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Abstract

Label-free reinforcement learning enables large
language models to improve reasoning capabili-
ties without ground-truth supervision, typically
by treating majority-voted answers as pseudo-
labels. However, we identify a critical failure
mode: as training maximizes self-consistency,
output diversity collapses, causing the model
to confidently reinforce systematic errors that
evade detection. We term this the consensus
trap. To escape it, we propose CoVerRL, a
framework where a single model alternates be-
tween generator and verifier roles, with each
capability bootstrapping the other. Majority
voting provides noisy but informative supervi-
sion for training the verifier, while the improv-
ing verifier progressively filters self-consistent
errors from pseudo-labels. This co-evolution
creates a virtuous cycle that maintains high
reward accuracy throughout training. Exper-
iments across Qwen and Llama model fam-
ilies demonstrate that CoVerRL outperforms
label-free baselines by 4.7-5.9% on mathemat-
ical reasoning benchmarks. Moreover, self-
verification accuracy improves from around
55% to over 85%, confirming that both capabil-
ities genuinely co-evolve.

1 Introduction

Large Language Models (LLMs) (DeepSeek-AI
et al., 2025; OpenAI et al., 2024) have demon-
strated remarkable capabilities in complex rea-
soning tasks, especially with recent advances in
Reinforcement Learning with Verifiable Rewards
(RLVR) that further amplify these abilities by opti-
mizing models against ground-truth signals. How-
ever, the standard RLVR paradigm is heavily based
on large amounts of high-quality labeled data or
ground-truth verifiers, which are often unavailable
or expensive to obtain. Consequently, enabling
LLMs to self-evolve in a label-free setting has
emerged as a critical frontier in current research.
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Figure 1: Training dynamics of TTRL and CoVerRL on
Qwen3-1.7B-Base. CoVerRL maintains high reward ac-
curacy while steadily improving label accuracy, whereas
TTRL suffers from reward accuracy degradation as out-
put diversity collapses.

The dominant paradigm for label-free training
employs majority voting as a proxy for correct-
ness (Prasad et al., 2025; Zuo et al., 2025; Liu
et al., 2025a). Given a problem, the model gener-
ates multiple reasoning trajectories, and the most
frequent answer becomes the pseudo-label for re-
ward computation. The underlying assumption is
that consistent answers across diverse reasoning
paths likely reflect correct solutions. Notably, test-
time reinforcement learning (TTRL) (Zuo et al.,
2025) reveal that majority voting remains effective
even when pseudo-labels are incorrect through a
“lucky hit” mechanism: samples whose answers
differ from an incorrect pseudo-label still receive
correct negative rewards. This explains why re-
ward accuracy can remain high despite low label
accuracy, providing viable training signals even on
challenging benchmarks.

However, we identify a critical instability in this
paradigm. Since rewards are computed against the
majority answer, the training objective inherently
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encourages the model to produce more consistent
outputs. As training progresses, output diversity
systematically decreases and predictions concen-
trate around the majority answer. When this answer
is incorrect, a destructive feedback loop emerges:
the model confidently reinforces its own errors,
diversity collapses further, and reward accuracy
degrades. Figure 1 provides empirical evidence:
under TTRL, reward accuracy begins near 95%
but steadily drops to approximately 80%, while
label accuracy stagnates around 70% with no im-
provement. Once the model converges to system-
atic errors with high confidence, pure consensus
methods offer no mechanism for recovery. This
reveals a fundamental limitation: majority voting
captures consistency but cannot detect correctness.
When models repeatedly produce identical wrong
answers, a phenomenon known as self-consistent
errors (Tan et al., 2025), consensus-based rewards
actively reinforce these mistakes.

A natural remedy is self-verification: if the
model could judge correctness, self-consistent er-
rors could be filtered before corrupting training.
However, prior work has shown that LLMs without
specific training cannot reliably detect their own
reasoning errors (Huang et al., 2024; Tyen et al.,
2024). Expecting a model to verify solutions it can-
not correctly generate creates a circular dependency
that severely limits self-correction without external
supervision. The situation appears intractable: con-
sensus provides training signal but cannot escape
systematic errors, while verification could detect
errors but cannot be trained without ground truth.

