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Abstract

Additive quantization enables extreme LLM
compression while preserving lookup-table in-
ference with free-form codebooks. At 2 bits
per weight, however, greedy sequential initiali-
sation can cause large quality losses that wider
assignment search and PV-tuning do not fully
erase. We show that this failure reflects an inter-
action between representational pressure and
sequential codebook coupling. We use p =
N/K™ as a structural pressure measure and
propose OA-EM, a hard generalised-EM initial-
isation procedure using Hessian-weighted Ma-
halanobis distance to minimise output-aware
reconstruction error. Across four models from
3B to 14B parameters, OA-EM consistently
lowers matched post-PV perplexity. Controlled
experiments at a fixed bitrate show that p alone
does not explain sensitivity to initialisation; the
number and size of the additive codebooks also
matter. A Euclidean-EM ablation and curvature
diagnostics show that the gain is not explained
by EM refinement alone: OA-EM reduces error
in high-curvature directions. On Llama 3.2 3B,
OA-EM also improves the measured quality-
compute trade-off. Overall, the final quan-
tized solution remains persistently dependent
on initial codebook geometry. Code: https:
//github.com/kenno94-IK/aqlm-oaem.

1 Introduction

Large language model deployment on consumer
hardware requires aggressive weight compression
(Gholami et al., 2021). While 4-bit quantization is
near-lossless (Frantar et al., 2023; Lin et al., 2024),
the 2-bit-per-weight regime remains challenging
because the representation budget is extremely con-
strained. For vector and additive quantizers, “2-bit”
denotes the average bitrate rather than four scalar
values per parameter. This operating point is rele-
vant whenever model memory is the deployment
bottleneck, including consumer-GPU and edge set-
tings.

Two paradigms compete in this regime. Struc-
tured methods—such as lattice codebooks (Tseng
et al., 2024a), trellis codes (Tseng et al., 2024b),
and grouped lattice VQ (Zhang et al., 2025)—
achieve strong perplexity via constrained codebook
geometry and specialised decoding procedures. In
contrast, free-form additive methods (Egiazarian
et al., 2024) learn unconstrained codebooks and
retain AQLM’s lookup-table dequantization path-
way. Our contribution concerns optimisation qual-
ity within this free-form family; we do not claim
runtime superiority over structured methods with-
out matched deployment benchmarks.

Additive quantization (Egiazarian et al., 2024)
encodes each group of g weights as a sum of
M codewords, drawn from learned codebooks of
K =256 entries each. When performance degrades
at extreme compression, the common response is to
increase computational effort: wider beam search,
more epochs per layer, or larger calibration sets.
We show that, in this regime, such strategies target
the wrong bottleneck. A major factor is initialisa-
tion: search performed within a poorly initialised
region of the solution space yields limited improve-
ment. We use the ratio of weight groups to nominal
codeword tuples as a structural descriptor of one
source of pressure:

Definition 1 (Representational Ratio). For M addi-
tive codebooks with K entries each and N weight
groups in a quantized weight matrix, the representa-
tional ratio is p = N/KM. The ratio is structural:
it is determined by the matrix dimensions and quan-
tizer configuration (N, K, M) and therefore does
not change after OA-EM or PV-tuning. Unless
otherwise stated, scalar p values in the main text
use a representative matrix; Appendix E reports
the matrix-level analysis across model scales and
explains why we do not treat p as a sufficient pre-
dictor.

We interpret p as a measure of representational
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pressure, not as a sufficient predictor of failure.
Low p provides many representable combinations
per observed group, whereas high p increases com-
petition for codebook capacity. Catastrophic sen-
sitivity can be amplified by sequential coupling:
when M > 1, an error in an early residual code-
book changes the residual distribution presented to
later codebooks. Fixed-bitrate experiments in §5.2
probe these effects, although the decompositions
change multiple structural properties. Table 1 gives
the two standard operating points for Llama 3.2 3B.

Rate M KM P

3bpp 3 16.8M  ~0.07
2bpp 2 65K ~ 18

Regime

Overcomplete
Undercomplete

Table 1: Representational ratio p for a representative
Llama 3.2 3B matrix (K=256, g=8).

The change in representational pressure coin-
cides with a large increase in sensitivity for the
standard residual configuration, although our con-
trolled experiments show that p is not sufficient
on its own. At 3 bpp, greedy initialisation incurs a
0.65-point penalty in perplexity (Table 4). At 2 bpp,
it leads to severe degradation on Llama 3.2 3B
(WikiText-2 perplexity 352.39 at beam 4, 60.61 at
beam 8 vs. 7.28 FP16), and even quadrupling the
beam width to 16 reduces this only to 46.01 (Ta-
ble 2).

To address this, we propose OA-EM (Output-
Aware Expectation-Maximisation), which refines
each codebook’s initialisation via iterative EM
(Dempster et al., 1977) using Hessian-weighted
Mahalanobis distance derived from calibration ac-
tivations, minimising a curvature-weighted approx-
imation of output reconstruction error rather than
weight-space distance.

Beyond the algorithm itself, our primary contri-
bution is the empirical and analytical observation
that initialisation strongly influences the optimi-
sation trajectory of compressed models. The ex-
periments support considering both structural pres-
sure and the additive decomposition: p describes
nominal tuple availability, while the depth of the
sequential fitting chain determines how far early
placement errors propagate. The experiments do
not isolate chain depth from all other geometric
changes. We demonstrate this through multiple
lines of evidence:

Basin persistence. OA-EM’s advantage per-
sists after end-to-end PV-tuning (Malinovskii et al.,

2024) across beam widths, epoch budgets, com-
pression rates, model scales, and model families.
On Llama 3.2 3B at b=8, PV-tuning reduces a 43-
point perplexity gap to 0.23, yet OA-EM remains
better across all configurations (Table 3).

Controlled mechanism tests. Fixed-bitrate de-
compositions show that high p alone does not guar-
antee catastrophic failure, while Euclidean-EM and
curvature ablations isolate the benefit of output-
aware refinement beyond generic EM (§5.2, Ap-
pendix D).

Quality—compute trade-off. On Llama 3.2 3B,
OA-EM improves the measured quality—compute
trade-off in the A100 sweep: at each full-search
beam width, it achieves lower post-PV perplex-
ity and higher average downstream accuracy with
equal or lower quantization time (Table 5).

Contributions.

1. We introduce p as a structural measure of
representational pressure and use controlled
fixed-bitrate decompositions to show how it
interacts with sequential codebook coupling
(83.3, §5.2).

2. We propose OA-EM—output-aware EM with
Hessian-weighted Mahalanobis distance—as
a drop-in replacement for greedy initialisation,
and isolate its mechanism against Euclidean
EM and curvature-aware diagnostics (§3.4).

3. Through post-PV analysis across beam widths,
compression rates (2 bpp and 3 bpp), and four
models up to 14B parameters (Llama 3.2 3B,
Llama 3.1 8B, Qwen 2.5 3B, Qwen 2.5 14B),
we show persistent dependence of final per-
plexity on initial codebook geometry (§5.3,
§6).

