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Abstract
Existing knowledge graph completion research
is gradually shifting from representing logical
semantics of static facts to modeling evolving
semantics of temporal facts, yet lacks collabo-
rative modeling of both within a unified frame-
work. To this end, we use concept of snapshots
to decompose fact features into two comple-
mentary mechanisms: (a) intra-snapshot seman-
tic coupling, where entities and relations ex-
hibit snapshot-specific meanings through mul-
tidimensional interactions; (b) trans-snapshot
evolutionary synergy, where relations between
entities evolve across snapshots and manifest
varying states. These snapshot mechanisms
jointly reveal underlying logic of facts. To track
them, we propose TeCES, a framework for
high-fidelity modeling of evolving snapshots.
TeCES embeds facts into a 2-grade geometric
algebra (GA) system to capture complex seman-
tics via multilevel structures. Temporal infor-
mation is attached to each entity for mapping
into snapshot spaces, while relations and times-
tamps are reconfigured into composite GA rep-
resentations. Geometric products enable mul-
tidimensional interactions, revealing relation
state changes over time. Lastly, the head entity
at each snapshot combines with fused temporal-
relational representation via geometric product
to approximate the target tail entity at multiple
levels. Overall, TeCES supports joint modeling
of evolving snapshots within a lightweight GA
system and significantly outperforms SOTA
models on six benchmarks.

1 Introduction

Knowledge graphs (KGs) integrate cross-
disciplinary theories to reveal and mine meta-

*Corresponding authors: cyhu@cupk.edu.cn, weiyi-
wei@cupk.edu.cn.

semantics of real-world knowledge, and explicitly
express it in a structured form. They are typically
classified into static knowledge graphs (SKGs)
and temporal knowledge graphs (TKGs), with
SKGs and TKGs storing facts as triples and
quadruples, respectively. Existing KGs (e.g.,
Acekg (Wang et al., 2018), MMSD (Yuan et al.,
2025), and ImgFact (Liu et al., 2024)) contain a
vast amount of information, and many have been
successfully applied in various domains, including
information retrieval, supply chain management,
industry-oriented KGs (Guo et al., 2025b), and
sarcasm detection (Wei et al., 2024).

To sustainably manage intricate knowledge from
physical world, researchers delve into the essence
of facts, extract underlying rules, and subsequently
develop a variety of robust models for knowledge
graph completion (KGC). Recent KGC research
is shifting from modeling the logical semantics
of static facts to capturing the evolving logical se-
mantics of temporal facts. However, a unified and
deeply collaborative framework for jointly mod-
eling the logical semantics of static and temporal
facts is still lacking. To further uncover the under-
lying principles embedded in facts under temporal
evolution, we use concept of snapshots (Chandy
and Lamport, 1985) to deeply deconstruct the un-
derlying static logic and temporal evolution mech-
anisms of real-world facts: (a) Intra-snapshot se-
mantic coupling. Entities and relations each carry
snapshot-specific semantics, and through multidi-
mensional interactions, further give rise to unique
inline semantics between them. For example, see
Fig. 1, both James and Emma are friends of Vic-
toria at snapshot 1. The difference lies in the fact
that James begins dating and chatting with Victoria,
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Figure 1: Illustration of Evolving Fact Snapshots. Dashed boxes in different colors indicate different snapshots.

which may influence nature of their “friend” rela-
tion. Meanwhile, Emma has no other interactions
with Victoria, so their “friend” relation remains un-
changed. Besides, both Emma and Victoria chat
with James, but due to the different types of rela-
tions each has established with him, the semantics
behind act of chatting may vary. The multiple in-
teractions among this knowledge collaboratively
create the unique semantics of a specific snapshot.
(b) Trans-snapshot evolutionary synergy. During
snapshot progression, different relations between
entities influence each other and exhibit distinct
states: transient, high-stability, or evolving. For
example, see Fig. 1, James and Emma chat at snap-
shot 1 and visit at snapshot N, while consistently
maintaining a sibling relation. In contrast, James
and Victoria go on a date at snapshot 1 and fall
in love at snapshot 2, while their relation evolves
from friends to lovers. Clearly, chat, visit, and date
belong to the category of transient relations; sib-
ling belongs to high-stability relations; lover and
spouse fall under evolving relations. Each snapshot
encapsulates evolving semantics that, in concert,
delineate the comprehensive structure of real-world
knowledge. The above mechanisms collaboratively
depict the underlying logic of temporal facts, high-
lighting urgent need to construct a high-quality
unified framework for modeling.

Our primary goal is to deeply investigate
above snapshot mechanisms and develop a frame-
work, TeCES, that supports interpretable and well-
justified modeling of evolving snapshots. Specif-
ically, TeCES introduces 2-grade geometric alge-
bra (GA) to map all elements of facts (i.e., en-
tities, relations, and timestamps) into a unified
system, leveraging multilevel structures such as
scalars, vectors, and bivectors to capture multi-

ple semantics among these elements. TeCES then
attaches temporal information to each entity, en-
abling its mapping to the corresponding snapshot
space. Meanwhile, TeCES reconfigures relations
and timestamps into two composite GA representa-
tions, each carrying temporal and relational infor-
mation in different proportions, and further applies
the geometric product to enable multidimensional
interactions between them, revealing relation state
transitions driven by snapshot progression. Lastly,
TeCES applies geometric product to combine the
head entity at each specific snapshot with fused
temporal-relational representation, achieving mul-
tilevel approximation of the target tail entity. Thus,
TeCES can jointly model evolving fact snapshots
within a well-founded and lightweight GA system.

• We leverage the concept of snapshots to decon-
struct the static logic and temporal dynamic
mechanisms inherent in real-world facts.

• We analyze and reconstruct facts via multi-
level GA structures to jointly capture their
static logic and temporal evolution in a
lightweight framework.

• TeCES demonstrates significant and stable
performance through a series of experiments.

2 Related Work

2.1 Static KGC models

We categorize static KGC models into four fami-
lies. Translation Family. TransE interprets rela-
tions as a translation between head and tail entity
to achieve its modeling objectives. Subsequent
works in this line, such as TransD (Ji et al., 2015)
and TransR (Lin et al., 2015). Tensor Family.
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Tensor decomposition is effective for capturing la-
tent semantics and logical rules in KGs. TuckER
(Balazevic et al., 2019) uses Tucker decomposi-
tion to factorize a fact into a core tensor and three
matrices. QuatE (Zhang et al., 2019) and DualE
(Cao et al., 2021) model relations as rotations in
quaternion and dual quaternion spaces. BDRI (Yu
et al., 2023a) uses BTD structure and inverse pat-
terns to enhance forward-inverse relation interac-
tions. CompoundE (Ge et al., 2023) integrates
multiple 3D compound transformations, enabling
diverse variants to align with rich intrinsic char-
acteristics. Deep learning Family. Some models
using neural networks to accomplish static KGC
task gets remarkable results. EIGAT (Zhao et al.,
2022), HyperGatE (Fang et al., 2025), and RGAI
(Shang et al., 2024a). Recently, using geometric
rules to improve deep learning interpretability has
gained attention. MGTCA (Shang et al., 2024b)
integrates geometric features into a convolutional
attention network. LLMs Family. LLMs adopt
strategies such as prompt engineering, fine-tuning,
and retrieval-augmented generation to achieve in-
tegrated knowledge representation. MKGL (Guo
et al., 2024), KoPA (Zhang et al., 2024c), CSProm
(Li et al., 2024a), and KGR3 (Li et al., 2025).

