Rand}, we evaluate the tail probability
Pr(|L̂ − Lref | > τ) at each threshold τ . Mea-
surements are computed with K = 4 from 50
independent iterations of each prompt, using the
absolute error against the reference value. The
third column (Error tail) of Fig. 5 shows the re-
sults on all five datasets. For example, on GSM8K
at τ = 100, L̂Rand exceeds the threshold with
probability 45.9%, while L̂Full does so with only
4.4%; the ratio between the two grows from 1.4×
at τ = 20 to 10.5× at τ = 100 as the threshold
increases. This shows that the error distribution of
L̂Rand has a heavier tail, and the same trend holds
on the other datasets.
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Figure 5: Detailed estimation quality analysis across five datasets. Rows correspond to datasets (GSM8K, MATH-
500, Countdown, Sudoku, and Code); columns correspond to the five analysis types described in the introduction
of this section.

H Variance Reduction at the
Policy-Gradient Level

This section examines, through both a theoretical
argument and empirical measurements, how far
the variance reduction demonstrated at the estima-
tor level carries over to the between-group vari-
ance of the policy gradient. Here, the between-
group variance refers to the variance arising from
the stochastic selection of the block index b ∈
{0, . . . , C−1}, in analogy with the loss-level def-
inition σ2

between in (7).

H.1 From the Estimator to the Policy
Gradient

The variance reduction shown so far in Section 4
and Section 7 is an effect on the estimator L̂ it-
self. Training stability depends on the variance of
the policy gradient ∇θJBlock, so we examine the
relationship between the two. By making block
selection deterministic, our method eliminates the
between-group variance from both the loss and
the gradient. The GRPO advantage Aj differs
across responses j, but the same Aj multiplies ev-

ery block sample within a single response, so it
does not affect the between-group variance ratio.
In our experiments β = 0 (Appendix A.1, Ta-
ble 3), so the KL regularization term also does
not contribute. Therefore, the variance reduction
shown at the estimator level is preserved for the
between-group variance of the policy gradient as
well, in the sense that the variance ratio is at most
1.

H.2 Experimental Setup of the Empirical
Measurement

The argument above is a theoretical prediction;
whether the sample variance of the gradient is
actually reduced in line with this prediction dur-
ing real training is an empirical question that
must be examined independently. Table 14, re-
ported in this section, and Table 15, reported in
Appendix I, are two analyses that extract differ-
ent quantities from a common measurement pro-
cedure. Specifically, for each training step in
{1,000, 2,000, 3,000, 4,000} of the L̂Full run in
the main experiment (LLaDA-8B-Instruct, C =
K = 4), we sample N = 100 prompts from
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Training step

Task 1,000 2,000 3,000 4,000

GSM8K 0.811 0.915 0.889 0.961
MATH-500 0.791 0.926 0.825 0.915

Table 14: Sample variance ratio of the policy gradient
Var[ĜFull]/Var[ĜRand]. Computed for the four training
checkpoints and the two tasks of the main experiment
(C = K = 4), aggregating over the remaining prompts
after excluding those with Aj = 0 ∀j from the N =
100 samples. Each prompt contributes S = 50 gradient
samples. A ratio below 1 indicates that the variance of
Full is smaller than that of Rand.

the GSM8K and MATH-500 evaluation sets at
each checkpoint. For each prompt, we gener-
ate g = 4 responses from the policy (tempera-
ture = 0.9, identical to the GRPO sampling of
the main experiment), compute rewards using the
rule-based reward function, and obtain the unnor-
malized GRPO advantage Aj = Rj − R̄. In
evaluation mode (dropout off), for each prompt
we independently sample L̂Full and L̂Rand S =
50 times, and denote the corresponding policy-
gradient samples by ĜFull and ĜRand (∇θJBlock
computed using the Full and Rand estimators, re-
spectively). We also record the per-block log-
likelihood ℓb,tb,Mtb

. Prompts for which all g re-
sponses receive the same reward yield Aj = 0 ∀j
and a zero policy gradient; the values reported in
Table 14 and Table 15 therefore aggregate over the
remaining prompts after excluding these.

H.3 Empirical Variance Ratio of the Policy
Gradient

Using the S = 50 gradient samples ĜFull and
ĜRand from the experimental setup, we compute
the per-prompt gradient variance and report the
ratio Var[ĜFull]/Var[ĜRand] averaged over the re-
maining prompts (after exclusion) in Table 14. As
shown in Table 14, the ratio is below 1 at every
measured checkpoint. However, the ratio ranges
from 0.79 to 0.96, which is closer to 1 than the
estimator-level ratio of 0.10 to 0.16 measured at
the same checkpoints (Table 15).

I Estimator Variance Ratio at
Mid-Training Checkpoints

Table 2 in Section 7.3 reports the estimator vari-
ance ratio Var[L̂Full]/Var[L̂Rand] in (12) on the
base model. In this section, we compute the same
quantity for four mid-training checkpoints × two

Training step

Task 1,000 2,000 3,000 4,000

GSM8K 0.115 0.113 0.138 0.134
MATH-500 0.095 0.155 0.104 0.132

Table 15: Estimator variance ratio 1 − λ =
σ̄2

within/(σ
2
between + σ̄2

within) (K = C = 4) at the mid-
training checkpoints of the main experiment. Com-
puted from the variance decomposition (12) of the per-
block log-likelihood ℓb,tb,Mtb

and aggregated over the
prompts excluding those with Aj = 0 ∀j. Directly
comparable to Table 2 on the base model. Smaller val-
ues indicate larger variance reduction.

tasks. The measurement setup is shared with Ap-
pendix H.2: using the S = 50 samples of L̂Full, we
estimate the per-block variance and mean via the
same procedure as in Section 7.3, and report the
variance ratio 1 − λ = σ̄2

within/(σ
2
between + σ̄2

within)
at K = C = 4 in Table 15. Directly comparing
Table 2 (base model) with Table 15 (mid-training
checkpoints) lets us check whether the variance-
ratio expression takes a comparable value at mid-
training checkpoints.

As shown in Table 15, the variance ratio lies
in the range 0.10–0.16 across all checkpoints and
both tasks; it is close to the values 0.08–0.12 on
the base model in Table 2 and well below 1, so
the variance-reduction effect of L̂Full is preserved
at every measured checkpoint during training.

J Relation to Classical Sampling
Techniques

This section elaborates on the relation to classical
sampling techniques mentioned in Section 8.

Relation to stratified sampling. Stratified sam-
pling is a classical variance-reduction technique
that partitions the population into non-overlapping
strata and draws samples independently from each
stratum. Our L̂Full at K = C is equivalent to strati-
fied sampling with one sample drawn per stratum.
The contribution of this work is to introduce the
perspective of Monte Carlo estimator design into
the blockwise generation structure of MDLM.

Extension to importance sampling. A natu-
ral extension of stratified sampling is importance
sampling based on block variance. The idea is
to concentrate weight on high-variance blocks to
lower the overall estimation variance, but in the
context of policy optimization a different issue can
arise. When the weights concentrate on a small
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number of blocks, the policy is barely updated on
the other blocks; learning becomes imbalanced,
and the policy adapts only to those specific blocks,
which risks policy collapse (a phenomenon in
which over-adaptation to specific states degrades
policy performance). This paper adopts uniform
full coverage as a more stable choice, and stabiliz-
ing weighted-sampling strategies remains future
work.
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