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Abstract

Group Relative Policy Optimization (GRPO)
has emerged as a promising critic-free rein-
forcement learning paradigm for reasoning
tasks. However, standard GRPO employs a
coarse-grained credit assignment mechanism
that propagates group-level rewards uniformly
to to every token in a sequence, neglecting the
varying contribution of individual reasoning
steps. We address this limitation by introduc-
ing Outcome-grounded Advantage Reshaping
(OAR), a fine-grained credit assignment mech-
anism that redistributes advantages based on
how much each token influences the model’s
final answer. We instantiate OAR via two com-
plementary strategies: (1) OAR-P, which es-
timates outcome sensitivity through counter-
factual token perturbations, serving as a high-
fidelity attribution signal; (2) OAR-G, which
uses an input-gradient sensitivity proxy to ap-
proximate the influence signal with a single
backward pass. These importance signals are
integrated with a conservative Bi-Level advan-
tage reshaping scheme that suppresses low-
impact tokens and boosts pivotal ones while
preserving the overall advantage mass. Empir-
ical results on extensive mathematical reason-
ing benchmarks demonstrate that while OAR-
P sets the performance upper bound, OAR-G
achieves comparable gains with negligible com-
putational overhead, both significantly outper-
forming a strong GRPO baseline, pushing the
boundaries of critic-free LLM reasoning .

1 Introduction

Large Language Models (LLMs) have recently
demonstrated strong performance on complex rea-
soning tasks (Fedus et al., 2022; Achiam et al.,
2023; Brown et al., 2020), driven in part by rein-
forcement learning with verifiable rewards (RLVR;
Lambert et al., 2024). Among these approaches,
Group Relative Policy Optimization (GRPO; Shao
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Figure 1: From broadcast credit to token reallocation.

et al.,, 2024) has emerged as a practical critic-
free algorithm for post-training reasoning models.
By normalizing rewards over a group of sampled
responses, GRPO avoids training a value func-
tion while remaining stable and scalable for long-
horizon reasoning.

However, GRPO relies on a coarse credit as-
signment: a single group-normalized advantage is
broadcast to all tokens in a sampled response (Wei
et al., 2023). This ignores the uneven structure of
reasoning traces, where only a small set of tokens
(e.g., key deductions or structural decisions) deter-
mines correctness, while many others are largely
syntactic (Yang et al., 2025b). Figure 1 illustrates
this mismatch between coarse sequence-level credit
assignment and the desired token-level reallocation.
Treating all positions equally increases gradient
variance and can accelerate entropy collapse dur-
ing training (Liu et al., 2024; Li et al., 2024).

A natural direction is to move from coarse
sequence-level credit to token-level credit. Recent
work uses token entropy as a proxy to reweight up-
dates: Cheng et al. (2025) amplifies high-entropy
tokens to encourage exploration, while Chen et al.
(2025) shapes advantages over low-entropy seg-
ments in a correctness-aware way to consolidate
useful structures and suppress recurring failure pat-
terns. However, entropy primarily reflects uncer-
tainty or stability(Gal and Ghahramani, 2016), not
outcome-relevant importance, and may therefore
misallocate credit to tokens that are salient to the
policy yet only weakly influential on the final an-
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swer outcome(Jain and Wallace, 2019).

In contrast, we argue that the ideal token-
level credit in critic-free RL should be outcome-
grounded, reflecting how much each token influ-
ences the model’s final answer. To this end, we
propose Outcome-grounded Advantage Reshaping
(OAR), a framework that enhances GRPO with
outcome-sensitive token attribution. OAR scores
each token by how much perturbing it shifts
the model’s final-answer distribution, inspired by
perturbation-based feature attribution(Ribeiro et al.,
2016). While the ideal attribution would mea-
sure reward changes under interventions, RLVR
rewards are typically rule-based, sparse, and non-
differentiable, making token—reward attribution
prohibitively expensive. We therefore use the
model’s own answer distribution as a practical sur-
rogate outcome to estimate token impact.

We instantiate OAR with two complementary
attribution strategies that trade off fidelity and ef-
ficiency: OAR-P estimates outcome sensitivity
via counterfactual token perturbations, providing
a high-fidelity but costly signal, while OAR-G
uses an efficient gradient-based proxy suitable for
scalable online training(Simonyan et al., 2014).
However, attribution scores alone do not specify
how to inject token-level credit without destabiliz-
ing GRPO: naively multiplying or adding token
weights can induce sample-dependent changes in
the effective update scale.

