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Abstract

Low-Rank Adaptation (LoRA) has become a
widely adopted parameter-efficient fine-tuning
method for large language models, with its ef-
fectiveness largely influenced by the allocation
of ranks and scaling factors, as well as initial-
ization. Existing LoRA variants typically ad-
dress only one of these factors, often at the cost
of increased training complexity or reduced
practical efficiency. In this work, we present
Task-aware Low-Rank Adaptation (TLoRA), a
unified framework that jointly optimizes ini-
tialization and resource allocation at the outset
of training. TLoRA introduces a data-driven
initialization strategy that aligns the LoRA A
matrix with task-relevant subspaces by per-
forming singular value decomposition on the
product of pre-trained weights and input ac-
tivation covariance. After this, the A matrix
is frozen, and only the B matrix is trained.
Furthermore, TLoRA employs a sensitivity-
based importance metric to adaptively allocate
ranks and scaling factors across layers under a
fixed parameter budget. We conduct extensive
experiments that demonstrate TLoRA con-
sistently performs excellently across various
tasks, including natural language understand-
ing, commonsense reasoning, math reasoning,
code generation, and chat generation, while
significantly reducing the number of trainable
parameters. Our code is available at https://
github.com/Rambo-Yi/TLora/tree/main

1 Introduction

Large Language Models (LLMs) exhibit remark-
able capabilities across diverse Natural Language
Processing (NLP) tasks (Achiam et al., 2023;
Ouyang et al., 2022; Guo et al., 2025). However,
as model scales expand to billions or even hun-
dreds of billions of parameters, full fine-tuning
imposes prohibitive computational and memory
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overhead (Grattafiori et al., 2024; Hoffmann et al.,
2022). To address this, Parameter-Efficient Fine-
Tuning (PEFT) has emerged as a solution that
achieves performance comparable to full fine-
tuning by updating only a minimal number of pa-
rameters, significantly reducing the requirements
for domain-specific fine-tuning (Houlsby et al.,
2019; Liu et al., 2021; Ding et al., 2023).

Among the various PEFT techniques, Low-
Rank Adaptation (LoRA) (Hu et al., 2022) stands
out as a notable approach. As depicted in Figure 1
(Left), LoRA keeps the pre-trained weights W
frozen and approximates the weight update AW
via two low-rank matrices, A and B. In the stan-
dard implementation, A is initialized with a Gaus-
sian distribution, and B is initialized to zero, en-
suring that the initial model output remains iden-
tical to the pre-trained model. This design signifi-
cantly reduces the number of trainable parameters
and enables the product BA to be merged into W
during inference, thereby avoiding extra inference
latency. However, while LoRA performs well on
simple tasks, recent studies indicate that it strug-
gles to match the performance of full fine-tuning
on complex tasks (Shuttleworth et al., 2024; Bider-
man et al., 2024).

A significant factor influencing the effective-
ness of LoRA is the initialization strategy. Fun-
damentally, matrix A functions as a feature extrac-
tor that captures key low-rank information from
high-dimensional inputs, while matrix B serves
as an output mapper that projects these features
into the output space (Zhu et al., 2024). How-
ever, the random initialization of standard LoRA
often results in a low-rank subspace defined by
A that is misaligned with task-relevant directions.
This forces the model to consume substantial op-
timization steps at the beginning of training, pri-
marily to rotate the projection subspace toward
task-relevant directions, thereby hindering conver-
gence efficiency. Motivated by this analysis, we
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Figure 1: (Left) Standard LoRA employs random Gaussian initialization for matrix A and initializes B to zero,
using a fixed rank r across all modules. (Right) TLoRA utilizes a task-aware initialization strategy where matrix
A is initialized using the top-r* singular vectors of the product of pre-trained weights and input covariance (W, C')
and is subsequently frozen (indicated by the snowflake). Furthermore, TLoRA adopts an adaptive resource allo-
cation mechanism to dynamically determine the optimal rank r* and scaling factor s* for each module based on

importance scores to ensure effective optimization.

hypothesize that if A can be precisely aligned
with task-relevant feature subspaces during the ini-
tialization phase, the feature extractor can remain
frozen throughout subsequent training, requiring
only the optimization of the mapper B to achieve
efficient adaptation.

Another significant factor influencing the effec-
tiveness of LoRA is the selection of rank and scal-
ing factors. There are substantial differences in
the contributions of different layers to downstream
tasks. The uniform rank and scaling strategy of
standard LoRA implicitly assumes that all layers
contribute equally, which often leads to parame-
ter wastage in non-critical layers while restricting
the adaptation capacity of critical layers. Although
most existing methods dynamically adjust the rank
of each layer during the training process, this in-
evitably increases training overhead. More impor-
tantly, the o /r scaling strategy in standard LoRA
actually limits the influence of critical layers when
the rank varies. Therefore, we require a mecha-
nism that avoids additional training costs and adap-
tively allocates resources based on module impor-
tance right at the initialization stage.

In light of these challenges, we propose Task-

aware Low-Rank Adaptation (TLoRA), as illus-
trated in Figure 1 (Right). First, to address the

initialization alignment issue, we introduce a data-
driven initialization method. Specifically, we com-
pute the input activation covariance matrix on a
subset of training samples and perform Singular
Value Decomposition (SVD) on the product of the
pre-trained weight matrix and this activation co-
variance. The resulting right singular vectors are
used to initialize and freeze matrix A; meanwhile,
matrix B is initialized to zero and remains the only
trainable component. Second, to address the se-
lection of rank and scaling factors, we utilize a
sensitivity-based weight metric to assess the im-
portance of each module and allocate ranks and
scaling factors accordingly, ensuring that the re-
source budget is concentrated on the most critical
components. Our contributions are summarized as
follows:

1. We derive the optimal closed-form solution A*
under the constraint of a frozen projection ma-
trix A. This result provides critical guidance
for designing our initialization strategy.

2. We introduce an importance scoring mecha-
nism that adaptively assigns different ranks and
scaling factors to each module, enabling more
efficient adaptation without increasing the pa-
rameter budget.
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3. We conduct comprehensive experiments across
several challenging tasks, and the results
demonstrate that TLoRA significantly outper-
forms LoRA and its variants on multiple bench-
marks, even with an approximately 50% reduc-
tion in parameter count.

2 Related Work
2.1 Parameter-Efficient Fine-Tuning (PEFT)

PEFT methods aim to reduce computational and
memory costs by fine-tuning only a small subset of
model parameters while maintaining performance
comparable to full fine-tuning (Ding et al., 2023;
Xu et al., 2023b). A variety of PEFT techniques
have been proposed in recent years. Adapter-
based methods insert small trainable modules be-
tween the frozen layers of a pretrained model
(Houlsby et al., 2019; Riicklé et al., 2020; Pfeif-
fer et al., 2020). While significantly reducing the
number of trainable parameters, this approach typ-
ically incurs additional computational overhead,
leading to increased inference latency. Prompt-
based methods add trainable vectors to the begin-
ning of the input sequence to enable effective fine-
tuning (Li and Liang, 2021; Lester et al., 2021;
Liu et al., 2021). Although these methods demon-
strate strong performance across a wide range of
tasks, the extended input sequence length results
in increased computational overhead during infer-
ence. LoRA represents a particularly successful
branch of PEFT methods (Hu et al., 2022). It
achieves effective adaptation by using low-rank de-
composition matrices to approximate the weight
updates, without introducing any additional infer-
ence latency after weight merging. This practical
solution has inspired numerous extensions and im-
provements. Our work focuses on optimizing the
initialization, rank, and scaling factor allocation
to further unlock the potential of low-rank adap-
tation.

