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Abstract

Cascaded LLM systems coordinate models of
varying sizes with human experts to balance ac-
curacy, cost, and abstention under uncertainty.
However, single-model tiers at each stage fal-
ter on ambiguous queries, triggering prema-
ture escalations to costlier models or experts
due to under-confidence and inefficient com-
pute scaling. CascadeDebate addresses this
critical gap by inserting multi-agent delibera-
tion directly at each tier’s escalation boundary.
Confidence-based routers activate lightweight
agent ensembles only for uncertain cases, en-
abling consensus-driven resolution of ambigu-
ities internally, without invoking higher-cost
upgrades. Our unified architecture alternates
single-model inference with selective multi-
agent deliberation across model scales, cul-
minating in human experts as final fallback.
This design scales test-time compute dynam-
ically to query difficulty. Across five bench-
marks spanning science, medicine, and general
knowledge, CascadeDebate outperforms strong
single-model cascades and standalone multi-
agent systems by up to 26.75%. An online
threshold optimizer proves essential, boosting
accuracy 20.98–52.33% relative improvement
over fixed policies and enabling elastic adapta-
tion to real-world distributions.

1 Introduction

Large language models (LLMs) have demonstrated
remarkable proficiency across diverse benchmarks,
spanning scientific question answering to medical
diagnosis tasks (Hendrycks et al., 2021; Pal et al.,
2022; Singhal et al., 2023). Despite these advances,
real-world deployment demands far more than raw
predictive capability. The systems must balance
high accuracy against substantial inference costs,
particularly as applications scale to production envi-
ronments (Chen et al., 2024). High-capacity mod-
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Figure 1: Adaptive Cascade Framework Overview.
Current systems route queries through a hierarchy of
solvers: from small models to large models, finally
to human experts. High-confidence answers commit
immediately at each stage; uncertain cases escalate to
balance cost and accuracy.

els deliver superior performance, but incur pro-
hibitive computational overhead during training
and inference (Yue et al., 2024). Compact alter-
natives promise efficiency, yet sacrifice reliability,
remaining prone to hallucinations and breakdowns
in multi-step reasoning (Wei et al., 2022; Ji et al.,
2023).

As shown in Figure 1, current approaches mit-
igate this tension through cascaded pipelines and
routing mechanisms (Aggarwal et al., 2024; Ong
et al., 2025). These systems route queries from
smaller models to larger ones based on confidence
or acceptance criteria, deferring only when uncer-
tainty signals potential failure. While effective for
gross cost-accuracy trade-offs, such cascades rely
on single-model decisions at each tier. Ambiguous
inputs thus trigger premature escalations, propa-
gating overconfident errors without intra-tier cor-
rection, and wasting compute on unnecessary up-
grades (Fanconi and van der Schaar, 2025). Multi-
agent frameworks offer a compelling counterpoint.
They harness collective intelligence through de-
bate, consensus, or role specialization to boost
reasoning depth (Du et al., 2024; junyou li et al.,
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2024; Li et al., 2023). Agents deliberate collabora-
tively, surfacing diverse perspectives that resolve
ambiguities a lone model might mishandle. Yet
these setups typically operate in isolation, as stan-
dalone enhancers rather than embedded compo-
nents within cost-aware hierarchies (Wang et al.,
2025). Standalone multi-agent systems overlook
selective activation: deliberation excels on hard
cases, but proves redundant and costly for straight-
forward queries.

This gap calls for a hybrid approach that embeds
multi-agent deliberation within cascades, triggered
only at escalation boundaries. Instead of routing
uncertain queries from a single model directly to
expensive larger tiers, we position agent consen-
sus as an intermediate step. Such intra-tier scaling
harnesses emergent cooperation. It self-corrects
for ambiguities before any escalation occurs. This
preserves efficiency while strengthening base mod-
els. Agents supply the diverse viewpoints missing
from lone models, exactly where current cascades
squander compute through premature deferrals. We
present CascadeDebate, a unified architecture al-
ternating single-model inference with multi-agent
deliberation across scales (shown in Figure 2). Hu-
man experts serve as final fallback. Confidence-
based routers control progression. High-confidence
single-model outputs commit right away. Marginal
cases activate lightweight agent ensembles for con-
sensus refinement. Only unresolved uncertainty
advances to larger tiers or humans.