2.2 Temporal KGC models

We divide temporal KGC models into five families.
Translation Family. TTransE (Jiang et al., 2016)
extends TransE by modeling timestamps as trans-
lation vectors. Similarly, HYTE (Dasgupta et al.,
2018) extends TransH by representing timestamps
as a learned hyperplane. Tensor Family. TCom-
plEx (Lacroix et al., 2020) and J-MTComplEx
(Zhang et al., 2024b) model facts in complex space,
while TeLM (Xu et al., 2021) and GeomE (Xu et al.,
2023) represent facts within a GA system. EHPR
(Guo et al., 2025a) encodes knowledge informa-
tion as quaternion. MvTuckER (Wang et al., 2024)
learns multi-view representations using Tucker de-
composition. TuTR (Yue et al., 2025) uses a two-
layer Tucker–Tensor Ring decomposition to en-
hance temporal interaction. TBDRI (Yu et al.,
2023b) and CEC-BD (Yue et al., 2024), based on
BTD, utilize different ways to represent facts, re-
spectively. TCompoundE (Ying et al., 2024) inte-
grates multiple 3D compound geometric transfor-
mation operations to align with rich intrinsic char-
acteristics. TeRDy (Liu and Wang, 2025) learns
temporal relaton embeddings via frequency decom-
position. Mathematical rules Family. CDRGN-

SDE (Zhang et al., 2024a) uses stochastic differ-
ential equations to integrate temporal and dimen-
sional data. Deep learning Family. Some studies
incorporate neural networks into temporal KGC, in-
cluding TeMP-SA (Wu et al., 2020), DLGR (Xiao
et al., 2024), SANe (Li et al., 2024d), MDRQS
(Zhu et al., 2025), Neo-TKGC (Qiu et al., 2025),
and GLARGCN (Wang et al., 2025). Moreover,
research on enhancing deep learning interpretabil-
ity via geometric spaces is emerging. HyGNet
(Li et al., 2024c) integrates hyperbolic space into
neural networks, enhancing the interpretability of
networks. LLMs Family. LLMs capture spatiotem-
poral patterns through task reformulation, architec-
ture, and temporal learning. COSIGN (Li et al.,
2024b), GS-KGC (Yang et al., 2025), HFL (Xu
et al., 2025), DuaTHP (Chen et al., 2025). These
strategies enhance LLMs in dynamic modeling but
still lack fine-grained modeling and interpretability.

3 Preliminaries

3.1 Problem Definition

Temporal knowledge graph KG consists of en-
tities, relations, and timestamps. We define E
as the set of all entities, R as the set of all rela-
tions, and T as the set of all timestamps. Formally,
given a quadruple is represented as (s, r, o, τ) ⊂
E×R×E×T , where s ∈ E and o ∈ E denote head
and tail entity respectively, r ∈ R denotes the rela-
tion between them, and τ ∈ T denotes timestamp.
To effectively capture temporal semantic structures,
we adopt the concept of “snapshots” by aggregating
facts with identical timestamps τn into unified time
slices, constructing structured semantic representa-
tions at each time point. Specifically, the snapshot
at timestamp τn is defined asKGτn = (s, r, o, τn) ∈
KG. That is, each snapshot corresponds to a time-
specific relational graph. Temporal evolution is
then modeled as transitions across successive snap-
shots. We use Π and Π− = E ×R×E × T −Π to
denote set of observed quadruples and set of unob-
served quadruples, respectively. Timestamp τ has
multiple cases, such as time period [τb, τe], missing
beginning time period [−, τe], missing ending time
period [τb,−] and time point τ .

3.2 Geometric Algebra Background

Geometric algebra (GA) (Hestenes, 1999) unifies
linear algebra, vector algebra, complex numbers,
quaternions, and exterior algebra into one system
with clear geometric meaning and high computa-
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tional efficiency.
2-grade GA space G2 is constructed over two-
dimensional (2D) Euclidean vector space R2, with
{e1, e2} as an orthonormal basis. Elements of G2

are referred to as 2-grade multivectors M, con-
sisting of scalars (grade-0), vectors (grade-1), and
bivectors (grade-2), i.e., Mα = α0 + α1e1 + α2e2 +
α12e1e2, as shown in Fig. 2.

𝑒ଵ

𝑒ଶ1

2-grade geometric algebra 𝔾𝟐

(grade-1)

(grade-0) (grade-1)

𝑒ଵ𝑒ଶ (grade-2)

Figure 2: Conceptual diagram of geometric algebra.

Geometric product: The geometric product of
two 2-grade multivectors involves the combination
of scalar, vector, and bivector components. Given
Mα = α0 + α1e1 + α2e2 + α12e1e2 and Mβ =
β0 + β1e1 + β2e2 + β12e1e2, their geometric prod-
uct expands as:

Mα ×2 Mβ = α0β0 + α1β1 + α2β2 − α12β12

+
(
α0β1 + α1β0

− α2β12 + α12β2
)
e1

+
(
α0β2 + α1β12

+ α2β0 − α12β1
)
e2

+
(
α0β12 + α1β2

− α2β1 + α12β0
)
e1e2

(1)
where ×2 is a geometric product.
Inner product: For two 2-grade multivectors, their
inner product reflects the degree of alignment be-
tween their geometric components. Given Mα =
α0 + α1e1 + α2e2 + α12e1e2 and Mβ = β0 + β1e1 +
β2e2 + β12e1e2, their inner product is defined as the
scalar part of their geometric product: Mα ·Mβ :=
⟨MαMβ⟩0 = α0β0+α1β1+α2β2−α12β12, where
⟨·⟩0 denotes the grade-0 projection of a multivector,
which extracts scalar part of geometric product.

4 TeCES for temporal KGC

This section formally defines the notation and
presents the implementation details of TeCES, with
Fig. 3 illustrating its overall architecture.
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Figure 3: Illustrations of TeCES. Arrows of different
colors indicate the process flows of different operations.

Symbol description. Suppose that KG consists of
E entities, R relations, and T timestamps. We use
E ∈ G2E×k to denote all entity 2-grade multivec-
tor embeddings, R ∈ G2R×k to denote all relation
2-grade multivector embeddings, T ∈ G2T ×k to
denote all timestamp 2-grade multivector embed-
dings, where each row is a k-dimensional embed-
ding vector. Given a quadruple (s, r, o, τ), the head
entity s, relation r, tail entity o, and timestamp τ
are embedded as 2-grade multivectors in G2:

Es = s0 + s1e1 + s2e2 + s12e1e2,

Rr = r0 + r1e1 + r2e2 + r12e1e2,

Eo = o0 + o1e1 + o2e2 + o12e1e2,

Tτ = τ0 + τ1e1 + τ2e2 + τ12e1e2,

(2)

where s0, s1, s2, s12 ∈ Rk; r0, r1, r2, r12 ∈ Rk;
o0, o1, o2, o12 ∈ Rk; τ0, τ1, τ2, τ12 ∈ Rk.
Implementation details. TeCES embeds entities,
relations, and timestamps into a 2-grade GA sys-
tem, thereby leveraging multilevel structures to cap-
ture multiple semantics among these elements (see
Fig. 3(a) and (e)). To ensure that entities can be sta-
bly mapped to different specific snapshots, TeCES
attaches each grade component of timestamp’s 2-
grade multivector Tτ to corresponding components
of head entity’s and tail entity’s 2-grade multivec-
tors, Es and Eo, respectively (see Fig. 3(f)):

Ẽs = f0(s0, τ0) + f1(s1, τ1)e1

+ f2(s2, τ2)e2 + f12(s12, τ12)e1e2,

Ẽo = g0(o0, τ0) + g1(o1, τ1)e1

+ g2(o2, τ2)e2 + g12(o12, τ12)e1e2.

(3)

Here, Ẽs and Ẽo respectively represent the head
and tail entities under a specific snapshot space;
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fi(·, ·) and gi(·, ·) denote additive fusion opera-
tions applied to the head and tail entities with the
timestamp, respectively, ensuring balanced inte-
gration and traceability of entity semantics within
snapshots. Furthermore, to enable multidimen-
sional and deep interactions between temporal
and relational information, and to uncover rela-
tion states driven by snapshot progression, TeCES
reconfigures the relation’s 2-grade multivector Rr

= r0 + r1e1 + r2e2 + r12e1e2 and the timestamp’s
2-grade multivector Tτ = τ0+τ1e1+τ2e2+τ12e1e2
into two composite 2-grade multivectors, namely
Crτ = r0 + r1e1 + r2e2 + τ12e1e2 and Cτr =
τ0 + τ1e1 + τ2e2 + r12e1e2. TeCES then uses ge-
ometric product ×2 to realize interaction between
Crτ and Cτr (see Fig. 3(b) and (c)):

Cgeo = Crτ ×2 Cτr. (4)

Finally, TeCES performs a geometric product×2 to
interact Ẽs with Cgeo, and further applies an inner
product with Ẽo to obtain final score representation
of TeCES (see Fig. 3(g)):

φ(s, r, o, τ) = (Ẽs ×2 Cgeo) · Ẽo, (5)

where · is inner product. TeCES handles different
forms of timestamps as follows: 1) For full times-
tamps (s, r, o, [τb, τe]), TeCES splits them into two
single-timestamp facts and averages their scores:

φ(s, r, o, [τb, τe]) =
φ(s, r, o, τb) + φ(s, r, o, τe)

2
.

