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Abstract

This work characterizes large language models’
chain-of-thought generation as a structured tra-
jectory through representation space. We show
that mathematical reasoning traverses function-
ally ordered, step-specific subspaces that be-
come increasingly separable with layer depth.
This structure already exists in base models,
while reasoning training primarily accelerates
convergence toward termination-related sub-
spaces rather than introducing new represen-
tational organization. While early reasoning
steps follow similar trajectories, correct and
incorrect solutions diverge systematically at
late stages. This late-stage divergence enables
mid-reasoning prediction of final-answer cor-
rectness with ROC-AUC up to 0.87. Further-
more, we introduce trajectory-based steering,
an inference-time intervention framework that
enables reasoning correction and length control
based on derived ideal trajectories. Together,
these results establish reasoning trajectories as
a geometric lens for interpreting, predicting,
and controlling LLM reasoning behavior.!

1 Introduction

Current large language models (LLMs) generate
tokens by iteratively updating high-dimensional
representations and decoding from them at each
timestep (Vaswani et al., 2017). Given this autore-
gressive nature, generation can be viewed as a se-
quential geometric process: a trajectory through
the model’s representation space. From this
perspective, when solving mathematical problems
with chain-of-thought (CoT) prompting (Wei et al.,
2022), the sequence of reasoning steps can be
viewed as successive states whose transitions col-
lectively form a trajectory in representation space.
In this work, we advance this view through a direct
representational question: Do an LLM’s reasoning

'Code available at https://github.com/slhleosun/
reasoning-trajectory.

steps form a structured trajectory through represen-
tation space, and if so, what does this trajectory
reveal about correctness, training regimes, and op-
portunities for control?

Recent work has shown LLMs have represen-
tation subspaces associated with particular tasks,
semantic attributes, or stages of computation (Li
et al., 2025; Lee et al., 2025; Qian et al., 2025;
Zhou et al., 2025a,b; Zhang et al., 2025a; Liang
et al., 2025). Building on these insights and to op-
erationalize the trajectory perspective, we conduct
step-level analysis using explicit, naturally elicited
reasoning steps (“Step 1:”, “Step 2:”, ...). We ex-
tract activations immediately preceding each Step
token, corresponding to states that reflect the prior
reasoning step and precede the transition to the next.
Geometrically, we find that these activations form
linearly separable, step-specific subspaces. Tem-
porally, by analyzing activation movement from
one step to the next, we observe that correct and
incorrect reasoning exhibit systematically different
late-step dynamics. Together, this characterizes a
reasoning trajectory in representation space that
leads to the following observations:

Step-specific regions exist and organize progres-
sively with layer depth. Step-preceding acti-
vations become increasingly separable at deeper
layers. This step-specific organization is already
present in the Base model, while reasoning distil-
lation primarily reshapes this geometry by acceler-
ating convergence toward a reasoning termination-
related region at earlier layers. Moreover, the step-
specific linear structure is largely shared across
training regimes, indicating a common organiza-
tion of representation space that is preserved de-
spite differences in training and transfers across
tasks and response formats (see Section 3).

Correct and incorrect reasoning diverge at late
steps along the representation trajectory, yield-
ing actionable correctness signals. By stratify-
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ing the analysis to activation movement between
consecutive steps, we find that early reasoning steps
follow highly similar paths for both correct and
incorrect solutions, whereas late-step transitions
systematically diverge. Linear classifiers trained
on late-step features achieve a ROC-AUC of 0.87
in predicting final-answer correctness prior to the
emission of the final answer. Building on this sig-
nal, we further operationalize mid-reasoning, error-
targeted interventions: when a predictor flags an
impending failure, error-targeted test-time scaling
and steering methods yield modest but consistent
accuracy improvements relative to ungated coun-
terparts and baseline (see Section 4).

Trajectory-based interventions enable correc-
tion and control of reasoning length. Based on
correctness divergence, we introduce trajectory-
based steering, an inference-time intervention
framework grounded in an ideal reasoning trajec-
tory derived from correct trajectories. For correct-
ness control, we track the model’s evolving reason-
ing trajectory and apply low-rank steering updates
when the current trajectory diverges beyond a tol-
erance from the ideal trajectory. This enables lo-
calized correction that nudges erroneous reasoning
back toward productive computation while mini-
mally perturbing stable, correct trajectories. For
reasoning-length control, we leverage the identi-
fied termination-related subspace: steering activa-
tions toward this region accelerates convergence
and shortens reasoning, whereas steering away pro-
longs intermediate computation (see Section 5).
Overall, our findings support a trajectory-based
view of LLM reasoning, in which steps unfold
as structured geometric motion in representation
space. These trajectories contain linear signals
about the phase of reasoning and the model’s prox-
imity to correct or incorrect conclusions. Lever-
aging these insights, we present causal evidence
and actionable applications: detecting failure mid-
reasoning, guiding models back toward an ideal
trajectory, and modulating reasoning length.

2 Related Work

LLM CoT & interpretability. Eliciting explicit
step-by-step reasoning, or chain-of-thought (CoT)
(Wei et al., 2022), has become a central paradigm
for LLM reasoning. Much work studies CoT be-
haviorally, examining accuracy gains, faithfulness
(Turpin et al., 2023; Lanham et al., 2023; Arcuschin
et al., 2025), and behavioral limitations (Wang

et al., 2023; Zhou et al., 2024; Liu et al., 2025b).
Recent work applies interpretability tools to iden-
tify representation subspaces associated with spe-
cific functionalities (Dutta et al., 2024; Li et al.,
2025; Lee et al., 2025; Qian et al., 2025; Zhou
et al., 2025a,b; Zhang et al., 2025a; Liang et al.,
2025; Sun et al., 2026), and to use internal signals
for predicting model behavior (Zhang et al., 2025a;
Liuetal., 2025a). Among these, linear decodability
is widely used as a criterion for whether informa-
tion is represented in a directly accessible form for
downstream computation (Park et al., 2024). In this
work, we provide a step-level trajectory perspec-
tive that yields additional signals for interpreting,
predicting, and controlling LLM reasoning.