This design embodies test-time compute scal-
ing tailored to query difficulty where deliberation
depth emerges dynamically from need rather than
fixed policy. To ensure adaptability without man-
ual tuning, we introduce an online optimizer that
refines escalation thresholds from streaming hu-
man feedback. The mechanism learns task-specific
boundaries online, minimizing token costs while
maximizing accuracy, transforming the cascade
into an elastic reasoner responsive to real-world
query distributions. Our contributions advance this
vision:

• A unified cascade architecture interposing
multi-agent deliberation at each tier’s esca-
lation boundary, with human-in-the-loop as
ultimate recourse.

• An online threshold learner balancing accu-
racy against computation, enabling continual
refinement from human signals.

• Empirical validation showing that adaptive
stage selection outperforms single-model cas-
cades and standalone agents, resolving ambi-
guities internally to reduce expert load sub-
stantially.

This architecture not only bridges cascades
and multi-agent paradigms but deploys practical
human-AI collaboration at scale. Subsequent sec-
tions detail the architecture (Sec. 3), experiment
setup (Sec. 4.1), and rigorous evaluation (Sec. 4.2).

2 Related Work

2.1 Cost-Aware Routing and LLM Cascades
Adaptive inference systems optimize cost-accuracy
trade-offs by routing queries across model tiers
(Chen et al., 2024; Aggarwal et al., 2024). Cas-
caded architectures prioritize lightweight models
and escalate only when acceptance criteria are not
met (Ong et al., 2025; Ding et al., 2024; Yue et al.,
2024). These frameworks typically use single-
model inference at each decision point, which
makes routing sensitive to noisy confidence esti-
mates and calibration error (Xiong et al., 2024;
Fanconi and van der Schaar, 2025). CascadeDe-
bate addresses this limitation by adding selective
intra-tier computation that targets marginal cases
before inter-tier escalation.

2.2 Multi-Agent Deliberation and Consensus
Multi-agent systems improve reasoning robustness
through debate, critique, and role specialization,
followed by aggregation (Du et al., 2024; Lee et al.,
2025; Li et al., 2023; junyou li et al., 2024). These
mechanisms reduce single-model variance and ex-
pose failure modes that isolated inference may miss
(Zhang et al., 2024; Wang et al., 2025). Prior work
also reduces coordination overhead through sparse
interaction structures or structured roles (Sun et al.,
2025; Chen et al., 2025). However, deliberation
is typically deployed as a standalone enhancement
rather than as a selective operator integrated with
cascade routing decisions. CascadeDebate inte-
grates deliberation at escalation boundaries to align
additional computation with uncertainty.

2.3 Online Threshold Learning
LLM confidence estimates are poorly calibrated
(Xiong et al., 2024), making static routing thresh-
olds brittle under distribution shifts and heteroge-
neous domain difficulty, motivating adaptive de-
ferral policies (Fanconi and van der Schaar, 2025).
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Figure 2: CascadeDebate Architecture. The unified framework alternates single-model inference with multi-agent
deliberation across base and large scales, culminating in human experts as final fallback. Confidence-based routers
activate lightweight agent ensembles only for marginal cases at each escalation boundary, resolving ambiguities via
intra-tier consensus before deferring to costlier tiers. The online threshold optimizer continuously refines deferral
boundaries τ from human feedback, enabling elastic adaptation to real-world query distributions while balancing
accuracy against token and expert costs.

Unified formulations connect routing and cascad-
ing to support learning deferral behavior instead
of manual threshold selection (Dekoninck et al.,
2024; Shen et al., 2025). CascadeDebate follows
this direction by updating escalation thresholds on-
line from streaming human feedback. The result-
ing policy adapts stage utilization to the observed
workload while preserving explicit control over the
cost-accuracy trade-off.

3 Methodology

CascadeDebate extends cascaded decision systems
by embedding multi-agent deliberation at escala-
tion boundaries between model tiers. We denote
the cascade as C = {S1, S2, . . . , SK}, where each
stage Sk processes input x ∈ X to produce an-
swer ŷk ∈ Y , confidence Φk(x) ∈ [0, 1], and un-
certainty Ξk(x) ∈ [0,∞), following terminology
of (Fanconi and van der Schaar, 2025). At each
stage, progression follows the deferral policy: ac-
cept ŷk if Φk(x) > τdk (confidence exceeds deferral
threshold); abstain to humans if Ξk(x) > τak ; oth-
erwise defer to Sk+1. For basic cascade we follow
two-tier model architecture Mbase →Mlarge, but it
can be generalized to arbitrary depth K.