(6)
2) For missing timestamps, i.e., (s, r, o, [τb,−])
or (s, r, o, [−, τe]), the score of TeCES is taken
directly from known timestamp:

φ(s, r, o, [τb,−]) = φ(s, r, o, τb),

φ(s, r, o, [−, τe]) = φ(s, r, o, τe).
(7)

Optimization. TKGs can be regarded as fourth-
order tensors; thus, we adopt tensor nuclear norm
regularization and design the following linear tem-
poral regularizer to improve quality and continuity
of representations across adjacent timestamps:

La =

N∑

i=1

∥Tτi+1 − Tτi − Tb∥44, (8)

where ∥ · ∥44 denotes nuclear 4-norm. Tb is a linear
time-constrained bias. This constraint encourages
nearby timestamps to be close while allowing dis-
tant ones to differ, thereby promoting temporal

smoothness.
Loss function. We regard temporal KGC as a
multi-classification task, use cross-entropy loss
function:

L =
∑

(s,r,o,τ)∈Π∪Π′
(−log exp (φ(s, r, o, τ))∑

s′∈Π′ exp (φ(s′, r, o, τ))

− log
exp (φ(s, r, o, τ))∑

o′∈Π′ exp (φ(s, r, o′, τ))
) + λaLa.

(9)
Here Π

′
is sampled from set of unobserved quadru-

ple Π−. λa is temporal regularization weight.

5 Experiments and Results

5.1 Datasets and Experimental Setup

Datasets. ICEWS14 , ICEWS05-15 and
ICEWS18 are subsets of ICEWS (Boschee

et al., 2015) collecting large-scale event data
from multiple sources. ICEWS14, ICEWS05-
15 and ICEWS18 cover events during 2014,
2005–2015, and 2018, respectively. YAGO11k
and Wikidata12k (Dasgupta et al., 2018) are sub-
sets of YAGO3 and Wikidata. YAGO3 (Mahdis-
oltani et al., 2015) and Wikidata (Erxleben et al.,
2014) are TKGs with time annotations in forms
such as time points and intervals. GDELT
(Trivedi et al., 2017) is a global database of po-
litical, economic, and environmental events from
2015-2016. YAGO15K extends FB15k (Bordes
et al., 2013) by adding timestamps to each fact,
with incomplete temporal information increasing
dataset’s complexity. Besides, TeCES is success-
fully deployed on Enterprise Procurement Dataset
( EPD ) to evaluate its engineering applicability in
real-world scenarios. The datasets and experimen-
tal details see Appendices A and F.
Experimental Setup. We implement TeCES in Py-
Torch and train it with Adagrad using a batch size
of 1000. The optimal embedding dimension across
all benchmarks is k = 100. The settings of the
temporal regularization weight λa and the learning
rate η, as well as corresponding hyperparameter
sensitivity analysis, are provided in Appendix B.

5.2 Evaluation Protocol and Baselines

1) Evaluation Metrics. Mean Reciprocal Rank
(MRR) measures the average inverse rank of cor-
rect answers. Hits@n is the proportion of cor-
rect answers ranked in top n (where n ∈ 1, 3, 10).
2) Selecting SOTA baselines. We select SOTA
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models as follows: TComplEx (2020), TNTCom-
plEx (2020), TeLM (2021), TBDRI (2023), TGe-
omE++ (2023), DLGR (2024), CEC-BD (2024), J-
MTComplEx (2024), SANe (2024), TCompoundE
(2024), HFL (2025), DuaTHP (2025), EHPR
(2025), GLARGCN (2025), MDRQS (2025),
LTGQ (2025), TuTR (2025), TeRDy (2025).

5.3 Main Results
Tables 1, 2 and 3 list temporal KGC results on
each dataset. All results are taken from original
papers. Dashes indicate results not reported in the
corresponding literature. The best results among all
models are shown in bold, and the second-best re-
sults are underlined. Overall, TeCES outperforms
all baseline models across datasets. Compared with
EHPR (tensor family), TeCES improves MRR
on all datasets with an average increase of 17.7
points. Compared with MDRQS (deep learning
family), TeCES improves MRR on all datasets with
an average increase of 32.2 points. Compared with
DuaTHP (LLMs family), TeCES improves MRR
on all datasets with an average increase of 37.8
points. For detailed information, see Appendix
C. Compared with existing efficient models (e.g.,
EHPR and TuTR), TeCES’s core advantage lies in
its capability to simulate the temporal snapshot evo-
lution mechanism of real world within a GA frame-
work. This design enables TeCES to capture the
diverse and dynamic characteristics of entities and
relations both within and across snapshots, while
adaptively accommodating relational pattern vari-
ations arising from differences inside and outside
snapshots. Moreover, TeCES, with its lightweight
GA system and simulated snapshot design, com-
pensates for the shortcomings of deep learning
models and LLMs in terms of interpretability and
computational efficiency, laying a solid founda-
tion for achieving interpretability and lightweight
implementation of LLMs in specific knowledge do-
mains. Finally, we apply Friedman test for overall
comparison and Wilcoxon signed-rank test for
pairwise significance analysis of MRR between
TeCES and the baseline models on ICEWS14 and
ICEWS05-15, demonstrating the statistical signifi-
cance of TeCES. See Appendix B for details.

Fig. 4 shows horizontal and vertical distri-
bution patterns across datasets, where different
colors denote distinct datasets. Due to the rela-
tively uniform fact densities and differing temporal
ranges of ICEWS18, ICEWS05-15, and GDELT,
we adopt temporal averaging to capture general
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across similar datasets.

trends and reveal structural differences in data
density (see Fig. 4(a)). Within the ICEWS se-
ries, TeCES shows substantial gains on ICEWS05-
15, ICEWS18, and GDELT compared to SOTA
models. Despite similar data types, ICEWS14,
ICEWS05-15 and ICEWS18 differ in density and
distribution. ICEWS05-15 spans over ten times
the temporal range of ICEWS14, increasing depen-
dence on cross-snapshot modeling, where TeCES
performs stably. In contrast, ICEWS18 shares a
similar time range with ICEWS14 but features
denser intra-snapshot information, increasing in-
teraction complexity, highlighting TeCES’s robust-
ness. GDELT further intensifies this trend with
even higher density, reinforcing model’s stability
in dense settings. Moreover, we observe that on
high-density datasets (e.g., GDELT and ICEWS18),
TeCES exhibits a slight decrease on Hit@10 com-
pared to EHPR. This phenomenon stems from
TeCES’s emphasis on modeling multi-faceted fea-
tures of high-frequency entity–relation interactions
in temporal snapshots, which improves prediction
accuracy for frequent cases but partially overlooks
low-frequency entities.

For Wikidata12k and YAGO11k, TeCES outper-
forms SOTA models significantly. Both datasets
exhibit long-tail distributions, leading to fluctuating
interaction loads across snapshots. TeCES effec-
tively balances this heterogeneity. In particular,
Wikidata12k has a more concentrated head-entity
density than YAGO11k, underscoring TeCES’s
adaptability to load imbalance (see Fig. 4(b)). Fi-
nally, YAGO15K contains both static and tempo-
ral facts, where relation states evolve dynamically
over time, making it more reflective of real-world
knowledge evolution. As shown in Fig. 5, dif-
ferent relations exhibit diverse temporal distribu-
tion patterns (e.g., high-frequency, low-frequency,
and transient relations), demonstrating strong dy-
namics and structural complexity, which signifi-
cantly increases the difficulty of temporal KGC.
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ICEWS14 ICEWS05-15 ICEWS18
MRR H@1 H@3 H@10 MRR H@1 H@3 H@10 MRR H@1 H@3 H@10