Therefore, we introduce a conservative Bi-Level
advantage reallocation mechanism that suppresses
low-impact tokens to reduce gradient noise, boosts
high-impact tokens to strengthen the learning sig-
nal, and renormalizes weights to preserve the over-
all advantage mass.

Our contributions can be summarized as follows:

* We propose OAR, an outcome-grounded

framework for fine-grained credit assignment,
which redistributes sequence-level advantages
based on token influence on the model’s final
answer distribution, with two instantiations:
OAR-P (perturbation-based attribution) and
OAR-G (gradient-based approximation).

* We design a conservative Bi-Level advantage
reallocation mechanism that sharpens learn-
ing signals by boosting pivotal tokens and sup-
pressing low-influence noise, while preserv-
ing the overall advantage mass to maintain
stable training.

» Extensive experiments on mathematical rea-

soning benchmarks demonstrate that OAR
consistently outperforms strong GRPO base-
lines. While OAR-P sets the performance up-
per bound, OAR-G retains the majority of
these gains with minimal computational cost.

2 Preliminaries

2.1 Group Relative Policy Optimization

A large language model defines an autoregressive
policy 7y that generates a token sequence y =
(y1,--.,yr). In RLVR, we maximize the expected
sequence-level reward:

J(@) = EIND, y~mg(-|T) [’I“(y)] : (D

GRPO eliminates the learned value function in
PPO by using a group-normalized outcome reward
as the advantage. Given a prompt x, we sample
G completions {yM, ..., 4@} from the behav-
ior policy mg,, and obtain rewards {rq,...,rg}.
The advantage for sample ¢ is computed by within-
group normalization:

i ri— & St T
A= =.
G G
\/(1; > k1 (Tk - é Zj:l 7"]‘)
This scalar A; is applied to all token-level log-
probability terms in y(®.

GRPO then optimizes the PPO-style clipped sur-
rogate objective:

2

Lcrro = E; ¢ [min (Pgi)z‘ii,

clip(pl(f), 1—¢61+ E)AZ>:| :
(3)
with importance ratio
(i) _ oy |, y")
o1 (yt@ |z, y(<12)

“

While GRPO avoids value-function training, us-
ing a single sequence-level advantage for all tokens
can increase gradient variance due to reward alias-
ing; see Appendix A.1.1.

2.2 Intrinsic Signals for Token-Level Credit

Recent GRPO variants explore redistributing
sequence-level advantages using intrinsic, model-
derived signals as token-importance proxies (Li
et al., 2025; Xie et al., 2025; Chen et al., 2025).
Among them, entropy-based advantage shaping
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Figure 2: Overall architecture of the proposed OAR framework integrated into GRPO.

(Cheng et al., 2025) is a representative and eas-
ily reproducible instance. For token distribution
mo(- | ,y<¢), the token entropy is

Hy = =Y mp(v | 2, y<r)logme(v | 7, y<r).
(5)

A typical shaping rule augments the broadcast
advantage A with an entropy-dependent bonus
(Cheng et al., 2025):

Ay = A min(a-sg(Hy), |Al/R), (©)

where sg(+) stops gradients for stability.

While simple, intrinsic proxies may not reflect
outcome-relevant token importance: entropy mea-
sures predictive uncertainty and can be high for
stylistic or lexically ambiguous tokens with little
effect on correctness. Moreover, additive shaping
alters the post-normalization advantage mass, in-
ducing sequence-dependent update scales unless
renormalization or re-tuning is applied (Theoretical
Analysis is provided in Appendix A.1.2).

3 Method

We introduce Outcome-grounded Advantage Re-
shaping (OAR), which equips GRPO with token-
level credit assignment. OAR admits two instan-
tiations: OAR-P, a perturbation-based attribution
method, and OAR-G, an efficient gradient-based
approximation. Figure 2 provides an overview of
how OAR is integrated into GRPO.

3.1 OAR-P

To establish a rigorous causal baseline, OAR-P
employs a counterfactual masking strategy. Let
Y (y1,...,yr) be a reasoning chain gener-
ated by the policy mg given prompt x. We de-
note the model’s final prediction distribution as
Phinat = (- | x,y), which represents the prob-
ability distribution over the answer span. Here
the answer span is extracted from the model out-
put by a deterministic rule (e.g., regex matching
<answer>... </answer>; see 6.2).

