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Abstract

Supervised fine-tuning (SFT) on long chain-
of-thought (CoT) trajectories has emerged as
a crucial technique for enhancing the reason-
ing abilities of large language models (LLMs).
However, the standard cross-entropy loss treats
all tokens equally, ignoring their heterogeneous
contributions across a reasoning trajectory.
This uniform treatment leads to misallocated
supervision and weak generalization, especially
in complex, long-form reasoning tasks. To ad-
dress this, we introduce Variance-Controlled
Optimization-based REweighting (VCORE),
a principled framework that reformulates CoT
supervision as a constrained optimization prob-
lem. By adopting an optimization-theoretic
perspective, VCORE enables a principled and
adaptive allocation of supervision across to-
kens, thereby aligning the training objective
more closely with the goal of robust reasoning
generalization. Empirical evaluations demon-
strate that VCORE achieves the strongest over-
all average performance, with especially clear
gains on lower-capacity models. Across both
in-domain and out-of-domain settings, VCORE
achieves substantial performance gains on
mathematical and coding benchmarks, using
models from the Qwen3 series (4B, 8B, 32B)
and LLaMA-3.1-8B-Instruct. Moreover, we
show that VCORE serves as a more effec-
tive initialization for subsequent reinforcement
learning, establishing a stronger foundation for
advancing the reasoning capabilities of LLMs.1

1 Introduction

Recent advances in LLMs have highlighted the
impressive benefit of long chain-of-thought (CoT)
for enhancing the reasoning capabilities. Recent
LLMs, such as OpenAI-o1 (Jaech et al., 2024),
DeepSeek-R1 (Guo et al., 2025a), Kimi k1.5 (Team
et al., 2025a), and Qwen3 series (Yang et al., 2025),

*Corresponding author
1The code will be released at https://github.com/

coder-gx/VCORE.
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Figure 1: Overview of VCORE. Compared to the standard
cross-entropy loss, VCORE approaches long-CoT SFT from
an optimization perspective and adjusts token weights accord-
ing to their gradient utility, thereby enabling more effective
use of supervision signals and improving generalization.

pursue this direction by scaling CoT lengths and
show strong reasoning performance on tasks such
as challenging math problem solving and code gen-
eration benchmarks.

Beyond reinforcement learning (RL) and test-
time methods, long CoT supervised fine-tuning
(SFT) has been increasingly adopted by AI labs
and companies (Team, 2025; Muennighoff et al.,
2025; Xu et al., 2025; Labs, 2025; Ye et al., 2025).
Compared with these two paradigms, long-CoT
SFT typically distills reasoning traces from teacher
models or curated datasets, offering a more straight-
forward yet effective route to improving reason-
ing. Nevertheless, most existing long-CoT SFT
works emphasize engineering implementations and
data recipes, leaving substantial blanks on the
optimization-algorithm progress.

Unfortunately, long-CoT SFT is particularly sus-
ceptible to supervision noise, which can lead to
misallocated supervision and degraded generaliza-
tion (Luo et al., 2025; Lobo et al., 2025). To a
large extent, this susceptibility can be attributed to
the convention of uniform token weighting in the
cross-entropy loss across lengthy reasoning traces
(e.g. exceeding 1k tokens). A growing body of ev-
idence shows that: (1) not all intermediate tokens
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are equally worth learning from (Choi et al., 2025;
Li et al., 2025); (2) spurious or unfaithful tokens
may corrupt learning signals (Chen et al., 2025b;
Turpin et al., 2023; Zhou et al., 2024). These find-
ings motivate breaking the limitation of uniform
token weighting in long-CoT supervision.

The above discussion leads to a central question:

Can we design a long CoT supervision algorithm
that reweights tokens more effectively through an

optimization-based approach?

In this paper, we answer this question by propos-
ing VCORE (Figure 1): a variance-controlled,
optimization-based reweighting framework for
CoT supervision. VCORE departs from prior
heuristics and formulates token reweighting as a
constrained optimization problem: for each trajec-
tory, compute the distribution over token positions
that maximizes expected loss descent under a single
SGD step, subject to a KL constraint for stability.
This yields a closed-form Gibbs distribution over
token-wise gradient utilities, directly grounded in
first-order descent dynamics. To efficiently esti-
mate utilities, VCORE introduces a lightweight
one-backward probing trick that requires only one
backward pass and forward-mode perturbations per
batch. To ensure stable updates, it further rescales
the weights using a principled variance control co-
efficient α, which matches the update variance to
that of uniform weighting. This end-to-end for-
mulation identifies high-impact tokens from the
training signal itself, without relying on teacher
guidance, confidence thresholds or entropy filters.
Our contributions are summarized as follows:

• We cast CoT supervision as a constrained opti-
mization problem over token weights, grounded
in the dynamics of SGD. This formulation yields
a closed-form Gibbs distribution that allocates
weight based on token-level gradient utility.

• We propose VCORE, a unified framework that
combines optimization-derived token reweight-
ing with variance-controlled scaling in a single
efficient pipeline.

• VCORE outperforms baselines on math and
code benchmarks, with particularly strong gains
on lower-capacity models, improving both in-
domain and out-of-domain performance.

• VCORE further strengthens RL fine-tuning by
providing a more effective initialization, yielding
higher post-RL performance.

2 Related Work

Due to space constraints, we present a concise
overview here; the complete related work is pro-
vided in Appendix B.

SFT for Reasoning. Beyond chain-of-thought
(CoT) prompting (Wei et al., 2022), supervised
fine-tuning (SFT) on long CoT traces has emerged
as a simple and effective way to imbue LLMs with
slow, multi-step reasoning, often via distillation
from stronger teachers or curated rationales (Team,
2025; Muennighoff et al., 2025; Xu et al., 2025;
Labs, 2025). Compared to alternatives that require
on-policy rollouts, long-CoT SFT is operationally
lightweight, attains strong generalization, and fre-
quently serves as an initialization for subsequent
RL-based improvement (Yeo et al., 2025).

Token Reweighting in SFT. Some recent studies
modify SFT by adopting token-level loss reweight-
ing. Wu et al. (2025) reinterprets standard SFT
as a policy-gradient-style update with an implicit
1/πθ importance factor that over-weights low-
probability tokens; it therefore introduces Dynamic
Fine-Tuning (DFT), which rectifies the update by
multiplying per-token loss by the model’s proba-
bility for the target token. Qin and Springenberg
(2025) shows that SFT on curated/filtered data op-
timizes a lower bound to an RL objective; accord-
ingly, it proposes Importance-weighted SFT (iw-
SFT) which tightens that bound by importance-
weighting the SFT log-likelihood relative to a ref-
erence or current policy.

Our method (VCORE) is also an SFT-stage
token-level reweighting, yet it is conceptually dis-
tinct from DFT and iw-SFT. Whereas DFT and
iw-SFT are RL-motivated, VCORE is optimization-
driven: we formulate the choice of token weights
as maximizing the first-order loss decrease of a
single SGD step subject to a KL constraint. This
yields a closed-form Gibbs weighting over tokens.
We further introduce an explicit variance-control
mechanism that matches the update variance of
the reweighted supervision to that under uniform
weighting, stabilizing training on long CoT se-
quences. Empirically, VCORE delivers stronger
reasoning generalization over DFT and iw-SFT
within the same SFT protocol.

3 Preliminaries

Notations. Let V be a finite vocabulary, and let V∗
denote the set of all finite-length sequences over V .
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Each training instance (x, y) consists of an input
prompt x and a target sequence y = (y1, y2, . . . ) ∈
V∗ of length |y|, typically encoding a reasoning
trajectory distilled from a teacher model via CoT
supervision. The goal is to train a student model
pθ, parameterized by θ, to imitate these trajecto-
ries through next-token prediction. The language
model pθ defines a conditional distribution over
tokens, with the sequence likelihood factorized au-
toregressively as pθ(y|x) =

∏|y|
t=1 pθ(yt|x, y<t),

where y<t = (y1, . . . , yt−1) denotes the prefix up
to position t − 1. Each term is computed by ap-
plying a softmax to the output logits, yielding a
next-token probability distribution.