2.2 LoRA Initialization

LoRA initialization is crucial for convergence
speed and final performance. Many studies show
that Vanilla LoRA’s reliance on random Gaussian
initialization limits its ability to match Full Fine-
Tuning on complex tasks. Current improvements
to initialization primarily fall into two categories.
The first category is weight-driven initializa-
tion. PiSSA performs Singular Value Decomposi-
tion (SVD) on pre-trained weights and initializes

LoRA adapters using the principal singular vec-
tors and values (Meng et al., 2024); in contrast,
MiLoRA initializes adapters using the least sig-
nificant singular vectors and values (Wang et al.,
2025); and OLoRA utilizes QR decomposition on
pre-trained weights for initialization (Biiyiikakyiiz,
2024).

The second category is data-driven initializa-
tion. LORA-GA aims to mitigate the initialization
misalignment by aligning the adapter’s initial gra-
dients with those of Full Fine-Tuning (Wang et al.,
2024), and CorDA decomposes weights using
context-oriented covariance matrices to preserve
knowledge-dependent components (Yang et al.,
2024). While these methods enhance LoRA’s per-
formance across various tasks to some extent, they
typically require modifying the pre-trained model
weights (Whew = Wy — AgBg) to ensure that
the model’s output remains unaffected at the onset
of training. This compromise undermines LoRA’s
advantage of efficient inference, as it requires ei-
ther consuming significant time to reconstruct the
initialization during inference or storing an addi-
tional set of weights for subsequent loading.

2.3 Asymmetry and Adaptive Allocation

Recent investigations into the internal mechanisms
of LoRA have revealed a significant asymmetry
between the two low-rank matrices: matrix A is
responsible for extracting features from the input,
while B projects these features onto the output
(Zhu et al., 2024). This functional discrepancy has
motivated a range of targeted optimization strate-
gies. For example, LoRA+ (Hayou et al., 2024)
achieves enhanced performance by increasing the
learning rate specifically for matrix B. LoRA-FA
(Zhang et al., 2023a) demonstrates that keeping A
frozen throughout the training process while train-
ing only matrix B yields performance comparable
to LoRA; this finding not only reduces memory
overhead but also empirically suggests the feasi-
bility of constructing a fixed, high-quality feature
extractor A.

Furthermore, the selection of rank plays a deci-
sive role in the performance of LoRA. It is widely
acknowledged that increasing the rank dimension
enhances the model’s fitting capability. However,
this improvement comes at the cost of linearly
increasing GPU memory footprint and computa-
tional expense. Consequently, maximizing fine-
tuning efficacy within a limited parameter bud-
get has emerged as a focal point of current re-
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search. Recent works such as AdalLoRA (Zhang
et al., 2023b) utilize SVD to iteratively prune
singular values, achieving adaptive budget alloca-
tion across different layers and modules. Alterna-
tively, DyLoRA (Valipour et al., 2023) introduces
a dynamic training objective that allows a single
model to support multiple ranks simultaneously
by training on a nested subset of low-rank matri-
ces. However, a common limitation of this class of
methods is their reliance on dynamic adjustments
during training, which inevitably introduces addi-
tional computational overhead and significantly in-
creases the complexity of the training pipeline.

3 Method
3.1 Background: Low-Rank Adaptation
(LoRA)

LoRA assumes that the weight updates required
to adapt a pretrained model to downstream tasks
lie in a low-dimensional subspace (Hu et al., 2022;
Aghajanyan et al., 2020; Li et al., 2018). Formally,
for a given pretrained weight matrix W, € R™*",
LoRA approximates the update AW as follows:

W' =Wy + AW = WO+%BA, (1)

where W/ € R™*" A € R™", B € R™*", r «
min(m, n), and < serves as a scaling factor for the
update.

During fine-tuning, W) remains fixed, A is ini-
tialized with a random Gaussian distribution, and
B is zero-initialized, ensuring that the model’s out-
puts remain initially unchanged.

3.2 Task-Aware Initialization

To elucidate the critical role of matrix A during
the fine-tuning process, we first analyze the update
dynamics of TLoRA subject to the constraint of a
frozen A.

According to Eq. 1, the gradient of the loss func-
tion £ with respect to B is g—g = %AT. There-
fore, during the training process, the update AW
of the entire weight matrix can be expressed as:

a a oL  p
AW = ;ABA = —U;WA A 2)

where 71 represents the learning rate. Eq. 2 re-
veals a key mechanism: the weight update AW is
strictly constrained within the subspace spanned
by the row vectors of A. This mechanism im-
plies that if the row space of A fails to effectively

capture task-relevant feature directions, the model

will be confined to a suboptimal subspace regard-
less of the optimization of B, thereby preventing
performance from reaching the upper bound of full
fine-tuning.

To determine the optimal initialization of A un-
der this constraint, we provide a detailed theoret-
ical derivation in Appendix A. We formulate the
problem as minimizing the reconstruction error be-
tween the low-rank approximation and the ideal
weight update. By solving this optimization prob-
lem, the closed-form solution is derived as:

A= ‘/TTC—l/Q e R™X" (3)

where C is the input activation covariance ma-
trix, and V, represents the top-r right singular
vectors derived from the Singular Value Decom-
position (SVD) of WoC/2. However, directly
applying this theoretical solution encounters se-
vere numerical stability challenges. As detailed
in Appendix B.1, the activation covariance matrix
C of LLMs typically exhibits an ill-conditioned
spectrum characterized by a long tail of small
eigenvalues and noise. In such scenarios, comput-
ing C~1/2 necessitates inverting extremely small
eigenvalues, which disproportionately amplifies
task-irrelevant noise within the tail singular vec-
tors, thereby causing extreme instability in the fea-
ture extractor during the initial training phase or
even triggering gradient explosion.

To this end, TLoRA employs a robust approx-
imation strategy. Instead of relying on unstable
theoretical targets, we directly perform singular
value decomposition (SVD) on the product of pre-
trained weights and the covariance matrix (WyC),
using the top-r right singular vectors to initialize
the A matrix.