We resolve this tension through a key ob-
servation: majority voting and self-verification,
while individually insufficient, can bootstrap each
other’s improvement. We propose CoVerRL (Co-
evolving Verifier and generator via Reinforcement
Learning), a framework where a single model alter-
nates between generator and verifier roles within a
unified multi-turn RL process. The generator pro-
duces candidate solutions and establishes pseudo-
labels via majority voting; the verifier scrutinizes
reasoning processes to identify errors indepen-
dent of answer frequency. The critical insight
is bidirectional supervision: consensus-derived
pseudo-labels provide contrastive signal for ver-
ifier training, while the improving verifier filters
self-consistent errors from pseudo-labels. This cre-
ates a virtuous cycle where better verification yields
cleaner labels, producing more accurate rewards
that further improve both generation and verifica-

tion. As shown in Figure 1, CoVerRL maintains
reward accuracy above 90% throughout training,
while label accuracy steadily increases from 75%
to nearly 88%, demonstrating the verifier’s grow-
ing ability to escape the failure mode that plagues
pure consensus methods.

We evaluate CoVerRL across three models on
four reasoning benchmarks. CoVerRL consistently
outperforms TTRL, achieving average improve-
ments of 5.7%, 5.9%, and 4.7% respectively across
model scales. Beyond generation accuracy, CoV-
erRL produces capable verifiers as a byproduct:
self-verification accuracy improves dramatically,
from 55.8% to 81.2% on Qwen3-1.7B and from
54.0% to 86.5% on Qwen2.5-7B. This confirms
that the two capabilities genuinely co-evolve rather
than one merely supporting the other.

We summarize our contributions as follows: (1)
We identify the consensus trap in majority vot-
ing based label-free RL, where diversity collapse
causes reward accuracy degradation as models be-
come overconfident in systematic errors, explain-
ing why such methods eventually stagnate. (2)
We propose CoVerRL, a co-evolution framework
that unifies generation and verification into a multi-
turn RL process, enabling mutual bootstrapping
where each capability supervises improvement of
the other without external labels. (3) We validate
CoVerRL across Qwen and Llama model families,
demonstrating 4-6% improvements over label-free
baselines on mathematical reasoning benchmarks
while producing verifiers that generalize well to
held-out evaluation.

2 Related Work

LLM Self-Evolution To achieve label-free evo-
lution, existing research has exploited the intrin-
sic confidence of LLMs as a supervision sig-
nal (Prabhudesai et al., 2025; Zhao et al., 2025b;
Anonymous, 2025; Li et al., 2025), leveraged
self-consistency through majority voting to estab-
lish pseudo-labels (Prasad et al., 2025; Zuo et al.,
2025; Liu et al., 2025a; Zhou et al., 2025; Yu
et al., 2025b), or employed self-verification mech-
anisms (Yuan et al., 2025). Another paradigm is
self-play, where a single model simulates multi-
ple roles and generates its own training data (Zhao
et al., 2025a; Huang et al., 2025; Xia et al., 2025;
Yang et al., 2025b; Guo et al., 2025; Wei et al.,
2025). In this work, we leverage both majority vot-
ing and self-verification to co-evolve the generator
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Figure 2: Overview of the CoVerRL framework. The pipeline illustrates the Pseudo-Label Generation process
and the Online Dual-Role Co-Evolution strategy, facilitating a mutual bootstrapping process where generation and
verification capabilities jointly evolve.

and verifier, transcending the limitations of consen-
sus trap and unreliable standalone verification.

