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Abstract

Large Reasoning Models (LRMs) have re-
cently achieved remarkable success in com-
plex reasoning tasks. However, closer scrutiny
reveals persistent failure modes compromis-
ing performance and cost: ,
marked by calculation or derivation errors;

, involving oscillation and stag-
nation; and , causing mal-
adaptive over-thinking. Existing endeavors tar-
get isolated levels without unification, while
their black-box nature and reliance on RL hin-
der explainability and controllability. To bridge
these gaps, we conduct an in-depth white-box
analysis, identifying key neurons (Mixture
of Neurons, MoN) and their fluctuation pat-
terns associated with distinct failures. Building
upon these insights, we propose NeuReasoner,
an explainable, controllable, and unified rea-
soning framework driven by MoN. Technically,
NeuReasoner integrates lightweight MLPs for
failure detection with a special token-triggered
self-correction mechanism learned via SFT.
During inference, special tokens are inserted
upon failure detection to actuate controllable
remedial behaviors. Extensive evaluations
across six benchmarks, six backbone models
(8B~70B) against nine competitive baselines,
demonstrate that NeuReasoner achieves per-
formance gains of up to 27.0% while reducing
token consumption by 19.6% ~ 63.3%.

1 Introduction

Reasoning capability stands as a fundamental cor-
nerstone of human intelligence and serves as an es-
sential pathway toward AGI (Johnson-Laird, 2010).
Recently, facilitated by Chain-of-Thought (CoT)
techniques (Wei et al., 2022), Large Language
Models (LLMs) demonstrate remarkable poten-
tial in complex tasks, such as mathematics (Suz-
gun et al., 2023), coding (Chen et al., 2021), and
science (Lewkowycz et al., 2022), by employing
step-by-step reasoning processes. With the ad-
vent of Large Reasoning Models (LRMs) such
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Figure 1: Distribution and illustration of failure
modes across different levels using DeepSeek-R1-
Distill-Qwen-7B on MATH (Hendrycks et al., 2021).

as OpenAl-ol (OpenAl et al., 2024), DeepSeek-
R1 (Guo et al., 2025), and Gemini-2.5 pro (Team,
2025), Reinforcement Learning (RL)-driven train-
ing paradigms further expand the boundaries of
reasoning (Yue et al., 2025; Wang et al., 2025b; Yu
et al., 2025). This paradigm shift elicit the sponta-
neous emergence of human-like cognitive patterns
within models, including self-verification, reflec-
tion, and multi-path exploration (Guo et al., 2025).
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Failure Attribution. Despite the remarkable suc-
cess of LRMs, a close look from the dual per-
spective of performance and cost reveals distinct
failure modes concealed within the reasoning pro-
cess, which we systematically identify (Figure 1).
Specifically, : flaws in causal de-
duction or deviation into incorrect branches during
critical steps compromise the final answer (Yao
et al., 2025); : models risk en-
trapment in reasoning stagnation, where they oscil-
late between similar trajectories without substan-
tive progress, thereby consuming excessive tokens
before eventual collapse (Shojaee et al., 2025); and
: the failure to calibrate query
difficulty induces over-thinking, resulting in a sub-
stantial waste of token costs (Chen et al., 2024a).

Research Dilemma. Prior studies attempt to ad-
dress these failure modes individually, where
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Process Reward Models (PRMs) such as Math-
Shepherd (Wang et al., 2024), AutoPRM (Chen
et al., 2024c), and OpenPRM (Zhang et al., 2025¢)
are employed for fine-grained step-level supervi-
sion; structured frameworks like ToT (Yao et al.,
2023), GoT (Besta et al., 2024), and PGTS (Li,
2025) extend the breadth and depth of exploration;
and approaches including O1-Pruner (Luo
et al., 2025), AdaptThink (Zhang et al., 2025b),
and ARM (Wu et al., 2025a) adaptively adjust rea-
soning length. However, significant research gaps
persist across three critical axes: @ Explainability,
due to the black-box nature of models, in-depth
analysis regarding the internal mechanisms under-
lying failure modes remains absent; & Controlla-
bility, RL-based paradigms encourage the sponta-
neous emergence of behaviors, rendering the rea-
soning process unpredictable and difficult to con-
trol; and ® Unification, existing methods lack a
unified solution targeting these failure modes col-
lectively.

Present Framework. To bridge these gaps, in-
spired by cognitive science findings that distinct
brain regions govern specific functions (Kanwisher,
2010), we hypothesize that three key neuron clus-
ters within LRMs contribute significantly to the
three levels of failure modes. Through in-depth
analysis of neuron activation dynamics during rea-
soning, we identify these clusters, termed Mixture
of Neurons (MoN), where each cluster functions
as an expert. Furthermore, we scrutinize the fluc-
tuation patterns of each expert under its corre-
sponding failure mode. Building upon this sys-
tematic white-box analysis paradigm, we propose
NeuReasoner, an explainable, controllable and
unified reasoning framework driven by MoN. Tech-
nically, NeuReasoner ¥ trains lightweight MLPs
to monitor and predict the fluctuation patterns
of each expert; ® through dataset reconstruction,
leverages SFT to condition the model to utilize spe-
cial tokens as triggers that elicit specific behavioral
patterns, facilitating controllable self-correction;
and ¥ leverages parallel MLPs for online monitor-
ing during inference, inserting special tokens upon
identifying failure modes to trigger corresponding
behaviors, effectively mitigating failures. Our con-
tributions are summarized as follows:

Insightful Analysis. We systematically summa-
rize the failure modes of LRMs, and inspired by
cognitive science, conduct an in-depth white-box
analysis at a fine-grained neuron level. This leads

to the identification of MoN that contribute to fail-
ure modes, alongside their fluctuation patterns.

Practical Solution. We propose NeuReasoner,
an explainable and controllable unified reason-
ing framework driven by MoN. It integrates
lightweight MLPs for failure detection with a spe-
cial token-triggered self-correction mechanism
learned via SFT. During inference, special tokens
are dynamically inserted upon failure detection
to actuate controllable remedial behaviors.

Experimental Validation. Extensive experiments
on six complex benchmarks and six backbone
models against nine baselines demonstrate that
NeuReasoner achieves performance gains of up
to 27.0% while simultaneously reducing token
consumption by 19.6% ~ 63.3%. Furthermore,
case studies vividly illustrate reasoning details,
verifying the explainability and controllability.

2 Dive into Neurons

Inspired by insights from prior research indicating
that intermediate layers within LRMs encode the
richest representations (Galichin et al., 2025; Skean
et al., 2025; Jin et al., 2025), we focus our analy-
sis on the FFN and attention heads in the middle
layer. Specifically, we perform (i) MoN Identifica-
tion, leveraging the advanced attribution algorithm
of LLMs to identify neuron clusters that contribute
most significantly to failure modes of different lev-
els (» Section 2.1); and (ii) Fluctuation Analysis,
further uncovering the specific fluctuation patterns
of MoN associated with the emergence of failure
modes (» Section 2.2).

2.1 MoN Identification

To conduct a systematic white-box investigation
identifying which specific neuron clusters within
the middle layer contribute most significantly to the
failure modes of different levels, we employ De-
Pass (Hong et al., 2025), an advanced attribution
algorithm of LLM. Given the target layer [* = L /2,
let C denote the set of all neurons (FFN and at-
tention heads) within layer [*. For a given input
sequence, DePass enables the calculation of the
independent contribution of each neuron ¢ € C
toward the token generation at time step ¢. Let
#(c, t) € R denote the attribution score of ¢ regard-
ing the output logit of the target token y;:

$e,t) = wi b ) (1), (1

Yyt dec
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Figure 2: (Upper) Distribution of key neurons across distinct failure modes using DeepSeek-R1-Distill-Qwen-7B
on MATH. (Lower) Time- and frequency-domain analysis of MoN for positive and negative sample pairs.

where w,, represents the LM head vector for y;,
and h") (t, ¢) corresponds to the decomposed hid-

dec
den state associated with c.

Mixture of Neurons. We define the set of
time steps 1" as follows: , the
sequence of tokens within the specific erroneous
step; , the sequence of tokens
corresponding to the initial steps of multiple at-
tempts; , the first K steps at
the beginning of the reasoning process. To iso-
late neurons exerting a persistent and dominant
influence across all time steps, we compute the in-
tersection of the most significant neurons N* =
Nier TopK ¢ (¢(c,t)), where TopK cq(-) re-
trieves the set of the top-k neurons exhibiting the
highest attribution scores. The N'* across all lev-
els collectively constitute what we term Mixture
of Neurons (MoN), with each serving as a distinct
expert, as illustrated in Figure 2 (Upper).

Obs.® Distinct neuron experts contribute sig-
nificantly to failure modes of different levels.
Specifically, experts associated with intra-step and
instance-level failures predominantly cluster within
the FFN, whereas those corresponding to inter-step
failures are concentrated within the attention heads.

