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Abstract

Recent studies have demonstrated the ability of
Large Language Models (LLMs) in processing
various graph problems. Substructure count-
ing remains challenging in both scalability and
accuracy. Incorporating sensitive edge infor-
mation into the input prompts also introduces
significant privacy risks of exposing the private
information of user connections in real-world
applications. This paper, for the first time,
studies substructure counting for LLMs under
edge local differential privacy (LDP) in a multi-
agent framework. Unlike the Naive approach
whose estimation relies entirely on overly dense
noisy graphs, the proposed PSC framework de-
composes substructure counting into node-level
tasks distributed among node agents, and em-
beds the knowledge of distributed algorithms
and DP frameworks in the curator agent and
privacy controller, respectively. Thus, we can
leverage the local neighboring information and
reasoning capabilities of node agents to im-
prove the estimation accuracy. Extensive exper-
iments on 6 real-world datasets validate the ef-
fectiveness of PSC framework for substructure
counting tasks under e-edge LDP. Moreover,
the non-DP version of PSC also demonstrated
superior performance over a single LLM on
standard substructure counting tasks.

1 Introduction

As data analysis increasingly relies on LLMs in-
stead of complex code, there is a growing demand
to analyze graph data via natural language (Ge
et al., 2024; Wei et al., 2024). While significant
progress has been made on graph-related tasks such
as cycle detection, connectivity, and shortest path
(Chen et al., 2024; Hu et al., 2024), little attention
has been devoted to substructure counting tasks.
Substructure counting counts the occurrences of
small connected subgraph patterns, such as k-star
and triangle, in a given graph (Yin et al., 2025). It
has been extensively studied in graph analysis, as

counting substructures is crucial for analyzing con-
nection patterns and identifying dense subgraphs
(Li et al., 2025; Yin et al., 2024). The accuracy
and scalability of substructure counting with LLMs
remain unsatisfactory. For example, triangle count-
ing on graphs with 20-30 nodes achieves an accu-
racy of only 7.21% (Nguyen and Yan, 2024).
Besides accuracy and scalability, privacy is an-
other major challenge in substructure counting.
Malicious adversaries can attempt to bypass API
restrictions through jailbreaking attacks, thereby
gaining unauthorized access to sensitive informa-
tion in prompts (Priyanshu et al., 2023; Tang et al.,
2023). Edges in a graph often encode sensitive in-
formation (Imola et al., 2022b; Zhang et al., 2025;
Dhulipala et al., 2022), such as communication
records in telecommunications graphs, supplier-
customer links in business networks, or patient-
doctor associations in healthcare systems. Investi-
gating how to leverage the capabilities of LLMs for
substructure counting tasks while preserving the
privacy of edge information is essential.
Differential privacy (DP) is a framework that
mathematically limits privacy risks by ensuring
individual data remains indistinguishable in statisti-
cal outputs. It is widely regarded as the golden stan-
dard for privacy-preserving computation (Dwork
et al., 2014). Edge local differential privacy (LDP)
is a popular DP model that has been widely applied
on graphs, supporting tasks, such as private trian-
gle counting, k-core decomposition, and densest
subgraph discovery. Consider a scenario where a
healthcare analyst interacts with an LLM to inves-
tigate transmission patterns of sensitive diseases,
such as HIV among a group of patients. This can be
modeled as a substructure counting task for LLMs
on a disease transmission network, where nodes
represent patients and edges represent epidemio-
logical contacts. The transmission patterns can be
analyzed by counting triangles and 2-stars in the
disease transmission network to determine whether

22518

Proceedings of the 64th Annual Meeting of the Association for Computational Linguistics (Volume 1: Long Papers), pages 22518-22533

July 2-7, 2026 ©2026 Association for Computational Linguistics



Algorithm Library \

]
Graph problem: | |@| —

1 nitialization
How many triangles E>' Message
among nodes 1-5? i Untrusted E> Update

. Curator Agent Aggregation

-2~ Malicious
wvw .
O adversaries

©

neighbor information

I'm node 2, my neighbors
are node 1and node 4

4
N\,

R Sshed e | @“ oisy Report___

| DP Framework Library
1

Cannot infer individual | Global Sensitivity
' Privacy » Notey graph »
' Controller

7
_______________________________ 4
————————— IV 2kl e, m e —
'm node1, my neighbors are
I I node 3, node 4 and node 5
@)

3

e

1
Noisy Result :E> Safely release

Aggregation | query results
1

Distributed
Algorithm
Establishment

1. Randomized response, &; |

1

GSf 2. Optimize, GS;, €, !
3. Laplace mechanism, GSf, &3 '

— Noisy edges (if |
the noisy graph 1
is constructed) |

@l I'm node 4, my neighbors are

1

1

1 j !'mnode 5, my neighbors node 1, node 2 and node 3 I
are node 1and node 3 N

I'm node 3, my neighbors
are node 4 and node 5

Figure 1: An illustration of the PSC framework. (Given a substructure counting problem, the curator agent establishes
an appropriate distributed algorithm for node agents to collaboratively solve the task. Meanwhile, the privacy
controller selects a suitable DP framework and determines its parameters. Following the distributed algorithm, each
node agent then computes its intermediate counts using its local neighbor information. After execution, node agents
report these counts to the curator agent under the protection of the privacy controller. Finally, the curator agent

aggregates these reports to produce the final answer.)

the spread is primarily group-based or driven by a
super spreader. Without privacy-preserving tech-
niques, responses from LLMs risk exposing pa-
tients’ confidential relationships. By adopting the
LDP framework, the LLM interacts with local
agents of each patient’s agent. This enables the
LLM to answer questions safely without revealing
private relationship information.

Motivated by the above discussion, we explore
the problem of substructure counting with LLMs
under LDP. Given a graph G, a substructure count-
ing task (), and a privacy budget ¢, our goal is to
obtain an accurate approximation from LLMs un-
der the protection of e-edge LDP. In this setting,
the LLM that receives the input prompt, called the
curator agent, does not have access to edge informa-
tion and only receives (V(G), Q) as input prompt,
where V' (G) denotes the node set of the graph G.
To produce an estimated count, the curator agent
interacts with node agents, each of which manages
the neighborhood information for a specific node.

Challenges. We identify the following key chal-
lenges to accurately obtain a substructure counting
estimation with LLMs under e-edge LDP.

e Challenge 1: DP requires rigorous mathemat-
ically guaranteed protection of individual data.
However, LLMs are not well-equipped to reliably
execute precise algorithmic and mathematical spec-
ifications. Even when an LLM is explicitly in-
structed to follow DP constraints in the prompt, its

outputs may still violate these constraints.

e Challenge 2: One basic approach to estimate
the answer under e-edge LDP is to adopt random-
ized response (RR) to construct a noisy graph and
compute the result on the noisy graph (Imola
et al., 2021). However, as shown in previous works
(Zhang et al., 2025; He et al., 2024), the generated
noisy graph is often much denser than the original
graph. The excessive density of the noisy graph
often leads to overestimated results. Furthermore,
describing the edges of the noisy graph requires
a substantially longer input text compared to the
original graph. This poses additional challenges for
LLMs to produce accurate estimations, as current
language models are not robust in leveraging infor-
mation in long input contexts (Liu et al., 2023).

e Challenge 3: The global sensitivity for some
graph reasoning tasks can be very large, leading
to injection of excessive noise. For the triangle
counting problem, the global sensitivity is n — 2,
as adding or removing an edge in the graph can
at most influence n — 2 triangles, where n is the
number of nodes in the original graph. For the k-
star, the sensitivity is ("), as altering an edge can
change at most (") k-stars.