2 Related Work

Scalar PTQ. A large body of work studies scalar
post-training quantization (PTQ) for LLM compres-
sion, where each weight is assigned an independent
low-bit representation. GPTQ (Frantar et al., 2023)
quantizes layer-wise using approximate second-
order information; AWQ (Lin et al., 2024) pro-
tects salient weights via activation-based scaling.
SmoothQuant (Xiao et al., 2023) migrates quan-
tization difficulty from activations to weights via
per-channel scaling, and OmniQuant (Shao et al.,
2024) learns weight clipping and equivalence trans-
formations end-to-end.
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Such scalar methods degrade rapidly below
3 bpp because scalar codes cannot efficiently use
the information budget at extreme compression.
LLM.int8() (Dettmers et al., 2022) demonstrated
mixed-precision decomposition for 8-bit quan-
tization. SpQR (Dettmers et al., 2024) and
SqueezeLLM (Kim et al., 2024) extend sensitivity-
aware principles to 3—4 bits. QLoRA (Dettmers
et al., 2023) combines 4-bit quantization with low-
rank adaptation for efficient fine-tuning, demon-
strating the practical demand for aggressive com-
pression on consumer hardware. These scalar ap-
proaches share our motivation that weight sensitiv-
ity should guide compression, but operate in the
regime where the initialisation problem we study
does not arise.

Structured vector quantization for LLMs. Be-
yond scalar quantization, several works explore
vector quantization with structured codebooks for
extreme compression. QulP (Chee et al., 2023)
enabled 2-bit LLLMs via incoherence processing.
QulP# (Tseng et al., 2024a) introduced the ran-
domised Hadamard transform and E8 lattice code-
books. Because the codebook structure is fixed
rather than learned, QulP# avoids the initialisation
problem we study. SpinQuant (Liu et al., 2025)
learns rotation matrices to remove outliers and im-
prove quantization accuracy; like QulP#, it trans-
forms the weight distribution rather than learning
codebooks, so the initialisation bottleneck does not
apply. QTIP (Tseng et al., 2024b) achieves strong
2-bit results via trellis-coded quantization.

Grouped lattice VQ. A recent line of work fur-
ther develops structured codebooks through lattice-
based constructions. GLVQ (Zhang et al., 2025)
assigns each weight group a customised lattice
codebook defined by a learnable generation ma-
trix, achieving strong 2-bit perplexity by combin-
ing structured codebook geometry with per-group
adaptability. GLVQ sidesteps the free-form initial-
isation problem studied here by imposing lattice
structure and using lattice decoding. Its inference
procedure therefore differs from AQLM’s learned
free-form lookup-table pathway. A matched la-
tency comparison is outside the scope of this work,
so we treat the methods as addressing different
design points rather than claiming runtime superi-
ority. Our work is orthogonal to GLVQ: we study
whether free-form additive codebooks can avoid
poor optimisation trajectories while retaining the
existing AQLM inference representation.

Additive quantization for LLMs. Additive
quantization represents weights as sums of code-
words from multiple codebooks, allowing a much
larger set of representable values than scalar quanti-
zation at the same bitrate. AQLM (Egiazarian et al.,
2024) adapts multi-codebook quantization from in-
formation retrieval (Babenko and Lempitsky, 2014;
Jégou et al., 2011) to LLM compression. PV-tuning
(Malinovskii et al., 2024) extends AQLM with end-
to-end optimisation of continuous codebook param-
eters and discrete code assignments. Neither work
examines how initialisation quality interacts with
compression rate or persists through fine-tuning,
which is the focus of our paper. This question
is particularly important at extreme compression,
where poor initialisation can cause additive quan-
tization to fail despite sufficient representational
capacity.

EM-based VQ for LLMs. The Expectation-
Maximisation (EM) algorithm has previously been
applied to improve vector quantization. GPTVQ
(van Baalen et al., 2025) applies EM-based VQ
within the GPTQ framework for LLM compression,
using a single learned codebook and performing
EM directly for quantization. LSQ++ (Martinez
et al., 2018) similarly applies EM to additive quan-
tization in information retrieval. Our setting differs
in two important respects. First, OA-EM oper-
ates within additive quantization for LLMs, where
multiple residual codebooks interact combinatori-
ally and early-codebook errors alter the residuals
presented to later codebooks. Second, OA-EM
is output-aware, optimising reconstruction error
in activation space and serving specifically as an
initialisation stage for downstream beam search
rather than as the primary quantizer. The Hessian-
weighted distance itself is not our novelty. The
contribution is in identifying sequential additive-
codebook coupling as the failure mode, formalis-
ing the representational pressure under which it
becomes important, and using output-aware EM in
this initialisation role. Single-codebook GPTVQ
does not contain the same residual-chain coupling.

Positioning. Existing work improves different
stages of the vector quantization pipeline. Struc-
tured methods (QuIP#, QTIP, GLVQ) improve
quantizer design through codebook geometry;
GPTVQ improves the codebook learning algo-
rithm; and PV-tuning improves post-quantization
fine-tuning. Our work is orthogonal: we improve
the initialisation stage and show that codebook ini-
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tialisation determines the persistent optimisation
basin that subsequent search and fine-tuning reach.
Rather than proposing a new quantizer geometry,
we show that initialisation quality is a previously
overlooked bottleneck that can dominate perfor-
mance at extreme compression within free-form
additive quantization. The mechanism we study is
most directly relevant to learned-codebook quan-
tizers that use sequential residual fitting.

3 Method

We first review the additive quantization framework
used in AQLM, then analyse why greedy initialisa-
tion becomes a bottleneck at extreme compression.
Finally, we introduce OA-EM, an output-aware EM
algorithm that improves codebook initialisation and
yields better optimisation basins for downstream
search and fine-tuning.

3.1 Background: AQLM

Additive quantization for LLMs is implemented in
AQLM, which represents each weight group w €
RY as a sum of M codewords, w = Z%zl Crnbym s
where c,, 3, is the by,-th entry of codebook C,,, €
RE>9, with K=256. At 2bpp with group size
g=8, AQLM uses M =2 codebooks: each group of
8 weights is represented by two 8-bit indices.

The layer-wise objective minimises output recon-
struction error on calibration data, recently shown
to be linearly predictive of model perplexity in-
crease (Malinovskii et al., 2025):

L=|XW - XW|% (1)

where X is the calibration activation matrix. Op-
timisation proceeds in two stages. Codebooks are
first initialised via residual k-means, after which
assignments are refined by beam search over the
combinatorial space of codeword combinations.

3.2 Beam Search: The Standard Remedy

Greedy sequential assignment—selecting the best
entry from each codebook in turn without revisiting
earlier choices—suffers from premature commit-
ment: the best first-codebook entry in isolation
may pair poorly with available second-codebook
entries, but greedy search discards all alternatives,
making such errors irrecoverable. AQLM'’s stan-
dard remedy is beam search with width b, which
defers commitment by maintaining b active can-
didates at each codebook stage, bridging the gap

between greedy search (b=1) and exhaustive enu-
meration (b=K™~1) at a cost of O(MbK) per
weight group.

However, wider beams are expensive: on
Llama 3.2 3B at 2bpp, increasing b from 4 to
16 raises quantization time from 6.1h to 16.9h, a
2.8x cost for a reduction from 352.39 to only 46.01
on WikiText-2 perplexity (Table 2). More impor-
tantly, beam search optimises assignments over a
fixed set of codebook centroids. If the centroids
themselves are poorly placed, even the globally
optimal assignment will yield high reconstruction
error—beam search finds the best path through a
bad tree, but cannot reshape the tree itself. This
reveals the deeper limitation we address: the bottle-
neck is not insufficient search over assignments, but
poor codebook geometry. OA-EM (§3.4) addresses
the root cause directly, improving centroid place-
ment so that even narrow-beam search operates in
a favourable landscape.