We construct a perturbed sequence §(*) by re-
placing the token at position ¢ with a special token
(e.g., [PAD]):

g = (Y15, yt—1, [PAD], Y1, ..., yr). (7)

Then perform a forward pass to compute the per-

turbed final distribution P\ = mo(- | 2, 5®).
The causal importance score I7°" for token y; is

defined as the KL divergence between the original

and the perturbed distributions:

Intuitively, I} “"" measures the information loss in-
curred by removing y;. If y; is a logical pivot,
masking it will significantly alter the final predic-
tion (I >> 0); if y; is syntactic filler, the pre-
diction remains stable (If o 0). A thereotical
perspective is provided in Appendix A.1.3. While
accurate, calculating 17" for a sequence of length
L requires L additional forward passes, creating a
computational bottleneck.

®)

nal

17" = Dy, (Pina || P
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3.2 OAR-G

To enable scalable fine-grained credit assignment
during online training, we propose OAR-G, which
approximates the perturbation-based attribution us-
ing a single backward pass. Instead of discrete
masking, we inject small Gaussian noise into the
input representations of reasoning tokens and mea-
sure how sensitive the final outcome distribution
is to each token. Let E = (e, ..., er) denote the
embeddings of the reasoning tokens in the sampled
trajectory. We first compute the feacher outcome
distribution from the unperturbed input:

Py = Prna(z, E). &)

Next, we apply isotropic Gaussian noise to the em-
beddings and obtain a student outcome distribution
under the perturbed representations:

€ = ep + €t, €4 ™~ N(O, 0'21), P, = Pﬁnal({L‘, E)
(10)
‘We then measure the induced distribution shift via
a self-distillation objective:

J(x,y) = DL (Po|| Pe) =

3" Po(v) (log Po(v) — log Po(v)). (D)
v

Token-wise sensitivity is obtained by differentiat-

ing J with respect to each input embedding:

gt = Vetj(l‘,y)-

Following gradient-based attribution methods (Sun-
dararajan et al., 2017), we define the importance
score using Gradient X Input:

I = (g, e0)] . (13)

This score corresponds to a first-order approxima-
tion of how strongly perturbing token ¢ would af-
fect the outcome distribution. Importantly, OAR-G
replaces O(L) counterfactual forward passes with
a single backward pass, making it computationally
negligible compared to the generation process.

Normalization For both OAR-P and OAR-G, the
raw importance scores (I or &%) are mapped
to a unified scale for stability. We apply a log-
transform followed by min-max normalization
within each sequence:

(12)

It_— min; I;

Iy =log(1+ 1), I, = max; [; — min; .fj +e€

(14)
These normalized scores ft are then used to mod-
ulate the advantage estimates in the subsequent

reshaping phase.

3.3 Bi-Level Advantage Reshaping

While the attribution scores I; identify pivotal to-
kens, directly applying them as raw weights can
destabilize the training process due to uncontrolled
variance in update scales. To concentrate credit
on important positions without changing GRPO’s
overall update scale, we reallocate Ageq across to-
kens by suppressing low-importance tokens and
boosting high-importance ones, followed by a sum-
preserving renormalization. The token-level advan-
tages are reshaped using the normalized importance
I,. Specifically, we modulate the sequence advan-
tage by a bi-level gating function:

OAR
Ay

= Aseq ‘(:)ta (15)

where @, suppresses low-importance tokens and
boosts high-importance tokens. Given a threshold
T (e.g., the 70th percentile in a sequence), we define

I

, iftl, <7
T+ €
N——
2 Noise S i
wlfyy = RS )
148 ——— ifl,>7
+5 1—-7+4c¢€ b=
Signal Boosting

with boosting coefficient 5 > 0 and smoothing con-
stant €. This function is continuous at ft = 7 with
w(1) = 1. To avoid changing the overall update
scale, we apply sum-preserving renormalization:

iy, T
E?:lw(jj)‘

This conserves total advantage mass (Zt wy=1T),
so OAR redistributes credit across tokens rather
than globally rescaling advantages.

Finally, we replace the standard advantage in the
clipped PPO objective with APAR:

(17)

Loar = E;

min <p§i) A?AR(i),

clip (pgi), 1—¢€14¢) AtOAR(i)>] .
(18)

By integrating outcome-grounded credit into the
surrogate loss, Loar encourages the policy to pri-
oritize the refinement of critical reasoning steps
while remaining robust to the high-variance noise
inherent in long-horizon mathematical traces.