Inference-time Intervention. Inference-time in-
terventions are lightweight methods to control
model behavior without retraining. For reasoning,
such methods generally elicit additional reasoning,
commonly through test-time scaling by injecting
specific tokens (Muennighoff et al., 2025; Zhang
et al., 2025b) or via activation steering (Turner
et al., 2024; Zhang and Nanda, 2024). Though
powerful, recent work highlights their limitations
when applied unconditionally (Ghosal et al., 2025;
Wang et al., 2025; Zhao et al., 2025). Motivated by
these limitations, we explore error-prediction gat-
ing toward more targeted interventions, and further
propose trajectory-based interventions that operate
adaptively on the evolving representation trajectory
rather than injecting fixed tokens.

3 Step-specific Representation Subspaces

3.1 Datasets & Models

We focus on math tasks, where step-based rea-
soning is naturally elicited, using the GSM8SK
dataset (7,473 training and 1,319 test questions)
and MATH-500 (500 questions) (Cobbe et al.,
2021; Hendrycks et al., 2021). For controlled ex-
periments, we impose a fixed reasoning format via
a standard zero-shot CoT prompt template (see Ap-
pendix A) that requires each reasoning step to begin
with an explicit marker (Step) and the final answer
preceded by a termination marker (e.g., ####).

To evaluate effects of different training regimes,
we study three variants of Llama 3.1 8B using de-
terministic generation: Base, the pretrained model
without instruction tuning (Meta, 2024); Instruct,
obtained from Base via supervised instruction tun-
ing and preference alignment (Meta, 2024); and R1-
Distill, a reasoning model built on Llama 3.1 8B
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Figure 1: Step-specific representation structure across layers and reasoning steps. (a) t-SNE visualization
of activations preceding Step markers (Instruct model, GSM8K test split). Step-specific regions become more
separated with layer depth. (b) Layer-wise linear probe accuracy for step identity prediction. x-axis denotes the
layer from which activations are extracted, and the y-axis reports test accuracy of a linear classifier trained on these
activations as input, with the step number as the label. Early steps are separable from shallow layers; later steps

require deeper layers.

via chain-of-thought distillation (Deepseek, 2025).

By holding the dataset, prompting format, and
decoding strategy constant, we isolate differences
arising from training regimes and internal computa-
tion, enabling a controlled comparison of reasoning
subspaces and trajectory structure.

3.2 [Extracting Step-specific Activations

For each question, we extract hidden activations
at two classes of decoding timesteps: (i) the to-
ken immediately preceding each Step marker (de-

noted hggtep k)—l)’ which captures the model’s in-
ternal state after completing the k-th reasoning
step and before transitioning to the next; and (ii)
the token immediately preceding the final answer
marker (hgft)erm)_l), which corresponds to when
the model has completed reasoning and is ready
to emit the final answer. The ordered sequence

0 ) )
ht(Step 1)—-1° ht(Step 2)—1> " ht(term)—l thus pro-
vides snapshots of the model’s representation tra-

jectory as reasoning unfolds.

3.3 Analyzing Step-specific Subspaces

To characterize how step-specific activations are
organized in representation space, we use t-SNE for

qualitative visualization and train a binary classifier
for each Step X against all other steps, to quantify
the linear separability of step-specific activations,
testing whether each step occupies a distinct region
of representation space.

Step-specific and termination-related activa-
tions occupy highly linearly separable regions in
representation space. Quantitatively, early steps
exhibit linear structure across all layers and train-
ing regimes (see Figure 1). Notably, final answer
marker and early-step activations are exceptionally
distinct: Step 1 has probe accuracy above 0.99 at
every layer for all models, and Step 2 reaches this
accuracy level by layer 2 (Figure 1b). Steps 3, 4,
and 5 can also reach near-ceiling probe accuracy
for the Instruct and Base models after substantial
depth, with step-specific activations moving into
increasingly well-delineated regions as the model
processes into deeper layers.

Crucially, the separability is across step numbers.
If the model were simply encoding "a step marker
is imminent" as an ordinary sentence, all pre-step
activations would cluster together regardless of
step index. However, in our experiment, every
step occupies distinct representation regions sepa-
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Probe  Eval. Step Final Ans.
From On 2 3 4 5 Marker
Instruct RI1-Dist. 099118 093119 0.87p12 091518 0.87123
Base 1-00L12 0-97L08 0-95L08 0-93L18 0-97L21
R1-Dist. Instruct 1.001,()3 0-92L08 0.88Lg7 0-93L27 0.98L19
Base I.OOLOG 0-94L04 0.89L30 0A91L08 0.96L19
Base Instruct 1.00r21 0.98118 097r18 097123 1.001,31
R1-Dist. 099712 09118 090518 0921517 094102

Table 1: Cross-model transfer of step-specific linear
probes. Each entry is the best accuracy across layers;
subscripts indicate the peak layer. Step 1 omitted (1.00
for all pairs).

rate from others, indicating that the model tracks
where it is in the reasoning progress. Moreover,
because we extract activations at the token immedi-
ately before each Step marker, these activations re-
flect the state upon completing the prior reasoning
step—capturing accumulated computation carried
forward to subsequent timesteps rather than sur-
face formatting cues. Together with the cross-task
transfer results in Section 4.4, these findings sug-
gest that step-specific activations are organized into
linearly separable regions of representation space.

Step-specific activations become progressively
less entangled with depth. As shown in Fig-
ure la, step-specific activations transition from
heavily intermixed regions at early layers to more
distinct regions at deeper layers, particularly for
Steps 3, 4, and 5. Quantitatively, for Step 5, linear
probe accuracy at layer O ranges from 0.58 (Base)
to 0.77 (R1-Distill), and exceeds 0.90 only after
layer 6. These results indicate that increasing depth
progressively disentangles step-specific activations
into more stable regions corresponding to differ-
ent steps, with different training regimes exhibiting
distinct rates of this organization.