LLM Self-Verification and Self-Correction Re-
cent advances have demonstrated that LLMs are
capable of self-refinement when provided with ex-
ternal feedback (Chen et al., 2023; Liu et al., 2025c;
Jain et al., 2024; Liu et al., 2025b). Concurrently,
Several studies train standalone verifier models to
bridge the verification gap (Cobbe et al., 2021;
Lightman et al., 2023; Zhang et al., 2025a,b). Be-
yond relying on external signals, many studies fo-
cus on intrinsic self-correction (Miao et al., 2023;
Lee et al., 2025; Ma et al., 2025; Xiong et al., 2025),
which predominantly relies on either prompt engi-
neering or two-stage paradigms combining Super-
vised Fine-Tuning (SFT) and Reinforcement Learn-
ing (RL). With the rapid progress in multi-turn
RL (Feng et al., 2025a; Jin et al., 2025; Wang et al.,
2025; Feng et al., 2025b), recent studies have inves-
tigated training self-verification and self-correction
capabilities directly through a single reinforcement
learning stage (Liu et al., 2025d; Zha et al., 2025;
Jiang et al., 2025). In our work, we focus on en-
hancing self-verification and self-correction capa-
bilities in a label-free paradigm, which has been
rarely explored in previous studies.

3 Method

In this section, we present CoVerRL, a frame-
work that enables label-free reinforcement learning
through the co-evolution of generation and veri-
fication capabilities. The key principle of CoV-
erRL is that a single policy model πθ acts as two
roles: a generator πgen

θ and a verifier πver
θ . Through

their interaction, the model produces high-quality
pseudo-labels (Section 3.1) and achieves coordi-
nated dual-role co-evolution (Section 3.2).

3.1 Pseudo-Label Generation
The key challenge in label-free RL is obtaining reli-
able supervision signals without ground truth. Ma-
jority voting suffers from diversity collapse, while
self-verification lacks training signal. CoVerRL
addresses this by combining both mechanisms: ma-
jority voting drafts initial pseudo-labels, and self-
verification filters out self-consistent errors.

Majority Voting. Given a query q, the model
acting as a generator samples N reasoning paths
yi ∼ π

gen
θ (· | q), forming a collection of query-

response pairs Y = {(q, yi)}Ni=1. Following Zuo
et al. (2025), we group these outputs and identify
the most frequent answer as the draft pseudo-label
ŷ. This partitions the outputs into a positive set
Y + = {(q, yi) ∈ Y : ans(yi) = ŷ} and a negative
set Y − = {(q, yi) ∈ Y : ans(yi) ̸= ŷ}.

Self-consistent Verification Filtering. To filter
self-consistent errors, the model switches to its ver-
ifier role πver

θ to scrutinize the candidate solutions.
We define a maximum verification budget M to
maintain computational efficiency; if |Y +| > M ,
we randomly sample M tuples from Y + to form
the verification set, otherwise include all tuples in
Y +. For each selected tuple (q, yj), the verifier pro-
duces a binary judgment vj ∼ πver

θ (· | q, yj), where
vj ∈ {0, 1}, and form the verification set V+ =

{(q, yj , vj)}|V
+|

j=1 , where |V+| = min(|Y +|,M).
We then apply a consensus filter: the query q and
its associated sets are retained for training only if
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the majority of verifications in V+ are positive:

|V+|∑

j=1

vj >
|V+|
2

(1)

This filtering mechanism specifically targets the
failure mode where the generator produces self-
consistent errors; by leveraging πver

θ to identify
flawed reasoning, we exclude such samples before
they corrupt the training process.

3.2 Online Dual-Role Co-Evolution
With filtered pseudo-labels established, we now de-
scribe how both roles are jointly optimized through
multi-turn reinforcement learning.

Contrastive Verifier Training. To train the veri-
fier without ground-truth labels, we construct con-
trastive examples from the derived pseudo-labels.
The positive verification set V+ (targeting the ma-
jority answer ŷ) is obtained during the filtering
stage. For negative examples, we select the answer
ys with the lowest frequency from Y − and generate
|V+| verification paths to form the negative verifi-
cation set V− = {(q, ys, vj)}|V

+|
j=1 ∼ πver

θ (· | q, ys),
where each vj targets the voted “Incorrect” status.
Enforcing |V−| = |V+| ensures balanced training,
which we show in Appendix E is equivalent to
implicit preference optimization and induces bene-
ficial curriculum effects.