3.3 The Initialisation Bottleneck

Residual k-means fits codebooks greedily: C; is
fitted to the weight vectors, then Cs is fitted to the
residuals w — ¢ 5, . This sequential procedure ig-
nores the joint structure; the optimal C; depends
on what Ca can represent, and vice versa. We now
analyse how this coupling leads to suboptimal as-
signments and why the effect becomes severe when
representational capacity is limited (p > 1).
Proposition 1 (Greedy Suboptimality Decomposi-
tion). Let (i*,j*) denote the optimal assignment
for weight group w, and (19, j9) the greedy se-
quential assignment. Let § = c1 ;0 — €14+ be the
first-codebook displacement. The suboptimality
gap is:
ed —e* = H5H2 +2<5, C2,j9 — I’*)
~ Y———

direct cost coupling

+|Ir* — e o ||* — & 2)

residual mismatch > 0
where r* = W — cq 4+ is the joint-optimal residual.
Proof. See Appendix I.

The decomposition reveals three sources of
greedy error.  The direct cost ||8]|* is the
squared distance between greedy and optimal first-
codebook entries. The coupling term captures how
well Co can compensate for d—when Co has an
entry near r* — §, this term can be negative. The
residual mismatch is always non-negative for the
fixed codebooks and assignments in Proposition 1.
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Error correction capacity. After committing
to codebook 1, the remaining codebooks provide
KM=1 possible residual configurations. At 3 bpp
(M=3), K? = 65,536 configurations allow the
remaining codebooks to absorb most § displace-
ments. At 2bpp (M =2), only K = 256 entries are
available, a 256 x reduction in correction capacity.
Consequently, the second codebook must simul-
taneously represent the true weight structure and
compensate for errors in the first codebook, making
greedy placement much more brittle. This combi-
natorial correction capacity is related to, but not
fully described by, p. High p means many observed
groups share a limited set of representable combi-
nations; sequential residual fitting determines how
errors propagate through those combinations. In
particular, M =1 removes residual-chain coupling
even when p is high, while increasing M creates
more opportunities for early-codebook errors to re-
shape later residuals. The decompositions in §5.2
probe these factors, with group size, codebook size,
or parameter count also changing. Structured meth-
ods such as GLVQ (Zhang et al., 2025) sidestep
this problem entirely by replacing free-form code-
books with lattice geometry, eliminating the com-
binatorial assignment; OA-EM instead solves the
problem within the free-form paradigm by improv-
ing the initial codebook geometry while preserving
the LUT dequantization pathway.

3.4 OA-EM: Output-Aware EM Initialisation

OA-EM improves upon k-means initialisation
by replacing Euclidean distance with Hessian-
weighted Mahalanobis distance in both centroid op-
timisation and code assignment. OA-EM operates
within AQLM’s residual framework—codebooks
are still fitted sequentially—but refines each code-
book using hard generalised EM: the E-step uses
hard assignments and the M-step approximately
minimises the objective with a finite number of
Adam updates. This procedure targets a block-
diagonal approximation of the reconstruction ob-
jective (Eq. 1).

Starting from k-means-initialised centroids
{ci}E | and assignments {b;}¥,, OA-EM alter-
nates two steps for R rounds:

M-step (centroid optimisation). Fix assignments
and optimise centroids to minimise the Hessian-
weighted reconstruction error:

N
1
EEM = N Zl e;rHZ €e;, €e;, = W; — cbi (3)
=

where H;, = XzT X; + Al is the damped block-
diagonal Hessian approximation for weight group ¢,
following the use of second-order information for
quantization in GPTQ (Frantar et al., 2023) and
GPTVQ (van Baalen et al., 2025); the damping
constant is A = 0.01 - diag(H).

Centroids are updated via S Adam steps with
cosine learning rate annealing from 7 to 0.17.
E-step (hard reassignment). Fix centroids and
reassign each weight group to its nearest centroid
under Mahalanobis distance:

bi + i i —cp) H; (wi — 4
argkrél[lfr{l] (w; — cx) (wi—cr) 4

Connection to the greedy bound. OA-EM does
not eliminate sequential fitting, but it aims to re-
duce the dominant error terms in Proposition 1. Eu-
clidean k-means allocates first-codebook centroids
largely according to weight magnitude: large-norm
groups attract centroids regardless of their output
sensitivity. When p > 1 and representational ca-
pacity is scarce, this wastes centroids on output-
insensitive groups, producing a large displacement
d for the output-sensitive groups that dominate the
reconstruction loss. OA-EM’s Hessian weighting
reverses this allocation: the M-step concentrates
centroids on groups with large H;, ensuring small
d precisely where it matters most—directly reduc-
ing the ||&]|? direct cost for groups that contribute
most to Eq. 1. Improved first-codebook placement
also reduces the residual mismatch term, because
the residuals r = w — ¢ 5, passed to the second
codebook more closely resemble the jointly opti-
mal residuals r*. We use R=3 rounds of S=100
Adam steps with n=10"%,

Mechanism diagnostic. A held-out 196-matrix
analysis shows that OA-EM increases median
weight NMSE by 4.55% while reducing leading-
eigenspace curvature NMSE by 11.2-12.9%, win-
ning 146-170 matrices. Total output NMSE is
mixed, and gate_proj worsens at top-32. The
evidence supports preferential preservation of high-
curvature directions in aggregate; Appendix D.3
gives the full method and projection breakdowns.

4 Experimental Setup

Models. We evaluate four models: Llama 3.2 3B
and Llama 3.1 8B (Grattafiori et al., 2024), and
Qwen 2.5 3B and Qwen 2.5 14B (Yang et al.,
2025), covering two model families and scales

from 3B to 14B parameters. All models are quan-
tized with AQLM at 2 bpp (K=256, M =2, g=8).
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Llama 3.2 3B is additionally evaluated at 3 bpp
(M =3, g=8), and in controlled 2-bpp decomposi-
tions that vary (K, M, g) to probe representational
pressure and residual decomposition.

Calibration. We use 128 sequences from C4
(Raffel et al., 2020) with length 4096 for calibra-
tion, following common practice in post-training
quantization (Frantar et al., 2023; Lin et al., 2024).

Beam search configurations. We vary beam
width b € {4,8,16} and maximum epochs e €
{5,100} with early stopping at 0.01 relative MSE,
spanning a 2.8 range in quantization time (6.1h
to 16.9h on Llama 3.2 3B). Qwen 2.5 3B and 3 bpp
are evaluated at b=8, e=100.

OA-EM configuration. OA-EM is run for 3 EM
rounds with 100 Adam steps per round, learning
rate 7 = 10~* with cosine annealing to 0.17). Both
E-step and M-step use the damped block-diagonal
Hessian approximation H; = X:Xz + AL

PV-tuning. We follow Malinovskii et al. (2024):
Adam optimiser, learning rate 7 = 3 x 10~4, batch
32, 10K samples, five-epoch budget, and best-
WikiText-2 checkpoint selection. Appendix C.4
gives the matched PV results for Qwen 2.5 14B.