24684



Method AIME25 AIME24 AMC23 MATH500 GSMSK  Avg

pP@] P@32 P@] P@32 P@] P@32 P@] P@] Avg
Qwen2.5-7B 2.5 26.4 4.5 43.6 29.5 81.4 52.7 82.0 45.2
+ GRPO 9.4 31.0 13.5 45.0 59.8 85.0 75.8 90.5 51.3
+ GRPO w/ Random Adv 9.2 31.0 13.2 44.3 60.1 85.5 75.2 90.3 51.1
+ GRPO w/ Entropy Adv 10.3 324 14.4 45.7 62.2 86.4 772 91.2 52.5
+ GRPO w/ OAR-G 11.8 33.2 14.8 47.8 61.4 86.9 78.7 91.4 53.2
+ GRPO w/ OAR-P 12.2 33.9 15.2 48.2 61.9 87.7 78.4 92.0 53.7
A (vs. GRPO) +2.8 +2.9 +1.7 +3.2 +2.1 +2.7 +2.6 +1.5 +2.4
Owen2.5-Math-7B 5.7 33.5 11.8 494 33.2 88.3 51.2 69.0 42.8
+ GRPO 12.2 39.1 31.2 48.9 64.5 90.6 80.8 91.2 57.3
+ GRPO w/ Random Adv 11.9 39.4 30.8 472 64.0 90.2 79.8 91.2 56.8
+ GRPO w/ Entropy Adv 13.0 39.6 324 49.0 65.4 90.6 81.7 91.4 57.9
+ GRPO w/ KTAE 15.2 42.4 33.3f 50.8 65.17 89.7 824" 92.7 59.0
+ GRPO w/ OAR-G 14.3 40.3 335 51.7 65.2 92.5 83.0 92.9 59.2
+ GRPO w/ OAR-P 14.5 40.8 33.5 51.9 65.6 92.8 83.8 92.7 59.5
A (vs. GRPO) +2.3 +1.7 +2.3 +3.0 +1.1 +2.2 +3.0 +1.5 +2.2

Table 1: Main results on mathematical reasoning benchmarks. bold and underline indicate the best and second-best
results, respectively. T indicates results quoted from the original KTAE (Sun et al., 2025) report.
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Figure 3: Training dynamics on Qwen2.5-7B-Base(Top Row) and Qwen2.5-Math-7B(Bottom Row).

4 Experiments

4.1 Experiment Setup

Datasets and Models Experiments are
conducted on Qwen2.5-7B-Base and
Qwen2.5-Math-7B (Yang et al., 2025a), trained
with DAPO-MATH (Yu et al., 2025a) dataset, We eval-
uate the resulting performance on four widely used
math reasoning benchmarks: AIME2024/2025 (LI
et al., 2024), AMC23 (LI et al., 2024), MATH500
(Hendrycks et al., 2021), and GSM8K (Cobbe
et al.,, 2021). For AIME and AMC, we report
Pass@Fk where k € {1,32}; for others we report
standard Pass@ 1(Chen et al., 2021).

Implementation Details We employ the GRPO
framework with a group size of G = 8§, learning
rate of 1 x 1076 and a global batch size of 64. For

generation, We set the temperature to 1.0 with a
max generation length of 1024. For our proposed
OAR method, we set the bi-level threshold 7 = 0.4
(meaning the top 60% of tokens are boosted) and
the boosting coefficient 5 = 2.0. To accelerate the
counterfactual perturbation step during training, we
implement a parallelized batch decoding strategy,
which computes the perturbed logits for all masked
positions in a single batched forward pass. All
experiments are conducted on 8 x H100 GPUs.

4.2 Baselines

To validate the effectiveness of our method, we
compare OAR against three baselines: (i) Vanilla
GRPO, the standard Group Relative Policy Opti-
mization algorithm with a clip-higher technique
from DAPO (Yu et al., 2025a) as a strong refer-
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Figure 4: Token-importance visualization on a reasoning trace: OAR-P (top) vs. Oracle causal mask (bottom).
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Figure 5: Causal-token recall under the counterfactual
Oracle as a function of the top- K % important tokens.

ence; (ii) GRPO + Random Credit, a diagnostic
variant that assigns each token a random weight
w ~ Uniform(0, 1); (iii) GRPO + Entropy, which
follows Cheng et al. (2025) and uses token entropy
as an importance proxy to reshape advantages; and
(iv) GRPO + KTAE, which follows Sun et al. (2025)
and adds model-free token-level advantage correc-
tions based on token—correctness association.