Naive CoT Supervision. We train the model
pθ by minimizing the expected per-token log-loss
under the true data distribution P , defined as
L(θ) = E(x,y)∼P

[
− log pθ(y|x)

|y|

]
. In practice, we

optimize this objective over a finite training dataset
D by iteratively sampling mini-batches B ⊂ D
and applying gradient-based updates of the form
θ+ ← θ − T (∇θL̂B(θ)), where T denotes a
generic update operator (e.g., SGD or Adam) that
acts on the loss gradient and, when applicable, his-
torical statistics. The mini-batch gradient takes the
following form:

∇θL̂B(θ) =
∑

(x,y)∈B

[
− 1

|y|∇θ log pθ(y | x)
]

≜
∑

(x,y)∈B

[∑

t≥1

(1/|y|)︸ ︷︷ ︸
uniform

· ∇θℓt(θ;x, y)

]
.

Here, ℓt(θ;x, y) = − log pθ(yt | x, y<t) denotes
the token-level prediction loss at position t. The
resulting gradient update corresponds to a uniform
average over all next-token prediction tasks, implic-
itly treating each token as equally informative and
equally reliable. This choice is not arbitrary: under
the autoregressive factorization, uniform weighting
yields an unbiased estimator of the population loss
gradient ∇θL(θ), making it a natural default.

Limitations of Uniform Weighting. (1) Not all
tokens are equally worth learning from. Uniform
weighting spreads supervision evenly across posi-
tions, regardless of how much signal each token
provides. Many next-token predictions are either
trivially easy or hopelessly ambiguous-both yield
gradients with little learning value. This misallo-
cation wastes updates and slows convergence. (2)

Spurious tokens corrupt learning signals. Auto-
distilled CoTs often contain hallucinated or mis-
aligned tokens. Uniform weighting treats these
as equally important, allowing noise to dominate
gradients and impair generalization.

Toward Adaptive Token Weighting. A natu-
ral remedy to these limitations is to adapt token-
wise supervision to the input and model state.
Let qt(x, y, θ) denote a distribution over positions
t = 1, . . . , |y|, conditioned on the input prompt x,
target sequence y and current model parameters
θ. Unlike the uniform weighting, adaptive q con-
centrates learning on salient or uncertain positions
while suppressing redundant or noisy ones. The
reweighted gradient over a mini-batch B becomes:

∇θL̂B(θ; q) =
∑

(x,y)∈B

[∑

t≥1

qt(x, y)︸ ︷︷ ︸
adaptive

∇θℓt(θ;x, y)

]

with the update θ+(q) ← θ − T
(
∇θL̂B(θ; q)

)
,

where T denotes a generic update operator.

Problem: How Should We Choose q ? If only a
subset of tokens meaningfully contributes to learn-
ing, then uniform supervision fails to account for
their differing impact. This raises a fundamental
question of credit assignment: where should gra-
dients go? The goal of adaptive weighting is to
allocate supervision to the most impactful positions
under the current model. This requires selecting
q(t | x, y, θ) based on local gradient utility, rather
than adhering to a fixed prior. To avoid instability
from overly sharp focus, we constrain q to remain
close to uniform:

minqL(θ+(q)) s.t. KL(q(· | x, y, θ) ∥ u) ≤ δ,
(1)

where u(t) = 1/|y| and δ bounds deviation. This
formulation balances targeted supervision with sta-
bility, enabling fine-grained, model- and input-
aware token selection.

4 Method

4.1 Optimal Reweighting under SGD
In this subsection, we derive the optimal reweight-
ing distribution q∗(t | x, y, θ) that maximizes the
loss decrease after a single-step SGD update. By
applying a first-order Taylor approximation to the
SFT objective, we fortunately derive a closed-form
solution for the optimal token-wise weights, en-
hancing interpretability and enabling efficient algo-
rithmic implementation.
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Step 1: First-order Taylor Expansion. Con-
sider an SGD step with learning rate η, using the
reweighted gradient: θ+ = θ − η∇θL̂B(θ; q). For
small η, the population loss at the updated parame-
ters admits a first-order approximation:

L(θ+)− L(θ) = −η ⟨∇L(θ),∇L̂B(θ; q)⟩+O(η2)

= −η
∑

(x,y)∈B

∑

t≥1

[
qt(x, y) · st(x, y, θ)

]
+O(η2)

where we define the per-token gradient utility

st(x, y, θ) ≜ ⟨∇θL(θ),∇θℓt(θ;x, y)⟩ . (2)

This quantity captures the alignment between the
global descent direction and the gradient induced
by supervising token yt. Tokens with higher st
contribute more to reducing the population loss
and should be prioritized.

Step 2: Optimal Adaptive Weighting. Max-
imizing the descent in the first-order expansion
reduces to a constrained optimization over the prob-
ability simplex ∆ at each training instance (x, y):

max
q∈∆

∑

t≥1

q(t) · st(x, y) s.t. KL(q ∥ u) ≤ δ

=⇒ q∗(t | x, y, θ) = exp(τst(x, y, θ))∑
j≥1 exp(τsj(x, y, θ))

,

where τ > 0 is a temperature set by the constraint.
This standard exponential tilting problem admits a
unique closed-form solution: a Gibbs distribution
over token-level gradient utilities. As τ → 0, q∗

recovers the uniform prior; as τ → ∞, it concen-
trates on the highest-utility tokens.

Step 3: A One-Backward Trick for Estimat-
ing st. Estimating the token utility st(x, y, θ) in
Equation (2) naively requires one backward pass
per token, computationally infeasible for long se-
quences. We introduce a non-trivial and highly
efficient solution: a one-backward forward-mode
probing trick that recovers all st values using just
a single backward step and one forward step for
|y| token evaluations. Specifically, we draw an
independent mini-batch B′ ∼ P , compute the de-
scent direction ∇θLB′(θ;u) under uniform token
weights, and measure the change in the token-wise
loss after a small perturbation in that direction. This
yields an unbiased estimator:

lim
ϵ→0

EB′ [ℓt(θ;x, y)− ℓt(θ − ϵ∇θLB′(θ;u);x, y)]

ϵ

= ⟨∇θL(θ),∇θℓt(θ;x, y)⟩ = st(x, y, θ).

This construction reduces the cost of estimating
all st values from |y| backward passes to just one
backward (to compute the descent direction from
B′) and one forward pass (to evaluate perturbed
token losses). It requires no second-order gradi-
ents, no backward hooks and no additional model
queries. By leveraging the directional derivative
structure of st, this probing trick makes adaptive
token weighting both scalable and plug-and-play
in standard training pipelines.

Beyond Heuristics: Token Weighting as Opti-
mization, Not Guesswork. Some prior works rank
tokens by confidence (Wu et al., 2025), importance
(Qin and Springenberg, 2025) or by their estimated
influence on outcome correctness (Lin et al., 2024),
typically without leveraging training-time gradient
information. In contrast, we take an optimization
perspective and derive a closed-form optimal token-
weighting distribution, moving beyond heuristic
rules. Crucially, our method identifies the most
impactful tokens directly from the training signal
without relying on teacher guidance or manually
tuned thresholds. A detailed theoretical analysis
demonstrating its advantages over uniform weight-
ing is provided in Appendix A.

4.2 VCORE: Variance-Controlled
Optimization-based REweighting

We introduce VCORE, a Variance-Controlled
Optimization-based REweighting framework for
CoT supervision, which is shown in Algorithm 1.
Building on Section 4.1, which presented the
Gibbs-form reweighting q∗(t | x, y, θ) ∝ exp(τst)
and a one-backward token-utility estimation trick,
we now add a variance-normalization mechanism
to control the update variance at each training step.
Concretely, we rescale the parameter update by an
adaptive coefficient α in order to align the vari-
ance of the reweighted supervision with that of the
uniform supervision. This trick helps stabilize the
training dynamics while allowing the learning sig-
nal to concentrate on informative tokens. Moreover,
it introduces no extra architectural changes.

