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Abstract

Reinforcement Learning with Verifiable Re-
wards (RLVR) is a key paradigm for improv-
ing large-scale reasoning models. Unlike su-
pervised fine-tuning (SFT), RLVR exhibits
distinct optimization dynamics and is sensi-
tive to the preservation of pre-trained geomet-
ric structures. However, existing parameter-
efficient methods face key limitations in this
regime. Low-rank adaptation methods, such
as PiSSA, are primarily designed for Super-
vised Fine-Tuning (SFT) and do not account
for the distinct optimization dynamics and ge-
ometric structures of RLVR. Conversely, di-
rectly fine-tuning the unstructured sparse pa-
rameter subspace favored by RLVR encounters
efficiency bottlenecks on modern hardware. To
address these challenges, we propose GeoRA
(Geometry-Aware Low-Rank Adaptation), a
low-rank adaptation method tailored for RLVR.
Specifically, GeoRA exploits the anisotropic
and compressible structure of RL update sub-
space, and extracts its principal directions via
Singular Value Decomposition (SVD) to ini-
tialize low-rank adapters, while freezing resid-
ual components as a structural anchor during
training. This design preserves the pre-trained
structure and enables efficient dense computa-
tion. Experiments on Qwen and Llama mod-
els from 1.5B to 32B parameters show that
GeoRA consistently outperforms strong low-
rank baselines across RLVR settings in mathe-
matics, medicine, and coding, while showing
stronger generalization and less forgetting on
out-of-domain tasks.

1 Introduction

Large reasoning models, represented by OpenAl-
ol (OpenAl et al, 2024) and DeepSeek-
R1 (DeepSeek-Al et al., 2025), have established
Reinforcement Learning with Verifiable Rewards
¥ Work done during internship at Meituan.
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(RLVR) as a pivotal paradigm for unlocking com-
plex reasoning capabilities. Unlike supervised fine-
tuning (SFT), RLVR is better characterized as a
constrained optimization process (Wu et al., 2025)
that amplifies latent reasoning behaviors through
reward-induced sampling bias (Yue et al., 2025;
Zhao et al., 2025). As a result, RLVR is particu-
larly sensitive to update stability and its alignment
with pre-trained representation geometry: overly
aggressive updates can collapse behavior or de-
grade general capabilities. Empirically, substantial
gains can emerge from modifying only a small
fraction of parameters (Mukherjee et al., 2025),
and recent mechanistic studies further suggest that
effective RLVR updates are geometrically biased
toward preserving pre-trained structure (Zhu et al.,
2025; Cai et al., 2025).

However, existing PEFT methods face key limi-
tations in this regime. First, SFT-oriented low-rank
adaptation methods suffer from a geometric mis-
match with RLVR (Yin et al., 2025). PiSSA (Meng
et al., 2025), for example, forces updates onto prin-
cipal components, conflicting with RLVR’s pre-
ferred subspace while protecting core features. Sec-
ond, some sparse fine-tuning methods (Mukher-
jee et al., 2025; Zhu et al., 2025), although more
consistent with RLVR update patterns, struggle
to achieve practical efficiency. Because modern
hardware provides limited support for unstructured
sparsity, these methods often fail to translate theo-
retical sparsity into real-world speedups, and may
even introduce additional overhead.

To address these challenges, we introduce
GeoRA (Geometry-Aware Low-Rank Adaptation),
a low-rank adaptation framework tailored to RLVR.
Our analysis shows that the effective RLVR update
subspace is anisotropic and compressible rather
than isotropic, exhibiting a structured low-rank
form. Based on this observation, GeoRA extracts
dominant trainable directions from a geometry-
constrained subspace for initialization, while keep-
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ing residual components frozen as a structural an-
chor. In this way, GeoRA simultaneously aligns
adaptation with RLVR-specific optimization ge-
ometry and preserves dense matrix computation,
achieving both stable optimization and hardware-
efficient training. To the best of our knowledge,
GeoRA is the first geometry-aware low-rank adap-
tation framework explicitly designed for RLVR.
Our contributions are summarized as follows:

* We propose GeoRA, a geometry-aware,
low-rank, and parameter-efficient adaptation
framework tailored to RLVR. By aligning low-
rank adaptation with RLVR-specific optimiza-
tion geometry while preserving dense compu-
tation, GeoRA overcomes the geometric mis-
match of SFT-oriented low-rank methods and
the efficiency bottleneck of sparse methods.

* We show that the effective RL update sub-
space is directional and admits a compressible
low-rank structure. GeoRA extracts dominant
trainable directions via SVD within this sub-
space to initialize low-rank adapters, while a
frozen residual component acts as a structural
anchor to preserve pre-trained structure.

* Experiments on Qwen and Llama models
from 1.5B to 32B parameters demonstrate that
GeoRA improves training stability and consis-
tently outperforms strong low-rank baselines
across diverse RLVR settings, while showing
stronger generalization and less forgetting on
out-of-domain tasks.

2 Related Work
2.1 RLVR and Optimization Geometry

RLVR replaces traditional reward models with
deterministic verifiers (e.g., in math or cod-
ing) (Zhang et al., 2025; Lambert et al., 2025; Yuan
et al., 2025). Through outcome-based feedback,
it incentivizes emergent reasoning behaviors like
Chain-of-Thought (CoT), establishing itself as a
core paradigm for enhancing LLM reasoning (Hu
et al., 2025; Liu et al., 2025b).