Our approaches. To address Challenge 1, we in-
troduce a privacy controller into the agent-based
framework to enforce strict adherence to differ-
ential privacy guarantees. The privacy controller
selects an appropriate DP framework for the in-

22519



put reasoning task from the DP framework library
and determines the required parameters, which are
global sensitivity and privacy budget. In this way,
each node agent can only communicate with the
curator agent and its noisy neighbors with the infor-
mation perturbed with carefully calibrated noise.
To address Challenge 2, inspired by the two-
round framework proposed in prior works (Imola
et al., 2021, 2022a), we adopt a distributed execu-
tion process that not only enables more accurate
estimation but also leverages the reasoning capa-
bilities of the node agents. During this process,
node agents interact with their noisy neighbors and
the curator agent using perturbed information. We
provide aggregate prompts for the curator agent to
further enhance the data utility, enabling it to aggre-
gate the answers from the noisy reports effectively.
To address Challenge 3, we integrate the graph
projection method into our framework, which re-
moves some neighbors from a neighbor list of the
noisy graph so that the maximum degree d,,q,
is upper-bounded by a predetermined value A
where dmm < n. Thus, the global sensitivity of
triAangle (resp. k-star) counts is at most cfmax (resp.
(i@"f)) after the projection.
Contributions. As the first study of privacy-
preserving substructure counting using LLMs un-
der e-edge LDP, the principal contributions of this
paper are summarized below.
e We propose PSC, which enhances data utility by
optimizing global sensitivity, utilizing local neigh-
bor information, and leveraging the reasoning ca-
pabilities of node agents.
e We conduct extensive experiments on 6 real-
world datasets to evaluate the proposed algorithms.
Results show that our PSC framework provides bet-
ter data utility compared to Naive, reducing rel-
ative errors by two orders of magnitude on most
tests. As detailed in Appendix B, the non-DP ver-
sion of PSC also improves the accuracy over the
state-of-the-art approach for substructure counting
without e-edge LDP.

2 Problem Definition

2.1 Substructure Counting for LLMs

Consider an unweighted and undirected graph
G(V, E), where V(G) and E(G) denote the sets of
nodes and edges, respectively. Let n and m denote
the number of nodes and edges in G, respectively.
The adjacency matrix A for G is of dimensions
n x n, where A[i, j] = 1 if there is an edge be-

tween v; and v;, and 0 otherwise. The i-th row of
A (including both “1"s and “0"s) is the neighbor
list of v;, denoted by A;. The neighbor set of node
v; is denoted as N¢(v;) ={v; € V(G)|(vi,vj) €
E(G)}. When discussing LLMs solving graph rea-
soning problems, the input prompt is formulated as
a (G, Q) pair, where the graph G is described as an
edge list or adjacency matrices in natural language,
and Q is a task-specific instruction or problem de-
scription (Ge et al., 2024; Hu et al., 2024).

2.2 Differential privacy for graph analysis

Classic DP adopts the central model (CDP), where
a trusted curator holds all sensitive data and ensures
any query on the dataset meets the DP guarantees
(Dwork, 2006). This trust assumption is often un-
realistic for real-world applications, as a malicious
curator could potentially access and leak the entire
graph. Moreover, CDP is incompatible with de-
centralized settings where the graph is distributed
across multiple servers. Therefore, we adopt e-
edge LDP, where the curator is untrusted and each
user stores its connections in a trusted local server.

Definition 1. c-edge LDP. Ler GG be a graph, and
e € R>q. For any node v; € V(G), let R; with do-
main {0, 1}" be a randomized algorithm for node
v;. R; provides e-edge LDP if, for any two neigh-
bor lists A;, A, € {0,1}" that differ in one bit and
any S C Range(R;),

Pr[R;(A;) € 8] < e Pr[R;(A)) € S],

where € is the privacy budget.

Note that e-edge LDP protects a single edge

in a neighbor list with privacy budget €. It guar-
antees that, given the outputs of the randomized
algorithms, two vertices with neighbor lists differ-
ing by a single bit cannot be reliably distinguished.
Under the setting of e-edge LDP, the untrusted cu-
rator agent receives only the node information of
G. Edge information of G is distributed among the
node agents, with each node agent \; maintaining
the neighboring information of node v;.
Problem Statement. Given an undirected and un-
weighted graph G, a substructure counting task @),
and a privacy budget €, we aim to solve the sub-
structure counting tasks for an agent-based frame-
work under e-edge LDP, where the curator agent
takes P = (V(G), Q) as input and returns an an-
swer string R, and each node agent N; € N holds
the neighbor set N (v;) of node v;. The details of
the three substructures are as follows.
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T1 Average Degree. The degree of a node is de-
fined as the number of edges connected to it, i.e.,
degc(vi) = |Ng(v;)|. The average degree of G
can be calculated as 3, cy () dege(vi) /n.

T2 k-star. A k-star consists of a central node con-
nected to k other nodes. The total number of k-stars
inGis ), cyq Cldega(vi), k).

T3 Triangle. A triangle is a cycle that consists of
three nodes and three edges. The number of trian-
gles on GG can be calculated as % Z?:l ¢;, where ¢;
denotes the number of triangles including node v;.

2.3 Differential Privacy Tools

Warner’s randomized response (RR) (Warner,
1965). RR is primarily designed to collect truthful
responses to sensitive questions while protecting
the privacy of respondents in a survey. By applying
RR to the neighbor lists, we obtain a noisy graph
that satisfies e-edge LDP (Qin et al., 2017). Given
privacy budget £, a neighbor list A; € {0,1}",
each entry = € {0, 1} of a neighbor list is flipped
with probability p = 7. i.c.,

1 .
1 — I, W.p. TFess

ef

RR(z) = {

The state-of-the-art methods on general graphs per-
turb each entry in the lower triangle of the adja-
cency matrix to avoid the doubling issue (Imola
et al., 2021, 2022a). As proved in (Imola et al.,
2021), perturbing each entry in the lower triangle
of the adjacency matrix can provide c-edge LDP.
Calibrating noise to global sensitivity. To achieve
e-edge LDP, any data transmitted from node agents
to the curator agent must be perturbed with noise.
A widely used approach for adding such noise is the
Laplace Mechanism (Dwork et al., 2014), which
scales the noise according to the global sensitivity
of the data. The concept of global sensitivity is
formally defined as follows.