Variance-Controlled Descent Scaling. The
Gibbs reweighting q∗(t | x, y, θ) ∝ exp(τst) fo-
cuses learning on informative tokens, but it also
changes the variability of the update. To make this
explicit, we define the variance of the (per-batch)
update under reweighted supervision before any
scaling, Vq ≜ Var[

∑
t qt st] , and the variance un-

der uniform supervision by, Vu ≜ Var[
∑

t st/|y|].
We then introduce an adaptive coefficient α to con-
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Algorithm 1 VCORE Algorithm

Require: Dataset D = {(x, y)}, model parame-
ters θ, learning rate η, temperature τ , probing
scale ϵ

Ensure: Updated parameters θ+

1: for each batch B in D do
2: Draw a random batch B′ from D
3: Compute descent direction ∇θLB′(θ;u)

under uniform token weights
4: Estimate token t score st(x, y, θ) by

limϵ→0
EB′ [ℓt(θ;x,y)−ℓt(θ−ϵ∇θLB′ (θ;u);x,y)]

ϵ

5: Get weights distribution q∗(t | x, y, θ) by
exp(τst(x,y,θ))∑
j exp(τsj(x,y,θ))

6: Compute α via a uniform/reweighted loss
ratio

7: θ ← θ − η E(x,y),t∼q∗ [∇θ(αℓt(θ;x, y))]

8: end for
9: Get the final trained model parameters θ+ = θ

trol the update magnitude, choosing α to match the
variance of reweighted updates with that of uniform
weighting:

α2Vq = Var

[
α
∑

t

qtst

]
≈ Var

[∑

t

st
|y|

]
= Vu.

This yields a choice: α =
√
Vu/Vq. If the scaling

coefficient α is too small, gradient steps shrink and
training slows down; if α is too large, especially
under sharply peaked weights, stochastic gradients
become highly variable and convergence degrades.

Intuition. If token utilities st are uncorrelated
with constant variance σ2, then Vu ≈ σ2/|y|. Un-
der a highly peaked Gibbs weighting (e.g., qt con-
centrates on one token), V(0)q ≈ σ2, leading to
α = 1/

√
|y|. Thus, when q is sharp or sequences

are long, aggressive reweighting would amplify
variance and α must shrink to stabilize training;
when q is balanced, α ≈ 1 and the full descent step
is recovered without loss of stability.

Summary: A New Perspective on CoT Super-
vision. (1) Optimization-Derived Weighting. In-
stead of heuristic reweighting, our framework de-
rives q∗(t) as the unique solution to an optimization
problem that maximizes population loss reduction
under a single SGD step with a KL constraint. This
yields a closed-form Gibbs distribution over token-
level gradient utilities, grounding token supervi-
sion in first-order descent rather than heuristics. (2)

Variance-Controlled Stabilization. Although q∗ is
theoretically optimal for maximizing descent, its
practical effectiveness depends on the stability of
the updates it induces. Heavy-tailed utilities can
cause the resulting weights to become sharply con-
centrated, amplifying gradient variance and destabi-
lizing training. Our VCORE framework addresses
this by introducing a principled variance-controlled
scaling coefficient α that matches the variance of
reweighted updates to that of uniform supervision.
This preserves the adaptivity of Gibbs weighting
while ensuring stable and efficient learning without
heuristic clipping or ad-hoc thresholds.

5 Experiments

In this section, we investigate and answer the fol-
lowing research questions:

RQ1: Can VCORE achieve better generalization
than uniform and heuristic reweighting methods?

RQ2: Which parts of VCORE are essential for
improving reasoning and stability?

RQ3: What are the practical implications and
limitations of VCORE in CoT training?

5.1 Experimental Setups

Models and Supervised Tasks. We study
long CoT supervision on two domains (math
and coding), using Qwen3 models (4B, 8B,
32B) (Yang et al., 2025) and LLaMA3.1-8B-
Instruct (AI@Meta, 2024). Domain-specific train-
ing data are curated from recent high-quality
sources: OpenMathReasoning (Moshkov et al.,
2025) and the C++ subset of OpenCodeReason-
ing (NVIDIA, 2025). We retain only CoT instances
generated by DeepSeek-R1 (Guo et al., 2025a),
applying automatic filtering to ensure trajectory
correctness. For Qwen3 models, we sample 3.2k
examples per domain and the average CoT length
is 3155.01 (math) and 2861.25 (code) ; for LLaMA,
we use 32k examples per domain and the average
CoT length is 3007.79 (math) and 2805.43 (code).
Both datasets ensure that all methods reach con-
vergence. Further preprocessing details and CoT
length statistics are provided in Appendix C.1.

Evaluation Benchmarks. We evaluate each
model under both in-domain and out-of-domain
generalization settings. In-domain benchmarks
include the union of AIME 2024 and AIME
2025 (AIME) (Art of Problem Solving Com-
munity, 2025) and math subset of Olympiad-
Bench (Olympiad) (He et al., 2024) for math,
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Model Method Math Code Avg.

AIME Olympiad RBench SGPQA-1k LCB OJBench RBench SGPQA-1k ID OOD

LLaMA3.1
8B

Instruct

Original 3.33 17.80 21.76 18.60 9.67 1.29 21.76 18.60 8.02 20.18
SFT 3.33 23.59 4.02 12.10 9.29 0.86 5.21 9.50 9.27 7.71
DFT 3.33 18.84 6.22 13.90 0.00 0.00 3.47 5.10 5.54 7.17

iw-SFT 5.00 22.55 2.83 11.60 9.00 0.86 3.38 6.60 9.35 6.10
Random 1.67 22.55 7.95 15.10 6.16 3.02 4.75 8.50 8.35 9.07
VCORE 6.67 25.96 3.56 12.80 10.33 2.58 6.22 15.80 11.38 9.59

Qwen3
4B

Original 38.33 60.09 23.13 29.10 22.56 3.02 23.13 29.10 31.00 26.12
SFT 46.67 61.72 30.71 30.50 24.74 2.16 28.34 31.80 33.82 30.34
DFT 35.00 62.91 34.00 32.40 26.45 5.60 30.16 33.40 32.49 32.49

iw-SFT 40.00 62.31 28.79 31.00 24.83 2.59 29.34 32.60 32.43 30.43
Random 38.33 60.98 31.35 30.50 25.69 0.86 29.34 31.30 31.46 30.62
VCORE 48.33 66.17 34.64 34.30 25.97 3.88 30.25 32.30 36.09 32.87

Qwen3
8B

Original 43.33 60.09 24.86 34.30 25.21 4.31 24.86 34.30 33.24 29.58
SFT 48.33 63.80 35.47 34.00 26.07 4.74 34.92 37.90 35.74 35.07
DFT 41.67 65.13 38.67 37.90 29.38 6.03 35.10 37.50 35.55 37.29

iw-SFT 45.00 61.72 35.37 34.60 27.20 5.60 35.47 35.90 34.88 35.34
Random 43.33 61.57 35.47 36.20 25.59 4.31 33.46 35.90 33.70 35.26
VCORE 45.00 64.84 35.01 36.80 28.63 4.74 33.82 35.40 35.80 35.26

Qwen3
32B

Original 43.33 64.99 41.13 43.90 27.30 5.60 41.13 43.90 35.30 42.52
SFT 38.33 63.80 46.16 39.80 31.94 9.91 48.54 40.60 35.99 43.78
DFT 43.33 67.66 54.48 46.50 37.82 10.34 49.91 47.40 39.79 49.57

iw-SFT 40.00 63.65 43.33 39.40 31.94 6.90 45.43 42.40 35.62 42.64
Random 40.00 62.31 45.80 40.30 35.55 9.91 47.71 45.50 36.94 44.83
VCORE 51.67 68.55 49.91 45.00 35.45 9.48 45.70 43.10 41.29 45.93

Table 1: Main Results. Accuracy (%) of different methods on in-domain (AIME, Olympiad, LCB, OJBench) and out-of-domain
(RBench, SGPQA-1k) benchmarks across Math and Code. Best and second-best are shown in bold and underline, respectively.

OJBench (OJBench) (Wang et al., 2025) and
LiveCodeBench(v6) (LCB) (Jain et al., 2025) for
coding. For out-of-domain evaluation, we use
R-Bench-T (RBench) (Guo et al., 2025b) and a
1k-sample subset of SuperGPQA (SGPQA-1k)
(Team et al., 2025b). We run inference using vLLM
v1 (Kwon et al., 2023) with a maximum generation
length of 8192 tokens. For all the benchmarks, we
use greedy decoding and report Pass@1 as the met-
ric. See Appendix C.3 for more detailed settings.