3.4 Training Regimes Reshape Step Geometry

As shown in Figure 1b, step-specific structure is al-
ready present in the Base model, while reasoning
training accentuates termination-related struc-
ture from the earliest layers. Specifically, final an-
swer markers achieve probe accuracy above 0.99 at
layer O in R1-Distill, compared to 0.80 for Instruct
and 0.93 for Base. This “faster convergence” refers
to layer-depth convergence—i.e., R1-Distill’s acti-
vations are separable into the termination subspace
at shallower layers—not to the number of output
reasoning steps (see Appendix H for step-count
distributions across models). At the same time,
R1-Distill exhibits consistently lower separability

Format Category Count % Segments
Step X: 4,820 64.5 4.6 steps
\n\n-sep. paragraphs 838 11.2 5.6 paragraphs
\n-separated lines 687 9.2 7.6lines
Single block 662 8.9 7.7 sentences
Numbered list (1./1)) 467 6.2 4.4 items

Table 2: Response format distribution under mini-
mal freeform prompting on GSMS8K (Instruct model).
Without explicit formatting instructions, the model spon-
taneously adopts Step X: formatting in 64.5% of re-
sponses. Segment counts report per-response means.

for Steps 3, 4, and 5. This pattern indicates that
reasoning training does not uniformly strengthen
step-specific structure. It accelerates movement
into the termination subspace while leaving some
intermediate steps less separable, though still con-
centrated within coherent regions with probe accu-
racy consistently above 0.90.

Step-specific regions are largely shared and pre-
served across training regimes at the level of
linear structure. As shown in Table 1, cross-
model transfer of step-specific linear probes consis-
tently achieves accuracy above 0.90 for nearly all
model pairs. Notably, layer-averaged transfer accu-
racies also mostly exceed 0.90 (see Appendix C).
The consistently high transfer accuracies indicate
that step-specific linear structure is largely shared
across training regimes. Therefore, post-training
primarily reshapes the depth at which step-specific
structure becomes most linearly salient, while pre-
serving a common underlying organization.

3.5 Robustness to Prompt Format

The preceding analyses use a fixed-form prompt
that explicitly elicits Step markers. To test whether
the observed geometry is primarily driven by
surface-level formatting, we use a minimal prompt
with no formatting constraints.”

Under this setting on GSMS8K, the Instruct model
spontaneously produces five distinct response for-
mats (Table 2). Notably, the model uses Step X:
formatting in 64.5% of cases without explicit in-
struction, suggesting that step-marked reasoning
is naturally favored rather than a prompt artifact.
For the remaining responses, we extract activations
at natural structural boundaries (e.g., paragraph
breaks, sentence-ending punctuation, numbered
markers).

Z1solve the following problem. Think step by
step.\n\nQuestion: {question}\n\nSolution:\n".

26875



Distance Group  Step1 2nd-last Last
2 Last Ans. Marker
Correct  170.11 79.91 115.01
Euclidean Incorrect 169.83  75.65 101.62
ac - 2 —4.26"7 —13.39%
Correct 0.72 0.19 0.35
Cosine Incorrect  0.71 0.17 0.29
I c —0.02t  —o0.06"

(a) Between-step activation distances

Test ROC-AUC

06

\/’”‘\/\/-\/\/f‘\

10

(b) Mid-reasoning correctness prediction

Figure 2: Trajectory divergence and mid-reasoning correctness signals (Instruct model, GSM8K). (a) Late
between-step activation distances diverge between correct and incorrect trajectories, while early transitions remain
similar; T marks transitions where 95% Cls of correct and incorrect distances do not overlap. (b) Late-step trajectory
features predict correctness with average AUC =~ 0.83 (peak 0.87 at layer 29) vs. =~ 0.63 for early-step features.
Curves are from a single random seed; see Table 3 for seed-averaged values.

We then apply linear probes trained on fixed-
form activations to these freeform activations. De-
spite relatively low fixed-form vs. freeform activa-
tion similarity (mean cosine ~ 0.41, CKA =~ 0.48),
we observe strong transfer: best-layer probe ac-
curacies reach 0.93 (Step 1), 0.84 (Step 2), 0.83
(Step 3), 0.84 (Step 4), 0.88 (Step 5), and 0.92
(Answer). Crucially, restricting to non-Step for-
mat categories yields comparably strong results,
with best-layer accuracies consistently above 0.84
across all steps (see Appendix E for full results).

As a control, probes trained on randomly shuf-
fled step labels achieve only 0.59 & 0.04 average
accuracy. These results indicate that the observed
step-specific geometry reflects genuine reasoning
progress rather than formatting artifacts.

4 Correctness in Trajectory Geometry

Having identified task-specific structure in repre-
sentation space in Section 3, we next examine tra-
jectories temporally by analyzing the paths con-
necting steps. Here, we group trajectories by final-
answer correctness as a behavioral label.
Concretely, for two steps a and b, we compute

distances d <h§/(La))71 ,
tance to capture the magnitude of movement in rep-
resentation space, and cosine distance to capture
changes in direction. We focus on activations from
the final layer, as it reflects the cumulative outcome
of computation after all intermediate processing,
and because step-specific subspaces are generally

most clearly separated at this depth (Section 3).

th(Lb))q) using Euclidean dis-

4.1 Trajectory Distance Difference

As shown in Figure 2a, early-step geometry is
mostly correctness-invariant. Quantitatively, it
exhibits no statistically significant distance differ-
ence signal regarding final-answer correctness. The
A(I-C) values for Step 1—2 are near zero and fall
within 95%CI under both Euclidean and cosine
metrics. This is consistent with the findings in Sec-
tion 3 that Step 1 and 2 subspaces are highly stable
with near-perfect probe accuracies. Together, this
indicates that the model traverses a common geo-
metric path in representation space during initial
problem processing and early-stage reasoning.