Definition 2. Global sensitivity. Consider a graph
G. Let A, be the neighbor list of a node v;, and A,
be a neighbor list that differs from A; in one entry.
The global sensitivity of a function f : A; — Ris

GSy =maz 4, x| f(Ai) — F(A)].

Definition 3. Laplace mechanism. Given a pri-
vacy budget € and a function f, the Laplace mech-
anism is

f:f+Lap<C;€Sf>a

where fis the noisy version of f, and Lap(-) is the
probability density function of the Laplace distri-
bution.

2.4 The Naive Approach

One way for the multi-agent framework to estimate
the count under e-edge LDP is to generate a noisy
graph G’ for the curator agent, allowing it to derive
the result on G’. To ensure the e-edge LDP guar-
antee, we incorporate privacy controller into the
multi-agent framework, perturb the neighbor list of
node agents via RR, enabling them to publish the
noisy neighbors to the curator agent.

Algorithm 1: BuildNoisyGraph

Input: A: an adjacency matrix of graph G;
N: node agents; ¢: a privacy budget;

Output: G’: The noisy graph;

1 for each node agent N; € N do

2 .A; — (RRg(ai71), ...,RRE((J,Z‘7¢_1))

3 for each a; ; = 1 with j < i do

4 ‘ release the noisy edge (v;, v;);

s curator agent aggregates the noisy graph G';

¢ return G';

Algorithm 1 outlines the process to build the
noisy graph G’. To preserve privacy, each node
agent applies the RR mechanism to obfuscate its
real neighbor list (Line 2) and reports only the
perturbed neighbors with smaller IDs than itself
to the curator agent to avoid conflicts (Lines 3-4).
The curator agent then merges the edges reported
by all node agents to assemble a noisy graph G’
(Line 5). The curator agent then encodes the noisy
edges of G’ as an edge list string and appends it to
the original prompt (V' (G), Q). The result is then
obtained using the updated prompt.

Theorem 1. The Naive approach satisfies e-edge
LDP.

Proof. Algorithm 1 ensures e-edge LDP by apply-
ing the RR mechanism to perturb the original graph
using privacy budget €. Due to the post-processing
immunity, any solution derived by the curator agent
using the noisy graph continues to satisfy -edge
LDP. This theorem holds. O

3 The PSC Framework

Although the Naive approach ensures e-edge LDP,
its estimation relies entirely on the noisy graph.
The excessive density of the noisy graph tends to
cause overestimation in the results. Furthermore,
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the edge information of the noisy graph requires
a substantially longer input prompt, which poses
additional challenges for the curator agent to pro-
duce accurate estimations. Inspired by the two-
round framework proposed in prior works (Imola
et al., 2021, 2022a), we propose the PSC frame-
work, which incorporates local edge information
and leverages the reasoning abilities of node agents.
Details of our framework are as follows.

DP parameters determination and noisy node
agent network construction. To ensure the e-
edge LDP, the privacy controller first determines
the global sensitivity € for each round, and global
sensitivity G'Sy according to the input prompt
(V(G), Q). Since LLMs lack prior knowledge of
the DP framework, we develop a DP framework li-
brary for the privacy controller, enabling it to query
the relevant framework and determine appropri-
ate parameters. After selecting the DP framework,
the privacy controller splits € into €1, €2, and €3,
where €1 is used to build the noisy graph, €3 is
used to optimize the global sensitivity, and e3 is
used to report the count from each node agent. For
algorithms that do not require a specific round, the
corresponding privacy budget is set to zero.

Algorithm 2: GSOptimize

Input: G’: a noisy graph; \: node agents;

€9: a privacy budget;
Output: GSy: the optimized global
sensitivity; G’: an updated G’
1 foreach node agent N; € N do
2 | d; < |Nj.neighbor| + Lap (é),
3 report d; to the privacy controller;
4 dipax = max{a?i | N; EN};
5 G’ + GraphProjection(G’, cZ,,m);
return GS; < dpaz, G';

The global sensitivity for some substructure
counting tasks can be large. To mitigate this, we
optimize the sensitivity, as summarized in Algo-
rithm 2. Each node agent first reports its degree per-
turbed with noise sampled from Lap (é) to the
privacy controller (Lines 1-3). After determining
the estimated maximum degree afmax (Line 4), the
privacy controller applies the GraphProjection
function (Line 5), which ensures that the degree
of each node in G’ does not exceed cimw. Specif-
ically, for any node whose degree exceeds dmaz
in G/, only dmag neighbors are randomly selected

and retained. In this way, we restrict the n terms in
the global sensitivity expression to d;qz-

Algorithm Establishment. To facilitate the curator
agent to produce a result under the DP framework,
we provide it with a distributed algorithm library.
The curator agent specifies the send, update, and
aggregate rules for each task. The send rule defines
the information that each node agent needs to send
to its noisy neighbors. For instance, in triangle
counting, each node agent sends its node ID and its
noisy neighbor list. The update rule specifies how
each node agent counts the required substructures
locally. The aggregate rule determines how the
curator agent leverages the noisy counts from all
node agents to obtain a more accurate count.

Distributed Execution. After the distributed al-
gorithm is designed, each node agent follows the
send rules to communicate with its noisy neighbors
and then applies the update rules to count the sub-
structure locally. To ensure the differential privacy
guarantee, each node agent accesses only the noisy
edge memory in the send function. As for the up-
date function, node agents load the real neighbor
list. Thus, the updated counting result is kept pri-
vate and reported to the curator agent under the
protection of the Laplace mechanism.

Result Aggregation. Upon completion of the dis-
tributed execution, the curator agents determine
the final result based on the aggregate rules and
the noisy counts from node agents. Details of the
aggregation rules are presented in Appendix E.

The procedure of the PSC framework is shown
in Algorithm 3. Initially, each node agent N is
initialized with the neighbors of v; in the original
graph GG, and the count status of each N is initial-
ized as O (Lines 1-3). The privacy controller first
selects a suitable DP framework to split the privacy
budget € and compute the sensitivity G\Sy (Line
4). Then, the noisy graph will be constructed if the
algorithm needs a noisy graph (Lines 5-6). If an
optimization of the global sensitivity is available,
an optimized global sensitivity will be computed
(Lines 7-8). Prior to distributed execution, the cura-
tor agent designs a distributed algorithm based on
the input prompt (Line 9). Subsequently, each node
agent constructs and sends messages to its noisy
neighbors (Line 10) and updates its count follow-
ing the instructions (Line 12). After the distributed
execution, each node agent will inject noise from
Lap (GE—Sf into its count and send it to the curator
agent (Line 13). Curator agent then aggregates all

22522



Algorithm 3: The PSC framework
Input: G: a graph; P: input prompt; €: a
privacy budget; N: node agents;
Output: R: private estimated result;
foreach \V; € N do
N;.neighbor < Ng(v;);
N;.count < 0;
determine GS and split € into e1, €2, €3;
if £1 # 0 then
| G’ <+ BuildNoisyGraph(\,e1);
if £9 # 0 then
| GSy, G’ < GSOptimize(G', N, &3);
curator agent designs the distributed
algorithm according to P;
10 each V; sends message M, to each of its
noisy neighbors according to Send rules.
u foreach \; € N do
12 update N;.count based on the received
messages and its own current states by
following the Update rules;

13 C {M.count + Lap (Ggif) ‘j\/’l € N};
14 curator agent aggregates the final result R

according to C and the Aggregate rules;
15 return R;

R E-R - Y 7 I S

the noisy counts to generate the response (Line 14).