Baselines. We compare against two recent
reweighting-based methods: DFT (Wu et al., 2025)

and iw-SFT (Qin and Springenberg, 2025) We
also include the Original model (without any fine-
tuning) and standard SFT, which uses the full CoT
supervision signal. In the Random baseline, 80%
of CoT tokens are randomly dropped during train-
ing to simulate partial supervision.

Implementation Details. All the training exper-
iments are conducted on four RTX PRO 6000
Blackwell GPUs using the LLaMA-Factory frame-
work (Zheng et al., 2024), with a batch size of
32. We apply one epoch of LoRA fine-tuning us-
ing the AdamW optimizer with a cosine learning

rate schedule. The learning rate is set to 2e−5
for Qwen3 models and 2e−4 for LLaMA3.1-8B-
Instruct. The LoRA rank is set to 8 for Qwen3 and
64 for LLaMA, with the LoRA alpha fixed at twice
the rank in both cases. In the algorithmic setting of
VCORE, for each parameter update we randomly
select a batch B′ (|B′| = 32) from the training set.
The hyperparameters ϵ and τ are tuned specifically
for each model. Complete training configurations
are provided in Appendix C.2.

5.2 Main Results (RQ1)

Obs 1: VCORE achieves the highest average
score2 (31.03). It outperforms SFT (28.97), DFT
(29.99), iw-SFT (28.35) and Random (28.78) (see
Table 1). VCORE achieves strong supervised rea-
soning while also preserving cross-domain gener-
alization, mitigating the degradation often caused
by long CoT supervision. Moreover, scaling from
Qwen-8B to Qwen-32B amplifies gains over the
baseline, increasing from +4.12 to +4.70, highlight-
ing improved effectiveness with larger models.

2The average of the ID and OOD “Avg.” columns across
the four models in Table 1.
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(a) Supervised Set Size

Size Olympiad SGPQA-1k

Original 60.09 29.10
4k 65.13 | 62.17 32.70 | 32.70
8k 63.35 | 62.17 32.80 | 29.90
16k 62.46 | 61.28 30.80 | 30.30
32k 62.02 | 62.02 30.60 | 28.80

(b) Hyperparameter Sensitivity
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Figure 2: Component Analysis and Ablation. (a) Impact of supervised set size on in-domain (Olympiad) and out-of-domain
(SGPQA-1k) accuracy for VCORE | DFT; (b) Hyperparameters: reweighting temperature τ and probing scale ϵ. All results use
Qwen3-4B. Metrics are accuracy (%) on Olympiad (in-domain) and SGPQA-1k (out-of-domain).

Obs 2: VCORE consistently improves perfor-
mance on lower-capacity models. VCORE does
not always outperform the baselines and this may
stem from the strength of the underlying SFT objec-
tive: VCORE reweights tokens by population loss,
yielding limited gains when models already exhibit
strong CoT reasoning or when CoT supervision
is misaligned with the target task. Consequently,
VCORE achieves larger gains on weaker models or
more challenging datasets, where it better approx-
imates DeepSeek-style supervision. As shown in
Table 1, for LLaMA-Instruct, the scores increase
from 5.54/7.17 (DFT) to 11.38/9.59 (VCORE),
while for Qwen-4B, they rise from 32.49/32.49
to 36.09/32.87. Table 2 shows results for addi-
tional weaker models, with Qwen3-1.7B using the
Qwen3-4B training setup and Mistral-7B-Instruct-
v0.3 using the Llama-3.1-8B-Instruct setup from
the main experiments.

Method Qwen3-1.7B Mistral-7B-Instruct

Olympiad SGPQA-1k Olympiad SGPQA-1k

Original 53.41 21.10 3.41 5.10
SFT 51.34 17.50 9.50 7.80
DFT 51.78 21.80 4.45 3.90
VCORE 55.64 21.00 9.94 8.70

Table 2: Performance on Weaker Models

5.3 Component Analysis and Ablations (RQ2)
Obs 3: VCORE outperforms DFT across train-
ing set scales (Figure 2(a)). As the supervised set
grows from 4k to 32k, VCORE consistently out-
performs DFT on both Olympiad and SGPQA-1k,
demonstrating robust generalization under increas-
ing training set size. At larger scales, overall per-
formance slightly declines as additional reasoning
traces with diverse quality, styles, and implicit as-
sumptions are aggregated, amplifying distribution
mismatch and weakening the effective supervision

signal. Despite this shift, VCORE maintains a clear
advantage and consistently improves over the base
model across all dataset sizes.

Obs 4: VCORE is robust to optimization-
derived reweighting hyperparameters (Figure 2
(b)). We analyze two key hyperparameters in
VCORE: the reweighting temperature τ , which
controls the shape of the supervision distribution,
and the probing scale ϵ, which governs token utility
estimation accuracy. Across both Olympiad and
SGPQA-1k with Qwen3-4B, VCORE remains sta-
ble over a wide range of τ and ϵ, exhibiting only
mild performance variation. Performance peaks at
moderate settings (e.g., ϵ ≈ 1e−4, lg τ ≈ 4), while
extreme values degrade accuracy due to overly uni-
form or overly concentrated reweighting.
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Figure 3: Loss Scaling. Loss curves of Qwen3-4B on the math
domain with and without loss scaling (ϵ = 1e−4, τ = 5e3).

Obs 5: Variance control is essential for sta-
ble optimization under sharp reweighting (Fig-
ure 3). Under sharply peaked reweighting, the
population loss frequently exhibits transient spikes
during training before reconverging. This exposes
a fundamental trade-off: while sharp reweighting
improves supervision focus, it amplifies gradient
variance and destabilizes optimization. VCORE
addresses this issue by introducing an adaptive de-
scent scaling factor that aligns update variance with
uniform supervision, resulting in smooth, stable,
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Method bs=16 bs=64 lr=1e-5 lr=1e-4

SFT 40.28 40.99 39.98 39.08
DFT 40.71 42.17 41.76 38.08
VCORE 42.48 42.67 42.84 41.87

Table 3: Performance across batch sizes and learning rates.

and reproducible convergence. This confirms that
variance control is not optional but essential to
safely realize the benefits of optimization-aligned
supervision.

Obs 6: VCORE is insensitive to learning rate
and batch size (Table 3). We vary the learning rate
and batch size on Qwen3-4B using math-domain
data under the same training setup as the main
experiments. Models are evaluated on the same
four mathematics reasoning benchmarks, reporting
average accuracy. As shown in Table 3, VCORE
consistently achieves strong performance across
hyperparameter settings.

5.4 Discussions: Practical Implications and
Limitations (RQ3)

Method Olympiad SGPQA-1k
Before RL After RL Before RL After RL

DFT 62.91 65.13 32.40 28.30
VCORE 66.17 67.51 34.30 33.90

(a) Results on Qwen3-4B.

Method Olympiad SGPQA-1k
Before RL After RL Before RL After RL

DFT 65.13 67.95 37.90 38.00
VCORE 64.84 68.84 36.80 38.60

(b) Results on Qwen3-8B.

Table 4: RL Results. Performance before and after RL testing
on Olympiad and SGPQA-1k using DFT and VCORE. We
highlight the best performance in bold.

Obs 7: VCORE offers a more capable foun-
dation model to support reasoning tasks in re-
inforcement learning. To assess the downstream
reasoning capabilities of different post-SFT mod-
els, we select the DFT and VCORE variants of
Qwen-4B and Qwen-8B and fine-tune them using
GRPO (Shao et al., 2024) for 200 steps on a subset
of the BigMath (Albalak et al., 2025) dataset. Eval-
uation is performed on Olympiad and SGPQA-1k,
following the same setup as in Section 5.1. Further
details of the RL setup are presented in Appendix D.
As shown in Table 4, VCORE achieves clear per-
formance gains over DFT after RL training, de-
spite starting from a slightly lower baseline. This
suggests that VCORE initialization may provide

a higher RL performance ceiling. One possible
explanation is that DFT tends to reduce generation
entropy, which can constrain policy exploration
during RL and limit the discovery of improved
reasoning trajectories, indicating an additional ad-
vantage of VCORE for reasoning generalization.

