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Abstract

Low-Rank Adaptation (LoRA) for large lan-
guage models (LLMs) has achieved significant
success in various domains. So far, most al-
gorithms in the LoRA-family rely on global
low-rank factors spanning the entire update
weight matrix (∆W). Through careful anal-
ysis, however, we observe that the ∆W dur-
ing fine-tuning typically exhibit heterogeneous
subspace clusters, each corresponding to spe-
cific sub-sets of rows and columns. This struc-
tural heterogeneity suggests that global low-
rank factors may not optimally capture the local
variations needed for effective model adapta-
tion. To address this limitation, we propose
LoRA within Clustered Parameter Subspaces,
or CPS-LoRA, which performs independent
low-rank updates within clustered blocks of pa-
rameter matrices. The key idea is to group
the rows/columns of the update matrix into
locally coherent, and maximally uncorrelated
subspaces, perform low-rank adaptations in
each subspace, and iteratively update the parti-
tion and local adaptations. This allows adapting
to local structures more precisely while pre-
serving high efficiency. Theoretical analysis re-
veals that in case ∆W can be partitioned into
subspace blocks with non-overlapping basis,
CPS-LoRA have superior parameter efficiency
than global adaptations. Empirical evaluations
further demonstrate better rank utilization of
CPS-LoRA and its consistent improvements
against LoRA (and variants) by up to 3.0% in
absolute accuracy in various benchmarks.

1 Introduction

Adapting LLMs (Achiam et al., 2023; Grattafiori
et al., 2024; Liu et al., 2024a) to specific domains is
valuable for extending their capabilities. However,
full-parameter fine-tuning can be costly. In recent
years, Parameter-Efficient Fine-Tuning (PEFT) (Xu
et al., 2023) emerged as a promising alternative.

*Equal contribution.
†Corresponding author.

A prominent example is Low-Rank Adaptation
(LoRA) (Hu et al., 2021), which decomposes
weight updates into low-rank factors to signifi-
cantly reduce the number of trainable parameters.
Recent research further enhances its performance
through improved initialization schemes (Meng
et al., 2024), advanced architectural designs (Liu
et al., 2024b; Xiong and Xie, 2025), optimized
training strategies (Huang et al., 2025), parameter-
sharing mechanisms (Kopiczko et al., 2024), and
dynamic rank adaptation (Zhang et al., 2024).

Most existing algorithms in the LoRA-family
adopt global low-rank factors that span across the
entire collection of the rows and the columns in
the update weight matrix. In other words, all the
parameters in ∆W are forced to share the same
low-rank structure. A natural question thus arises:
Will the update matrix exhibit locally varying char-
acteristics rather than uniform global patterns, and
in such case will a global parameterization still be
effective in achieving desired model adaptation?

To answer this question, we carefully analyzed
the update matrices in both the LLaMA2-7B (Tou-
vron et al., 2023) and Qwen2.5-1.5B (Yang et al.,
2024) models. As in Figure 1, in cases of both
full-parameter fine-tuning and low-rank adaptation,
the update matrix on many occasions could demon-
strate block-wise structures, with each block corre-
sponding to a specific subset of rows and columns
that becomes visually prominent especially after
reordering them through bi-clustering. Sometimes
the boundaries of the blocks are blurred but a block-
wise structure may still be observed.

The blockwise structure of ∆W verifies the ex-
istence of non-uniform local patterns of the up-
date parameters, i.e., distinct adaptation strategies
might be needed across different parts of ∆W.
So we suggest that partitioning the ∆W matrix
into homogeneous subspace blocks and indepen-
dently learning low-rank adaptations within each
block could be useful in mitigating the limitations
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Figure 1: Blockwise structure in ∆W arises in fine-tuning. Random Q,K,V,O layers in LLaMA2-7B and
Qwen2.5-1.5B after row/column reordering, for both full-parameter fine-tuning and LoRA. Heatmap in log-scale.

of global parameterization, and in improving the
representation power of low-rank adaptations.

Motivated by this, we propose CPS-LoRA, a
local method that performs independent low-rank
updates within clustered parameter subspaces. The
idea is to group the rows and columns of the update
matrix ∆W into maximally non-overlapping sub-
spaces and perform localized low-rank adaptation
within each sub-block. To enhance the consistency
(or uniformity) of each local structure, we reorder
the rows and columns of ∆W such that seman-
tically similar vectors are grouped into the same
subspace block. By doing this, more fine-grained
and flexible weight adaptation can be enforced
against different local structures to accommodate
complex and diverse task requirements while re-
maining computationally efficient.

We have provided basic theoretical analysis to
show that in case ∆W contains subspace blocks
with non-overlapping basis, local adaptations could
be more advantageous than the global version. For
example, when ∆W exhibits a structure consisting
of four equal-sized, orthogonal low-rank subspace
blocks, CPS-LoRA achieves an effective rank twice
that of standard LoRA under the same parameter
budget, significantly expanding the parameter rep-
resentational space and achieving greater parameter
efficiency. Experimentally, CPS-LoRA improves
the accuracy over both conventional LoRA and its
variants by up to 3.0% on commonsense reasoning,
mathematical reasoning and code generation across
multiple datasets while incurring minimal compu-
tational overhead. This verifies the usefulness of

block-wise low-rank updates in enhancing model
fine-tuning and generalization capabilities.

In summary, our contributions are as follows:
• We propose CPS-LoRA to implement low-rank

adaptations locally in clustered subspace blocks
of the update matrix, allowing more fine-grained
weight adaptation to accommodate complex tasks
while maintaining computational efficiency.

• We provide theoretical analysis that CPS-LoRA
achieves higher effective rank (thus parameter effi-
ciency) than standard LoRA if ∆W can be parti-
tioned to orthogonal low-rank subspace blocks.

• We report encouraging results of CPS-LoRA
across altogether 17 subtasks on commonsense rea-
soning, mathematical reasoning and code genera-
tion datasets against LoRA and its variants.

2 Related Work

Full-parameter fine-tuning requires significant com-
putational resources. To address this, parameter-
efficient fine-tuning (PEFT) is used to retain per-
formance comparable to full-parameter fine-tuning
while significantly reducing the number of trainable
parameters. Examples include several categories,
like additive-based methods (Houlsby et al., 2019;
Wang et al., 2022; Li et al., 2025), prompt-based
methods (Lester et al., 2021; Li and Liang, 2021;
Liu et al., 2024c), selection-based methods (Ben-
Zaken et al., 2022; Kowsher et al., 2025; Wang
et al., 2025), and reparameterization-based meth-
ods (Hu et al., 2021; Meng et al., 2024).

Additive-based methods enhance the adaptabil-
ity of pre-trained models to downstream tasks by
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inserting additional neural modules. For example,
Adapters (Houlsby et al., 2019) insert lightweight
modules between layers and fine-tune only these
modules to reduce training costs. Such methods
may lead to increased inference latency by intro-
ducing new modules into the model architecture.

Prompt-based methods aim to reduce inference
latency by introducing trainable vectors while keep-
ing pretrained model parameters fixed. Prompt
Tuning (Lester et al., 2021) appends a learnable
soft prompt to the input embeddings, optimized via
standard back-propagation. Such methods are ef-
ficient and incur minimal parameter overhead, but
may reduce the effective input sequence length by
occupying part of the embedding space.

Selection-based methods improve fine-tuning
efficiency and overcome the input length limita-
tions of prompt-based methods by updating only
specific parameter subsets, typically determined
by layer type or model structure. For instance, Bit-
Fit (Ben-Zaken et al., 2022) fine-tunes only the bias
terms in the model to enable task adaptation, while
still maintaining strong performance.