Although WyC' and the theoretical target
WoC1/2 differ mathematically, our empirical anal-
ysis in Appendix B.2 indicates that they extract
nearly identical feature subspaces. Specifically,
we observe an average subspace similarity of
0.908 between the singular vectors of the two tar-
gets across all layers. Moreover, theoretically, this
approximation serves as a beneficial regularization
effect. Since C weights feature directions based on
variance (\), while C/2 weights are based on stan-
dard deviation (v/)), using Wy C' imposes stronger
penalties on tail noise directions. This effectively
suppresses tail noise while preserving dominant
task-specific directions validated by high subspace
overlap.
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Algorithm 1 TLoRA Initialization

for: =1to L do
Si +~0 ,Ci +~0
end for
for n = 1to N do
for i = 1to L do
S; <+ S; + % cwg(\Wi . VWZED
end for
: end for
¢ Riotal < L - Tinits Qotal < L -
: fori =1to L do

r; < | Riotal -

A A A o

_ = ==
W N = O

_
»

am>w

i1 S(Wj)
S(Wi)

i1 S(Wj)

16: U, S, VT « SVD(W;C;).

17: A; +— V[Ii’:}, B; + 0.

18: end for

19: return {(Ai,Bi,ai,ri)}iLzl

. . .. Qtotal
15: o <15 r:”_‘z .

Input: Pre-trained model weights {W;}X_,, sample size N, LoRA rank 7;,i:, LORA alpha o
Output: Initialized LoORA modules {(A;, B;, a;, i) = ;.

Based on this analysis, the final initialization
scheme is defined as:

A=VT B=0 “4)

where V. denotes the top-r right singular vectors
of the matrix WyC'. This approximation method
effectively captures task-relevant directions while
maintaining a high degree of numerical stability.

3.3 Adaptive Rank and Scaling Assignment

Our Task-Aware Initialization resolves the opti-
mization of the projection subspace for an indi-
vidual module. As derived in Appendix A, for a
given rank r, the maximum objective value achiev-
able by the initialization matrix is determined by
the sum of its top-r task-specific singular values:
> i1 0i(Ma).

However, when extending our perspective to
the entire model comprising L modules, the
global optimization objective becomes maximiz-
ing the total objective value across the system:
SE S o (M(An)). The singular value spectra
of M vary significantly across different modules,
which fundamentally reflects their differing de-
grees of contribution to downstream tasks. There-
fore, under a fixed total rank budget, a uniform
rank assignment strategy is mathematically sub-
optimal. To maximize the global optimization ob-

jective, the rank r, must be dynamically allocated,
assigning larger rank capacities to modules with
higher task importance. This reveals a tight theo-
retical coupling: initialization aligns the directions
of the subspace, while rank allocation optimizes
its capacity. Motivated by this unified global ob-
jective, we propose an adaptive allocation strategy
that distributes the limited parameter budget to the
more critical modules, thereby achieving more ef-
ficient model adaptation under the same budget.

To quantify each module’s contribution, we em-
ploy a sensitivity-based importance metric (Liang
et al., 2021; Zhang et al., 2022). The underlying
principle of this metric is that the most critical pa-
rameters are those with both a large magnitude and
a significant impact on the loss. To define the im-
portance score for a given module i, S(W;), we
first capture the influence of each parameter by cal-
culating the product of its magnitude and gradient
|w- VL], and then average these values across all
parameters within the module:

1
SWi) =7 D lw-Vull ()

| z| weW;

where w € W; denotes each parameter in the
weight matrix W;, V,, L is the gradient of the loss
with respect to w, and |W;| represents the number
of parameters in W;. Given the total rank budget
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Ryotqr (sum of distributable ranks), we allocate a
specific rank r; to each module ¢ proportional to
its importance score:
S(W;
Ty = \‘Rtotal : L(Z)—‘ (6)

Furthermore, to ensure that critical modules as-
signed a high rank can be effectively trained, it
is necessary to adjust the scaling factor strategy.
Standard LoRA employs a uniform scaling factor
s = % across all modules. However, this uniform
approach treats all modules indiscriminately, fail-
ing to account for disparities in their importance
to the task. In our design, we concentrate the valu-
able rank budget on the critical modules most sen-
sitive to the task. Adhering to the standard scal-
ing of < would paradoxically cause these critical
high-rank modules to receive smaller scaling fac-
tors, thereby inadvertently attenuating the update
magnitude of the most critical modules.

Following the assignment of adaptive ranks
based on importance scoring, we recalibrate the
scaling factor to amplify the contributions of key
modules. Specifically, instead of using a fixed
a, we dynamically calculate o; for each module
based on the importance score of the module:

) Ototal ) S(Wz)

(N
Fie | YL, S(W))

a; =T

where ay. represents the total scaling budget
across all layers, and r;,;; denotes the initial rank
(e.g., r = 8). This formulation ensures that mod-
ules with higher importance scores S(W;) are as-
signed both a larger rank r; and a correspondingly
higher update magnitude «;, strictly adhering to
our resource-concentration design objective. The
detailed algorithm for TLoRA is in Algorithm 1.

4 [Experiments

We conduct a series of experiments to comprehen-
sively evaluate TLoRA’s performance across var-
ious scenarios. Initially, we evaluate its Natural
Language Understanding (NLU) capabilities us-
ing the T5-base (Raffel et al., 2020) model across
a subset of GLUE (Wang et al., 2018). Subse-
quently, to further evaluate TLoRA’s performance
in natural language generation (NLG), we perform
extensive experiments on the LLaMA2-7B model
(Touvron et al., 2023), covering commonsense rea-
soning, math reasoning, code generation, and chat

generation. Finally, we conduct an ablation study
to validate TLoRA’s effectiveness. We execute all
experiments on a single NVIDIA A800 GPU. Hy-
perparameters are detailed in Appendix C.

4.1 Natural Language Understanding

Settings. We evaluate TLoRA and baseline meth-
ods on the T5-base model. Our experimental
evaluation covers multiple tasks from the GLUE
benchmark, including MRPC (Dolan and Brockett,
2005), CoLA (Warstadt et al., 2019), RTE (Ben-
tivogli et al., 2009), SST-2 (Socher et al., 2013),
and QNLI (Rajpurkar et al., 2016). We use accu-
racy as the evaluation metric across all tasks to en-
sure a consistent comparison.

Results. Table 1 shows the performance of
TLoRA and several baselines on five representa-
tive tasks in the GLUE benchmark. TLoRA at-
tains the highest scores on three of the five tasks
(MRPC, COLA, RTE). While it maintains compet-
itive performance on SST-2 and QNLI, TLoRA’s
average score (85.96%) outperforms all baselines.
These results substantiate TLoRA’s effectiveness
and versatility across diverse natural language un-
derstanding (NLU) tasks.

Method PTramable MRPC COLA RTE SST-2 QNLI Avg.
arameters
FULL 222.90M 87.99 81.30 58.48 93.69 93.09 82.91
LoRA  1297M 8553 76.03 63.17 94.49 93.00 83.44
AdaLoRA 12.98M 71.81 81.01 54.87 93.69 92.89 78.85
LoRA+ 12.97M  66.66 70.75 51.26 93.80 92.73 75.04
DoRA  13.17M 8651 81.20 59.56 94.26 93.06 82.91
OLoRA 12.97M 87.99 75.83 66.78 90.13 90.48 82.24
PISSA  1297M 88.72 81.20 69.67 94.03 92.60 85.24
LoRA-GA 12.97M 8823 82.83 69.31 94.61 93.00 85.59
CorDA  1297M 8848 81.78 71.11 93.92 92.75 85.60
TLoRA  544M 88.97 82.93 71.48 93.80 92.62 85.96

Table 1: Results of fine-tuning T5-base using TLoRA
and baseline method on a subset of GLUE. Bold num-
bers indicate the best performance achieved on this sub-
task. For TLoRA, the reported trainable parameters
(5.44M) are the average across five tasks due to its adap-
tive rank mechanism.