Method GSM8K MATH500

Original 95.15 90.4
SFT 93.63 (-1.52) 92.2 (+1.8)
DFT 94.69 (-0.46) 92.6 (+2.2)
iw-SFT 93.18 (-1.97) 90.8 (+0.4)
Random 93.56 (-1.59) 92.4 (+2.0)
VCORE 94.16 (-0.99) 92.8 (+2.4)

Table 5: Performance comparison of Qwen3-8B with different
SFT strategies on GSM8K and MATH500. Numbers in paren-
theses indicate the performance change relative to Original.

Obs 8: Long CoT SFT methods such as
VCORE may exhibit performance degradation
when the task is relatively simple. To assess rea-
soning ability under different difficulty levels, we
employ two mathematical reasoning benchmarks:
GSM8K (Cobbe et al., 2021) and MATH500 (Light-
man et al., 2023). GSM8K consists of grade-school
arithmetic problems requiring only short reasoning
chains, whereas MATH500 contains competition-
level problems demanding deeper multi-step rea-
soning. Using the finetuned Qwen-8B model under
the same evaluation settings as Section 5.1, we
observe from Table 5 that long CoT SFT slightly
degrades performance on GSM8K but consistently
improves results on MATH500. This indicates that
long CoT supervision primarily benefits reasoning-
intensive tasks. These trends align with prior find-
ings (Stechly et al., 2025; Gema et al., 2025): (1)
CoT reasoning is sensitive to prompt structure and
may overcomplicate simple problems; (2) longer
reasoning chains accumulate errors and increase
susceptibility to minor arithmetic mistakes.

6 Conclusion

In this paper, we present an in-depth investigation
into improving the reasoning capabilities of LLMs
through long CoT supervised fine-tuning. We intro-
duce VCORE, a variance-controlled, optimization-
based reweighting framework. Going beyond
heuristic token-weighting methods, we formulate
VCORE as an optimization problem that identi-
fies the optimal token importance distribution by
maximizing expected loss descent under SGD. Ex-
periments on mathematical and coding benchmarks
demonstrate that VCORE significantly enhances
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reasoning performance, particularly on complex
tasks. These results bridge the gap between heuris-
tic SFT practices and optimization-theoretic prin-
ciples, offering a principled path toward building
more generalizable reasoning models.

Limitations

Our study is subject to computational and time
constraints, which restricted the training corpus to
the OpenMathReasoning and OpenCodeReasoning
datasets, both derived from long CoT annotations
generated by DeepSeek. We have not yet explored
more diverse datasets or long CoT data produced
by other state-of-the-art reasoning models, which
could potentially reveal different generalization be-
haviors. We consider this an important avenue for
future research.

There is also a potential failure mode where
reweighting overemphasizes spurious patterns that
leak information about the final answer. While rare,
this mode can amplify dataset artifacts or annota-
tion bias. Addressing this may require integrating
additional regularization (e.g., dropout masking,
answer prefix control) into the utility computation.
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A Theory

The theorem below shows that the Gibbs-form dis-
tribution q∗ used in our method achieves a strictly
larger first-order loss decrease than uniform weight-
ing whenever token-level gradient utilities are not
all identical. Uniform sampling is optimal only in
the degenerate case where every token contributes
exactly the same utility—an unrealistic setting for
chain-of-thought supervision, where informative
and uninformative steps naturally coexist. Thus,
whenever utility varies across tokens (the norm in
CoT data), adaptive weighting is strictly better.

Theorem 1 (Strictly improves over uniform)
Fix (x, y) and θ, and let u(t) = 1/|y|. For any
δ > 0, let q∗(· | x, y, θ) be the solution to

max
q∈∆

∑

t

q(t) st(x, y, θ) s.t. KL(q∥u) ≤ δ,

i.e., the Gibbs-form q∗(t) ∝ u(t) exp(τst) with
τ > 0 chosen to satisfy the KL constraint. If {st}t
are not all equal, then

∑

t

q∗(t) st >
∑

t

u(t) st.

Consequently, in the first-order loss expansion,

L(θ+)− L(θ)
= −η

∑

(x,y)∈B

∑

t

q(t) st(x, y, θ) +O(η2),

the update with q∗ yields a strictly larger decrease
than the update with u for any mini-batch contain-
ing at least one instance with non-constant {st}.
Equality holds only if δ = 0 or all st are identical.

Proof 1 For τ ≥ 0 define the tilted family

qτ (t) ≜ u(t) eτst

Z(τ)
, Z(τ) ≜

∑

j

u(j) eτsj ,

so q0 = u and qτ matches the Gibbs form. Let
ϕ(τ) ≜ logZ(τ). Standard calculations give

ϕ′(τ) =
∑

t

qτ (t) st = Eqτ [st],

ϕ′′(τ) = Varqτ (st) ≥ 0,

with strict inequality for all τ whenever {st} are
not all equal. Hence ϕ′(τ) is strictly increasing on
(0,∞) and
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Eqτ [st]− Eu[st]

= ϕ′(τ)− ϕ′(0)

=

∫ τ

0
ϕ′′(t) dt

=

∫ τ

0
Varqt(st) dt > 0, for τ > 0. (3)

Next, define Ψ(τ) ≜ KL(qτ∥u). Using
KL(qτ∥u) = τ Eqτ [st] − ϕ(τ) and ϕ′(τ) =
Eqτ [st], we obtain

Ψ′(τ) = τ
d

dτ
Eqτ [st] = τ Varqτ (st) ≥ 0,

which is > 0 for τ > 0 when {st} are not all equal.
Thus Ψ is strictly increasing on (0,∞), implying
that for every δ > 0 there is a unique τ∗ > 0 with
Ψ(τ∗) = δ, and the KL-constrained optimum is
q∗ = qτ∗ .

Combining uniqueness with (3) at τ = τ∗ gives∑
t q

∗(t)st >
∑

t u(t)st whenever {st} are not all
equal. Substituting into the first-order loss expan-
sion yields the claimed strict improvement for any
mini-batch containing at least one such instance.
If δ = 0 or all st are identical, then τ∗ = 0 and
q∗ = u, hence equality.

B Related Work

The rise of test-time scaling and long CoT. Re-
cent advances in LLMs have highlighted the im-
portance of test-time scaling (Snell et al., 2024;
Welleck et al., 2024; Zhang et al., 2025a), i.e.,
improving reasoning performance by allocating
more inference-time compute rather than solely
scaling model size or training resources. A prac-
tical instance of this idea is long chain-of-thought
(long CoT): LLMs allocate more compute to gen-
erate longer reasoning chains at inference. Recent
LLMs—OpenAI-o1 (Jaech et al., 2024), DeepSeek-
R1 (Guo et al., 2025a), Kimi k1.5 (Team et al.,
2025a)—pursue this direction by scaling CoT
lengths and show strong reasoning performance
on tasks such as challenging math problem solv-
ing and code generation benchmarks. Compared
with short CoT, long CoT enables deeper reasoning,
more extensive exploration, and feasible reflection
(Chen et al., 2025a), thereby supporting more com-
plex reasoning tasks.

Enhancing LLM reasoning ability. While CoT
prompting (Wei et al., 2022) can improve reasoning

by explicitly encouraging models to articulate inter-
mediate steps in natural language, it still struggles
on complex reasoning problems. Consequently, re-
cent work has focused on strengthening models’
intrinsic reasoning via post-training or test-time
methods:

• RL for reasoning. Reinforcement learning
has emerged as an effective post-training stage
for eliciting multi-step reasoning in LLMs
(Ouyang et al., 2022; Lightman et al., 2023;
Guo et al., 2025a; Wen et al., 2025; Hou et al.,
2025). On the algorithmic side, most work
adopts policy-gradient methods such as RE-
INFORCE (Williams, 1992), PPO (Schulman
et al., 2017) and LLM-tailored variants such
as ReMax and (Li et al., 2023), GRPO (Shao
et al., 2024), DAPO (Yu et al., 2025), etc. In
parallel, some preference optimization (PO)
methods (e.g., DPO (Rafailov et al., 2023),
KTO (Ethayarajh et al., 2024), IPO (Azar
et al., 2024), CPO (Xu et al., 2024)) opti-
mize supervised objectives built from pair-
wise comparisons or binary accept/reject sig-
nals, avoiding on-policy rollouts. Orthogo-
nal to the optimization algorithm, we catego-
rize methods by reward source: (1) Outcome-
reward RL, which directly optimizes final
answers; a prominent subfamily is RL with
verifiable rewards (RLVR) for math/coding,
where unit tests or checkers define the reward
(Guo et al., 2025a; Lambert et al., 2024); and
(2) Process-reward RL, which performs step-
level credit assignment via process reward
models (PRMs) to shape the reasoning tra-
jectory and improve reasoning faithfulness
(Lightman et al., 2023; Wang et al., 2023;
Zhang et al., 2025b).