In contrast, late-step trajectory distance differ-
ences show correctness-related divergence. For
the transition from the second-last step to the last
step, incorrect solutions exhibit statistically signifi-
cant differences, with Euclidean A(I-C)= —4.26
and cosine A(I-C)= —0.02. This divergence be-
comes more pronounced in the final transition from
the last step to the answer marker, where the differ-
ences increase to —13.39 (Euclidean) and —0.06
(cosine). Although correct and incorrect trajecto-
ries initially follow similar geometric paths and
ultimately converge to concentrated step-specific
regions, the paths taken to reach the regions be-
come increasingly different as reasoning progresses
and deviations accumulate.

4.2 Mid-reasoning Correctness Prediction via
Trajectory Divergence

Motivated by the observed late-step geometric di-
vergence, we next use trajectory signals to predict
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final-answer correctness before answer emission.
Concretely, we train an {s-regularized logistic re-
gression classifier on activation features extracted
from the Instruct model using the GSMS8K train-
ing split, and evaluate its ability to distinguish in-
correct from correct solutions on a held-out test
split. Performance is reported in terms of test ROC—
AUC.? We consider a range of feature constructions
drawn from different portions of the reasoning tra-
jectory, including early-step geometry (Step 1 and
Step 2), late-step trajectory (concatenating the final
answer marker activation with the last-step tran-
sition with PCA dim=128), and final-state repre-
sentations extracted immediately before the answer
marker (PCA dim=128).

Late-step trajectory geometry predicts correct-
ness with average AUC of 0.83 across layers,
whereas early-step geometry only achieves 0.63.
As shown in Figure 2b, late-step trajectory features
are more predictive of final-answer correctness than
early-step geometry. Specifically, using late-step
trajectory features, we achieve an average AUC
of 0.83 across layers, with a peak AUC of 0.87 at
layer 29. Using the final answer marker activations
alone already yields strong predictive performance,
with an average AUC of 0.81. This indicates that
the model’s terminal representation encodes sub-
stantial information about final-answer correctness,
consistent with recent findings on correctness pre-
diction in MMLU-style settings (Liu et al., 2025a).
In contrast, feature sets derived from early-step
geometry perform markedly worse. Using only
the Step 1—2 activation difference achieves an av-
erage AUC of 0.63, only modestly above chance.
Directly concatenating the Step 1 and Step 2 activa-
tions yields a lower average AUC of 0.61. Includ-
ing an additional early step (Step 3) reaches an av-
erage AUC of 0.63. These results mirror Figure 2a,
where early-step transitions show no statistically
significant correctness-related divergence, while
late-step geometry exhibits consistent separation
between correct and incorrect trajectories.
Notably, the strongest predictors are not raw ac-
tivations but trajectory-based Step-difference fea-
tures. This supports the interpretation that correct-
ness is reflected not merely in where the model ends
up in representation space, but in how it gets there.
Together with the distance-based results in Sec-
3Unless otherwise noted, results in this section are from

a random fixed seed (seed 42); seed-averaged results with
variance are reported in Table 3 and Appendix F.

Method Best-layer AUC
Step-count only 0.649 £ 0.021
LogitLens (best config) 0.765 £ 0.027
Trajectory features (ours)  0.852 £ 0.039

Table 3: Correctness predictor comparison. Trajec-
tory features substantially outperform both a step-count-
only baseline and logit-level features (entropy, answer-
marker token rank, top-1 probability) at step boundaries.
Values report best-layer AUC averaged over three seeds.

tion 4.1, these findings provide evidence that trajec-
tory divergence provides a concrete mid-reasoning
signal for final-answer correctness.

Trajectory features outperform logit-level and
length-based baselines. To rule out surface-level
confounds, we compare against step-count-only
and logit-lens baselines (Table 3). A classifier us-
ing only the number of reasoning steps as a feature
achieves AUC 0.64940.021, indicating that length
carries some signal but falls well below trajectory-
based prediction. Logit-lens features at step bound-
aries (entropy, answer-marker token rank, and top-1
probability) achieve a best AUC of 0.765 £ 0.027.
Trajectory features (0.852 4+ 0.039) substantially
outperform both. Under length-balanced resam-
pling, trajectory features still achieve AUC 0.847 +
0.006, only ~0.02 below the original, confirming
that the signal is not driven by length.

4.3 Toward Error-targeted Inference-time
Interventions

We next explore how this signal can be used to
enhance inference-time intervention methods, with
the goal of intervening only when an impending
failure is detected. This aims to mitigate the over-
thinking drawback of unconditional interventions,
which can unintentionally degrade originally cor-
rect reasoning (Ghosal et al., 2025; Wang et al.,
2025; Zhao et al., 2025). Here, we evaluate two
common classes of inference-time interventions:
test-time scaling and activation steering.

Premise. Test-time scaling methods modify gen-
eration by inserting tokens directly into the model’s
ongoing output stream. When the model is about to
generate the final answer marker, we instead inject
additional tokens that encourage further checking.*
These injected cues encourage the model to extend

*Specifically, we tested: Wait — “Wait, let me double
check.”, Hnm — “Hmm, let me think about this more

carefully.”, and Check — “Let me double-check this
step by step.”
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Intervention Always Gated Gain vs Always Eval. Dataset Step Ans.
Step ~1.59 4091 +2.50 b 2 3 4 5 Marker
Check —11.70 +0.23 +11.90 MATH-500 1.00 1.00 098 091 0.85 0.99
Wait —-30.50 —0.68 +29.80 MMLU 1.00 1.00 0.98 092 0.89 0098
Hmm —36.00 —0.61 +35.41 Freeform GSM8K 0.93 0.84 0.83 0.84 0.88 0.92
Prolong (Last) +0.45 +0.76 +0.31

Prolong Mid) +0.38 +0.76 40.38 Table 5: Cross-dataset and cross-format transfer

Table 4: Unconditional vs. error-targeted interven-
tions on GSM8K (Instruct model). Values report ab-
solute accuracy change (%) vs. baseline. Uncondi-
tional interventions often degrade performance, while
predictor-gated interventions (|| = 0.05) on only 12%
of examples yield additional gains.

its reasoning before committing to a final answer
(Muennighoff et al., 2025).

