
Proceedings of the 64th Annual Meeting of the Association for Computational Linguistics (Volume 1: Long Papers), pages 24663–24680
July 2-7, 2026 ©2026 Association for Computational Linguistics

AAPO: Enhancing the Reasoning Capabilities of LLMs
with Advantage Margin

Jian Xiong1,2*, Jingbo Zhou2†, Jingyong Ye1, Qiang Huang1, Dejing Dou1,3†

1College of Computer Science and Artificial Intelligence, Fudan University,
2Frontier Research Department, Baidu Inc., 3BEDI Cloud

{jxiong24, jyye21, huangq25}@m.fudan.edu.cn, zhoujingbo@baidu.com, doudejing@fudan.edu.cn

Abstract

Reinforcement learning (RL) has emerged as
an effective approach for enhancing the rea-
soning capabilities of large language models
(LLMs), especially in scenarios where super-
vised fine-tuning (SFT) falls short due to lim-
ited chain-of-thought (CoT) data. Among RL-
based post-training methods, group relative ad-
vantage estimation, as exemplified by Group
Relative Policy Optimization (GRPO), has at-
tracted considerable attention for eliminating
the dependency on the value model, thereby
simplifying training compared to traditional ap-
proaches like Proximal Policy Optimization
(PPO). However, existing group relative ad-
vantage estimation method still suffers from
training inefficiencies, particularly when the
estimated advantage approaches zero. To ad-
dress this limitation, we propose Advantage-
Augmented Policy Optimization (AAPO), a
novel RL algorithm that optimizes the cross-
entropy (CE) loss using advantages enhanced
through a margin-based estimation scheme.
This approach effectively mitigates the inef-
ficiencies associated with group relative advan-
tage estimation. Experimental results on mul-
tiple mathematical reasoning benchmarks and
model series demonstrate the superior perfor-
mance of AAPO. Code is available at https:
//github.com/JianxXiong/AAPO.

1 Introduction

Reinforcement learning (RL) has emerged as a
powerful approach for enhancing the reasoning
and decision-making capabilities of large language
models (LLMs). While LLMs have demonstrated
strong performance in both language understanding
and generation tasks (Brown et al., 2020; Chowdh-
ery et al., 2023; Touvron et al., 2023; Zhao et al.,
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2023), traditional training strategies such as pre-
training and supervised fine-tuning (SFT) (Rad-
ford et al., 2018; Bommasani et al., 2021; Liu
et al., 2023) often fall short in enabling effective
chain-of-thought (CoT) (Wei et al., 2022) reason-
ing for complex decision-making tasks. To address
this limitation, recent research has explored RL-
based training paradigms, which have shown con-
siderable empirical success in specialized domains
such as mathematical reasoning. Models including
GPT-o1 (OpenAI, 2024), DeepSeek-R1 (Guo et al.,
2025), and QwQ (Qwen Team, 2024) exemplify
this promising direction, demonstrating the poten-
tial of RL to substantially improve the reasoning
capabilities of LLMs.

A recent advancement in LLM post-training with
RL is the introduction of novel methods for advan-
tage estimation, a technique for quantifying how
favorable a specific action is in a given state. In this
context, the term advantage measures the relative
benefit of an action compared to the average in that
state, thereby providing an informative learning sig-
nal during training. Traditionally, approaches such
as Proximal Policy Optimization (PPO) (Schulman
et al., 2017), exemplified by InstructGPT (Ouyang
et al., 2022), rely on a value model to estimate the
advantage. Although PPO offers stable and reliable
performance, maintaining a separate value model
leads to substantial consumption of GPU resources.

In contrast to conventional approaches, the group
relative advantage estimation method was origi-
nally proposed in Group Relative Policy Optimiza-
tion (GRPO) (Shao et al., 2024) and has since been
widely adopted for enhancing reasoning capabil-
ities in LLMs. Group relative advantage estima-
tion method removes the need for value models
entirely by evaluating responses relative to the av-
erage within a group of sampled responses. This
approach significantly reduces GPU memory usage
and computational costs while maintaining compet-
itive performance in downstream reasoning tasks.
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Figure 1: Statistical analysis of zero advantage propor-
tion during training.

Its effectiveness is further evidenced by the strong
performance of modern reasoning models such as
DeepSeek-R1 (Guo et al., 2025), which highlights
the effectiveness of group relative advantage esti-
mation in balancing computational efficiency and
performance robustness. Several extensions have
further refined this paradigm. Decoupled Clip-
ping and Dynamic sAmpling Policy Optimization
(DAPO) (Yu et al., 2025) improves training on long
CoT sequences through token-level gradient esti-
mation and relaxed clipping strategies. Dr. GRPO
(Liu et al., 2025) introduces an unbiased optimiza-
tion method that enhances token efficiency, while
Group Policy Gradient (GPG) (Chu et al., 2025)
further simplifies the learning process by remov-
ing surrogate losses and eliminating the reference
model. While these methods vary in implementa-
tion specifics, they all share a common foundation
in the principle of group relative advantage estima-
tion for effective LLMs post-training.

Although the above approaches have signifi-
cantly advanced RL in the post-training stage and
enhanced the reasoning capabilities of LLMs be-
yond what SFT can achieve, the practical limita-
tions associated with the group relative advantage
estimation method remain unresolved. When the
group relative advantage estimation method (Shao
et al., 2024; Chu et al., 2025; Liu et al., 2025) is
adopted, the advantage may approach zero when
the rewards within a group exhibit low variance,
resulting in zero gradient and, consequently, no pa-
rameter updates. As shown in Figure 1, our statisti-
cal analysis of zero advantage proportion revealed
that it is severe during training and approached even
100% in the later training steps more frequently.
Conversely, when rewards among responses within
the group vary significantly, the resulting advan-

tages can exhibit high variance, potentially leading
to unstable or unintended gradient ascent. Both
scenarios deviate from the desired optimization tra-
jectories. In this work, to address the challenges of
policy optimization from the group relative advan-
tage estimation method mentioned above, we pro-
pose a novel RL algorithm Advantage-Augmented
Policy Optimization (AAPO), which mitigates the
issues we address by estimating the advantage with
advantage margin. Advantage margin is defined
as the distance between the rewards of responses
from the policy model and those of the responses
from the reference model. This approach incorpo-
rates a reference gradient into the original gradient,
thus providing a reliable optimization signal that
reflects the overall direction of improvement, even
when the advantages approach zero. Experiments
on several representative mathematical reasoning
benchmarks demonstrate the effectiveness and ro-
bustness of AAPO.

Our main contributions are as follows:

• We delve into the optimization behavior of cur-
rent RL algorithms adopting the group relative
advantage estimation method, in the context
of post-training LLMs with RL, with a par-
ticular emphasis on potential issues related to
advantage estimation during the optimization.

• We propose Advantage-Augmented Policy
Optimization (AAPO), which mitigates the
issues of advantage estimation with advantage
margin by taking a comparison with the refer-
ence model.

• Extensive experimental evaluation has demon-
strated that AAPO achieves superior perfor-
mance across different model series and math-
ematical reasoning benchmarks.

2 Related Work

2.1 Reinforcement Learning for LLMs

Early RL-based post-training methods (Christiano
et al., 2017; Song et al., 2024; Ouyang et al.,
2022; Ziegler et al., 2019) mainly relied on human-
labeled preference data and reward models to eval-
uate responses. PPO (Schulman et al., 2017) es-
timates state values via a value model for advan-
tage estimation while using a reward model to as-
sign rewards. DPO (Rafailov et al., 2023) uses
paired preference data to encourage preferred re-
sponses and suppress undesired ones. However,
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annotating preferences and training reward models
are resource intensive. Moreover, the scarcity of
explicit reasoning data limits the enhancement of
models’ reasoning capabilities via these RL meth-
ods. DeepSeek-R1 is the first to report the use
of RL to enable extended CoT generation and the
emergence of the so-called "aha moment" (Guo
et al., 2025). Specifically, DeepSeek-R1 adopts
GRPO (Shao et al., 2024), which estimates ad-
vantages through in-group comparisons, thereby
enhancing the feasibility of aligning models for
reasoning tasks. Yet, the limitations of existing ad-
vantage estimation remain underexplored. In this
work, we introduce AAPO, which redefines advan-
tage estimation by incorporating advantage margin,
effectively addressing the issues of the group rela-
tive advantage estimation method.