Self-Correction. Beyond verification, we equip
the model with error recovery capabilities by lever-
aging the interaction between its roles. For any
triplet (q, y, v) ∈ V+∪V− where the verifier identi-
fies an error (v = 0), the model switches back to its
generator role π

gen
θ . It is then triggered to produce

K revised solutions {zk}Kk=1 ∼ π
gen
θ (· | q, y, v),

conditioned on the query, the initial failed attempt,
and the verifier’s feedback. This structure allows
the model to learn self-correction from its own in-
ternal critiques, extending the label-free paradigm
to iterative refinement.

Reward Design. We define a reward function
r = rf + ra combining format and accuracy com-
ponents. The format reward rf ∈ {0, 1} ensures
outputs adhere to structural constraints. The accu-
racy reward is:

ra = I(o = ô) (2)

where o is the model’s output and ô is the cor-
responding pseudo-label. For generation, ô is the

consensus answer ŷ; for verification, ô is the target
judgment (“Correct” for V+, “Incorrect” for V−).

Answer-Anchored GRPO. We optimize using
Group Relative Policy Optimization (GRPO) (Shao
et al., 2024) with a modification for our multi-turn
structure. Standard GRPO groups responses by
query prefix. In our case, although verifications
in V+ = {(q, yj , vj)}Mj=1 do not strictly originate
from the same prefix, every yj targets the same
answer ŷ. We thus propose Answer-Anchored
GRPO: we group these |V+| paths together as they
share the same answer anchor ŷ; for generation and
V−, we revert to standard prefix-based grouping.
The advantage is computed as:

Ai =
ri − mean(r)

std(r)
(3)

where r contains rewards within the appropriate
group. This hybrid strategy isolates verification
variance while maintaining stable generation opti-
mization.

The Co-Evolution Cycle. The complete training
loop proceeds as follows: (1) generate solutions
and draft pseudo-labels via majority voting, (2)
verify positive samples and filter self-consistent er-
rors, (3) construct contrastive verification data, (4)
collect self-correction trajectories, and (5) update
the model with Answer-Anchored GRPO on all
roles jointly. As training progresses, the verifier
improves through contrastive learning, enabling
better filtering of self-consistent errors. Cleaner
pseudo-labels yield more accurate rewards, im-
proving the generator. The improved generator
produces higher-quality consensus labels, further
benefiting verifier training. This bidirectional boot-
strapping, visualized in Figure 2, enables both roles
to co-evolve without external supervision. The de-
tailed algorithm flow is presented in Appendix D.

4 Experiments

4.1 Environmental Setup

Base Models. To verify the effectiveness of CoV-
erRL on diverse model architectures, we adopt
three representative models from the Qwen and
Llama families, including base and instruct mod-
els: Llama-3.2-3B-Instruct (Grattafiori et al., 2024),
Qwen2.5-7B (Qwen et al., 2025) and Qwen3-1.7B-
Base (Yang et al., 2025a) with thinking mode.
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Model Method MATH500 AMC AIME24 GPQA Average

Qwen3-1.7B-Base

Base Model 53.5 / 53.3 24.6 / 24.5 3.8 / 3.3 27.5 / 27.3 27.4 / 27.1
TTRL 65.1 / 65.0 31.1 / 30.9 5.2 / 5.2 30.9 / 30.7 33.1 / 33.0
CoVerRL (Ours) 69.0 / 71.9 36.0 / 38.6 9.8 / 10.6 32.9 / 33.6 36.9 / 38.7
∆ +3.9 / +6.9 +4.9 / +7.7 +4.6 / +5.4 +2.0 / +2.9 +3.8 / +5.7

Llama-3.2-3B-Instruct

Base Model 42.7 / 41.0 17.0 / 15.7 4.6 / 5.0 26.9 / 26.1 22.8 / 22.0
TTRL 52.6 / 52.2 23.8 / 23.3 13.8 / 14.0 29.8 / 28.2 30.0 / 29.4
CoVerRL (Ours) 55.9 / 59.3 28.3 / 32.2 16.3 / 16.9 32.3 / 32.6 33.2 / 35.3
∆ +3.3 / +7.1 +4.5 / +8.9 +2.5 / +2.9 +2.5 / +4.4 +3.2 / +5.9