Recent mechanistic analyses have delineated a
sharp dichotomy between supervised fine-tuning
(SFT) and reinforcement learning with verifiable
rewards (RLVR). While SFT primarily injects
knowledge by modifying principal weight direc-
tions (Chu et al., 2025; Jin et al., 2025b), RLVR is
better characterized as a constrained optimization

process (Wu et al., 2025) that amplifies latent rea-
soning behaviors via reward-induced sampling bias
rather than introducing new capabilities (Yue et al.,
2025; Zhao et al., 2025; Alam and Rastogi, 2025).
Theoretically, these updates manifest “off the prin-
cipals,” favoring low-magnitude directions orthog-
onal to pre-trained features (Zhu et al., 2025), con-
sistent with the rank-1 dominance observed in early
training (Cai et al., 2025). However, this regime
faces stability trade-offs. KL-regularization (“RL’s
Razor”) attempts to limit forgetting (Shenfeld et al.,
2025) but can precipitate the “Reasoning Bound-
ary Paradox,” where aggressive reward maximiza-
tion collapses exploration diversity (Nguyen et al.,
2025). Although capability degradation may be
partially reversed via singular vector rotation (Jin
et al., 2025a,b), adaptation remains fundamentally
constrained by the “Invisible Leash,” which en-
forces proximity to the pre-training manifold (Wu
et al., 2025). Empirically, strong gains can emerge
from updating only a small fraction of parameters,
suggesting that RL fine-tuning often concentrates
on small subnetworks (Mukherjee et al., 2025).

2.2 PEFT and Spectral Priors

To alleviate the computational demands of scaling
LLMs, PEFT (Xu et al., 2023; Han et al., 2024) has
emerged as a key paradigm, minimizing memory
overhead by updating only a fraction of parame-
ters while matching full fine-tuning performance.
Prevailing strategies include partial fine-tuning (Za-
ken et al., 2022; Lawton et al., 2023), soft prompt
tuning (Hambardzumyan et al., 2021), non-linear
adapters (Lin et al., 2020), low-rank adaptation (Li
et al., 2018), and importance-aware methods like
LIFT (Liu et al., 2025¢). As a practical paradigm,
PEFT has also been effectively adapted to contin-
ual learning (Liang et al., 2023) and multi-task
learning (Liu et al., 2023) scenarios.

Among these, LoORA (Hu et al., 2021) and its
variants are the de facto standard, yet their initial-
ization strategies often diverge based on spectral
priors. For instance, PiSSA (Meng et al., 2025)
allocates trainable parameters to principal singu-
lar components, imposing a strong inductive bias
validated primarily in SFT. However, such SFT-
oriented spectral priors can create a fundamental
geometric mismatch in RLVR, whose optimiza-
tion dynamics and effective update patterns differ
markedly from SFT (Yin et al., 2025; Zhu et al.,
2025; Mukherjee et al., 2025). MiLoRA (Wang
et al., 2025) instead targets minor components,

24208



(1) Initialization (2) Finetuning
W e Rm™*n W e rmxn Waeo € Rm*0 h
A A/\u
, I I I . @ Geo
i Singular Value Decomposition | Residual Matrix ,
W= 2BgeA
1/ 1/2 - 1/2 T /' — —BGeoAGeo Beeo
0 Z[:{W]V[:_V:T] B Vii—r] ZGeofiryir] VGeol: 1] ! Geo
r r r r AGeo
— — —r — B \ d /
2 1/2 1/2 Geo /—*ﬁ
N (07 o ) U[T]Z[{ﬂ U[:':_r]z[:f'v‘:f"] UGC‘)[5=57']Eé/ei[:r,:r] x
LoRA PiSSA MiLoRA GeoRA

Figure 1: Comparison of adapter initialization and forward architectures. LoRA applies low-rank adaptation on
the original weight matrix W with standard initialization, while PiSSA initializes adapters from the principal
components of W. In contrast, GeoRA initializes from a geometry-constrained matrix Wge, (a different adaptation
target than W). Its forward pass incorporates a frozen Residual Matrix in parallel with the trainable adapter to act as
a stability anchor for principal components.
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Figure 2: Geometric Prior Construction via Masking. The process of generating Mge, by combining Spectral Priors
(low-curvature regions) and Euclidean Priors (high-plasticity near-zero weights). The resulting Wge, isolates the
most stable parameters for RL-native adaptation.

but does not explicitly account for RLVR-specific ~ then describe a lightweight masking instantiation

geometry and dynamics. Other variants like that constructs the geometry-constrained matrix

DoRA (Liu et al., 2024), AdaLoRA (Zhang et al.,  used for initialization (Figure 2).