2.2 Advantage estimation in RL

Previous RL approaches (Schulman et al., 2017,
2015; Haarnoja et al., 2018) estimate the advantage
using either Monte Carlo returns (Williams, 1992),
Temporal-Difference (TD) (Sutton et al., 1999) er-
rors, or Generalized Advantage Estimation (GAE)
(Schulman et al., 2016). While these critic-based
estimators form the backbone of algorithms such
as PPO, maintaining a separate value network be-
comes computationally expensive when the policy
is implemented as an LLM. Group relative advan-
tage estimation method proposed by GRPO (Shao
et al., 2024) computes the advantage by comparing
each response’s reward to the group mean, reducing
the resources needed. However, it introduces new
optimization challenges, as discussed in the intro-
duction section, that have yet to be investigated. In
this work, we propose a novel advantage estimation
method that incorporates advantage margin and op-
timizes the cross-entropy loss to better enhance the
reasoning capabilities of LLMs.

3 Preliminary

This section provides a preliminary overview of
group-based relative advantage estimation methods
for RL-based training by briefly introducing GRPO
(Shao et al., 2024) and GPG (Chu et al., 2025).
In the context of the GRPO algorithm, it circum-
vents the dependency on the value model which
is commonly required in PPO (Schulman et al.,
2017) by estimating advantage within grouped
samples. It utilizes a rule-based reward system
to score responses generated by LLMs. Further-

more, GRPO retains the clipping strategy from
PPO to prevent excessively large policy updates
and leverages the reference model πref to com-
pute the current Kullback-Leibler (KL) divergence,
thereby ensuring the stability and integrity of the
model during training. Specifically, for each ques-
tion q, GRPO samples a group of responses O =
{o1, o2, · · · , oG} from the old policy πθold and op-
timizes the policy model πθ by minimizing the
following objective:

JGRPO(θ) = E(q,a)∼D,{oi}Gi=1∼πθold
(·|q)

1

G

G∑

i=1

1

|oi|

|oi|∑

t=1

−
[
min

[
ri,t(θ)Â

GRPO
i,t , clip (ri,t(θ), 1− ε, 1 + ε) ÂGRPO

i,t

]

− βDKL [πθ||πref ]
]

(1)

where ε and β are hyper-parameters to control the
clip boundary and the KL divergence penalty coef-
ficient, respectively. In this context, ÂGRPO

i,t repre-
sents the advantage, derived exclusively from the
relative reward of the responses within the same
group. ri,t(θ) represents the likelihood ratio be-
tween the current policy πθ and the old policy πθold .
Typically, the likelihood ratio ri,t(θ) and the advan-
tage ÂGRPO

i,t are calculated as:

ri,t(θ) =
πθ (oi,t | q, oi,<t)

πθold (oi,t | q, oi,<t)
, ÂGRPO

i,t =
ri −mean({Ri}Gi=1)

std({Ri}Gi=1)
. (2)

Recent work GPG (Chu et al., 2025) proposes
directly optimizing the original RL objective, yield-
ing improved performance over GRPO. While the
advantage estimation method used in GPG is simi-
lar to that of GRPO, it further emphasizes the ad-
vantage of responses that are valid to gradient esti-
mation. Generally speaking, the core objective of
GPG is to optimize the following objective:

JGPG(θ) = E(q,a)∼D,{oi}Gi=1[
1

∑G
i=1 |oi|

G∑

i=1

|oi|∑

t=1

(
− log πθ (oi,t | q, oi,<t) Â

GPG
i,t

)]
,

(3)

where ÂGPG
i,t =

ri−mean({Ri}Gi=1)
Fnorm

and Fnorm could
be 1 or std({Ri}Gi=1). However, the rewards of the
responses within a group may exhibit low variance.
This suggests that ÂGPG

i,t in GPG encounters the
same challenges as ÂGRPO

i,t in GRPO.
In this work, we propose a novel algorithm

AAPO to address the issues caused by the group
relative advantage estimation method in the policy
optimization process. We also provide an in-depth
analysis of both the prevailing advantage estima-
tion method adopted in (Shao et al., 2024; Yu et al.,
2025; Chu et al., 2025) and our proposed AAPO.
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4 Advantage-Augmented Policy
Optimization

Inspired by the optimization behavior found in cur-
rent RL algorithms (Shao et al., 2024; Liu et al.,
2025; Yu et al., 2025; Chu et al., 2025), our objec-
tive is to mitigate the issues that arise in the policy
optimization process, overcoming the challenge
where advantage estimation tends to approach zero
or bad advantage estimation in the later steps of
RL training. Drawing further inspiration from the
well-established Adam (Kingma and Ba, 2015) and
the recent GPG algorithm (Chu et al., 2025), which
optimizes the RL objective directly, thus avoiding
the surrogate loss function, we propose a novel al-
gorithm, Advantage-Augmented Policy Optimiza-
tion (AAPO), which directly optimizes the cross-
entropy (CE) loss enhanced by augmented advan-
tage, which is driven by the advantage margin. In
contrast to previous approaches (Shao et al., 2024;
Chu et al., 2025; Liu et al., 2025), AAPO lever-
ages advantage amplification by performing group-
based sampling for both the policy model πθ and
the reference model πref . Specifically, we calcu-
late the reward for each response generated by the
policy model πθ, evaluate the relative advantage
of each response within its group G, and compare
these rewards rθi with those rewards rrefi obtained
from the reference model πref . This method im-
proves the effectiveness of the RL training step by
preventing the advantage from approaching zero
and exhibiting high variance. Formally, AAPO
optimizes the policy model πθ by minimizing the
following objective:

JAAPO(θ) = E(q,a)∼D,{oi}Gi=1[
1

∑G
i=1 |oi|

G∑

i=1

|oi|∑

t=1

(
− log πθ (oi,t | q, oi,<t) Â

∗
i,t

)]
,

(4)

where Â∗
i,t is computed using Equation (5) and clip

operation is added to improve stability, which is
discussed in Section 6.3.

Â∗
i,t =

rθi −mean(rθ)

std(rθ)
+ clip( rθi − rrefi︸ ︷︷ ︸

Advantage margin

, δlow, δhigh). (5)

By Equation (4), we can derive its gradient:

∇θJAAPO(θ) = −E(q,a)∼D,{oi}Gi=1[
1

∑G
i=1 |oi|

G∑

i=1

|oi|∑

t=1

Â∗
i,t · ∇θ log πθ (oi,t | q, oi,<t)

]
,

(6)

where the augmented advantage Â∗
i,t functions as a

constant coefficient that scales the gradient.

To provide theoretical guarantees for the train-
ing dynamics of AAPO, we explicitly analyze its
stability and convergence properties. We begin by
formalizing the empirical loss function over a sam-
pled group, which serves as the foundation for our
theoretical derivation.
Definition For a group G containing sam-
pled responses O = {o1, o2, · · · , oG}, the em-
pirical AAPO loss is defined as LG(θ) =
1
NG

∑
o∈G [− log πθ(o)Â

∗], where πθ is the policy
model, NG =

∑
o∈G |o| is the total number of to-

kens in the group. We further define the expected
objective as the expectation of the empirical loss
over all possible groups L(θ) = EG∼πθ

[LG(θ)].
First, we establish the stability of the AAPO

training process. It is crucial to ensure that the
introduction of the augmented advantage term does
not lead to unbounded parameter updates.
Theorem 1. (Stability) Since the rewards are
bounded, the group standard deviation satisfies
0 ≤ σmin ≤ σ, and the log-likelihood gradi-
ents are bounded as ||∇θ log πθ(o)|| ≤ M . Then,
each gradient step with learning rate ηk satisfies
||θk+1 − θk|| ≤ ηkMB, where B = Rmax−Rmin

σmin
+

max(|δlow|, |δhigh|) is the uniform bound on the
AAPO weights. The expected objective is bounded
from L(θ) ≥ −B log |V|, where |V| is the vocab-
ulary size. Hence, AAPO training is stable: the
objective cannot diverge to −∞ and parameter
updates are always finite. Proof in Appendix B.