TeLM 62.5 54.5 67.3 77.4 67.8 59.9 72.8 82.3 - - - -
TBDRI 65.2 55.2 69.7 78.5 70.9 64.6 75.7 82.1 - - - -
TGeomE++ 65.2 55.2 69.7 78.5 70.9 64.6 75.7 82.1 - - - -
DLGR 46.7 36.6 51.6 - - - - - 35.4 25.1 40.0 -
CEC-BD 63.3 55.4 68.0 77.7 68.1 60.2 73.0 82.5 28.5 18.8 32.3 47.7
J-MTComplEx 63.6 55.6 68.1 78.1 68.3 60.1 73.6 83.2 - - - -
SANe 63.8 55.8 68.8 78.2 68.3 60.5 73.4 82.3 - - - -
HFL 37.9 27.7 42.7 57.3 38.7 28.5 43.0 59.5 27.1 17.8 30.4 45.5
DuaTHP 63.7 55.3 67.4 78.8 68.9 61.8 72.6 83.5 - - - -
EHPR 71.5 65.0 75.6 83.7 76.0 69.5 80.3 87.7 46.2 40.1 47.5 55.3
GLARGCN 67.6 62.1 71.0 77.6 77.5 72.7 80.8 85.9 - - - -
LTGQ 64.1 56.4 68.9 77.9 69.4 61.4 74.6 83.7 - - - -
MDRQS 62.5 54.4 67.3 77.5 67.0 59.1 71.6 81.5 - - - -
TCompoundE 64.4 56.1 68.2 78.2 69.2 61.2 74.3 83.7 - - - -
TeRDy 64.8 56.6 69.7 79.9 69.7 61.4 74.9 84.7 - - - -
TuTR 73.2 69.8 74.5 79.7 79.7 75.7 82.1 87.1 44.7 39.3 46.7 54.4

TeCES (ours) 90.7 89.3 91.4 93.3 93.2 92.5 93.6 94.5 49.2 49.0 49.3 49.7
APG (%) 17.5 ↑ 19.5 ↑ 15.8 ↑ 9.6 ↑ 13.5 ↑ 16.8 ↑ 11.5 ↑ 6.8 ↑ 3.0 ↑ 8.9 ↑ 1.8 ↑ 5.6 ↓

Table 1: Experimental results on ICEWS14, ICEWS05-15 and ICEWS18. ↑ and ↓ denote performance gain and
drop relative to baseline model, respectively.

YAGO11k Wikidata12k GDELT
MRR H@1 H@3 H@10 MRR H@1 H@3 H@10 MRR H@1 H@3 H@10

TComplEx 18.5 12.7 18.3 30.7 33.1 23.3 35.7 53.9 29.8 21.3 32.3 46.4
TeLM 19.1 12.9 19.4 32.1 33.2 23.1 36.0 54.2 - - - -
CEC-BD 21.2 15.4 21.5 33.9 33.9 24.1 36.9 54.3 29.6 20.1 33.4 46.5
J-MTComplEx 22.2 15.8 22.9 35.6 36.0 27.0 39.3 54.1 - - - -
SANe 25.0 18.0 26.6 40.1 43.2 33.1 48.3 64.0 30.1 21.2 32.6 47.6
DuaTHP 19.5 12.3 20.7 32.9 30.4 20.9 33.1 50.9 27.5 18.3 30.9 46.2
EHPR 34.6 22.7 40.0 58.4 43.9 33.1 47.7 67.4 76.5 71.1 79.0 87.0
GLARGCN - - - - 37.3 33.8 38.5 42.3 57.1 48.4 61.3 73.0
MDRQS 27.1 19.9 29.6 35.6 - - - - 42.4 35.0 45.1 56.3
TCompoundE - - - - - - - - 43.3 34.7 46.9 59.5
LTGQ 25.1 18.5 26.3 39.3 41.3 30.9 46.5 62.2 - - - -
TuTR 21.0 15.4 21.7 32.4 46.0 40.5 47.3 56.8 36.5 28.7 39.6 51.7

TeCES (ours) 61.6 58.3 63.0 67.7 73.6 70.8 75.1 78.7 79.7 77.9 80.4 83.1
APG (%) 27.0 ↑ 35.6 ↑ 33.0 ↑ 9.3 ↑ 27.6 ↑ 30.3 ↑ 27.4 ↑ 11.3 ↑ 3.2 ↑ 6.8 ↑ 1.4 ↑ 3.9 ↓

Table 2: Experimental results on YAGO11k, Wikidata12k and GDELT. ↑ and ↓ denote performance gain and drop
relative to baseline model, respectively.

YAGO15K
MRR H@1 H@3 H@10

TNTComplEx 37.0 29.0 39.0 54.0
TBDRI 36.8 30.1 37.2 55.4
TuckER-FA 36.5 28.2 39.2 54.3
EHPR 54.1 46.4 58.3 68.5

TeCES (ours) 84.9 82.8 86.3 88.6
APG (%) 30.8 ↑ 36.4 ↑ 28.0 ↑ 20.1 ↑

Table 3: Experimental results on YAGO15K. ↑ and ↓
denote performance gain and drop relative to baseline
model, respectively.

Experimental results show that, despite the in-
creased challenge posed by YAGO15K, TeCES still
achieves more competitive performance compared
to SOTA models (e.g., EHPR). This indicates that,
by jointly modeling relations and temporal infor-
mation, TeCES is capable of effectively capturing
the dynamic evolution of relation states, improving
performance in complex temporal KGC scenarios.

9

1: diedIn
2: happenedIn
3: participatedIn
4: created
5: isMarriedTo
6: influences
7: dealsWith
8: isLocatedIn
9: isCitizenOf
10: graduatedFrom
11: isAffiliatedTo
12: actedIn
13: wasBornIn
14: hasWonPrize
15: playsFor

Figure 5: Visualization of high-frequency relation state
distribution on YAGO15K.

6 ANALYSIS

Fig. 6 lists performance of different component
configurations across four datasets, highlighting
the role of each module. TeCES w/o TA: Removes
Timestamp Attachment (TA), so temporal informa-
tion is no longer embedded in entity representa-
tions for snapshot-specific mapping. TeCES w/o
RTF: Removes Relation-Time Fusion (RTF), so re-
lations and timestamps are no longer reconfigured.
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Base-GA: A basic GA model with RTF and TA
excluded. We further adapt our framework to com-
plex space to evaluate its portability and robustness.
CEFS: Fully adapts TeCES framework to complex
space. CEFS w/o TA: Removes TA from CEFS.
CEFS w/o RTF: Removes RTF from CEFS. See
Appendix G for details.
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Figure 6: Component compatibility experiments across
different datasets.

6.1 Ablation study on TA and RTF

TeCES and CEFS consistently get significant per-
formance across all datasets, demonstrating porta-
bility of the framework. Furthermore, RTF consis-
tently outperforms TA, mainly because TA maps
entities into different snapshot spaces to support
RTF in capturing intra-snapshot semantic coupling
and relation states. In contrast, the long-tail effect
in Wikidata12k and YAGO11k, along with incom-
plete temporal data in YAGO15K, limits TA’s stan-
dalone modeling ability. Still, the joint modeling of
TA and RTF consistently yields stable performance
gains, highlighting their strong complementarity.
Overall, the collaboration between TA and RTF
leads to performance gains across all datasets. Be-
sides, the TeCES series consistently outperforms
the CEFS series, highlighting superior expressive-
ness of GA system over complex number system.

To understand TA and RTF, we visualize the
trained fact embeddings. First, we extract and visu-
alize all head and tail entity embeddings of Obama
and Merkel with temporal information from Jan to
Jul 2014 (see Fig. 7). We observe that Obama’s
and Merkel’s embeddings across different months
exhibit similar distribution patterns, which aligns
with the motivation behind designing TA. Next, we
extract facts formed by high-frequency relations
between North Korea and South Korea from Jan
to Mar 2014, and visualize the fused embeddings
of head entity, relation, and timestamp learned by

(Barack Obama, *, Angela Merkel, [2014-1-*, 2014-7-*])
(Angela Merkel, *, Barack Obama, [2014-1-*, 2014-7-*])
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Figure 7: Visualization of learned head and tail entity
embeddings carrying specific temporal information. Dif-
ferent colors represent entities from different months.

TeCES TeCES w/o TA

(North Korea, ***,  South Korea, [2014-01-**, 2014-03-**])

TeLM

Make an appeal or request Demand Reject Criticize or denounce Express intent to cooperate

Engage in negotiationMake statement Accuse

(South Korea, Consult, Japan, 2014-**-**)

TeLMTeCES
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TeCES w/o TA

(a)

(b)

Figure 8: Visualization of fact embeddings learned on
ICEWS14. (a) Fused head entity–relation–timestamp
embeddings; (b) Temporal-relation embeddings across
months.

different models (see Fig. 8 (a)). Visually, TeCES
gets more effective embedding aggregation com-
pared to both TeLM and TeCES w/o TA. Notably,
TeCES w/o TA also outperforms TeLM in this re-
gard. Lastly, we extract relation "consult" between
South Korea and Japan from Mar to Jul and visual-
ize learned temporal-relation embeddings (see Fig.
8 (b)). Visually, TeCES and TeCES w/o TA exhibit
more pronounced aggregation effects compared
to TeLM. Moreover, TeCES demonstrates clearer
boundaries across different snapshots compared to
TeCES w/o TA. These findings underscore the syn-
ergistic performance gains brought by the integra-
tion of TA and RTF. To further analyze the above
phenomenon, we visualize the fact interactions of
high-frequency entities in ICEWS14 during Jan-
uary, May, and November (see Fig. 9). Different
colored frames denote different snapshots; nodes
represent high-frequency entities, and edges indi-
cate fact interactions between entities within the
corresponding temporal snapshot. The interactions
and evolving relational states of entities across dif-
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Snapshot: January Snapshot: May Snapshot: November

Figure 9: Snapshot evolution distribution of facts be-
tween high-frequency entities from ICEWS14.
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Figure 10: Strong constraints and sparse stress tests.

ferent snapshots strongly align with the motivation
behind TA and RTF.