3.1 CascadeDebate architecture
It alternates single-model inference Ssingle with
multi-agent deliberation Smulti across model scales.
Formally, odd stages use single inference:

Ssingle(x;Mi) =
(
ŷ,Φi(x),Ξi(x)

)
,

where Mi ∈ {Mbase,Mlarge} denotes model
scale i. Even stages activate deliberation only on
marginal confidence:

Smulti(x;Mi, N) = Consensus
(
{Mi(x; rj)}Nj=1

)
,

where rj are distinct role prompts and Consen-
sus aggregates via majority vote with confidence
Φmulti(x) = P(agreement).

This design scales test-time compute intra-tier
before inter-tier escalation. Marginal cases trigger
Smulti to resolve ambiguities via emergent cooper-
ation, delaying costly upgrades. The architecture
naturally extends to additional model scales by re-
peating the single→multi pattern.

3.2 Confidence Estimation
CascadeDebate employs complementary confi-
dence signals tailored to stage type, followed by
Bayesian calibration. For single-model stages
Ssingle, we extract Φk(x) via surrogate token prob-
ability (Kadavath et al., 2022), capturing model
self-assessment of answer quality. For multi-agent
stages Smulti, confidence reflects ensemble agree-
ment: Φk(x) = ϕ

agree
k of N agentsMi(x; rj). The

majority vote prediction and the agreement confi-
dence are calculated as:

ŷmv
k = argmax

a

N∑

j=1

1[ŷ
(j)
k = a] (1)

ϕ
agree
k =

|{j : ŷ(j)k = ŷmv
k }|

N
(2)

1331



Multi-agent deliberation provides robust intra-tier
signal where high agreement rate resolved ambigu-
ity without escalation.

Both signals undergo Bayesian logistic regres-
sion calibration, fitted on 100 held-out samples per
model scale Mi. Calibration ensures Φk(x) ≈
P(ŷk = y∗|x) across operating ranges.

3.3 Online Threshold Learning
Thresholds τ = {τdk , τak }k govern routing, i.e. to
accept if Φk(x) > τdk , abstain if Ξk(x) > τak . Fol-
lowing the setup of (Fanconi and van der Schaar,
2025), we parameterize it via sigmoid: τk = σ(θk)
with θk ∈ R. Soft gating enables gradient optimiza-
tion: accept probability πk = σ(γ.(Φk(x) − τk))
where γ = 5 controls sharpness. Stage k stop-
ping probability chains prior deferrals: pk =
πk

∏
i<k(1−πi). The multi-objective loss balances

error and cost:

L(θ) = (1− E[pk · corrk]) + λ · E[pk · ck] (3)

where E[·] aggregates over reached stages, corrk =
1[ŷk = y∗], and cexpert assumes perfection. Param-
eters update via Adam on mini-batches from re-
play buffer B, accumulating human feedback post-
deployment. More details in Appendix A.

4 Experiments and Results

The full cascade is

C = Ssingle(Mbase)→ Smulti(Mbase)

→ Ssingle(Mlarge)→ Smulti(Mlarge)

→ Shuman

terminating early per thresholds τ = {τdk , τak }k.

4.1 Setup details
We evaluate CascadeDebate on five multiple-
choice benchmarks, sampling 1,000 instances from
each. These span science (ARC-Easy and ARC-
Challenge (Clark et al., 2018)), general knowledge
(MMLU (Hendrycks et al., 2021)), and medicine
(MedQA (Jin et al., 2021); MedMCQA (Pal et al.,
2022)). We use test splits for ARC and MMLU, val-
idation splits for medical datasets, with statistics in
Appendix B. We employ instruction-tuned Llama-
3.2 (Dubey et al., 2024) and Qwen2.5 (Yang et al.,
2024). Base models are Llama-3.2-1B-Instruct
and Qwen2.5-1.5B-Instruct, while large models are
Llama-3.2-3B-Instruct and Qwen2.5-3B-Instruct.
All generation used temp = 0 during inference
with maximum length of 512 tokens.

