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Abstract

High-quality chain-of-thought has demon-
strated strong potential for unlocking the rea-
soning capabilities of large language models.
However, current paradigms typically treat the
reasoning process as an indivisible sequence,
lacking an intrinsic mechanism to quantify step-
wise information gain. This granularity gap
manifests in two limitations: inference inef-
ficiency from redundant exploration without
explicit guidance, and optimization difficulty
due to sparse outcome supervision or costly ex-
ternal verifiers. In this work, we propose CoT-
Flow, a framework that reconceptualizes dis-
crete reasoning steps as a continuous probabilis-
tic flow, quantifying the contribution of each
step toward the ground-truth answer. Built on
this formulation, CoT-Flow enables two com-
plementary methodologies: flow-guided decod-
ing, which employs a greedy flow-based de-
coding strategy to extract information-efficient
reasoning paths, and flow-based reinforcement
learning, which constructs a verifier-free dense
reward function. Experiments on challeng-
ing benchmarks demonstrate that CoT-Flow
achieves a superior balance between inference
efficiency and reasoning performance.

1 Introduction

Large Language Models (LLMs) have demon-
strated emergent reasoning capabilities on complex
tasks, driven largely by Chain-of-Thought (CoT)
(Wei et al., 2022). By explicitly generating interme-
diate reasoning steps, CoT enables models to sys-
tematically decompose complex logical problems.
To further enhance these capabilities, researchers
have increasingly integrated reinforcement learn-
ing, which utilizes outcome correctness or human
annotations to align reasoning behaviors (Lightman
et al., 2024; Wang et al., 2024; Shao et al., 2024;
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Yu et al., 2025a). Despite these advancements, a
fundamental problem persists in how reasoning pro-
cesses are modeled: intermediate reasoning steps
are typically treated as opaque sequences without
quantitative utility attribution. Unlike final answers,
which can be explicitly verified, the intermediate
steps lack an intrinsic measure of their contribution
to the problem-solving goal. The absence of step-
wise awareness leads to two critical limitations:
inference inefficiency and optimization difficulty.

Existing approaches to mitigate these challenges
remain fragmented and constrained by inherent
trade-offs. Methodologies targeting inference effi-
ciency (Zhang et al., 2025a; Lou et al., 2025; Kang
et al., 2025) often depend on handcrafted or syn-
thesized hybrid datasets containing paired long and
short reasoning chains. This requirement limits
their generalization across diverse tasks. In paral-
lel, strategies for reasoning optimization struggle to
balance scalability with precision: Process Reward
Models (PRMs) (Lightman et al., 2024) are bound
by prohibitive annotation costs, while verifier-free
proxies (Tang et al., 2025; Wang et al., 2025a) fre-
quently yield sparse signals that lack awareness
of the intermediate reasoning process. Crucially,
these isolated studies lack a unified framework to
explicitly and continuously quantify the contribu-
tion of intermediate reasoning steps toward the final
answer.

To bridge this gap in fine-grained quantification,
we revisit the reasoning process from a continu-
ous perspective, as illustrated in Figure 1. Inspired
by the rectified flow theory (Liu et al., 2023), we
model the reasoning process as a probabilistic flow
that transports the model’s information state from
the initial query to the ground truth answer. In this
view, each reasoning step is physically interpreted
as a velocity vector that drives the reasoning pro-
cess towards the target. To strictly quantify this
velocity, we introduce Probabilistic Flow Progress
(PFP), which measures the instantaneous gain in

26397

Proceedings of the 64th Annual Meeting of the Association for Computational Linguistics (Volume 1: Long Papers), pages 26397-26414

July 2-7, 2026 ©2026 Association for Computational Linguistics



A. Standard CoT: Random Walk | NLL = —logp(y/Z)
Step 3
T
Step 1
(Redundant)
° © sips Answer
i Step 2 (Correction)
(Filler Text)
SO T SO ] LN T ) NN\

B. CoT-Flow: Rectified Path ‘T NLL = —log p(y|Z;)
\ \ \ ! PFP vector guides
the optimal

direction

TAAN N -
CTRARNNN
N

N\

= y A
nswer
4 S

~ - ‘\\ \Step3:v3 >0

AN | = — ~ 4 - A\ L\
B (Solution) ~ O\ AN

3 v =Tomp(uiT) ~ Tomp(yiTi) & (TN WA

o0
{ Question: Eval the integral / t*le tdt using integration by parts. }
0

o0
1
Integration by parts formula is / udp | | To evaluate / t* e tdt, we

apply integgation by parts.
Optimal choice: Let u = ¢**
and dv = e'dt. This leads to
du= (z —1)t*2dt

=wuv — [ vdu ... Wait, this seems

recursive. If I use integration by parts
once, I getI'(z) = (z — 1)I'(z — 1).
But maybe I need to do another ste@@

Compute boundary terms:
[7752’16”’}80. Ast — oo,
decay dominates; att = 0, it
vanishes. The term is 0.

OSuppose I can express I'(z — 1) in
terms of I'(z — 2) ... But this leads
back to the definition. Maybe the user
wants the process? Or maybe there's a

\ closed-form?

Y
OLet me try another approach. Set u
= e 'and dv = t*!. Then integration

@ The integral simplifies to
o0
(z— 1)/ t*~2e~tdt, which
0
is (z — 1)I'(z — 1). Result:

M) g

1
gives I'(z) = —T'(2)? This implies
z
T'(z) = 0, which is impossible.
Contradiction!

J

OWait, my choice of u and dv in the
second case must be wrong. Let me go
back to the first method ... The re-
cursive relation was actually correct.

C. Case Study

Figure 1: Illustration of our proposed CoT-Flow. Panel A: Standard CoT reasoning often exhibits a random walk
behavior in the information space, characterized by unstructured exploration, redundancy, and reliance on sparse
outcome-based rewards. Panel B (Ours): CoT-Flow models reasoning as a probabilistic flow. By optimizing
probabilistic flow progress, it rectifies the reasoning trajectory into the shortest path from the question to the answer,
providing dense supervision signals without external verifiers.

the log-likelihood of the ground truth answer. This
definition provides a unified standard to evaluate
reasoning. Valid logical steps exhibit positive ve-
locity by reducing uncertainty, whereas redundant
or erroneous steps manifest as zero or negative ve-
locity, stalling the flow.