2.2 Fluctuation Analysis

Following MoN identification, we further aim to an-
alyze the underlying fluctuation patterns associated
with the emergence of failure modes. To this end,
we construct positive and negative sample pairs.
Technically, targeting intra-step and inter-step fail-
ures, we pause generation at each step, clone the
KV cache, and employ LLM-as-Judge to detect
failure modes (Zheng et al., 2023). Upon detection,
we perform repeated sampling from the preceding
step to construct the pairs. For the instance level,
we construct contrastive instances by selecting two
questions with substantially different difficulty. Fi-
nally, we leverage the fourier transform to analyze
fluctuation patterns. Figure 2 (Lower) illustrates
the time- and frequency-domain profiles of MoN for
sample pairs under different failure modes.

Obs.® Corresponding experts within the MoN ex-
hibit distinct fluctuation patterns across failure
levels. Specifically, experts associated with intra-
step failures display sharp spikes, whereas those
linked to inter-step failures exhibit periodic fluc-
tuations; regarding instance level patterns, experts
maintain sustained activation for complex instances
but undergo rapid collapse for simpler ones.
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Figure 3: The overview of our proposed NeuReasoner.

3 Method

In this section, we elaborate on our proposed frame-
work, NeuReasoner. Specifically, (i) Pattern
Prediction, building upon the preceding in-depth
qualitative analysis of neurons, we train a set of
lightweight MLPs to quantify and predict distinct
fluctuation patterns (» Section 3.1); (ii) Trigger
Training, by reconstructing the original dataset ac-
cording to failure modes, we employ SFT to enable
the model to utilize special tokens as triggers to
elicit specific behavioral patterns (» Section 3.2);
and (iii) Online Monitoring, during inference, we
deploy MLPs for parallel online monitoring, insert-
ing special tokens upon the emergence of failure
modes to induce specific behaviors, thereby achiev-
ing self-improvement (» Section 3.3).

3.1 Pattern Prediction

Having identified the fluctuation patterns of failure
modes in Section 2.2, we aim to train lightweight
MLPs to monitor and predict the fluctuations of
MoN. Motivated by our observations and prior
works (Hu et al., 2025; Yi et al., 2023), we employ
the fourier transform to construct input features.

Preliminary. For an arbitrary neuron n , we de-
note its scalar activation values over a token se-
quence of length T" as ay, as, ..., ar. Let the acti-
vation magnitude be x; = |a;|, with the correspond-
ing mean given by p = % ZtT:1 x;. To prevent the
mean from dominating the spectrum, we first per-

form mean removal to obtain the zero-centered se-
quence y; = x4 — . We apply the Discrete Fourier
Transform (DFT) (Cooley and Tukey, 1965) to
the real-valued sequence ;. Let the number of
non-redundant frequency points be F' = L%J + 1.
The frequency domain coefficients are defined
2 Y(f) = Loy pexp(—iZ(f - 1)(t-1)),
where f 1,2,..., F serves as the discrete
frequency index. Consequently, the power spec-
trum is given by P(f) = |Y(f)|?, where f = 1
corresponds to the Direct Current (DC) compo-
nent. To construct length-invariant and comparable
frequency-domain statistics, we exclude the DC
component to obtain the power distribution:

= P(f)
P(fl= —
v Yo P(j) +¢

where € > 0 is a constant for numerical stability.
Finally, we have the normalized spectral entropy:

af:27"'aF7 (2)

H= 07 _121’ )log (P(£)). 3

1) Intra-step level. Given that intra-step failure
modes are characterized by intense fluctuations,
manifesting as stronger high-frequency compo-
nents and more dispersed spectra, we focus on ex-
tracting the high-frequency energy ratio, spectral
entropy, and total variation energy. We first de-
fine the high-frequency set as the latter half of the
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spectrum Fyp = {f ’ ng +1<f< F} The
high-frequency energy ratio is calculated as ruyp =
> ferye P(f)- Additionally, we define the total

variation energy e = 108;(2?:2 P(f) + ). Con-
sequently, the input feature is formed as ¢iTrthra =
[rifp, H™, e™] € R,

Given that inter-step level
failure modes are accompanied by periodic os-
cillations, signifying the prolonged dominance
of energy at a specific non-zero frequency, we
focus on extracting the dominant frequency en-
ergy ratio and spectral entropy. Specifically, the
dominant frequency energy ratio is defined as
Tdom = MaX<f<p ﬁ( f). Formally, we have

gier = [ H™M] e R2,

Regarding instance-level fail-
ure modes, compared to hard queries, easy queries
exhibit a distinct pattern characterized by initial in-
tense fluctuations followed by a sharp drop and
subsequent stabilization. In the frequency do-
main, this manifests as a concentration of energy
in low-frequency components and lower spectral
entropy. To quantify this, we first define the low-
frequency set as the former half of the spectrum
Fir = {f|2< f<|%]|}. The low-frequency
energy ratio is calculated as rp = ) e 7, P(f).

Formally, we have ™! = [TI(}), H™] e R

MLPs training. For intra-step and inter-step lev-
els, we maintain a sliding window tracking the most
recent k steps, which shifts to discard the earliest
step upon detecting a new step separator (“\n \n”)
during token generation. Notably, we optimize fea-
ture updates within this variable-length window to
achieve an approximate O(1) time complexity. For
the instance level, consistent with Section 2.1, we
directly utilize the initial K steps. Further details
on MLPs training can be found in Appendix E.3.

3.2 Trigger Training

Leveraging the trained MLPs to localize failure
modes within the sliding window, we introduce
special tokens as triggers to enforce controllable
self-correction. Specifically, for the intra-step and
inter-step levels, we employ dataset reconstruction
followed by SFT to condition the model to execute
diagnose-then-correct behaviors upon encountering
these tokens. In contrast, for the instance level, we
adopt a direct, training-free strategy, which will be
elaborated upon in the next subsection.

Data Reconstruction. To enable the model
to learn the mechanism where special tokens
serve as triggers to elicit specific behavioral pat-
terns, we reconstruct the raw dataset Dy =
{(u®, V(i))}grfwt where u and v denote the in-
put and output, respectively. We first apply a seg-
mentation operation Seg(-) to divide v into step-
level subsequences v = (mi||---||7x). Let J
denote the set of critical steps to be perturbed. We
define the failure mode levels as ¢ € {intra, inter}
and introduce a rewriting operation W(-), yielding:

TK) §), G €T @)

We introduce a set of mode-specific triggers U =
{(Vintra), (Vinter)}, which are inserted immedi-
ately following W,(-). For each level ¢, we as-
sociate a diagnose-then-correct template B, =
(pe, dy, cg), where py serves as a prompt signal-
ing the detected failure mode, followed by the di-
agnostic (dy) and corrective (cy) behaviors. Conse-
quently, we obtain the reconstructed dataset D=

%J(Z) = \I/g(u, <7T1, e

{(u®, V(i))}g , where the constructed output is:

V) = (ngg, B9 (ug), By, wsg). (5)
See Appendix G for the detailed reconstructed data.

SFT. Our training objective maximizes the fol-
lowing factorized likelihood over step blocks:

Py(mej | u) - Py(7\ | u,me)
Py(Be | w7 (v)) (6)
: P@(ﬂ->j | u, T<y, %j(‘e)a <Uf>a Bf)’

where 6 denotes the parameters. Training follows
standard next-token prediction with a label mask:

Lser(0) = —Euopun D logPo(ye | wy<i), (1)

teT(u,v)

where {y;} enumerates tokens in the concatenated
sequence (u,V) and Z(u,V) indexes the tokens
that contribute to the loss. Notably, we mask u and
(vg) during training, ensuring the trigger operates
solely as an inference-time control signal.

3.3 Online Monitoring

During inference, we run our trained lightweight
MLPs in parallel to conduct online monitoring
of the MoN over designated token sequences. For
intra-step and inter-step levels, this sequence cor-
responds to the sliding window defined in Section
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3.1. Upon detecting fluctuation patterns character-
istic of failure modes at level ¢ € {intra, inter},
we intervene by forcibly inserting the trigger to-
ken (vg). Formally, letting = denote the current
decoding prefix with length 7 = |z|, we impose
a hard constraint on the next token y,11 = (vy),
and continue autoregressive decoding as:

Yrk ~ Po(- | 2, (Ve), Yrg1:74k-1), £ > 2. (8)

This intervention activates the diagnose-then-
correct behavior pattern learned during SFT. In
contrast, for the instance level, the monitored se-
quence comprises the initial K steps of the reason-
ing process (consistent with Section 3.1). Upon de-
tecting the corresponding fluctuations, we directly
insert the prompt (“Okay, I have finished
thinking.”), thereby triggering a transition to the
NoThinking mode (Ma et al., 2025).

4 Experiments

In this section, we conduct extensive experi-
ments to address the following research questions:
(R Q1) Can NeuReasoner achieve dual superior-
ity in terms of performance and cost? (R Q2) Does
NeuReasoner demonstrate effective scalability?
(R Q3) Specifically, how does NeuReasoner re-
alize improvements during the reasoning process?
(R Q4) What are the distinct contributions of the
MLPs within NeuReasoner?