Beyond stability, we ensure that AAPO effec-
tively minimizes the loss and locates a stationary
point. The following theorem guarantees the con-
vergence of AAPO under standard stochastic ap-
proximation assumptions.
Theorem 2. (Convergence) Assume that the
stochastic gradient is unbiased and that the per-
sample gradient has bounded second moment. Let
the step sizes satisfy the Robbins–Monro conditions
ηk > 0,

∑
k ηk = ∞,

∑
k η

2
k < ∞. AAPO con-

verges to a stationary point of its expected objec-
tive lim infk→∞ E

[
∥∇L(θk)∥2

]
= 0. Moreover,

if a constant step size η < 1
BL0

is used, where
L0 is the smoothness constant of − log πθ(o), then
the iterates converge to a neighborhood of station-
arity lim supK→∞

1
K

∑K
k=1 E

[
∥∇L(θk)∥2

]
≲

O(η) +O
(

1
NG

)
. Proof in Appendix B.

From the formulation of the augmented advan-
tage Â∗

i,t, it is evident that as the policy is opti-
mized, the reward rθi of the responses sampled
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from the policy πθ within a group increases. Con-
sequently, the distance between these rewards rθi
and those rrefi of the responses sampled from the
reference model πref will also widen, since the
parameters of the reference model remain frozen
throughout the training process of AAPO. In later
steps of RL, the responses sampled from the pol-
icy tend to be of high quality, causing the relative
advantages ÂGRPO

i,t within the group to approach
zero. If training continues using the original ad-
vantage estimation method in Equation (2), the
resulting gradients will approach zero, leading to
significantly reduced training efficiency. However,
under the proposed method augmenting advantage
with advantage margin in Equation (5), even when
the group relative advantage approaches zero, the
rewards of the policy samples remain higher than
those of the reference samples. This ensures a
nonzero advantage Â∗

i,t in AAPO as discussed in
Section 5.2, thereby maintaining informative gradi-
ents for continued policy optimization.

5 Analysis of AAPO

5.1 Deep Analysis of Group Relative
Advantage Estimation

As shown in Equation (2), current advantage esti-
mation methods (Shao et al., 2024; Yu et al., 2025;
Liu et al., 2025) that eliminate the dependency on
a value model predominantly adopt this form of
computation. We now present a rigorous analysis
into the underlying phenomena induced by this ad-
vantage estimation method. Phenomenon 1: What
are the implications when all responses within a
group are similarly good (or all of high quality)?
Phenomenon 2: What are the implications when
all responses within a group are similarly bad (or
all of low quality)?

To rigorously address the aforementioned ques-
tions, we proceed with a systematic, step-by-step
analysis. For the sake of mathematical convenience
in the proof, we limit our discussion to cases where
all responses are similarly good in Phenomenon 1
and similarly bad in Phenomenon 2, respectively,
as the proof for all of high quality and low quality
responses follows the same structure.
Phenomenon 1 Considering that all responses
are similarly good, which implies that the reward
for each response is nearly the same, this indicates
∀i, j ∈ {1, 2, 3, · · · , G} ∧ i ̸= j, ri ≈ rj , their
respective advantage, as estimated according to

Equation (2), can be expressed as following:

ÂGRPO
i,t =

ri −mean({Ri}Gi=1)

std({Ri}Gi=1)
→ 0. (7)

As expressed in Equation (7), the advantage of
each response approaches zero in this case. For
illustrative purposes, we use the loss function of
GRPO (Yu et al., 2025) as an example. As men-
tioned in DAPO (Yu et al., 2025), removing the
KL divergence in GRPO could further improve the
optimization. The KL divergence, summation and
averaging operators in Equation (1) are omitted to
facilitate clarity in this context, the gradient for-
mula of GRPO is formally given by:

∇θJGRPO(θ) = AGRPO
i,t ∇θ log πθ(oi,t | q, oi,<t). (8)

As illustrated in the computation of Equation (8),
when the advantage of each response approaches
zero, the corresponding gradient also decreases to
zero. This implies that the gradient update for the
policy becomes negligible for this training step,
resulting in very low training efficiency. Similar
issues are observed in methods such as GRPO,
DAPO, GPG (Chu et al., 2025), and Dr. GRPO
(Liu et al., 2025). Nonetheless, the observation
that all responses are associated with similarly high
reward does not unequivocally imply that the pol-
icy has been sufficiently optimized; it may alterna-
tively reflect a high variance (Roelofs et al., 2019;
Yu et al., 2022) in the current policy, suggesting
that the policy has converged to a sub-optimum,
performing well only on a narrow category of ques-
tions. However, this phenomenon is frequently
observed during the later steps of RL training if the
advantage estimation method in GRPO is adopted.
Phenomenon 2 Similar to the scenario in Phe-
nomenon 1 where all responses are similarly good,
when all responses are similarly bad, the reward
assigned to each response tends to be similar. As a
result, the relative advantage of each response ap-
proaches zero, leading to a zero gradient during pol-
icy updates, which is computed using Equation (8).
Consequently, the efficiency of this training step
becomes significantly low. Such a phenomenon is
frequently observed when the policy is confronted
with input samples that exhibit inherently high com-
plexity or ambiguous representation.
Analysis Conclusion Based on our in-depth anal-
ysis of the two phenomena where generated re-
sponses are similarly good and similarly bad within
a group, we observed that the gradient tends to ap-
proach zero. This results in extremely low training
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efficiency during RL training.
Above phenomena can be generalized When
the rewards of responses within any given group are
identical or highly similar, regardless of whether
the responses are all good or all bad, the gradient ap-
proaches zero, rendering the gradient update nearly
ineffective in training. This issue becomes partic-
ularly pronounced in the later steps of RL train-
ing, where generated responses are consistently
of high quality, and the corresponding advantage
approaches zero. This indicates that the training
efficiency progressively declines as RL training
progresses. Motivated by this insight, we propose
an advantage-augmented RL algorithm AAPO to
address the aforementioned phenomena.

5.2 Understanding the effectiveness of AAPO

As discussed in Section 5.1, the previous advantage
estimation method (as expressed in Equation (2)) in
RL algorithms (Shao et al., 2024; Chu et al., 2025;
Liu et al., 2025) can lead to the advantage value ap-
proaching zero, which in turn causes the magnitude
of gradient updates to diminish accordingly. In this
section, we provide a comprehensive analysis of
why our proposed advantage-augmented method
can effectively mitigate these issues.
Analysis 1 Consider a general situation, which
naturally encompasses the two phenomena in Sec-
tion 5.1. In the later steps of RL training, once
the policy has already acquired relatively easier-
to-learn features, it often struggles to learn more
complex ones. During this phase, when the pol-
icy πθ samples a group of responses, the reward
associated with each sample tends to be similar.
Consequently, the relative advantage computed
according to Equation (2) approaches zero. To
address this issue, we propose AAPO, which es-
timates the advantage Â∗

i,t with advantage mar-
gin following Equation (5). Since the capability
of the reference model πref remains unchanged
while the policy model πθ improves progressively
throughout AAPO training, the quality of responses
generated by the policy model πθ exceeds that
of the reference model πref over time. By mea-
suring the distance between the rewards of two
groups of responses Oθ = {oθ1 , oθ2 , · · · , oθG} and
Oref = {oref1 , oref2 , · · · , orefG} from πref gen-
erated by the policy model πθ and the reference
model πref , respectively, we can calculate the aug-
mented advantages of each response in Oθ via
Equation (5). This prevents the advantages from
approaching zero and ensures that the gradients