To this end, we propose CoT-Flow, a unified
framework designed to streamline both reasoning
inference and model training. To enhance infer-
ence efficiency, we employ Flow-Guided Decod-
ing, which greedily selects tokens with high PFP
scores to construct concise reasoning paths. To
improve optimization process, we utilize Flow-
based Reinforcement Learning, where the cumu-
lative flow serves as a dense, verifier-free reward
signal for robust policy alignment. Extensive ex-
periments on mathematical and general reasoning
tasks demonstrate substantial gains. Notably, on
the AIME 2024 benchmark, CoT-Flow improves
the performance of a Qwen3-4B model by 15.9%
while reducing the average inference length by
over 15%, establishing a superior Pareto frontier
between efficiency and performance. Our main
contributions are summarized as follows':

!Code available at https://github.com/LVYUERLVR/
CoT-Flow

* We propose CoT-Flow, a theoretical frame-
work that maps LLM reasoning to continuous
flow models, which can explicitly quantify the
information gain of intermediate steps.

* Two flow-based algorithms are introduced, in-
corporating flow-guided decoding for efficient
inference and a verifier-free dense reward
mechanism for robust reinforcement learning.

* Experimental results on different benchmarks
validate the effectiveness of CoT-Flow.

2 Background

2.1 Reinforcement Learning for Reasoning

Chain-of-thought prompting empowers large lan-
guage models to decompose complex problems
into intermediate reasoning steps (Wei et al., 2022).
To further align these reasoning behaviors with hu-
man intent, Reinforcement learning has become
the standard paradigm. Formally, given a prompt
x, the model generates a reasoning chain s
(s1,...,sr) and a final answer y. The optimiza-
tion objective is typically to maximize the expected
reward: J(0) = Egor, (o) [R(T, 8, y)]. Existing
approaches diverge primarily in their reward for-
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mulation. Outcome-based methods, such as GRPO
(Shao et al., 2024) and DAPO (Yu et al., 2025a), uti-
lize a sparse reward signal determined solely by the
correctness of the final answer y. This introduces
the credit assignment problem, as the scalar signal
at step 7T fails to distinguish the contribution of
each token s;. Conversely, process-based methods
employ process reward models to assign step-wise
scores (Lightman et al., 2024; Wang et al., 2024),
mitigating sparsity but relying on costly dense an-
notations.

2.2 Rectified Flow and Optimal Transport

Rectified Flow (Liu et al., 2023) is a unified frame-
work for learning ordinary differential equation
(ODE) models to transport samples between two
empirically observed distributions, denoted as g
and ;. Unlike diffusion models that rely on spe-
cific noise schedules, Rectified Flow learns a deter-
ministic transport map by minimizing the transport
cost. Formally, let Z; be the state at time ¢ € [0, 1],
evolving according to an ODE dZ; = v(Z;,t)dt.
To transport my to m; efficiently, Rectified Flow
enforces the trajectory to follow a straight line con-
necting coupled samples (X¢, X1) ~ mp x m1. The
velocity field v is optimized via a nonlinear least
squares objective:

1
nlgn/o E [H(X1 ~ Xo) —v(Xe, )| dt, (1)
where X; = tX; + (1 —t) X, represents the linear
interpolation path.

In this work, we bridge continuous optimal trans-
port and discrete reasoning. Rather than trans-
porting pixels, we adapt the flow framework to
transport the probability mass from an initial state
of high uncertainty of the correct answer to a tar-
get state of deterministic certainty, rectifying the
reasoning chain into the most efficient trajectory
through the semantic manifold.

3 Methodology

Given a sample (x,y) € D, we aim to obtain the
ground-truth answer through the reasoning process
Tiarget = (¢, 8,y), where x is the input query, y
is the corresponding answer and s is the chain-
of-thought. The i-th decoding state is defined
as Z; = (x,s1, S92, ..., 8i), where s; means the i-
th token, and Zo = . We employ the negative
log-likelihood as the difficulty of the current state,
D(Z;) = —logp(y|Z;). Then, the velocity v(s;)
is as follows:

Normalized Flow
o -

200 400 600 800 1000
Token Index

...So yes, the integral would be
1. But wait, the problem is that
the user might be expecting a
different answer...

...Between any two points, there
are both rational and irrational
numbers. So the Dirichlet
function is discontinuous...

Figure 2: Visualization of velocity v(s;) over a chain-of-
thought segment. Blue denotes higher velocity scores,
and red denotes lower ones.

p(ylZ:)

v(s;) = D(Zi—1) — D(L;) = logm

, (2)

where p(y|Z;) = p(y|Zi-1,s;) is the probabil-
ity of predicting y given Z;. A higher velocity
indicates that the token yields a greater reduc-

tion in difficulty. Based on the Bayes’ theorem
_ P(silZim1,y)-p(ylZi—1)

p(Y|Zi—1,8i) = i 7y , we can ob-
tain that
p(silZi—1,y)
v(s;) = log ————=~ 3)
(s:) & p(silZi-1)

where p(s;|Z;—1) is the probability of s; only given
the previous context Z;_1, i.e., prior probability,
and p(s;|Z;—1, y) is the probability of s; given both
the previous context 7, _; and the reference answer
vy, i.e., posterior probability. To empirically un-
derstand the role of velocity, we visualize how the
velocity v(s;) reflects semantic importance within
chain-of-thought reasoning in Figure 2. As shown
in Figure 2, regions with high velocity concentrate
on key numerical transformations and logical con-
nectives that substantially increase the certainty
of producing the correct answer, whereas regions
with low velocity correspond to filler templates and
repetitive statements that are largely independent of
final answer. The observations show that velocity
is a reliable signal for capturing the underlying log-
ical skeleton while filtering out redundant content.

3.1 Train-Free Greedy Flow Decoding

To generate effective chain-of-thought reasoning
samples, we propose a test-time greedy flow de-
coding strategy mgow to maximize the velocity of
each decoding step, thus ensuring that each step
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Prompt Template for Posterior Probability

<|im_start|>user

{{question}}

Note: You have been provided with the ground truth an-
swer: {{ground_truth}}. Your task is to generate a step-by-
step reasoning process (Chain-of-Thought) that logically
arrives at the conclusion. <|im_end|>

Posterior Approximation:
{{ground_truth}} € {Gold Label, Random Label, 0}

\ J

Figure 3: The posterior prompt template.

provides the greatest information gain towards the
answer:

s; = Taow(Zi—1) = argmax{v(s;)}, (4)
S;€EVr

where V; = {s; € V|logp(s;|Z;—1) > 7} is the
refined vocabulary obtained by imposing a prior-
probability constraint on the original vocabulary
V. This constraint restricts candidate tokens to
those whose prior probability exceeds the threshold
7, thereby promoting semantic coherence in the
generated chain-of-thought.