Separately, activation steering intervenes on rep-
resentations by adding previously derived activa-
tion directions that guide the model toward differ-
ent behaviors (Zhang and Nanda, 2024). Rather
than using cross-example activation differences,
we construct in-sample steering directions by aver-
aging, within each prompt from the training split,
the vector difference between Step-preceding and
termination-preceding activations:

s = By [nf,

t(term)—

1 hgfétep k)-1]| -
During decoding on the test split, we intervene
additively at the timestep immediately preceding
final answer marker by updating the hidden state
as hg) — hg) + as®), where « controls the steer-
ing strength. We apply these interventions either at
LAST, steering the final five layers, or at MID, steer-
ing the middle five layers. Subtracting the steering
direction (PROLONG; a@ < () promotes extended
reasoning, whereas adding it (SHORTEN; o > 0)
encourages earlier convergence toward termination.
In this section, we focus on PROLONG to induce
additional reasoning and reflection.

Unconditional test-time scaling is often harm-
ful on GSM8K. As summarized in Table 4, al-
ways injecting control tokens into all examples re-
duces accuracy by as much as 11.7% to 36.0%.
Even comparatively style-native injection such as
Step incurs a 1.59% drop under unconditional use.
These results provide further evidence that test-
time scaling frequently perturbs already correct
reasoning, introducing substantial collateral dam-
age (Ghosal et al., 2025; Wang et al., 2025).

To mitigate these side effects, we move toward
error-targeted interventions that improve both

of step probes from fixed-form GSMS8K. Best-layer
probe accuracy on held-out datasets. Structural geome-
try transfers robustly across tasks and formats.

accuracy and efficiency by selectively interven-
ing only when failure is predicted. Using cor-
rectness predictors from Section 4.2, we intervene
on just 12.3% of examples, converting uncondi-
tional accuracy drops into consistent gains of up to
+35.4% relative to always-on interventions.

The modest net improvements observed across
interventions reflect that not all detectable errors
are correctable via current inference-time inter-
ventions. For example, the Step-injection inter-
vention corrects only 26 of the 90 predictor-flagged
incorrect reasoning instances. At the same time,
the intervention reverts 14 originally correct solu-
tions (flagged due to predictor imperfections) to
incorrect. These opposing effects partially cancel,
resulting in small net gains.

Taken together, these findings motivate error-
targeted inference-time scaling: late-step trajectory
geometry encodes detectable correctness signals
that can be used to guide interventions, but fixed,
one-shot corrections remain limited in their ability
to reliably repair diverse failure modes.

4.4 Cross-Task and Cross-Dataset
Generalization

To evaluate whether the trajectory framework gen-
eralizes beyond GSM8K, we extend our analyses to
MATH-500 and the MMLU (validation set, 1,531
questions). Despite substantial differences in task
difficulty or domain, GSM8K-trained step probes
transfer strongly to both datasets.

Step-specific geometry transfers robustly across
tasks and datasets. As shown in Table 5, probes
trained on GSM8K achieve best-layer accuracies
above 0.85 for all steps on both MATH-500 and
MMLU, despite substantially different content:
MATH-500 involves more complex mathematical
problems, while MMLU spans diverse knowledge-
intensive reasoning domains. Notably, although
MMLU uses the same Step X: format as GSMS8K,
activations differ substantially between the two
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Figure 3: Trajectory-based control of reasoning behavior. (a) Correctness steering on GSM8K, stratified by
original step count; values in %. (b) Reasoning length control via the termination subspace as a function of steering

strength |cy|.

(cosine similarity ~ 0.54, CKA =~ 0.60). This
further supports the interpretation from Section 3
that step-specific representations capture reason-
ing progress rather than surface formatting cues.
Beyond probe transfer, steering directions also gen-
eralize causally: PROLONG (MID) vectors derived
from GSM8K improve MATH-500 accuracy from
36.40% to 38.20% (+1.80%) without retuning, pro-
viding causal evidence that the identified geometry
reflects general properties of mathematical reason-
ing rather than dataset-specific artifacts.

Correctness prediction is more task-sensitive.
A GSMS8K-trained predictor achieves AUC 0.87 in-
distribution; when transferred, performance drops
to 0.73 on MATH-500, 0.64 on MMLU, and 0.60
on freeform GSMS8K. This suggests a two-level
organization: the structural geometry of reason-
ing trajectories generalizes robustly across tasks,
whereas correctness geometry is shaped by task-
specific error modes and solution-path diversity.
Practically, the trajectory framework (step detec-
tion, boundary extraction, subspace identification)
transfers without modification, while correctness
predictors need further domain-specific calibration.

5 Trajectory-Based Inference-Time
Interventions

Motivated by the observations in Section 4.3, we
propose trajectory-based interventions, which in-
tervene adaptively based on how the reasoning tra-
jectory evolves during generation. These interven-
tions are effective both at correcting erroneous rea-
soning and at controlling reasoning length.

5.1 Correcting Deviating Reasoning
Trajectories

Given the systematic divergence between correct
and incorrect trajectories, we evaluate a low-rank

steering strategy that guides the model back toward
an ideal reasoning trajectory when the ongoing
trajectory deviates beyond certain tolerance.

Methodology. From correct trajectories in the
GSMBSK training split, we extract activations im-
mediately preceding each Step token and project
them into a low-dimensional subspace via PCA.
Let z; € R? denote the projected activation at
step 7. The ideal trajectory is the step-wise mean
pj = E[z;] over correct examples, with a disper-
sion statistic o; characterizing typical variability
of correct reasoning at each step. This defines a
step-indexed reference path with tolerance bands.

Using held-out data, we optimize step-specific
divergence thresholds that balance sensitivity to
incorrect trajectories against false interventions on
correct ones. At inference time, immediately be-
fore Step, activation is projected into the same
subspace and compared against the ideal trajectory.
We compute a local deviation 0; = ||z; — ;| and
a cumulative deviation D; = >, ;. If either
0; or D; exceeds its corresponding threshold, we
apply a low-rank steering update that moves the
activation toward 1i; along the dominant principal
directions. Because divergence is evaluated at ev-
ery step, trajectory-based steering can intervene
multiple times within a single example, correcting
both abrupt deviations and gradual drift.