Evaluation. We report perplexity on WikiText-2
(Merity et al., 2016) and C4 (4096 context). Zero-
shot evaluation is performed on ARC-Easy and
ARC-Challenge (Clark et al., 2018), HellaSwag
(Zellers et al., 2019), PIQA (Bisk et al., 2020),
WinoGrande (Sakaguchi et al., 2021), and LAM-
BADA (Paperno et al., 2016), using the LM Evalu-
ation Harness (Sutawika et al., 2024).

Hardware and seeds. Llama 3.2 3B and
Qwen 2.5 3B were quantized and PV-tuned on a
single NVIDIA A100 80 GB. Llama 3.1 8B was
quantized on a single A100 80 GB and PV-tuned
on a single B200 192 GB. Qwen 2.5 14B was quan-
tized on one B200 and PV-tuned on two. Unless
otherwise stated, results use seed 42; Appendix F
reports seed-0 and seed-7 runs.

5 Initialisation and Basin Persistence

We study how strongly the final quantized solution
depends on codebook initialisation. We use “basin
persistence” operationally to mean that matched op-
timisation from different initialisations yields per-
sistently different final solutions; we do not claim
to characterise the topology of the full non-convex

loss landscape. Pre-PV results isolate the effect of
initialisation on quantization optimisation, while
post-PV results test whether that dependence re-
mains after a strong downstream optimiser. We
conduct this analysis on Llama 3.2 3B as a repre-
sentative model across a wide range of beam-search
configurations.

Wiki-2 C4 Time
FP16 7.28 11.04 —
Greedy initialisation
b=4, e=100 352.39  20.66 6.1h
b=8, e=100 60.61 18.64 9.9h
b=16, e=100 46.01 19.00 16.9h
b=8, e=5H 85.72 47.04 6.8h
OA-EM initialisation
b=4, e=100 16.82 18.09 6.1h
b=8, e=100 17.39 18.00 9.2h
b=16, e=100 16.53 17.92 15.5h
b=8, e=5H 1891 1798 7.3h

Table 2: Pre-PV-tuning results at 2 bpp on Llama 3.2 3B.
Beam width b, maximum epochs e. Quantization time
on one A100.

5.1 Initialisation Effects Before PV-Tuning

Overcomplete Regime (3bpp, p ~ 0.07). At
3 bpp, the initialisation bottleneck is relatively mild.
OA-EM reduces WikiText-2 perplexity from 9.52
to 8.87 (—0.65), while C4 increases slightly from
13.39 to 13.51. OA-EM reduces quantization time
by 5.7% (12h 39m vs. 13h 25m), as improved ini-
tialisation requires fewer beam-search epochs per
layer. Full pre-PV-tuning results are in Appendix B.

Undercomplete Regime (2bpp, p ~ 18). The
2 bpp regime reveals the full impact of the initiali-
sation bottleneck. Table 2 presents pre-PV-tuning
results across beam-search configurations.

Three observations emerge. First, beam search
alone cannot compensate for poor initialisation.
For greedy initialisation, performance improves
with wider beams (b=4: 352.39, b=8: 60.61, b=16:
46.01), but remains far from the OA-EM results.
In contrast, OA-EM remains stable across beam
widths (16.53-17.39).

Second, increasing the search budget does not
consistently improve the baseline solution qual-
ity. While WikiText-2 perplexity improves with
larger beams, C4 perplexity slightly worsens
(18.64—19.00), showing that larger search bud-
gets do not uniformly improve held-out perplex-
ity. Third, OA-EM improves both quality and effi-
ciency. For example, with =8, OA-EM achieves
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17.39/18.00 in 9.2h compared to 60.61/18.64 in
9.9h for greedy initialisation.

However, pre-PV-tuning results alone do not de-
termine the practical impact of improved initiali-
sation. PV-tuning can substantially improve quan-
tized models, potentially compensating for poor
initialisation. We therefore examine whether OA-
EM’s advantage persists after PV-tuning in §5.3.

5.2 Controlled Mechanism Checks

At fixed 2 bpp, changing the residual decomposi-
tion gives Greedy/OA-EM WikiText-2 perplexity
of 21.39/15.66 for (9=4, M=1), 60.61/17.39 for
(g=8, M=2), and 19.08/16.94 for (9=16, M =4).
The markedly different Greedy—OA-EM gaps
show that p alone is insufficient: residual-chain
structure materially affects sensitivity. Hold-
ing KM=65,536 fixed, (K=16, M=4) retains a
16.5% post-PV WikiText-2 advantage for OA-EM
(17.16—14.33) despite near-complete codebook
utilisation.

Euclidean EM improves pre-PV WikiText-2 over
Greedy (60.61—43.41) but remains far behind OA-
EM (17.39), and after PV-tuning it is worse than
both OA-EM and Greedy (WikiText-2 12.20 vs.
11.53 and 11.76). Generic EM refinement there-
fore does not explain the gain; together with the
curvature diagnostic (§3.4), this isolates the benefit
of output-aware weighting. Full decompositions,
C4 results, and ablation tables are reported in Ap-
pendix D.

5.3 Basin Persistence After PV-Tuning

PV-tuning (Malinovskii et al., 2024) performs end-
to-end optimisation of continuous codebook param-
eters and discrete code assignments. Because PV-
tuning substantially improves quantized models,
it acts as a strong optimiser that could potentially
erase differences caused by initialisation. A key
question is therefore whether improved initialisa-
tion still leads to better final models, or whether
PV-tuning causes all configurations to converge to
the same solution. Table 3 reports WikiText-2 per-
plexity before and after PV-tuning across all quan-
tization configurations on Llama 3.2 3B. PV-tuning
substantially improves all models, dramatically re-
ducing the gap caused by poor initialisation. How-
ever, OA-EM consistently achieves a lower final
perplexity across all matched configurations. Thus,
although PV-tuning mitigates poor initialisation, it
does not eliminate dependence on the starting code-
book geometry under this optimisation procedure.

Init Pre-PV  Post-PV A Q-time
Narrow beam (b=4, e=100)

Greedy 352.39 12.66 —339.73 6.1h
OA-EM 16.82 11.53 —-5.29 6.1h
Standard beam (b=8, e=100)

Greedy 60.61 11.76 —48.85 9.5h
OA-EM 17.39 11.53 —5.86 9.2h
Wide beam (b=16, e=100)

Greedy 46.01 12.01 —34.00 16.9h
OA-EM 16.53 11.49 —5.04 15.5h
Early stopping (b=8, e=5)

Greedy 85.72 12.69 —73.03 6.8h
OA-EM 18.91 11.76 —17.15 7.3h

Table 3: WikiText-2 perplexity before and after PV-
tuning at 2bpp on Llama 3.2 3B (seed 42). Q-time
is quantization time on one A100 and excludes the
~2.0h PV-tuning cost common to both initialisations
(Appendix G).

Beam-width robustness. The fully matched
seed-0 sweep shows that OA-EM improves both
perplexity measures at every beam, before and after
PV-tuning. An OA-EM seed-7 replication and the
original seed-42 results show that the best beam
depends on the seed and the dataset. We therefore
interpret these experiments as evidence of robust-
ness to search budget rather than monotonic im-
provement; Appendix F gives the numerical results
and coverage limits.