According to Eq. (3), the velocity v(s;) is de-
termined by the log-probability ratio between a
posterior and a prior model, while the target an-
swer y is unavailable during inference. Empiri-
cally, we observe that the velocity field is remark-
ably robust to the specific content of y. Leverag-
ing this property, we approximate log p(s;|Z;—1,y)
using a fixed posterior prompt template, i.e.,
log p(si|Zi—1, Prompt,.y), as listed in Figure 3.
The ground truth answer may be selected from the
gold label, a random label, or the latent label (i.e.,
empty content). Here, we adopt the latent label,
which enables train-free and label-free refinement
at test time. At each decoding step, we select s
accordingly, ensuring the reasoning path adheres
to the information-theoretic geodesic. Further im-
plementation details and robustness analysis are
provided in Appendix A.

Theoretical Analysis. We provide a theoretical
analysis for the greedy flow decoding strategy by
comparing its expected velocity against standard
sampling. First, we analyze the expected velocity
under the standard reference policy Vir as follows:

Viet = Egomy (7, 1) [V(54)]
(Sz’Iz LY )
= $i|Zi—1) - log
Zp [Zi-1) i) O

_ _DKL (70 (-|Zi—1) |70 (-1 Zi1, y)] -

Since the Kullback-Leibler divergence is non-
negative, we obtain Vs < 0, implying on aver-
age, standard sampling tends to adhere to the prior
rather than actively steering towards the conditional
target y. In contrast, the greedy flow decoding strat-
egy seeks to maximize the instantaneous velocity
at each step. The expectation of velocity Viow, 1S
defined by the maximum possible velocity at step 1,
obtained by selecting the token s; that maximizes
the instantaneous velocity function v(s;), where
Viow = v(s}). By definition of the maximum,
Vaow must be greater than or equal to the expected
velocity under the policy 7y, thus Vyow > 0:

VﬂOW > ]Esiwﬂ‘g(-‘zifﬂ[v(si)]' (6)

This analysis demonstrates that the reference policy
yields a non-positive expected velocity, reflecting
potential information decay or lack of direction
relative to y, whereas the flow-based strategy en-
sures a positive velocity, effectively directing the
generation process.

3.2 Flow-Based Dense Rewards in RL

When extending the RL training paradigm to gen-
eral reasoning tasks, answer verification becomes
challenging due to sparse outcome rewards and
the prohibitive cost of annotating process rewards.
Leveraging the additivity of flow, our framework in-
herently yields dense rewards as a natural corollary,
eliminating the need for artificial design.

3.2.1 Global Reward and Stop Gradient

According to the definition of flow, the total in-
formation gain of a complete trajectory s equals
the accumulation of PFP along the path: Rgjopar =
ST v(s;). To prevent reward hacking in model
reinforcement learning by manipulating the ref-
erence baseline, we propose a stop gradient (sg)
operation. By treating the previous state as a fixed
environmental baseline, we ensure that the model
focuses solely on improving the current policy:

v(si) = logp(y|Zi) — sgllogp(y|Zi-1)l. (7

3.2.2 Orthogonal Decomposition of Gradients

Our optimization objective is to maximize the ex-
pected reward J(0) = Egory(.|2) [Rglobal]. The
gradient of this objective can be strictly decom-
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posed into two parts (derivation in Appendix C):

T
VT (0) = Es [(Z Vg 10gW9(8t|It—1)> LA

t=1

Term A: RL Gradient
T

> Vo logpo(y|T:)

i=1

+ Es

Term B: Flow Gradient

®)

Term A represents the standard REINFORCE gradi-
ent, where A serves as the group relative advantage,
analogous to GRPO. Term B is a unique dynamic
term introduced by CoT-Flow, originating from
the dependence of log p(y|Z;) on the parameter 6
in the definition of v(s;). This term captures the
evolutionary direction of the flow field itself.

3.2.3 Flow Gradient Estimation

We derive a tractable gradient estimator for the
flow dynamics term. By applying the law of total
probability and utilizing a single-sample Monte
Carlo approximation, we transform the cumulative
flow objective into a differentiable loss. Detailed
mathematical proofs are in Appendix C. The final
normalized gradient VyTerm B is formulated as:

T
k-1
(1
M (ogpe(ylwvs)JrZ 0

k=1

log 7o (sg) >

Answer Generation

Time-Weighted CoT

)
This formulation introduces two critical mecha-
nisms for stable training:
Emergence of Time Weighting. The term Lt}
naturally emerges from exchanging the order of
summation in the flow trajectory. This creates a
quadratic dependency which we normalize by T’
to match the scale of standard RL gradients. Intu-
itively, this assigns higher weights to later tokens
in the reasoning chain, reflecting their more direct
impact on the final answer certainty.
Soft Quality Gate for Variance Reduction. Re-
lying on a raw single-sample estimate intro-
duces high variance, potentially reinforcing low-
quality paths. To mitigate this, we introduce
the trajectory-level importance gate M. Leverag-
ing the group-relative policy optimization (GRPO)
framework, we compute a dynamic baseline p =
é Zlel log p(y|x, s;) from a group of sampled

trajectories. The gate is defined as:

M = ReLU (log py(y|z, s) — ) - (10)
This acts as a high-pass filter where gradients are
backpropagated only when the reasoning path s
yields a posterior answer probability superior to
the model’s current average (M > 0). This strictly
prevents the reinforcement of below-average noisy
paths and stabilizes the dense reward signal in open-
ended generation.

4 Experiments

4.1 Experimental Setup

Datasets and Models. We conduct evalua-
tions on seven challenging reasoning benchmarks:
AIME24, AIME25, AMC23 and Math-500 for
high-difficulty mathematics competitions; Theo-
remQA (Chen et al., 2023), Weblnstruct (Ma et al.,
2025b) and GPQA-Diamond (Rein et al., 2023)
for graduate-level scientific QA. We employed the
Qwen3 series (Yang et al., 2025) as backbone mod-
els to assess scalability. The LLM is trained on
DeepMath-103K (He et al., 2025; Liu et al., 2025c¢).

Baselines. For the RL setting, we compare
CoT-Flow-RL against GRPO (Shao et al., 2024),
which represents the state-of-the-art outcome-
based sparse reward method, and VeriFree (Zhou
et al., 2025), a representative method featuring
verifier-free rewards.

4.2 Implementation Details

For the test-time greedy flow decoding, at each
decoding step, we set top-p = 0.95 to construct
the candidate vocabulary V;. For the flow-based
reinforcement learning, we construct a training set
by randomly subsampling 5,000 instances from the
DeepMath dataset. The training process utilize a
learning rate of 1e—6. During the rollout phase, we
generate 8 responses per prompt with a temperature
of T' = 1.0 to encourage exploration. The group
relative advantage is computed within a batch of
16 prompts. For all baselines and RL-tuned mod-
els, we set the sampling parameters to temperature
T = 0.6, top-p = 0.95, and top-k = 20, with a
maximum generation length of 8192 tokens.