Theorem 2. Given a graph G and a privacy budget
g, the PSC framework satisfies e-edge LDP.

Proof. By sequential composition (Dwork et al.,
2006), Algorithm 3 satisfies e-edge LDP with € =
€1+ &2 + £3. O

4 [Experiments

4.1 Experiments Settings

Algorithms. Our multi-agent framework is built
upon AgentScope (Gao et al., 2025), a platform
that provides a practical foundation for building
scalable, adaptive, and effective agentic applica-
tions. We choose GPT-4.1-mini for node agents
and GPT-4.1 for the curator agent (OpenAl, 2024).
The temperature is consistently set to 0. We eval-
uate Naive and PSC approaches proposed in Sec-
tions 2.4 and 3, respectively. Each algorithm is
executed ten times, and the average results are re-
ported. To further assess the performance of LLMs,
we compare the results of Naive and PSC with their
DP algorithms implemented in Python, denoted as
GT-Naive and GT-PSC , respectively. Each Python

Table 1: Summary of Datasets

Dataset V| |E]
Contiguous USA (CU) 49 107
Dolphins (Do) 62 159

Les Misérables (ML) 77 254
Ca-sandi_auths (CS) 86 124
Email-enron-only (EE) 143 623
Caenorhabditis elegans (PM) | 453 2025

algorithm is executed 1,000 times, and the average
result is taken as the ground truth.

Datasets. We evaluate the performance of degree,
2-star, 3-star, and triangle tasks using 6 real-world
datasets in our experiments, where two datasets
(EE and CS) are from the Network Repository
(https://networkrepository.com), and the re-
maining four datasets are from KONECT (http:
//konect.cc/). Table 1 provides the statistics of
datasets. |V| (resp. |E|) denotes the number of
nodes (resp. edges). To organize the graph informa-
tion into input prompts, we pre-process the datasets
into a unified format as detailed in Appendix A.
Utility metrics. We employ the relative error as
the utility metric, following prior works on sub-
structure counting under e-edge LDP (He et al.,
2024; Imola et al., 2022a). The relative error is

defined as %, where f(G) is the true an-

swer of the substructure counting task, f(G) is the
estimated value of f(G), and n € Rx¢ is a very
small positive value and set as 0.001n.
Parameters. Following the previous works (Zhang
et al., 2025; He et al., 2024), we set the privacy
budget ¢ to 2 by default for all datasets. We al-
locate €1 = 0.5¢ for noisy graph construction,
g9 = 0.2 x (¢ — &1) for global sensitivity opti-
mization, and €3 = € — €1 — &5 for the final results.
This allocation follows the widely recognized prin-
ciple that critical information should be allocated
a larger portion of the privacy budget compared to
auxiliary information (Ye et al., 2020a; Liu et al.,
2022). For algorithms that do not require a specific
step, the corresponding privacy budget is set to zero
while maintaining the proportional allocation of the
remaining steps.

4.2 Main Result

Expl: Performance on all datasets. In this ex-
periment, we evaluate the performance of Naive
and PSC on average degree, triangle, 2-star, and
3-star tasks on all datasets. Table 2 shows that,
across all datasets and tasks, PSC achieves about
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Table 2: Average relative error ({) of Naive and PSC compare to GT-Naive and GT-PSC

Task Method Datasets Avg.
CU Do ML CS EE PM
GT-Naive 1.4545 1.8761  0.5655 7.0165 1.9941 12.0592  4.1610
Naive 9.1228 129684  7.4197 51.1905 11.4162 32.7652 20.8138
Triangle GT-PSC  0.9612  0.8162  0.3877  1.7108  0.2803 1.0863  0.8737
PsC 0.7939  0.8628  0.3240 2.9922  0.2914 0.478  0.9571
GT-Naive 1.0707  1.1791 1.1351 3.2757  1.7026  5.7853  2.3581
Naive 1.1020 1.3935 1.8939  4.1415  2.5564  5.3465  2.7390
Degree ~ GT-PSC  0.0187  0.0143  0.0098  0.0202  0.0052  0.0030  0.0119
PSC 0.0174  0.0162  0.0110  0.0259  0.0070  0.0666  0.0240
GT-Naive 3.6030  3.1858 1.9165 13.0441  4.4800  9.9490  6.0298
Naive 10.4517  7.9931 7.0450 48.4216 24.5390 14.3962 18.8077
2-star GT-PSC  0.1062  0.0585  0.0444  0.1210  0.0295  0.0284  0.0647
PsC 0.0929  0.0679  0.0563  0.0800  0.0349  0.3508  0.1138
GT-Naive 10.1186  6.7480  2.0073 29.8754  7.4755  5.0099 10.2058
Naive 109.3320 46.9049  9.4129 159.4328  3.1083 33.7694 60.3267
3-star GT-PSC  0.8035  0.3434  0.2077  0.5410  0.1647  0.1290  0.3649
PSC 0.7325 03816  0.1703  0.4711 0.2445  0.6904  0.4484

one to two orders of magnitude lower average rel-
ative error than Naive. Moreover, compared with
Naive, the average relative errors of PSC are closer
to the relative error of their corresponding ground
truth. This demonstrates that using a multi-agent
approach for substructure counting is more accu-
rate than relying on a single LLM. Furthermore,
the deviation between PSC and GT-PSC is gener-
ally smaller for degree and 2-star counting than for
triangle and 3-star counting. This is because degree
and 2-star counts are easier for smaller LLMs to
compute. Regarding graph size, the gap between
the average relative error of PSC and the ground
truth is smaller on graphs with fewer nodes. This
is because nodes tend to have more neighbors in a
larger graph, resulting in a lengthy prompt, which
is more difficult for the smaller models used by
node agents to process accurately.

Exp2: Effect of the privacy budget c. In this
experiment, we report the average relative error of
Naive, PSC, as well as their corresponding ground
truths on CU and Do datasets, by varying ¢ from
1.0 to 3.0. The privacy allocation and all other pa-
rameters are kept as the default settings. As shown
in Fig. 2, the average relative error of all algo-
rithms decreases with increasing . This is because
a larger privacy budget results in smaller noise
scales and thus produces more accurate estimations.