used to update the policy remain informative and
effective. This analysis can be generalized to any
situation where the rewards of the responses in the
group are similar, whether good or not.
Analysis 2 Group relative advantage estimation
(Equation (2)) can be problematic in the presence
of two types of asymmetric response distributions.
In one case, where most responses from the policy
πθ are high quality except for a single outlier, the
relatively worse response may receive a negative
advantage and contribute an opposing gradient, in-
creasing variance. Although this response may still
be correct under multi-dimensional reward rules,
such as both format and correctness, it is penalized
due to its format. This misalignment between re-
ward attribution and the true value of a response
increases the risk of reward hacking(Everitt et al.,
2021; Pan et al., 2022). In the opposite case, where
most responses are low quality and one is relatively
better, the better one receives an excessively high
advantage despite possibly low absolute quality,
leading to biased updates and suboptimal conver-
gence. AAPO augments advantage estimation with
advantage margin, addresses both issues: it boosts
underappreciated yet valuable responses and sup-
presses misleading ones that exhibit a high esti-
mated advantage. As a result, AAPO reduces vari-
ance and the risk of reward hacking, and improves
the optimization stability of the policy.
Analysis 3 When policy optimization with
AAPO reaches a global optimum, which means
∀i, j ∈ {1, 2, 3, · · · , G} ∧ i ̸= j, ri ≈ rj , the ob-
jective in Equation (6), which consists of the CE
loss and the augmented advantage, exhibits a spe-
cific and predictable behavior as detailed in our
derivation below (for clarity and notational con-
venience, we omit the expectation operator). The
optimization exhibits slight oscillations near the
optimum, avoiding large gradient updates.

JAAPO(θ) ≈
1

∑G
i=1 |oi|

G∑

i=1

|oi|∑

t=1[
− log πθ (oi,t | q, oi,<t) · clip(rθi − rrefi , δlow, δhigh)

]

≤ δhigh ·
1

∑G
i=1 |oi|

G∑

i=1

|oi|∑

t=1

(− log πθ (oi,t | q, oi,<t))

6 Experiments

6.1 Experimental setup

Most recent RL algorithms (Shao et al., 2024; Yu
et al., 2025; Hu, 2025; Liu et al., 2025) struggle to
make LLMs perform better at solving mathematical
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Model Training Samples AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

Llama 1B Models

Llama-3.2-1B-Instruct† – 0.0 11.8 2.5 1.8 3.7 4.0
+GRPO† (Shao et al., 2024) 8,523 0.0 19.4 12.5 3.7 4.3 8.0
+GPG† (Chu et al., 2025) 8,523 0.0 21.2 17.5 1.8 4.7 9.0
+AAPO (Ours) 8,523 10.0 25.0 12.5 4.0 6.1 11.5

Llama 3B Models

Llama-3.2-3B-Instruct† – 3.3 28.6 7.5 3.7 7.6 10.1
+GRPO† (Shao et al., 2024) 8,523 0.0 32.8 22.5 8.1 7.7 14.2
+GPG† (Chu et al., 2025) 8,523 6.7 40.0 15.0 8.8 11.6 16.2
+AAPO (Ours) 8,523 6.7 43.8 22.5 9.6 11.4 18.8

Qwen 1.5B Models

DeepSeek-R1-Distill-Qwen-1.5B† – 33.3 84.4 70.0 30.9 50.8 53.9
GRPO-1.5B† (Dang and Ngo, 2025) 7,000 26.7 86.2 82.5 27.6 52.6 55.2
GPG-1.5B† (Chu et al., 2025) 7,000 36.7 83.4 75.0 29.8 53.2 55.6
Still-3-1.5B-Preview† (Chen et al., 2025) 30K 40.0 85.5 72.5 30.5 53.9 56.5
AAPO-1.5B (Ours) 7,000 33.3 86.0 80.0 30.9 53.3 56.7

Qwen 7B Models

Qwen2.5-Math-7B† (Yang et al., 2024) – 6.7 56.2 47.5 14.0 23.4 39.6
SimpleRL-Zero-7B† (Zeng et al., 2025) 8,523 30.0 77.4 57.5 30.5 38.1 46.7
GPG-7B† (Chu et al., 2025) 8,523 23.3 80.2 55.0 36.0 42.8 47.5
OpenReasoner-Zero-7B† (Hu et al., 2025) 57K 20.0 80.8 65.0 29.4 46.2 48.3
Eurus-2-7B-PRIME† (Cui et al., 2025) 230K + 150K 16.7 81.8 65.0 37.5 44.6 49.1
Oat-Zero-7B† (Liu et al., 2025) 8,523 30.0 81.2 65.0 34.9 43.4 50.3
AAPO-7B (Ours) 8,523 30.0 82.4 70.0 35.3 44.3 52.4

Table 1: Zero-shot pass@1 performance on mathematical reasoning benchmarks. † represents reproduced results
with our best effort under the same settings. Bold and Underline indicate the best and the second-best performance
in the corresponding category, respectively.

problems, which requires the model to think in the
CoT (Wei et al., 2022) format before deciding the
final answer. We choose open-rs (Dang and Ngo,
2025) as our training dataset for DeepSeek-R1-
Distill-Qwen-1.5B base model, because the data in
this dataset cover various types and difficulty levels
of mathematical problems that are highly represen-
tative. To further provide a fair and rigorous evalu-
ation of the effectiveness of our proposed AAPO,
Qwen2.5-Math-7B model is chosen as the base
model and subsequently trained on more challeng-
ing simplelr_qwen_level3to5 dataset (Zeng et al.,
2025). In addition, we also validate the effective-
ness of AAPO on Llama series models.

In our experiment setting, we set the clip parame-
ters δlow and δhigh to be -0.2 and 0.28, respectively.
We train all base models under the AAPO following
the training process depicted in Algorithm 1. All
rule-based reward functions adopted in our experi-
ments are simple. More training details about rule-
based reward functions and the system prompt are
provided in Appendix C. To evaluate the extent to
which our proposed AAPO algorithm can enhance

the reasoning capabilities of the model, we select
AIME24 (30 questions), MATH-500 (500 ques-
tions) (Hendrycks et al., 2021b; Lightman et al.,
2024), AMC23 (40 questions), Minerva (272 ques-
tions) (Lewkowycz et al., 2022), and Olympiad-
Bench (674 questions) (Huang et al., 2024) as
evaluation benchmarks. Our evaluation framework
utilizes a well-established and community-vetted
codebase, maintaining consistency with widely
adopted implementations.

6.2 Results

As shown in Table 1, taking model DeepSeek-R1-
Distill-Qwen-1.5B as our base model, the appli-
cation of our proposed AAPO enables the base
model to achieve the SOTA performance on Min-
erva, the second-best performance on MATH-
500, AMC23 and OlympiadBench. When aver-
aging scores across all benchmarks, the resulting
AAPO-1.5B model achieves an overall SOTA per-
formance. By direct comparison under the same
training data, AAPO-1.5B achieves improvements
of 2.7% and 2.0% over GRPO-1.5B and GPG-
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1.5B, respectively. It is worth noting that our
AAPO-1.5B achieves performance superior to Still-
3-1.5B-Preview (Team, 2025), despite the fact that
Still-3-1.5B-Preview benefits from a larger train-
ing dataset that consists of long CoT reasoning
data distilled from the DeepSeek-R1 (Guo et al.,
2025) model and performs RL training with speci-
fied reward strategies. After employing our pro-
posed AAPO on the Qwen2.5-Math-7B model,
AAPO-7B achieves the overall SOTA performance
compared to other methods. AAPO-7B achieves
improvements of 12.2%, 10.3% over SimpleRL-
Zero-7B (Zeng et al., 2025), GPG-7B (Chu et al.,
2025), respectively, under identical training data.
Furthermore, AAPO-7B also outperforms other
models such as Eurus-2-7B-PRIME (Cui et al.,
2025), OpenReasoner-Zero-7B (Hu et al., 2025),
despite the fact that these baselines are trained with
more high-quality data or data distilled from the
DeepSeek-R1 model. This suggests that the effec-
tiveness can be mainly attributed to the design of
our proposed AAPO rather than to the scale or qual-
ity of the training data. AAPO also demonstrates
superior performance compared to GRPO and GPG
on Llama series models under the same training
and evaluation settings as reported in Table 1. Com-
pared to GRPO and GPG, AAPO achieves absolute
improvements of 3.5%, 2.5%, and 4.6%, 2.6%
on Llama 1B and 3B models, respectively. More
experimental results can be found in Appendix D.