4.2 Natural Language Generation

Settings. We conduct extensive experiments on
the LLaMAZ2-7B model across four diverse task
categories, each designed to evaluate a distinct ca-
pability of large language models: commonsense
reasoning, math reasoning, code generation, and
chat generation. These tasks serve as comprehen-
sive benchmarks to evaluate the fine-tuning effec-

29257



Trainable

Method Parameters BoolQ PIQA SIQA HellaSwag WinoGrande ARC-e ARC-c OBQA Averge
FULL 6738M 62.17 73.12 74.82 83.35 72.13 72.51 56.99 69.40 70.56
LoRA 79.95M 72.38 8596 81.52 94.86 86.50 88.88 74.06 84.40 83.57
AdaLLoRA 79.96M 71.34  83.51 81.62 93.74 84.68 87.58 73.37 83.80 82.46
LoRA+ 79.95M 72.14  83.40 80.50 94.17 85.79 87.24 73.37 81.20 82.23
DoRA 81.31M 72.62 85.03 81.52 94.81 85.79 88.29 75.42 85.40 83.61
OLoRA 79.95M 7134 8590 80091 94.15 85.39 87.07 74.57 84.00 82.92
PISSA 79.95M 71.89 85.03 80.96 93.91 85.47 86.78 73.72 86.40 83.02
LoRA-GA 79.95M 69.93 8433 81.26 94.08 85.47 87.07 72.18 84.40 82.34
CorDA 79.95M 67.33 79.86 79.22 91.60 83.10 82.82 68.00 81.40 79.17
TLoRA 41.68M 72.87 86.28 82.59 95.21 86.58 88.59 76.36 85.20 84.21

Table 2: Evaluation results of commonsense reasoning of LLaMA2-7B on 8 tasks. Bold numbers indicate the best
performance achieved on this subtask.

Method 1 74MPle ooV igK MATH HumanEval MBPP  MT-Bench
Parameters
FULL 6738M 5231 8.08 23.20 38.60 4.75
LoRA 319.81M 4480  6.18 20.70 35.70 476
AdaLoRA  319.84M 4320  5.74 20.70 36.00 4.50
LoRA+ 319.81M 4867  6.92 22.60 35.40 4.69
DoRA 21.17M 4510 5.96 20.70 36.00 470
OLoRA 319.81M 5238 822 22.00 38.90 4.99
PISSA 31981M 5344  7.40 22.60 38.60 5.00
LoRA-GA 319.81IM  58.15  8.66 23.20 38.60 4.97
CorDA 319.81M 5443 870 21.30 39.40 5.09
TLoRA 171.71IM 5634  9.08 23.50 40.20 5.17

Table 3: Results of fine-tuning LLaMA2-7B using TLoRA and baseline method on math reasoning, code genera-
tion , and chat generation. Bold numbers indicate the best performance achieved on this subtask. For TLoRA, the
reported trainable parameters (171.71M) are the average across three tasks due to its adaptive rank mechanism.

tiveness of TLoRA in comparison with baseline
methods.

* Commonsense Reasoning. We fine-tune %o
LLaMA2-7B on Commonsensel70K (Hu et al., 02 e,
2023). We use accuracy as an indicator for com- 020 N
. 0 200 400 600 800 o 200 400 600 800
monsense reasoning tasks. Steps Steps

* Math Reasoning. We fine-tune LLaMA2-
7B on a selected 100K subset of MetaMathQA
(Yu et al., 2023). We evaluate on two bench-
marks: GSMS8K (Cobbe et al., 2021) and MATH
(Hendrycks et al., 2021). We measure the accu-
racy of the final answer.

* Code Generation. We fine-tune LLaMA2-7B
on a 100K subset of Code-Feedback (Zheng

Figure 2: (Left) Training loss curves of TLoRA and
baseline with 128 ranks on the MetaMathQA dataset.
(Right) Training loss curves from the ablation study
with different settings on the MetaMathQA dataset.

on a 100K subset of WizardLM-Evol-Instruct
(Xu et al., 2023a). We evaluate using MT-Bench
(Zheng et al., 2023). Response quality is evalu-

et al., 2024). We evaluate on two benchmarks:
HumanEval (Chen et al.,, 2021) and MBPP
(Austin et al., 2021). Performance is measured
using the pass@1 metric, representing the per-
centage of generated solutions that pass all test
cases.

¢ Chat Generation. We fine-tune LLaMA2-7B

ated using GPT-4 as a judge.

Results. The comprehensive experimental re-
sults are shown in Tables 2 and 3. Notably,
despite utilizing significantly fewer trainable pa-
rameters, TLoRA consistently achieves superior
or highly competitive performance across various
inference and generative benchmarks. On com-
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monsense reasoning benchmarks, TLoRA demon-
strates superior performance, achieving the best
results on five out of eight subtasks and attain-
ing the highest overall average accuracy (84.21%).
In the domain of math reasoning, TLoORA demon-
strates robust capabilities. On the MATH math
reasoning benchmark, TLoRA achieves an accu-
racy of 9.08%, outperforming all baselines. For
GSMBSK, although it trails LORA-GA marginally,
TLoRA still achieves an excellent accuracy rate of
56.34%, significantly surpassing Full Fine-Tuning
(+4.03%) and standard LoRA (+11.54%). Sim-
ilarly, in code generation tasks, which require
both algorithmic reasoning and syntactic preci-
sion, TLoRA demonstrates clear superiority. It
achieves the best performance on both HumanEval
(23.50%) and MBPP (40.20%), outperforming all
parameter-efficient baselines. Even in the highly
complex domain of conversational Al, TLoRA sur-
passes all baseline methods and maintains opti-
mal performance (5.17). Additionally, Figure 2
(Left) shows that our method maintains efficient
convergence comparable to advanced initialization
methods, while consistently outperforming stan-
dard LoRA. These results collectively highlight
TLoRA as a highly efficient and effective fine-
tuning strategy, delivering optimal performance
across diverse tasks with reduced parameter over-
head. Additionally, we demonstrate the effective-
ness of TLORA across different model architec-
tures and scales (e.g., LLaMA3 and Mistral) in Ap-
pendix D.1.

4.3 Ablation Study

We conduct an ablation study to assess the impact
of each component. The experimental setup is de-
tailed as follows:

* LoRA: The standard LoRA.

* + RA (Rank Adaptation): The standard LoRA
enhanced Rank Adaptation component.

* + SA (Scale factor Adaptation): The standard
LoRA enhanced Scale factor Adaptation compo-
nent.

¢ + Init (Task-aware Initialization): The base-
line LoRA enhanced Task-aware Initialization
component.