4.3 Main Results

Reasoning Performance Table 1 summarizes re-
sults on five mathematical reasoning benchmarks
using Qwen2.5-7B and Qwen2.5-Math-7B as back-
bones. Incorporating our OAR into GRPO consis-
tently improves performance over vanilla GRPO
and alternative token-weighting heuristics. For ex-
ample, on Qwen2.5-7B, OAR-P improves AIME25
P@] from 9.4 to 11.8 and boosts the overall av-
erage from 51.3 to 53.7. Similar trends hold for
Qwen2.5-Math-7B, where OAR-P raises the aver-
age from 57.3 to 59.5.

Training Dynamics Figure 3 compares training
dynamics under different credit assignment strate-
gies. Across runs, OAR improves optimization
stability and reaches higher rewards with fewer
steps while avoiding premature entropy collapse.

Scaling to Different Sizes We additionally con-
duct experiments on a smaller Qwen2.5-Math-1.5B
model to verify the consistency and scalability of
OAR. As shown in Table 2, OAR-G and OAR-P
consistently improve over baselines.

Method AIME24 AMC23 MATH500 Avg
Qwen2.5-Math-1.5B 29 20.2 40.3 21.1
+ GRPO 13.8 56.7 73.0 47.8
w/ Random Adv 13.8 57.0 72.6 47.8
w/ Entropy Adv 14.2 58.2 74.5 48.9
w/ OAR-G 14.4 58.0 75.1 49.2
w/ OAR-P 15.0 58.7 75.5 49.7
A (vs. GRPO) +1.2 +2.0 +2.5 +1.9

Table 2: Results on Qwen2.5-Math-1.5B.

5 Analysis

5.1 Is OAR Identifying Important Tokens?

A core premise of OAR is that the identified token
importance score I, correlates with a token’s true
causal contribution to the final outcome. We test
this premise on Qwen2.5-7B-Base using a counter-
factual Oracle and evaluate both OAR-P and OAR-
G against entropy-based weighting in a quantitative
correlation study.

The Oracle Given a correct reasoning chain
y = (y1,-..,yr), following the counterfactual
token-substitution test used to identify critical to-
kens in (Ruan et al., 2025), we construct a coun-
terfactual sequence by replacing token y; with the
second most probable token under 7y(- | y<¢) ,
and then greedily decoding the remaining suffix.
Let R(-) € {0, 1} denote final-answer correctness.
The Oracle label is:

O =1 (R(yr(;))laced) # R(yoriginal)) . (19)

If replacement flips correctness, y; is a Causal
Pivot (O; = 1); otherwise it is Non-Causal Noise
(O =0).

Alignment Visualization Figure 4 visualizes to-
ken importance for OAR-P (top) alongside the
Oracle mask (bottom). OAR-P assigns high im-
portance to outcome-critical symbols while down-
weighting stylistic or redundant tokens, qualita-
tively matching the sparse counterfactual supervi-
sion. We provide additional case studies for OAR-
G in Appendix A.2.
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Quantitative Correlation We sample 500 trajec-
tories, rank tokens by ft, and compute the recall of
Oracle causal tokens within the top-K % tokens. In
Figure 5a, both OAR-P and OAR-G achieve sub-
stantially higher causal-token recall than entropy-
based weighting across all percentiles, with OAR-P
consistently performing best.

5.2 Computational Trade-off

OAR improves credit assignment at the cost of ad-
ditional attribution computation. We quantify this
overhead using wall-clock time per token during
training. For each update iteration, we record the
elapsed time At of one optimizer-update sweep
over the buffered minibatches, and divide it by the
number of action tokens.

Figure 7 shows the normalized cost (GRPO
= 1.0x). OAR-G incurs only a modest over-
head (1.4x), consistent with requiring a single
backward-based proxy for importance. In contrast,
OAR-P is substantially more expensive due to coun-
terfactual evaluation: even with our batched (paral-
lel) implementation it costs 4.2 x, while a naive se-
rial implementation would be prohibitive (18.7X).
Overall, OAR-G offers the best accuracy—efficiency
balance, while OAR-P serves as a higher-fidelity
but costlier upper bound.

Method | GSM8K MATHS500
Vanilla GRPO \ 90.5 75.8
OAR (Suppress-only, 7 = 1.0) 85.2 70.1
OAR (Boost-only, 7 = 0.0) 81.5" 61.3%
OAR (Balanced, 7 = 0.7) 89.8 74.2
OAR (Balanced, 7 = 0.3) 91.2 78.1

Table 3: Ablation results on Qwen2.5-7B-Base. T indi-
cates runs that exhibited instability or collapse during
training.