Each dataset uses four specialized role prompts
per multi-agent stage (4 agents). For e.g., sci-
ence tasks include Experimental Scientist and Mis-
conception Detector; medical tasks include Clini-
cal Reasoning and Evidence-Based Medicine (full
prompts in Appendix C). All experiments run on a
single NVIDIA A100 (80GB) GPU using PyTorch
2.4 and Transformers v4.44.2. Thresholds optimize
via Adam (batch size 10, ητ = 0.05), initializing
to τdk = 0.6. Hyperparameters are λ = 10−7 (cost-
accuracy trade-off), ρ = 5.0 (output-to-input price
ratio), and cexpert = 10.0.

4.2 Results & Observations
CascadeDebate answers two key questions across
five benchmarks:

1. Does embedding multi-agent deliberation at
escalation boundaries outperform individual-
stage baselines?

2. How does the system allocate compute across
capability tiers?

We compare CascadeDebate against single-
model, multi-agent, and standard cascade base-
lines across model scales (Table 1). A consistent
trend is that multi-agent variants outperform their
single-model counterparts, and larger models fur-
ther improve accuracy within each dataset. Stan-
dard cascades that route from Ssingle(Mbase) →
Ssingle(Mlarge)→ Shuman already surpass any indi-
vidual stage, confirming the value of confidence-
based deferral even without intra-tier deliberation.
Superior accuracy at controlled cost. CascadeDe-
bate achieves the best accuracy on all tasks with
Llama-3.2, improving over the strongest baseline
by 1.43-18.24 percentage points (pp) (e.g., MedQA:
86.44% vs. 64.00% for Smulti(Mlarge) and 68.20%
for the standard cascade). For Qwen2.5, Cascad-
eDebate matches or exceeds the standard cascade
on three of five datasets and yields especially large
gains on the medical benchmarks (e.g., MedQA:
75.22% vs. 52.70%). These patterns show that
inserting deliberation at escalation boundaries sys-
tematically boosts accuracy beyond what can be
obtained from scaling model size or naïve cascades
alone.
Effect of model scale and deliberation. Within
each backbone, moving from Ssingle(Mbase)
to Ssingle(Mlarge) yields substantial gains (e.g.,
Llama-3.2 MMLU: 44.22% → 62.44%), and
adding multi-agent deliberation on top of a fixed
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Table 1: CascadeDebate vs. Baselines. Accuracy (%) of Llama-3.2-Instruct (1B/3B) and Qwen2.5-
Instruct (1.5B/3B) across single-model (Ssingle(Mbase/large)), multi-agent (Smulti(Mbase/large)), standard cascade
(Ssingle(Mbase) → Ssingle(Mlarge) → Shuman), and CascadeDebate (Ssingle(Mbase) → Smulti(Mbase) →
Ssingle(Mlarge)→ Smulti(Mlarge)→ Shuman) systems. Best in bold.

Dataset Baselines Cascade

Ssingle(Mbase) Smulti(Mbase) Ssingle(Mlarge) Smulti(Mlarge) Standard Ours

Llama-3.2 (Base: 1B, Large: 3B)

ARC-Easy 68.56 73.89 89.67 91.00 93.90 95.33±0.70

ARC-Challenge 50.67 54.78 78.33 81.67 84.30 92.89±0.86

MMLU 44.22 47.56 62.44 64.78 67.70 82.67±1.26

MedQA 34.22 35.11 60.89 64.00 68.20 86.44±1.14

MedMCQA 36.11 41.78 52.67 55.33 64.70 76.33±1.42

Qwen2.5 (Base: 1.5B, Large: 3B)