Pareto improvements. In Table 3, OA-EM im-
proves the quality—time trade-off. Within every
configuration, OA-EM reaches lower post-PV per-
plexity with equal or lower quantization time, ex-
cept the short-budget setting (b=8, e=5), where the
fixed cost of OA-EM initialisation is not fully amor-
tised. Across beam widths, OA-EM at =8 (9.2h,
11.53) outperforms Greedy at b=16 (16.9h, 12.01)
with 46% less quantization time. A full Pareto anal-
ysis is provided in Appendix A. PV-tuning adds
approximately 2.0h on a single A100 for the 3B
model with the same configuration across initiali-
sations; Appendix G reports end-to-end wall-clock
totals.

Downstream accuracy. OA-EM improves mean
zero-shot accuracy in every evaluated Llama set-
ting, by up to +1.6 points on Llama 3.2 3B
(at b=4) and by +0.7 points on Llama 3.1 8B,
while Qwen 2.5 3B shows a small regression
(0.606—0.603) despite lower perplexity. We there-
fore treat perplexity as the primary matched signal
and report the full task-level results and summary
table in Appendix C.

1972



6 Generality Across Compression Rates
and Architectures

Table 4 summarises perplexity results across com-
pression rates and architectures.

Representational pressure and sequential cou-
pling. Across rates, lower representational pres-
sure is sometimes associated with smaller Greedy—
OA-EM gaps, but the controlled decompositions in
§5.2 show that p is not sufficient by itself. A per-
matrix analysis across the evaluated 3B, 8B, and
14B scales reaches the same conclusion: overall
correlations of log; p with relative reconstruction-
error reduction are weakly negative while attention-
only correlations change sign across configurations
(Appendix E). We therefore use p only as a descrip-
tive indicator of pressure; residual-chain depth and
model-specific geometry are additional factors. At
3bpp (p =~ 0.07 for the representative matrix), the
pre-PV WikiText-2 gap is 0.65 and shrinks to 0.12
after PV-tuning; OA-EM wins 4 of 6 downstream
accuracy tasks and ties one, with a +3.5-point ARC-
Easy gain (Appendix B.1). At the standard 2 bpp
configuration, the pre-PV gap is 43.2 points and
shrinks to 0.23 after PV-tuning. The same persis-
tence extends to Qwen 2.5 14B: OA-EM reduces
WikiText-2 perplexity from 9.79 to 8.84 before
PV-tuning and from 7.71 to 7.56 after matched PV-
tuning, with post-PV C4 improving from 12.73
to 12.62 (Appendix C.4). These results show that
PV-tuning substantially reduces, but does not fully
erase, matched differences associated with initial
codebook geometry.

Pre-PV Post-PV
Model Rate Greedy OA-EM Greedy OA-EM
Llama3B 3bpp 9.52 8.87 8.66 8.54
Llama3B 2bpp 60.61 17.39 11.76  11.53
Llama 8B 2bpp 18.86  16.38 9.39 9.25
Qwen3B 2bpp 12.50 1230 1093 10.73
Qwen 14B 2bpp 9.79 8.84 7.71 7.56

Table 4: WikiText-2 perplexity across rates and models
(b=8, e=100). Per-model breakdowns in Appendices B
and C.

Variation across scales. The 8B Greedy baseline
(18.86) is much better than the 3B baseline (60.61)
despite a higher representative p, reinforcing that
p is not sufficient to predict catastrophic failure.
Model-specific weight and activation geometry are
additional factors; we do not claim a unique causal
explanation.

We keep K'=256 to match AQLM’s byte-aligned
8-bit indices; increasing K changes the bitrate as
well as p (Appendix E).

Cross-dataset variation is reported in Ap-
pendix H. Because the calibration domain is not
varied experimentally, we make no quantitative
domain-distance claim in the main text.

7 Conclusion

This work shows that additive quantization can
remain strongly dependent on codebook initialisa-
tion even after assignment search and PV-tuning.
Controlled decompositions and per-matrix analy-
ses show that the structural ratio p should be inter-
preted as a descriptive measure of representational
pressure, not as a sufficient predictor: sequential
residual coupling and model-specific error geome-
try materially affect the outcome.

Across search budgets and four models from
3B to 14B, OA-EM produces lower matched 2-
bpp post-PV perplexity than Greedy initialisation.
Curvature diagnostics support better preservation
of leading eigendirections in aggregate, with mixed
total-output error and a gate-projection exception.
The matched seed-0 sweep and OA-EM seed-7
replication support search-budget robustness, while
the best beam depends on seed and dataset.

Limitations

We evaluate four models from two model fami-
lies, from 3B to 14B parameters (Llama 3.2 3B,
Llama 3.1 8B, Qwen 2.5 3B, Qwen 2.5 14B).
The downstream accuracy signal is clearest on
Llama 3.2 3B; on Qwen 2.5 3B, the Greedy base-
line slightly leads on average zero-shot accuracy
(0.606 vs. 0.603) despite worse perplexity. Our
method applies directly to free-form additive quan-
tization with sequential residual codebooks. It
does not directly transfer to lattice-based (QulP#,
GLVQ) or trellis-based (QTIP) methods, and we do
not provide matched latency comparisons against
those systems. Likewise, p should be treated as
a structural descriptor rather than a universal pre-
dictor: matrix-level correlations depend on projec-
tion family, while fixed-rate decompositions show
that residual-chain structure matters even with near-
complete codebook utilisation. Beam-width effects
are also seed- and dataset-dependent, so we claim
robustness of the matched OA-EM advantage rather
than monotonic improvement with search budget.
We evaluate on English-only benchmarks.
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Ethical Considerations

This work improves the efficiency of existing open-
weight LLMs. We do not introduce new training
data or models. Compression reduces deployment
costs and environmental impact but does not ad-
dress biases present in the original models. Arte-
fact provenance, licensing, and intended use are
discussed in Appendix J.
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A Pareto Analysis

Table 5 combines post-PV WikiText-2 perplexity,
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quantization time; the short-budget setting (e=5)
is the only case where OA-EM is slower.

Init Config Wiki-2]  Avg? Q-time
Greedy  b=4, e=100 12.66 573 6.1h
OA-EM  b=4, e=100 11.53 .589 6.1h
Greedy  b=8, e=100 11.76 585 9.5h
OA-EM  b=8, e=100 11.53 591 9.2h
Greedy =16, e=100 12.01 584 16.9h
OA-EM  b=16, e=100 11.49 591 15.5h
Greedy  b=8, e=5 12.69 563 6.8h
OA-EM  b=8, e=5 11.76 572 7.3h

s

Table 5: Quality—compute Pareto analysis at 2 bpp on
Llama 3.2 3B. All metrics post-PV-tuning.

B Overcomplete Regime: 3 bpp Detailed
Results

Table 6 presents the pre-PV-tuning perplexity at
3 bpp on Llama 3.2 3B.

Wiki-2) c4l

FP16 7.28 11.04
Greedy 9.52 13.39
OA-EM 8.87 13.51

Table 6: Pre-PV-tuning perplexity at 3bpp on
Llama 3.2 3B (b=8, e=100).