* TLoRA: Our full proposed model, which inte-
grates Init, RA, and SA.

The results of the ablation study (Table 4)
perfectly corroborate our theoretical framework
regarding the tight coupling between "direction

Method GSMS8K MATH HumanEval MBPP
LoRA 44.80 6.18 20.70 35.70
+RA 45.33 5.96 22.60 34.40
+SA 45.86 6.30 23.20 35.40
+ Init 51.78 7.74 22.00 39.40
+Init+ RA  54.05 7.68 22.60 38.60
+Init+ SA  55.11 8.36 22.00 39.40
+RA+SA  47.68 6.50 22.60 36.50
TLoRA 56.34 9.08 23.50 40.20

Table 4: Our ablation studies evaluate performance
across various experimental settings. The results
presented are derived from fine-tuning the LLaMA2-
7B model using the Code Feedback 100k and Meta-
MathQA 100k data subsets.

alignment" and "capacity allocation." First, we ob-
serve that under standard random initialization, ap-
plying only rank adaptation (+RA) or scale fac-
tor adaptation (+SA) yields minimal gains and can
even degrade performance. This is precisely be-
cause random initialization fails to align with the
task-relevant feature basis; blindly allocating rank
capacity or scaling updates within this "wrong"
subspace fails to effectively capture core task-
relevant features. In stark contrast, introducing
only our task-aware initialization (+Init), leading
to a substantial performance leap across all bench-
marks. The full TLORA model successfully max-
imizes the global optimization objective through
adaptive rank and scaling allocation, ultimately
achieving the best overall performance. Further-
more, as shown in Figure 2 (Right), this integrated
approach accelerates model convergence, under-
scoring its superior efficiency.

4.4 Expressiveness of the Frozen A Matrix

A core design choice in TLORA is freezing the
projection matrix A post-initialization.  Theo-
retically, freezing A confines the weight update
strictly to its initial row space, thereby restrict-
ing dynamic "subspace evolution." A natural con-
cern is whether this limitation caps the model’s ex-
pressiveness upper bound, particularly in complex
tasks (e.g., mathematical reasoning or dialogue
alignment) where the optimal low-rank subspace
might evolve during training.

To rigorously address this concern, we provide
evidence from both static final performance and
dynamic training trajectories. First, as shown
in Table 5, the performance disparity is minimal
across most benchmarks. Specifically, Frozen-A
not only matched the performance of the unfrozen
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GSMSK MATH HumanEval

MBPP MT-Bench

Method
TLORA (Unfrozen-A)  57.01
TLORA (Frozen-A) 56.34

8.78
9.08

23.20
23.50

40.70 5.09
40.20 5.13

Table 5: Performance comparison between the standard TLORA (Frozen-A) and the fully trainable variant
(Unfrozen-A) across math reasoning, code generation, and chat generation benchmarks. The results demonstrate
that freezing A maintains competitive performance while halving the trainable parameters per adapter.

Task Method 1000 Steps 2000 Steps 3086 Steps (Final)
GSMSK TLORA (Frozen A) 59.05 62.47 64.36
TLORA (Unfrozen A) 59.21 62.69 64.51
MATH TLORA (Frozen A) 9.56 11.66 12.04
TLORA (Unfrozen A) 9.26 11.92 13.08

Table 6: Performance of Frozen A vs. Unfrozen A on the MetaMathQA dataset across different training stages.

variant on most tasks but even surpassed it on the
MATH (9.08% vs. 8.78%), MBPP (23.50% vs.

23.20%), and MT-bench (5.13 vs. 5.09) bench-
marks.
Second, to directly validate the necessity

of "subspace evolution," we conducted a de-
tailed tracking experiment on the complete Meta-
MathQA dataset. We compared Frozen-A against
the trainable Unfrozen-A variant, evaluating their
performance every 1,000 steps (Table 6). The
empirical data reveals that the performance gap
between freezing and unfreezing A remains ex-
tremely marginal across all training stages. This
compellingly demonstrates that the initial sub-
space captured by TLORA via WyC is already
near-optimal. Because this initialized subspace
accurately aligns with the core feature directions
required for complex reasoning from step zero,
subsequent dynamic subspace evolution via gra-
dient descent becomes largely redundant. Con-
sequently, freezing A is not a restrictive compro-
mise, but rather a deliberate and highly effective
design choice that guarantees maximum parameter
efficiency and training stability without sacrificing
task performance.

4.5 Computational and Memory Analysis

To validate TLoRA’s efficiency, we fine-tune
Llama-2-7B on the MetaMathQA dataset, record-
ing actual training time and memory consumption.
TLoRA requires a one-time precomputing phase
for initialization and importance allocation. To
minimize memory peaks during this phase, we
compute the covariance matrix layer by layer and
immediately offload it to CPU memory. As re-

Method Stage Time Memory

Initialization - -

LoORA 1 Training ~ 4h48minlSs 63530MB

232.47s 17098 MB
4h49min23s 50448 MB

Initialization

TLoRA .
Training

Table 7: Time and GPU memory costs during initializa-
tion and training.

ported in Table 7, the initialization process incurs
merely 232 seconds, a negligible fraction of the
approximately 5-hour total training duration. Fur-
thermore, compared to LoRA, TLoRA freezes the
projection matrix A, eliminating the need to store
optimizer states for these parameters and signifi-
cantly reducing GPU memory consumption during
training.

5 Conclusion

This paper proposes TLoRA, a novel task-aware
low-rank adaptation method that aligns adapters
with task-relevant feature subspaces at the onset of
training by performing SVD on the product of pre-
trained weights and input activation covariance.
Furthermore, to enhance parameter efficiency, we
introduce a sensitivity-based importance scoring
mechanism, enabling the adaptive allocation of
ranks and scaling factors across different modules.
Across extensive benchmarking, TLoRA consis-
tently outperforms existing PEFT methods. No-
tably, since TLoRA operates solely during the ini-
tialization stage, it can be seamlessly integrated
into existing LoRA pipelines as an efficient alter-
native initialization method, offering a simple yet
effective enhancement to model adaptation.
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Limitations

One limitation of this work stems from compu-
tational resource constraints, which restricted our
evaluation primarily to the T5-Base and LLaMA2-
7B models. Consequently, the scalability of
TLoRA to larger-scale models (e.g., LLaMA2-
70B) or Mixture-of-Experts (MoE) architectures
remains to be empirically verified.