ARC-Easy 83.44 88.44 93.44 94.33 96.20 92.00±0.01

ARC-Challenge 71.89 74.67 82.78 84.44 89.80 85.78±0.01

MMLU 58.78 58.44 65.00 67.11 73.20 78.00±0.01

MedQA 34.44 36.89 40.89 41.44 52.70 75.22±0.01

MedMCQA 37.33 42.00 46.44 46.67 58.70 69.89±0.02

scale yields further improvements (62.44% →
64.78% for Smulti(Mlarge)). However, CascadeDe-
bate consistently outperforms both single and multi-
agent large models (e.g., Llama-3.2 MedMCQA:
55.33% vs. 76.33%), indicating that selective intra-
tier cooperation is more effective than uniformly
applying multi-agent methods at a single scale.
Benefit over standard cascades. Standard cas-
cades already close much of the gap between
base and large models (e.g., Qwen2.5 ARC-
Challenge: 71.89%→ 89.80%), demonstrating that
confidence-based routing is a strong baseline. Cas-
cadeDebate nonetheless delivers additional gains,
most notably on harder and medical benchmarks
where ambiguity is common. These improvements
support our hypothesis that many escalations can
be resolved by intra-tier debate rather than blindly
deferring to larger or human solvers.
Implications for compute allocation. Detailed
cost-accuracy curves are shown in Fig. 3. Cascad-
eDebate systematically converts additional com-
pute into disproportionate accuracy gains across
domains. On relatively easier ARC-Easy (Llama-
3.2), CascadeDebate delivers +26.78pp (68.56%
→ 95.33%) at only 12.79× Single Base cost, sur-
passing even Smulti(Mlarge) (91.00%) while selec-
tively activating lightweight base deliberation. For
complex reasoning in ARC-Challenge, cost rises
to 15.62× but yields massive +42.22pp (50.67%
→ 92.89%), 1.62× the gain of standard cascade
(76.78%). The most compelling results appear on
medical benchmarks: MedQA achieves +52.22pp

(34.22%→ 86.44%) at 16.66× cost; MedMCQA
gains +40.22pp (36.11%→ 76.33%) at 13.71×.

These trends confirm the core hypothesis: intra-
tier multi-agent deliberation resolves good amount
of escalation cases internally, concentrating ex-
pensive large-model and Shuman compute precisely
where single models fail catastrophically. The sys-
tem processes straightforward queries efficiently
via Ssingle(Mbase) while reserving intensive rea-
soning for true edge cases, achieving cost-accuracy
trade-offs. Similar patterns hold for Qwen2.5 (see
Appendix D, Fig. 4).

5 Discussion

CascadeDebate demonstrates that carefully orches-
trated small models can surpass significantly larger
standalone systems. Here, we examine the mecha-
nisms driving this performance, the role of adaptive
thresholding, practical implications, and key limi-
tations.
Inference-time compute trumps parametric scal-
ing. Our 1B-parameter online cascade consis-
tently outperforms 3B standalone models by 14.56-
23.66 pp across challenging benchmarks (ARC-
Challenge: 92.89% vs. 78.33%; MedMCQA:
76.33% vs. 52.67%). This challenges conventional
scaling laws by showing that inference-time com-
pute, through selective multi-agent deliberation,
can generate more effective reasoning than addi-
tional parameters alone. Selective multi-agent de-
liberation rectifies marginal uncertainties internally,
enabling compact models to overcome paramet-
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Figure 3: CascadeDebate Cost-Accuracy Pareto Frontier. Top: Cost-accuracy curves across five benchmarks
using Llama-3.2-Instruct model. CascadeDebate (red ⋆) dominates the Pareto frontier, matching or exceeding
Smulti(Mlarge) accuracy at 20-35% lower token cost. Bottom: Online threshold adaptation. CascadeDebate (solid
red) rapidly surpasses fixed-threshold cascade (dashed red) and static baselines as the optimizer calibrates τ k to
task difficulty over 1,000 samples.

ric limitations through targeted test-time compute
rather than uniform redundancy.
Online adaptation is critical. Fixed thresholds
(τk = 0.6) perform reasonably but plateau be-
tween base and large model performance, as a sin-
gle cutoff proves suboptimal across domains. Our
online optimizer transforms this limitation, learn-
ing task-specific boundaries that balance frugality
and safety by processing 44.40% of ARC-Easy
queries at the first stage while aggressively escalat-
ing only true edge cases in medical domains. Refer
to Appendix E (Table 5) for comparison of fixed to
learned threshold.
Elastic resource allocation. The architecture ex-
hibits confidence-driven elasticity. It incurs 12.79×
Single Base cost on ARC-Easy versus 15.62×
on ARC-Challenge, yielding accuracy gains of
26.78pp to 42.22pp respectively. This adaptabil-
ity delivers Pareto-superior cost-accuracy tradeoffs,
concentrating expensive human and large-model
compute precisely where single models fail catas-
trophically. We report stage-wise distributions in
Appendix E (Fig. 6).
Quantified latency analysis Despite sequential
staging, CascadeDebate achieves strong accuracy
gains with minimal latency overhead vs multi-agent
baselines. Sequential latency remains a noted
limitation (Sections 5, Limitations). On ARC-
Challenge (Qwen2.5, A100), it adds only +0.1s
(4.4%) over Smulti(Mlarge) while improving accu-
racy as shown in Table 2. CascadeDebate’s 2.45s

Table 2: Model performance on ARC-Challenge with
mean latency.