Qwen2.5-7B

Base Model 50.1 / 51.4 25.5 / 26.4 5.2 / 6.5 29.9 / 29.7 27.7 / 28.5
TTRL 73.8 / 74.2 42.2 / 42.2 12.7 / 12.5 35.8 / 35.6 41.1 / 41.1
CoVerRL (Ours) 76.8 / 79.6 47.6 / 49.2 14.6 / 17.1 36.2 / 37.2 43.8 / 45.8
∆ +3.0 / +5.4 +5.4 / +7.0 +1.9 / +4.6 +0.4 / +1.6 +2.7 / +4.7

Table 1: Main results on mathematical reasoning and out-of-domain benchmarks. Each cell displays Acc.@first /
Acc.@final. ∆ indicates the improvement of CoVerRL over TTRL.

Training and Evaluation Data. To test our
method at scale, we use the large, standard
MATH (Hendrycks et al., 2021) training set. For
evaluation, we employ three in-domain mathemat-
ical benchmarks to assess reasoning capabilities:
MATH500 (Hendrycks et al., 2021), AMC (Li et al.,
2024), and AIME24 (Li et al., 2024). Additionally,
we include the GPQA-Diamond (Rein et al., 2023)
to evaluate the models’ generalization on challeng-
ing out-of-domain question-answering tasks.

Baseline and Implementation Details. We
mainly compare our method against TTRL (Zuo
et al., 2025). For the TTRL baseline, we follow
the practice in (Zuo et al., 2025) by sampling 64
responses for majority voting and downsampling
32 responses for training. For our CoVerRL, at
the first turn, we sample 32 responses for majority
voting and downsample them to 16 for training; In
later self-verification and self-correction, we utilize
all samples for training to maximize data efficiency.
About detailed description of the hyperparameters,
please refer to Appendix C.

Evaluation Protocol. Following Jiang et al.
(2025), we adopt a sequential inference strategy:
the model first generates a solution, then verifies
its correctness. If verification passes, inference ter-
minates; otherwise, the model attempts a revision.
We report both Acc.@first (first-attempt accuracy,
equivalent to Pass@1) and Acc.@final (accuracy
after potential self-correction), averaged over 16
different generations.

4.2 Main Results
Table 1 presents the main results. CoVerRL con-
sistently outperforms TTRL across all models and

benchmarks, achieving average improvements of
5.7%, 5.9%, and 4.7% in Acc.@final for the three
models respectively.

Improved Generation Quality. CoVerRL im-
proves Acc.@first over TTRL by 3.8%, 3.2%, and
2.7% on average across the three models, demon-
strating that the co-evolution mechanism enhances
the generator itself, not merely the correction pro-
cess. This confirms that filtering self-consistent
errors produces cleaner training signals that benefit
generation quality directly.

Effective Self-Correction. The gap between
Acc.@first and Acc.@final widens substantially
under CoVerRL compared to TTRL. On AMC,
CoVerRL achieves Acc.@final improvements of
7.7%, 8.9%, and 7.0% over TTRL, significantly
larger than the Acc.@first gains. This indicates that
the verifier trained through co-evolution can reli-
ably identify errors and guide effective corrections,
whereas TTRL’s self-correction provides minimal
benefit due to unreliable verification.

Model MATH500 AMC AIME24 GPQA

Qwen3-1.7B-Base 55.8 28.5 11.7 38.7
+ CoVerRL 81.2 64.4 48.9 57.9

Llama-3.2-3B-Instruct 57.0 50.9 55.8 56.9
+ CoVerRL 77.2 76.2 75.6 55.2

Qwen2.5-7B 54.0 30.9 12.9 35.7
+ CoVerRL 86.5 70.9 58.8 58.4

Table 2: Self-verification accuracy on four benchmarks.