6.2 Strong constraints analysis of quadruples

We construct two separate strong-constraint
datasets to simulate distinct scenarios: specific
snapshots and evolving snapshots (see Fig. 10).
We first extract facts involving Japan, Police (Aus-
tralia), Obama, Iran, and South Korea from Jan 1
to Jan 15, 2005, to simulate a specific snapshot sce-
nario. We further extract facts involving same set of
entities from Jan 1 to Jun 15, 2005, to simulate an
evolving snapshot scenario. Empirically, TeCES
consistently gets superior performance. Further-
more, TeCES w/o TA shows a larger performance
improvement over TeCES w/o RTF in the specific
snapshot scenario. This is because, under specific
snapshots, TA maps all facts into the same space,
which limits performance. In contrast, under the
evolving snapshot scenario, TA and RTF work col-
laboratively to yield performance gains. We ran-
domly remove 10% and 20% of ICEWS14 train-
ing set (denoted as ICEWS14 10% SPARSE and
ICEWS14 20% SPARSE, respectively) to evaluate
the robustness of TeCES under sparse data condi-
tions (see Fig. 10). Empirically, the TeCES series
models remain highly competitive in these sparse
scenarios, validating the stability of GA system.

6.3 Training Time and Standard Deviation

Fig. 11 (a) lists per-epoch training time on NVIDIA
RTX 3090 for TeLM, TeCES w/o TA, TeCES w/o
RTF, and TeCES across multiple datasets. Specif-

ically, compared to efficient models (e.g., TeLM),
TeCES offers controllable computational overhead
and greater competitiveness. Fig. 11 (b) shows the
MRR standard deviations over 5 runs of TeCES on
all datasets, highlighting its performance stability.
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Figure 11: Efficiency and Stability Evaluation: (a) Train-
ing Time; (b) Standard Deviation

6.4 Conclusion
This paper uses snapshots to reveal the underly-
ing mechanisms of real-world facts. Based on this,
we design TA and RTF with GA to jointly model
evolving snapshots. Visualization is used to simu-
late and validate TeCES in different scenarios. We
also observe severe fact-density imbalance across
snapshots, which makes the joint modeling of TA
and RTF more challenging. In future work, we will
study snapshot mechanisms under imbalance and
develop specialized models.

Limitations

This paper leverages snapshots to deconstruct the
underlying mechanisms of real-world facts. Based
on this, we design TA and RTF modules using
geometric algebra to jointly model the evolving
snapshots. Furthermore, we observe that the fact
density across snapshots is highly uneven, leading
to significant variations in entity and relation inter-
actions under different snapshots. Clearly, this ob-
jective challenge limits TeCES’s ability to achieve
more fine-grained knowledge representation. To
further address the issue of imbalanced fact density
across snapshots, we plan to introduce the concept
of live snapshots and design a framework capable
of dynamically integrating knowledge from adja-
cent snapshots to enhance KGC.
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Dataset Entities Relations Facts Time Span
ICEWS14 6,869 230 90,730 2014

ICEWS05-15 10,488 251 461,329 2005-2015
ICEWS18 23,033 256 468,558 2018
YAGO11k 10,623 10 20,507 1513-2017

Wikidata12k 12,554 24 40,621 1526-2020
GDELT 500 20 3,419,607 2015-2016

YAGO15K 15,403 34 138,056 -

Table 4: Statistics for the various experimental datasets.

Dataset Entities Relations Facts Time Span
EPD21 51,785 320 120,907 2021
EPD22 258,455 325 747,166 2022
EPD23 1,077,558 336 3,602,870 2023
EPD24 210,889 323 394,973 2024

Table 5: Statistical summary of enterprise procurement
dataset.

points (e.g., Allan, BornIn, Launceston, 2005-
1-3), start/end times (Biden, Presidency, PO-
TUS, [2021-01-02,####-#-#]), and intervals
(Varick, Mayor, New York, [1789-3-2, 1801-3-2]).
GDELT (Trivedi et al., 2017) is a global event

database covering political, economic, and environ-
mental events from 2015-4 to 2016-3. YAGO15K
extends FB15k (Bordes et al., 2013) by adding
timestamps to each fact, with incomplete temporal
information increasing the dataset’s complexity.
2) Confidential Enterprise Procurement Dataset.
EPD21 , EPD22 , EPD23 , and EPD24 are

subsets of Enterprise Procurement Dataset (EPD).
The EPD is derived from annual procurement data
of large enterprises and is designed to support re-
search on procurement cost analysis, anomaly de-
tection in transactions, and supply chain risk pre-
diction (e.g., (Company A, purchases, Material
B, 2021-05-08) and (Material B, price, 1,375,442
CNY)). Specifically, EPD21, EPD22, EPD23, and
EPD24 cover events occurring from January to De-
cember of 2021, 2022, 2023, and 2024, respec-
tively. The dataset details are shown in Table 5.

B Experimental Setup and
Hyperparameter analysis

B.1 Experimental Setup

We implement TeCES in PyTorch and train
it with Adagrad using a batch size of 1000.
The temporal regularization weight λa and
learning rate η. The temporal regulariza-
tion weight λa is tuned within the range
{0, 0.0025, 0.005, 0.0075, 0.01, 0.1, . . . , 0.3},

while the learning rate η is searched within
{0.3, 0.1, 0.05, 0.03, 0.01, . . . , 0.001}. The best
combinations of (λa, η) are: (0.01, 0.003) for
ICEWS14, (0.1, 0.05) for ICEWS05-15, (0.1, 0.1)
for ICEWS18, (0.03, 0.1) for YAGO11k, (0.025,
0.01) for Wikidata12k, (0.01, 0.1) for GDELT,
and (0.025, 0.1) for YAGO15K. The optimal
embedding dimension across all benchmarks is k
= 100.

B.2 Hyperparameter Analysis

We conduct a comprehensive sensitivity analysis of
hyperparameters, as shown in Fig. 12. Specifically,
we adopt grid search on ICEWS14 to investigate
the sensitivity of TeCES to the temporal regulariza-
tion weight λa and learning rate η. The temporal
regularization weight λa is tuned within the range
{0, 0.0025, 0.005, 0.0075, 0.01, 0.1, . . . , 0.3},
while the learning rate η is searched within
{0.3, 0.1, 0.05, 0.03, 0.01, . . . , 0.001}. Through
observation, we find that the optimal result is
achieved when (λa, λb) is set to (0.01, 0.003).
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Figure 12: Hyperparameter experiments on ICEWS14.

B.3 Parameter Count Comparison

Fig. 13 presents a comparison of parameter sizes
among TeCES, TeLM, and EHPR. Specifically,
we report the parameter counts corresponding to
each model’s optimal performance. Compared
with existing efficient models (TeLM and EHPR),
TeCES consistently achieves more significant per-
formance improvements across different datasets
while maintaining a smaller parameter size. More-
over, as the dataset scale increases (from ICEWS14
to ICEWS05-15), the growth of TeCES’s parameter
size is slower and more stable, whereas EHPR and
TeLM exhibit larger fluctuations. These findings
indicate that TeCES provides a sustainable and sta-
ble solution for adaptive completion in large-scale
KGs.
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Figure 13: Parameter comparison among multiple effi-
cient models.
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Figure 14: Results of different models with various
embedding dimensions on ICEWS14.