2023), and VeRA (Kopiczko et al., 2024) focus on

weight decomposition or budget allocation without ~ 3.1 Geometry-Aware Low-Rank Structure

integrating these RLVR-native geometric consid- [ ¢ Wiaeo denote a geometry-constrained view of

erations. Building on these observations, GeoRA  the pre-trained weight matrix W. Unlike standard

translates RLVR-specific mechanistic insights into [ yRA which initializes adapters randomly (or with

an actionable PEFT paradigm. zero), GeoRA leverages the compressible structure

3 Methodology within Weo to derive.: a structured initializatic.)r%.
We first perform Singular Value Decomposition

We introduce GeoRA (Geometry-Aware Low- (SVD) on the geometry-constrained matrix:

Rank Adaptation), a low-rank adaptation frame-

work tailored for RLVR. GeoRA emphasizes an Wgeo = UGeOEGGOVGTeO (1)
RL-native, structured low-rank parameterization
together with an explicit residual leash for stabil- We extract the top-r singular components that

ity. Comparing with classical PEFT baselines like  capture the principal geometric information. The
LoRA and PiSSA, we first present the low-rank for-  low-rank adapters Age, and Bge, are then initial-
ward architecture and initialization (Figure 1), and  ized to approximate this geometry-aware subspace:
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AGCO = Eé}{j)[:n:r] VG—L;O[Z#T} (2)
Bgeo = UGeo[:,:r]Eé/ei[;r,;r] €)

By this design, the initial product BgeoAGeo cON-
structs the rank-r approximation of Wge,.

Crucially, to ensure the model’s output remains
unchanged at initialization and to preserve core
capabilities during training, we follow the standard
LoRA scaling and compute a Residual Matrix Wi
by subtracting the scaled initialized adapters from
the original weights:

«
I/Vres =W - ;BGeoAGeo (4)

During the forward pass, Wi is kept frozen. The
hidden state h is computed as:

@
h = Wies & + — Bgeo AGeo T )
~—~ r
Frozen
Trainable
This construction  keeps the model
function-preserving at initialization (since

Wies® + 2 BGeo AGeor = W) and enforces a hard
structural constraint: the optimizer can only update
the geometry-aligned manifold parameterized
by AgGeo and Bgeo, While Wi acts as a stability
anchor preventing the erosion of pre-trained
representations.

3.2 Geometric Prior Construction

To instantiate a geometry-aware update region, we
construct a geometry-constrained matrix Wgeo us-
ing a masking strategy. This masking is consistent
with prior observations on spectral and magnitude
structure and stability in fine-tuning (Liu et al.,
2025¢; Zhu et al., 2025).

The Spectral Prior (Mspec) promotes geometric
stability by selecting the bottom p-fraction of en-
tries from the rank-r approximation W,.. The mask
is defined as:

(MSPeC)i,j =1 (|(Wr)m| < TSpeC(P)) (6)

where Tspec(p) is the p-th quantile of the absolute
values in W,. Intuitively, this mask suppresses
high-magnitude (and typically high-curvature)
components and constrains updates to a more sta-
ble, low-magnitude region, improving spectral sta-
bility under RLVR. Similarly, the Euclidean Prior
(Mgy) selects low-magnitude weights to capture

parameter plasticity, using the same sparsity ratio
p:

(Meuc)ij = I (Wil < 7Ruc(p)) (7
Here, Teyc(p) represents the p-th quantile of |[W].
The final geometry-constrained matrix Wgeo 1S
formed by the union of these two stable subspaces:

WGeo =Wo (MSpec U MEuc) (8)

This union ensures that the optimized weights re-
tain the flexibility of small parameters while re-
specting the spectral constraints of the pre-trained
model.

4 Experiments

4.1 Experimental Setup

We compare GeoRA against MiLoRA (Wang et al.,
2025), PiSSA (Meng et al., 2025), LoRA (Hu
et al., 2021), Sparse Fine-Tuning (SparseFT) (Zhu
et al., 2025), and Full Fine-Tuning (FullFT). Our
main experiments are conducted on mathematical
RLVR, where we fine-tune Qwen3-8B-Base (Yang
et al., 2025) and Llama-3.1-8B-Instruct (Grattafiori
et al., 2024) on the DeepMath-103K dataset (He
et al., 2025) using the GRPO algorithm (Shao
et al., 2024), with a fixed rank » = 16 and spar-
sity ratio p = 0.2. We include both base and
instruction-tuned backbones to evaluate robustness
across model variants. In addition, we further vali-
date our method on mathematical RLVR tasks with
the 4B and 1.5B models on the GSM8K (Cobbe
et al., 2021) dataset; details are provided in the
Appendix C.

For in-distribution (ID) evaluation, we as-
sess mathematical reasoning performance on
AIME24, AIME2S5 (Patel et al., 2024), MATH-
500 (Hendrycks et al.,, 2021b), and Olym-
MATH (Sun et al., 2025). For out-of-distribution
(OOD) evaluation, we consider HumanEval
(Coding) (Chen et al., 2021), GPQA (Sci-
ence) (Rein et al., 2023), MMLU (General Knowl-
edge) (Hendrycks et al., 2021a), IFEval (Instruction
Following) (Zhou et al., 2023), and Truthful QA
(Truthfulness) (Lin et al., 2022) to measure cross-
domain generalization and capability preservation.
We also report the pre-RLVR Base model perfor-
mance for direct comparison.

Beyond the main mathematical setting, we fur-
ther evaluate GeoRA on additional RLVR domains,
including medical reasoning and coding. For medi-
cal RLVR, we train Llama-3.1-8B-Instruct on Al-
phaMed19K (Liu et al., 2025a) and report results
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Table 1: Main results on in-distribution (ID) mathematical RLVR benchmarks and out-of-distribution (OOD) tasks.
Base denotes the original model before RLVR. Best results are in bold, and second-best results are underlined.