Reparameterization-based methods reduce
the number of trainable parameters by low-rank
representations, which incur no additional infer-
ence latency since the update matrices can be ab-
sorbed into the original weights during inference.
A representative class of algorithms is low-rank
adaptation methods (LoRA) (Hu et al., 2021), in
which all parameters of the pretrained model are
frozen, and the original weight matrix is updated
with two low-rank matrices multiplied together.

Building on this, AdaLoRA (Zhang et al., 2023)
incorporates singular value decomposition to eval-
uate the importance of different modules for finer-
grained resource allocation. ROSA (Hameed et al.,
2024) further improves expressivity by merging the
low-rank updates into the original weights at the
end of each training round and recomputing the
SVD to iteratively generate new subspaces. More
recently, more sophisticated structural designs have
also been explored. DoRA (Liu et al., 2024b) de-
composes the model weights into magnitude and
direction components to improve training stability.
PiSSA (Meng et al., 2024) constructs update direc-
tions using the principal singular values and vectors
to improve convergence and adaptation efficiency.
VERA (Kopiczko et al., 2024) employs a pair of
shared low-rank matrices across layers with learned
scaling vectors to reduce storage. RaSA (He et al.,
2025) uses a layer-specific gating scheme to dy-

namically regulate the use of weights components
(layer-specific or cross-layer shared).

Recently, GraLoRA (Jung et al., 2025) proposes
to randomly partition the weight matrix into blocks
and apply low-rank adaptation in each block. This
strategy has shown improved performance over
standard LoRA. However, random block partition-
ing lacks a theoretical justification in capturing
within-block homogeneity and cross-block hetero-
geneity - factors we have proven to be critical to
take into account in enhancing the representation
capacity of block-wise low-rank adaptations. Mo-
tivated by this analysis, we propose LoRA within
clustered parameter subspaces - it not only pro-
motes more uniform rank utilization (i.e., a flatter
singular value spectrum of ∆W), but also yields
notable performance improvements over both stan-
dard LoRA and its random block-wise variant.

3 Methodology

We begin with preliminaries and a theoretical moti-
vation, followed by detailed algorithm.

3.1 Preliminaries on Low-Rank Adaptation
LoRA (Hu et al., 2021) is motivated by the as-
sumption that weight updates during fine-tuning
exhibit low rank structure as ∆W = AB, where
A ∈ Rm×r and B ∈ Rr×n with r ≪ min(m,n).
The model output is then:

y = x(W0 +AB), (1)

where W0 is frozen and only A, B are trainable.
The A is initialized using a uniform Kaiming dis-
tribution (He et al., 2015), with B = 0 to ensure
that the model output remains unchanged initially.

3.2 Motivating Analysis
To illustrate the potential limit of global low-rank
adaptation and inspire our method, we use a simple
example in Figure 2. Consider updating an n× n
weight matrix. Figure 2 (a) is a global low-rank
adaptation with 2r rows and columns, and matrix
A and B are both of rank 2r. Figure 2 (b) is a local
adaptation with four pairs of local factors, i.e., Ai,
Bi, for i = 1, 2, 3, 4. Here, we assume that the
update matrix ∆W can be divided into 4 equal-
sized sub-blocks with orthogonal basis, and Ai’s,
Bi’s are exactly the basis of these 4 sub-blocks.

Under this setting, we can then compare the up-
date matrix ∆Wg (global setting) and ∆Wl (local
setting), in terms of the effective parameters and
numerical ranks, as below (proof in Appendix A).
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singular-value spectrum of the two (numerical example).

Proposition 1 (Low-rank update in global matrix
space). Assume the n× n update matrix ∆Wg is
written as ∆Wg = AB, both of rank 2r. Then,
the rank of ∆Wg is 2r.

Proposition 2 (Low rank updates in orthogonal
subspace blocks). Assume the n × n update ma-
trix ∆Wl can be partitioned into four equal-sized
blocks each being spanned by r low-rank fac-

tors (r < n
4 ), as ∆Wl =

[
A1B1 A3B3

A2B2 A4B4

]
with

{Ai}4i=1 ∈ R
n
2
×r and {Bi}4i=1 ∈ Rr×n

2 , each
group having full rank r and being mutually or-
thogonal, i.e. ⟨Ai,Aj⟩ = 0 and ⟨Bi,Bj⟩ = 0 for
all i ̸= j. Then, the rank of ∆Wl is 4r.

Comment 1. Compare global update matrix ∆Wg

and local update matrix ∆Wl as follows:

• Effective # Params. Global: 4nr; Local: 4nr

• Update Matrix Rank. Global: 2r; Local: 4r.

That is, given the same parameter budget, localized
parameterization enables a higher-rank update ma-
trix than global version in case of orthogonal row-
column subspaces.

The rank of a matrix reflects its degree of non-
redundancy. Therefore, Proposition 2 indicates that

when ∆W exhibits orthogonal subspaces, local-
ized adaptations can achieve greater parameter effi-
ciency than global approaches, by attaining higher
rank with the same number of parameters. Con-
versely, local adaptations require fewer parameters
when approximating the same update matrix with
orthogonal subspace basis (Appendix B). Theoret-
ically, higher (cross) subspace orthogonality indi-
cates higher parameter efficiency (Appendix C).

These observations motivate the use of localized
adaptations within subspace blocks, forming the
basis of CPS-LoRA. While subspace clusters in
∆W may not be perfectly orthogonal in practice,
empirical observations show that: (1) they are near-
orthogonal with proper partition configuration (Fig-
ure 5); (2) localized adaptations within 2× 2 clus-
tered subspace-blocks do exhibit twice the effective
rank of global LoRA with same parameter budget
(Figure 4). Furthermore, the subspaces do not have
to have exactly the same size (Appendix D).

CPS-LoRA include the following key steps:

1. Initialize the update weight matrix ∆W.

2. Reorder ∆W into clustered sub-blocks.

3. Perform LoRA in each sub-block space.

4. Concatenate sub-blocks to obtain a new ∆W.

5. Absorb ∆W into W, and repeat step 2 - 3.

Step 2 and 3 are detailed in following subsec-
tions. Step 1 is based on a random initial partition
of ∆W, discussed in conjunction with step 3.

3.3 Identifying Clustered Sub-blocks in ∆W

Based on our previous analysis, it is desirable to
partition the update matrix ∆W into subspace
blocks such that: (1) different blocks are maxi-
mally orthogonal to each other in terms of their
row and column basis; (2) vectors (row/column)
within a single block are preferably similar to each
other so that this block is easy to approximate with
low-rank factors. To achieve these, we group the
rows (or columns) of ∆W into compact clusters.

We consider spectral bi-clustering (Kluger et al.,
2003) on ∆W, a method that simultaneously em-
beds and clusters the rows and columns to reveal
salient bi-clusters. It first obtains a non-negative
∆W by P = ∆W−∆Wmin, which serves as the
relational matrix among rows and columns. Then
P is normalized on both sides as follows

S = D
− 1

2
r PD

− 1
2

c , (2)
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Figure 3: Overview of the CPS-LoRA using an 8× 8 parameter matrix W and update matrix ∆W as example.

where Dr = diag
(∑

j Pij

)
, Dc = diag

(∑
iPij

)

are row and column degree matrices, respectively,
to encourage balanced clusters. Then we perform
singular value decomposition (SVD) as follows

S = UΣV⊤, (3)

where the left singular vectors U and the right sin-
gular vectors V can be selected as row and column
embeddings, respectively (by selecting the d singu-
lar vectors from the second largest singular value
of the spectrum sorted in ascending order).