6 Ablations

6.1 Effect of the Bi-Level Gating Mechanism

We ablate the bi-level gating in OAR by varying
the threshold 7 on Qwen2.5-7B-Base. This study
is conducted based on OAR-G, for brevity we refer
to it as OAR. Figure 6 reports training dynamics,
and Table 3 summarizes final accuracy.

Credit concentration We evaluate whether OAR
indeed reallocates token-level credit using two aux-
iliary metrics (full definitions in Appendix A.3).
ESS ratio measures how uniform the token weights
are (smaller means more concentrated), while
Top-10% advantage mass measures what fraction
of total token advantage lies in the top 10% to-
kens. Compared with vanilla GRPO, OAR yields
markedly more concentrated credit assignment, and
larger 7 generally produces sparser allocations.

Trade-off More aggressive sparsification is not
always beneficial. As shown by the reward and en-
tropy curves in Figure 6, a moderate threshold per-
forms best. Boost-only (T = 0) learns quickly but
is prone to collapse, whereas suppress-only (1 = 1)
remains stable yet inefficient. Overall, the balanced
setting achieves the best accuracy (Table 3).

6.2 Effect of Outcome Definition

OAR is outcome-grounded through an outcome
probe ¢(z,y) that summarizes the model’s final-
answer prediction. Because ¢ is not unique,
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Outcome definition \ GSMS8K MATHS500

LT-LOoGITS 91.5 78.0
AS-JOINT 91.0 71.3
AS-MEAN 92.0 78.4

Table 4: Accuracy ablation of outcome definitions.

different definitions may induce different token-
importance rankings and thus different credit real-
location behaviors. We therefore ablate several out-
come definitions to assess the robustness of causal-
token identification and its impact on downstream
RL performance.

Outcome definitions We consider three outcome

operators ¢(-):
* Last-Token Logits (LT-Logits).
¢LT-LOGITS (l’, y) =ZL, i.e., the neXt-tOken
logits at the last position.

* Answer-Span Mean Logits (AS-Mean).

Gas-mean(T,Y) = ﬁ ZZEA z¢, averaging

logits over positions A that predict the final
answer span, where the span is extracted by
regex matching <answer>...</answer> in
the model output.

* Answer-Span Joint Likelihood (AS-Joint).
Pas-sonnt (2, y) = ﬁ > vealogmg(aps |
x,y<¢), the mean token log-likelihood of the
extracted answer span.

For LT-Logits and AS-Mean we compute impor-

tance via Dk, (softmax(¢) || softmax(¢)) under
token masking; for AS-Joint we use the score drop

¢ =0

Experiment setup We follow the quantitative
correlation setup in Section 5.1, measure the re-
call rate under three methods. Notability, For AS-
MEAN, both in this experiment and in our training
runs, we initially apply LT-LOGITS as a warm-up,
as in early training stage the model may not reliably
produce the required <answer>...</answer> for-
mat. We further report the task accuracy to connect
attribution quality with actual performance.

Results Figure 5b and Table 4 show that AS-
MEAN achieves the highest Oracle top-K % recall
and the best downstream training performance, fol-
lowed by LT-LOGITS, while AS-JOINT performs
worst. We attribute this to a representational mis-
match: LT-LOGITS and AS-MEAN operate on dis-
tributions and thus can capture subtle shifts in the
outcome distribution induced by token perturba-

tions, whereas AS-JOINT collapses the outcome
into a scalar likelihood and may miss substantial
distributional changes.

7 Related Work

Reinforcement Learning with Verifiable Re-
wards RLVR post-trains LLMs using automati-
cally checkable outcome signals, yielding strong
gains in math and code via verifiers such as Math-
Verify and sandboxed execution (Cui et al., 2025;
Yu et al., 2025a; Luo et al., 2025; DeepSeek-
Al et al., 2025). GRPO further stabilize large-
scale training by group-normalizing verifier re-
wards (Shao et al., 2024). To move beyond do-
mains with explicit checkers, recent studies learn
generative reward/verifier models for model-based
judging (Mahan et al., 2024; Ma et al., 2025; Liu
et al., 2025), while verifier-free variants instead use
intrinsic signals such as per-token likelihood on
reference answers to enable RL-style post-training
without dedicated verifiers (Yu et al., 2025b; Zhou
et al., 2025).