In-Distribution (ID)

\ Out-of-Distribution (OOD)

Method  AIME24 AIME25 MATHS00 OlymMATH ‘ HumanEval GPQA MMLU IFEval TruthfulQA
Owen3-8B
Base 13.33 11.67 71.20 9.75 76.83 36.91 71.94 54.32 68.91
FullFT 23.33 22.08 78.40 11.25 76.83 3691 71.94 50.45 65.65
SparseFT 22.92 21.25 76.80 11.50 79.50 37.20 74.20 50.95 66.05
LoRA 19.58 19.58 75.60 10.75 81.10 37.50 75.65 52.13 66.82
PiSSA 22.50 20.42 74.40 11.75 71.95 36.16 73.89 48.74 65.95
MiLoRA 20.42 19.58 76.20 11.50 78.66 38.26 74.51 51.85 66.46
GeoRA 23.75 21.67 78.00 12.75 82.93 37.92 75.96 53.73 68.85
Llama-3.1-8B
Base 9.58 2.08 51.00 3.25 65.20 31.15 68.40 79.99 62.71
FullFT 18.33 8.25 62.40 8.50 65.20 31.15 68.40 75.92 59.40
SparseFT 17.92 8.10 61.50 8.25 67.80 31.65 69.10 76.61 60.19
LoRA 15.42 6.25 58.20 6.75 69.80 32.10 69.80 77.93 61.76
PiSSA 17.50 7.92 60.50 7.75 67.50 31.80 69.20 74.83 59.83
MiLoRA 16.25 7.08 59.10 7.25 68.20 32.00 70.50 78.31 61.47
GeoRA 18.54 8.75 61.90 8.85 70.80 32.65 70.95 78.72 61.61

Table 2: Results on additional medical and coding RLVR tasks. Best results are in bold, and second-best results are

underlined.

Medical \ Coding
Method MedQA MedMCQA PubMedQA Average ‘ LiveCodeBench HumanEval MBPP Average
Base 58.03 56.42 74.94 63.13 65.75 87.66 79.40 77.60
FullFT 75.32 64.56 80.12 73.33 67.75 90.26 81.40 79.80
LoRA 74.23 62.12 79.54 71.96 67.25 88.96 81.00 79.07
GeoRA 76.12 64.31 80.64 73.69 67.75 89.61 81.60 79.65

on MedQA (Jin et al., 2021), MedMCQA (Pal et al.,
2022), and PubMedQA (Jin et al., 2019). For cod-
ing, we train Qwen3-32B on Eurus-2-RL-Data (Cui
et al., 2025) and evaluate on LiveCodeBench (Jain
et al., 2025), HumanEval, and MBPP (Austin et al.,
2021). The implementation details and hyperpa-
rameter settings are provided in the Appendix C.

4.2 Main Results

Mathematical Reasoning Performance. Table 1
shows that GeoRA achieves the strongest overall
performance on mathematical RLVR benchmarks
across both backbones. It obtains the best results
on most AIME and OlymMATH settings, while
remaining competitive on MATH500. In particular,
GeoRA consistently outperforms LoRA, MiLoRA,
and PiSSA on challenging competition-style bench-
marks, suggesting that geometry-aware initializa-
tion provides a more suitable inductive bias for
RLVR than classic low-rank initialization.

Out-of-Distribution Performance. GeoRA

also generalizes favorably to OOD tasks. Across
both backbones, it achieves the strongest or near-
strongest results on HumanEval, GPQA, and
MMLU, while generally retaining higher capabil-
ity than other fine-tuning baselines on IFEval and
Truthful QA. These results indicate that constrain-
ing updates to geometry-aligned subspaces can im-
prove in-domain reasoning performance while re-
ducing interference with pre-existing general capa-
bilities.

Extension Beyond Mathematical RLVR. Be-
yond the main mathematical RLVR setting, we fur-
ther evaluate GeoRA on medical and coding RLVR
tasks. As shown in Table 2, GeoRA consistently
outperforms LoRA across both domains and re-
mains competitive with FullFT, suggesting that its
advantage is not limited to mathematical reasoning.

4.3 Training Stability and Efficiency

Training Dynamics. Figure 3 shows the training
dynamics of Qwen3-8B as evaluated on the AIME
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Figure 3: Training dynamics of Qwen3-8B as evaluated
on the AIME benchmark (average of 2024 and 2025).
GeoRA remains consistently top-performing throughout
training.

benchmark. GeoRA remains consistently top-
performing throughout training and reaches strong
performance substantially earlier than other low-
rank baselines. In contrast, LoRA, MiLoRA, and
PiSSA improve more slowly and plateau at lower
levels. This indicates that GeoRA not only yields
better final accuracy, but also provides a more fa-
vorable optimization trajectory under RLVR.

Hyperparameter Robustness. We first evalu-
ate performance under different learning rates on
Qwen3-4B in Figure 4. GeoRA maintains high re-
ward across a broad range of learning rates, while
other low-rank baselines are much more sensitive
to this choice. In particular, PiSSA and MiLoRA
degrade rapidly under larger learning rates, and
LoRA also exhibits a clear drop in performance
at the high end of the sweep. These results sug-
gest that GeoRA is more robust to hyperparameter
variation and requires less delicate tuning in prac-
tice. Similar robustness trends are also observed for
other hyperparameters, including rank and sparsity,
as shown in Appendix D.