• SFT for reasoning: However, adopting RL
may sometimes be cumbersome—sensitive
to hyperparameters (Henderson et al., 2018;
Zheng et al., 2023), resource-intensive (Schul-
man et al., 2017), and costly in terms of train-
ing data collection (Ji et al., 2024; Wang et al.,
2023). In comparison, a more straightforward
way for enhancing reasoning ability is to dis-
till long reasoning traces into LLMs via SFT.
Recent works show that training on curated
long CoT data—either distilled from stronger
teachers or manually constructed—can endow
models with robust slow-thinking behaviors
(Team, 2025; Muennighoff et al., 2025; Xu
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et al., 2025; Labs, 2025; Ye et al., 2025). Com-
pared to SFT on short CoT, SFT on long CoT
offers some practical benefits: a higher per-
formance ceiling, better generalization, and
larger downstream gains when used to initial-
ize RL (Yeo et al., 2025).

• Test-time methods: A complementary line
of work improves reasoning during inference.
Approaches roughly fall into categories, in-
cluding but not limited to: (i) prompting-
based strategies that encourage stepwise think-
ing or decomposition—zero-/few-shot chain-
of-thought (Wei et al., 2022), least-to-most
prompting (Zhou et al., 2022), and ReAct-
style reasoning–acting (Yao et al., 2023b); (ii)
sampling-and-aggregation schemes that draw
multiple rationales and then vote or rerank,
e.g., self-consistency (Wang et al., 2022);
(iii) search/planning over intermediate states,
such as tree-structured exploration (Yao et al.,
2023a); and (iv) self-reflection and debate that
iteratively critique and revise candidate chains
(Madaan et al., 2023). In practice, such test-
time strategies are often combined and are
complementary to SFT and RL for eliciting
multi-step reasoning.

We remark that our method falls into the SFT
for reasoning category and our work focuses on
modifying the SFT phase itself to endow models
with stronger generalization ability on reasoning
tasks.

Token-Level Reweighting in SFT To retain the
simplicity of SFT yet benefit from RL-induced
reasoning improvements, recent studies modify
the SFT objective to narrow its gap with RL.
Specifically, Dynamic Fine-Tuning (DFT) (Wu
et al., 2025) and importance-weighted SFT (iw-
SFT) (Qin and Springenberg, 2025) pursue this
via token-level loss reweighting. DFT reinterprets
standard SFT as a biased policy update that over-
concentrates on low-probability tokens; accord-
ingly, it neutralizes that bias by rescaling the token-
level loss. iw-SFT shows that SFT on curated/-
filtered data optimizes a lower bound to an RL
objective; accordingly, it tightens that bound with
explicit importance weights relative to a reference
or current policy. Since our method can be re-
garded as a hard/sparse version of token-level loss
reweighting, we include DFT and iw-SFT as our
baselines.

C Experimental Details of Main Results

C.1 Dataset Curation for supervised tasks
For CoT supervised fine-tuning, we use two
datasets: OpenMathReasoning3 and Open-
CodeReasoning4, which correspond to the
mathematics and coding domains, respectively. We
summarize the details of sampling and processing
procedure as follows:

OpenMathReasoning. From the 3.2M
samples in the cot split, we extract a sub-
set that satisfies the following conditions:
problem_type = "has_answer_extracted" and
generation_model = "DeepSeek-R1". We then
use math_verify5 to rigorously check whether
the answers in the generated CoT content are
equivalent to the expected answers. Based on
this verified subset, we randomly sample 3,200
examples for training the Qwen3 series and 32,000
examples for training LLaMA3.1-8B-Instruct. To
adapt the data for CoT training, we augment the
original questions with new prompts designed for
CoT reasoning. The specific format is as follows:

Math CoT Training Data Template

You are a helpful and accurate assistant for
solving the following math problem:
{ORIGINAL QUESTION}

Please reason step by step, and put the
correct answer within \boxed{} at last.

OpenCodeReasoning. From the 942K samples
in the cpp split, we extract the subset that satisfies
the condition judgement = "right". Based on
this subset, we randomly sample 3,200 examples
for training the Qwen3 series and 32,000 examples
for training LLaMA3.1-8B-Instruct. For the train-
ing data templates, we take inspiration from the
prompt templates in open-r1/codeforces6 and
design our own training templates as follows:

3Hugging Face: OpenMathReasoning
4Hugging Face: OpenCodeReasoning-2
5https://github.com/huggingface/Math-Verify
6https://huggingface.co/datasets/open-r1/codeforces
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Hyperparameter Qwen3 LLaMA3.1-8B-Instruct

batch size 32 32
learning rate 2e-5 2e-4
training steps 100 1000
LoRA target all all
LoRA rank / alpha 8 / 16 64 / 128
LoRA dropout 0.10 0.05
lr schedule cosine cosine
warmup ratio 0.10 0.05
optimizer AdamW AdamW
seed 42 42
data type bf16 bf16
cutoff length 16384 16384

Table 6: Hyperparameter settings for Qwen3 and LLaMA3.1-
8B-Instruct.

Code CoT Training Data Template

You are an expert competitive programmer.
You will be given a problem statement, test
case constraints, and example test inputs and
outputs.
Please reason step by step about the solution
(that must respect memory and time limits),
then provide a complete implementation in
c++17.

Your solution must read input from standard
input (cin) and write output to standard output
(cout).
Do not include any debug prints or additional
output.

Put your final solution within a single
code block:
```cpp
<your code here>
```

# Problem
{ORIGINAL QUESTION}

Now solve the problem and return the
code.

C.2 Training Details
All baselines and our method are implemented on
top of the LLaMA-Factory7 framework. Most hy-
perparameters are shared across these methods, as
summarized in Table 6.

7https://github.com/hiyouga/LLaMA-Factory

Hyperparameters of VCORE As shown in Fig-
ure 2, we conduct a small-scale grid search over
ϵ ∈ {1e−4, 1e−5} and τ ·ϵ ∈ {0.5, 0.8}, resulting
in four configurations. We train each model under
these settings and report the best-performing one
in Table 7.

Model Math Code

ϵ τ ·ϵ ϵ τ ·ϵ
LLaMA3.1-8B Instruct 1e-5 0.8 1e-5 0.8
Qwen3-4B 1e-4 0.5 1e-4 0.8
Qwen3-8B 1e-5 0.5 1e-5 0.5
Qwen3-32B 1e-4 0.8 1e-4 0.8

Table 7: Selected hyperparameters (ϵ, τ · ϵ) for each model
and domain.

The implementation details of Method Ran-
dom. In the Random baseline method, we retain
only 20% of the original supervision tokens in to-
tal. The supervision on the final answer tokens
(those inside \boxed{. . . }) is always preserved.
Once these tokens are fixed, we randomly sample
from the remaining supervision tokens such that the
overall proportion of preserved tokens (answer plus
non–answer) amounts to 20%. All other tokens are
excluded from the loss.

The purpose of designing this algorithm is to
investigate the effect of sparse supervision on SFT.
The method essentially performs a discrete binary
weighting of supervision tokens, thereby allowing
us to ablate and examine how reducing the amount
of supervision signal influences the training dynam-
ics and overall performance.

C.3 Evaluation Details
We select two groups of benchmarks, each consist-
ing of two domain-specific and two comprehen-
sive tasks, resulting in a total of six benchmarks
to thoroughly evaluate the generalization ability of
different methods. Detailed information for each
benchmark is provided in Table 8.