4.1 Experimental Setup

Backbones. We conduct experiments using rep-
resentative open-source LRMs with diverse archi-
tectures from different families. To demonstrate
the effectiveness and scalability of NeuReasoner,
the selected models span a wide range of scales,
from7Bto 70B: 1) Qwen family, DeepSeek-
R1-Distill-Qwen-7B, DeepSeek-R1-Distill-Qwen-
32B (Guo et al., 2025), Qwen3-8B-thinking, and
Qwen3-32B-thinking (Yang et al., 2025a); and IT)
Llama family, DeepSeek-R1-Distill-Llama-8B and
DeepSeek-R1-Distill-Llama-70B.

Baselines. We compare NeuReasoner against
a comprehensive set of representative baselines,
categorized into three groups: I) Vanilla Model,
referring to the original backbone LRM itself;
II) Training-free, including Think or Not (Yong
et al., 2025), AlphaOne (Zhang et al., 2025d), and
Self-Consistency (Wang et al., 2023); and III)
RL-based, including DAST (Shen et al., 2025b),
RL + Length Penalty (Arora and Zanette, 2025),
GRPO (Shao et al., 2024), S-GRPO (Dai et al.,
2025) and DAPO (Yu et al., 2025).

Benchmarks. We conduct extensive evaluations
of NeuReasoner on five benchmarks spanning
three complex reasoning domains: I) Mathemat-
ical Reasoning, including GSM8K (Cobbe et al.,
2021), MATHS00 (Lightman et al., 2023), AIME24
and AIME25 (MAA Committees); II) Scientific
Reasoning, including GPQA-Diamond (Rein et al.,
2024); and III) Code Reasoning, including Live-
CodeBench (Jain et al., 2025).

Implementation details. The sliding window
length k for intra-step and inter-step levels, as well
as the initial step count K for the instance level, are
selected from the set {2, 4, 8}. The failure mode
detector (Section 2.2), the rewriting operation W(-)
(Equation 4), and the diagnose-then-correct opera-
tor B, (Equation 5), are consistently implemented
by gpt-5. For the segmentation operator Seg(-),
we implement step-level splitting using paragraph
delimiters (“\n\n”’). We use BS-17k (Labs, 2025)
as the raw corpus for reconstruction and conduct
full-parameter fine-tuning. Following (Guo et al.,
2025), we use a sampling temperature of 0.6 and
top-p of 0.95. We report Pass@1 by averaging
results over 5 repeated runs. Detailed technical
details are provided in Appendix E. All prompts
utilized are detailed in Appendix G.

4.2 Main Results (RQO1)

To address RQ1, we conduct extensive evalua-
tions on six benchmarks, comparing NeuReasoner
against nine competitive baseline methods. Experi-
mental results are reported in Table 1 and 5.
Obs.@® NeuReasoner achieves dual superiority
in both performance and token cost. Overall,
compared to the vanilla model, NeuReasoner de-
livers performance gains ranging from 0.3 ~ 7.8
(3.2% ~ 27.0%), while simultaneously reducing
token consumption by 19.6% ~ 63.3%. Notably,
on DeepSeek-R1-Distill-Qwen-7B + MATHS500,
NeuReasoner improves accuracy by 5.0 1 and
cuts token usage by 48.1% |, outperforming all
baselines in both metrics. Even against DAPO, the
most competitive baseline, NeuReasoner achieves
a 0.9 1 performance lead with a substantial
60.5% | reduction in token consumption.

Obs.® NeuReasoner exhibits robust cross-task
generalization. On DeepSeek-R1-Distill-Qwen-
32B, while DAPO performs adequately on math
and science tasks, it struggles on LiveCodeBench
(showing a negligible 0.1 1 improvement with
a 22.1% 7 cost overhead). In stark contrast,
NeuReasoner achieves a 1.4 1 performance gain
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Model | Method AIME25 MATHS500 GSMSK GPQA-Diamond LiveCodeBench
Pass@11 Token| | Pass@11 Token | | Pass@1{ Token| Pass@11 Token| | Pass@11 Token |
@ Vanilla 433 11454 91.8 2887 924 442 ‘ 49.2 8016 36.9 9072
g DAST 41.1 7904 91.6 1330 91.8 301 48.8 3635 36.8 4280
5 Think or Not 38.9 4760 92.0 1103 92.9 264 ‘ 47.0 3390 36.4 7397
= AlphaOne 444 8921 92.5 3791 93.4 459 50.5 8591 375 8177
g RL +LP 433 6255 93.4 1322 92.5 291 ‘ 50.3 3209 36.2 6293
- GRPO 45.6 12006 93.9 2873 92.1 275 49.8 8890 39.2 10084
i S-GRPO 444 5794 93.2 1204 93.7 297 ‘ 49.5 3107 36.9 5449
5]3 DAPO 46.7 12307 94.2 3033 92.9 301 50.2 9102 40.1 11407
§ NeuReasoner 47.8 5446 95.1 1197 94.0 271 ‘ 51.3 4011 39.0 5311
/2 1A 145  |525% 133 |585% 1.6 138.7% 121 150.0% 2.1 141.5%
A Vanilla 58.9 8906 93.3 2337 93.9 438 ‘ 60.8 6027 55.8 7125
Cg DAST 544 6647 93.5 1421 93.9 266 60.3 4048 56.0 3419
5 Think or Not 58.9 4711 92.9 1410 93.3 247 ‘ 60.4 3706 54.8 5216
g AlphaOne 61.1 8994 94.4 3037 94.1 433 61.3 6771 56.1 8223
% RL +LP 62.2 6124 93.1 1379 94.7 239 ‘ 60.4 3596 559 4729
a GRPO 62.2 8990 93.4 3012 94.4 420 60.4 7123 56.1 8974
f S-GRPO 60.0 5334 94.2 1556 94.7 269 ‘ 61.3 3119 54.9 4404
5}‘3 DAPO 63.3 9093 94.6 3551 94.3 443 614 7390 55.9 8700
§ NeuReasoner 63.3 4702 96.3 1318 94.2 247 ‘ 62.3 3498 57.2 4689
A A 14.4 147.2% 3.0 143.6% 10.3 1 43.6% 11.5 142.0% 1.4 134.2%
Vanilla 61.1 12490 95.9 4486 94.1 1573 ‘ 58.8 6638 54.5 8549
DAST 60.0 6055 96.0 2158 94.1 483 58.4 3007 54.7 4987
éﬂ Think or Not 62.2 6674 96.3 2408 94.2 599 ‘ 59.1 3678 539 6009
.E AlphaOne 63.3 8607 96.7 4311 94.5 1095 59.8 6002 56.2 8607
5 RL +LP 58.9 7639 96.6 2692 94.1 823 ‘ 59.4 3139 55.9 6792
ﬁ GRPO 62.2 11098 96.7 4225 94.4 1373 59.1 7472 553 9073
5 S-GRPO 61.1 7331 96.5 2576 94.6 775 ‘ 59.6 3046 54.3 5998
5 DAPO 62.2 12004 96.9 4609 94.7 1553 59.4 8008 56.3 9937
NeuReasoner 64.4 7279 97.2 2402 94.6 588 ‘ 61.4 5153 56.2 6002
A 3.3 1 41.7% 1.3 146.5% 0.5 162.6% 12.6 122.4% r1.7 129.8%
Vanilla 68.9 11589 96.8 4318 94.3 1435 ‘ 65.3 5475 64.7 8725
o DAST 68.9 6504 96.8 2417 94.2 609 65.7 2918 64.6 5108
-E Think or Not 65.6 6772 97.1 2179 94.5 641 ‘ 64.5 1713 62.9 7337
E AlphaOne 71.1 8569 97.8 3170 94.4 1090 66.8 5591 66.1 9003
5 RL +LP 66.7 6854 97.2 2701 94.7 822 ‘ 66.0 4362 65.1 7382
$ GRPO 70.0 12487 97.1 4641 94.5 1558 66.2 6151 65.4 9546
% S-GRPO 71.1 6389 97.3 2566 94.6 809 ‘ 66.5 4151 63.9 7560
5 DAPO 722 12403 97.7 5152 94.7 1970 65.8 6099 65.9 10124
NeuReasoner 73.3 6308 97.9 2398 94.6 574 ‘ 67.3 4043 66.9 7012
A 4.4 1 45.6% 11.1 1 44.5% 0.3 160.0% 2.0 126.2% 2.2 119.6%
2 Vanilla 28.9 11548 86.2 3635 92.3 606 ‘ 46.3 8341 38.9 9588
é DAST 322 8438 87.0 2458 91.9 388 46.1 4410 38.4 4091
g Think or Not 30.0 7158 87.4 1954 92.5 257 ‘ 46.8 3729 38.4 6916
= AlphaOne 34.4 9005 89.1 3804 93.1 598 47.6 8569 41.2 8421
% RL +LP 30.0 5897 89.4 2290 92.3 446 ‘ 453 3299 39.8 3491
) GRPO 30.0 11987 89.6 3309 92.9 571 46.6 8783 40.0 10123
i S-GRPO 31.1 5426 89.1 2195 93.2 432 ‘ 47.0 3624 39.2 3349
ﬁ DAPO 344 12399 90.0 3732 93.5 4004 47.8 9110 41.7 11394
@ NeuReasoner 36.7 6076 91.2 1887 93.4 419 ‘ 47.8 4539 42.5 3522
A A 7.8 147.4% 5.0 148.1% 1.1 130.9% 1.5 1 45.6% 3.6 163.3%
] Vanilla 47.8 8909 94.1 2433 94.0 432 ‘ 64.5 5881 55.6 7258
l\ge DAST 45.6 5932 94.2 1563 93.9 239 63.5 4026 56.3 3975
E Think or Not 46.7 4414 94.4 1360 93.7 241 ‘ 64.6 3544 529 5668
i AlphaOne 50.0 8689 95.3 2009 94.2 427 65.3 4322 56.8 3742
‘5 RL +LP 45.6 5967 93.8 1149 94.4 255 ‘ 65.0 4101 56.2 5209
E GRPO 51.1 8715 94.5 3167 94.7 473 64.8 6274 56.4 7561
i S-GRPO 48.9 5896 95.1 1252 94.5 249 ‘ 65.2 4001 54.8 4689
§ DAPO 53.3 9054 954 3776 94.9 509 65.7 6968 573 8049
5y NeuReasoner 522 5907 96.8 1125 94.9 208 ‘ 66.8 4084 57.5 3308
a A 14.4 133.7% 2.7 153.8% 0.9 151.9% 12.3 130.6% 1.9 154.4%