Stability Under Aggressive Optimization. To
stress-test optimization stability, we further com-
pare reward and KL divergence under an aggres-
sive learning rate in Figure 5. GeoRA maintains the
highest reward trajectory without collapse, whereas
PiSSA suffers a catastrophic drop late in training.
At the same time, GeoRA keeps KL divergence at a
low and controlled level throughout training. These
results are highly relevant to RLVR optimization,
which often requires stable policy updates within
trust-region-like boundaries. The combination of
higher reward and smoother KL behavior suggests
that GeoRA improves exploration and policy refine-
ment without inducing the destabilizing updates

1.0
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-#- LoRA
0.4F —— PiSSA

MiLoRA
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0.2

B T N T

Learning Rate

16-06

Figure 4: Performance comparison across different
learning rates. GeoRA demonstrates superior stabil-
ity and robust convergence even at higher learning rates.

caused by geometry-misaligned adaptation.

Efficiency. Table 3 compares the training effi-
ciency of FullFT, SparseFT, and GeoRA. GeoRA
updates only a tiny fraction of parameters, reducing
trainable parameters by 99.5% relative to FullFT,
while also lowering VRAM usage and improv-
ing per-iteration training speed. Compared with
SparseFT, GeoRA avoids the overhead of unstruc-
tured sparse computation and therefore translates
its parameter efficiency into actual hardware effi-
ciency. Although GeoRA introduces an SVD-based
initialization step, this cost is a one-time prepro-
cessing overhead and is negligible compared with
RLVR training; detailed profiling is provided in the
appendix. Overall, these results show that GeoRA
improves not only effectiveness and stability, but
also practical training efficiency.

Table 3: Efficiency Comparison between Full FT,
SparseFT, and GeoRA. Relative reductions compared
to Full FT are shown in parentheses.

Method Params (B) Time (s/it) VRAM (%)

Full FT 8.00 231 95.73
2.56 256 81.25
SparseFT e 006)  (+10.8%)  (-15.1%)
0.04 185 68.43
GeoRA  99.5%) (-19.9%) (-28.5%)

4.4 Ablation and Analysis

Impact of Initialization Strategy. Table 4 shows
that GeoRA’s geometry-aware initialization is crit-
ical to its performance. Replacing the proposed
initialization with Random-r initialization leads
to a clear drop across all benchmarks, while Tail-
r initialization performs even worse. This indi-
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Figure 5: Training Stability and Constraint Adherence. Results on Qwen3-4B show that GeoRA demonstrates
superior robustness under aggressive learning rates (5 x 107°).

Method | Reward | AIME24 AIME25 MATH-500 OlymMATH | Average
GeoRA | 088 | 13.33 9.17 73.40 575 | 2541
Ablation on Initialization Strategy
Random-r Init |  0.85 12.50 8.50 72.10 5.25 24.60
Tail-r Init 0.82 11.67 7.50 70.80 4.50 23.40
Ablation on Geometric Masks
w/o Mspec 0.86 12.50 8.33 72.00 475 24.40
w/o Mgy 0.83 13.33 8.75 72.80 5.50 25.10

Table 4: Ablation study on Qwen3-4B with different initialization strategies and geometric mask variants.

cates that the benefit of GeoRA does not come
from low-rank adaptation alone, but from aligning
the initialization with the effective RLVR update
subspace. In particular, the poor performance of
Tail-r suggests that simply selecting low-energy
directions is insufficient; the trainable directions
must still capture the dominant structure within the
geometry-constrained subspace.

Impact of Geometric Masks. We further ab-
late the two mask components used to construct
the geometry-constrained subspace. Removing
either Mgpec or Mgy consistently degrades per-
formance, confirming that both are necessary for
strong results. This suggests that the two priors
play complementary roles: the spectral mask helps
suppress unstable high-energy directions, while the
Euclidean mask preserves adaptation flexibility in
low-magnitude regions. Their combination there-
fore provides a better approximation to the effec-
tive RLVR update manifold than either component
alone.

Overall Analysis. Taken together, the ablation
results show that GeoRA’s gains arise from the
full geometry-aware design rather than from any
single isolated choice. The geometry-constrained

subspace, structured initialization, and frozen resid-
ual anchor work together to improve optimization
quality while preserving pre-trained structure. This
is consistent with the stability and efficiency re-
sults in the previous section, and further supports
our claim that RLVR benefits from a low-rank pa-
rameterization explicitly aligned with its update
geometry.

5 Mechanism Analysis

5.1 Geometric Priors

GeoRA constructs its update subspace from two
geometric priors: a spectral prior and a Euclidean
prior. The motivation is that RLVR updates are
highly selective, tending to exploit under-utilized
yet plastic regions of the pre-trained model while
avoiding large modifications to dominant princi-
pal directions. Accordingly, Mgpe. suppresses
high-energy components in the principal subspace,
whereas Mg, selects low-magnitude parameters
in the original weight space. Their union defines
a subspace that is both stable and expressive for
RLVR adaptation.