Trajectory-based interventions are effective,
and most effective on problems with longer
reasoning chains. On GSMS8K questions requir-
ing six reasoning steps, accuracy improves from
75.44% to 83.04% (+7.60%). Similarly, for seven-
step problems, accuracy increases from 67.69% to
75.38% (+7.69%). Notably, these gains are accom-
panied by high preservation rates (> 97%), indi-
cating that repeated, low-magnitude interventions
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can correct difficult reasoning trajectories without
destabilizing previously correct ones.

However, for problems with step count <5, the
same method yields near-zero changes. This sug-
gests that additional intervention provides limited
benefit when the model already follows short, sta-
ble reasoning trajectories, consistent with Section 4,
where early-step geometry exhibits minimal diver-
gence between correct and incorrect solutions. To-
gether, these results demonstrate that trajectory-
based steering is most effective when applied to
long, error-prone reasoning chains. By selectively
nudging deviating trajectories back toward an ideal
path, the method avoids the collateral damage and
delivers robust net gains precisely where reasoning
failures are most likely to occur.

5.2 Reasoning Length Control

We next use this termination-related subspace to
directly and continuously control reasoning length.
We adopt the same steering directions and layer
configurations as in Section 4, where each direc-
tion approximates the local trajectory toward the
termination subspace. During decoding, we in-
tervene additively to either push activations fo-
ward this direction (SHORTEN), accelerating con-
vergence and reducing reasoning length, or away
from it (PROLONG), delaying convergence and ex-
tending intermediate computation. The interven-
tion strength is controlled by a coefficient |«|.

Figure 3 shows that for moderate steering
strengths (|| < 0.8), reasoning length can be ad-
justed approximately monotonically with minimal
impact on task accuracy (around 1% change for
|a| < 0.4). This demonstrates that the termination-
related subspace can act as a locally smooth con-
trol axis for reasoning length. However, as ||
increases beyond this moderate range (|| 2 0.8),
we observe behavioral mode collapse: the model
enters repetitive loops in which step content is
generated repeatedly without substantive progress.
Therefore, increases in reasoning length for || 2
0.8 do not reflect extended meaningful computa-
tion. Notably, this collapse is rare at small steering
strengths (Jor| < 0.5), where the loop ratio remains
below 1% and changes in length correspond to gen-
uine extensions or shortening of reasoning.

6 Discussion

6.1 Conclusion

This work advances a geometric perspective on
LLM reasoning by demonstrating that multi-step
reasoning unfolds along structured trajectories in
representation space. Intermediate reasoning states
occupy step-specific regions that become increas-
ingly linearly separable at deeper layers, and this
organization is already present in Base models; rea-
soning distillation primarily reshapes the depth at
which convergence occurs rather than introducing
new representational structure.

Building on this, we show that late-step geom-
etry provides an actionable signal for predicting
final-answer correctness prior to answer emission,
enabling more selective, error-targeted inference-
time interventions that mitigate the overthink-
ing associated with unconditional test-time scal-
ing. Beyond correctness, reasoning trajectories
can be causally manipulated to control reasoning
length by steering activations toward or away from
termination-related regions. These results advance
the view of reasoning trajectories as a unifying
abstraction for interpreting, predicting, and influ-
encing LLM reasoning behavior.

6.2 Future Work

Our results suggest several directions for future
work. First, trajectory-based analysis may offer
a geometric perspective on CoT faithfulness: if a
model’s internal step activations diverge substan-
tially from typical step-specific regions despite pro-
ducing correct-sounding text, this could indicate
unfaithful reasoning, complementing existing be-
havioral tests. Second, a more fine-grained tax-
onomy of reasoning failures and the identification
of error-specific geometric signatures could yield
further insights. Third, geometric insights could be
incorporated directly into training objectives—for
instance, step-level auxiliary losses that regularize
hidden-state trajectories toward those observed in
correct solutions, leveraging internal signals other-
wise ignored by behavior-level supervision. Finally,
our analysis operates at the representation level.
Bridging trajectory-level observations with circuit-
level interpretability—identifying which attention
heads and MLP neurons implement the observed
dynamics—remains an important open direction.
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Limitations

This research has several limitations. First, al-
though we observe clear and consistent trajectory
structure in GSM8K, MATH-500, and MMLU, it
remains an open question whether similar geomet-
ric organization arises in other settings, such as
open-ended reasoning, multi-hop QA, or program
synthesis. Second, while we examine multiple
training regimes (Base, Instruct, and reasoning-
distilled models), our analysis is restricted to the
Llama 3.1 8B family. Although the consistency
of trajectory-level phenomena across three sub-
stantially different post-training objectives suggests
that these structures are not paradigm-specific, we
have not verified whether the same geometric or-
ganization holds at larger scales or across architec-
turally distinct model families. Larger models may
exhibit qualitatively different trajectory dynamics
due to increased capacity or different training dis-
tributions, and we consider cross-family and cross-
scale exploration an important direction for future
work. Finally, our trajectory-based interventions
rely on estimating an ideal trajectory from correct
training examples. While this assumption is empir-
ically supported in our settings, it may break down
when correctness is underspecified. Extending this
approach to such settings may require richer no-
tions of ideal behavior, or task-conditioned refer-
ence trajectories. Still, revealing these trajectory-
level structures offers a concrete lens for rethinking
how reasoning unfolds, where errors arise, and how
inference-time control might be made more precise.
This work serves as one step in that direction.

Ethical Considerations

This work analyzes internal representations and
inference-time interventions in LLMs using stan-
dard, publicly available benchmarks. It does not in-
volve human subjects, personal data, or deployment
in real-world decision-making contexts. Our study
focuses on low-risk arithmetic reasoning tasks. We
do not identify any additional ethical concerns be-
yond those generally associated with interpretabil-
ity and model analysis research.
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A Fixed-form Prompt Setup

Across datasets, we use the following prompt to
reliably elicit step-structured reasoning:

You are a helpful assistant that solves
problems step by step with each step sig-
nified by “Step [step_number]: . Al-
ways provide your final answer after
{final_answer_mark} at the end.
Question: {question}

Please solve this step by step, putting each
step after “Step [step_number]: ” and
always provide your final answer after
{final_answer_mark}.