B.1 3bpp Post-PV-Tuning Downstream

After PV-tuning, the gap at 3 bpp shrinks from 0.65
to 0.12 (WikiText-2: 8.66 vs. 8.54; C4: 11.43 vs.
11.45). Table 7 reports the full post-PV down-
stream evaluation. OA-EM wins 4 of 6 accuracy
tasks and ties on 1, with the largest gains on ARC-
Easy (+3.5pp) and LAMBADA accuracy (+1.5pp).
It also achieves the lowest LAMBADA perplex-
ity. Average accuracy increases by 0.7 percentage
points (0.647 — 0.654), with the only notable re-
gression on WinoGrande (—1.2pp). These results
indicate that basin persistence extends to the over-
complete regime.

Task Greedy OA-EM
ARC-C 418 421
ARC-E .658 .693
HellaSwag 704 704
PIQA 760 762
WinoGrande .669 .657
LAMB. acc .670 .685
LAMB. ppl} 4.87 4.64
Avg .647 654

Table 7: Post-PV-tuning downstream at 3bpp on
Llama 3.2 3B (b=8, e=100). Avg = mean of the six
accuracy tasks.

C Full Downstream and Perplexity
Results

This appendix provides the complete per-task
downstream evaluations and per-model perplexity
breakdowns that underlie the summary in Table 8
and Table 4. Results are organised by model.

Avg Acct
Model Config Greedy OA-EM
Llama 3B b=4 573 .589
Llama 3B b=8 .585 591
Llama 3B b=16 .584 591
Llama 3B b=8,e=5 .563 572
Llama 8B b=8 .649 .656
Qwen 3B b=8 .606 .603

Table 8: Post-PV-tuning downstream summary at 2 bpp.
Avg = mean of 6 zero-shot accuracy tasks. Per-task
results in Tables 9 and 11.

C.1 Llama 3.2 3B at 2 bpp

Table 9 presents post-PV-tuning downstream re-
sults across all four beam configurations. OA-EM
wins or ties average accuracy in every setting; the
advantage is largest at b=4 (+1.6pp), where the
greedy baseline has minimal search to compensate
for poor initialisation.
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b=4 b=8  b=16  e=5

Task G OA G OA G OA G OA
ARC-C 350 .359 .356 .366 .363 357 .332 331
ARC-E 560 .614 .600 .601 .619 .624 .569 .561
HellaSwag  .620 .625 .623 .626 .625 .627 .611 .625
PIQA 734 734 741 736 .731 726 716 134

WinoGrande .594 .619 .614 .611 .589 .624 .594 .609
LAMB. acc .577 .584 .573 .604 .579 .587 .556 .574
LAMB. ppl| 7.65 7.13 7.96 6.95 7.52 7.66 8.61 7.73

573 .589 585 .591 .584 .591 .563 .572

Avg

Table 9: Post-PV downstream accuracy, Llama 3.2 3B,
2 bpp, across beam configurations (e=100 unless noted;
e=>5 is the short budget at b=8). G = Greedy, OA = OA-
EM. Avg = mean of the six accuracy tasks (LAMBADA
perplexity excluded).

C.2 Llama 3.1 8B at 2bpp

Table 10 shows the perplexity breakdown before
and after PV-tuning. Table 11 presents post-PV-
tuning downstream results. Before PV-tuning,
Greedy/OA-EM reach WikiText-2 perplexities of
18.86/16.38 and C4 of 15.01/14.50.

Before PV After PV

Init Wiki-2 C4 Wiki-2 C4
Llama 3.1 8B

Greedy 18.86 15.01 939 12.02
OA-EM 1638 14.50 9.25 11.89
QOwen 2.5 3B

Greedy 1250 16.01 10.93 14.57
OA-EM 1230 16.08 10.73 14.49

Table 10: WikiText-2 / C4 perplexity before and after
PV-tuning at 2 bpp (b=8, e=100) for Llama 3.1 8B and
Qwen 2.5 3B.

Llama 3.1 8B  Qwen 2.5 3B
Task G OA G OA
ARC-C 432 424 375 366
ARC-E 656 677 .662  .651
HellaSwag 707 714 626 .630
PIQA 759 769 739 737
WinoGrande .661 679 634  .647
LAMB. acc 679 675 .600 587
LAMB.ppll 460 459 729 7.37
Avg 649 656 .606 .603

Table 11: Post-PV downstream accuracy at 2 bpp (b=8,
e=100) for Llama 3.1 8B and Qwen 2.5 3B. G = Greedy,
OA = OA-EM.

C.3 Qwen 2.5 3B at 2 bpp

Table 10 presents the perplexity breakdown; OA-
EM wins on both metrics after PV-tuning despite

the mild bottleneck on this architecture. Table 11
shows the downstream evaluation where the base-
line nominally leads on average accuracy (0.606 vs.
0.603), as noted in the main text.

C.4 Qwen 2.5 14B at 2 bpp

We quantize Qwen 2.5 14B at 2bpp with
K=256, M=2, g=8,b=8,e=100, seed 42, and
matched C4 calibration data. The Greedy and OA-
EM runs use matched quantization and PV config-
urations, extending the 3B/8B evaluation to 14B.

Before PV After PV
Init Wiki-2 C4 Wiki-2 C4
Greedy 9.79 13,52 771 1273
OA-EM 8.84 1354 17.56 12.62

Table 12: WikiText-2 / C4 perplexity before and af-
ter matched PV-tuning at 2bpp (b=8, e=100) for
Qwen 2.5 14B.

Before PV, OA-EM improves WikiText-2 per-
plexity by 9.70%; C4 is slightly worse (13.52 vs.
13.54). Mean calibration layer-output error de-
creases from 9.23 x 107* to 8.55 x 107* (7.37%
lower), and median error from 4.23 x 1074 to
4.06 x 10~ (4.02% lower), with improvements
in all 48 layers.

PV data and checkpoint selection. The matched
PV configuration uses seed 42, batch 32, learning
rate 3 x 1074, and a five-epoch budget. The data
comprise 10,000 C4 samples. Checkpoints min-
imise WikiText-2 test perplexity; C4 validation per-
plexity is reported from the same checkpoint, not
selected separately.

After matched PV-tuning, OA-EM reduces
WikiText-2 perplexity from 7.71 to 7.56 (1.95%)
and paired C4 perplexity from 12.73 to 12.62
(0.86%). Thus the initialisation advantage extends
to 14B and is not fully erased by end-to-end PV
refinement.

Compute. On the same B200 host, Greedy quan-
tization took 35h 27m and OA-EM took 31h 37m.
The Qwen 2.5 14B analysis covers perplexity and
layer-output reconstruction.

D Controlled Mechanism Ablations

The main text reports only the headline-controlled
results; this appendix provides the full fixed-bitrate
decompositions, the Euclidean-EM ablation, and
the curvature diagnostic.
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D.1 Controlled Fixed-Bitrate Decompositions

Table 13 holds the bitrate at 2 bpp while changing
the residual decomposition. With K =256, increas-
ing the group size gives M € {1, 2,4} and changes
K™ by orders of magnitude. Greedy is suboptimal
but not catastrophic for M=1 (21.39 vs. 15.66),
fails most severely for the standard M =2 config-
uration (60.61 vs. 17.39), and improves again in
the highly overcomplete M =4 setting (19.08 vs.
16.94). Thus high p creates representational pres-
sure but does not by itself imply catastrophic fail-
ure: the absence of a residual chain at M=1 re-
moves the sequential coupling mechanism.

g K M KM Greedy OA-EM
4 256 1 256 2139  15.66
8 256 2 65,536 60.61 17.39
16 256 4 =~43x10° 19.08 16.94

Table 13: Controlled 2-bpp sweep on Llama 3.2 3B.
WikiText-2 perplexity before PV-tuning. Bitrate is held
fixed while residual-chain depth and representational
capacity change.