Furthermore, the PSC consistently achieves an av-
erage relative error up to an order of magnitude
lower. For the triangle counting tasks, although
the PSC keeps outperforming Naive, when € = 3.0,
the GT-Naive surpasses GT-PSC . This is because
when the privacy budget used in building the noisy
graph increases, the discrepancy between the noisy
graph and the original graph decreases, and this
trend is more pronounced for GT-Naive as it al-
locates the entire € to generate the noisy graph,
while GT-PSC only allocates 0.5¢. The PSC closely
tracks the performance of GT-PSC and introduces
minimal additional error beyond its inherent error
from the DP algorithms. In contrast, Naive devi-
ates significantly from its ground truth, especially
for triangle and 3-star counting.

Exp3: Effect of the global sensitivity optimiza-
tion. In this experiment, we assess the efficiency
of the global sensitivity optimization technique for
2-star, 3-star, and triangle counting tasks on two
datasets. We denote PSC without global sensitiv-
ity optimization as PSC-B and the ground truth of
PSC-B as GT-PSC-B. Table 3 shows that PSC and
GT-PSC consistently achieve lower relative error
compared to PSC-B and GT-PSC-B across all tasks
and datasets, respectively. This improvement is
particularly notable for the 3-star counting task, as
it exhibits higher global sensitivity compared to

22524



1OZ GT-Naive GT-PSC! 10] GT-Naive GT-PSC!
" A —A— N —ml—PsC . —A— Naive —m—PSC
o
£ \ £ =
] A\ G 00 TS
¢ 10! A o A—,
2 ~—_ >
k] ‘\ k]
& B Al &107!
o -
g 10 Ta L n| S —
z z —
10-2 i ™
107t
10 15 20 25 30 10 15 20 25 30
cu cu

(a) CU-Triangle (b) CU-Degree

103

102 GT-Naive GT-PSC! GT-Naive GT-PSC!
—A— Naive —ml—PsC A —A— Naive —Mm—PSC
s @ A s —
£ Py 2 102 ke A
o 10t e — I
g \A g \A\A
B 100 i 10t
& =~ __ g L
2101 .\. = 2 100 L
2 —a| 2 —
1072 -1
To 15 20 25 30 10 15 20 25 30
cu cu
(c) CU-2-star (d) Cu-3-star
1OZ GT-Naive GT-PSC! 101 GT-Naive GT-PSC!
= A —A— Naive —M—PSC . —A— Naive —m—PSC
A&
I T e
£ — & —
v 10 — v
z — | 2
=1 A S 1
k| = 810
& &
10° u ]
g \l\.\. 2107 " B,
1 1 -3
00 15 20 25 30 To 15 20 25 30
cu cu
(e) Do-Triangle (f) Do-Degree
102 GT-Naive GT-PSC 5 GT-Naive GT-PSC
= A\ —A—Naive —H—PSC L 109 4 A\—A—Na\ve —l—rsc
o o A
= A I ——
& 10 T 5 —
g g
3 100 3
2 2 100 —
[ |
2101 T E—__ 2 .\I\
=4 | . n =4 .\.
, 107!
10~
10 15 20 25 30 10 15 20 25 30
cu cu

(g) Do-2-star (h) Do-3-star

Figure 2: Effect of the privacy budget ¢

2-star and triangle counting. Furthermore, both
PSC-B and PSC show a slight increase in the av-
erage relative error compared to the ground truth
setting. This is because LLMs, particularly the
smaller LLM models used for node agents, may
occasionally cause slight errors in the counts.

Exp4: Effect of the privacy budget allocation.
In this experiment, we first evaluate the impact
of privacy budget allocation between noisy graph
construction (¢1) and result aggregation (g2 + €3),
while keeping the ratio between €2 and €3 fixed. We
then examine the allocation of the privacy budget
within the result aggregation phase by fixing 1 and
varying the ratio between 3 and e3. Fig. 3(a) and
Fig. 3(b) show the result of varying €1 from 0.1¢ to
0.9¢ and keep 2 = 0.2(1 — 1), g3 = 0.8(1 — £2).
We observe that allocating an excessive portion of
the privacy budget to £ significantly increases the
average error. This is because, when ¢; increases,
the noisy graph becomes more similar to the orig-
inal graph. However, if the £; becomes too large,

Table 3: Average relative error (].) of PSC and PSC with-
out global sensitivity optimization

Task Dataset GT-PSC PSC |GT-PSC-B PSC-B
Triangle CU 0.9612 0.7939| 1.4714 1.8654
Do 0.8162 0.8628| 1.2985 2.4463
2-star CU 0.1062 0.0929| 0.4487 0.4390
Do 0.0585 0.0679| 0.2580 0.2167
3-star CU 0.8035 0.7325| 4.6370 4.6034
Do 0.3434 0.3816 | 2.4373 2.2909

the privacy budget available for reporting the local
count becomes insufficient, resulting in excessive
noise being injected into the final result and thereby
decreasing overall accuracy. In addition, for the CU
dataset, the average relative error increases steadily
with €1, while on the LM dataset, the average rel-
ative error initially decreases and then increases.
This is because ¢ is allocated for generating the
noisy graph, and the impact of the noisy graph on
the final results varies depending on the structure
of the specific dataset. Fig. 3(c) and Fig. 3(d) show
the results of the privacy budget allocation in the
result aggregation phase. We fix the €1 = 0.5¢ and
vary €3 from 0.1(e — £1) to 0.9(¢ — 1) and kept
€3 = 1 — g1 — €. The results show that both very
small and very large €5 can lead to increased errors.
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Figure 3: Effect of the privacy budget allocation

5 Related work

Edge Local Differential Privacy for Substruc-
ture Counting. c-edge LDP has been widely used
in privacy-preserving substructure counting to en-
hance user privacy (Imola et al., 2021; Ye et al.,
2020b; Lv et al., 2021; Eden et al., 2023; Ye et al.,
2020a; Hillebrand et al., 2023). Imola et al. (2021)
introduce one-round and two-round algorithms for
triangle counting and k-star counting under edge
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LDP, and further optimize the communication cost
and accuracy in (Imola et al., 2022a). He et al.
(2025) improve data utility by proposing a vertex-
centric method with a further optimized global sen-
sitivity. Hillebrand et al. (2023) optimize the com-
munication cost of subgraph counting under edge
LDP via hash functions. Liu et al. (2022) study the
triangle counting problem in the localized setting
with extended local views. Imola et al. (2022b)
estimate 4-cycle and triangle counts under the shuf-
fle model. Liu et al. (2024) enhances data utility
for triangle counting under edge LDP through a
crypto-assisted approach.