4.3 Train-Free Greedy Flow Decoding

We first investigate the capability of CoT-Flow as a
train-free decoding strategy.
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Base Model Method Math Reasoning General Task
AIME24 AIME25 AMC23 Math-500 GPQA-D TheoremQA Weblnstruct

Qwen3-1.7B Standard CoT 24.2 22.3 61.1 76.9 27.9 50.9 70.0
: CoT-Flow 28.3 254 63.1 77.9 33.6 54.1 73.8
Qwen3-4B Standard CoT 40.8 26.5 75.9 78.5 44.1 55.2 74.3
wens- CoT-Flow 56.7 30.8 84.2 82.1 44.6 61.1 77.5
Qwen3-8B Standard CoT 38.1 235 68.9 87.0 39.9 62.6 64.7
CoT-Flow 50.2 29.6 80.3 91.5 42.8 67.4 63.8
Qwen3-14B Standard CoT 442 29.0 79.5 90.8 55.2 69.1 83.5
CoT-Flow 50.8 34.0 85.0 93.5 55.9 72.2 85.2
Qwen3-32B Standard CoT 43.1 32.5 71.5 91.5 57.7 73.0 84.1
W CoT-Flow 54.6 333 834 94.0 56.2 70.6 83.5

Table 1: The pass@1 accuracy (%) of Standard CoT and CoT-Flow greedy decoding on seven diverse reasoning
benchmarks. We categorize the benchmarks into Math Reasoning (AIME, AMC, Math) and General Task (GPQA,
TheoremQA, Weblnstruct) to demonstrate the model’s capabilities across different domains.
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< 5000
g’ ’
8 40001 = —
& 3000
®
8 2000
»
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1000 A

0 ‘ ‘ ‘ ‘ ‘
1.7B 4B 8B 14B 32B

Model Size

Figure 4: Comparison of token consumption for Stan-
dard CoT and our CoT-Flow method. CoT-Flow main-
tains comparable verbosity while improving accuracy.

Accuracy Improvements. Table 1 summarizes
the performance across nine benchmarks. We ob-
serve that CoT-Flow consistently surpasses stan-
dard decoding across all model scales. The ad-
vantages are particularly pronounced on complex
mathematical reasoning tasks that require rigorous
logic. For instance, on the Qwen3-4B model, CoT-
Flow boosts accuracy on AIME24 from 40.8% to
56.7% (+15.9%). These substantial improvements
indicate that the flow metric effectively steers the
model away from plausible but erroneous reason-
ing paths often traversed by standard sampling.

Inference Efficiency. Crucially, these accuracy
gains do not come at the cost of verbosity. As illus-
trated in Figure 4, CoT-Flow significantly reduces
the average inference length compared to Standard
CoT across all model sizes. For Qwen3-4B and
Qwen3-32B, the average token consumption is re-
duced by more than 15% and 14%. We further
analyze the reasoning dynamics under varying com-

Method SK 16K 32K
Stan. CoT 42.4 4382 62.5 @576 68.8 (5417
CoT-Flow 48.4 (3654 66.3 (3482 67.9 (3500

Table 2: Average accuracy (%) and response length (to-
kens) across different reasoning budgets on benchmarks
AIME24 and GPQA-Diamond.

putational constraints (8K, 16K, 32K tokens) using
Qwen3-4B. Table 2 illustrates that as the reasoning
budget increases, Standard CoT (Stan. CoT) gen-
erates significantly longer chains (from 4,382 to
5,417 tokens) with diminishing returns in accuracy.
In contrast, CoT-Flow converges to a stable trajec-
tory length (~3,500 tokens) regardless of the upper
limit. This suggests that our method identifies the
intrinsic complexity of the problem, rectifying the
path to its necessary length rather than exploiting
available budget for redundant computation.

4.4 Flow-Based Reinforcement Learning

We further evaluate the efficacy of CoT-Flow when
integrated into the reinforcement learning loop.
The core comparison lies between the sparse out-
come signals of GRPO, the verifier-free signals
of VeriFree, and the flow-derived dense signals of
CoT-Flow. As visualized in Figure 5, CoT-Flow
in reinforcement learning establishes a superior
Pareto frontier compared to baselines. On high-
difficulty benchmarks like AIME24 and AIME25,
CoT-Flow demonstrates robust convergence to
higher accuracy levels. Crucially, these gains
are achieved with strictly shorter reasoning paths.
While GRPO tends to generate verbose chains, the
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Figure 5: Pareto frontier analysis of reasoning efficiency. The model accuracy (%) and computational cost (average

token length) across datasets are presented.
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Figure 6: Analysis of inference dynamics. Left: The
relationship between compression rate and mean PFP.
Green points (Wrong — Correct) cluster in high-PFP
regions (Upper Right). Right: Impact of posterior esti-
mation quality. The trend confirms that more accurate
posterior approximations yield superior flow guidance,
with Latent Labels achieving performance comparable
to ground truth.

dense reward of CoT-Flow naturally penalizes re-
dundant steps that yield negligible information gain.
This results in a simultaneous improvement in both
accuracy and efficiency, validating the effective-
ness of the flow-based dense supervision.

5 Further Analysis

Trajectory Rectification and Error Correction.
Figure 6 visualizes the intrinsic mechanism driving
the efficiency of CoT-Flow on DeepMath. CoT-
Flow effectively rectifies the reasoning process into
a geodesic path. Crucially, this compression is not
lossy but corrective. As shown in the left panel, in-
stances where the model corrects an initially wrong
answer cluster in regions of moderate compression.
This suggests that CoT-Flow effectively identifies
and prunes erroneous branches that previously mis-
led the model.

451|-e- Gate 1 -o- Gate 3
-0- Gate 2 -@— Gate 4
401
Aﬂ
&\4357
»
o
€ 301
=
[}
& 251
20 1

400 600 800 1000 1200

Training Steps

200

Figure 7: Ablation study on quality gate M. We
compare four gating variants on AIME2024 (Qwen3-
1.7B). Gate 1 (Ours): ReLU(A log p); Gate 2: Binary
I(Alogp > 0); Gate 3: Ratio p/p; Gate 4: Absolute
p(yls).

Robustness to Posterior Approximation. A
core premise of test-time CoT-Flow is the estima-
tion of velocity v without access to ground truth
y. As illustrated in the right panel of Figure 6, we
observe a strong correlation: as the accuracy of the
posterior estimation improves (quantified by the
metric detailed in Appendix A.2), the performance
gain of CoT-Flow increases monotonically. Re-
markably, using Latent Labels often yields results
comparable to, or even surpassing, those obtained
with Gold Labels.