Out-of-Domain Generalization. On GPQA-
Diamond, a challenging out-of-domain benchmark,
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Figure 3: Co-evolution dynamics across three model backbones. As training progresses, verification accuracy
improves through contrastive learning, which in turn enables better filtering of self-consistent errors and leads to
higher label accuracy than TTRL.

CoVerRL maintains consistent improvements. No-
tably, while base models and TTRL often suf-
fer degradation during revision (Acc.@final <
Acc.@first), CoVerRL reverses this trend across all
models. This suggests that the verification capabil-
ity learned through co-evolution transfers beyond
the training distribution.

Verifier Quality. Table 2 reports self-verification
accuracy. CoVerRL dramatically improves verifica-
tion capability: Qwen3-1.7B-Base improves from
28.5% to 64.4% on AMC, and Qwen2.5-7B im-
proves from 54.0% to 86.5% on MATH500. These
gains confirm that both generation and verification
genuinely co-evolve rather than one merely sup-
porting the other.
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Figure 4: Evolution of the verification capability of the
Qwen3-1.7B-Base. We report the True Negative Rate
(TNR) and the False Positive Rate (FPR).

4.3 Analysis

Verifier and Generator Co-Evolve Mutually.
Figure 3 reveals the co-evolution dynamics across
three models. In early training, verifier accuracy
(green dashed line) starts low due to the lack of
verification-specific supervision, resulting in label
accuracy comparable to TTRL. As training pro-
gresses, the verifier improves by learning from
pseudo-labels that, while noisy, provide contrastive
signal between majority and minority answers.
This improved verification capability enables bet-
ter filtering of self-consistent errors. Consequently,

CoVerRL’s label accuracy (red line) steadily in-
creases and eventually surpasses TTRL (blue line)
by a significant margin across all three model back-
bones. The consistent pattern across different ar-
chitectures and scales confirms that both capabili-
ties bootstrap each other through the bidirectional
supervision mechanism rather than one merely sup-
porting the other. For a clearer demonstration of
the verifier’s evolution, Figure 4 reports the True
Negative Rate (TNR), the ratio of incorrect samples
correctly filtered, and the False Positive Rate (FPR),
the proportion of correct samples mistakenly dis-
carded. The left panel shows that TNR steadily
climbs from approximately 22% to nearly 50%,
while the FPR remains stable at around 5%, indi-
cating the verifier increasingly prunes erroneous
paths while maintaining a minimal false-alarm rate
for correct solutions.
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Figure 5: Reward accuracy across generation, verifica-
tion, and self-correction roles during training on Llama-
3.2-3B-Instruct. All three roles maintain reward accu-
racy above 90% throughout training.

Reward Accuracy Remains High Across All
Roles. Figure 5 tracks reward accuracy for gen-
eration, verification, and self-correction through-
out training on Llama-3.2-3B-Instruct. All three
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Figure 6: Comparison of CoVerRL against naive con-
sistency filtering on Qwen3-1.7B-Base. Naive filtering
(τ ∈ {0.1, 0.2}) improves label accuracy initially but
converges to TTRL baseline, while failing to improve
reward accuracy. CoVerRL achieves sustained gains on
both metrics.

roles maintain reward accuracy above 90%, in-
dicating that the pseudo-labels derived from the
co-evolution process provide reliable supervision
signals for each role. The sustained high reward
accuracy across all roles demonstrates that the bidi-
rectional bootstrapping mechanism successfully
prevents the degradation identified in Section 1.
yielding both a marked improvement in Acc.@first
and a consistently higher Acc.@final.