B.4 Influence of embedding dimensionality

Fig. 14 illustrates MRR performance of
TeLM, EHPR, and TeCES on ICEWS14
across different embedding dimensions
k = {20, 50, 75, 100, 200, 500, 1000, 2000}.
Among all models, TeCES consistently achieves
the best or second-best performance across all
embedding dimensions, verifying the effectiveness
of the proposed framework and demonstrating
its strong stability under low-rank conditions.
Furthermore, when the embedding dimension
k ≥ 100, TeCES shows a gradual plateau in
performance improvement and reaches its optimal
point earlier, while EHPR and TeLM continue
improving and peak at k = 2000. These results
indicate that TeCES possesses superior parameter
efficiency and generalization capability, making it
particularly suitable for low-dimensional scenarios
and more scalable and practical for large-scale
TKGs.

C Main Detailed Results

Tables 1, 2 and 3 list temporal KGC results on each
dataset. All results are taken from original papers.
Compared with EHPR (tensor family), TeCES in-
creases by 17.5 MRR points on ICEWS14, 13.5
MRR points on ICEWS05-15, 3.2 MRR points
on GDELT, 3.0 MRR points on ICEWS18, 27.0
MRR points on YAGO11k, 29.7 MRR points on
Wikidata12k, and 30.8 MRR points on YAGO15K.
Compared with MDRQS (deep learning fam-
ily), TeCES increases by 28.2 MRR points on
ICEWS14, 26.2 MRR points on ICEWS05-15,
37.3 MRR points on GDELT, 37.3 MRR points
on YAGO11k. Compared with DuaTHP (LLMs
family), TeCES increases by 27.0 MRR points on
ICEWS14, TeCES increases by 24.3 MRR points
on ICEWS05-15, 52.2 MRR points on GDELT,
42.1 MRR points on YAGO11k, and 43.2 MRR
points on Wikidata12k.

D Statistical Significance Analysis of
Model Performance

Friedman Test Results. We use a Friedman test
on the MRR values in Table 1. For the k mod-
els (k = 18) across n datasets (n = 2), the test
yields a statistic of approximately 33.79. Under
the F-distribution with k−1=17 and (k-1)(n-1)=17
degrees of freedom, the critical value at a signif-
icance level of α = 0.05 is approximately 2.49
(Iman–Davenport correction). Since the test statis-
tic exceeds the critical value, we reject the null
hypothesis and conclude that MRR performance of
temporal KGC models differs significantly between
the ICEWS14 and ICEWS05-15 datasets. Based
on the average ranks, TeCES has the lowest aver-
age rank of 1.0, indicating the best performance;
TuTR follows closely with a rank of 2.0; EHPR
and GLARGCN have average ranks of 3.5, placing
them in the second tier; while HFL and DLGR have
the highest average ranks of 17.5, ranking at the
bottom. This further confirms that the consistently
top performance of TeCES is statistically meaning-
ful and not due to random variation.
Nemenyi Test Results for Post-hoc Analysis.
Building on the significant outcome of Friedman
test, we further apply Nemenyi post-hoc test to
identify which specific temporal KGC models dif-
fer significantly from one another. This test com-
pares the average ranks of 18 models on ICEWS14
and ICEWS05-15 based on MRR, and resulting
p-values are visualized in the heat-map shown in
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Fig. 15. Experimentally, TeCES shows statistically
significant differences from most SOTA models, as
indicated by the darker blue cells (low p-values),
demonstrating that it consistently outperforms the
majority of baselines. In contrast, the reddish ar-
eas between models such as EHPR, GLARGCN,
and TuTR indicate that their performance differ-
ences are not statistically significant. Overall, the
heat map reveals that TeCES achieves statistically
robust superiority over existing models under the
Nemenyi test.
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Figure 15: Nemenyi test results for multiple models on
MRR metric.

Wilcoxon Test Results for Pairwise Compar-
isons. Building upon the significant outcome of the
Friedman test, we further conduct the Wilcoxon
signed-rank test to determine the statistical signifi-
cance of pairwise MRR differences among models
on ICEWS14 and ICEWS05-15. The heat map
in Fig. 16 presents the two-tailed p-values for
all model pairs. TeCES exhibits deep-blue cells
in its row or column, indicating extremely low p-
values (approximately 0.125) against other models.
Therefore, TeCES is significantly superior to all
17 baseline models, including its strongest com-
petitors, EHPR and GLARGCN. In contrast, the
upper-right quadrant of the heat map shows light-
orange blocks among lower-ranked models (such
as DLGR), where p-values often exceed 0.5, sug-
gesting that their MRR differences are not statis-
tically significant. Overall, the Wilcoxon analysis
further verifies that the superiority of TeCES is
not only consistent but also statistically significant,
while the remaining models form overlapping per-
formance clusters with no clear pairwise advantage.
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Figure 16: Wilcoxon test results for multiple models on
MRR metric.

E Monthly Evaluation

Fig. 17 presents the monthly evaluation perfor-
mance of TeLM, EHPR, and various variants of
TeCES on ICEWS14. Overall, TeCES consistently
outperforms existing baseline models and ablation
variants across all months, demonstrating its strong
robustness and temporal generalization capability.
Moreover, TeCES w/o TA performs better than
TeCES w/o RTF in most months, mainly because
TA faces greater limitations in modeling across
snapshots, whereas RTF is less constrained. The
combination of RTF and TA further yields perfor-
mance gains, indicating good compatibility and
complementarity between the two components.
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Figure 17: Monthly Evaluation across TeLM, EHPR,
and TeCES Variants.

F Production-Level Deployment of
Enterprise Procurement Data Inference

TeCES and CEFS are deployed for procurement
data inference tasks in energy enterprises, as shown
in Tables 6 and 7. Compared with existing ef-
ficient models (e.g., TeLM and EHPR), TeCES
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and CEFS achieve the best and second-best per-
formance, respectively, demonstrating the strong
stability of our framework in real-world deploy-
ment. To further analyze the performance gains
of TeCES, we visualize temporal distributions of
facts across different datasets and conduct a longi-
tudinal comparison, as shown in Fig. 18. Specif-
ically, EPD exhibits a pronounced surge in data
volume from February to August, while remaining
relatively stable during the other months. Com-
pared with EPD21, EPD22, and EPD24, EPD23
exhibits a pronounced high-density peak during
this period. Nevertheless, TeCES and CEFS main-
tain strong performance, demonstrating their ca-
pability to model and accommodate the coupling
between intra-snapshot relations and temporal se-
mantics under high-density conditions. Meanwhile,
the improvements of TeCES and CEFS on Hits@10
are relatively modest. This is mainly because the
evolving snapshot framework prioritizes highly pre-
cise ranking for high-frequency entities, signifi-
cantly boosting MRR and Hits@1, while yielding
relatively limited gains within the broader top-10
candidate range. In addition, TeCES consistently
achieves more pronounced performance gains than
CEFS, further demonstrating the superior represen-
tational capacity of the geometric product over Her-
mitian operators in high-density factual scenarios.
In summary, the TeCES framework has been suc-
cessfully applied to supply-chain reasoning tasks
in energy enterprise data systems. Looking ahead,
we will further explore intrinsic characteristics of
supply-chain data, such as seasonal skewed peaks,
to achieve more efficient, robust, and scalable rea-
soning capabilities, better supporting real-world
industrial environments.

G Implementation Details of
Compatibility Components

G.1 CEFS for temporal KGC

This section follows the principles upon which we
built CEFS, we construct a model named CEFS
based on complex embeddings. For CEFS, head
entity s and tail entity o correspond to Cs = { as +
esi : as, es ∈ Rk } and Co = { ao + eoi : ao, eo ∈
Rk }, respectively, while relation r and timestamp
τ correspond to Cr = { ar + eri : ar, er ∈ Rk }
and Cτ = { aτ + eτ i : aτ , eτ ∈ Rk }, respectively.
The specific steps are as follows:
To ensure that entities can be stably mapped to dif-
ferent specific snapshots, CEFS attaches each grade

Figure 18: Fact distribution comparison visualization
across similar datasets.

component of the timestamp complex embedding
Cτ respectively to the corresponding components
of head entity complex embedding Cs and tail en-
tity complex embedding Co:

C̃s = f0(as, aτ ) + f1(es, eτ )i. (10)

C̃o = g0(ao, aτ ) + g1(eo, eτ )i. (11)

Here, C̃s and C̃o respectively represent head and
tail entities under a specific snapshot space; fi(·, ·)
and gi(·, ·) denote additive fusion operations ap-
plied to the head and tail entities with the times-
tamp, respectively, ensuring balanced integration
and traceability of entity semantics within snap-
shots. Furthermore, CEFS reconfigures relation
complex embedding Cr = ar + eri and timestamp
complex embedding Cτ = aτ + eτ i into two com-
posite complex embedding, namely Crτ = ar + eτ i
and Cτr = aτ + eri. CEFS then uses hermitian op-
erator to realize interaction between Crτ and Cτr:

Cgeo = Crτ ×2 Cτr. (12)

Finally, CEFS performs a hermitian operator to
interact C̃s with Cgeo, and further applies an inner
product with C̃o to obtain final score representation
of CEFS:

φ(s, r, o, τ) = (C̃sCgeo) · C̃o, (13)
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EPD21 EPD22
MRR H@1 H@3 H@10 MRR H@1 H@3 H@10

TComplEx† 20.7 18.1 23.4 29.0 24.4 20.3 25.2 30.8
TeLM† 25.3 23.9 29.4 35.1 32.2 27.1 34.0 40.6
EHPR† 31.6 29.7 36.5 46.4 40.8 38.7 46.1 57.4

CEFS (ours) 33.2 30.3 37.1 42.6 43.7 40.5 46.4 52.1
TeCES (ours) 42.0 41.5 44.8 47.7 55.0 51.4 55.1 60.2
APG (%) 8.8 ↑ 11.2 ↑ 9.4 ↑ 5.1 ↑ 11.3 ↑ 10.9 ↑ 8.7 ↑ 8.1 ↑

Table 6: Experimental results on EPD21 and EPD22. † All results reported are reproduction results. The best results
among all models are written bold. The second-best results among all models are written underlined. ↑ and ↓ denote
performance gain and drop relative to baseline model, respectively.

EPD23 EPD24
MRR H@1 H@3 H@10 MRR H@1 H@3 H@10

TComplEx† 21.5 17.7 25.1 33.7 35.1 29.6 37.2 49.1
TeLM† 23.4 21.1 27.2 35.0 33.2 26.1 36.0 54.2
EHPR† 29.0 24.5 35.0 44.4 40.1 35.7 43.4 53.4

CEFS (ours) 35.2 33.4 38.6 44.4 48.7 45.1 49.4 55.0
TeCES (ours) 44.1 41.7 45.6 49.3 60.9 58.7 62.4 66.7
APG (%) 8.9 ↑ 8.3 ↑ 7.0 ↑ 4.9 ↑ 12.2 ↑ 13.6 ↑ 13.0 ↑ 11.7 ↑

Table 7: Experimental results on EPD23 and EPD24. † All results reported are reproduction results. The best results
among all models are written bold. The second-best results among all models are written underlined. ↑ and ↓ denote
performance gain and drop relative to baseline model, respectively.

where · is inner product.

G.2 CEFS w/o TA
For CEFS w/o TA, we remove Timestamp Attach-
ment (TA), so temporal information is no longer
embedded in entity representations for snapshot-
specific mapping. Specifically, head entity s and
tail entity o correspond to Cs = { as + esi :
as, es ∈ Rk } and Co = { ao+eoi : ao, eo ∈ Rk },
respectively, while relation r and timestamp τ cor-
respond to Cr = { ar + eri : ar, er ∈ Rk } and
Cτ = { aτ + eτ i : aτ , eτ ∈ Rk }, respectively. The
specific steps are as follows:
First, CEFS w/o TA reconfigures relation complex
embedding Cr = ar + eri and timestamp complex
embedding Cτ = aτ + eτ i into two composite com-
plex embedding, namely Crτ = ar + eτ i and Cτr

= aτ + eri. CEFS w/o TA then uses hermitian op-
erator to realize interaction between Crτ and Cτr:

Cgeo = Crτ ×2 Cτr. (14)

Then, CEFS w/o TA performs a hermitian opera-
tor to interact Cs with Cgeo, and further applies an
inner product with Co to obtain final score repre-
sentation of CEFS w/o TA:

φ(s, r, o, τ) = (CsCgeo) · Co, (15)

where · is inner product.

G.3 CEFS w/o RTF

For CEFS w/o RTF, we remove the interaction
between the relation and the timestamp. Specif-
ically, head entity s and tail entity o correspond
to Cs = { as + esi : as, es ∈ Rk } and Co =
{ ao + eoi : ao, eo ∈ Rk }, respectively, while
relation r and timestamp τ correspond to Cr =
{ ar + eri : ar, er ∈ Rk } and Cτ = { aτ + eτ i
: aτ , eτ ∈ Rk }, respectively. The specific steps
are as follows:
First, to ensure that entities can be stably mapped
to different specific snapshots, CEFS w/o RTF at-
taches each grade component of the timestamp
complex embedding Cτ respectively to the cor-
responding components of head entity complex
embedding Cs and tail entity complex embedding
Co:

C̃s = f0(as, aτ ) + f1(es, eτ )i. (16)

C̃o = g0(ao, aτ ) + g1(eo, eτ )i. (17)

Here, C̃s and C̃o respectively represent head and
tail entities under a specific snapshot space; fi(·, ·)
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and gi(·, ·) denote additive fusion operations ap-
plied to the head and tail entities with the times-
tamp, respectively, ensuring balanced integration
and traceability of entity semantics within snap-
shots. CEFS w/o RTF then uses hermitian operator
to realize interaction between Cr and Cτ :

Cgeo = Cr ×2 Cτ . (18)

Finally, CEFS w/o RTF performs a hermitian op-
erator to interact C̃s with Cgeo, and further applies
an inner product with C̃o to obtain final score rep-
resentation of CEFS w/o RTF:

φ(s, r, o, τ) = (C̃sCgeo) · C̃o, (19)

where · is inner product.

G.4 TeCES for temporal KGC
For TeCES, the head entity s, relation r, tail en-
tity o, and timestamp τ are embedded as Es =
{ s0 + s1e1 + s2e2 + s12e1e2 : s0, s1, s2, s12 ∈
Rk }, Rr = { r0 + r1e1 + r2e2 + r12e1e2 :
r0, r1, r2, r12 ∈ Rk }, Eo = { o0 + o1e1 + o2e2 +
o12e1e2 : o0, o1, o2, o12 ∈ Rk }, and Tτ = { τ0 +
τ1e1 + τ2e2 + τ12e1e2 : τ0, τ1, τ2, τ12 ∈ Rk }, re-
spectively. The specific steps are as follows:
To ensure that entities can be stably mapped to
different specific snapshots, TeCES attaches each
grade component of the timestamp’s 2-grade multi-
vector Tτ respectively to the corresponding compo-
nents of head entity’s 2-grade multivector Es and
tail entity’s 2-grade multivector Eo :

Ẽs = f0(s0, τ0) + f1(s1, τ1)e1

+ f2(s2, τ2)e2 + f12(s12, τ12)e1e2.
(20)

Ẽo = g0(o0, τ0) + g1(o1, τ1)e1

+ g2(o2, τ2)e2 + g12(o12, τ12)e1e2.
(21)

Here, Ẽs and Ẽo respectively represent the head
and tail entities under a specific snapshot space;
fi(·, ·) and gi(·, ·) denote additive fusion opera-
tions applied to the head and tail entities with the
timestamp, respectively, ensuring balanced inte-
gration and traceability of entity semantics within
snapshots. Furthermore, to enable multidimen-
sional and deep interactions between temporal
and relational information, and to uncover rela-
tion states driven by snapshot progression, TeCES
reconfigures the relation’s 2-grade multivector Rr

= r0 + r1e1 + r2e2 + r12e1e2 and the timestamp’s
2-grade multivector Tτ = τ0+τ1e1+τ2e2+τ12e1e2

into two composite 2-grade multivectors, namely
Crτ = r0 + r1e1 + r2e2 + τ12e1e2 and Cτr =
τ0 + τ1e1 + τ2e2 + r12e1e2. TeCES then uses
geometric product to realize interaction between
Crτ and Cτr:

Cgeo = Crτ ×2 Cτr. (22)

Finally, TeCES performs a geometric product to
interact Ẽs with Cgeo, and further applies an inner
product with Ẽo to obtain final score representation
of TeCES:

φ(s, r, o, τ) = (Ẽs ×2 Cgeo) · Ẽo, (23)

where · is inner product.