Large Language Models for Graph Reasoning.
Empowering LLMs for graph reasoning tasks has
attracted increasing research focus in recent stud-
ies (Guo et al., 2023; Das et al., 2023; Zhao et al.,
2023; Zhou et al., 2023; Luo et al., 2024; Yuan
et al., 2024; Perozzi et al., 2024; Tang et al., 2025).
Fatemi et al. (2023) explore the impact of differ-
ent graph encoding methods on graph reasoning
tasks with various difficulty levels. Wang et al.
(2023) introduce Build-a-Graph and Algorithmic
Prompting approaches to improve the LLM perfor-
mance. Ge et al. (2024) show that the description
order of the graph affects the performance of LLM:s.
Chai et al. (2025) propose GraphLLM, integrating
graph learning models with LLMs to boost accu-
racy. Chen et al. (2024) finetune a language model
to solve various types of graph problems and output
explicit reasoning paths. Zhang (2023) proposes a
graph reasoning interface that enables LLMs to pro-
cess graph data from various real-world domains.
Hu et al. (2024) improve the scalability of graph
reasoning tasks by introducing a multi-agent frame-
work. Nguyen and Yan (2024) evaluate the perfor-
mance with different prompting approaches for the
subgraph counting tasks.

6 Conclusion

In this paper, we introduced a multi-agent frame-
work to solve substructure counting tasks under
e-edge LDP. To overcome the issue of excessively
long input prompts and overestimation caused by
overly dense noisy graphs in the Naive approach,
we proposed the PSC framework that can leverage
not only the neighboring information but also the
reasoning ability of the node agents. The effective-
ness of our proposed techniques is verified through
extensive experiments on six real-world datasets.

Limitations

While our PSC framework effectively handles the
substructure counting tasks under e-edge LDP, it
has several limitations. First, due to the token
limitation of LLMs, PSC struggles to handle large
graphs for triangle counting tasks, which require
processing strings including all neighbors. This
highlights the need for further improvements in
scalability, so that the framework can be effectively
applied to graphs with more than 1,000 nodes. We
further discuss the potential of scaling PSC to larger
datasets in Appendix D. Second, the two-round
edge LDP algorithms for other graph reasoning
tasks are still lacking. Thus, how to effectively ex-
tend our framework to solve other graph reasoning
tasks under e-edge LDP remains an open question.
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A Graph Dataset

We pre-process the real-world dataset with the fol-
lowing format:

{

"index": 1,

"input_prompt"”: "For each node, the number of
2-stars centered at that node is the
number of unordered pairs of its
neighbors. This can be calculated as
degree(node) * (degree(node) - 1) / 2,
where degree(node) is the number of edges
connected to the node. The total number
of 2-stars in the graph is the sum of
2-stars centered at each node. Each node
may hide its edge information under the
local edge differential privacy framework.
Q: The nodes are numbered from @ to 48.
What is the total number of 2-stars in
the graph?”,

"edges”: "(0, 1) (0, 2) (0, 3) (0, 4) (1, 2)
(2, 4) (2, 30) (2, 31) (3, 4) (3, 5) (3,
6) (4, 5) (4, 7) (4, 26) (4, 30) (4, 41)
(5, 6) (5, 7) (5, 8) (5, 9) (6, 9) (7, 8
(7, 17) (7, 18) (7, 32) (7, 33) (7, 41)
(8, 9) (8, 12) (8, 16) (8, 17) (9, 12)
(10, 11) (10, 12) (10, 13) (10, 14) (11,
13) (11, 15) (12, 16) (13, 14) (13, 15)
(13, 37) (14, 16) (14, 19) (14, 37) (15,
37) (15, 39) (16, 17) (16, 18) (16, 19)
17, 18) (18, 19) (18, 32) (18, 35) (19,
35) (19, 37) (19, 38) (20, 21) (20, 22)
(20, 23) (21, 22) (21, 23) (21, 45) (21,
46) (22, 28) (22, 29) (22, 46) (24, 25)
(24, 26) (25, 26) (25, 27) (25, 29) (25,
44) (26, 30) (26, 41) (26, 44) (27, 28)
(27, 29) (28, 29) (29, 43) (29, 44) (30,
31) (32, 33) (32, 34) (32, 35) (32, 36)
(33, 36) (33, 40) (33, 41) (34, 35) (34,
36) (34, 48) (35, 38) (35, 48) (36, 42)
(37, 38) (37, 39) (38, 48) (40, 41) (40,
42) (40, 43) (41, 43) (41, 44) (42, 43)
(43, 44) (45, 46) (45, 47)",
"vertex_num": 49,

"edge_num”: 107,

"answer": [##421

FELLELEEE L ELLNL

FELELELEERE LR L8 LE

B Additional experimental details

Exp5: Performance of PSC without DP. In this
experiment, we evaluate the performance of the
PSC framework of substructure counting tasks with-
out the DP protection. As shown in (Nguyen and
Yan, 2024), the performance of LLMs in substruc-
ture counting tasks can be influenced by different
prompting methods. The experiment results indi-
cate that (Few-shot) FS + Least-to-Most (LTM)
+ 1-hop approach achieves the best performance.
To evaluate the performance of the PSC framework
on standard substructure counting tasks, we imple-
ment a version that removes all injected noise and
merges the edge information into the input prompt.

We then compare the zero-noise version of PSC
with the original prompt (denoted as RAW) and the
REFINED prompting method. Further details of
the prompts used are as follows.

e RAW: Zero-shot prompting provides only the
definition of the substructure, along with the task
description, including nodes and edge string.

For each node, the number of 2-stars centered at that
node is the number of unordered pairs of its neigh-
bors. This can be calculated as degree(node) * (de-
gree(node) - 1) / 2, where degree(node) is the number
of edges connected to the node. The total number of
2-stars in the graph is the sum of 2-stars centered at
each node. Q: The nodes are numbered from 0 to 48.
The edges are: (0, 1), (0, 2), (0, 3), ... , (45, 47). What
is the total number of 2-stars in the graph?

e REFINED (Nguyen and Yan, 2024): The best-
performed prompt method referred to FS (Few-
shot) + Least-to-Most (LTM) + 1-hop in (Nguyen
and Yan, 2024), which contains the definition
of the substructures, a list of the neighbors of
each node, a chain-of-thought reasoning process
that breaks down the counting tasks to node-level
sub-problems, and a detailed example of the sub-
problems using a graph with 10 nodes.

# The definition of 2-star

A 2-star graph consists of a central node, called the
center, which is connected to exactly two other nodes
by edges.

# The COT instruction

1. List all edges and identify each node’s neighbors.
2. For each node, calculate its degree (number of
neighbors).

3. For nodes with degree >= 2, calculate combina-
tions C(degree, 2).

4. Sum all combinations to get the total 2-stars.

# The example with 10 nodes

This is an example of how you can count 2-star.
Given a graph has 10 nodes and 38 edges.