Having obtained the embedding of the rows and
columns of the ∆W matrix, we can then perform
k-means to cluster these embeddings, yielding the
row and column cluster indices πr and πc, along
with the corresponding partition index sets I =
I1, . . . , Ik and J = J1, . . . ,Jk.

In case the clusters from spectral bi-clustering
are imbalanced (say, a block with very small num-
ber of rows or columns), it could be desirable to
re-balance this clustering by first sorting the rows
and columns and then applying a balanced parti-
tion on the sorted sequence. This can be obtained
by considering the first embedding-dimension in
U and V, denoted by u and v, and then sort the
elements in these vectors, as follows

πr = argsort(u), πc = argsort(v). (4)

Here, πr and πc are the permutations that re-
arrange rows and columns of ∆W in ascending
order based on univariate spectral embeddings. It is
worthwhile to note that other embedding schemes
like kernel PCA or cosine-similarity projection

(similarity-score with a reference vector) can also
be used to obtain univariate embedding of ∆W’s
rows and columns, by incorporating nonlinear man-
ifold structures or promoting structural coherence
by grouping similarly oriented vectors together.

All above clustering/reordering procedures of
∆W can be implemented equivalently on its fac-
torized form instead of the n× n matrix, being
more time and memory efficient (Appendix E).

3.4 Local Adaptation in Subspace Clusters
Suppose we are given Wt−1 and ∆Wt−1 obtained
in the previous iteration. We also have the permuta-
tions πr, πc that sort the rows/columns of ∆Wt−1

into locally coherent blocks with respective row
partitioning set I = {I1, . . . , Ik} and column par-
titioning set J = {J1, . . . ,Jk}. Now we show
how to incorporate these into CPS-LoRA training.

First, we reorder the weight matrix Wt ∈ Rm×n,
where Wt = Wt−1 + ∆Wt−1, according to the
row and column permutations πr and πc to align
it with the update matrix (since these two matrices
are added directly and their corresponding rows
and columns need to be strictly paired):

W′
t = Wt[πr, :][:,πc]. (5)

Under this permutation, we use the partition I
and J to break Wt into k × k blocks, as

W′
t =



G1 · · · G1+k×(k−1)

...
. . .

...
Gk · · · Gk2


 , (6)

where each sub-block Gl = W′
t[Ii,Jj ] is indexed

by l = i+ k × (j − 1). Here, permutation πr (or
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πc) and the partition Ii’s (or Jj’s) are consistent,
in that the partitions Ii’s are exactly “cuts” on the
permuted row (or column) sequence.

Due to the permutations of the rows and columns
in ∆Wt as well as the corresponding weight matrix
Wt, the input vector x (see Eq. 7) should also be
re-ordered based on the row permutation indices
πr in order to align to the parameter matrices and
generate the correct training result, i.e.,

x′ = x[:,πr]. (7)

For each sub-block Gl, we use a pair of low-rank
factors Al ∈ R|Ii|×r′ and Bl ∈ Rr′×|Jj |. Here,
r′ = r/k is the rank allocated to each sub-block,
ensuring that the overall parameter count matches
that of a standard LoRA module with rank r.

Consequently, the output can be expressed as:

y′ = Concat
([∑k

i=1 x
′[Ii](Gl +AlBl)

]k
j=1

)
,

(8)
where, as previously defined, l = i+ k × (j − 1).

After computing y′, we apply the inverse per-
mutation to y′ to restore the output to its original
semantic order, thereby ensuring that the subse-
quent module receives input in the correct order:

y = y′[:,π−1
c ]. (9)

With the output y, we can then compute the loss
term (Cross-Entropy), based on which Ai and Bi

are optimized via backpropagation implemented
in Hugging Face Transformers (Wolf et al., 2020).
After computing the Ai’s and Bi’s for each sub-
block, we then merge them together to recover the
entire update matrix ∆W′

t in the permuted space.

∆W′
t =



A1B1 · · · A1+k×(k−1)B1+k×(k−1)

...
. . .

...
AkBk · · · Ak2Bk2




(10)
By applying the inverse permutation π−1

r and
π−1
c , we recover ∆Wt in the original order, which

can be used for the next round of iterations.

∆Wt = ∆W′
t[π

−1
r , :][:,π−1

c ]. (11)

Finally, we describe how to initialize ∆W,
whose partitioning is the key to finding orthogonal
subspaces for localized low-rank adaptation. Dur-
ing the initial stage (e.g., the first epoch), we ran-
domly partition the target matrix into balanced sub-
blocks and apply localized low-rank adaptations

within each sub-block. By the end of this stage, the
corresponding low-rank factors Ai’s and Bi’s from
each sub-block are merged to reconstruct the full
∆W matrix. Starting from the second epoch, we re-
partition ∆W into new sub-blocks and re-train the
low-rank factors within each updated partition. The
algorithmic procedure is provided in Appendix F.

4 Experiments

Benchamrk. Following the literature (Hu et al.,
2023; Chaudhary, 2023; Hameed et al., 2024;
He et al., 2025; Jung et al., 2025), we perform
evaluation on three popular benchmark datasets
comprising 17 diverse tasks, using the LLaMA2-
7B, LLaMA2-13B, LLaMA3-8B-Instruct and
Qwen2.5-1.5B as the base models.

Baselines. We include five strong baselines, in-
cluding LoRA (Hu et al., 2021), DoRA (Liu et al.,
2024b), PiSSA (Meng et al., 2024), RaSA (He
et al., 2025), and GraLoRA (Jung et al., 2025).
Other PEFT methods (e.g., adapter- or prompt-
based) are excluded from consideration, as their
architectural designs differ substantially from low-
rank methods (such as larger number of epochs
needed, dynamically changing the number of train-
ing parameters, or full fine-tuning warm-up).

Settings. To ensure fair comparisons, we adopted
commonly used settings for all methods: (1) the
number of trainable parameters (r = 8); (2) tuning
Q, K, V, O matrices; (3) batch size as 4; and (4)
training for 2 epochs with AdamW optimizer. More
details are reported in the Appendix G.

4.1 Evaluation Results
Commonsense reasoning. As shown in Table 1,
we fine-tuned LLaMA2-7B/13B, LLaMA3-8B-
Instruct and Qwen2.5-1.5B on Commonsense-
170K, and evaluated performance on the common-
sense reasoning benchmark. Compared with stan-
dard LoRA, CPS-LoRA consistently improves per-
formance across all models. On LLaMA2-7B, the
average accuracy increases from 79.6% to 82.1%
(+2.5 points). Similar gains are observed on larger
models, reaching 84.7% on LLaMA2-13B and
87.0% on LLaMA3-8B-Instruct. On Qwen2.5-
1.5B, CPS-LoRA also achieves strong results.