We further verify that these two priors are com-
plementary rather than redundant in Table 5. On
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Table 5: Overlap analysis of the spectral prior Mgpec
and Euclidean prior Mg, on Qwen3-8B with p = 0.2.

Group  Mspec Mg, Intersection Jaccard
MLP 20.0% 20.0% 4.63% 0.131
Attn 20.0% 20.0% 4.25% 0.119
All 20.0% 20.0% 4.55% 0.128

Qwen3-8B with p = 0.2, both Mspe and Mgy,
select 20.0% of parameters, but their overlap re-
mains small: the overall intersection is only 4.55%,
with a Jaccard index of 0.128. Similar patterns
are observed in both MLP layers (4.63%, 0.131)
and attention layers (4.25%, 0.119). This limited
overlap indicates that the two masks capture largely
distinct parameter subsets and therefore serve com-
plementary geometric roles. This is also consistent
with the ablation results in Table 4: removing either
prior leads to a clear performance drop.

5.2 Low-Rank Structure

To validate the structural basis of GeoRA, we ana-
lyze the singular value spectrum of the geometry-
constrained subspace. We compare W, with the
original pre-trained weights, as well as random
noise matrices at both full and sparse density. Fig-
ure 6a yields two key insights. First, sparsity does
not by itself induce low-rankness. The spectrum
of sparse random noise is nearly indistinguishable
from that of dense random noise, and both fol-
low a relatively flat decay pattern. This indicates
that unstructured sparsity alone remains essentially
isotropic in the spectral domain. Second, W, pre-
serves a pronounced heavy-tailed spectrum similar
to that of the pre-trained weights, with most spec-
tral mass concentrated in a small number of leading
components. This shows that the selected update
region inherits a structured and compressible low-
rank form rather than behaving like random sparse
noise.

We further find that the actual FullFT update,
AWrgirr = WrailFT — Woretrain, €xhibits a sim-
ilarly compressible heavy-tailed spectrum. This
strongly supports the low-rank inductive bias of
GeoRA: the effective RLVR update space is not
isotropic, but already structured and highly com-
pressible. GeoRA therefore captures an intrinsic
property of RLVR updates, instead of imposing an
artificial low-rank constraint.

100}

1071}

Pre-trained Weight

Random Noise Weight(p=1.0)
[|--- Random Noise Weight(p=0.2)
GeoRA Weight(p=0.2)

Normalized Singular Value (o}/0;)

0 200 100 500 800 1000
Singular Value Index (k)

(a) Singular value spectrum of the geometry-constrained sub-
space Waeo.-

10 —— Pretrained W,
FullFT update AWy, |

Normalized Singular Value (o}/01)

0 200 700 600 800 1000

Singular Value Index (k)

(b) Singular value spectrum of the full fine-tuning update
AWranFr.

Figure 6: Spectral analysis of RLVR update structure.

5.3 Spectral Efficiency and Alignment

Building on the low-rank structure of RL updates,
we validate GeoRA’s geometric superiority via Nor-
malized Spectral Shift (NSS) and Subspace Align-
ment(Table 6). First, NSS quantifies the topologi-
cal distortion of the pre-trained manifold:

Wtuned) o O'(W)”Q
le(W)ll2

While PiSSA exhibits high NSS (> 0.39), indi-
cating aggressive structural modification, GeoRA
maintains minimal distortion (= 0.09), confirming
it maximizes reward acquisition while preserving
fundamental features.

To pinpoint the update locus, we calculate the
alignment between AW and the pre-trained singu-
lar vectors V:

Nss = ¢ )

_ [AW vkl

S(k) = AW ~ | cos(Ok)|- (10)

GeoRA shows a distinct signature: it avoids the
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Table 6: Geometric mechanism analysis.

Llama-3.1-8B Qwen3-8B

Method NSS| Sy ) Sr1T NSS| Su |l Sr 7

PiSSA 0395 098 0.01 0418 095 0.03
LoRA 0214 0.15 0.15 0.235 0.18 0.18
MiLoRA 0.125 0.12 092 0.132 0.16 0.90

GeoRA  0.092 0.005 0.98 0.096 0.015 0.96

high-energy principal subspace (Sgead < 0.02)—
enhancing stability—and efficiently adapts the
geometry-constrained tail (St > 0.96). In con-
trast, PISSA’s instability is explained by its high
overlap with the head subspace (= 0.98).

6 Conclusion

In this paper, we bridge the gap between parameter-
efficient fine-tuning and the distinctive optimiza-
tion geometry of RLVR. Our study suggests that
existing PEFT methods often yield suboptimal re-
sults in RLVR due to a structural mismatch. SFT-
oriented low-rank methods prioritize directions that
may be misaligned with the geometry-constrained
updates favored by RLVR, while some sparse up-
date methods better reflect RLVR dynamics but
fail to translate into practical hardware efficiency.
GeoRA addresses these challenges by identifying
a compressible, geometry-aligned update subspace
and parameterizing it through structured SVD ini-
tialization with a frozen residual anchor. Experi-
ments on Qwen and Llama models from 1.5B to
32B parameters show that GeoRA consistently im-
proves mathematical RLVR performance, extends
effectively to medical and coding RLVR settings,
and exhibits stronger generalization with less for-
getting on out-of-domain tasks. Overall, GeoRA
provides an effective, stable, and hardware-efficient
adaptation strategy for RLVR.