Impact of Quality Gating Strategy. We jus-
tify the design of our soft quality gate M
ReLU(logp — u) by comparing it against three
variants: Binary Gate (step function), Ratio Gate
(linear scale), and Absolute Gate (raw probabil-
ity). As shown in Figure 7, Gate 4 (Absolute) fails
to converge, confirming that relative improvement
(baseline subtraction) is essential for variance re-
duction in open-ended reasoning. Gate 3 fails to
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stabilize due to the exponential nature of the ratio
formulation, which induces numerical overflow and
gradient explosion. While Gate 2 (Binary) incor-
porates the baseline, its performance plateaus early
because it discards the magnitude of the improve-
ment, treating marginally better paths the same
as significantly better ones. Our soft relative gate
yields the most robust convergence.

6 Related Work

6.1 Reinforcement Learning

Reinforcement Learning (RL) has emerged as a
central approach for eliciting the reasoning ca-
pabilities of LLMs. Outcome-based methods,
exemplified by GRPO (Shao et al., 2024), esti-
mate policy gradients via group-relative advan-
tages, eliminating the need for value networks.
Variants like DAPO (Yu et al., 2025a) and A-GRPO
(Parthasarathi et al., 2025) further refine this by
introducing dynamic sampling and learnable to-
ken preferences, while Scaf-GRPO (Zhang et al.,
2025b) employs scaffolded prompting to mitigate
the cold-start problem. Other approaches explore
instance-adaptive budgets (Park et al., 2025) or mir-
ror descent optimization (Wang et al., 2025c).

Nevertheless, outcome-based supervision suf-
fers from sparse reward signals. To address this,
Verifier-Free approaches seek intrinsic dense sig-
nals without expensive human annotations. Meth-
ods like VeriFree (Zhou et al., 2025) and NOVER
(Liu et al., 2025b) utilize answer consistency or
reasoning perplexity as rewards. Others leverage
posterior regularization (Yu et al., 2025b; Fan et al.,
2025), Jensen-enhanced bounds (Tang et al., 2025),
or bandit-based allocation (Wang et al., 2025a) to
stabilize training. Unlike these heuristic proxies,
our CoT-Flow derives dense rewards directly from
the transport theory of probabilistic flow.

6.2 Efficient and Hybrid Reasoning

Balancing reasoning depth with inference latency
is a critical challenge. Hybrid strategies dynam-
ically switch between concise and detailed rea-
soning paths. HybridCoT (Luo et al., 2025) inter-
leaves text and latent reasoning, while TokenSkip
(Xia et al., 2025) and C30T (Kang et al., 2025)
accelerate generation by selectively skipping re-
dundant tokens or distilling lengthy chains. Other
works explore continuous or latent reasoning rep-
resentations. SoftCoT (Xu et al., 2025b) employs
soft thought markers, and CoT-Valve (Ma et al.,

2025a) identifies latent directions controlling rea-
soning length. KAPPA (Li et al., 2025) utilizes
information-theoretic metrics for pruning. While
effective, these methods often require specialized
architectures or separate training stages. In con-
trast, CoT-Flow achieves efficiency endogenously
via greedy flow rectification at test time.

6.3 Flow Dynamics and Guided Decoding

Our framework connects reasoning optimization
with continuous flow dynamics. Theoretical works
like FlowRL (Zhu et al., 2025) and Cognitive Flow
(Matos et al., 2025) model reasoning as state tran-
sitions, while MixIE (Sanyal et al., 2025) and
context-aware modeling (Yao et al., 2025) refine
distribution estimation. Crucially, our velocity for-
mulation (v o< 10g Ppost — 10g Pprior) shares theoret-
ical underpinnings with Contrastive Decoding (Li
et al., 2023) and Classifier-Free Guidance (Ho and
Salimans, 2022). These paradigms amplify gener-
ation quality by contrasting a conditional distribu-
tion against an unconditional baseline. While typi-
cally applied in diffusion models for manifold con-
straints (Chung et al., 2025; Mirbeygi and Beigy,
2025) or controllable text generation (Huang et al.,
2025; Cheng et al., 2024), CoT-Flow reinterprets
this mechanism through the lens of Rectified Flow.
Other theoretical frameworks (Ton et al., 2025;
Wang et al., 2025b) view reasoning through the
lens of information gain or optimization. Mean-
while, (Liu et al., 2025a) frames the generation
of reasoning steps as an implicit gradient descent
process during test time.

7 Conclusion

In this work, we propose CoT-Flow, a principled
framework that conceptualizes LLM reasoning as
a continuous probabilistic flow. By introducing the
probabilistic flow progress metric, we bridge the
gap between discrete token generation and continu-
ous optimal transport theory, providing a granular
measure of reasoning utility. Our dual-optimization
approach, greedy flow decoding for train-free in-
ference refinement and flow-based reinforcement
learning for verifier-free dense supervision, effec-
tively addresses the critical bottlenecks of inference
inefficiency and feedback sparsity in open-domain
reasoning. Empirical evaluations across challeng-
ing benchmarks demonstrate that CoT-Flow consis-
tently achieves superior accuracy with significantly
reduced computational overhead.
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Limitations

Despite the promising results, our work has limita-
tions that suggest avenues for future research. First,
our velocity estimation relies on prompt-based pos-
terior approximation. While effective, this heuris-
tic is bounded by the zero-shot performance of the
base model. We believe that developing more rigor-
ous, trained posterior estimators could significantly
enhance the precision of the flow guidance. Second,
regarding RL efficiency and integration, our current
experiments are conducted in an on-policy setting.
Future work could extend CoT-Flow to off-policy
frameworks to improve sample efficiency.
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A Theoretical and Empirical Justification
for Posterior Estimation

A.1 Theoretical Justification for
Prompt-based Posterior Estimation

A core challenge in the CoT-Flow framework lies
in accurately estimating the posterior probabil-
ity of the current reasoning step conditioned on
the ground-truth answer, denoted as p(s;|Z;—1,y).
Theoretically, the ground-truth posterior can be ap-
proximated via a frequentist Monte Carlo approach.
This involves sampling a large number of complete
reasoning trajectories S = {S ... SV)} start-
ing from the current state Z;_; and calculating the
proportion of trajectories that successfully lead to
the correct answer y:

N I(S™) )
N )

p(silZi-1,y) =~ (11D
where I(-) is the indicator function and S*) I y
denotes that trajectory S (k) concludes with answer
y. However, this method is computationally pro-
hibitive for online decoding due to the necessity of
massive sampling.

From a modeling perspective, one could train a
dedicated conditional model via supervised learn-
ing on (Context, CoT, Answer) triplets. To strictly
adhere to the causal dependency of p(S|x, y), the
self-attention mechanism of such a model implies a
specific masking pattern, where the token s; can at-
tend to the context x, the answer y, and preceding
reasoning steps S<;. This ideal attention structure
is illustrated in the left panel of Figure 8. However,
training a separate posterior model introduces sig-
nificant overhead. We argue that a sufficiently pre-
trained autoregressive LLM can inherently func-
tion as a posterior estimator through In-Context
Posterior Approximation, eliminating the need for
additional training.