Mathematical reasoning. As shown in Table 2,
we fine-tuned LLaMA2-7B/13B, LLaMA3-8B-
Instruct and Qwen2.5-1.5B on Math10K and
made evaluations on seven mathematical reasoning
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Base Models Methods Params BoolQ PIQA SIQA ARC-C ARC-E OBQA HellaSwag Winogrande Avg

LLaMA2
(7B)

LoRA 8.39M 68.5% 81.6% 79.9% 71.8% 85.7% 76.0% 92.8% 81.1% 79.6%
DoRA 8.91M 68.9% 80.9% 79.7% 71.7% 86.4% 77.6% 92.9% 81.9% 80.0%
PiSSA 8.39M 69.5% 82.5% 79.4% 72.6% 86.0% 79.2% 92.9% 83.0% 80.6%
RaSA 8.39M 68.2% 80.8% 79.4% 71.5% 86.0% 78.4% 92.4% 79.3% 79.5%
GraLoRA 8.39M 68.0% 81.7% 79.0% 69.5% 85.7% 77.6% 92.2% 79.2% 79.1%

CPS-LoRA 8.39M 70.9% 82.5% 81.7% 73.1% 86.3% 84.2% 93.9% 84.0% 82.1%

LLaMA2
(13B)

LoRA 13.11M 71.7% 85.6% 81.0% 78.9% 89.3% 81.6% 95.0% 86.3% 83.7%
DoRA 13.93M 71.6% 85.7% 81.3% 79.9% 89.3% 81.6% 94.9% 86.8% 83.9%
PiSSA 13.11M 71.5% 86.2% 81.4% 77.0% 89.6% 82.8% 94.9% 85.5% 83.6%
RaSA 13.11M 70.9% 85.3% 80.8% 76.5% 89.1% 80.6% 94.5% 86.7% 83.1%
GraLoRA 13.11M 71.2% 85.3% 80.7% 75.6% 89.2% 79.8% 94.3% 85.8% 82.7%

CPS-LoRA 13.11M 73.7% 86.1% 82.1% 78.4% 90.4% 85.4% 95.6% 87.2% 84.9%

LLaMA3
(8B)

Instruct

LoRA 6.82M 73.0% 89.3% 81.7% 82.8% 93.6% 87.6% 95.9% 88.8% 86.6%
DoRA 7.14M 72.8% 89.1% 81.6% 82.0% 93.7% 86.8% 96.0% 88.6% 86.3%
PiSSA 6.82M 72.3% 88.3% 80.9% 83.1% 93.3% 86.2% 95.9% 87.2% 85.9%
RaSA 6.82M 72.7% 88.4% 81.6% 81.8% 93.5% 86.0% 95.5% 87.3% 85.8%
GraLoRA 6.82M 72.9% 88.4% 81.2% 81.6% 93.1% 87.0% 95.3% 86.4% 85.7%

CPS-LoRA 6.82M 75.0% 89.5% 82.2% 84.0% 93.7% 87.8% 96.0% 87.6% 87.0%

Qwen2.5
(1.5B)

LoRA 2.18M 66.0% 80.7% 73.0% 75.4% 89.4% 76.8% 86.4% 69.5% 77.2%
DoRA 2.28M 66.9% 80.7% 73.2% 75.4% 89.4% 77.2% 86.3% 69.0% 77.3%
PiSSA 2.18M 66.7% 81.2% 73.4% 77.0% 89.6% 78.6% 87.4% 70.2% 78.0%
RaSA 2.18M 65.5% 80.4% 72.7% 74.7% 89.0% 76.0% 84.8% 68.0% 76.4%
GraLoRA 2.18M 64.5% 79.7% 73.1% 75.0% 88.8% 73.8% 84.1% 66.7% 75.7%

CPS-LoRA 2.18M 67.4% 82.4% 76.0% 78.6% 90.0% 83.6% 90.0% 75.2% 80.4%

Table 1: Evaluation with LLaMA2/3 and Qwen2.5 models on commonsense reasoning task.

Base Models Methods Params MultiArith GSM8K AddSub AQuA SingleEq SVAMP MAWPS Avg

LLaMA2
(7B)

LoRA 8.39M 94.0% 41.0% 90.1% 21.7% 87.6% 58.7% 83.6% 68.1%
DoRA 8.91M 94.2% 41.2% 89.1% 21.7% 86.0% 59.8% 85.3% 68.2%
PiSSA 8.39M 94.0% 40.9% 89.6% 26.0% 90.2% 57.0% 86.1% 69.1%
RaSA 8.39M 93.3% 39.0% 88.9% 24.8% 87.6% 58.8% 84.9% 68.2%
GraLoRA 8.39M 93.3% 41.4% 88.4% 21.7% 87.4% 57.6% 84.0% 67.7%

CPS-LoRA 8.39M 97.0% 40.1% 90.4% 24.4% 91.3% 62.3% 86.6% 70.3%

LLaMA2
(13B)

LoRA 13.11M 98.0% 52.0% 90.4% 23.2% 93.3% 69.2% 86.6% 73.2%
DoRA 13.93M 98.5% 51.9% 89.9% 23.2% 92.9% 69.8% 87.0% 73.3%
PiSSA 13.11M 98.3% 56.6% 91.1% 22.8% 93.5% 67.7% 86.1% 73.7%
RaSA 13.11M 96.7% 50.6% 88.9% 26.0% 92.9% 70.6% 87.4% 73.3%
GraLoRA 13.11M 95.0% 53.5% 88.1% 24.0% 93.7% 69.6% 84.9% 72.7%

CPS-LoRA 13.11M 98.7% 54.0% 91.1% 23.2% 94.9% 72.4% 85.7% 74.3%

LLaMA3
(8B)

Instruct

LoRA 6.82M 97.3% 74.9% 89.6% 32.3% 94.3% 84.2% 89.9% 80.4%
DoRA 7.14M 97.5% 74.3% 89.6% 32.7% 94.7% 83.6% 89.5% 80.3%
PiSSA 6.82M 97.3% 74.4% 89.9% 31.9% 95.1% 82.7% 91.2% 80.4%
RaSA 6.82M 98.2% 74.7% 90.9% 30.3% 94.7% 82.6% 90.8% 80.3%
GraLoRA 6.82M 97.7% 74.7% 90.1% 33.1% 94.9% 82.6% 90.8% 80.4%

CPS-LoRA 6.82M 97.0% 76.0% 89.9% 35.8% 95.1% 83.7% 92.0% 81.4%

Qwen2.5
(1.5B)

LoRA 2.18M 97.3% 65.6% 90.9% 34.3% 96.5% 82.6% 91.6% 79.8%
DoRA 2.28M 97.5% 65.6% 90.4% 35.4% 95.9% 81.4% 90.3% 79.5%
PiSSA 2.18M 98.8% 66.7% 91.1% 31.1% 96.5% 80.9% 92.0% 79.6%
RaSA 2.18M 97.8% 67.6% 89.9% 34.6% 96.5% 81.7% 91.6% 80.0%
GraLoRA 2.18M 98.0% 67.2% 90.4% 35.8% 96.3% 81.7% 91.6% 80.1%

CPS-LoRA 2.18M 97.7% 68.5% 91.4% 34.6% 97.0% 82.8% 91.6% 80.5%

Table 2: Evaluation with LLaMA2/3 and Qwen2.5 models on mathematical reasoning task.

datasets. CPS-LoRA consistently improves per-
formance across all models. On LLaMA2-7B, the
average accuracy increases from 68.1% to 70.3%.
On the more advanced LLaMA3-8B-Instruct, CPS-
LoRA exhibits a similar improvement trend, achiev-
ing an accuracy of 81.4%. These improvements
further extend to models of varying scales, where
CPS-LoRA achieves 74.3% on LLaMA2-13B and
80.5% on Qwen2.5-1.5B.