Fine-Grained Credit Assignment To address
the coarseness of group-level rewards, recent stud-
ies explored leveraging model-internal signals to re-
distribute credits at the token level. Li et al. (2025)
identify a recurring preplan-and-anchor rhythm
from attention dynamics and upweight advantages
on the corresponding critical tokens. Xie et al.
(2025) propose UCAS, which reshapes advantages
using response-level confidence and a token-level
logit-based certainty penalty to encourage explo-
ration. Chen et al. (2025) introduce LESS, which
segments generations by entropy and reweights ad-
vantages based on low-entropy segment overlap
between correct and incorrect rollouts.

8 Conclusion

We propose Outcome-grounded Advantage Reshap-
ing (OAR) to improve credit assignment in GRPO
for long-horizon reasoning. OAR redistributes
sequence-level advantages to tokens based on out-
come contribution, with OAR-P using counterfac-
tual attribution and OAR-G a lightweight gradient-
based proxy. Experiments on mathematical reason-
ing benchmarks show consistent gains over strong
GRPO baselines. Future work will extend OAR
to open-ended tasks and deeper RL post-training
integration.
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Limitaions

OAR estimates token importance by measuring
shifts in the model’s own answer distribution,
which serves as an efficient surrogate when ver-
ifier rewards are discrete and non-differentiable;
nevertheless, this proxy can be imperfect when
distributional changes are weakly coupled with ver-
ifier acceptance. Our perturbation-based attribu-
tion further relies on a masking intervention (e.g.,
[PAD]), which is a controlled counterfactual but
may introduce some distribution shift compared
to in-distribution edits. Empirically, we focus on
mathematical reasoning with verifiable final an-
swers, and extending OAR to open-ended or inter-
active settings where outcomes are less localized
remains an important direction. Finally, beyond
entropy-based shaping, several closely related re-
cent methods are not yet fully reproducible, we will
broaden comparisons as these baselines become
easier to faithfully re-implement.
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A Appendix

A.1 Theoretical Analysis

A.1.1 Variance from Reward Alising in
GRPO

Assume there exists a latent decomposition of the
sequence advantage into token-level contributions
at, such that A = 22:1 a-, where a; can be
viewed as an unobserved per-token outcome con-
tribution used only for analysis. The gradient con-
tribution for a specific token at step ¢ in GRPO can
be rewritten as:

gt = @Vglogm + Zar Vg logmy,
—_——
Token-Specific Signal T#

Aliased Credit (Noise)
(20)
In an ideal token-credit setting, the update would
depend primarily on a;. However, GRPO effec-
tively injects a term ZT# ar into the update for
token ¢, whose variance can be much larger than
that of a; in long-horizon sequences:

Var <A(i)> > Var(ay). (21

Consequently, for tokens with low causal influ-
ence, the optimizer receives a high-variance signal
largely determined by other tokens’ actions. This

misalignment hinders the policy from distinguish-
ing critical reasoning steps from syntactic fillers.

A.1.2 Why Additive Proxy Shaping may
Induce Sequence-Dependent Update
Scales

Additive proxy shaping (e.g., entropy bonuses) is
applied after GRPO’s group-relative normalization,
but is typically not re-normalized at the sequence
level. Consequently, the effective update scale
can vary across samples as a function of sequence
length and how often the proxy is activated.

Define the (non-negative) proxy bonus and
shaped advantage:

: |A|>
0y = min| « - sg(Hy), — |,
¢ < g(Hy) - 2
0y > 0, Ay=A+46,

where A is the GRPO group-normalized sequence
advantage. The unclipped per-sequence policy gra-

dient can be decomposed as

T

YJentropy = Z(A + 5t)v0 IOg 7T9(yt | x, y<t)
t=1

T

= garpO + Z 0:Volog mo(ys | =, y<t).
t=1

(23)

The additional term scales with the bonus mass
M = Zle d¢, which grows with sequence length
T and the density of high-proxy tokens. Thus,
even when two samples share the same normal-
ized A, their gradients can have systematically dif-
ferent magnitudes, effectively inducing a sample-
dependent step size.

In PPO-style updates, changing the effective step
size shifts the distribution of importance ratios and
the realized KL to the reference policy, which may
harm stability unless one applies sequence-level
renormalization or re-tunes hyperparameters.