Limitations

Despite its effectiveness, GeoRA has certain lim-
itations. First, the initialization process requires
performing a truncated SVD and dual-masking op-
erations. While these represent a one-time com-
putational cost at the beginning of training, they
introduce an additional pre-processing step com-
pared to the random initialization used in standard
LoRA. Second, our experiments primarily focus
on RLVR in reasoning domains. Although GeoRA

demonstrates strong performance on these tasks, its
generalizability needs to be further validated across
a broader range of model architectures and diverse
reinforcement learning scenarios beyond verifiable
rewards.
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A Algorithm

Algorithm 1 GeoRA Initialization Algorithm

Require: Pre-trained weights W € R™*"™, rank
r, sparsity ratio p.
Ensure: Initialized adapters A, B, Frozen residual
matrix Wies.
1: Phase 1: Geometric Prior Construction
2: W, < SVD,(W) {Compute rank-r approxi-
mation }
3: Determine thresholds 7y, and 7eyc corre-
sponding to bottom p quantile
4t Mpee < I (|WT\ < Tpec) {Spectral Prior}
5: Meye < I(|W| < Tewe) {Euclidean Prior}
6: Weaeo < W O (Mgpec U Meyc) {Union of priors
(unconstrained sparsity) }
7: Phase 2: Geometry-Aware Decomposition
8: Ug, Sg, V! < SVD(Wieo)
9: A+ Uy[:,: T]E;/Q
10: B S5V, 1,0 7]
11: Phase 3: Residual Leash Instantiation
12: Wees < W — AB
13: Freeze W, during training
14: return A, B, Wi

B GeoRA Initialization Properties

This section provides lightweight theoretical jus-
tifications for GeoRA’s initialization and re-
parameterization.

B.1 Optimality of the Geo-SVD Initialization
Proposition 1 (Eckart—Young optimality within
Waeo). Let Weeo € R™ ™ admit an SVD Wee, =
UXVT, and define the truncated reconstruction
WeadUpe 1 Serr] V.- Then Wt is the best rank-
r approximation under the Frobenius norm:

Wi € arg min | Weeo = X[[p. (1)
<r

rank(X)
With the initialization B + U, /2 | and

A+ 2[112 V[Ir], we have BA = Wg(gg

B.2 Initialization and Residual Leash

]

Proposition 2 (Function-preserving at initializa-
tion). Define WyesW — =B A and the effective
weight Weg (A, B)Wies + % BA. Then for any in-
put z, the forward pass satisfies Weg(A, B)x =
W at initialization, hence GeoRA is function-
preserving at t = 0.

Table 7: Empirical initialization cost of GeoRA. We
compare standard SVD and randomized SVD across
model scales, and report the training cost of Qwen3-8B
for reference.

Wall-clock Peak

Model Method Time (min) VRAM (GB)

8B Training 838 ~384
8B Standard SVD 18.87 16.48
8B Rand. SVD 0.21 15.78
14B Standard SVD 25.78 29.63
14B Rand. SVD 0.26 28.43
32B Standard SVD 35.23 64.05
32B Rand. SVD 0.47 62.38
72B Standard SVD 97.82 146.87
72B Rand. SVD 0.72 140.41

Gradient mapping (useful for understanding sta-
bility). Let G % denote the gradient w.r.t. the
effective weight. By matrix calculus,

aﬁ (6% T 8,6 (6% T

—=—-B'G, —=-GA".

0A r " 0B r
Freezing Wi, constrains learning to the rank-r
manifold {$BA: A€ R™" B € R™"}, while

the residual leash keeps the model anchored near
w.

(12)

B.3 Compute and Memory Complexity

The truncated SVD on Wy, is a one-off prepro-
cessing step. In practice, one can use truncated
or randomized SVD with time roughly linear in r
(e.g., O(mnr) for dense operators), which substan-
tially reduces the initialization overhead compared
with full SVD.

GeoRA uses dense low-rank updates. Comput-
ing (%BA) x can be decomposed into two ma-
trix multiplications, costing O(rn 4+ mr) per layer,
which is typically more GPU-friendly than irregu-
lar sparse updates at the same parameter budget.

B.4 Empirical Initialization Cost

Practical overhead of SVD initialization. Although
GeoRA introduces an additional SVD-based pre-
processing step, this cost is incurred only once be-
fore training. Since GeoRA only requires the top-r
singular components, the initialization can be accel-
erated with randomized SVD, whose complexity is
approximately linear in 7 for dense operators.
Table 7 reports the wall-clock time and peak
VRAM of standard SVD and randomized SVD
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Table 8: Comprehensive performance comparison on Qwen2.5-1.5B and Qwen3-4B. We report In-Distribution (ID)
mathematical reasoning scores and Out-of-Distribution (OOD) generalization scores.