Code generation. We fine-tuned the LLaMA3-
8B-Instruct and Qwen2.5-1.5B on the CodeAl-
paca20K dataset, and evaluated them on the Hu-
manEval (Chen et al., 2021) and MBPP (Austin
et al., 2021) datasets. As shown in Table 3, CPS-
LoRA achieves the highest average accuracy of
61.2% across the two coding tasks, while also de-
livering the best performance on Qwen2.5-1.5B
with an accuracy of 50.9%.
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Base Models Methods MBPP HumanEval Avg

LLaMA3
(8B)

Instruct

LoRA 63.4% 56.1% 59.8%
DoRA 63.4% 56.7% 60.1%
PiSSA 61.9% 57.3% 59.6%
RaSA 63.4% 57.3% 60.4%
GraLoRA 61.9% 57.9% 59.9%

CPS-LoRA 63.8% 58.5% 61.2%

Qwen2.5
(1.5B)

LoRA 50.2% 37.2% 43.7%
DoRA 50.6% 36.0% 43.3%
PiSSA 51.4% 36.6% 44.0%
RaSA 54.5% 42.7% 48.6%
GraLoRA 51.8% 39.6% 45.7%

CPS-LoRA 56.8% 45.1% 50.9%

Table 3: Evaluation with LLaMA3-8B-Instruct and
Qwen2.5-1.5B models on code generation task.
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EBER: Entropy-Based Effective Rank

Figure 4: Normalized singular-val. spectra with entropy-
based effective rank of LoRA, GraLoRA, and CPS-
LoRA (with n× 8 para. budget for each A or B). Each
spectrum is averaged across all Q,K,V,O update matri-
ces, color band denotes one standard deviation.

Overall, CPS-LoRA achieves better or compa-
rable performance across the 17 evaluated tasks,
and showing the generality of CPS-across different
model architectures both small and large bases.

4.2 Ablation study

Effective Rank of ∆W. Figure 4 plots singular-
value spectrum of LoRA, GraLoRA (random-
partition) and CPS-LoRA (clustered subspace par-
tition), under the fixed parameter budget (two
8 × 4096 matrices). The spectrum is normalized
to sum up to 1, and averaged across 128 ∆W ma-
trices from 32 layers of LLaMA2-7B. We can see
that: (1) global methods like LoRA have rank 8,
while local methods like CPS-LoRA (ours) and
GraLoRA have 16, showing superior parameter ef-
ficiency (consistent with our theoretical analysis);
(2) although both GraLoRA and our method attain
twice the algebraic rank of global adaptations, our
method has a much flatter singular value spectrum
with s.t.d. 0.018, while that for GraLoRA is 0.053.

We further compute Entropy-Based Effective
Rank (EBER) - the entropy of the normalized spec-

Method Rank-8 Rank-16 Rank-64

LoRA 68.1% 70.0% 71.0%
GraLoRA 67.7% 69.5% 71.1%
CPS-LoRA 70.3% 70.5% 71.6%

Table 4: Accuracy of LoRA, GraLoRA, and CPS-LoRA
under varying ranks on Math10K dataset.

Reordering/Partition Strategy Avg

Random Partitioning (GraLoRA) 67.7%
Epoch-wise Merging 68.3%
Random Partitioning + Epoch-wise Merging 68.6%

Spectral Bi-clustering 69.6%
Spectral Bi-clustering (balance-1) 70.0%
Spectral Bi-clustering (balance-2) 70.3%
Cosine Similarity Sorting 70.3%

Table 5: CPS-LoRA reordering/partition strategies.

trum - which is upper bounded by the algebraic ma-
trix rank but can better capture the “effective” rank
and reveal how effectively that rank is utilized (Roy
and Vetterli, 2007). CPS-LoRA has an EBER of
15.6, approaching the upper bound of the matrix
rank (16), while GraLoRA is around 13.3. This
indicates improved rank utilization of our method
(with clustering based partition) over random par-
titions in practical finetuning tasks. See a detailed
analysis for all competing methods in Appendix I.

Choice of the rank. Table 4 reports the accura-
cies of LoRA, GraLoRA (random-partition), and
our CPS-LoRA (clustered subspace partition) with
rank 8, 16, and 64 on Math10K with LLaMA2-7B.
CPS-LoRA consistently achieves higher accuracies
across all rank configurations. In particular, CPS-
LoRA at rank 8 outperforms LoRA and GraLoRA
at rank 16, indicating the usefulness of localized
adaptations within clustered subspaces.

Partitioning Strategy. Spectral bi-clustering are
prone to imbalanced clusters (Qian and Saligrama,
2013), so we consider two balancing strategies
when the bi-clusters are skewed: (1) sorting
rows/columns by the dominant singular vector (de-
noted as balance-1, see Eq.4); and (2) sorting by co-
sine similarity between row/column and a reference
vector (balance-2). As in Table 5, balanced vari-
ants slightly outperform spectral bi-clustering on
Math10K with LLaMA2-7B (0.4–0.7%). Intrigu-
ingly, using cosine similarity–based partitioning
from scratch - rather than only correcting imbal-
anced bi-clustering results - gives an accuracy of
70.3%, matching the balanced versions. Given its
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Figure 5: Model performance versus subspace angular
distance under 2×2, 4×4, and 8×8 sub-block partitions.

simplicity and low cost, we therefore adopt cosine
similarity–based partitioning in all experiments.

Epoch-wise merging. CPS-LoRA explicitly
merges the low-rank update into the base model at
each iteration. In contrast, GraLoRA (Jung et al.,
2025) does not perform epoch-wise merging. To
ensure a fair comparison, Table 5 additionally re-
ports a GraLoRA variant with explicit merging at
each epoch. The results show that, even under this
setting, random partitioning remains approximately
1.7% inferior to structured partitioning. This indi-
cates that the performance gains of CPS-LoRA pri-
marily stem from the structured partitioning strat-
egy rather than the merging scheme.

Efficiency. Overall, the training efficiency of
LoRA, GraLoRA, and CPS-LoRA is comparable,
requiring 71, 74, and 77 minutes, respectively, on
Math10K with LLaMA2-7B base. Notably, the row
and column reordering in CPS-LoRA can be equiv-
alently performed on the input features and low-
rank factors to avoid explicit permutation of the
full weight matrix, thus only modest computational
overhead was introduced during training. Further
discussion on distributed training considerations,
along with the detailed equivalent formulation, is
provided in Appendix K. In inference time, CPS-
LoRA is as efficient as standard LoRA because
the update matrices are absorbed into the model
without additional inference overhead.

Effect of Partition Granularity. Figure 5 evalu-
ates how the number of blocks affects CPS-LoRA
performance. Here we experiment with 2×2, 4×4,
and 8 × 8 sub-block partitions on Math10K with
LLaMA2-7B. For a fair comparison, we set the
rank per sub-block to 4, 2, and 1, so that the to-
tal number of parameters remains constant across
them. As shown, increasing the number of blocks
leads to a slight performance degradation—from

70.3% with 2 × 2 partitions to 69.8% and 69.7%
with 4× 4 and 8× 8 partitions.

To understand why finer-grained partitions im-
pair performance, we analyze the angular distance
between subspaces, as defined in Appendix L. As
in Figure 5, increasing the number of sub-blocks
leads to a decrease in the average angular distance,
from 84.9◦ (2×2 partition) to 78.3◦ (8×8 partition).
Namely, subspaces become increasingly homoge-
neous and their bases less orthogonal. Based on
Prop. 2 and Appendix C, this could hamper param-
eter efficiency of CPS-LoRA and its performance.
In practice, the 2 × 2 partition achieves the best
performance, corresponding to the highest degree
of subspace orthogonality and diversity.

Single-Epoch Training Analysis. Since CPS-
LoRA performs subspace re-clustering from the
second epoch onward, its effectiveness under ex-
tremely limited training budgets warrants examina-
tion. To evaluate this, we conduct a single-epoch
experiment on the mathematical reasoning task
with LLaMA2-7B, incorporating a brief 100-step
warm-up to approximate the first epoch and en-
able subspace re-clustering. As shown in Table 6,
CPS-LoRA consistently outperforms LoRA and
its recent variants. In particular, CPS-LoRA im-
proves performance by +2.2% over GraLoRA and
+1.4% over LoRA. This suggests that clustered sub-
space initialization provides a strong inductive bias,
enabling effective adaptation even under highly
constrained training budgets.