Table 1: Main results. Best results are highlighted in bold, with runners-up underlined.
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Question: Find the number of triples of Intra-step Level: Time Domain Question: Find the number of integer
nonnegative integers (a,b,c) satisfying a +5b 0.55 — Failure ordered pairs (z,y) satisfying
+c¢ =300 and a% +a’c +b’a +bc +c*a +cb c oso “ — Normal 2?4+ z+y?+y=2024.
= 6,000,000. - >ﬂ ‘ Response: ...One natural way to look at it
RespenEsd .. That suggests ab = U wEno 'é“"‘.{ | ‘ ‘ “ is w(@ +1) 4y +1) =2024... but it feels
— _100c+20,000. .. for each ¢ in 0’””20:62 / —;»*"4'0 ) unclear how to... maybe looking atlrtles?dl.les
g H | MP IW LMMWMW‘»\‘M " do not seem to narrow the possibilities
<INTRAL‘:)@ 20»35 [ . L[ A ' r Maybe bounding But then the sign
[FAILURE INTRA] A key reasoning error| oo ' v I 1 4 A )
surfaced a few steps back. I should identify - = o e '4;- - il X@
the mistaken span, briefly "analyze “it,” and Tokenalnd;( ” 7 A .
correct it before continuing. R4 ' ) [{FAIL! » ER] I'm stu_ck in an inter-step
izt . ,wu((.z(i?%;;mmo) ~ ~100¢ + 20,00 _Inle:-gtap‘Level:1;1meD0maln lc'>op... Let me. summa.r:l.ze the loop, then
Z Pl | il 1 — Failure pivot to a genuinely different route.
- for each ¢’in’0,...,200. Y 7 ~—# Normal - past attempts summary: Rewrote as z(z+1)
- analysis: This snnplificat’ion silently E 0.8 ’ +yly +1) =2024 ... treated y as a quadratic
assumes ¢ —100 #0. The branch x =100 must be § ’ ﬂA cycled through mod constraints and
handled separately... ) E 06 'le ﬂw '%W CLasab G I/
/ %04 ‘m’ I ” - problem-grounded analysis: A clean
Now I'll back up and spl he branch I|| £ [ A .
Y 5 Insert [ 1 pivot is to convert the condition into a
glossed over... If ¢ =100... For c & o2 \ sum of two squares ...
#100... Thus one of a,b equals 100 and the <INTER> \
other is 200 —c (or c¢), depending on whether 0o < = e T o 10;0 . 1(21'11 switch to that square completion
¢ is above or below 100... Token Index view ... So the problem becomes...

Figure 4: Case studies of NeuReasoner.
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Figure 5: Test-time scalability under self-consistency.

with a 34.2% | cost reduction on this bench-
mark, while securing state-of-the-art results across
AIME25, MATHS500, and GPQA-Diamond.

4.3 Scalability Analysis (R Q2)

We examine scalability across two dimensions:
model scale and test-time. To evaluate test-
time scalability, we benchmark NeuReasoner
against baselines using Cons@Fk, where k €
{4,8,16, 32,64}, as illustrated in Figure 5.

Obs.® NeuReasoner demonstrates robust scal-
ability across both model scale and test-time
dimensions. Regarding model scale, Table 1 re-
veals that on DeepSeek-R1-Distill-Llama series +
AIME25, while DAST suffers a performance de-
cline, shifting from a 3.3 T gainat8Btoa 2.2 |
drop at 70B relative to the vanilla, NeuReasoner
maintains consistent gains of 7.8 1T and 4.4 1 at 8B
and 70B, respectively. Regarding test-time scalabil-
ity, Figure 5 illustrates that NeuReasoner achieves
superior Cons@k performance across nearly all
k. On DeepSeek-R1-Distill-Qwen-32B + GPQA-

Model | Method MATHS500 GPQA
Pass@11 Token | | Pass@11 Token |
= m w/o MLPy; 93.5 2469 63.9 6010
é ﬁl w/0 MLPiy, 94.5 1412 64.4 3441
— 5 | w/o MLPjy 94.7 1434 64.9 3219
z 5 w/o MLPjpg 95.8 2389 65.4 6118
a NeuReasoner 96.3 1318 66.2 3274
Zm | WoMLPy 94.2 2523 65.9 5721
é .9I w/0 MLPiy, 95.9 1293 66.8 4065
2 g w/0 MLPiper 96.3 1334 67.1 4007
A ‘5“ w/o MLPjpg 96.3 2476 67.6 5703
a) NeuReasoner 96.8 1125 67.8 3936

Table 2: Ablation study of NeuReasoner.

Diamond, NeuReasoner at k¥ = 8 matches the
performance of the vanilla at k¥ = 64. Furthermore,
at k = 64, NeuReasoner outperforms the vanilla
by 3.5% ~ 10.0%, underscoring its scalability.

4.4 Case Study (RQ3)

Obs.® NeuReasoner demonstrates explainabil-
ity and controllability. As visualized in Figure 4
for intra- and inter-step levels , NeuReasoner suc-
cessfully detects failure mode fluctuations during
inference and triggers the diagnose-then-correct be-
havior via special token insertion. Crucially, we ob-
serve corresponding shifts in MoN activation dynam-
ics post-intervention. These findings collectively
substantiate the explainability and controllability.

4.5 Framework Analysis (R Q4)

To address R Q4, we evaluate four variants by ablat-
ing specific components: (1) w/o MLPjyy, (2) w/o
MLP;yter, (3) w/o MLP;,;, and (4) w/o MLP,);. As
shown in Table 2, the removal of MLP;y,, induces
the most significant drop, corroborating the pre-
dominance of intra-step failures. While removing
MLPiper yields minor deficits, ablating MLP;pg¢
triggers a drastic surge in token consumption, vali-
dating the necessity of difficulty-aware strategies.
See Appendix F.3 for sensitivity analysis.
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5 Conclusion

In this work, we categorize failure modes across
different levels and highlight significant gaps in
current research. To address these, we conduct
a fine-grained neuronal analysis to identify MoN
and their fluctuation patterns. Based on these in-
sights, we propose NeuReasoner, an explainable,
controllable, and unified framework driven by MoN,
which demonstrates superior performance and cost-
efficiency across multiple domains. We believe it
paves the way towards human-like reasoning.

Limitations

While NeuReasoner demonstrates significant po-
tential in explainability, controllability, and uni-
fication, achieving superior performance and to-
ken efficiency across diverse tasks and backbone
models, we acknowledge certain limitations. The
integration of monitoring MLPs incurs inference
overhead. Despite implementation optimizations
achieving approximate (1) time complexity for
feature updates (» Appendix E.3), marginal la-
tency increases persist; a detailed runtime compar-
ison is provided in Appendix F.2. Furthermore,
NeuReasoner is not currently a fully automated,
end-to-end pipeline. We leave the further optimiza-
tion of this aspect as a direction for future research.
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A Notation

Table 3 summarizes the notations used throughout
this paper.

B Algorithm Workflow

The algorithm framework of NeuReasoner is pre-
sented in Algorithm 1.