By restructuring the input sequence to place the
answer y within the prefix (i.e., x — y — 5), we
force the Transformer to compute the representa-
tion of s; conditioned on y. As visualized in the
right panel of Figure 8, the attention connectivity
for the reasoning tokens S in our CoT-Flow strat-
egy is mathematically identical to the ideal target
model within the causal masking constraint. The
discrepancy lies in the blind spot (depicted in gray)
where the answer tokens y cannot attend to the
subsequent reasoning .S. Crucially, while the atten-
tion mask allows for the correct information flow, a

discrepancy remains in the positional embeddings.
To mitigate this positional mismatch and strictly
prevent the model from treating the inserted answer
as a trivial leakage, we employ a specific prompt:
"It is crucial that your reasoning appears natural
and self-derived. Do not, under any circumstances,
state or imply that you were given the ground truth
answer."

A.2 Comparative Analysis with Standard
Zero-Shot Prompting

While our prompt-based posterior estimation (Sec-
tion A) utilizes a specific template to approximate
the target distribution, a natural alternative is the
widely used zero-shot trigger, “Let’s think step by
step” (Kojima et al., 2022). In this section, we
analyze why this standard prompting strategy is
insufficient for calculating the flow velocity v(s;)
and justify the necessity of our Latent Label design.

Fundamentally, the velocity in CoT-Flow is de-
fined as the log-likelihood ratio between a goal-
conditioned posterior and an unconditioned prior:
v(s;) = 1og Ppost(silZi—1) — 10g Pprior(si|Zi—1)-
The efficacy of this metric relies on the divergence
between these two distributions.

The standard zero-shot prompt operates as a
strong prior rather than a posterior approximation.
While it encourages chain-of-thought generation, it
does so in a forward-looking manner similar to the
base model’s intrinsic exploration tendency. Con-
sequently, if we employ “Let’s think step by step”
as the proxy for my.st, the resulting distribution
T,ero—shot T€Mains semantically and structurally
close to the prior mp,jo-. This similarity leads to
a vanishing velocity field (v = 0), failing to pro-
vide the distinctive directional guidance required
to rectify the reasoning path.

In contrast, our Latent Label strategy (Figure
9) structurally mimics the generation process of
a model that has observed the answer. By inject-
ing the placeholder structure (z — Answer — s),
we induce a “pseudo-oracle” state. Although the
explicit answer is absent (latent), this structural con-
straint forces the model to adopt a verification-like
stance, creating a significant informational diver-
gence from the standard prior. This divergence
manifests as a high-magnitude velocity vector that
effectively highlights key logical transformations
while suppressing generic or redundant tokens com-
mon in standard zero-shot reasoning.
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Figure 8: Comparison of attention masks for posterior estimation. Left (Estimation Target): The ideal attention
pattern for modeling p(S|x, y), where the reasoning steps .S can attend to both the context  and the future answer
y. Right (CoT-Flow): Our proposed approximation using prompt engineering (x — y — 5). The red box highlights
the estimation target. The gray areas indicate attention connections present in the target but lost in our approximation

(i.e., y cannot attend to .5).

B Extended Empirical Results

B.1 Computational Cost and Efficiency
Analysis

Inference Latency vs. Throughput. While CoT-
Flow introduces a per-step computational overhead
by calculating the difference between posterior and
prior logits (log 7post — 10g Tprior), the end-to-end
latency for generating a single sample is compa-
rable to, or even lower than, Standard CoT. This
is attributed to the significantly shorter reasoning
paths generated by our method. As shown in Ta-
ble 3, the single-sample latency (batch size = 1)
demonstrates that the reduction in decoding steps
effectively offsets the per-step overhead.

Howeyver, a distinction must be made between
strict single-sample latency and total computational
cost in high-throughput scenarios. When process-
ing large batches, the theoretical lower bound for
total FLOPs approaches 2x that of standard decod-
ing, as our method evaluates both s and mprior
Empirically, in our current implementation (using
2 NVIDIA A100 GPUs with a tensor parallel size
of 2), the observed time cost overhead is approxi-
mately 2.2 to 3.3 (Table 3). This discrepancy
arises because our dual-forward pass framework
currently lacks advanced system-level optimiza-
tions. Bridging this gap through system-algorithm
co-design remains a promising direction for future
work.

Training Efficiency. In the reinforcement learn-
ing setting, CoT-Flow-RL introduces virtually zero
additional computational overhead during training.

Method Latency (s) | Total Time (s) |
AIME24 AMC23 AIME24 AMC23

Model: Qwen3-1.7B

Standard CoT 41.5 28.5 992 872

CoT-Flow 371 24.8 3322 2897
Model: Qwen3-32B

Standard CoT 186.6 131.9 4027 3654

CoT-Flow 174.7 110.1 9056 7864

Table 3: Comparison of computational efficiency be-
tween Standard CoT and CoT-Flow. Latency refers to
the end-to-end time for a single-sample inference (batch
size = 1), whereas Total Time represents the overall
throughput cost (batch size = 16).

The calculation of the dense reward, log p(y|x, s),
utilizes a prefill operation that merely appends the
ground-truth answer. In standard GRPO, a similar
prefill is already required to compute the old policy
probabilities (7ro1q) for the importance sampling ra-
tio. Furthermore, because CoT-Flow inherently en-
courages more concise reasoning paths, the rollout
phase—typically the primary bottleneck in RL—is
significantly accelerated. As detailed in Table 4,
CoT-Flow-RL reaches specific training milestones
substantially faster than baseline methods.

B.2 Robustness Across Model Architectures

To verify the generalizability of our flow-guided de-
coding, we evaluate CoT-Flow across diverse LLM
architectures beyond the Qwen3 series. As shown
in Table 5, CoT-Flow achieves accuracy gains on
most benchmarks while consistently maintaining
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67 Random Label

Note: You have been provided with the ground truth answer:
{{random.randint(0, 1000)}}. Your task is to generate a
step-by-step reasoning process (Chain-of-Thought) that
logically arrives at the conclusion. It is crucial that

your reasoning appears natural and self-derived. Do not,
under any circumstances, state or imply that you were
given the ground truth answer.
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Note: Your task is to generate a step-by-step reasoning
process (Chain-of-Thought) that logically arrives at the
conclusion.
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Latent Label

Note: You have been provided with the ground truth answer.
Your task is to generate a step-by-step reasoning process
(Chain-of-Thought) that logically arrives at the

conclusion.
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Real Label

Note: You have been provided with the ground truth answer:
{{ground_truth}}. Your task is to generate a step-by-step
reasoning process (Chain-of-Thought) that logically

arrives at the conclusion. It is crucial that your

reasoning appears natural and self-derived. Do not, under
any circumstances, state or imply that you were given the
ground truth answer.
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Figure 9: Impact of posterior prompt quality on CoT-Flow performance. We compare the reasoning accuracy when
using different prompt templates to approximate the posterior distribution mpe. The results exhibit a monotonic
increase in accuracy as the prompt becomes more informative, confirming that our Latent Label strategy effectively
elicits a pseudo-oracle guidance comparable to the Real Label upper bound.