6.3 Ablation study

Clip operation To investigate the contribution
of the clip operation to AAPO, we conduct addi-
tional ablation studies by removing the clip opera-
tion on both the 1.5B and 7B models. The results
presented in Table 2 indicate that the performance
of the optimized model without clip is inferior to
that with the clip, suggesting that incorporating the
clip operation effectively contributes to further im-
provements in optimization results. As illustrated
in Appendix Figure 3, the optimization process be-
comes more stable with the incorporation of the
clip operation compared to the optimization pro-
cess without it. The resulting AAPO-7B exhibits
better performance on the benchmarks when the
clip operation is adopted.
Choice of the reference model Since the AAPO
requires using the reference model to generate re-
sponses and obtain rewards rrefi , it is necessary
to investigate the selection of the reference model.
We further explored two scenarios: using the base

Model AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

AAPO-1.5B 33.3 86.0 80.0 30.9 53.3 56.7

AAPO-1.5B w/o clip 33.3 85.0 82.5 29.0 53.3 56.6

AAPO-7B 30.0 82.4 70.0 35.3 44.3 52.4

AAPO-7B w/o clip 30.0 79.6 70.0 34.9 42.5 51.2

Table 2: Ablation study results. w/o indicates with-
out clip operation on the advantage margin. Zero-shot
pass@1 performance on different benchmarks.

model (initial model) as the reference model and re-
placing the reference model with the policy model
during training. For replacing reference model, the
reference model was continuously updated by re-
placing it with the current policy model, we update
the reference model every 20 steps and 100 steps
in AAPO-1.5B and AAPO-7B training process, re-
spectively. Experimental results indicate that using
the base model as the reference model yields the
best performance. The experimental results are in
Table 3. Keeping the reference model as the ini-
tial model yields superior results because AAPO’s
core mechanism relies on the advantage margin in
Equation (5). Updating the reference model dur-
ing training reduces the value of advantage margin,
making AAPO less effective.

Model AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

AAPO-1.5B 33.3 86.0 80.0 30.9 53.3 56.7
AAPO-1.5B w reference update 36.7 84.2 75.0 27.9 53.2 55.4

AAPO-7B 30.0 82.4 70.0 35.3 44.3 52.4
AAPO-7B w reference update 26.7 80.6 70.0 33.8 44.0 51.0

Table 3: Ablation on the choice of the reference model.

6.4 Training dynamics of advantage
To further illustrate how our method AAPO miti-
gates the zero advantage phenomenon compared
to the group relative advantage estimation method,
we present the proportion of zero advantage per
device during training across different group sizes.
As shown in Figure 2, as the number of training
steps increases, the vanilla group relative advantage
estimation method A (calculated by Equation (2))
exhibits a higher proportion of zero advantage per
device. In the later steps of training, the propor-
tion of zero advantage increases significantly, and
the frequency of all advantages being zero also
increases markedly, leading to zero gradients and
consequently reducing training efficiency. How-
ever, during training with AAPO, regardless of
the group size, no instance of all responses hav-
ing all zero advantage occurred. These training
dynamics demonstrate that our A∗ (calculated by
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Figure 2: Training dynamics of the proportion of zero advantage with varying group size. We calculated the
percentage of zero advantage under vanilla A and our A∗ across different group size, presenting the average zero
advantage percentage per device.

Equation (5)) effectively mitigates the occurrence
of all zero advantage, transforming what would oth-
erwise be ineffective gradient updates into mean-
ingful ones.

6.5 Computational efficiency

Since AAPO requires sampling on the reference
model, it introduces additional training overhead.
We measured the training time and GPU memory
usage per step using AAPO compared to GRPO
on the same computational device. The additional
experimental information are shown in Table 4.
When training 1.5B model, AAPO and GRPO both
use 52.2GiB GPU memory per device, AAPO takes
826s per step and GRPO takes 567s per step. When
training 7B model, AAPO use 78.9GiB GPU mem-
ory per device and GRPO use 78.7GiB GPU mem-
ory per device, AAPO takes 384s per step and
GRPO takes 299s per step. It is clear that AAPO
does not introduce extra GPU memory overhead
and remains on par with GRPO. The reason for
why 1.5B model takes longer training time per step
is that 1.5B model samples responses with much
longer length (i.e., average_response_length ≈
3000 for 1.5B model and average_response_length
≈ 700 for 7B model during training). Since we use
vanilla inference method (i.e., model.generate())

Method Memory Time

1.5B Model

GRPO 52.2GiB 567s
AAPO 52.2GiB 826s

7B Model

GRPO 78.7GiB 299s
AAPO 78.9GiB 384s

Table 4: Extra experimental information about compu-
tational efficiency.

to generate responses, the extra time consumption
could be significantly reduced using an advanced
inference engine (e.g., VLLM) during training.

6.6 More experimental results

Experimental results about Out-of-Domain perfor-
mance, more training dynamics of AAPO, and
more ablation studies can be found in Appendix D.

7 Conclusion

In this paper, we conduct an in-depth analysis of
the limitations inherent in the group relative ad-
vantage estimation method used by mainstream
RL algorithms, such as GRPO, which would lead
to optimization issues such as zero gradient and
gradient ascent. To address these issues, we pro-
pose a novel RL algorithm Advantage-Augmented
Policy Optimization (AAPO). By augmenting the
group relative advantage estimation method with
advantage margin, our method effectively improves
policy optimization performance in experimental
benchmarks. Experimental results across several
mathematical reasoning benchmarks and model se-
ries demonstrate that AAPO achieves the overall
superior performance.

Limitations

Our proposed AAPO can effectively mitigate the
phenomenon that the estimated advantage ap-
proaches zero, but AAPO cannot eliminate this
phenomenon, leaving this problem for further re-
search. Another limitation of our work lies in
the long training time required, since AAPO de-
pends on sampling responses from the reference
model. However, this could be optimized by us-
ing advanced inference library (e.g. vLLM (Kwon
et al., 2023)) to generate all responses.
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A Algorithm

AAPO Training The training process of AAPO
can be summarized as follows: 1) Sample two
groups of responses, Oθ and Oref , of equal size
from both the policy model πθ and the reference
model πref , respectively. 2) For each response in
Oθ, compute its group relative advantage and the
advantage margin with the corresponding response
in Oref . The values, calculated by (5), are then
used to perform gradient updates according to (6).
It is important to note that during the training pro-
cess, the parameters of the reference model πref
remain frozen and do not undergo gradient updates.
The training procedure is described in Algorithm 1.

B Proof

Assumption Here, we state all assumptions we
use in our proof of theorem. (1) The gradient
of the log-policy is bounded: ||∇θ log πθ(o)|| ≤
M , and − log πθ(o) is L0-Lipschitz. (2) As-
sume that the stochastic gradient is unbiased
and that the per-sample gradient has bounded
second moment. (3) For all θ, the per-
sample loss ℓ(q, o; θ) = − log πθ(o | q) Â∗

has a gradient with bounded second moment:
supθ E(q,o)∼πθ

[
∥∇θℓ(q, o; θ)∥2

]
≤ σ2, where σ2

is a constant.
Theorem 1. (Stability) Since the rewards

are bounded, the group standard deviation sat-
isfies 0 ≤ σmin ≤ σ, and the log-likelihood
gradients are bounded as ||∇θ log πθ(o)|| ≤ M .
Then, each gradient step with learning rate ηk
satisfies ||θk+1 − θk|| ≤ ηkMB, where B =
Rmax−Rmin

σmin
+ max(|δlow|, |δhigh|) is the uniform

bound on the AAPO weights. The expected objec-
tive is bounded from L(θ) ≥ −B log |V|, where

|V| is the vocabulary size. Hence, AAPO training
is stable: the objective cannot diverge to −∞ and
parameter updates are always finite.

Proof. We restate the definitions used: For a group
G, the gradient of the empirical loss is:

∇θLG(θ) =
1

NG

∑

o∈O
∇θ[− log πθ(o)]Â

∗.