A second limitation lies in the scope of our
application; while our method is theoretically
applicable to other architectures such as Vision
Transformers (ViTs) and Vision-Language Mod-
els (VLMs), this study focuses exclusively on Nat-
ural Language Processing (NLP) tasks.
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A Theoretical Derivation of Optimal
Initialization

We theoretically analyze the effect of the selection
of A on fine-tuning performance. Inspired by the
literature (Zhu et al., 2024), we formalize the prob-
lem as follows: given a projection matrix A, when
A is frozen and B is optimized under the least-
squares criterion, the expected loss corresponding
to the optimal solution B* is denoted as L(A, B*).
Our objective is to identify the optimal A* that
minimizes this loss. This loss function can be ex-
pressed as:

L(A, B*) = dyo® + Tr[ACAT]

— Tr[ACATACAT (ACAT)™Y

(®)
Where C' = Cov|[X| denotes the covariance matrix
of the input data, A represents the weight update
under ideal conditions, and d,,;02 represents the
irreducible error. Since the first two terms, dyy:02
and Tr[ACA"], depend solely on the data distri-
bution and the target taskbeing independent of the
selection of Aour objective of minimizing the loss
L is equivalent to maximizing the trace of the third
term:

J(A) = Tr[ACATACAT(ACAT)™Y] (9

To ensure numerical stability and ensure non-
singularity, we employ Tikhonov regularization by
introducing a small damping factor € (e.g., € =
1075): Creg = C + el. This modification guaran-
tees that Cleg is strictly positive definite. For no-
tational simplicity in the following steps, we will
denote the regularized matrix Cey simply as C.

Given that the covariance matrix C' is symmet-
ric positive definite, there exists a unique sym-
metric positive definite square root C'*/2 such that
C = C'Y/2C"/2, Let us define the transformed ma-
trix as A = AC'/2. Leveraging the cyclic prop-
erty of the trace (Tr(ABC') = Tr(BCA)), we can
rewrite the objective function in terms of A:

J(A)=Tv [AT(AAT)1A. (ACW)T(ACW)]
(10)
Here, we decompose the optimization objective

into the inner product of two matrices: Pj; and
M.
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* P; = AT(AAT)~! A represents the orthogo-
nal projection operator onto the row space of
A, constrained to rank r..

o Ma = (ACY*)T(ACY?) is a symmetric
positive semi-definite matrix determined by
the data and the ideal update quantity, con-
taining the target directional information for
the task.

Consequently, the optimization problem is
transformed into finding a projection matrix Pj; of
rank 7 that maximizes Tr[P;Ma].

To solve this extremum problem, we introduce
the von Neumann trace inequality. For any two
symmetric matrices X and Y, the trace of their
product satisfies the following upper bound:

d
T(XY)| < 3 0 (X)ai(Y)
=1

(In

Where o;() denotes the eigenvalues of the ma-
trix sorted in descending order. The necessary and
sufficient condition for the equality to hold is that
X and Y share the same eigenvectors. We apply
this theorem to the current optimization objective,
setting X = Pjand Y = M. Since Pj is an or-
thogonal projection matrix of rank 7, its eigenval-
ues o;(P) have a specific distribution: o;(P) = 1
for 1 < ¢ < r, and O otherwise. Therefore, the
inequality simplifies to:

Tr(P;Ma) < ZU,;(MA)

=1

(12)

This indicates that the maximum value of the
objective function is determined by the sum of the
top r largest eigenvalues of M. Based on the
condition for equality in the inequality, the opti-
mal projection matrix P* must share eigenvectors
with Ma. Specifically, P* must be the projection
onto the eigensubspace corresponding to the top r
largest eigenvalues of M.

Let the eigendecomposition of Ma be Ma =
VIV, where V,, € R™ " denotes the matrix
composed of the top r eigenvectors. Then the op-
timal projection matrix is uniquely determined as:

P =vV' (13)
Recalling the definition P = AT(AAT)"1A4,
we note that P depends solely on the row space

of A and not on the specific basis used to rep-
resent it. Consequently, any matrix A = QV,

(where Q € R"*" is invertible) will yield the same
optimal projection matrix P* = V,. VT, resulting
in the same optimal value for the objective func-
tion. Among all equivalent solutions, we select
the canonical form where ) = I,.:

A =v" (14)

This derivation reveals a fundamental property:
the theoretical optimal initialization is solely de-
pendent on the principal directions (eigenvectors)
of the target matrix Ma. Consequently, the
row space of the optimal adapter A* is uniquely
spanned by the top 7 right singular vectors of the
target matrix MAa.

In practical fine-tuning scenarios, the true up-
date quantity A is completely unknown before
training, which makes the direct construction of
the target matrix Ma impractical. However, the
theoretical derivation above establishes a crucial
principle: the optimal projection matrix P* is
solely determined by the principal eigendirections
of the target matrix Ma, independent of the spe-
cific magnitude of its eigenvalues. This implies
that we do not need to reproduce the specific nu-
merical values of A; we only need to find a com-
putable proxy matrix Mpoxy that exhibits high
alignment with MA in terms of its "subspace di-
rections."

To construct this proxy matrix, we draw upon
a key insight from the LoRA (Hu et al., 2022):
the weight update A resulting from fine-tuning ex-
hibits a strong intrinsic correlation with the pre-
trained weights Wy. Specifically, A does not
randomly explore entirely new subspaces but in-
stead tends to amplify certain directions that are
already present in Wy but were not fully empha-
sized. Building on this, we hypothesize that task-
specific directions are essentially the pre-trained
features (Wp) that are strongly activated by the
current data (C). In other words, W provides
the potential feature basis, while C acts as the
"Selector" for filtering these directions. Conse-
quently, we define the computable proxy matrix as:
Mproxy = (WoCY/2)T(WoC/?). This formula as-
sumes that the principal subspace of Mpoxy can
serve as an accurate structural substitute for Ma .

To verify the feasibility of this hypothesis, we
conducted an empirical analysis using the Llama2-
7B model on the MetaMath dataset. Specifically,
we measured the subspace overlap between the
proxy matrix Mpxy and the ground-truth update
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matrix Ma obtained via full fine-tuning. We
adopted the subspace similarity metric proposed
in LoRA to measure this alignment:

_ HU[onyUAH%“ c
T

¢(Mproxya MA) [07 1] (15)
where Uproxy and Ua denote the top-r principal
singular vectors of Myoxy and Ma, respectively.
As illustrated in the figure, it depicts the sub-
space similarity between Ma and Mpxy com-
puted from the Q projection matrix of each layer in
Llama2-7B. There is a significant subspace consis-
tency between My oxy and Ma, with the average
similarity reaching 0.71. This evidence strongly
supports our hypothesis that Mpxy serves as an

effective structural substitute for Ma. Finally, we
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Figure 3: Subspace Similarity (¢).

map the optimization result back to the original
parameter space via an inverse transformation to
recover the LoRA projection matrix A. Recall-
ing the transformation definition A = AC'/2, by
right-multiplying both sides of the equation by
C~1/2, we derive the theoretical optimal solution
for A as:

A= Wchl/Q e R"Xn (16)
Where V. is the matrix composed of the top r
right singular vectors of the matrix WoC'/2. This
closed-form solution explicitly integrates both the
pre-trained feature structure and data-driven acti-
vation statistics into the initialization of A.

B Empirical Analysis of Initialization
Approximation

B.1 Numerical Instability of the Theoretical
Solution

Under the constraint of a frozen matrix A, we de-
rived the theoretically optimal initialization solu-
tion A = VTTC’_l/ 2, where V; is obtained from
the SVD of W (/2. However, in practice, TLoRA

adopts a robust approximation strategy A = VI,
where V. is derived from the SVD of W . In this
chapter, we will provide a detailed analysis of the
instability inherent in the theoretical solution.