Progress CoT-Flow (Ours) VeriFree = GRPO Method AIME24 AIME25 GPQA

25% 13h 09m 14h 15m  15h 05m Model: Phi-4-mini-reasoning

50% 24h 20m 25h46m  25h 20m

75% 33h 51m 36h 37m  44h 14m Std. CoT  31.7 (7042) 25.0(7037) 26.2 (6557)

100% 42h 17m 46h 53m  62h 36m CoT-Flow 32.5 (6666) 26.6 (6957) 33.0 (6066)

Model:
Table 4: Cumulative wall-clock time to reach training odel: Qw0
milestones for Qwen3-1.7B on DeepMath (4x A100 Std. CoT ~ 38.7(7395) 26.6 (7444) 46.8 (5595)
GPUs). CoT-Flow consistently reduces total training CoT-Flow 43.3 (7075) 24.1(7333) 50.7 (3998)
time by minimizing generation lengths during rollout. Model: GLM-Z1-32B-0414
Std. CoT  58.5(6024) 39.7 (6508) 55.4 (4753)

shorter reasoning paths across different model ar- CoT-Flow  60.4 (5700) 46.6 (6214) 53.6 (3955)

chitectures such as Phi-4-mini-reasoning (Xu et al.,
2025a), QwQ (Team, 2025), and GLM-Z1-32B-
0414 (GLM et al., 2024), which confirms its strong
generalization ability.

B.3 Robustness of Latent Label Prompting

In the train-free setting, substituting the unobserved
ground truth y with a latent label y’ acts as a heuris-
tic approximation. By conditioning on a greedy im-
plicit estimate y’, CoT-Flow prevents the model’s
reasoning trajectory from diffusing across multiple
distinct semantic modes, prioritizing logical con-
vergence over early correctness. Furthermore, to
verify that our improvements are resilient to prompt
engineering, we test multiple semantic variations
of the latent label prompt. As shown in Table 6, the
accuracy remains consistently superior to the base-
line, confirming that the performance gain stems
from the structural conditioning rather than specific
phrasing.

Table 5: Performance across different model families.
Values indicate accuracy (%) with average generation
length in parentheses.

B.4 Ablation on Velocity Formulation:
Posterior-Only Decoding

To further validate the theoretical motivation of
CoT-Flow, we investigate the necessity of the ve-
locity formulation defined in Eq. (3): v(s;) =
log p(si|Zi—1, Prompt,) — log p(s;|Zi—1). A nat-
ural question arises: does the performance gain
stem primarily from the contrast between posterior
and prior (the flow velocity), or simply from the
guidance provided by the posterior prompt itself?
To answer this, we introduce a posterior-only base-
line, where the decoding objective is to maximize
the raw posterior probability:

s; = arg max log p(s;|Z;—1, Prompt
85

post)' (12)
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Method Prompt Phrasing Accuracy (%)
Baseline (Standard CoT without 56.9
posterior conditioning)
Ours (Var. 1)  You have already 67.6
known the ground truth
answer.
Ours (Var. 2)  You are fully aware of 66.6
the ground truth an-
swer and the correct so-
lution.
Ours (Var. 3)  Given that you have ac- 66.0

cess to the true answer.

Table 6: Robustness analysis of the latent label prompt
on AIME24. Varying the instruction phrasing yields
stable improvements over the baseline, indicating low
sensitivity to prompt selection.

We compare Standard CoT, CoT-Flow, and
Post-Only across four representative benchmarks:
AIME 2024, AIME 2025, AMC 23, and GPQA.
The results are summarized in Table 7. As ob-
served in Table 7, Post-Only decoding consistently
outperforms the Standard CoT baseline. This in-
dicates that our proposed posterior prompt tem-
plate effectively elicits a latent label that guides
the model toward better reasoning. However, CoT-
Flow frequently surpasses Post-Only, particularly
on the most challenging benchmarks like AIME
2024 (e.g., +10.5% over Post-Only on Qwen3-4B).

This result validates our hypothesis. Simply fol-
lowing the posterior distribution is insufficient, as
it may still assign high probability to trivial or safe
tokens that do not contribute to solving the problem.
By subtracting the prior (Standard CoT probabil-
ity), CoT-Flow explicitly selects tokens with high
velocity, those that contribute most to the change
in certainty, thereby rectifying the path more effec-
tively than posterior guidance alone.

B.5 Extended Analysis on Pass@k Scaling

In this section, we provide a comprehensive analy-
sis of the scaling properties of CoT-Flow across
varying sampling budgets (k). Figures 10 and
11 illustrate the Pass@k performance curves for
Qwen3-8B and Qwen3-32B, respectively. A con-
sistent phenomenon is observed across all model
scales: CoT-Flow (CFG) significantly outperforms
the Baseline and Post-Only methods at low sample
budgets (e.g., k = 1, 2), but the gap narrows or re-
verses as k increases (e.g., k = 16). This behavior
is theoretically expected and highlights the distinct
operational mechanism of our method.

Concentration of Probability Mass. Standard
CoT sampling operates on the raw high-entropy
distribution of the language model. This random
walk nature allows for diverse exploration; given
a sufficiently large budget (¢ — o0), the model
is likely to stumble upon the correct reasoning
path simply via broad coverage. However, this
comes at the cost of high redundancy and error
rates in single-pass generation. In contrast, CoT-
Flow employs a greedy flow decoding strategy
(v = 1og Ppost —10g Pprior). This difference-of-logits
operation acts as a contrastive filter, aggressively
suppressing generic, low-information, or plausible-
but-incorrect tokens while amplifying tokens that
specifically contribute to the likelihood of the an-
swer. Geometrically, this rectifies the reasoning
flow, forcing the probability mass to concentrate
around the geodesic path.