Specifically, for computational efficiency, we
adopt a 1,000-sample i.i.d. subset from the SuperG-
PQA, referred to as SGPQA-1k. We ensure that its
distribution of different disciplines remains consis-
tent with the original dataset. Figure 4 illustrates
the distribution before and after downsampling.

For OJBench, evaluation is performed using its
original problem format. For other non-multiple-
choice benchmarks, we adopt the same instruction
templates as used in the corresponding training do-
main during inference. For multiple-choice bench-
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Benchmark Size Year Task Type Metric Subset Source

AIME 60
2024
2025

Open-ended QA Acc@1 Full
AoPS 2024 I AoPS 2024 II
AoPS 2025 I AoPS 2025 II

Olympiad 674 2024 Open-ended QA Acc@1 OE_TO_maths_en_COMP HF (OlympiadBench)

LCB (v6) 1055 2024 Code generation Pass@1 release_v6 HF (LiveCodeBench)

OJBench 232 2025 Code generation Pass@1 Full HF (OJBench)

RBench 1094 2025 Multiple-choice QA Acc@1 rbench-t_en HF (R-Bench)

SGPQA-1k 1000 2025 Multiple-choice QA Acc@1 1k samples HF (SuperGPQA)

Table 8: Benchmarks used for evaluation.
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Figure 4: Construction of GPQA-1k.

marks, including the two comprehensive bench-
marks, we use the template provided below. All
evaluations are conducted on 8×NVIDIA RTX
PRO 6000 Blackwell GPUs.

We evaluate the models using the VLLM8 frame-
work. The detailed hyperparameter settings for
inference are provided in Table 9.

We extract the predicted answers from model
outputs using regular expression matching on the
\boxed{} format. For AIME and Olympiad, we
further apply math_verify to ensure answer equiva-
lence. For OJBench9, LiveCodeBench10 , we adopt
the official repositories for evaluation. For two
comprehensive benchmarks, we directly verify an-
swers using exact match.

8https://github.com/vllm-project/vllm/releases/tag/v0.9.2
9https://github.com/He-Ren/OJBench

10https://github.com/LiveCodeBench/LiveCodeBench

Multiple-Choice Benchmark Evaluation
Template

You are a helpful and accurate assistant for
solving the following multiple-choice ques-
tion:
{ORIGINAL QUESTION}
Options are:
(A): {OPTION A}
(B): {OPTION B}
...

Please reason step by step, and put the
correct answer within \boxed{} at last.

Hyperparameter Value

temperature 0
top_p 1.0
top_k -1
batch_size 512
VLLM_USE_V1 True
seed 42
enable_thinking True
max_new_tokens 8192

Table 9: Inference hyperparameters used in evaluation.

D Experimental Details of Reinforcement
Learning

We conduct the reinforcement learning experiments
using the VERL11 framework with the GRPO(Shao
et al., 2024) algorithm. For training, we ran-
domly sample 16,800 examples from the Big-
Math12 dataset, which is the largest open-source
dataset of high-quality mathematical problems, cu-
rated specifically for RL training in LLMs. We per-

11https://github.com/volcengine/verl
12https://huggingface.co/datasets/SynthLabsAI/Big-Math-

RL-Verified
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form additional full-parameter RL training on the
Qwen3-4B and Qwen3-8B models obtained from
the main experiments. To ensure comparability, we
use identical hyperparameter configurations across
model sizes and initialization strategies (DFT and
VCORE). The detailed hyperparameter settings are
provided in Table 10.

Hyperparameter Value

algorithm GRPO
train_batch_size 128
max_prompt_length 4096
max_response_length 8192
total_epochs 2
n_gpus_per_node 8
learning rate 5e-6
lr_warmup_steps_ratio 0.1
warmup_style cosine
ppo_mini_batch_size 32
ppo_micro_batch_size_per_gpu 2
entropy_coeff 0.001
use_kl_loss True
kl_loss_coef 0.02
kl_loss_type low_var_kl
use_kl_in_reward False
rollout.n 4
rollout.max_model_len 8192

Table 10: Hyperparameters used in RL training.

E Experimental Details of GSM8K and
MATH500 Evaluation

We evaluate our models on the test split of
GSM8K13 and MATH50014 . The evaluation is
conducted using vLLM, and all other testing con-
figurations remain identical to those described in
Table 9.

F Comparison with RL Approaches

We compare our method against the two most
widely recognized RL approaches in the commu-
nity (Shao et al., 2024; Yu et al., 2025). We train
Qwen3-4B on the same math datasets used in
our main results. For GRPO, we strictly follow
the RL hyperparameters in Section 5.4 reported
in the paper. Since the dataset in this setting is
relatively small, we disable the filtering mecha-
nism for DAPO. We set clip_ratio_low=0.2 and
clip_ratio_high=0.28, while keeping all other
RL-related hyperparameters identical to those used
in GRPO.

13https://huggingface.co/datasets/openai/gsm8k
14https://github.com/openai/prm800k

As shown in the Table 11, our method consis-
tently outperforms these baselines, demonstrating
its effectiveness.

Method AIME Olympiad RBench SGPQA-1k

GRPO 40.00 63.80 25.05 32.10
DAPO 43.33 65.88 28.61 34.10
VCORE 48.33 66.17 34.64 34.30

Table 11: Comparing VCORE with RL methods (GRPO,
DAPO).

G Computational Overhead Analysis

B forward
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B’ forward &
backward
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𝜽𝒕+𝟏

B backward
𝜽𝒕

Probing

Main Branch

Figure 5: Computational Overhead Analysis

The primary computational overhead in VCORE
stems from the additional forward and backward
passes on the batch B′, which are required to esti-
mate the population loss. As illustrated in Figure 5,
the total computational cost of VCORE under par-
allel settings (VCOREparallel) comprises operations
on both B′ and B (i.e., B′ + B forward/backward
passes), whereas SFT involves only B. Conse-
quently, in the regime where |B′| ≪ |B|, the ad-
ditional overhead incurred by VCORE becomes
negligible, rendering its efficiency comparable to
that of standard SFT.

Table 12 presents the average wall-clock time
per training step, along with the additional compu-
tational cost incurred by the B′ branch. We com-
pare VCORE against vanilla SFT across different
sizes of B′. All experiments are conducted on 4
NVIDIA RTX 5880 GPUs with the same setting of
Qwen-4B on math domain in the main results.
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Method |B′| Per Step (s) Performance(Avg.)

SFT – 18.30 42.40
VCORE8 GPUs 4 26.36 (+44%) 46.35
VCOREparallel 4 32.12 (+75%) 46.35
VCOREparallel 8 35.32 (+93%) 45.07
VCOREparallel 16 40.74 (+123%) 46.79
VCOREparallel 32 52.91 (+189%) 45.86
VCORE 32 57.54 (+215%) 45.86

Table 12: Wall-clock time per training step and additional
computational overhead. VCOREparallel computes ℓt(θ;x, y)
in a parallel branch process on the same 4 GPUs, while
VCORE8 GPUs runs the branch process on another 4 GPUs,
both of which eliminate one forward pass in the main training
process and reduce the overall step time.

H Optimizer Scope and Robustness

H.1 From the SGD Derivation to AdamW
Implementation

We clarify that the derivation in Sec 4.1 is exact
for a single-step SGD update and is presented in
that form for clarity of exposition. The same rea-
soning admits a local extension to a broad class
of coordinate-wise first-order optimizer updates of
the form

θ+(q) = θ−η dk
(
gB(q)

)
, gB(q) ≜ ∇θL̂B(θ; q),

where dk(·) is an update map at iteration k,
parametrized by optimizer state (e.g., momentum
and second-moment buffers) carried over from pre-
vious iterations. SGD corresponds to dk(g) = g,
while Adam/AdamW corresponds to a precondi-
tioned first-order direction. For AdamW, the decou-
pled weight-decay term is additive and independent
of q. Since q is chosen to maximize the first-order
decrease of the loss, such q-independent terms do
not affect the KL-constrained optimization. We
therefore present the Adam/AdamW case as a local
first-order extension of the SGD analysis, not as an
exact optimizer-agnostic optimality result. The al-
gorithmic pipeline itself remains unchanged across
optimizers.