Method LoRA PiSSA DoRA GraLoRA RaSA CPS-LoRA

Avg Acc. 65.7 65.9 65.5 64.9 64.8 67.1

Table 6: Effectiveness under a single-epoch training.

5 Conclusions

In this work, we propose CPS-LoRA, a localized
low-rank adaptation method within clustered pa-
rameter subspaces, with both theoretical motiva-
tions and encouraging empirical performance when
compared with a number of methods in the LoRA
family. In the future, we will further explore adap-
tive rank assignment across subspace clusters so as
to enhance the flexibility of local adaptations.
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7 Limitations

We acknowledge several limitations of this work.
CPS-LoRA is evaluated on base models ranging
from 1.5B to 13B parameters. Owing to computa-
tional resource constraints, experiments on substan-
tially larger models are not included. Although this
range covers several widely used large language
models, further validation on larger-scale architec-
tures would help to better assess the scalability of
the proposed approach. In addition, the current
implementation adopts a relatively simple spectral
bi-clustering strategy. More advanced or adaptive
clustering methods are not explored.
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A Proof of Proposition 2

Proposition 2. Assume the n × n update ma-
trix ∆Wl can be partitioned into four equal-sized
blocks each being spanned by r low-rank fac-

tors (r < n
4 ), as ∆Wl =

[
A1B1 A3B3

A2B2 A4B4

]
with

{Ai}4i=1 ∈ R
n
2
×r and {Bi}4i=1 ∈ Rr×n

2 , with
each group having full rank r and being mutually
orthogonal, i.e. ⟨Ai,Aj⟩ = 0 and ⟨Bi,Bj⟩ = 0
for all i ̸= j. Then, the rank of ∆Wl is 4r.

Proof. The update matrix ∆Wl admits a factoriza-
tion as the product of two matrices, MA ∈ Rn×4r

and MB ∈ R4r×n,satisfying ∆Wl = MAMB:

MA =

[
A1 A3 0 0
0 0 A2 A4

]
,

MB =




B1 0
0 B3

B2 0
0 B4


 ,

where each Ai ∈ R
n
2
×r and Bi ∈ Rr×n

2 for
i = 1, 2, 3, 4. Owing to the block-diagonal struc-
ture of the matrix MA, we have rank(MA) =
rank

([
A1 A3

])
+ rank

([
A2 A4

])
. Since

{Ai}’s are all mutually orthogonal to each other,
both blocks

[
A1 A3

]
and

[
A2 A4

]
have a rank

2r. Therefore, rank(MA) = 4r.
For MB , we apply a row permutation, which

preserves the rank of the matrix:

rank(MB) = rank







B1 0
0 B3

B2 0
0 B4







= rank







B1 0
B2 0
0 B3

0 B4





 .

Similar to MA, the rank of MB is also 4r.
Since the rank of the product of two matrices is
bounded above by the rank of each matrix, we have
rank(∆Wl) ≤ min(rank(MA), rank(MB)) =
4r. On the other hand, by Sylvester’s rank inequal-
ity rank(∆Wl) ≥ rank(MA) + rank(MB) −
4r = 4r.

Therefore, combining both the upper and lower
bounds, the rank of ∆Wl is 4r.

B Number of Parameters Needed to
Recover Update Matrix with
Orthogonal Subspaces

To further illustrate the parameter efficiency ad-
vantage of localized adaptation in the presence of
orthogonal subspaces, we consider an example in
which the target matrix ∆W consists of four or-
thogonal blocks. Then we show that global adap-
tations need more parameters to approximate this
matrix than local adaptations.

As shown in Figure 6, in a numerical exam-
ple with n = 256 and r = 16, local adaptation
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achieves the same reconstruction accuracy as the
global approach while using only half the num-
ber of parameters. These results show that, when
the update matrix is composed of orthogonal sub-
spaces, localized adaptation can offer significantly
greater parameter efficiency compared to a global
method.

Reconstructed Matrix (num. ex.: 𝑛=256, 𝑟=16, 4 Blocks)

Global Adaptation 
∆𝐖𝒈

∆𝐖𝒍

Local Adaptation 𝟒𝒏𝒓 = 𝟏𝟔𝟑𝟖𝟒 𝟖𝒏𝒓 = 𝟑𝟐𝟕𝟔𝟖

Figure 6: A numerical example comparing global and
local adaptation for reconstructing a matrix composed
of four mutually orthogonal blocks.

C Subspaces not Perfectly Orthogonal

The update matrix ∆Wl is composed of four mu-
tually orthogonal subspaces, achieving a rank of
4r with 4nr parameters. Under the same param-
eter budget, LoRA can only reach rank 2r. This
demonstrates that, for the same number of parame-
ters, block-wise orthogonal parameterization yields
higher rank and thus greater parameter efficiency.

In practice, the subspaces represented by differ-
ent sub-blocks often exhibit a certain degree of
redundancy. For example, if A1 and A2 in ∆Wl

share s common basis vectors in their column sub-
spaces while the remaining subspaces are orthogo-
nal, it is straightforward to show that the total rank
of ∆Wl becomes 4r − s, which is lower than that
in the fully orthogonal case.

Therefore, the more orthogonal the subspace
bases are to each other, the greater the parame-
ter efficiency gains compared to global low-rank
parameterization. As the overlap among subspaces
increases, redundancy reduces the achievable rank
for same parameter budget. In fact, when the sub-
blocks are quite similar, local adaptations are no
longer desirable and parameter sharing among the
sub-blocks instead should be encouraged.

D Sub-Blocks with Different Sizes / Ranks

It should be noted that, in practice, the blocks pro-
duced by row and column clustering are generally
not strictly square or of uniform size; instead, each

block may have different row and column dimen-
sions as well as possibly different ranks. Neverthe-
less, our proof does not depend on these properties.
Instead, it only requires that the four blocks are
mutually orthogonal or non-overlapping. In this
case, the rank of the update matrix is simply the
sum of the ranks of the four individual blocks.

Accordingly, we consider a more general block

structure of the form ∆Wl =

[
A1B1 A3B3

A2B2 A4B4

]
,

where for each i = 1, 2, 3, 4, Ai ∈ Rmi×ri and
Bi ∈ Rri×ni ; each set in {Ai}4i=1, {Bi}4i=1 is of
full rank ri and mutually non-overlapping. Under
this assumption, if each block AiBi is spanned by
ri, then the rank of ∆Wl is

∑4
i=1 ri.

E Column/Row Clustering and
Reordering on Factorized ∆W

Accelerating SVD in Spectral Bi-Clustering.
For computational convenience and scalability,
clustering or reordering of the rows and columns in
∆W ∈ Rn×n can be equivalently implemented on
the low-rank representation ∆W = AB, where
the choice of A and B can be referred to Ap-
pendix A. Spectral bi-clustering reordering algo-
rithms typically rely on the Singular Value De-
composition (SVD) of ∆W or its derived rela-
tional matrices S (as shown in Eq. 3). Perform-
ing SVD directly on the n × n matrix S incurs a
computational complexity of O(n3). Leveraging
the low-rank structure of A and B, we derive an
efficient solution as follows: First, we compute the
QR decomposition of A and B⊤: A = QARA

and B⊤ = QBRB , where QA,QB ∈ Rn×r

are column-orthogonal matrices, and RA,RB ∈
Rr×r are upper triangular matrices. This yields
B = R⊤

BQ
⊤
B . Next, we construct a small ma-

trix M = RAR
⊤
B ∈ Rr×r and compute its SVD:

M = UMΣV⊤
M . Finally, the singular vectors are

synthesized as U = QAUM and V = QBVM ,
with singular values in Σ.