Distillation into Pass@1. Consequently, CoT-
Flow effectively distills the model’s reasoning ca-
pability into the top-ranked trajectory. It optimizes
for precision rather than coverage. By pruning
the branching factor of the reasoning tree, CoT-
Flow ensures that the single most probable path
is highly accurate, thereby achieving superior effi-
ciency. However, this sharpening of the distribution
inherently reduces generation diversity. At high k,
the model tends to generate topologically similar
paths, yielding diminishing returns compared to
the baseline, which benefits from the wisdom of
crowds effect in high-variance sampling. In practi-
cal deployment scenarios, where inference latency
and compute costs are critical constraints, the per-
formance at low k (especially Pass@1) is the domi-
nant metric. CoT-Flow’s ability to maximize utility
per sample makes it an ideal solution for resource-
constrained reasoning.
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Model Method Math Reasoning General Task
AIME24  AIME25  AMC23 GPQA
Standard CoT 24.2 22.3 61.1 279
Qwen3-1.7B Post-Only 25.6 22.5 64.7 30.7
CoT-Flow 28.3 254 63.1 33.6
Standard CoT 40.8 26.5 75.9 441
Qwen3-4B Post-Only 46.2 331 82.2 45.7
CoT-Flow 56.7 30.8 84.2 44.6
Standard CoT 38.1 23.5 68.9 39.9
Qwen3-8B Post-Only 40.2 27.9 74.7 36.6
CoT-Flow 50.2 29.6 80.3 42.8
Standard CoT 442 29.0 79.5 55.2
Qwen3-14B Post-Only 51.5 33.8 81.9 53.3
CoT-Flow 50.8 34.0 85.0 55.9
Standard CoT 43.1 325 71.5 57.7
Qwen3-32B Post-Only 45.8 33.5 83.9 57.8
CoT-Flow 54.6 333 834 56.2

Table 7: Ablation study comparing Standard CoT, Posterior-Only decoding, and CoT-Flow (Contrastive). Values
represent Pass @ 1 accuracy (%). While Post-Only generally improves over the Standard baseline, CoT-Flow achieves
superior performance on challenging reasoning tasks (e.g., AIME 2024), confirming the importance of the velocity
metric in filtering high-likelihood but low-information tokens.
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Figure 10: Pass@k scaling curve for Qwen3-8B on AIME 2024, AIME 2025, and AMC 23.
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Figure 11: Pass@k scaling curve for Qwen3-32B on AIME 2024, AIME 2025, and AMC 23.
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C Detailed Mathematical Derivation of Flow-based RL Objectives

This appendix provides a rigorous step-by-step derivation of the global reward and the decomposition of
its gradient, specifically focusing on the emergence of the time-weighted Flow Gradient (Term B).

C.1 Orthogonal Gradient Decomposition

When optimizing () = Egr,(.|2)[Rgloba(0)], the gradient involves two components due to the
dependence of Ryjoba on 6. Applying the identity VoEr, [f(6)] = Ex,[Vglogmg - f(0) + Vo f(8)] yields:

VoJ (0) = E. +Eq (13)

T
Z Vou(s;)

=1

T
(Z v@ log 7T9(5t |It1)> Rglobal

t=1

The scaler global reward Rglobal is defined as the accumulation of Probabilistic Flow Progress (PFP)
along a complete reasoning trajectory s = (s, ..., sr). Using the definition v(s;) = log pp(y|Z;) —
sg[log pe(y|Zi—1)], we analyze the total reward:

T T

Ryor = v(s1) = > (log po(y|T:) — sellog pa(y|Zi1)]) = log po(ylTr) — log po(y|To), (14)
=1 =1

where Zp = (x, s) and Zy = . Using group relative normalization (e.g., GRPO), the constant log pg(y|x)
is canceled out, leaving the final answer likelihood normalized as A.

C.2 Step-by-Step Derivation of Term B
By the definition of v(s;) in Eq. (7), the term Vyuv(s;) is:

Vouv(si) = Vologpe(y|Z;) — Vesgllog pe(y|Zi—1)] = Ve logps(y|Z;). (15)

The stop-gradient operation effectively eliminates the baseline gradient, ensuring that the flow field is
optimized solely based on the improvement at each step. To expand ZZT:1 Vo logpg(y|Z;), we first
examine the single-step term. Using the law of total probability over all possible future trajectories s; 1.1,
we obtain:

po(y|L;) = Z mo(si+1:7|Zi) - po(ylz, 8). (16)

Si+1:T

Applying the log-derivative trick Vg log f = VTef yields:

1
po(y|Z;)
1

= ol > (po(ylz, 8)Vomo(sisr1:0T) + mo(sis1:0/Ti) Vops (yla, ) .

Z Vo (mg(sip1.7|Zi)po(y|, 8))

Si+1:T

Vologpe(y|Z;) =
(17)

Si+1:T

By converting the sum back to an expectation Er,, we derive:

po(ylz, s)

Vo log mg(s;+1.7|Z;) + Vg lo x,s))| . 18
oS (Satogma(siarlT) + Valogm(yle.s)] . a9

Vo Ingé(yu:i) = ESH»I:T |:

Using the importance weight M; = % and a single-sample Monte Carlo approximation, we obtain:

T
Vo logpo(y|Zi) =~ M; ( > Vologmo(sk|Ti-1) + Vo logpe(y\w78)> : (19)
k=i+1
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C.3 Summation Reordering and Final Form

Substituting the single-step gradient into the global summation Zz‘T:1 Vo log pe(y|Z;) requires careful
treatment of the importance weight M; = py(y|x, s)/pg(y|Z;). Under a naive single-sample Monte
Carlo (MC) estimation where pyp(y|Z;) ~ po(y|x, s), the weight M; simplifies to 1. However, this
approximation exhibits high variance. Specifically, when the sampled trajectory s is of low quality
(i.e., po(y|x, s) is significantly lower than the model’s average capability), M; ~ 1 would erroneously
reinforce suboptimal or incorrect reasoning paths by assigning them full gradient weight.

To mitigate this, we replace the unstable M; with a trajectory-level soft quality gate M, which is a
function of the global answer likelihood py(y|x, s). Since M is independent of the summation index ¢, it
can be factored out of the global sum:

T T T
V¢Term B ~ M [Z Z Vo logmo(sk|Zi—1) + Z Vologpg(y|x,s)| . (20)
i=1 k=i+1 i=1

By exchanging the order of the double summation 3.~ | S°1_ 1= =571 ¥ the first part becomes:

T k—1 T
Z (Z )V@ logwa Sk’Ik 1 Z — 1 VglogW9(sk|Ik 1) (21)

k=1 \i=1 k=1

The second part, being independent of ¢, simply accumulates 7' times. Combining these and normalizing
by 1/T to match the O(T") scale of Term A, we arrive at the final Flow Objective:

T

£F10w =M (Z ko

k=1

1
log mg(sk|Zk—1) + log pe(y|x, s)) . (22)

This derivation shows that the (k — 1) /7" weighting naturally rewards tokens that appear later in the chain,
as they reduce the marginal uncertainty p(y|Z;) more directly.

26414