The edge list is: ((3,4), (6,7), (1,2), (2,5), (1,5), (4,7),
9,10), (3,10), (1,4), (3,7), ..., (2,3))

Step 1: List neighbors for each node.
- Node 1: neighbors = [2, 3,4, 5,6, 8,9, 10]

~Node 10: neighbors = [1, 2, 3,4, 5, 6,7, 9]

Step 2: Calculate the degree for each node.
- Node 1: degree = 8

- Node 10: degree = 8

Step 3: Calculate C/(degree,?2) for nodes with
degree >= 2.
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Table 4: Average relative error (|) of RAW, REFINED, and PSC without DP

Task Method Datasets Avg.
CU Do ML CS EE PM

RAW 0.2667 0.6316 3.6304 0.2762 2.2499 2.5283 1.5972
Triangle REFINED 0.2683 0.3193 0.6820 0.3929 0.8121 0.8503 0.5541
PSC 0.0035 0.0063 0.0128 0.0048 0.0003 0.0094 0.0062
RAW 0.0056 0.0101 0.1559 0.0685 0.2560 0.2391 0.1225
Degree REFINED 0.0117 0.0094 0.0177 0.0040 0.1056 1.6781 0.3044
PSC 0.0011 0.0075 0.0144 0.0013 0.0031 0.0599 0.0145
RAW 0.0931 0.2414 1.2063 0.2570 0.5427 0.9519 0.5487
2-star ~ REFINED 0.0000 0.0026 0.0014 0.0059 0.0941 0.4254 0.0882
PSC 0.0000 0.0000 0.0000 0.0013 0.0173 0.3136 0.0554
RAW 0.3518 0.4480 1.1728 0.3513 1.0313 1.2114 0.7611
3-star ~ REFINED 0.0000 0.0099 1.6500 0.0000 0.0445 0.5276 0.0970
PSC 0.0000 0.0000 0.0000 0.0000 0.0013 0.6838 0.1142

Table 5: Average relative error (]) of RAW and REFINED prompts for Naive on six datasets

Datasets

Task Method Avg.
CcuU Do LM cs EE PM
Trianel Naive +RAW 9.1228 12.9684 7.4197 51.1905 11.4162 32.7652 20.8138
HaNSe  Naive +REFINED 21.4772 13.0442 27.9884 172.3929 90.0144 119.3614 74.0464
b Naive +RAW 11020  1.3935 1.8939 4.1415 25564  5.3465  2.7390
€8T Naive +REFINED  1.3645 1.6490 1.9101 4.2875 1.7669 1.8404 2.1364
- Naive +RAW 104517 7.9931 7.0450 48.4216 24.5390 14.3962 18.8077
M Naive +REFINED  4.3050  5.7166  7.7655 20.7292 10.9272 23.6128 12.1760
- Naive +RAW  109.3320 46.9049  9.4129 159.4328  3.1083 33.7694 60.3267
S Naive +REFINED 13,5125  7.7468 15.8053 63.4106 10.2418  0.6741 18.5652

Step 4: Sum all 2-stars.
Total 2-stars = 28 4 ... 4+ 28 = 254.

# The substructure counting task

# The 1-hop neighbor of the given graph
the problem is:

1-hop neighbor set of node O is 1, 2, 3, 4
1-hop neighbor set of node 1 is 0, 2

1-hop neighbor set of node 48 is 34, 35, 38

-Node I: C(8,2) = 8(8 — 1)/2 = 87/2 = 28

“Node 10: C(8,2) = 8(8 — 1)/2 = 87/2 = 28

Follow the given example, you need to answer:
What is the total number of 2-stars in the following
graph? The edges of this graph are: (0, 1), (0,
3), ..., (45, 47). The nodes are numbered from O to 48.

The one-hop neighboring information of the graph in

2), (0,

As shown in Table 4, for tasks of triangle, degree,
and 2-star, the PSC framework without injected
noise achieves the lowest relative error across all
datasets. For the prompt methods RAW and RE-
FINED, REFINED outperforms RAW for most
cases. However, for simple tasks such as counting
average degree, the RAW tends to outperform RE-
FINED. For 3-star counting, the PSC also has the
lowest relative error, except for the PM datasets.
Because some nodes in the PM dataset have very
large degrees, the small LLM cannot accurately
count the 3-stars involving those nodes, and it tends
to underestimate the actual number.

Exp6: Performance of REFINED on Naive. In
the experiment, we evaluate the performance of the
best-performing prompting approach in Exp5 when
applied to our Naive approach. Table 5 shows that
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Table 6: Average relative error () and absolute difference A () of other LLMs

Tasks  Dataset GPT  Agpr DeepSeek Apeepseer Qwen  Aguen
Trianele  CU 07939 0.1673  0.9766 00154  1.0224 0.0612
HANEC Do 0.8628 0.0466  0.6653 0.1509  1.5519 0.7357
b CU 00174 0.0013  0.0762 00575  0.0199 0.0012
CEC Do 0.0162 0.0019  0.0214 00071  0.0212  0.0069
- CU 00929 00133 02252 0.1190  0.0814 0.0248
star Do  0.0679 00094  0.0740 00155  0.0547 0.0038
- CU 07325 0.0710 0.4589 03446  0.1207 0.6828
star Do 03816 00382  0.4072 00638  0.2645 0.0789

Ave. A —0.0436 - 0.0968 — 01994

REFINED performs well on degree counting for
large datasets. For the 3-star and 2-star counting
tasks, REFINED outperforms RAW dramatically
on some datasets, while RAW remains better on
others. However, on triangle counting tasks, RE-
FINED consistently performs worse than RAW.
Compared with Exp5, where REFINED outper-
forms RAW on all datasets for 2-star counting and
most of the datasets for 3-star counting and triangle
counting, REFINED is unsuitable for improving
the performance of a single LLM when processing
noisy graphs.

Exp7: Performance of PSC using other LLMs.
In this experiment, we evaluate DeepSeek-Chat-
V3.1 (DeepSeek Al, 2024) for both node and cura-
tor agents, as well as Qwen3-8B for node agents
and Qwen-plus for curator agents (Yang et al.,
2025). To quantify the error introduced by each
model, we measure the absolute difference in Rel-
ative Error (RE) between the result of LLMs and
the ground-truth from LDP algorithms, defined
as A = |RELim — REgr|- The results in Ta-
ble 6 demonstrate that our framework is compatible
with various LLMs and also works effectively with
smaller models such as Qwen3-8B. In terms of ab-
solute difference, GPT consistently exhibits low
deviation across all tasks. Furthermore, DeepSeek-
Chat-V3.1 achieves accuracy comparable to the
ChatGPT models. However, Qwen3-8B and Qwen-
plus display much larger deviations, particularly
in 3-star and triangle counting. The greater devia-
tions are attributable to the use of smaller models
for node agents (e.g., Qwen3-8B), which tend to
introduce higher inaccuracies, especially for more
complex graph statistics.

C Cost Analysis

In this subsection, we analyze the time and
communication cost of the algorithms used in the
PSC framework. Let m and m’ denote the number
of edges in the original graph G and noisy graph
G, respectively, degi(v;) and deggr(v;) denote
the number of neighbors of v; in the original graph
G and noisy graph G’, and n denotes the number
of nodes in G and G'.