In practical spectral bi-clustering, a global off-
set is introduced to ensure that the ∆W matrix
is non-negative. This corresponds to a rank-one
perturbation, which can be expressed as the outer
product of two vectors with uniform entries. This
term can be absorbed into A and B, yielding the
low-rank factorization of ∆W used in spectral bi-
clustering.

Accelerating Cosine Similarity Computation.
When calculating cosine similarity directly based
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on ∆W, we need to compute the inner product
of a reference row rref and all rows in ∆W, and
then divide each inner product by the norm of the
corresponding row in ∆W (since the norm of r
remains constant).

Next we show how to compute the inner prod-
uct scores and ∆W’s row-norms efficiently us-
ing the factorized form ∆W = AB. Using
rref ·∆W = (rref ·A) ·B, the time cost of com-
puting the row inner products can be reduced to
linear in n. For the row norms of ∆W, they can
be computed as diag

(
A
(
BB⊤)A⊤). Therefore,

if we pre-compute BB⊤, then we can recover the
norms of the n rows in ∆W by A[i,:](BB⊤)A⊤

[i,:]
for i = 1, 2, · · · , n, whose complexity is again lin-
ear in n. In both cases, the complexity is quadratic
with the rank of A and B.

F Algorithm of CPS-LoRA Training

Algorithm 1 CPS-LoRA Training
Input: Pretrained weight matrix W ∈ Rm×n

Parameter: Grid number k, rank r, epochs T
Output: Final update ∆W

1: Randomly partition W into k × k balanced
blocks Gl (Al ← Kaiming_init ,Bl ← 0)

2: for epoch t = 1 to T do
3: if t >= 2 then
4: Merge sub-block updates into ∆Wt−1

5: Derive reordering indices (πr,πc)
6: Reorder weight matrix

Wt ← (Wt−1 +∆Wt−1)[πr, :][:,πc]
7: Partition the reordered Wt into blocks
8: Reinitialize low-rank factors Al and Bl

9: end if
10: for each training batch (x, ŷ) do
11: Reorder input features: x′ = x[:,πr]
12: Compute y′ based on Eq. (8)
13: Restore output order: y = y′[:,π−1

c ]
14: Compute loss L(ŷ,y) and update Al,Bl

15: end for
16: end for
17: Merge sub-block updates into ∆W′

18: Restore ordering:
∆W = ∆W′[π−1

r , :][:,π−1
c ]

19: return ∆W

G Experimental Setups

The hyperparameter configurations for all tasks,
including both CPS-LoRA and competing meth-

ods, are detailed in separate tables: Table 7 for
LLaMA2-7B, Table 8 for LLaMA3-8B-Instruct,
Table 9 for Qwen2.5-1.5B, and Table 10 for
LLaMA2-13B. To ensure experimental repro-
ducibility and fair comparison, all reported results
are obtained from a single run with a fixed random
seed of 42, following common practice in Natural
Language Processing, and all experiments are con-
ducted on a single NVIDIA A6000 GPU (48GB).

Task Commonsense Mathematical

Method CPS-LoRA PiSSA Other CPS-LoRA PiSSA Other

LR 1e-4 2e-4 1e-4 3e-4 4e-4 3e-4
LR Scheduler Linear
Optimizer AdamW
Batch size 4
Warmup Steps 500
Epochs 2
Rank 8

Table 7: Hyperparameter configurations of all methods
on LLaMA2-7B across commonsense and mathematical
reasoning tasks.

Task Commonsense Mathematical Code

Method CPS-LoRA PiSSA Other CPS-LoRA PiSSA Other CPS-LoRA Other

LR 4e-5 2e-4 1e-4 4e-5 2e-4 1e-4 4.5e-5 5e-5
LR Scheduler Linear
Optimizer AdamW
Batch size 4
Warmup Steps 500
Epochs 2
Rank 8

Table 8: Hyperparameter configurations of all methods
on LLaMA3-8B-Instruct across commonsense reason-
ing, mathematical reasoning and code generation tasks.

Task Commonsense Mathematical Code

Method CPS-LoRA PiSSA Other CPS-LoRA Other CPS-LoRA PiSSA GraLoRA Other

LR 1e-4 2e-4 1e-4 5e-5 3e-4 6e-5 4.5e-5 5e-5 4e-5
LR Scheduler Linear
Optimizer AdamW
Batch size 4
Warmup Steps 500
Epochs 2
Rank 8

Table 9: Hyperparameter configurations of all meth-
ods on Qwen2.5-1.5B across commonsense reasoning,
mathematical reasoning and code generation tasks.

Task Commonsense Mathematical

Method CPS-LoRA PiSSA Other CPS-LoRA Other

LR 1e-4 2e-4 1e-4 1e-4 3e-4
LR Scheduler Linear
Optimizer AdamW
Batch size 4
Warmup Steps 500
Epochs 2
Rank 8

Table 10: Hyperparameter configurations of all methods
on LLaMA2-13B across commonsense reasoning and
mathematical reasoning tasks.
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Domain Train Dataset #Number Eval Dataset #Number Answer

Commonsense Commonsense170K
(Hu et al., 2023) 170K

BoolQ (Clark et al., 2019) 3270 Yes/No
PIQA (Bisk et al., 2020) 1830 Option
Social IQA (Sap et al., 2019) 1954 Option
ARC-C (Clark et al., 2018) 1172 Option
ARC-E (Clark et al., 2018) 2376 Option
OpenbookQA (Mihaylov et al., 2018) 500 Option
HellaSwag (Zellers et al., 2019) 10042 Option
Winogrande (Sakaguchi et al., 2021) 1267 Option

Mathematical Math10K
(Hu et al., 2023) 10K

MultiArith 600 Number
GSM8K (Cobbe et al., 2021) 1319 Number
AddSub (Hosseini et al., 2014) 395 Number
AQuA (Ling et al., 2017) 254 Option
SingleEq (Koncel-Kedziorski et al., 2015) 508 Number
SVAMP (Patel et al., 2021) 1000 Number
MAWPS (Koncel-Kedziorski et al., 2016) 238 Number

Code
CodeAlpaca20K

(Chaudhary, 2023) 20K MBPP (Austin et al., 2021) 257 Code
HumanEval (Chen et al., 2021) 164 Code

Table 11: Dataset statistics for commonsense reasoning, mathematical reasoning, and code generation tasks.

H Dataset Statistics

Table 11 summarizes the datasets used in our ex-
periments across different domains, including com-
monsense reasoning, mathematical reasoning, and
code generation tasks. All scientific artifacts em-
ployed in this study adhere to the licenses specified
in their original publications or websites and are
utilized exclusively for research purposes.

I Extended Spectral and EBER Analysis

Figure 7 extends the singular-value spectrum anal-
ysis in the main text to each competing method,
including LoRA, DoRA, PiSSA, RaSA, GraLoRA,
and CPS-LoRA. All methods are evaluated under
the same parameter budget, corresponding to two
8×4096 matrices1. The spectra are averaged across
all 128 update matrices ∆W extracted from all
32 layers of LLaMA2-7B. Consistent with the ob-
servations reported in Figure 4, global adaptation
methods are constrained to a lower algebraic rank,
while methods based on localized or partitioned up-
dates attain a higher nominal rank under the same
parameter budget.