To investigate the root cause of the instability,
we visualized the eigenvalues of the input activa-
tion covariance matrices for the ¢ matrices in lay-
ers 5, 15, and 25 of Llama-2-7B. As illustrated in
Figure 4, the spectra across various layers exhibit a
consistent long-tail distribution. The vast majority
of these are extremely small eigenvalues. Invert-
ing these tail values would systemically amplify
noise, justifying our use of the robust approxima-
tion A = VT

Consistent Spectrum Decay Across Layers
—— Layer 5 (Shallow)
—— Layer 15 (Middle)
Layer 25 (Deep)

Eigenvalue Magnitude (Log Scale)

0 1000 2000 3000 4000
Rank Index

Figure 4: Eigenvalue spectrum consistency across vary-
ing layers.

To directly observe the instability of the theo-
retical solution, we compare the training perfor-
mance of the theoretical solution with that of the
approximate solution.

Figure 5 presents the gradient norm and train-
ing loss curves during the initial phase. The
results provide compelling evidence: firstly, the
theoretical solution exhibits a propensity for gra-
dient explosion, with gradient norms exceeding
those of TLoRA by several orders of magnitude.
Secondly, this instability hinders effective model
learning, resulting in a failure to converge. In con-
trast, TLoRA maintains stable and lower gradient
norms, achieving rapid convergence.

Gradient Norm Comj

Training Steps Training Steps

Figure 5: (Left) The gradient norm curves. (Right)
The training loss curves.
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B.2 Subspace Alignment Analysis

Although theoretical derivations suggest extract-
ing a sub-space from WyC'/2, TLoRA actually
performs SVD on WyC'. We adopt this approxi-
mation to circumvent the computational cost and
potential numerical issues associated with root
extraction, while leveraging covariance’s supe-
rior noise suppression properties compared to its
square root. To validate that replacing WC''/2
with WyC' does not compromise the quality of
the learned subspace, we conducted a quantitative
analysis comparing structural alignment between
the two objectives.

Specifically, we computed the subspace similar-
ity ¢ between the top-r right singular vectors de-
rived from WoC' (denoted as U gppro.) and those
derived from WyC 1/2 (denoted as Urpeory) across
all layers of the LLaMA2-7B model. We utilized
the projection metric defined as:

¢(UApproa3, UTheory) = %HUprroajUThEOTyH%'
a7
As illustrated in Figure 6, the subspace simi-
larity is consistently high across all layers, with
an average similarity of 0.908. Even in the lay-
ers with the lowest overlap, the similarity score re-
mains above 0.88. This strong alignment confirms
that the principal directions extracted by WyC' are
nearly identical to those of the theoretical solution.

- Layer
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0sso
oszs
0900 B = T - —1
omrs
osso
ons
I
. s 1 ) 2 0

15
Layer Index

Subspace Similarity ¢

Figure 6: Subspace similarity analysis between the the-
oretical initialization target (W, C''/2) and our robust
approximation (W, ().

Furthermore, given the phenomenon observed
in Section B.1 (Figure 4), using C (variance-
weighted) rather than Cc1/2 (standard deviation-
weighted) proves more effective at suppressing the
influence of noise directions and is therefore re-
tained.

C Experiment Setups

To ensure reproducibility, we fixed the random
seed to 42 for all experiments. Due to computa-

tional constraints, all reported results are derived
from a single run.

C.1 GLUE benchmark

Hyperparameters GLUE
Rank r 32
« 32
Dropout 0
Optimizer AdamW
LR 3e-4
LR Scheduler Cosine
Batch size 32
Warmup ratio 0.03
Epochs 3
Where g, k, v, 0, wi, wo
Sample size(TLoRA) 32

Table 8: Hyperparameter configurations of TLoRA and
other PEFT methods for T5-Base on the GLUE Bench-
mark tasks.

C.2 Commonsense reasoning

Hyperparameters Commonsense Reasoning
Rank r 32
o 32
Dropout 0
Optimizer AdamW
LR le-4
LR Scheduler linear
Batch size 32
Warmup ratio 0.03
Epochs 1
Where g, k, v, up, down, o, gate
Sample size(TLoRA) 32

Table 9: Hyperparameter configurations of TLoRA and
other PEFT methods for Llama2-7B on the Common-
sense reasoning.

C.3 Math Code Chat

Hyperparameters Math Code Chat
Rank r 128
o 128
Dropout 0
Optimizer AdamW
LR 2e-5
LR Scheduler cosine
Batch size 128
Warmup ratio 0.03
Epochs 1
Where g, k, v, up, down, o, gate
Sample size(TLoRA) 32

Table 10: Hyperparameter configurations of TLoRA
and other PEFT methods for Llama2-7B on the Math
reasoning, Code generation, and chat generation.
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Model method GSMS8K MATH
LoRA 7081  19.40
. DoRA 7058  18.68
Mistral-7B — praga 7316 19.64
TLoRA 7338  20.32
LoRA  56.10  9.84
DoRA  57.16  9.78
LLaMA2-I3B - piasa 6202 1224
TLoRA 6451  12.74
LoRA 7194 984
DoRA 7210 2222
LLaMA3-8B  bigga 7626 24.06
TLoRA  77.86  24.76

Table 11: Results of fine-tuning Mistral-7B, LIaMA2-
13B, and L1aMA3-8B using TLoRA on a 100K subset
of MetaMathQA. Bold numbers indicate the best per-
formance achieved on this subtask.

D Analysis TLoRA

In this section, we conducted comprehensive anal-
yses to validate the effectiveness of TLoRA. Un-
less otherwise specified, all analyses in this sec-
tion are evaluated based on the fine-tuning results
of the Llama-2-7B model on mathematical reason-
ing tasks.

D.1 Comparison with More Models

Models and Datasets. We further assessed
TLoRA’s robustness and scalability through exper-
iments on three additional models: a larger model
(LLaMA2-13B (Touvron et al., 2023)), a more ad-
vanced model(LLaMA3-8B), and a model from
a different architecture (Mistral-7B (Jiang et al.,
2023)). For these supplementary evaluations, we
fine-tune the model on the same 100K subset of
MetaMathQA (Yu et al., 2023) from our main ex-
periments, focusing on the mathematical reason-
ing domain as an efficient yet challenging per-
formance benchmark. Performance is evaluated
on the GSMS8K (Cobbe et al., 2021) and MATH
(Hendrycks et al., 2021). Hyperparameters are
kept consistent with the LLaMA2-7B setup. De-
tailed hyperparameter configurations for experi-
ments are provided in Table 10.