Model Mean Latency (sec) Accuracy (%)

Ssingle(Mbase) 0.38 71.89
Smulti(Mbase) 1.45 74.67
Ssingle(Mlarge) 0.63 82.78
Smulti(Mlarge) 2.34 84.44
CascadeDebate 2.45 85.78

latency remains minimal relative to multi-agent vs
their single-agent baselines, validating its efficiency
for latency-tolerant applications.

Human expert cost modeling assumes perfect
accuracy, which may overestimate final-stage per-
formance in practice. Future work will explore au-
tomated role discovery, test-time distillation of con-
sensus reasoning, and deployment in long-context
production workloads. We will also extend evalu-
ation to larger-scale models (e.g., 70B+) and het-
erogeneous ensembles to better understand scaling
behavior of selective intra-tier deliberation. Finally,
we will broaden evaluation beyond multiple-choice
QA to open-ended generation settings and investi-
gate more diverse agent configurations and adaptive
role assignments within our Bayesian-calibrated
routing framework.

6 Conclusion

CascadeDebate embeds multi-agent deliberation at
cascade escalation boundaries, alternating single-
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model inference with selective agent ensembles
across scales, with human experts as final fallback.
Confidence-based routers activate consensus only
for marginal cases, resolving ambiguities internally
before costly escalation. Our online threshold opti-
mizer transforms static cascades into elastic reason-
ers, adapting to query distributions while balancing
accuracy against compute costs. This inference-
time scaling outperforms traditional parametric ap-
proaches across diverse domains. By concentrating
expensive compute where single models fail most
catastrophically, CascadeDebate delivers superior
cost-accuracy tradeoffs with human-like cognitive
elasticity-lightweight for routine queries and inten-
sive deliberation for edge cases. Future work will
explore parallel execution, automated role discov-
ery, and extension to open-ended generation.

Limitations

We acknowledge three limitations. First, latency
arises from the sequential nature that introduces
cumulative delays that exceed single-pass models.
Second, error propagation occurs when miscali-
brated base models prematurely accept incorrect an-
swers and prevent the necessary escalation. Third,
agent homogeneity limits diversity compared to
heterogeneous ensembles as we rely solely on role-
prompting within a single model family.
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A Online Learning Algorithm

The confidence Φk(x) and uncertainty Ξk(x) met-
rics used in CascadeDebate are designed to provide
complementary signals for intra-tier and inter-tier
escalation. For single-model stages, we utilize the
Surrogate Token Probability (STP), whereas for
multi-agent stages, Φk is defined as the Agreement
Rate among N agents. Both are naturally bounded
as Φk(x) ∈ [0, 1], representing a probabilistic es-
timate of correctness. In contrast, the uncertainty
metric Ξk(x) ∈ [0,∞) quantifies the “unknown
unknowns” or epistemic uncertainty, typically com-
puted using the logit entropy of the base model
or the variance across agent outputs. While clear
queries yield values near 0, highly ambiguous in-
puts result in high entropy that theoretically ap-
proaches infinity, triggering an escalation to human
experts. To ensure these raw signals are reliable,
we apply Bayesian Logistic Regression fitted on
a held-out calibration set. This process maps raw
scores to empirical accuracy P (ŷk = y∗|x), cor-
recting for the typical over-confidence observed in
large language models.

Since the decision to accept or defer at each
stage is discrete (based on the indicator function
I[ϕk ≥ τk]), the standard gradient descent cannot
be applied directly. To enable end-to-end differ-
entiability, we employ a soft relaxation technique
during the backward pass.

We parameterize each threshold τk as a scalar
θk ∈ R such that τk = σ(θk), ensuring that the
threshold remains within (0, 1). During optimiza-
tion, we approximate the “pass probability” (proba-
bility of deferring to the next stage) using a shifted
sigmoid function:

πk ≈ σ (κ · (τk − ϕk)) (4)

where κ is a temperature scaling factor (set to 5.0)
that controls the sharpness of the decision boundary.
Using this soft probability, the expected cumula-
tive cost and expected error become differentiable
functions of θk.

The Algorithm 1 details the inference and update
loop. We maintain a replay buffer B to store recent
query tuples (ϕ1:4, ytrue, c1:4). In update steps, we
sample a mini-batch from B and perform a gradient
update on {θk} to minimize compound lossL using
the Adam optimizer.