By assumption (1), we have

||∇θLG(θ)|| ≤
1

NG

∑

o∈O
M ·B = MB.

Thus, one gradient update with learning rate ηk
yields

||θk+1 − θk|| = ηk||∇θLG(θ)|| ≤ ηkMB.

For any response o,

Ea∼πθ
[− log πθ(o)] = H(πθ(· | o<t)) ≤ log |V|.

where H(·) = −∑
x p(x) log p(x) denotes Shan-

non entropy (Shannon, 1948). Multiplying by the
bounded advantage |Â∗| ≤ B and averaging over
tokens in the batch, we obtain

L(θ) ≥ −B log |V|.

we conclude that parameter updates are bounded
and the objective is lower bounded (which means
the objective cannot diverge to −∞). Therefore,
AAPO training is stable and cannot diverge.

Theorem 2. (Convergence) By assump-
tion (2), let the step sizes satisfy the Rob-
bins–Monro conditions ηk > 0,

∑
k ηk =

∞,
∑

k η
2
k < ∞. AAPO converges to

a stationary point of its expected objective
lim infk→∞ E

[
∥∇L(θk)∥2

]
= 0. Moreover, if a

constant step size η < 1
BL0

is used, where L0 is
the smoothness constant of − log πθ(o), then the
iterates converge to a neighborhood of station-
arity lim supK→∞

1
K

∑K
k=1 E

[
∥∇L(θk)∥2

]
≲

O(η) +O
(

1
NG

)
.

Proof. We adopt the same definitions as in the
Proof of Theorem 1. Since − log πθ(o | q) is
L0-smooth (i.e., its gradient is L0-Lipschitz) and
the advantage is bounded by B, the empirical loss
LG(θ) is L = BL0-smooth:

∥∥∇LG(θ)−∇LG(θ′)
∥∥
2
≤ L

∥∥θ − θ′
∥∥
2
.
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Algorithm 1: Advantage-Augmented Policy Optimization
Input: policy model πθ, reference model πref , group size G, reward functions F={format,accuracy,··· },

reward functions’ corresponding weights W={wformat,waccuracy,··· }, data batch B, total training
steps Sgloabl.

for global training step S < Sgloabl do
for data in data batch B do

Sample Oθ = {oθ1 , oθ2 , · · · , oθG} from πθ;
Sample Oref = {oref1 , oref2 , · · · , orefG} from πref ;
Compute rewards Rθ={Rformat

θ ,R
accuracy
θ ,··· ,R···

θ } and Rref={Rformat
ref ,R

accuracy
ref ,··· ,R···

ref} for each
response in Oθ and Oref using the reward functions in F ;

Compute the weighted rewards R
weighted
θ =RθW

⊤ and R
weighted
ref =RrefW

⊤;
Compute the augmented advantage Â∗

i,t following Equation (5) for each sample in Oθ;
Compute loss for Oθ following Equation (4);

end
Update πθ following Equation (6);

end

By the descent lemma for L-smooth functions, for
any step size ηk,

LG(θ−ηkg) ≤ LG(θ)−ηk⟨g,∇LG(θ)⟩+L
2 η

2
k∥g∥2.

Choosing g = ∇LG(θk) and requiring ηk ≤ 1/L,
we obtain

LG(θk+1) ≤ LG(θk)− ηk
2 ∥∇LG(θk)∥2 .

By assumption (3), for all θ, the per-sample loss
ℓ(q, o; θ) = − log πθ(o | q) Â∗ has a gradient with
bounded second moment:

sup
θ

E(q,o)∼πθ

[
∥∇θℓ(q, o; θ)∥2

]
≤ σ2,

where σ2 is a constant. Since ∇LG(θk) is the av-
erage of NG i.i.d. samples conditional on θk, we
have

E[∇LG(θk)] = ∇L(θk),

E
[
∥∇LG(θk)−∇L(θk)∥2

]
≤ σ2

NG
.

Consequently (by variance decomposition),

E
[
∥∇LG(θk)∥2

]
≤ ∥∇L(θk)∥2 +

σ2

NG
.

Taking total expectation and noting E[LG(θ)] =
L(θ), we obtain

E[L(θk+1)] ≤ E[L(θk)]− ηk
2 E

[
∥∇L(θk)∥2

]
+ L

2
η2kσ

2

NG
.

Since L(θ) is lower bounded (Theorem 1), apply-
ing the Robbins–Siegmund theorem (Robbins and
Siegmund, 1971) gives

∞∑

k=0

ηk E
[
∥∇L(θk)∥2

]
< ∞.

Given
∑

k ηk = ∞, it follows that

lim inf
k→∞

E
[
∥∇L(θk)∥2

]
= 0.

If ηk ≡ η ≤ 1/L is fixed, the residual is of or-
der O(η) (from smoothness) and O(1/NG) (from
gradient variance). Hence

lim sup
K→∞

1

K

K∑

k=1

E
[
∥∇L(θk)∥2

]
≲ O(η) +O

(
1
NG

)
.

With diminishing step sizes, the algorithm con-
verges to a stationary point of the expected ob-
jective; with a small constant step size, it converges
to a neighborhood of stationarity whose size de-
pends on η and the group size. The advantage mar-
gin does not affect the asymptotic rates, as it only
changes the constant B (and hence L = BL0).

C Experiment details

C.1 Reward rules
Format Reward To encourage adherence to
structured reasoning, we adopt a binary format
reward Rformat(o) ∈ {0, 1}, which assigns a
reward of 1 if the model response o conforms to
the expected template by containing the delimiter
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sequence “\n </think>\n", and 0 otherwise.
Cosine Scaled Reward We adopt the
Rcosine_scaled_accuracy ∈ {0, 1} as expressed in
equation (9), which encourages correct outputs
with shorter lengths and penalizes incorrect outputs
with reduced severity as their length increases,
following a cosine annealing schedule in equation
(10).

Rcosine_scaled_accuracy(o) =

{
Rcorrect(l), if correct
Rwrong(l), if wrong

, (9)

where

Rcorrect(l) = αc
min +

1

2
(αc

max − αc
min)

[
1 + cos

(
π
l

L

)]
,

Rwrong(l) = αw
max +

1

2
(αw

min − αw
max)

[
1 + cos

(
π
l

L

)]
,

. (10)

Accuracy Reward We adopt a standard accu-
racy reward Raccuracy ∈ {0, 1}, which assigns a
binary reward of 1 for correct response and 0 other-
wise, providing a sparse but direct reward signal.

C.2 Training setup
Training DeepSeek-R1-Distill-Qwen-1.5B For
training DeepSeek-R1-Distill-Qwen-1.5B on open-
rs experiment (Dang and Ngo, 2025), we adopt the
Rformat and Rcosine_scaled_accuracy reward func-
tions, with respective weights of 1 and 2. We
directly perform our AAPO training from the
base model without any SFT with the group size
of 6 and the per_device_batch_size of 6 with
gradient_accumulation_steps of 4 on 2 Nvidia
A800 GPUs with 80G VRAM. The system prompt
adopted in the RL training is provided below.

Training prompt AAPO-1.5B model

A conversation between User and Assis-
tant. The user asks a question, and the As-
sistant solves it. The assistant first thinks
about the reasoning process in the mind
and then provides the user with the an-
swer, and put your final answer within
\\boxed . The reasoning process and an-
swer are enclosed within <think></think
>and <answer></answer>tags, respectively,
i.e., <think>reasoning process here </think
><answer>answer here </answer>. Note
that respond by English, NOT use other lan-
guages.

Training Qwen2.5-Math-7B For training
Qwen2.5-Math-7B (Yang et al., 2024) on sim-
plelr_qwen_level3to5 (Zeng et al., 2025), we

adopt the Raccuracy reward function with a weight
of 1. We directly perform our AAPO train-
ing without any SFT with the group size of
8 and the per_device_batch_size 8 with gradi-
ent_accumulation_steps of 4 on 8 Nvidia A800
GPUs with 80G VRAM. The system prompt
adopted in the RL training is provided below.