Solution:

B Complete t-SNE Visualization
See Figure 4.

C Complete Linear Probe Results

See Figure 5 for complete within-model results;
and Table 6 for averaged cross-model transfer re-
sults across layers.

D Trajectory Distance Difference

See Figure 6 below.
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Figure 6: Between-step activation geometry differs
between correct and incorrect reasoning. Results are
from the Instruct model on the GSMS8K train split with
four reasoning steps; similar patterns hold across other
step counts. Late reasoning steps illustrate statistically
significant geometric divergence for incorrect reasoning.

E Freeform Generation Details

Table 7 reports the full per-category breakdown of
probe transfer from fixed-form to freeform GSM8K
activations (Section 3.5). For each format category,
the first number reports average probe accuracy
across all 32 layers; the number in parentheses re-
ports the best single-layer accuracy and the layer at
which it is achieved. Probes were trained on fixed-
form Step X: activations and evaluated without
any retraining.

Across all format categories—including those
with no Step markers in the surface text—probes
achieve best-layer accuracies consistently above
0.82, with most exceeding 0.85. The “Non-Step
X:” aggregate row pools all freeform examples that
did not spontaneously adopt Step X: formatting.
Its strong performance (> 0.84 best-layer accu-
racy for all steps) confirms that the probes capture
reasoning-progress information rather than surface-
token identity.

F Experimental Details

Generation. We use deterministic greedy decod-
ing throughout (do_sample=False).

Hidden-state extraction. We employ a two-pass
procedure. In Pass 1, we run model. generate()
with KV caching to produce the complete out-
put sequence. In Pass 2, we concatenate the
prompt and generated tokens and run a single
forward pass with output_hidden_states=True
and use_cache=False. This yields 33 hidden-
state vectors per token position (one from the em-
bedding layer plus one from each of the 32 trans-
former layers), each of dimension 4,096. These
are the post-residual-add activations between trans-
former blocks—after both the self-attention and
MLP sub-layers have been added to the residual
stream, before the subsequent RMSNorm. We in-
dex position ¢(Step k) — 1 to obtain the activation
immediately preceding each Step marker. Causal
masking ensures that the single-pass hidden states
are identical to those obtained during autoregres-
sive generation.

Linear probes. We use logistic regression with
max_iter=2000 and class_weight="balanced’,
retaining the library defaults for all other param-
eters (solver=’1bfgs’, penalty="12", C=1.0).
For each step label and each layer, we train a binary
one-vs-rest classifier using an 80/20 stratified split.

26883



Probe Eval. Step Final Ans.
From On 1 2 3 4 5 Marker
Instruct  Base 0.9976 09689 09182 0.8099 0.8785 0.8800
R1-Dist. 0.9998 0.9753 0.8579 0.7705 0.8511 0.7826
R1-Dist. Base 0.9977 09381 0.8651 0.8344 0.8516 0.9102
Instruct 1.0000 0.9057 0.7988 0.8065 0.8730 0.8819
Base Instruct 1.0000 0.9900 0.9063 0.8714 0.8794 0.9197
R1-Dist. 0.9936 0.9495 0.8237 0.8590 0.8883 0.9050

Table 6: Average cross-model transfer accuracy of step-specific linear probes. Each entry reports the average
linear-probe accuracy across all layers when a classifier trained on step-specific activations from one model is
evaluated on another model. Results are averaged across transfer directions for each probe—evaluation pair. Unlike
Table 1, Step 1 is included, showing near-perfect transferability across models.

Category Step 1 Step 2 Step 3 Step 4 Step 5 Answer
Step X: 0.96 098 @r1) 0.83 085@L19) 0.81 (084 @128 0.72 (0.83@L10) 0.71 (0.88 @ L30) 0.86 (0.93 @ L.20)
Non-Step X: 0.85086@L1) 0.82085@L18) 0.79 084@L7) 0.77 (0.85@L10) 0.75 (0.88 @ L25) 0.86 (0.92 @ L10)

Numbered list

0.82 (091 @ L1)

0.83 (0.89 @ L18)

\n\n paragraphs 0.82 (082 @L1) 0.75 (0.81 @ L14)
\n lines 0.87 (087 @L0) 0.82 (0.87 @ L18)
Single block 0.87 088 @L1) 0.87 (0.87 @ L18)

0.81 (0.83 @ L30)
0.79 (0.83 @ L30)
0.77 (0.86 @ L0)
0.81 (0.87 @ L30)

0.75 (0.85 @ L10)
0.82 (0.86 @ L10)
0.75 (0.86 @ L10)
0.74 (0.85 @ L30)

0.73 (0.89 @ 1.24)
0.81 (0.91 @ L22)
0.79 (0.90 @ L30)
0.67 (0.85 @ L31)

0.86 (0.95 @ L10)
0.81 (0.96 @ L23)
0.89 (0.94 @ L10)
0.87 (0.94 @ L6)

Table 7: Per-category freeform probe transfer accuracy. Each cell reports average accuracy across 32 layers,
with the best single-layer accuracy and corresponding layer in parentheses. Probes trained on fixed-form Step X:
activations transfer to all freeform format categories, including those with no Step markers.

Correctness predictors. We implement single-
layer logistic regression (nn.Linear(d, 1)) in
PyTorch with binary cross-entropy loss and ¢ regu-
larization via the Adam optimizer’s weight_decay
parameter (set to 1/C). Training uses learning rate
0.01, batch size 32, a maximum of 1,000 epochs,
and early stopping with patience 50 on validation
loss. The regularization strength C'is selected via 5-
fold stratified cross-validation (StratifiedKFold)
over C € {0.001,0.01,0.1,1.0,10.0,100.0}.
Data is split 90/10 (stratified) for final training and
evaluation. For feature sets requiring dimensional-
ity reduction, PCA with n¢omponents = 128 is fit on
the training split only.