Algorithm 1 Five-Stage Cascade with Online
Threshold Learning

Require: Query x, thresholds {τk}4k=1, models
Mbase,Mlarge, role prompts {rj}Nj=1

Ensure: Answer ŷ, cost C
1: C ← 0
2: for k = 1 to 4 do
3: Generate ŷk using stage Sk configuration
4: Compute confidence ϕk

5: C ← C + ck
6: if ϕk ≥ τk then
7: return ŷk, C {Accept at stage k}
8: end if
9: end for

10: return yexpert, C + cexpert {Defer to human}

11: // Online update (if enabled):
12: Append (ϕ1:4, 1[ŷk=y], c1:4) to B
13: Update {θk} on mini-batch from B

B Dataset Statistics

Table 3 provides a detailed summary of the five
benchmarks used in our evaluation. To ensure a
consistent computational budget across all domains,
we randomly sampled N=1, 000 instances from
each dataset.

For ARC and MMLU, we utilized the official
test splits. However, for medical datasets (MedQA
and MedMCQA), the test set labels are often with-
held for leaderboard competitions; therefore, we
performed evaluations on the validation splits.

Benchmarks Descriptions.

• ARC-Easy & Challenge (Clark et al., 2018):
Sourced from grade-school science exams.
Easy questions are solvable via retrieval,
whereas Challenge questions contain adver-
sarial choices requiring multi-hop reasoning.

• MMLU (Hendrycks et al., 2021): A mas-
sive multitask benchmark covering 57 sub-
jects (e.g., math, history, law) ranging from
elementary to professional levels.

• MedQA (Jin et al., 2021): Derived from
the US Medical Licensing Examination
(USMLE), which requires extensive profes-
sional knowledge and clinical reasoning.

• MedMCQA (Pal et al., 2022): Collected
from Indian medical entrance exams (AIIMS,
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Table 3: Summary of datasets. We use 1,000 randomly
sampled instances from each dataset for consistent eval-
uation.

Dataset Domain Split Choices Samples

ARC-Easy Science Test 3–5 1,000
ARC-Challenge Science Test 3–5 1,000
MMLU General Test 4 1,000
MedQA Medical Validation 5 1,000
MedMCQA Medical Validation 4 1,000

Table 4: Domain-specific agent roles used in the multi-
agent stages.

Dataset Agent Roles

ARC Causal Chain Specialist, Misconception De-
tector, Experimental Scientist, Reviewer

MedQA Clinical Reasoning Expert, Evidence-Based
Medicine Specialist, Option Eliminator,
Safety Reviewer

MedMCQA High-Yield Facts Expert, Clinical Pattern
Recognizer, Strategic Eliminator, Exam
Strategist

MMLU First-Principles Thinker, Context Analyst,
Consistency Checker, Textbook Expert

NEET), featuring high-difficulty multiple-
choice questions.

C Role Prompts

Each stage of multiple agents (S2, S4) utilizes four
domain-specific role triggers to induce diverse per-
spectives of reasoning. Table 4 lists the specific
roles assigned for each data set. At inference time,
each agent is instantiated with a unique role system
prompt to generate an independent response, af-
ter which their outputs are aggregated via majority
voting.

D Results on Qwen2.5

To verify the generalizability of our frame-
work in different model architectures, we ex-
tended our experiments to the Qwen2.5 fam-
ily (Yang et al., 2024). Specifically, we des-
ignated Qwen2.5-1.5B-Instruct as the Base
Model (Stages S1, S2) and Qwen2.5-3B-Instruct
as the Large Model (Stages S3, S4).

Figure 4 (Top Row) presents the cost-accuracy
trade-off on five benchmarks. Consistent with the
main results using Llama-3.2, the Qwen-based Cas-
cade system (marked with a red star ⋆) successfully
identifies the optimal operating point.

• Superiority over Static Baselines: The cas-
cade consistently outperforms the Single Base
and multi-agent-base models in accuracy by
a significant margin. Crucially, it achieves
performance comparable to or exceeding the
computationally expensive Multi-Agent Large
baseline while consuming significantly fewer
tokens.

• Robustness across Domains: Whether in sci-
entific reasoning (ARC) or medical knowl-
edge (MedQA), the framework maintains a
high position on the Pareto frontier.