A complementary decomposition holds g=8, the
nominal index rate, and the nominal tuple count
KM=65,536 fixed. Table 14 makes explicit that
(K=256, M=2) and (K=16, M =4) nevertheless
differ in additive geometry, residual-chain depth,
and learned codebook parameter count. Thus this
experiment does not isolate chain depth indepen-
dently of all other structural changes.

K M Index bpp

256 2
16 4

KM MKy

2.00 65,536 4,096
2.00 65,536 512

Table 14: Equal nominal index rate and tuple count
at g = 8. MKy is the number of scalar codebook
parameters per codebook set.

For (16, 4), OA-EM reduces pre-PV WikiText-
2 perplexity by 90.44% and C4 by 37.58%; the
post-PV reductions are 16.5% and 4.7% (Table 15).
Both methods are worse than their standard (256, 2)
counterparts despite near-complete codebook utili-
sation (Table 20). Equal K™ | and hence equal p, is
therefore insufficient to predict performance. This
supports considering the decomposition as well as
structural pressure, without attributing the entire
difference to chain depth alone.

Pre-PV Post-PV
Method  Wiki-2 C4  Wiki-2 C4
Greedy 27493 49.73 17.16  18.00
OA-EM  26.28 31.04 1433 17.15
Table 15: WikiText-2 and C4 perplexity for

Llama 3.2 3B with (K, M, g) = (16,4, 8), before and
after PV-tuning (seed 42, =8, e=100).

D.2 EM versus Output-Aware EM

To separate generic iterative refinement from Hes-
sian/output awareness, Table 16 replaces the OA-
EM metric with Euclidean distance while keeping
the EM refinement structure. Euclidean EM im-
proves pre-PV WikiText-2 over Greedy (60.61 —
43.41) but remains far behind OA-EM (17.39), and
its C4 and post-PV results are worse than both
OA-EM and Greedy. This isolates a benefit from
output-aware curvature weighting beyond EM re-
finement alone.

Pre-PV Post-PV
Init Wiki-2 C4 Wiki-2 C4
Greedy 60.61 18.64 11.76 14.30
Euclidean EM 4341 2328 1220 16.33
OA-EM 17.39 18.00 11.53 14.26

Table 16: Euclidean-EM ablation on Llama 3.2 3B at
2bpp (K=256, M =2, g=8, b=8).

D.3 Curvature Diagnostic

We evaluate pre-PV seed-42 Greedy, Euclidean
EM, and OA-EM checkpoints of Llama 3.2 3B
on 32 held-out C4 sequences. All methods use
the same reference activations, per-matrix Hessian,
and eigenspaces. The reference model is BF16;
diagnostic weights, covariance matrices, norms,
and eigendecompositions are cast or accumulated
in FP32. All seven projections in all 28 layers
are included: 196 matrices per method and 588
method—matrix measurements.

Table 17 reports ordinary weight NMSE, total
held-out output NMSE, and curvature NMSE re-
stricted to the leading &k € {1, 8, 32,128} Hessian
eigendirections. Ratios are computed within each
matrix against Greedy and then summarised by
their median; a win means a ratio strictly below
one. These are descriptive matrix-level compar-
isons, not independent experimental replications.
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Euclid. EM / Greedy OA-EM / Greedy

Metric Ratio Wins Ratio Wins
Weight NMSE  0.999 114/196 1.045 5/196
Output NMSE  0.998 127/196 1.002 95/196
Curvature NMSE
Top-1 0.981 119/196 0.887 146/196
Top-8 0.984 128/196 0.874  160/196
Top-32 0.987 130/196 0.871 168/196
Top-128 0.991 132/196 0.888 170/196

Table 17: Held-out mechanism analysis over all 196
matrices of Llama 3.2 3B. Ratios are medians of per-
matrix ratios against Greedy; lower is better and the
Greedy reference is 1. Output NMSE is total held-out
output NMSE.

OA-EM increases median weight NMSE by
4.55% but reduces median leading-eigenspace cur-
vature NMSE by 11.2-12.9%, with 146-170 wins.
Total output NMSE is mixed: the median ratio is
1.002 (0.25% worse), the mean ratio is 0.987, and
OA-EM wins 95/196 matrices. Thus the evidence
supports preferential preservation of high-curvature
directions in aggregate, not uniformly better total-
output reconstruction.

Table 18 shows that the improvement is
projection-dependent. Attention projections im-
prove by 16.9-19.1%, with 26-28 wins out of 28.
MLP up/down projections also improve, whereas
gate_proj worsens by 7.7% and wins only 7/28
matrices. This boundary condition qualifies the
aggregate mechanism claim.

Projection =~ Ratio  Wins
q_proj 0.814 27/28
k_proj 0.831 26/28
v_proj 0.829 27/28
o_proj 0.809 28/28
up_proj 0.935 27/28
down_proj 0.921 26/28
gate_proj 1.077  7/28

Table 18: Top-32 curvature NMSE by projection. Ratio
is the median OA-EM/Greedy ratio.

E Representational-Ratio Details

For matrix ¢, we compute N, = #weights,/g and
pe = Ny/KM. These quantities are unchanged
by initialisation or PV-tuning. Code assignments
can change during PV-tuning, which enables code
updates; assignment utilisation is therefore distinct
from structural p.

Matrix-level correlation. Let EZG and E?A
be the logged reconstruction errors for matched
Greedy and OA-EM matrices. We correlate

log, g p¢ with the relative reduction 1 — EEOA / EE,
not with downstream perplexity. Table 19 gives
Pearson coefficients and matched matrix counts.

Model (K,M) Pairs 7 (all proj.)
Llama 3.2 3B (16 4 19 —0.270
Llama3.23B (256, 2) 196 —0.170
Llama 3.1 8B (256, 2) 224 —0.233
Qwen2.514B  (256,2) 336 —0.129

Table 19: Pearson correlation 7 of log;, p with relative
OA-EM reconstruction-error reduction over matched
matrix pairs.

All overall coefficients are negative. The
attention-only coefficients are not stable across con-
figurations and change sign between Llama 3B
(16,4) and Llama 8B (256, 2). These are descrip-
tive relationships: matrices share layers and model
parameters, and matrix dimensions and projection
type confound the association. They do not estab-
lish a universal predictive or causal relationship
between p and the OA-EM gain.

Codebook utilisation. For marginal assignment
probabilities p, active fraction measures the pro-
portion of codewords used, normalised entropy is
H(p)/log K, and effective codewords is exp H (p)
(natural-log entropy). Table 20 averages the
marginal statistics over codebooks within each ma-
trix and then over matrices. Unique tuples counts
the distinct joint index combinations per matrix.
All measurements are pre-PV.