To quantitatively characterize the differences in
spectral distributions observed above, we adopt the
Entropy-Based Effective Rank (EBER) as a scalar
measure of rank utilization. Given an update matrix
W ∈ Rm×n with singular values {σi}ri=1, where
r = rank(W), the entropy-based effective rank is

1RaSA has 39 columns for each A and B due to a global
parameter sharing scheme, see discussion below.
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Figure 7: Normalized singular value spectra with
entropy-based effective rank (EBER) for all compet-
ing methods.

defined as

EBER(W) = exp

(
−

r∑

i=1

pi log pi

)
,

pi =
σi∑r
j=1 σj

, i = 1, . . . , r.

Intuitively, EBER captures not only the nominal
rank of a matrix but also how effectively that rank
is utilized. A higher EBER corresponds to a more
uniform distribution of spectral energy, whereas a
lower EBER indicates that the update is dominated
by a small number of singular directions.

Figure 7 plots the normalized singular value
spectrum for all competing methods. To avoid vi-
sual clutter, we do not plot the standard deviation
bands. As can be seen, global adaptation methods
such as LoRA, DoRA and PiSSA generally yield
relatively low EBER values with an upper bound of
8, reflecting limited rank utilization under a fixed
parameter budget.

26570



Method Mathematical Commonsense

Seed1 Seed2 Seed3 Seed1 Seed2 Seed3

LoRA 68.7 67.4 67.9 80.1 80.3 79.8
DoRA 68.2 67.9 68.6 79.7 80.2 79.7
PiSSA 68.0 68.3 69.2 79.9 79.5 80.6
RaSA 67.7 68.2 68.9 79.2 79.1 79.7
GraLoRA 67.8 67.7 68.2 78.7 79.2 79.1

CPS-LoRA 69.5 69.3 70.1 81.9 81.8 81.6

Table 12: Results across three random seeds on math
and commonsense reasoning tasks using LLaMA2-7B.

For local adaptation methods such as GraLoRA
and CPS-LoRA (ours), they consistently attain
higher effective ranks than global methods, indicat-
ing a broader utilization of the available subspace.
Notably, CPS-LoRA (with clustered subspace par-
titions) consistently attains a higher EBER than
GraLoRA (with random partitions), the former ap-
proaching the upper-bound 16 and approximately
17.3% higher than that of GraLoRA. This differ-
ence directly reflects the flatter singular-value spec-
trum observed in Figure 7 and provides quantitative
evidence that clustering-based subspace partition-
ing improves rank utilization in practice.

Note that RaSA is a special example in which a
larger pool of low-rank factors of dimension 32 are
shared across all layers with layer-specific adapter
of dimension 7. This parameter reuse strategy ef-
fectively improves the dimensionality of each low-
rank factor matrices (A or B) from 8 to 39, thus
leading to a higher EBER (12.9) than other global
adaptation methods. However, compared with the
full algebraic rank 39, the EBER still accounts for
a lower proportion of the full algebraic rank. On
the other hand, the reuse of low-rank update matri-
ces may lead to higher parameter redundancies that
could affect the expressiveness of the model. In the
empirical evaluations, the accuracies of RaSA is
slightly worse than LoRA on selected benchmarks,
according to Table 1, Table 2, Table 3 and studies
in the previous literature (Jung et al., 2025).

J Additional Multi-Seed Evaluation

To further examine the statistical stability of the
observed improvements, we conduct additional ex-
periments with multiple random seeds. Specifi-
cally, we evaluate LoRA and several variants on
both mathematical reasoning and commonsense
reasoning tasks using LLaMA2-7B. Each method
is trained with three different random seeds, and the
corresponding accuracies are reported in Table 12.
Across all seeds, CPS-LoRA consistently outper-

forms LoRA and other recent variants on both tasks,
suggesting that the observed improvements are not
attributable to a favorable random initialization but
remain robust across different training runs.

Furthermore, CPS-LoRA exhibits smaller perfor-
mance variations across seeds. For example, on the
commonsense reasoning task, the standard devia-
tion of CPS-LoRA is approximately 0.02, which is
noticeably lower than that of the baseline methods
(0.06–0.31). This observation indicates that CPS-
LoRA leads to more stable optimization behavior
and improved robustness in practice.

K Discussion on Distributed Training

CPS-LoRA introduces row and column reordering
operations during the subspace clustering stage. A
natural question is whether such operations may
introduce additional engineering complexity in dis-
tributed training scenarios where model parameters
are partitioned across devices. In this section, we
briefly discuss several practical considerations.

K.1 Computational Overhead
In our single-GPU experiments, the additional op-
erations introduced by CPS-LoRA (mainly sub-
space clustering and row/column reordering) incur
only modest computational overhead. Compared
with standard LoRA, the overall training time in-
creases by approximately 8.4%, while the method
consistently achieves a 2–3% absolute improve-
ment in accuracy, demonstrating a favorable effi-
ciency–performance trade-off.

K.2 Permutation Implementation Strategy
Importantly, explicitly reordering the rows and
columns of the weight matrix W is not strictly
required during training. Instead, an equivalent for-
mulation can be derived by applying permutations
only to the input features and the low-rank factors.

Let πr and πc denote the row and column per-
mutation index vectors, and let π−1

r and π−1
c de-

note their inverse permutations. Under a naïve
permutation scheme, the output of a layer y =
x(W +∆W) can be written as

y = (x[:,πr](W[πr,πc] +AB))[:,π−1
c ],

which can be equivalently transformed into

y = xW + (x[:,πr]AB)[:,π−1
c ].

This formulation avoids explicitly permuting the
full weight matrix W and instead applies permu-
tation operations only to the input feature vector
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x and the low-rank factors A and B. Since these
tensors are significantly smaller than W, the as-
sociated computational and memory overhead is
substantially reduced.

K.3 Implications for Distributed Training
In distributed fine-tuning scenarios, communica-
tion overhead is an inherent challenge common
to most LoRA-style methods. Under the permuta-
tion formulation described above, CPS-LoRA does
not require explicit reshuffling of the full weight
matrix. Instead, only the low-rank adaptation pa-
rameters and the corresponding permutation index
vectors need to be synchronized. Since these com-
ponents are negligible compared to the full model
parameters, the additional communication cost is
expected to be small. Therefore, CPS-LoRA can
be integrated into standard distributed fine-tuning
pipelines with minimal additional overhead.

L Computation of Subspace distance

The computation of subspace angles serves to quan-
tify the directional dissimilarity between different
sub-blocks, thereby evaluating whether a given
partitioning or reordering strategy effectively pro-
motes relative independence across blocks. Specif-
ically, we perform singular value decomposition
(SVD) on each sub-block and extract the top k dom-
inant singular vectors to form a low-dimensional or-
thonormal basis that represents the principal direc-
tions in either the row or column space. The prin-
cipal angles between every pair of sub-blocks are
then computed using the subspace_angles func-
tion from the SciPy library. This function derives
the angles by computing the singular values of the
product of the two subspace basis matrices; larger
angles indicate greater independence between the
subspaces. To comprehensively assess block-wise
independence, we compute angles using both the
left singular vectors (row space) and the right sin-
gular vectors (column space), and retain the larger
of the two as the final subspace angle. When the
partitioning is effective and structural information
is well localized, we expect large angles between
sub-blocks, indicating that their dominant direc-
tions are substantially different—thus reflecting
stronger subspace independence. This metric fa-
cilitates comparison across different partitioning
granularities (e.g., 2× 2, 4× 4, 8× 8) in terms of
their ability to reveal localized structure.
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