Training prompt for AAPO-7B model

You are a helpful AI Assistant, designed
to provided well-reasoned anddetailed re-
sponses. You FIRST think about the rea-
soning process as an internal monologue
and then provide the user with the answer.
The reasoning process MUST BE enclosed
within <think>and </think>tags.

Training Llama series models For training
Llama-3.2-1B-Instruct and Llama-3.2-3B-Instruct
models, we adopt the simplelr_able_level3to5
dataset (Zeng et al., 2025) and the Raccuracy reward
function with a weight of 1. We directly perform
our AAPO training without any SFT with the group
size of 8 and the per_device_batch_size of 16 on 4
Nvidia A800 GPUs with 80G VRAM. There is no
extra system prompt added when training Llama
series models.

C.3 Evaluation setup

Evaluation of Qwen series models All the re-
produced results in Table 1 are evaluated using the
lighteval framework (Habib et al., 2023) with vllm
backend proposed by Hugging Face. Our evalua-
tion experiments on all benchmarks are conducted
on a single Nvidia A800 GPU with 80G VRAM,
with system prompt provided in below.

System prompt for Qwen series evaluation
on all benchmarks

Solve the following math problem effi-
ciently and clearly. The last line of your
response should be of the following format:
‘Therefore, the final answer is: $\\boxed{{
ANSWER}}$. I hope it is correct’ (without
quotes) where ANSWER is just the final
number or expression that solves the prob-
lem. Think step by step before answering.

Evaluation of Llama series models All the
reported results in Table 1 are evaluated using vllm
backend for generation and the evaluation script
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Figure 3: Ablation study on clip operation, reported by
average pass@1 scores across five benchmarks.

provided by Zeng et al. (2025). Our evaluation
experiments on all benchmarks are conducted on 4
Nvidia A800 GPUs with 80G VRAM.

D More experiment results

D.1 Performance on Out-of-Domain
benchmarks

Beyond mathematical reasoning tasks, we evalu-
ated AAPO-1.5B and AAPO-7B on a more gen-
eral benchmark: MMLU (Hendrycks et al., 2021a),
MMLU encompasses 57 subdomains spanning
STEM, social science, and other domains. As re-
ported in Table 9, results show that even when our
method trained models using only a small subset
of math problems, AAPO-1.5B achieved a slight
improvement (+0.27) over DeepSeek-R1-Distill-
Qwen-1.5B model, attributing to the base model’s
inherent strength. However, AAPO-7B demon-
strated substantial gains (+13.69) over Qwen2.5-
Math-7B model. Except for MMLU benchmark,
we evaluate AAPO-1.5B on LiveCodeBench (Jain
et al., 2024), which evaluates models on a variety
of code-related scenarios, such as code generation,
self-repair, test output prediction, and code execu-
tion. Since the max_model_length of AAPO-7B is
4,096, it is not appropriate to evaluate AAPO-7B
on LiveCodeBench. As shown in Table 5, AAPO-
1.5B also outperforms its base model by 1.23 on
code-related benchmark. These findings demon-
strate that our AAPO does not compromise model’s
generalization. Instead, it extends model’s reason-
ing capabilities to other domains to a certain extent.

LiveCodeBench DeepSeek-R1-Distill-Qwen-1.5B AAPO-1.5B ∆

Average 25.78 27.01 +1.23

Table 5: Performance on LiveCodeBench benchmark.

D.2 The effect of training group size

To examine the effect of group size G on training
dynamics, we conducted a set of additional experi-
ments with varying group sizes on DeepSeek-R1-
Distill-Qwen-1.5B and Qwen2.5-Math-7B models.
The results are summarized in Table 6. The ex-
perimental results indicate that AAPO is robust to
group size across model size. Based on this obser-
vation, we use group size G = 6 as our main results
in Table 1, which is consistent to other baselines.

Model G AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

AAPO-1.5B

2 36.7 83.0 80.0 32.0 51.4 56.6
6 33.3 86.0 80.0 30.9 53.3 56.7
10 36.7 85.6 77.5 27.6 52.0 55.9

AAPO-7B

2 33.3 78.8 62.5 32.4 39.4 49.3
6 30.0 82.4 70.0 35.3 44.3 52.4
10 36.7 81.8 65.0 35.3 44.6 52.7

Table 6: Additional ablation study on group size G.

D.3 Pass@k performance

Since our main experiments are reported using the
pass@1 metric, we conducted additional pass@k
experiments. In these extra experiments, we sam-
pled 64 samples to compute pass@k with k =
8/16/32/64. Results are reported in Table 7. As
shown in the results table, both the base model
and the trained model exhibit improved perfor-
mance as the value of k increases. Consistent with
the findings presented by Yue et al. (2025), rein-
forcement learning with verifiable rewards (RLVR)
for LLMs primarily enhances the models’ pass@1
performance. In some cases, the pass@k perfor-
mance of the RLVR-trained model even falls short
of the base model. For instance, DeepSeek-R1-
Distill-Qwen-1.5B, trained using a large scale of
high-quality CoT data distilled from DeepSeek-
R1, shows limited improvement after training with

Model K AIME24 MATH-500 AMC23 Minerva OlympiadBench

DeepSeek-R1-Distill-Qwen-1.5B

8 64.3 95.6 93.5 48.2 72.2
16 73.2 97.1 95.4 52.1 76.4
32 78.9 98.1 97.4 55.2 79.7
64 83.3 99.0 100.0 57.1 81.9

AAPO-1.5B

8 62.6 95.6 93.2 47.5 72.9
16 70.9 96.9 94.4 50.9 77.3
32 77.3 97.6 94.9 53.5 80.5
64 80.0 98.0 95.0 55.9 83.1

Qwen2.5-Math-7B

8 39.5 86.1 80.1 32.5 50.9
16 46.2 90.0 84.7 39.3 58.2
32 51.6 92.8 89.1 45.4 64.1
64 56.7 94.8 95.0 50.4 68.7

AAPO-7B

8 50.7 91.9 85.4 48.0 61.9
16 70.9 93.6 90.4 50.9 66.3
32 77.3 95.1 95.5 53.7 70.0
64 80.0 96.2 100.0 56.6 72.7

Table 7: Additional results with pass@k metrics.
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Figure 4: Training process with DeepSeek-R1-Distill-Qwen-1.5B on open-rs (Dang and Ngo, 2025) utilizing our
proposed AAPO algorithm. Compared to GPG (Chu et al., 2025) and GRPO (Shao et al., 2024), AAPO demonstrates
better stability during training and achieves superior performance in the final results as shown in Table 1.

RLVR in pass@1 performance in Table 1. Even
as k increases, AAPO-1.5B’s pass@k performance
remains slightly inferior to the base model except
for OlympiadBench. However, AAPO-7B consis-
tently outperforms its base model Qwen2.5-Math-
7B for k = 1/8/16/32/64 on all benchmarks,
since Qwen2.5-Math-7B retains considerable po-
tential for improvement.