Activation steering (Prolong/Shorten). Steer-
ing directions are computed per-layer as the mean
difference between termination-preceding and step-
preceding activations on the training split (Sec-
tion 4.3). During decoding, steering is applied
additively at the token position immediately pre-
ceding the final answer marker. LAST intervenes
on the final 5 layers (layers 27-31); MID intervenes
on 5 layers centered at layer 15 (layers 13—17). The
coefficient |«| controls the steering magnitude.

Trajectory-based steering. The ideal trajectory
is estimated from correct-example activations at the

final layer, projected via PCA (ncomponents = 128,
random_state=42, fit on training split). The step-
wise mean f; and dispersion o; are computed over
correct trajectories in PCA space. Low-rank steer-
ing updates use rank » = 32: the correction is
a- Azy)UT, where U, € R"*¢ contains the top-r

principal components and Azj(.r) is the displace-

ment toward ; in the r-dimensional subspace. Per-
step divergence thresholds are optimized on held-
out data to balance detection sensitivity against
false interventions.

Seed-variance analysis. All generation is deter-
ministic (greedy decoding), so variance arises only
from classifier training. We report results over
seeds € {42,123,456} in Table 8.

G Computational Overhead of Trajectory
Steering

Trajectory-based steering operates only at step
boundaries (typically 3—7 per problem), not at ev-
ery generated token. Table 9 summarizes the per-
problem steering cost for rank r=32.

The observed 1.38x end-to-end wall-clock
slowdown (6.69s — 9.21s per question) does
not arise from the steering operations them-
selves. In our research prototype, steered gen-
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Component

Result

Linear probes (best-layer acc.)
Correctness pred. (Final State)

Correctness pred. (Final State PCA)
Correctness pred. (Late Steps PCA)

< 20.001 across all steps
0.837 £+ 0.016 (L29)
0.859 + 0.023 (L19)
0.853 + 0.038 (L21)

Table 8: Seed-variance analysis for key components. Linear probe accuracies are highly stable; correctness
predictor AUCs show modest variance consistent with the smaller effective sample size of incorrect examples.

Operation Per-call Total
PCA projection + divergence check  ~12.9 us ~81 us
Low-rank update (r=32) ~10.8 us ~24 s
Trajectory steering (combined) — ~105 ps
Prolong (per-token x all timesteps) ~1.12pus  ~3,371 us

Table 9: Steering computation cost per problem on a single NVIDIA H200 GPU with Llama-3.1-8B-Instruct.
Trajectory steering at step boundaries is approximately 32 x cheaper than per-token vector addition. Totals assume
~T7 step boundaries and ~3,000 generated tokens, respectively.

eration uses a manual token-by-token loop with
output_hidden_states=True, which disables
KV caching; the full growing sequence is therefore
reprocessed at every token. An optimized imple-
mentation preserving KV caching would eliminate
this overhead, as the algorithmic cost of trajectory
steering is negligible relative to the forward pass.

H Step-Count Distributions Across
Models

Table 10 reports the distribution of reasoning step
counts across the three model variants on GSM8K.
Step counts differ substantially: Instruct produces
shorter reasoning chains (median K=4) concen-
trated in 3-5 steps, while Base and R1-Distill pro-
duce longer chains (median K=6 and K=5, re-
spectively). Despite these differences, cross-model
probe transfer accuracy consistently exceeds 0.90
(Table 1), indicating that the step-indexed geometry
reflects a consistent representational subspace for
reasoning progress that is robust to absolute posi-
tion in the chain. Within-model trajectory analyses
(Section 4.2) rely on last-step and step-transition
features defined relative to each example’s own
trajectory length, so step-count differences do not
confound these results.

Instruct Base  RI1-Distill
Mean K 4.5 6.6 6.9
Median K 4 6 5
K € [3,5] 70.5% 33.4% 52.1%

Table 10: Reasoning step-count distributions on
GSMBSK across training regimes. Instruct produces
substantially shorter chains than Base and R1-Distill,
yet step-specific probes transfer across models with high
accuracy, indicating that the geometry is tied to reason-
ing progress rather than absolute step position.
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(c) Base

Figure 4: Complete t-SNE visualizations of step-aligned hidden states extracted immediately before Step markers
across three training regimes on the GSMSK test split. Each point corresponds to a residual-stream activation at a
reasoning-step boundary. While all models exhibit step-structured organization, R1-Distilled and Instruct models
show earlier and more pronounced separation between steps, whereas the Base model exhibits weaker but still
discernible structure.

26886



Step 1 Step 2 Step 3

R e ey

°
©
o
©
o
©

.8

Test Accuracy
°
o

Test Accuracy
o
®

Test Accuracy
°

°

e

3
°
3

e Instruct
0.6 - R1-Distilled 0.6 0.6
4 Base
0 5 10 15 20 25 30 [ 5 10 15 20 25 30 0 5 10 15 20 25 30
Layer Layer Layer
Step 4 Step 5 Final Answer Marker

1.0 101 mewwws ar

f s o T D L

- . £3 )
Sataageg  SeeElsaEsesgy

Test Accuracy
°
o
n

Test Accuracy
°
®

Test Accuracy
°
o

o
<

0 5 10 15 20 25 30 0 5 10 15 20 25 30 0 5 10 15 20 25 30
Layer Layer Layer

Figure 5: Layer-wise linear probe accuracy for predicting reasoning step identity. In each sub-figure, the z-axis
denotes the layer from which activations are extracted, and the y-axis reports test accuracy of a linear classifier
trained on these activations as input, with the reasoning step number (or the final answer marker) as the label. Early
steps are linearly separable from shallow layers with near-ceiling accuracy, whereas later steps require deeper layers
to become separable. Differences across training regimes indicate that instruction tuning and reasoning distillation
shift the linear accessibility of step information.
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