G.5 TeCES w/o TA

For TeCES w/o TA, we remove Timestamp Attach-
ment (TA), so temporal information is no longer
embedded in entity representations for snapshot-
specific mapping. Specifically, the head entity s,
relation r, tail entity o, and timestamp τ are em-
bedded as Es = { s0 + s1e1 + s2e2 + s12e1e2 :
s0, s1, s2, s12 ∈ Rk }, Rr = { r0 + r1e1 + r2e2 +
r12e1e2 : r0, r1, r2, r12 ∈ Rk }, Eo = { o0 +
o1e1+o2e2+o12e1e2 : o0, o1, o2, o12 ∈ Rk }, and
Tτ = { τ0+τ1e1+τ2e2+τ12e1e2 : τ0, τ1, τ2, τ12 ∈
Rk }, respectively. The specific steps are as fol-
lows:
First, TeCES w/o TA reconfigures the relation’s 2-
grade multivector Rr = r0+ r1e1+ r2e2+ r12e1e2
and the timestamp’s 2-grade multivector Tτ =
τ0 + τ1e1 + τ2e2 + τ12e1e2 into two composite
2-grade multivectors, namely Crτ = r0 + r1e1 +
r2e2+τ12e1e2 and Cτr = τ0+τ1e1+τ2e2+r12e1e2.
TeCES w/o TA then uses geometric product to re-
alize interaction between Crτ and Cτr:

Cgeo = Crτ ×2 Cτr. (24)

Finally, TeCES w/o TA performs a geometric prod-
uct to interact Es with Cgeo, and further applies an
inner product with Eo to obtain final score repre-
sentation of TeCES w/o TA:

φ(s, r, o, τ) = (Es ×2 Cgeo) · Eo, (25)

where · is inner product.

G.6 TeCES w/o RTF

For TeCES w/o RTF, we remove the interaction
between relations and the timestamps. Specifically,
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the head entity s, relation r, tail entity o, and times-
tamp τ are embedded as Es = { s0 + s1e1 +
s2e2 + s12e1e2 : s0, s1, s2, s12 ∈ Rk }, Rr =
{ r0 + r1e1 + r2e2 + r12e1e2 : r0, r1, r2, r12 ∈
Rk }, Eo = { o0 + o1e1 + o2e2 + o12e1e2 :
o0, o1, o2, o12 ∈ Rk }, and Tτ = { τ0 + τ1e1 +
τ2e2 + τ12e1e2 : τ0, τ1, τ2, τ12 ∈ Rk }, respec-
tively. The specific steps are as follows:
To ensure that entities can be stably mapped to dif-
ferent specific snapshots, TeCES w/o RTF attaches
each grade component of timestamp’s 2-grade mul-
tivector Tτ respectively to the corresponding com-
ponents of head entity’s 2-grade multivector Es

and tail entity’s 2-grade multivector Eo :

Ẽs = f0(s0, τ0) + f1(s1, τ1)e1

+ f2(s2, τ2)e2 + f12(s12, τ12)e1e2.
(26)

Ẽo = g0(o0, τ0) + g1(o1, τ1)e1

+ g2(o2, τ2)e2 + g12(o12, τ12)e1e2.
(27)

Here, Ẽs and Ẽo respectively represent the head
and tail entities under a specific snapshot space;
fi(·, ·) and gi(·, ·) denote additive fusion operations
applied to the head and tail entities with the times-
tamp, respectively, ensuring balanced integration
and traceability of entity semantics within snap-
shots. TeCES w/o RTF then uses hermitian opera-
tor to realize interaction between Rr = r0 + r1e1 +
r2e2+r12e1e2 and Tτ = τ0+τ1e1+τ2e2+τ12e1e2:

Cgeo = Rr ×2 Tτ . (28)

Finally, TeCES w/o RTF performs a geometric
product to interact Ẽs with Cgeo, and further ap-
plies an inner product with Ẽo to obtain final score
representation of TeCES w/o RTF:

φ(s, r, o, τ) = (Ẽs ×2 Cgeo) · Ẽo, (29)

where · is inner product.

G.7 Training Algorithm of CEFS and TeCES
To further illustrate our framework and implemen-
tation details, we additionally provide reproducible
pseudocode to demonstrate the algorithmic process
and facilitate experimental replication. Algorithm
1 outlines the training procedure for the proposed
CEFS. Algorithm 2 illustrates the training pipeline
of the proposed TeCES.

Algorithm 1 CEFS training algorithm.
Input: (1) A TKG KG; (2) Entities E ; (3) Rela-
tions R; (4) Timestamps T ; (5) Hyperparameters
max_epochs, rank d, λa, λb

Output: Cs, Cr, Co, Cτ for ∀ s, o ∈ E , ∀ r ∈ R, ∀
τ ∈ T

1: Initialize embeddings:
1.1: Cs, Co ∼ U(−1, 1)d×2 for ∀s, o ∈ E
1.2: Cr ∼ U(−1, 1)d×2 for ∀r ∈ R
1.3: Cτ ∼ U(−1, 1)d×2 for ∀τ ∈ T

2: for epoch = 1 to max_epochs do
3: Ltotal ← 0
4: for (s, r, o, τ) ∈ G do
5: Decompose Cs, Co ∈ Cd×2 as:

Cs ← (as, es), Co ← (ao, eo)
6: Decompose Rr ∈ Cd×2 as:

Cr ← (ar, er)
7: Decompose Tτ ∈ Cd×2 as:

Tτ ← (aτ , eτ )
7: C̃s ← (as + aτ , es + eτ )
7: C̃o ← (ao + aτ , eo + eτ )
8: Crτ ← (ar, er)
9: Cτr ← (aτ , eτ )
10: Cgeo ← CrτCτr

10: φ(s, r, o, τ)← (C̃sCgeo) · C̃o

17: Lcross_entropy ← 0
18: for (s′, r, o, τ) ∈ Π

′ do
19: Ls′ ← log

exp(φ(s,r,o,τ))∑
s′∈Π

′ exp(φ(s′,r,o,τ))

20: Lcross_entropy ← Lcross_entropy -
Ls′

21: end for
22: for o′ ∈ Π

′ do
23: Lo′ ← log

exp(φ(s,r,o,τ))∑
o′∈Π

′ exp(φ(s,r,o′,τ))

24: Lcross_entropy ← Lcross_entropy −
Lo′

25: end for
26: Ltotal ← Ltotal + Lcross_entropy
27: Ltotal ← Ltotal + λaLa

28: end for
29: end for
30: Return Cs, Cr, Co, Cτ
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Algorithm 2 TeCES training Algorithm.
Input: (1) A TKG KG; (2) Entities E ; (3) Rela-
tions R; (4) Timestamps T ; (5) Hyperparameters
max_epochs, rank d, λa, λb

Output: Es, Rr, Eo, Tτ for ∀ s, o ∈ E , ∀ r ∈ R, ∀
τ ∈ T

1: Initialize embeddings:
1.1: Es, Eo ∼ U(−1, 1)d×4 for ∀s, o ∈ E
1.2: Rr ∼ U(−1, 1)d×4 for ∀r ∈ R
1.3: Tτ ∼ U(−1, 1)d×4 for ∀τ ∈ T

2: for epoch = 1 to max_epochs do
3: Ltotal ← 0
4: for (s, r, o, τ) ∈ G do
5: Decompose Es, Eo ∈ Rd×4 as:

Es ← (s0, s1, s2, s12), Eo ←
(o0, o1, o2, o12)
6: Decompose Rr ∈ Rd×4 as:

Rr ← (r0, r1, r2, r12)
7: Decompose Tτ ∈ Rd×4 as:

Tτ ← (τ0, τ1, τ2, τ12)
7: Ẽs ← (s0+ τ0, s1+ τ1, s2+ τ2, s12+
τ12)
7: Ẽo ← (o0+τ0, o1+τ1, o2+τ2, o12+
τ12)
8: Crτ ← (r0, r1, r2, τ12)
9: Cτr ← (τ0, τ1, τ2, r12)
10: Cgeo ← Crτ ×2 Cτr

10: φ(s, r, o, τ)← (Ẽs ×2 Cgeo) · Ẽo

17: Lcross_entropy ← 0
18: for (s′, r, o, τ) ∈ Π

′ do
19: Ls′ ← log

exp(φ(s,r,o,τ))∑
s′∈Π

′ exp(φ(s′,r,o,τ))

20: Lcross_entropy ← Lcross_entropy -
Ls′

21: end for
22: for o′ ∈ Π

′ do
23: Lo′ ← log

exp(φ(s,r,o,τ))∑
o′∈Π

′ exp(φ(s,r,o′,τ))

24: Lcross_entropy ← Lcross_entropy −
Lo′

25: end for
26: Ltotal ← Ltotal + Lcross_entropy
27: Ltotal ← Ltotal + λaLa

28: end for
29: end for
30: Return Es, Rr, Eo, Tτ
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