Average Degree. The time complexity for each
node v; to count its neighbors is O(1). Thus, count
the average degree takes O(n) time in total. For
the communication cost, as it requires each node
to report its noisy degree, the communication
complexity is O(n).

k-star. For the first step, estimating the maximum
noisy degree to optimize the global sensitivity
requires O(n) time. Each node takes O(1) time to
compute the number of k-stars. Thus, the k-star
takes O(n) time in total. For the communication
cost, as it requires each node to report its noisy
degree and noisy k-star count, the cost is O(n).
Triangle. In the first round, generating the
noisy graph takes O((%)) time. Estimating the
maximum noisy degree takes O(n) time. Counting
the number of triangles for each node requires
each node to count triangles in its local graph,
which needs O(3_,,cv(c) dega(v;)?). Thus the
time complexity is O(n? + 2 uev(G) dega(vi)?)
in total. For the communication, as it requires
each node to obtain the noisy neighbors of
its noisy neighbors, the domain communica-
tion cost is O(},,cv(c) degcr(vi)?).  Here,

E(deg@(m)=o<n+degc<vz-><efl—1>—1).

1+e1
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Exp8: Token consumption of G and G'.
In this experiment, we demonstrate the token
consumption to describe the original graph G
and the noisy graph G’. The results are shown in
Table 7. Since the expected edge number of the

. . n f1-1
noisy graph G’ is E(m/) = O ((2)—?:(;11) ,
the token consumption of describing the edges of
the noisy graph is relatively higher.

Table 7: Token counts for original graphs and noisy
graphs

Dataset G G’
CU 1.6K 5.6K
Do 2.2K 7.2K
LM 3.3K 9.5K
CS 1.8K 9.5K
EE 78K 22.7K
PM 24.6K 158.5K

D Scale PSC to larger datasets

The current scalability limitation is caused by the
context window limitation of a single LLM. As
LLMs become capable of supporting larger context
windows, PSC can scale to much larger graphs with-
out structural changes. Besides, graph sampling
enables our framework to handle larger graphs by
reducing the input size to fit within the LLM’s con-
text window.

Semantics-based sampling. In practical applica-
tions of graph-related queries, graphs can be fil-
tered into smaller, more focused subgraphs based
on query conditions (e.g., attributes, timestamps,
or query nodes), which enables PSC to be applied
to larger graphs.

Structure-based sampling. Substructure counts
can be accurately estimated using well-established
sampling techniques.

Table 8: Average relative error () of PSC on sampled
graph G'.

Method Facebook Bible
GT-PSC on G 0.8226 0.6966
PSC on sampled G’  0.7722  1.4386

Exp9: Performance of node sampling on larger
datasets. We conducted an experiment on Face-
book (n = 4,039, m = 88,234) and Bible
(n =1,773, m = 9,131) to demonstrate the per-
formance of PSC on larger graphs using random

node sampling. In this experiment, we randomly
sample 200 nodes to form a subgraph and estimate
(3)
(%)
n’ and |A\|" are the number of nodes and triangles
in the sampled subgraph. The results are shown
in Table 8, which demonstrates that, when com-
bined with sampling, PSC can effectively estimate
substructure counts on large graphs, allowing for a
flexible trade-off between accuracy and scalability.

the total triangle count as |A| = |A|' x 234, where

E The Library of PSC

An example of distributed algorithm in the algo-
rithm library.

e Y

Triangle Counting

Distributed Algorithm for Triangle Counting
Problem: Count the total number of triangles in a
given graph G (a triangle consists of three nodes,
each connected to the other two).

State:

1. Triangle_Count: The number of triangles this node
participates in.

2. Triangles: A list of detected triangles, each
represented as an unordered set.

Message:

1. ‘Sender_ID*: The sender node’s ID.

2. ‘Sender_Neighbors‘: The list of the sender’s
neighbors.

Initialization
Step 1: Set “Triangle_Count‘ to 0.

Send:

For each node, the input is:

Node ID: <node_id>

State: 1. ‘Triangle_Count‘: <triangle_count>
Neighbor Information:

Connected to:

Node A, Node B

Step 1: For each neighbor, construct the message:
1. ‘Sender_ID‘: <node_id>

2. ‘Sender_Neighbors*: <neighbor_list>

Example

Input:

Node ID: 5

State: 1. ‘Triangle_Count‘: 0

Neighbor Information:

Connected to:

Node A, Node B

Process:

For Node A,

Step 1: Construct the message to Node A: 1.
‘Sender_ID*: 5; 2. ‘Sender_Neighbors‘: [A, B]

For Node B,

Step 1: Construct the message to Node B: 1.
‘Sender_ID‘: 5; 2. ‘Sender_Neighbors‘: [A, B]
Output:

Message sent to Node A, B: 1. ‘Sender_ID*: 5; 2.
‘Sender_Neighbors‘: [A, B]
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Update:

For each node, the input is:

Node ID: <node_id>

State: 1. ‘Triangle_Count‘: <triangle_count>
Neighbor Information:

Connected to:

Node A, Node B

Received Messages:

Message: 1.  ‘Sender_ID‘: <sender_id>; 2.
‘Sender_Neighbors*: <sender_neighbor_list>
Message: 1.  ‘Sender_ID‘: <sender_id>; 2.
‘Sender_Neighbors*: <sender_neighbor_list>

Process

Step 1: For each received message, extract
‘Sender_ID‘. If ‘Sender_ID‘ is not in <neigh-
bor_list>, discard the message; otherwise, proceed.
Step 2: Extract ‘Sender_Neighbors‘ from the
message. Identify the common neighbors between
yourself and ‘Sender_ID* by finding which nodes in
‘Sender_Neighbors* also appear in <neighbor_list>.
Step 3: For each common neighbor ‘C*, increment
“Triangle_Count* by 0.5, because a triangle will be
counted twice.

Example

Input

Node ID: 5

State: 1. ‘Triangle_Count‘: 0

Neighbor Information:

Connected to:

24

Received Messages:

Message: 1. ‘Sender_ID‘: 1; ‘Sender_Neighbors‘:
[4,5]

Message: 1. ‘Sender_ID‘: 4; ‘Sender_Neighbors‘:
[2,5,8]

Process

From the message from Node 1:

Step 1: 1 is not in <neighbor_list>; discard the
message.

From the message from Node 4:

Step 1: 4 is in <neighbor_list>; proceed.

Step 2: Check common neighbors; the common
neighbors are [2].

Step 3: For the common neighbor 2, increase
‘Triangle_Count‘ by 0.5.

Output

State: 1. ‘Triangle_Count*: 1

Aggregation: To determine the final result,
sum the results of the distributed execution, then
divide this value by 3. If the calculated result is
negative, return O instead. Compute and return the
final result as a single number only.

\

J

An example of DP framework in the DP framework

library.

r

Triangle Counting

These are the parameters you need for computing
triangles of a given graph under edge local differential
privacy.

Sensitivity: degree-1

Noisy_Graph: yes
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