D.4 Training Analysis

Training process analysis As illustrated by the
training curves in Figure 4, AAPO achieves opti-
mization performance comparable to that of GPG,
while exhibiting further improvements during the
later steps of RL training. In the Format Reward
and Reward figures, AAPO consistently attains
higher reward than GPG in the later steps of the
training. In addition, three Reward figures demon-
strate significantly reduced fluctuations during the
training process. AAPO also outperforms GRPO.
Moreover, in the Response Length figure, our pro-
posed AAPO demonstrates superior optimization,
indicating better training effectiveness. The final
results presented in Table 1 demonstrate that our
proposed AAPO achieves superior performance
across five mathematical reasoning benchmarks.
To straightly and effectively analyze the training
stability of AAPO, we calculated the variance of
the training loss for AAPO as well as methods
GRPO and GPG. Var(LAAPO) = 3.6 × 10−4,
Var(LGPG) = 3.9 × 10−4 and Var(LGRPO) =
3.53 × 10−3. The results show that AAPO ex-
hibits the lowest variance, indicating relatively sta-
ble training. Additionally, the results of the abla-

tion experiments on clip operation demonstrate that
AAPO can steadily improve model performance as
training epochs progress.
Training loss analysis We plot the loss curves
of AAPO and GPG (Chu et al., 2025) during train-
ing DeepSeek-R1-Distill-Qwen-1.5B on open-rs
(Dang and Ngo, 2025) in Figure 5. As observed,
the loss values for AAPO remain predominantly
positive throughout the training process. This in-
dicates that AAPO primarily optimizes the policy
by encouraging diverse responses better than the
reference, assigning different gradient magnitudes
according to the advantage estimated by Â∗

i,t, thus
leading to performance improvements. In contrast,
GPG exhibits mostly negative loss values, suggest-
ing that it focuses on suppressing suboptimal re-
sponses as its main optimization strategy. It can
be clearly seen from the Figure 5 that the train-
ing process of AAPO is more stable than GRPO
(Shao et al., 2024). These results of the analysis im-
ply that models trained with our proposed AAPO
demonstrate stronger generalization, resulting in
superior performance as shown in Table 1.
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Figure 5: A comparative analysis of training loss be-
tween AAPO and GPG, AAPO and GRPO.
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E Extra comparison with original results

It is worth noting that evaluation results may be in-
fluenced by the computational device type. We
have also provided the original results of each
model from the corresponding papers. Here we
present the original results reported in the corre-
sponding papers for Qwen series models in Table 8.

Model AIME24 MATH-500 AMC23 Minerva OlympiadBench Avg.

Qwen 1.5B Models

DeepSeek-R1-Distill-Qwen-1.5B 28.9 83.9 – – – –
GRPO-1.5B (Dang and Ngo, 2025) 46.7 84.4 72.5 26.8 51.3 56.3
GPG-1.5B (Chu et al., 2025) 33.3 85.0 80.0 26.8 52.4 55.5
Still-3-1.5B-Preview (Chen et al., 2025) 39.3 85.5 – – – –
AAPO-1.5B (Ours) 33.3 86.0 80.0 30.9 53.3 56.7

Qwen 7B Models

Qwen2.5-Math-7B (Yang et al., 2024) – 55.4 – – – –
SimpleRL-Zero-7B (Zeng et al., 2025) 20.0 78.2 62.5 38.6 40.4 47.9
GPG-7B(Chu et al., 2025) 33.3 80.0 65.0 34.2 42.4 51.0
OpenReasoner-Zero-7B (Hu et al., 2025) – – – – – –
Eurus-2-7B-PRIME (Cui et al., 2025) 20.0 78.2 50.6 39.3 40.3 45.7
Oat-Zero-7B(Liu et al., 2025) 43.3 80.0 62.7 30.1 41.0 51.4
AAPO-7B (Ours) 30.0 82.4 70.0 35.3 44.3 52.4

Table 8: Zero-shot pass@1 performance on mathemati-
cal reasoning benchmarks. All reported results in this
table are directly adopted from the corresponding pa-
pers. Dashes (–) denote unavailable official score.

F Disclosure of AI assistants usage

AI assistants are utilized to assist in the drafting,
refinement, and wording adjustments of portions
of the paper’s text. All content was ultimately re-
viewed and revised by the authors, who are solely
responsible for the facts, assertions, and arguments
presented herein.
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MMLU task-domain DeepSeek-R1-Distill-Qwen-1.5B AAPO-1.5B ∆ Qwen2.5-Math-7B AAPO-7B ∆

abstract_algebra 23.00 22.00 -1.00 21.00 22.00 +1.00
anatomy 22.96 24.44 +1.48 25.19 39.26 +14.07
astronomy 21.71 22.37 +0.66 19.47 34.87 +15.13
business_ethics 21.00 23.00 +2.00 33.00 50.00 +17.00
clinical_knowledge 30.19 28.68 -1.51 23.02 40.00 +16.98
college_biology 25.00 23.61 -1.39 27.78 50.69 +22.91
college_chemistry 29.00 26.00 -3.00 21.00 27.00 +6.00
college_computer_science 25.00 25.00 0.00 27.00 37.00 +10.00
college_mathematics 20.00 20.00 0.00 21.00 25.00 +4.00
college_medicine 32.95 32.95 0.00 20.81 42.2 +21.39
college_physics 22.55 21.57 -0.98 21.57 27.45 +5.88
computer_security 26.00 27.00 +1.00 29.00 50.00 +21.00
conceptual_physics 26.81 26.38 -0.43 27.23 53.19 +25.96
econometrics 24.56 25.44 +0.88 24.56 28.95 +4.39
electrical_engineering 27.59 27.59 0.00 24.14 48.28 +24.14
elementary_mathematics 21.16 20.90 -0.26 21.16 31.48 +10.32
formal_logic 24.60 25.40 +0.80 28.57 35.71 +7.14
global_facts 20.00 21.00 +1.00 19.00 21.00 +2.00
high_school_biology 23.87 23.55 -0.32 21.29 47.42 +26.13
high_school_chemistry 15.27 15.27 0.00 16.75 41.38 +24.63
high_school_computer_science 26.00 26.00 0.00 28.00 51.00 +23.00
high_school_european_history 29.70 30.30 +0.60 21.81 40.00 +18.19
high_school_geography 30.30 28.79 -1.51 22.73 50.51 +27.78
high_school_government_and_politics 27.46 26.94 -0.52 30.57 46.63 +16.06
high_school_macroeconomics 27.95 27.95 0.00 22.56 42.82 +20.26
high_school_mathematics 21.85 21.85 0.00 21.11 22.59 +1.48
high_school_microeconomics 28.57 26.89 -1.68 27.73 48.32 +20.59
high_school_physics 19.21 19.87 +0.66 19.87 36.42 +16.55
high_school_psychology 24.40 24.40 0.00 25.69 57.43 +31.74
high_school_statistics 16.20 15.74 -0.46 16.20 27.78 +11.58
high_school_us_history 25.98 26.47 +0.49 25.00 38.73 +13.73
high_school_world_history 24.05 23.63 -0.42 27.34 38.82 +11.39
human_aging 18.83 20.18 +1.35 33.63 38.57 +4.94
human_sexuality 22.90 27.48 +4.58 29.77 38.93 +9.16
international_law 19.84 20.66 +0.82 28.10 40.50 +12.40
jurisprudence 24.07 25.93 +1.86 37.04 42.59 +5.55
logical_fallacies 28.22 29.45 +1.23 26.38 47.24 +20.86
machine_learning 34.82 35.71 +0.89 31.25 36.61 +5.36
management 18.45 18.45 0.00 25.24 48.54 +23.30
marketing 26.50 27.35 +0.85 31.62 66.23 +34.61
medical_genetics 20.00 23.00 +3.00 30.00 33.00 +3.00
miscellaneous 23.24 23.88 +0.64 32.70 52.11 +19.41
moral_disputes 29.19 29.19 0.00 39.31 40.46 +1.15
moral_scenarios 24.81 24.81 0.00 23.80 23.91 +0.11
nutrition 26.80 26.80 0.00 30.39 42.16 +11.77
philosophy 20.26 18.01 -2.25 18.97 31.19 +12.22
prehistory 24.69 23.77 -0.92 25.93 38.58 +12.65
professional_accounting 23.76 24.11 +0.35 23.76 30.14 +6.38
professional_law 24.58 25.55 +0.97 24.58 29.01 +4.43
professional_medicine 16.18 15.81 -0.37 18.38 27.57 +9.19
professional_psychology 26.63 25.33 -1.30 26.14 41.50 +15.36
public_relations 17.27 20.91 +3.64 22.73 35.46 +12.73
security_studies 35.29 34.69 -1.23 20.00 35.10 +15.10
sociology 25.37 28.86 +3.49 27.86 44.78 +16.92
us_foreign_policy 26.00 25.00 -1.00 39.00 50.00 +11.00
virology 19.88 21.08 +1.20 28.92 42.17 +13.25
world_religions 20.47 21.64 +1.17 42.69 49.71 +7.02

Average 24.27 24.54 +0.27 25.96 39.65 +13.69

Table 9: Performance on MMLU benchmark.
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