C Related Work

LLM Reasoning. According to (Chen et al.,
2025a; An et al., 2025; Liu et al., 2026), LLM
reasoning can be grouped into three families: (1)
Deep Reasoning, (2) Feasible Reflection, and (3)
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Notation Description
L The total number of layers in the Large Language Model (LLM).
* The index of the target intermediate layer for analysis, set to {* = L/2.
C The set of all neurons, including both FEN neurons and attention heads, within the target layer [*.
Yt The target token generated at time step ¢.
Wy, The vector representation of the Language Model (LM) head corresponding to token ;.
h[(if C) (t,c) The decomposed hidden state associated with neuron c at time step ¢ in layer I*.
o(c,t) The attribution score quantifying the independent contribution of neuron ¢ toward the logit of ;.
T The set of time steps defining the observation window, varying by failure mode level (intra, inter, or instance).
N* The set of significant neurons identified as MoN via the intersection of top-k attribution scores.
a, The sequence of scalar activation values for a neuron n over the time window 7'.
n The mean activation value of the sequence used for zero-centering.
P(f) The power spectrum derived from the Discrete Fourier Transform (DFT) of the activation sequence.
ﬁ( f) The normalized power distribution excluding the Direct Current (DC) component.
H The normalized spectral entropy quantifying the dispersion of the power spectrum.
Fur The set of high-frequency indices, defined as the latter half of the spectrum.
THF High-frequency energy ratio, a key feature for detecting intra-step failure modes.
e Total variation energy representing the overall intensity of fluctuations.
Peéazm Dominant frequency energy ratio, indicating the strength of periodic oscillations (inter-step level).
TLF Low-frequency energy ratio used to characterize instance-level collapse patterns.
b, The concatenated input feature vector for neuron n (specific to level ¢) used for MLP training.
Draw The raw dataset used for reconstruction, consisting of input-output pairs (u, v).
D The reconstructed dataset containing injected failure modes and trigger mechanisms.
Seg(+) The segmentation operator that divides the output v into step-level subsequences 7.
L The level of failure mode, where ¢ € {intra, inter}.
Wy(+) The rewriting operation that injects a specific failure pattern into a critical step.
(ve) The special trigger token associated with failure level ¢, serving as a control signal.
By The diagnose-then-correct template containing the prompt py, diagnosis dy, and correction c,.
0 The trainable parameters of the model optimized via SFT.
Z(u,v) The set of token indices that contribute to the loss function (masking inputs and triggers).
T The current decoding prefix sequence during inference.
T The length of the current decoding prefix x.

Table 3: Comprehensive summary of notations and definitions used in this paper.

Extensive Exploration. @ Deep Reasoning em-
phasizes sustaining deep logical processing over
long reasoning traces, and is often realized by im-
proving the reasoning format (natural-language,
structured/program-like, or latent-space reasoning)
and/or by learning long reasoning behaviors from
self-generated trajectories. Representative direc-
tions include natural-language CoT-style decom-
position (e.g., CoT (Wei et al., 2022), Natural Pro-
gram (Ling et al., 2023), Codel/O (Li et al., 2025¢),
CoRT (Li et al., 2025a)), structured and sym-
bolic/programmatic reasoning (e.g., Brain (Chen
et al.,, 2024b), SIaM (Yu et al., 2024), ENVI-
SIONS (Xu et al., 2025), SKlIntern (Liao et al.,
2025), QuaSAR (Ranaldi et al., 2025), MCE (Ye
et al., 2026)), and latent reasoning mechanisms
(e.g., Coconut (Hao et al., 2024), Heima (Shen
et al., 2025a), LTM (Kong et al., 2025)), as

well as self-learning and tree-search-based train-
ing signals (e.g., STaR (Zelikman et al., 2022),
ReST (Giilgehre et al., 2023), PGTS (Li, 2025)). &
Feasible Reflection equips models with iterative
self-correction by generating feedback and then per-
forming refinement over earlier reasoning states;
typical instantiations range from prompt-based
backtracking/refinement to SFT/RL-based (Dong
et al., 2025; Lin et al., 2025; Li et al., 2025¢;
Wu et al., 2025b; Zhang et al., 2025f) reflective
learning, with representative methods such as Self-
Backtracking (Yang et al., 2025c), Refiner (Paul
et al., 2024), BackMath (Zhang and Xiong, 2025),
MCTSr (Zhang et al., 2024b), LLM2 (Yang et al.,
2025b), ReARTeR (Sun et al., 2025) and ReST-
MCTS* (Zhang et al., 2024a). ©® Extensive Ex-
ploration targets robustness under uncertainty by
branching and searching over multiple candidate
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Algorithm 1: Algorithm workflow of NeuReasoner

Input :Raw dataset D,,y, LLM parameters 6, Failure Detection MLPs M = { f;},, Time

window k
Output : Optimized LRM parameters 6*
/* Phase 1:
for failure level ¢ € {intra, inter, inst} do

AW N =

Initialize reconstructed dataset D 0;

for (u,v) € Doy do

Segment output v into steps (7, ..., 7TK>;
Identify critical steps J for perturbation;
for j € J and level ¢ do

10 Apply rewriting 7?](-@ =Vy(u,m<j,7);

-T2

L Construct feature vectors qﬁz via Fourier Transform;

Pattern Prediction & Trigger Training =*/

> Sec. 3.1

Train lightweight MLP f, to predict fluctuation patterns;

> Eq. 4

11 Insert trigger (vy) and diagnose-then-correct template ;

12 Construct v and add (u, V) to D;

13 /* Supervised Fine-Tuning (SFT) =*/

14 Update 6 by maximizing likelihood on D:
15 Lspr(0) = =K, 505 2 10g Po(y: | v, y<i);
16 /* Phase 2:

17 Given input query x, current context C' < x;
18 while generation not finished do

> Eq. 5

> Eq. 6

Inference with Online Monitoring =*/

19 Update sliding window features ¢ from recent tokens;

20 if 3¢, fo(p) detects failure pattern then

21 /* Trigger Intervention x/

2 Force next token Ypeqt < (Ug);

23 Activate learned behavior B, (Diagnose & Correct);
24 else

25 L Sample next token ypert ~ Po(- | C);

2 | Append Yneqt tO C,

27 return Final generated reasoning path

reasoning trajectories (Liu et al., 2021, 2025a,
2023; Yuan et al., 2026; Yuan and Zhang, 2025a,b),
spanning exploration scaling (sequential vs. par-
allel), internally learned exploration policies (e.g.,
STeCa (Wang et al., 2025a)), and externally scaf-
folded search/tool frameworks (e.g. ToT (Yao
et al., 2023), CodeTree (Li et al., 2025b), Forest-of-
Thought (Bi et al., 2025)). However, most existing
works suffer from a lack of explainability, control-
lability, and unification. In contrast, NeuReasoner
charts a promising course for future developments
in this field.

Interpretability for LLMs. Interpretability tech-
niques for LRMs span several fronts. @

Attribution-based methods assign credit to input
features or intermediate steps, adapting token-level
saliency to trace how each part of a prompt or chain-
of-thought contributes to the model’s answer (Fer-
rao et al., 2025; Chang et al., 2025b; Hanna et al.,
2025). ® Probing techniques analyze internal
representations by training diagnostic classifiers or
intervening on hidden states, revealing whether
models encode latent reasoning variables (Con-
neau et al., 2018; Tenney et al., 2019; Hewitt and
Manning, 2019; Zhang et al., 2025a). ® Mecha-
nistic interpretability directly examines network
weights and activations to reverse-engineer the
model’s reasoning process, identifying sub-circuits
responsible for specific reasoning skills (He et al.,
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2026; Zhong et al., 2026; Xie et al., 2025; Li et al.,
2026a; Zhou et al., 2025; Nie et al., 2026; Wang,
2026). However, there remains a lack of system-
atic and in-depth mechanistic analysis regarding
why LRMs fail during reasoning trajectories. Our
work effectively sheds light on these underlying
mechanisms.

D Dataset

MATH. MATH (Hendrycks et al., 2021) is a
competition-level mathematics benchmark contain-
ing 12,500 problems paired with step-by-step solu-
tions, designed to evaluate multi-step mathematical
reasoning beyond routine K—12 exercises. It cov-
ers seven subject areas (e.g., algebra, geometry,
number theory) and is commonly used for answer
exact-match evaluation on the final result.

MATHS500. MATHS00 (Lightman et al., 2023)
is a curated subset of 500 representative problems
drawn from the MATH benchmark and popularized
as a lightweight yet challenging test set for LLM
math reasoning. It is widely adopted for standard-
ized comparisons across models.

GSMS8K. GSMS8K (Cobbe et al., 2021) is a
dataset of 8.5K human-written grade-school arith-
metic word problems, split into 7.5K training and
1K test instances. Problems typically require a
short chain of elementary operations (multi-step
arithmetic), and performance is usually measured
by exact-match accuracy on the final answer.

AIME24. AIME24 (MAA Committees) is an
olympiad-style math benchmark constructed from
the 2024 American Invitational Mathematics Ex-
amination (AIME) I and II, totaling 30 problems.
Each question expects an integer answer in [0,999],
enabling reliable automatic evaluation via exact
match while still demanding substantial symbolic
and combinational reasoning.

AIME2S. AIME25 (MAA Committees) simi-
larly aggregates 30 problems from the 2025 AIME
I and II into an evaluation set with integer answers
in [0,999]. Owing to its “fresh” annual release and
contest difficulty, AIME2S5 is frequently used as
a stringent test of advanced mathematical reason-
ing and generalization under minimal ambiguity in
answer format.