The learning curves (Bottom Row) confirm the
stability of our optimization algorithm in the Qwen
architecture. The cumulative accuracy improves
rapidly in the early phase (first 100–200 samples)
as the thresholds calibrate to the data set’s difficulty.
This indicates that our proposed loss function and
STP method are robust transferable components
that function reliably across different LLM fami-
lies.

E Additional Experimental Analysis

In this section, we provide a deeper analysis of
the cascade’s internal dynamics and conduct an
ablation study of the thresholding strategy. All
analyzes presented here are based on the Llama-
3.2 family (1B and 3B) as backbone models.

E.1 Comparison with Fixed Thresholds
To validate the need for online optimization, we
analyze the performance of a static cascade where
all thresholds are fixed at τ = 0.6 (Figure 5).

Unlike the online approach, the Fixed Cascade
fails to achieve the optimal Pareto frontier. As
shown in the stage distribution ratios (Bottom
Row), a static threshold results in a rigid allocation
policy—often over-spending on simple queries or
under-utilizing capable models on hard queries.

To quantify the performance gap, Table 5 com-
pares the precision of the Fixed Threshold strat-
egy (τ = 0.6) with our Online Learning approach.
The results show that the online strategy produces
substantial accuracy improvements ranging from
+16.1% to +26.7%.

E.2 Cascade Dynamics and Elasticity
Figure 6 shows the stage-wise distribution of
query termination across benchmarks under online
learned thresholds.
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Figure 4: Generalizability Analysis using Qwen2.5 Models. The performance trends are consistent with the
Llama-3.2 results. Top Row: The Cascade (red star ⋆) consistently occupies the optimal position on the Pareto
frontier across all benchmarks. Bottom Row: The online threshold learning curve demonstrates rapid adaptation
and stability, confirming that our proposed cost-aware optimization is robust regardless of the underlying backbone
model.

Figure 5: Performance Analysis of the Fixed Threshold Strategy on Llama-3.2 (τ = 0.6). Top Row: Cost-Accuracy
trade-off. The Fixed Cascade (red diamond ♢) generally improves upon the Single Base model but often falls short
of the optimal Pareto frontier compared to the Online strategy. Bottom Row: Stage distribution ratios. Without
dynamic adjustment, the system relies on static confidence scores, resulting in a rigid allocation of resources.

Table 5: Impact of Online Threshold Optimization.
Comparison of accuracy between the Fixed Threshold
strategy and the Online Learning strategy.

Dataset Fixed Threshold Online Learning Improvement

ARC-Easy 72.8% 95.3% +22.5%
ARC-Challenge 76.8% 92.9% +16.1%
MMLU 59.7% 82.7% +23.0%
MedQA 59.7% 86.4% +26.7%
MedMCQA 50.1% 76.3% +26.2%

• Elastic Resource Allocation: The cascade
exhibits confidence-driven elasticity. On sim-
pler benchmarks such as ARC-Easy, a larger

fraction of queries terminate in earlier stages
because the base model confidence more of-
ten exceeds the learned acceptance thresholds.
On harder benchmarks such as MedQA, early-
stage confidence more frequently falls below
threshold, leading to increased deferral to later
stages, including the multi-stages and the hu-
man expert stage.

F Human Involvement and Cascades

Human involvement in AI systems broadly refers
to settings where people participate in an other-
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(a) Llama-3.2 (b) Qwen2.5

Figure 6: Stage-wise Sample Distribution with online learned thresholds for (a) Llama-3.2 and (b) Qwen2.5. Bars
show the proportion of queries that terminate at each stage under confidence-based routing. Easier benchmarks are
more likely to meet the learned acceptance thresholds in earlier stages and terminate without escalation. Harder
benchmarks more frequently fall below early-stage thresholds, triggering deferral to later stages including larger
models and the human expert.

wise automated decision process, for example, by
reviewing uncertain outputs, correcting errors, or
serving as final adjudicators for unresolved or high-
risk cases. A cascade is a staged architecture
that routes each input through solvers with differ-
ent cost-capability profiles, typically starting with
cheaper models and escalating only when confi-
dence is low or the current stage abstains (Aggar-
wal et al., 2024; Ong et al., 2025). The general goal
is to match computation and oversight with query
difficulty, so routine cases are handled efficiently,
while ambiguous cases receive stronger models or
human review (Fanconi and van der Schaar, 2025).
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