Throughout this section, we assume that the up-
date map dk acts coordinate-wise on the gradient
and is C1 in its gradient argument at gu, so that its
Jacobian (defined below) is diagonal and therefore
symmetric. We also assume bounded token gradi-
ents, supt,x,y ∥∇θℓt(θ;x, y)∥2 ≤ G, as is standard
in local first-order analyses.

Step 1: First-order loss expansion. For small
η, a first-order Taylor expansion of the population

loss yields

L(θ+(q))− L(θ)

= −η
〈
∇L(θ), dk(gB(q))

〉
+O(η2).

Step 2: KL-constrained linear objective. Let u
denote the uniform token weighting and define

gu ≜ gB(u), ∆g(q) ≜ gB(q)− gu.

Under the KL constraint KL(q∥u) ≤ δ, q remains
close to uniform. Because

∆g(q)

=
∑

(x,y)∈B

∑

t

(
qt(x, y)− ut(x, y)

)
∇θℓt(θ;x, y),

the bounded-gradient assumption together with
Pinsker’s inequality implies

∥∆g(q)∥2 = O(
√
δ),

where the implicit constant absorbs the batch size
and the gradient bound G. Under the smoothness
assumption above, a first-order linearization of dk
around gu gives

dk(gB(q)) = dk(gu)+Jk ∆g(q)+O
(
∥∆g(q)∥22

)
,

where the Jacobian is evaluated at the uniform-
weight gradient,

Jk ≜ ∂dk(g)

∂g

∣∣∣∣
g=gu

∈ Rp×p.

Substituting this into the loss expansion yields

L(θ+(q))− L(θ)

= C(θ)− η
〈
∇L(θ), Jk∆g(q)

〉

+O(η2) +O(ηδ),

where C(θ) is independent of q, and the O(ηδ)
term arises from multiplying the step size η with
the O(∥∆g(q)∥22) = O(δ) Taylor remainder on
dk. Dropping higher-order terms, the q-dependent
first-order decrease remains linear in q. Therefore,
the KL-constrained maximization retains the same
form as in Sec. 4.1 and admits the same Gibbs-form
solution, with the optimizer-aligned token utility

s̃t(x, y, θ) =
〈
J⊤
k ∇L(θ), ∇θℓt(θ;x, y)

〉
.

Concretely, the optimal reweighting is

q∗(t | x, y, θ) = exp
(
τ s̃t(x, y, θ)

)
∑

j exp
(
τ s̃j(x, y, θ)

) .

28178



Step 3: One-backward probing. To estimate
s̃t, we draw an independent probing batch B′, i.i.d.
from the data distribution and independent of the
main batch B, and compute its uniform-weight gra-
dient

gB′(u) ≜ ∇θL̂B′(θ;u),EB′
[
gB′(u)

]
= ∇L(θ).

Define the probing direction

vk ≜ Jk gB′(u).

By the directional-derivative identity, for any
smooth token loss and small ε,

ℓt(θ − εvk;x, y)

= ℓt(θ;x, y)− ε
〈
vk,∇θℓt(θ;x, y)

〉
+O(ε2).

Taking expectation over B′ and invoking the sym-
metry J⊤

k = Jk from the coordinate-wise assump-
tion, we obtain

lim
ε→0

EB′

[
ℓt(θ;x, y)− ℓt(θ − εvk;x, y)

ε

]

=
〈
Jk∇L(θ), ∇θℓt

〉

=
〈
J⊤
k ∇L(θ), ∇θℓt

〉

= s̃t(x, y, θ).

Hence the one-backward probing scheme yields an
unbiased estimator of s̃t(x, y, θ), where the expec-
tation is taken over the probing batch B′ with θ, the
optimizer state, and B held fixed.

Explicit Jacobian for Adam. As an instance of
the general first-order framework above, we present
the Jacobian Jk for the Adam update map explic-
itly. For a gradient input g, the Adam direction at
iteration k is defined element-wise as

dk(g) = m̂k(g)⊘
(√

v̂k(g) + ϵadam
)
,

where⊘ denotes element-wise division,
√· is taken

element-wise, and ϵadam > 0 is the standard sta-
bilization constant. The first- and second-moment
estimates are

mk(g) = β1mk−1 + (1− β1)g,

vk(g) = β2vk−1 + (1− β2)(g ⊙ g),

where ⊙ denotes element-wise multiplication, and
mk−1, vk−1 are fixed buffers from the previous iter-
ation (independent of the current gradient g). The
bias-corrected moments are

m̂k(g) =
mk(g)

1− βk
1

, v̂k(g) =
vk(g)

1− βk
2

.

Since all operations are element-wise and ϵadam >
0, the map dk : Rp → Rp is smooth in g, and its
Jacobian is diagonal:

Jk = diag(Jk,1, . . . , Jk,p),

where, for each coordinate i, evaluated at g = gu,

Jk,i =
c1
ri
− c2 gu,i m̂k,i(gu)

r 2
i

√
v̂k,i(gu)

,

with

c1 ≜
1− β1

1− βk
1

, c2 ≜
1− β2

1− βk
2

,

ri ≜
√

v̂k,i(gu) + ϵadam.

For AdamW, the decoupled weight decay con-
tributes only an additive q-independent term to
the update and therefore does not change the KL-
constrained reweighting problem above.

H.2 Empirical Comparison Between SGD and
AdamW

To assess optimizer sensitivity, we additionally
compare AdamW with plain SGD under the same
training configuration. We keep the batch size,
number of training steps, LoRA settings, and
learning-rate schedule identical across VCORE and
the baseline methods. For SGD, we disable mo-
mentum and weight decay. The comparison is per-
formed on the same Qwen3-4B math setting as
in the main experiments. The results are shown
at Table 13. Although the absolute values differ
due to optimizer dynamics, VCORE consistently
outperforms SFT and DFT under both optimizers.
The relative ordering remains stable across all four
benchmarks and the overall average. These results
indicate that the empirical advantage of VCORE is
preserved across the two optimizers in this setting.

I Case Study

We conducted several case studies to analyze the
CoT behaviors generated by different methods. In
the table 14, we illustrate the qualitative differences
in reasoning behaviors across methods, and we ob-
serve a clear shift in how VCORE organizes its
chains. SFT produces structured, template-driven
reasoning, while DFT often yields verbose nar-
rative traces. In contrast, VCORE generates ex-
ploratory and self-corrective chains with frequent
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Optimizer Method AIME Olympiad RBench SGPQA-1k Avg.
AdamW SFT 46.67 61.72 30.71 30.50 42.40

DFT 35.00 62.91 34.00 32.40 41.08
VCORE 48.33 66.17 34.64 34.30 45.86

SGD SFT 40.00 60.98 23.40 30.40 38.69
DFT 40.00 60.83 24.04 27.70 38.14
VCORE 43.33 61.72 24.77 30.60 40.11

Table 13: Comparison between AdamW and plain SGD under the same training configuration on the Qwen3-4B math setting.
Avg. denotes the average over the four reported benchmarks.

Method Example CoT Behaviors Characteristics

SFT “Let me think about small cases first.”, “Now let’s move to the
n = 2 case.”, “Let’s verify this pattern.”, “Now generalize. . .”

Template-like reasoning; struc-
tured and explanatory

DFT “Wait, but that’s not possible. . . Actually maybe I should mark the
diagonal. . . But the diagonal doesn’t work. . . let me re-evaluate
the 4× 4 case. . .”

Narrative filler; continuously
adding details

VCORE “Wait, that might be wrong.”, “But that contradicts what I said
earlier.”, “Maybe k = 2n?”, “No, that seems too large.”

Highly exploratory; trial-and-
error with frequent self-correction

Table 14: Qualitative comparison of example chain-of-thought (CoT) behaviors produced by different training methods.

hypothesis checks. This behavior is also consis-
tent with the design of VCORE, which empha-
sizes token-level utility weighting and naturally
promotes more flexible and self-corrective reason-
ing patterns. This indicates that VCORE not only
improves accuracy but also promotes more flexible
and adaptive reasoning dynamics
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