GPQA-Diamond. GPQA (Rein et al., 2024) is
a graduate-level, “Google-proof” multiple-choice
QA benchmark authored and validated by domain

experts across biology, chemistry, and physics; the
Diamond split is a higher-quality, more challenging
subset containing 198 questions. It is commonly
used to probe scientific reasoning under expert-
level knowledge demands, with accuracy computed
over 4-option multiple-choice answers.

LiveCodeBench. LiveCodeBench (Jain et al.,
2025) is a continuously updated coding benchmark
explicitly designed to mitigate test-set contami-
nation by collecting newly released competitive-
programming problems over time. Beyond code
generation, it emphasizes holistic coding abilities
(e.g., self-repair, execution, test-output prediction)
and provides time-stamped releases (e.g., hundreds
of problems spanning May 2023 onward) for repro-
ducible evaluation.

Bespoke-Stratos-17k. Bespoke-Stratos-

17k (Labs, 2025) is a reasoning distillation dataset
(17K examples) consisting of questions paired
with reasoning traces and final answers, created
by replicating and improving the Berkeley Sky-T1
pipeline using distillation data from DeepSeek-R1.
It is used as supervised fine-tuning data to induce
long-form, explicit reasoning behaviors across
domains including math and coding.

E Technical Details

E.1 Data Preprocessing

Following LightThinker (Zhang et al., 2025c), we
utilize BS-17k (Labs, 2025) as the training dataset
for both MLPs and SFT. To prevent potential data
leakage, we explicitly exclude samples overlap-
ping with our evaluation benchmarks (MATHS500,
GSMB8K, AIME24, AIME25, GPQA-Diamond,
and LiveCodebench) via text matching.

E.2 Elaboration on MoN

As discussed in the Limitations, NeuReasoner is
not currently a fully automated, end-to-end frame-
work, primarily due to variations in layer depth
and architecture across different backbones. How-
ever, we emphasize that while the specific con-
stituent neurons of MoN vary, they adhere to univer-
sal patterns established in Section 2. Specifically:
@ intra-step and instance-level MoN are predom-
inantly located in FFNs, whereas inter-step MoN
reside in attention heads; and @ intra-step failures
exhibit significant fluctuation amplitudes, inter-step
failures display periodicity, and instance-level fail-
ures are characterized by sudden collapse. In prac-
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Algorithm 2: Approximate O(1) Update of Variable-Length Sliding-Window Fourier Features

Input :Level / € {intra, inter}; monitored channels n € {1, ..., Ny}; new time index ¢ with
activations {aﬁf 1} pop count 7 > 0; fixed probes Q = {w;}& | (K is a small constant);
e>0.

Output : Features {d)ﬁ(t)}fzvil, where @™ (t) = [rl({"g(t), H™(t), e (t)] and

pimter(t) = [l (1), HO (1))

1 /* State (persistent across decoding steps).
Maintain window left index s, length L; FIFO queue Q storing vectors y; = [y1,4, . . -

¢
Use y,; = |a£l)l| */
7yNeyi];

vectors U = Zf:s yi, V= Zfzs yi © y;; matrix A € CNOK with A, = 22:8 Vi qp.-

Maintain phases oy = q,i, Br = qj» Pk = q,f and constants g, = e

2 /* 1) Push one token (always).

e = (1—qp)~ .

—lWwp

3 Yt Uagﬁ ,...,|a§€ .|]; Enqueue y;into Q; L <« L+1;
1+ UecU+ty; VeViy oy

5 for k< 1to K do

6 L Qf < ORqQrs  Pr S PRGEs Ak < A+ Yy ogs

7 /* 2) Pop 1, oldest tokens (optional, can be multiple). =*/

s while r; > 0 do

9 Dequeue ys from Q; L« L —1;
10 U+~U-ys V&V -y, 0Oy
1 for k + 1to K do

12 L A Ak —ys B B < Braes Pk < Prdy

13 s+ s+1;

Tt<—7“t—1;

14 /* 3) Compute features (no traversal over window). =*/

15 for k + 1 to K do

16 | By Be(l— p)mis
17 for n < 1 to N, do

18 tn < Uy /L;

19 for k < 1to K do

20 L Sn,k; — An,k - ,uan; Pn,k — |Sn,k;|2;

2| Zp =S Purte POK) « P/
S PO (k) log PO (k);

2 H™(t) <——10g1K

23 if / = intra then

// B =Y"__qi

2 () & Yisiije POR): EO(t) ¢ Vi — G20 e (1) « log(E™M(t) + e);
2 GI(t) [ (1), H (1), e (1))

26 else

27 Tézl)m(t) — Max|<kp<K ]5(”)(/%);

w || el [ (0, HOU()];

2 return {¢’ (1)}

n=1

tice, this necessitates independent MoN extraction
and MLP training for each backbone. Fortunately,
these processes remain lightweight. For instance,
training the MLPs requires labeling only ~ 20
reasoning trajectories, which yields approximately

~ 5,000 token-level training samples. Extending
this framework to achieve cross-backbone align-
ment represents a pivotal direction for our future
work. And we also plan to explore the application
of our method to multimodal reasoning (Jiang et al.,
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Failure Mode Accuracy Recall
MLP;ptra 0.871 £0.010 0.848 +£0.012
MLP;ter 0.862 £0.011 0.936 £ 0.008
MLP;pst 0.944 £0.006 0.951 £ 0.007

Table 4: Experimental results across different MLPs.

2026, 2024; Xiao et al., 2025, 2026a,b; Li et al.,
2026b,c; Chen et al., 2025b, 2026; Liu et al., 2024,
2025b; Li et al., 2025d; Zhao et al., 2026).

E.3 MLPs Training

Datasets. We utilize the BS-17k dataset for MLP
training, randomly partitioned into training and
test sets at an 8 : 2 ratio. To maximize the diver-
sity of erroneous reasoning paths, we perform re-
peated sampling using DeepSeek-R1-Distill-Qwen-
7B and DeepSeek-R1-Distill-Llama-8B to collect
reasoning trajectories with associated neuron ac-
tivations. We then filter for failure instances and
employ an LLM-as-a-Judge approach to annotate
the specific token segments corresponding to these
failures.

Training Details. We adopt a unified architecture
for MLPs across all levels: a simple three-layer
fully connected network, with input dimensions de-
termined by the respective input features. Training
employs the GELU activation function, Dropout
regularization, binary cross-entropy loss, and the
AdamW optimizer.

Results. Table 4 presents the experimental results
on the test set, reporting accuracy and recall. The
results demonstrate the excellent performance of
our trained MLPs.

Feature Update. Algorithm 2 presents our op-
timized sliding-window feature update procedure,
achieving O(1) time complexity.

E.4 Fine-tuning

We employ full-parameter fine-tuning for 1 epoch,
utilizing a cosine warmup schedule with a ratio of
0.05. The learning rate is set to 1e-5, and the batch
size is 64 (Chang et al., 2024, 2026, 2025a).

E.5 Baseline Settings

For all baselines, we strictly adhere to the settings
detailed in their respective original papers. To en-
sure fair comparison, we standardize generation
hyperparameters across all methods: temperature
is set to 0.6, top-p to 0.95, and the maximum token
limit to 16,000. We report the average Pass@1

accuracy over five independent runs. Additionally,
for RL-based baselines, experiments are conducted
on A100 GPUs utilizing bf16 mixed precision and
DeepSpeed ZeRO-3.

F Additional Results
F.1 AIME24 Results

Table 5 presents additional experimental results on
the AIME24 dataset.

F.2 Runtime Comparison

Table 6 presents the inference runtime compari-
son between NeuReasoner and the Vanilla model,
measured on A100 GPU. It is evident that while
NeuReasoner introduces marginal overhead, it re-
mains within an acceptable range.

F.3 Hyperparameter Sensitivity

We present the results of the hyperparameter sensi-
tivity experiments in Table 7.

G Prompt & Example Data

We provide all prompts utilized in this paper, in-
cluding those for dataset reconstruction and fail-
ure mode detection, alongside examples of recon-
structed data.

INTRA-STEP LEVEL RECONSTRUCTION

### SYSTEM

You are a data-construction
assistant for SFT. Your task is
to generate reasoning
trajectories containing a
specific "Intra-step Level"
failure and diagnose-then-
correct pattern.