Init Norm. entropy Eff. codewords Unique tuples
Llama 3B, (K, M)=(16,4)

Greedy 0.9999 16.00 64,986
OA-EM 0.9995 15.98 64,442
Llama 3B, (K, M)=(256, 2)

Greedy 0.9982 253.43 65,201
OA-EM 0.9970 251.77 64,939
Llama 8B, (K, M)=(256, 2)

Greedy 0.9981 253.30 65,315
OA-EM 0.9963 250.90 65,012
Owen 14B, (K, M)=(256, 2)

Greedy 0.9970 252.01 65,430
OA-EM 0.9943 248.45 65,107

Table 20: Mean pre-PV code usage. The active fraction
is 1.0000 (every codeword used) in all configurations.

All marginal codebooks are fully active with
near-maximal entropy. Even the poorly perform-
ing (K=16, M=4) configuration uses nearly all
nominal tuples on average. Its failure is therefore
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not explained by simple codeword collapse. Equal
tuple count does not imply equal additive geometry
or equal learned parameter count (Table 14).

Codebook-size trade-off. The main experiments
follow AQLM’s 8-bit codebook indices. Increasing
K reduces p but also changes the operating point:
for M =2, g=8, K=512 requires 9-bit indices and
raises the nominal index rate from 2.0 to 2.25 bits
per weight, while breaking the byte-aligned index-
ing convention. For this reason the K=512 experi-
ment was not run; a systematic K -bitrate trade-off
is left to future work.

F Controlled Beam—Seed Robustness

Table 21 separates three sources of evidence: a
fully matched Greedy/OA-EM seed-0 sweep; an
OA-EM-only seed-7 replication; and the original
seed-42 quantizations.

OA-EM improves both perplexity measures at
every beam before and after PV in the fully
matched seed-0 sweep. Its WikiText-2 curve is
non-monotonic: beam 8 is best before and after PV,
while seed 7 favours beam 16. On seed 0, PV re-
duces the OA-EM WikiText-2 best-to-worst range
from 1.75 to 0.34. C4 can favour a different beam.
These results support robustness over the tested
search budgets, not universal beam monotonicity.

Pre-PV Post-PV
Beam Init Wiki-2 C4  Wiki-2 C4
Seed 0 (matched sweep)
4 Greedy 126.15 25.14 1276 16.44
4 OA-EM 1785 2236 12.27 16.23
8 Greedy 96.45 25.08 12.93 16.50
8 OA-EM  16.81 22.18 12.23 16.27
16 Greedy 82.46 26.94 1291 16.46
16 OA-EM  18.56 22.09 12.57 15.81
Seed 7 (OA-EM replication)
4 OA-EM 17.67 2190 12.13 16.21
8 OA-EM 17.55 21.56 12.06 16.13
16 OA-EM 17.20 21.68 12.05 16.12
Seed 42 (original runs)
4 Greedy 35239 20.66 12.66 14.61
4 OA-EM  16.82 18.09 11.53 14.30
8 Greedy 60.61 18.64 11.76 14.30
8 OA-EM  17.39 18.00 11.53 14.26
16 Greedy 46.01 19.00 12.01 14.25
16 OA-EM  16.53 17.92 1149 14.22

Table 21: Beam-seed robustness for Llama 3.2 3B
at 2bpp (K=256, M=2, g=8, e=100). Seed O is a
matched Greedy/OA-EM sweep, seed 7 an OA-EM-
only replication, and seed 42 the original pre-PV runs
with standardised post-PV results.

G End-to-End Wall-Clock Accounting

For Llama 3.2 3B, PV-tuning takes approximately
2.0h on a single A100 and uses the same configura-
tion for both initialisations. Adding this common
cost to Table 3 gives approximately 8.1h end-to-
end for OA-EM at b=4, 11.2h at b=8, and 17.5h
at b=16; the corresponding Greedy totals are 8.1h,
11.9h, and 18.9h.

H Cross-Dataset Variation

Table 22 compares the Greedy/OA-EM perplexity
ratio on the calibration domain (C4) and on an ex-
ternal evaluation set (WikiText-2). The calibration
domain is not varied, so we do not draw a quantita-
tive domain-distance conclusion.

Benchmark Role Greedy OA-EM Ratio
C4 Calibration domain 18.64  18.00 1.04x
WikiText-2 External eval. 60.61 17.39 3.49x

Table 22: Perplexity across evaluation datasets at 2 bpp
on Llama 3.2 3B (b=8, e=100, before PV-tuning). Ra-
tio = Greedy/OA-EM.

I Proof of Proposition 1

Proof. Letr? =w — cq 9 =1r* — 4. Then:

e = |Ir? —eao® = Ir* — & — a0
= |Ir* = caol|* +18]1* = 2(r* — c2, 6)

)

Subtracting e* = |[r* — cq;«||* and rearrang-
ing yields Eq. (2). The residual mismatch ||r* —
ca o> — ||r* — c24+/|> > 0 since j* minimises
over r*. O

J Scientific Artefacts and Responsible Use

Artefact provenance. Our implementation ex-
tends AQLM (Egiazarian et al., 2024) with OA-
EM initialisation and uses PV-tuning (Malinovskii
et al., 2024) for subsequent refinement. The imple-
mentation is available at https://github.com/
kenno94-1IK/aglm-oaem. We evaluate the pre-
trained Llama 3.2 3B and Llama 3.1 8B models
(Grattafiori et al., 2024) and Qwen 2.5 3B and
Qwen 2.5 14B models (Yang et al., 2025). Down-
stream evaluation uses the LM Evaluation Harness
(Sutawika et al., 2024).

Software and model licences. The upstream
AQLM implementation is distributed under the
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Apache License 2.0, and our OA-EM implemen-
tation is distributed under the Apache License 2.0.
The LM Evaluation Harness is distributed under the
MIT License. Llama 3.2 3B and Llama 3.1 8B are
subject to the Llama 3.2 and Llama 3.1 Community
License Agreements, respectively, including their
associated acceptable-use conditions. Qwen 2.5 3B
is subject to the Qwen Research License Agree-
ment, which limits use to non-commercial research
and evaluation unless separate commercial permis-
sion is obtained. Qwen 2.5 14B is distributed un-
der the Apache License 2.0. Any redistribution of
quantized model derivatives remains subject to the
applicable base-model terms; the licence for our
implementation does not replace those terms.

Dataset licences. The dataset providers identify
C4 as ODC-By, ARC as CC BY-SA 4.0, HellaSwag
as MIT, PIQA as Academic Free License 3.0, and
LAMBADA as CC BY 4.0. The WinoGrande au-
thors identify the dataset licence as CC BY, sepa-
rately from the Apache License 2.0 covering their
codebase. WikiText is distributed under Creative
Commons Attribution-ShareAlike terms; its hosted
dataset card contains inconsistent version informa-
tion, listing CC BY-SA 3.0 and GFDL in its meta-
data but referring to CC BY-SA 4.0 in its licensing
description.!

Intended use. We use the pretrained models and
existing datasets for research on model compres-
sion, reconstruction error, language modelling, and
zero-shot benchmark evaluation. These uses follow
the modelling and evaluation purposes for which
the artefacts are provided. The intended use of our
implementation is to reproduce, analyse, and ex-
tend the OA-EM quantization experiments. Use
of the implementation with a particular model or
dataset must respect that artefact’s access condi-
tions and licence, including the research restric-
tions applying to Qwen 2.5 3B.

1https://huggingface.co/datasets/Salesforce/
wikitext
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