A.1.3 Outcome-Grounded Token Importance
Identification

Definition. Given a prompt = and a generated
sequence y;.7, we define an outcome probe Z as
the model’s predictive distribution at an outcome-
bearing position (e.g., the terminal next-token dis-
tribution or the start of an <answer> block):

p = po(- | z,y1.7).

Let y(—*) denote a counterfactual sequence where
token y; is masked (e.g., replaced by [PAD]), and
let

@ = pol- | z,y).

We measure the influence of token y; by the KL
divergence between the factual and counterfactual
outcome distributions:

Ii(y) == Dxku(pllgt)- (24)

Interpretation. [;(y) is outcome-grounded: it
directly quantifies how much removing y; changes
the model’s predicted outcome distribution, rather
than relying on intrinsic signals such as token en-
tropy. A useful sanity connection to RLVR is that,
for any event .S over outcomes (e.g., the verifier-
accepted set of answers),

1p(S) — @:(9)|

< \/3Dxuplla) =

IN

TV(pa Qt)

(25)
31(y),
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Figure 8: Token-importance visualization on a reasoning trace: OAR-G (top) vs. Oracle causal mask (Middle) vs.

Entropy-Based(Bottom)

where the second inequality is Pinsker’s inequality.
Thus, if I;(y) ~ 0, masking y; cannot substantially
change the probability mass of any verifier-defined
correct set, suggesting y; is counterfactually non-
influential for the final outcome.

A.1.4 Gradient Noise Suppression

Standard GRPO broadcasts a trajectory-level ad-
vantage A to all tokens. For a nuisance token that
causally contributes nothing to the reward, this
broadcasting injects variance into the gradient es-
timate, as the token is updated based on a global
signal it did not influence. We show how OAR
mitigates this.

Claim (Noise Suppression) Consider a token po-
sition k that is counterfactually non-influential, i.e.,
It.(y) = 0. Under OAR, the contribution of this po-
sition to the gradient variance is strictly suppressed
compared to standard GRPO.

Proof Sketch. Let sy, := Vg log mg(yx | =, y<k)
be the score function at position k. In standard
GRPO, the gradient estimator for this token is
gé’;’m — A s;,. Even if token Yy 1s irrelevant to the
task (nuisance), A varies across trajectories due to
rewards earned by other tokens, and s, is non-zero
(as the model still predicts the token itself). This
results in gradient noise: E[|| gé’;)l,oH?] > 0.

In OAR, the update is reweighted by a scalar
w(I},). Since I;(y) = 0, our weighting scheme
assigns w(l},) < e for some small ¢ < 1 (repre-
senting the suppression floor). The squared norm
of the OAR gradient estimator becomes:

E[|l6%k]12] = B[llw(fy) - A - sg]|?]
< 52-E[||A~sk\|2]
— 2 E[||3%h0 %]

As € — 0, the gradient noise at position k vanishes.
Thus, OAR acts as a causal filter, effectively freez-

(26)

ing parameters associated with nuisance tokens and
focusing the optimization on tokens that causally
affect the outcome.

A.2 Additional Token-Importance
Visualizations

This section provides additional qualitative evi-
dence that the token-importance signals used for ad-
vantage reshaping are aligned with outcome-critical
reasoning steps.Figure 8 shows a representative rea-
soning trace and compares OAR-G with an oracle
causal mask and an entropy-based baseline.

A.3 Credit Concentration Metrics

We quantify how concentrated token-level credit
becomes during training using two auxiliary met-
rics computed on each sequence with a valid-token
mask.

ESS ratio Let w; > 0 denote the token weight

assigned by OAR, and let T" be the number of valid
(non-padding) tokens. Define

(Zthl wt>2

ESS(w) = ~———-—4—,
Zthl wt2
2
S w
ESS-ratio(w) = ESS(w) = ( tTI >2 .
T Ty w;
(27)

ESS-ratio € (0, 1] measures the uniformity of
weights: 1 corresponds to uniform assignment, and
smaller values indicate more concentrated credit.

Top-10% advantage mass Let A; denote the
token-level advantage used in the policy-gradient
update. We measure what fraction of the total ab-
solute advantage mass is carried by the top 10%
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tokens (by | A¢|):

_ ZtETopK(|A\) |At‘

Mtop =

)

i 1A 28)
K =max(1,|0.1T]).

where TopK(|A|) returns the indices of the K
largest | A;| among valid tokens. Larger myq, indi-
cates that the update is dominated by a small subset
of tokens.
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