In-Distribution (ID)

Out-of-Distribution (OOD)

Method AIME24 AIME25 MATHS500 OlymMATH HumanEval GPQA MMLU
Owen2.5-1.5B
Full FT 7.92 1.25 53.00 4.00 45.73 25.10 55.40
SparseFT 8.33 1.67 53.60 4.50 51.83 27.50 59.80
LoRA 7.50 0.83 52.60 3.75 59.15 29.10 62.10
PiSSA 8.75 1.67 53.40 4.50 57.32 29.50 62.50
MiLoRA 9.58 2.08 54.80 5.25 58.54 29.80 62.80
GeoRA 10.83 2.50 54.60 5.50 58.54 30.23 62.40
Owen3-4B
Full FT 12.92 9.58 73.80 5.00 3.66 31.46 61.15
SparseFT 12.92 9.17 72.20 5.25 4.27 31.96 63.50
LoRA 10.83 8.33 71.20 4.75 3.05 31.04 62.80
PiSSA 12.50 8.75 70.00 5.25 4.88 32.47 64.95
MiLoRA 11.25 8.33 71.80 5.25 4.88 33.22 64.80
GeoRA 13.33 9.17 73.40 5.75 5.38 33.04 65.23

across model scales. For reference, we also include
the training cost of Qwen3-8B under our RLVR
setting. In practice, randomized SVD reduces ini-
tialization time by roughly two orders of magnitude
compared with standard SVD, making initialization
a sub-minute operation even at 72B scale. More-
over, this memory cost is a one-off preprocessing
overhead and can be released before training.

C Implementation Details

C.1 General Training Setup

We adopt GRPO as the default RLVR optimiza-
tion algorithm for all experiments. To ensure fair
comparison, we keep the training data, rollout con-
figuration, and optimization budget identical across
compared methods whenever applicable. Specifi-
cally, all PEFT methods use rank » = 16 and scal-
ing factor a = 32, with target_modules set to
all-linear, i.e., adapters are applied to all linear
layers. For GeoRA, we use sparsity ratio p = 0.2
unless otherwise specified. We train all models
with AdamW in bfloat16 precision on 80GB GPUs.
Unless otherwise specified, the learning rate is set
to1 x 1079, the global batch size is 128, and the
rollout number is 8. When KL regularization is en-
abled, we use a shared reference policy and set the
KL coefficient to 0.001. Unless otherwise specified,
all methods are trained under the same decoding
configuration and differ only in the adaptation pa-
rameterization based on a single random run.

C.2 Task-Specific Details

Mathematical RLVR. For the main mathematical
RLVR experiments, we fine-tune Qwen3-8B-Base
and Llama-3.1-8B-Instruct on DeepMath-103K us-
ing GRPO. In addition, we evaluate smaller-scale
settings on Qwen3-4B-Base and Qwen2.5-1.5B-
Instruct using GSM8K to verify whether the gains
of GeoRA persist across model scales. The maxi-
mum prompt length is set to 1024 tokens and the
maximum response length is set to 4096 tokens.
We train on 1 node with 8 GPUs. For DeepMath-
103K, we use math-verify for answer verification
by comparing the model output against the boxed
ground-truth answer under expression- and LaTeX-
based extraction rules. For GSMS8K, we extract the
final numerical answer from the model output and
compare it against the ground-truth answer using
exact match. Evaluation is conducted on AIME24,
AIME25, MATHS500, and OlymMATH.

Medical RLVR. For medical reasoning, we train
Llama-3.1-8B-Instruct on AlphaMed. We use the
AlphaMed training split for RL training and the
corresponding test split for validation. The maxi-
mum prompt length is set to 1024 tokens and the
maximum response length is set to 4096 tokens.
We train on 1 node with 8 GPUs. For reward com-
putation, we extract the final predicted option from
the model output, primarily using the \boxed{X}
format and several common variants, and compare
it against the ground-truth choice. A binary reward
is assigned, with 1.0 for a correct answer and 0.0
otherwise. We report results on MedQA, MedM-
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CQA, and PubMedQA.

Coding RLVR. For coding experiments, we
train Qwen3-32B on Eurus-2-RL-Data. The maxi-
mum prompt length is set to 1024 tokens and the
maximum response length is set to 2048 tokens.
We train on 2 nodes with 8 GPUs per node. For
reward computation, we extract the generated code
from the model output and execute it against the
provided test cases in a restricted execution environ-
ment. A sample is regarded as correct only when
the generated program passes the corresponding
test cases within the timeout limit. During evalu-
ation, we follow the official benchmark protocol
whenever available, including the same execution
environment and decoding configuration across
methods. We report results on LiveCodeBench,
HumanEval, and MBPP.
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Figure 7: Parameter Robustness Analysis.

C.3 Extended Experiments

We further evaluate GeoRA on additional back-
bones with different parameter scales (Qwen2.5-
1.5B and Qwen3-4B) to assess scalability and gen-
erality. Table 8 reports both in-distribution reason-

0 50 100 150 200 250 300 350 400

ing performance and out-of-distribution generaliza-
tion under the same evaluation protocol.

D Robustness Analysis

We evaluate the sensitivity of GeoRA’s perfor-
mance to variations in key hyperparameters on
the Qwen3-4B model (Figure 7). (a) Reward tra-
jectories under varying rank r € {4,8,16,32}
(with fixed sparsity p = 20%). (b) Reward
trajectories under varying sparsity levels p €
{10%, 20%, 30%, 40%} (with fixed rank r = 16).
In both scenarios, GeoRA demonstrates excep-
tional robustness, maintaining stable convergence
and consistent high reward across a wide range of
parameter settings, even at extremely low ranks or
high sparsity levels.
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