### INPUT FORMAT

1. <PROBLEM> ... </PROBLEM>

2. <REFERENCE_REASONING> ... </
REFERENCE_REASONING>

3. <CONTROL>
error_length:
long}
error_type: {dropped_case|
invalid_division|sign_error|
algebra_simplification_error|
mistaken_assumption|
domain_violation}
style: LRM_natural_first_person
</CONTROL>

{short |medium|

### INSTRUCTIONS
Produce a single reasoning trace
following these steps strictly:
1. xxContext:xx Copy the first 2-4
steps of the <
REFERENCE_REASONING> verbatim.
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Method R1-Qwen-7B R1-Qwen-32B | Qwen3-8B-thinking | Qwen3-32B-thinking | R1-Llama-8B R1-Llama-70B
Pass@1 Token Pass@l Token |Pass@l Token |Pass@1 Token Pass@1 Token |Pass@1 Token
Vanilla 54.4 10438 ‘ 70.0 7873 70.0 11125 77.8 10677 45.6 107989 | 68.9 7766
DAST 55.6 7258 70.0 5802 67.8 5964 71.8 5981 45.6 8246 67.8 5115
Think or Not 522 4341 ‘ 67.8 3993 68.9 5387 76.7 6173 444 6761 71.1 4005
AlphaOne 55.6 8224 72.2 8210 73.3 8343 78.9 3007 47.8 8339 72.2 7873
RL +LP 52.2 5693 ‘ 71.1 5492 71.1 6986 76.7 6238 45.6 5333 66.7 5304
GRPO 56.7 11673 73.3 8389 72.2 10931 78.9 11934 444 11312 72.2 8109
S-GRPO 544 5094 ‘ 70.0 4906 73.3 6771 71.8 6040 45.6 4809 70.0 5002
DAPO 57.8 11908 73.3 8817 71.1 11781 78.9 12038 46.7 12079 73.3 8589
NeuReasoner | 57.8 4997 ‘ 74.4 4456 74.4 6609 78.9 6029 50.0 5116 74.4 5237
A t+34 |521% 1+44 |43.4% | t+44 | 40.6% t+1.1 143.5% t+4.4 | 52.6% | t+5.5 132.6%

Table 5: Additional results on the AIME24 dataset. Best results are bold, runners-up underlined.

Model Method AIME24 AIME25 MATH500 GSM8K GPQA-Diamond LiveCodeBench
Vanillz 02:13 02:12 04:11 02:26 04:52 24:20
DeepSeek-R1-Qwen-7B anta
NeuReasoner 02:24 02:23 04:29 02:38 05:13 25:51
Vanill 04:00 04:10 07:06 01:45 07:29 36:36
DeepSeek-R1-Qwen-32B |
NeuReasoner 04:17 04:28 07:35 01:54 07:59 38:51
Vanill 02:26 02:28 06:24 05:47 04:12 24:56
Qwen3-8B-thinking anta
NeuReasoner 02:38 02:40 06:50 06:11 04:30 26:29
Vanill 04:25 04:34 10:04 08:09 06:21 44:15
Qwen3-32B-thinking anttia
NeuReasoner 04:44 04:53 10:43 08:41 06:47 46:57
Vanill 2:1 2: 4:4/ 2: 4: 25:21
DeepSeek-R1-Llama-8B anilla 02:10 02:06 04:49 02:38 04:59 5
NeuReasoner 02:21 02:17 05:09 02:50 05:20 26:55
Vanilla 06:41 06:37 10:47 03:42 10:25 57:56
DeepSeek-R1-Llama-70B
NeuReasoner 07:08 07:04 11:29 03:58 11:06 61:28
Table 6: Inference efficiency comparison (Time in MM:SS).
Hyper | Value | Pass@1 Token
2 96.0 1360 continuing.
Kintra 4 96.3 1318 — *xerror spanxx: "<quote the
8 96.2 1335 wrong text span>"
2 96.1 1345 — xxanalysisxx: <1-3 sentences
Einter 4 96.3 1318 explaining why it is wrong>
8 96.4 1328 4. xxCorrect & Continue:xx After
5 95.9 1180 the block, "back up" logically,
K 4 96.3 1318 apply the correction, and
st 3 96.5 1575 continue reasoning to the
- correct final answer.

Table 7: Hyperparameter sensitivity on MATHS500 with
DeepSeek-R1-Distill-Qwen-32B.

2. xxError Injection:x* Identify
the next critical step and
rewrite it to be plausibly =*
wrongx based on the ‘error_type
‘. Do not introduce multiple
errors.

3. xxTrigger Insertion:xx
Immediately after the wrong
step, insert this exact block:
<INTRA>
[FAILURE_INTRA] A key reasoning

error surfaced a few steps
back. I should identify the
mistaken span, briefly analyze
it, and correct it before

5. xxFormat:** Use natural first-
person reasoning. Return ONLY
the reconstructed reasoning
trace (no meta commentary, no
JSON, no extra headers).

\ J

INTER-STEP LEVEL RECONSTRUCTION

### SYSTEM

You are a data-construction
assistant for SFT. Your task is
to generate reasoning
trajectories containing an "

Inter-step Level" stagnation-
and-repair pattern.

### INPUT FORMAT

1. <PROBLEM> </PROBLEM>

2. <REFERENCE_REASONING> ... </
REFERENCE_REASONING>
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3. <CONTROL>
loop_length_paragraphs: {3]4]|5}
loop_theme: {mod_checks|bounds |
symmetry_observations|
equivalent_reformulations}
style: LRM_natural_first_person
</CONTROL>

### INSTRUCTIONS

Produce a single reasoning trace
following these steps strictly:

1. xxContext:** Copy the first 2-4

steps of the <

REFERENCE_REASONING> verbatim.

2. xxLoop Generation:x* Create a
realistic stagnation loop of °
loop_length_paragraphs’ .

— The model must oscillate
between strategies related to
loop_theme" .

- It should sound logical but
fail to make decisive progress
(spinning wheels) .

— Do not generate nonsense;
simulate a model trying but
failing to break through.

3. x*xTrigger Insertion:xx
Immediately after the loop,
insert this exact block:
<INTER>
[FAILURE_INTER] I'm stuck in an

inter-step loop: I keep
revisiting the same near
equivalent checks and switching
between them whenever one
stalls, without any progress.

Let me summarize the loop, then
pivot to a genuinely different
route.

— x*past attempts summary:*x*
<2-4 bullet-worthy clauses
summarizing the repeated
approaches>

— xxproblem—-grounded analysis
:xx <1-3 sentences explaining
why those moves aren't breaking
the core constraint>

4. xxPivot & Finish:%x Define a
pivot plan (1-2 sentences
naming a different framework
and the next concrete step).
Insert this plan into the block

above, then immediately
execute it and continue
reasoning to the correct final
answer.

5. xxFormat:*x Use natural first-
person reasoning. Return ONLY
the reconstructed reasoning
trace (no meta commentary, no
JSON, no extra headers).

N

INTRA-STEP LEVEL FAILURE DETECTION

### SYSTEM
You are an expert Logic Verifier.
Your goal is to strictly
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evaluate a reasoning trace for
**xLocal Validityx*x.

You will be given a <PROBLEM> and
a <REASONING_TRACE>. You must
verify the trace step-by-step.

### DETECTION CRITERIA

Flag a step as an [ERROR] if it
contains any of the following "
Intra-step" failures:

1. »+Calculation/Algebra*x: Sign
errors, invalid simplification,

arithmetic mistakes (e.g.,
2+2=5) .

2. *xxDomain Violation**: Dividing
by zero, taking the log of a
negative, applying a theorem
outside its valid conditions.

3. *xLogic Non-sequiturxx: The
conclusion of step N does not
logically follow from step N-1.

4. xxHallucination*x: Inventing
constraints or values not
present in the problem context.

5. xxDropped Casexx: Arbitrarily
narrowing the scope (e.g.,
assuming x is positive without
proof) .

**CRITICAL NOTE*x*:

— Ignore "inefficient" steps or "
circular" reasoning (that is a
separate check) .

— Focus ONLY on whether the
specific statement is «x
factually* or xmathematicallyx
false.

### OUTPUT FORMAT
Return valid JSON only.

{

"has_error": boolean,

"first_error_step": string |
null, // Quote the specific
sentence/equation

"error_type": "calculation" | "
logic_non_sequitur" | "
domain_violation" | "

hallucination" | "dropped_case"
| "none",
"explanation": "Brief analysis

of why this step is invalid
given the prior context."

}

### INPUT
<PROBLEM>
{ {PROBLEM_TEXT} }
</PROBLEM>

<REASONING_TRACE>
{ {MODEL_OUTPUT} }
</REASONING_TRACE>




INTER-STEP LEVEL FAILURE DETECTION

##4# SYSTEM

You are an expert Metacognitive
Strategy Evaluator. Your goal
is to analyze the *xGlobal
Information Flowx* of a
reasoning trace to detect
Stagnation or Loops. You will
be given a <PROBLEM> and a <
REASONING_TRACE>. Do not check
for minor calculation errors.
Instead, check if the reasoning

is "spinning its wheels."

### DETECTION CRITERIA
Flag the trace as [STAGNANT] if it
exhibits these "Inter-step"
patterns for 3+ consecutive
paragraphs/steps:

1. xxEquivalent Reformulationsxx:
Rewriting the same equation in
different forms without
isolating new variables (e.g.,
x=5-y —> y=5-x —> x+y=5).

2. xxStrategy Oscillationxx:
Switching back and forth
between two approaches (e.g.,

Modular Arithmetic -> Bounds ->
Modular Arithmetic) without
ruling anything out.

3. xxEmpty Verbosificationxx: Long

explanations that restate the
goal or definitions without
deriving new data.

4. xxRepetitive Checksxx: Testing
values or cases that were
already implicitly or
explicitly handled.

**CRITICAL NOTE=*x*:

- A long derivation is NOT a loop
if it is making progress
towards a solution.