Results. Table 11 presents the comparative results
across Mistral-7B, LLaMA2-13B, and LLaMA3-
8B. TLoRA consistently outperforms all base-
line methodsLoRA, DoRA, and PISSAacross both
GSMS8K and MATH benchmarks for all three mod-

els. Notably, TLoRA demonstrates exceptional
scalability on the larger LLaMA2-13B model,
achieving 64.51% on GSMS8K and 12.74% on
MATH, surpassing the strong baseline PISSA by
clear margins. Furthermore, on the more advanced
LLaMA3-8B and architecturally distinct Mistral-
7B, TLoRA maintains its leadership position,
achieving the highest accuracy in every setting.
These results strongly validate that TLoRA’s effec-
tiveness is robust across different model scales and
architectural designs, consistently delivering supe-
rior fine-tuning performance compared to existing
PEFT methods.

D.2 Comparison with Different initialization
settings.

To validate the effectiveness of TLORA initializa-
tion, we conducted comparative ablation experi-
ments across three distinct initialization settings.
Specifically, while maintaining consistent subse-
quent training settings (i.e., freezing matrix A and
training only matrix B), we compared the follow-
ing three strategies for constructing feature extrac-
tor A:

* Random-init. Using the standard LoRA config-
uration with random initialization of A.

* Weight-only, W-SVD. Perform SVD decompo-
sition on the pre-trained weights W and initial-
ize A using the first r principal singular vectors.

¢ TLoRA-init, WC-SVD. Follow the TLoRA-init
initialization matrix A.

Analysis. As shown in Table 12, random-init
performed the worst, which validates our theo-
retical motivation. Since the weight updates are
strictly confined within the subspace spanned by
the row vectors of A, a random initialization
makes it hard to capture task-relevant feature direc-
tions, severely bottlenecking the model’s adaptive
capacity even if B is optimized. Second, while
W-SVD improves performance by over 10% com-
pared to the random baseline, it remains signif-
icantly inferior to the full TLoRA initialization.
This gap suggests that weight magnitude in isola-
tion is a suboptimal proxy for importance. Finally,
WC-SVD (TLoRA) achieves the best results, out-
performing W-SVD by a substantial margin of
8.34% on GSMS8K and 1.90% on MATH. This em-
pirical success confirms that the weighted product
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Wy C' more accurately captures the principal com-
ponents of the task-specific update subspace, al-
lowing the model to achieve superior adaptation
performance with a frozen feature extractor.

Init GSMSK Math
Random-init 33.20 4.86
W-SVD 43.44 5.84
WC-SVD 51.78 7.74

Table 12: Results of fine-tuning 1lama2-7B using differ-
ent init setting.

D.3 Sensitivity Analysis of Sample Size

Our task-aware initialization is a data-driven ini-
tialization method. A crucial issue is the sensitiv-
ity of our method to the number of samples used
during initialization. To evaluate the robustness of
TLoRA, we conduct a sensitivity analysis by vary-
ing the amount of data used for initialization and
observing the impact on the performance of the fi-
nal model.

Analysis. The results in the table 13 indicate
that the performance of TLoRA is very robust to
the number of samples used for calibration. In
GSMBS8K and MATH benchmark tests, whether us-
ing small batches (such as 16 samples) or large
batches (such as 512 samples), the final accu-
racy remains within a very narrow and high-
performance range. This discovery strongly in-
dicates that our task-aware initialization can ef-
fectively estimate high-quality adaptive subspaces
from a small number of representative samples
without requiring a large amount of calibration
data. This result highlights the stability and practi-
cality of TLoRA.

method GSM8K MATH
TLoRA(with 16 samples) 56.17 8.70
TLoRA(with 32 samples) 56.34 9.08
TLoRA(with 64 samples) 56.64 9.00
TLoRA(with 128 samples)  56.56 8.98
TLoRA(with 256 samples) 56.94 8.88
TLoRA(with 512 samples)  55.88 9.12

Table 13: Results of fine-tuning L1aMA2-7B using dif-
ferent sample size initialization TLoRA on a 100K sub-
set of MetaMathQA.

D.4 Robustness of TLoRA towards different
ranks

This section investigates the effect of varying rank
configurations on the performance of TLoRA and
LoRA. We evaluate the performance of the fine-
tuned LLaMA2-7B model on math reasoning and
code generation tasks. Table 14 illustrates the per-
formance of both methods across different rank
settings. Notably, TLoRA consistently outper-
forms LoRA in all configurations, demonstrating
its effectiveness in improving fine-tuning perfor-
mance and its robust generalization capabilities.

Method Rank GSMS8K MATH MBPP HumanEval

16 3290 422 32.80 15.90
LoRA 32 37.07 454 34.10 16.50
64 4048 542 3650 17.70
128 4480 6.18 35.70 20.70
16 4490 620 3430 18.90
32 4780 6.64 37.30 19.50
TLoRA 64 5287 792 39.00 22.60
128 5635 9.08 39.20 23.50

Table 14: Comparison of LoRA and TLoRA with vary-
ing ranks for LLaMA2-7B on different tasks.

E Differentiated Module Importance
Across Tasks

To further probe the task-specific nature of module
importance, we analyse the difference in scores be-
tween the mathematical reasoning and code gener-
ation domains. We subtract the importance score
of each module on the code task from its impor-
tance score on the math task. The resulting impor-
tance difference, visualised in a heatmap in Figure
7, reveals a highly localised pattern rather than a
global shift. We observe a distinct difference in
the middle layers of the network (approximately
layers 8-15), where the v.0; and 0p,; modules
exhibit significantly higher importance for math
reasoning than for code generation. In contrast,
the vast majority of other modules across all layers
show negligible differences, suggesting their roles
are largely task-agnostic.

This findingthat only a sparse, specific subset of
modules is highly task-sensitivepowerfully under-
scores the necessity of an adaptive allocation strat-
egy like TLoRA. It demonstrates that superior per-
formance hinges on the ability to identify and con-
centrate the parameter budget onto these few criti-
cal, task-specific modules, rather than uniformly
distributing it across the many general-purpose
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Figure 7: The data on the graph shows the difference
in importance scores between mathematical tasks and
code tasks.

F Baseline

Baselines. We compare TLoRA with several base-
lines in Experiments:

* FULL Fine-tuning the model with all parame-
ters.

* LoRA(Hu et al.,, 2022) approximates weight
AW updates through the product of two train-
able low-rank matrices A and B.

* AdaLLoRA(Zhang et al., 2023b) enhances per-
formance by dynamically allocating the param-
eter budget across layers based on their impor-
tance.

* LoRA+(Hayou et al, 2024) improves upon
LoRA by setting a higher learning rate for the
adapter matrix B than for matrix A.

* DoRA(Liu et al., 2024) decompose the pre-
trained weight matrix I/ into magnitude and di-
rection component.

* PiSSA(Meng et al., 2024) initializes adapter ma-
trices A and B using the principal singular com-
ponents of the original weight matrix .

* OLoRA(Biiyiikakyiiz, 2024) initializes adapter
matrices A and B using the orthogonal bases of
the original weight matrix W.

* LoRA-GA(Wang et al., 2024) aligns the low-
rank adaptation with the gradient direction of the
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pre-trained weights by using a gradient-based
approximation to initialize matrix A and B.

CorDA(Yang et al., 2024) constructs a task-
relevant covariance matrix to identify important
directions in the weight space, initializing the
adapter based on the singular vectors of these
covariance-weighted features.