- A "stagnation" means the x
Information Entropy* is not
decreasing (the search space
isn't shrinking) .

### OUTPUT FORMAT
Return valid JSON only.

{
boolean,
"Approximate

(e.g., '

"is_stagnant":
"loop_detected_at":
start of the loop
Paragraph 4')",
"loop_theme": "modular_checks" |
"bounds_restatement" | "

equation_shuffling" | "none",

"severity": "low" | "medium" | "
high" | "none",

"explanation": "Brief analysis
of the repetitive pattern
observed."

}
### INPUT
<PROBLEM>

.

{{PROBLEM_TEXT}}
</PROBLEM>

<REASONING_TRACE>
{ {MODEL_OUTPUT} }
</REASONING_TRACE>

J
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[Question]:

How many positive integers n
satisfy that n”2 + 2n + 2017 is
a perfect square-?

[Response] :
Let n*2 + 2n + 2017
integer m.

= m"2 for some

Complete the square on n: n”2 + 2n

+ 2017 = (n+l)"2 4+ 2016, so we
need

m*2 = (n+l)”"2 + 2016.

Rearrange as a difference of
squares:

m*2 - (n+l)”"2 = 2016

(m— (n+1)) (m+(n+l)) = 2016.

Let u = m—(n+l) and v = m+(n+1).

Then u and v are positive
integers with uv = 2016 and v >
u, and we can recover

n+l = (v-u)/2.

At first glance it seems each
factor pair (u,v) with uv=2016
and u<v gives a valid n, so the

number of solutions should
just be the number of positive

factor pairs of 2016, which is
d(2016)/2 = 36/2 = 18.
<INTRA>

[FAILURE_INTRA] A key reasoning
error occurred in the counting
step; I need to pinpoint it and

fix it before continuing.

— x*xerror spanx*x: "each factor

pair (u,v) with uv=2016 and u<v
gives a valid n so ... d
(2016)/2 = 18."

The recovery
formula n+l = (v-u)/2 requires
(v-u) to be even, i.e., u and v
must have the same parity.
This was not checked. Since uv
=2016 is even, u and v cannot
both be odd; the only way to
have the same parity is that
both are even. Counting all
factor pairs overcounts pairs
with opposite parity, which do
not yield an integer n.

— **xanalysisx*x:

Back up and apply the parity
constraint properly. Because n
+1 = (v-u)/2 must be an integer

EXAMPLE OF INTRA-STEP LEVEL DATA




G

, U and v must have the same
parity. With uv=2016 even, "
same parity" forces u and v to
both be even.

So write u = 2u' and v = 2v'. Then
uv = 2016 becomes 4u'v' =
2016, hence

u'v' = 504,

and still v>u corresponds to v' >
u'.

Now each factor pair (u',v') with
u'v'=504 and u'<v' gives

n+tl = (v-u)/2 = (2v' - 2u')/2 = v'

— U.',

son= (v' —-u') - 1.

We need n > 0, i.e. v' — u' > 1.
The excluded case v' - u' =1

would require u' (u'+1l)=504, but
504 is not a product of
consecutive integers (the
discriminant 1+4%x504=2017 is
not a perfect square), so every
valid factor pair with u'<v'

gives n>0.

Therefore the number of valid n
equals the number of factor
pairs u'<v' of 504.

Factor 504 = 273 % 372 x 7,
number of divisors is

(3+1) (2+1) (1+1) = 4x3%2 = 24.

Since 504 is not a perfect square,
the number of unordered factor
pairs is 24/2 = 12, and that

equals the number of pairs with
u'<v'.

so the

Hence there are 12 positive
integers n satisfying the
condition.

Final Answer: 12.

J

EXAMPLE OF INTER-STEP LEVEL DATA

[Question]:
How many ordered pairs of integers
(x, y) satisfy x"2 + xy + y"2
= 917

[Response] :

This is a positive definite
quadratic form, so there will
only be finitely many integer
solutions. I'll start by
bounding the size.

Since x"2 + xy + y*2 >= (1/2) (x"2 +
y*2) (because the smallest
eigenvalue of the symmetric
form is 1/2), we get
(1/2) (x"2 + y"2) <= 91
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so x"2 + y*2 <= 182, hence

<= 13.

[x|, 1yl

A direct search in that box is
feasible in principle, but I'd
like a cleaner counting method.

Treat the equation as a quadratic
in x:

X"2 + yx + (y*2 - 91) = 0.

For x to be an integer, the
discriminant must be a perfect

square:

Delta = y"2 - 4(y"2 - 91) = 364 -
3y"2.

So I need 364 - 3y"2 to be a
nonnegative square. That
already bounds y:

3y*2 <= 364 => |y| <= 11.

At this point I could try listing
y = -11,...,11 and checking
which values make Delta a
square, but I'm also tempted to

see if modular arithmetic can
prune first.

Modulo 3, x"2 + xy + y"2 == 91 ==
1 (mod 3). The expression can
be 0 or 1 mod 3 depending on (x
,vV), so that's not restrictive.
Mod 4 doesn't help much either
since squares are 0 or 1 and
xy mixes parities.

Maybe I should exploit the

discriminant form: Delta = 364
- 3y"2. If I set Delta = k"2,
then 3y”2 + k”2 = 364. That
resembles a sum of squares
condition, but I'm not sure how

to count it cleanly without
still enumerating vy.

I can also swap roles: solving for
y gives the same discriminant
condition, so it doesn't change
the nature of the search.

Let me try more modular filtering:
since Delta is a square, Delta
0 or 1 (mod 4). But 364 - 3
y*2 == 0 - 3y*2 (mod 4) -3y
~2 (mod 4). If y is even, y"2
== 0 so Delta (ok). If vy
is odd, y*2 == 1 so Delta ==
(ok). So parity doesn't

=3

prune.

Trying mod 8: if y is odd, 3y*2 ==

3 (mod 8), so Delta 364 - 3
(mod 8), which is a
square residue. If y even,
Delta (mod 8), also a
square residue. So again
permissive.




I'm going in circles: each "check"
restates the same discriminant
condition or gives permissive

residue constraints. The
cleanest might just be to
enumerate y and count x from
the quadratic formula, but I'd
like a method that feels more
structural.

<INTER>

[FAILURE_INTER] I'm stuck in an
inter-step loop: I keep
revisiting the same near
equivalent checks and switching

between them whenever one
stalls, without any progress.
Let me summarize the loop, then
pivot to a genuinely different
route.

— x*xpast attempts summary:*x I
bounded |[x|, |yl and rewrote as
a quadratic in x with
discriminant Delta=364-3y"2;
then I repeatedly tried modular

residue checks (mod 3/4/8) and
symmetry swaps, but each move
either restated the same
discriminant constraint or
stayed too permissive to reduce
the search.

- **problem-grounded analysis:*x*
The form x"2+xy+y”"2 has a
standard linear change of
variables that diagonalizes it:

4 (x"2+xy+y"2) = (2x+y) "2 + 3y
~2. Converting the problem to u
~"2 + 3v*2 = 364 (with a simple
parity condition) turns it into

a clean "square checking"
enumeration over a much smaller

set with no looping.

I'll take that diagonalization

route and keep it consistent.
Start from x"2 + xy + y”*2 = 91 and
multiply by 4:

4x"2 + 4xy + 4y~2 = 364.

Notice (2x+y)"2 = 4x"2 + 4xy + y*2,
S0

4x"2 + 4xy + 4y"2 = (2x+y) "2 + 3y
2.

Let u = 2x + y and v = y. Then the
equation becomes

u”2 + 3v"2 = 364.

Also, since x = (u - v)/2, we need
u - v to be even (equivalently
u == v mod 2) so that x is an
integer.

Now bound wv:

3vh2 <= 364 => |v| <= 11.

I can now check v = -11,...,11 and

see when 364 - 3v"*2 is a
perfect square u”2, while also
ensuring u == v (mod 2).

Compute:

- v = +/-11: 364 - 3%121 = 364 -
363 = => u = +/-1 (odd;
matches v odd).

- v = +/-10: 364 - 3%x100 = 64 => u

= +/-8 (even; matches v even).

- v =+/-9: 364 - 3x81 = 121 =>
u = +/-11 (odd; matches v odd).

- v =+/-6: 364 - 3x36 = 256 =>
u = +/-16 (even; matches v even
) o

- v =+/-5: 364 - 3%x25 = 289 =>
u = +/-17 (odd; matches v odd).

- v =+/-1: 364 - 3x1 = 361 =>
u = +4+/-19 (odd; matches v odd).

All other v in -11...11 give non-
squares, and in every listed
case the parity condition u ==
v (mod 2) is satisfied
automatically.

For each absolute value |v]| 1in
{1,5,6,9,10,11}, there are:

- 2 choices for sign of v,

— 2 choices for sign of u,
giving 4 solutions (u,v).

That's 6 * 4 = 24 solutions (u,v),
and each corresponds to a

unique integer pair (x,y) via
y =v, x = (u-v)/2.
Therefore, the number of ordered

integer pairs (x,y) is 24.

Final Answer: 24
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