Verification Filtering Outperforms Naive Con-
sistency Filtering. Since samples with lower ma-
jority ratios are more likely to be incorrect, a nat-
ural alternative to verification-based filtering is to
simply discard samples below a consistency thresh-
old. We compare CoVerRL against TTRL with
naive filtering thresholds τ ∈ {0.1, 0.2} in Fig-
ure 6. The left panel shows label accuracy dy-
namics: while naive filtering initially improves
label accuracy by removing low-confidence pre-
dictions, its advantage diminishes as training pro-
gresses and model outputs become increasingly
consistent due to the RL objective, eventually con-
verging to vanilla TTRL performance. In contrast,
CoVerRL’s label accuracy continues to improve
throughout training, reaching approximately 90%
compared to TTRL’s 70%. The right panel reveals
a more fundamental distinction in reward accu-
racy: naive filtering provides no improvement over
vanilla TTRL because it cannot detect errors that
happen to achieve high consensus. CoVerRL main-
tains reward accuracy above 90% by specifically
targeting self-consistent errors through reasoning-
based verification. As shown in the right panel
of Figure 4, for samples with majority ratio larger
than 0.2, the TNR reaches around 40% after 100
steps, confirming the verifier’s strong capability to
prune confident errors missed by naive filtering.
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Figure 7: Comparison of training response length and
validation accuracy on MATH500 between the Thinking
mode and Non-thinking mode on Qwen3-1.7B-Base.
Non-thinking mode suffers from length collapse (left),
leading to inferior verification accuracy (right).

Reasoning Capability is Essential for Effective
Verification. To validate that verification quality
depends on substantive reasoning rather than su-
perficial pattern matching, we compare thinking
mode versus non-thinking mode on Qwen3-1.7B-
Base in Figure 7. The non-thinking mode removes
the extended reasoning process during verification.
Without this reasoning capacity, the model rapidly
collapses to trivial outputs such as “The answer
is correct” or “The answer is wrong,” with mean
response length dropping from over 500 tokens to
near zero within 100 training steps. This length
collapse severely limits the verifier’s discrimina-
tive ability, resulting in significantly lower verifica-
tion accuracy compared to thinking mode through-
out training. The result confirms that CoVerRL’s
effectiveness stems from the verifier’s ability to
scrutinize and reason about solution processes, not
merely from adding a binary verification step.

Model Score

Qwen3-1.7B-Base 46.8
Llama-3.2-3B-Instruct 58.6
Qwen2.5-7B 49.7

Meta-Llama-3-70B-Instruct 66.2∗

gpt-4-turbo-2024-04-09 67.3∗

gpt-4o-2024-05-13 72.5∗

Qwen3-1.7B-Base + CoVerRL 56.4
Llama-3.2-3B-Instruct + CoVerRL 70.0
Qwen2.5-7B + CoVerRL 60.9

Table 3: Performance on RewardBench. Scores marked
with ∗ are from the RewardBench leaderboard.

Verification Capability Generalizes Beyond
Training Distribution. To assess whether the
learned verification capability transfers beyond
the model’s own generated responses, we evalu-
ate the trained verifiers on RewardBench (Lam-
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bert et al., 2024) mathprm. As shown in Table 3,
CoVerRL-enhanced models substantially outper-
form their base versions across all three architec-
tures. Most notably, Llama-3.2-3B-Instruct im-
proves from 58.6 to 70.0, surpassing the signif-
icantly larger Meta-Llama-3-70B-Instruct (66.2)
and GPT-4-Turbo (67.3). This strong performance
suggests that CoVerRL trains genuine reasoning-
based verification capabilities and that the co-
evolution process induces transferable skills for
evaluating solution quality.

4.4 Ablation Study
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Figure 8: Comparison of TTRL + PAG and CoVerRL
on Llama-3.2-3B-Instruct. TTRL + PAG exhibits veri-
fier collapse with Correct Recall dropping to near zero
(left), causing accuracy degradation (right). CoVerRL
maintains stable training through balanced sampling.

Balanced Training Prevents Verifier Collapse.
We investigate whether existing multi-turn RL
methods can be directly combined with majority
voting for label-free training. We construct a base-
line named TTRL + PAG, which applies PAG’s
verify-then-revise workflow (Jiang et al., 2025) us-
ing majority-voted pseudo-labels instead of ground
truth, while keeping other components (PPO opti-
mization, turn-independent advantage normaliza-
tion) unchanged. Figure 8 compares this baseline
against CoVerRL on Llama-3.2-3B-Instruct. TTRL
+ PAG suffers catastrophic collapse: Correct Re-
call (the proportion of correct answers identified
as correct) drops to near zero while Wrong Re-
call (the proportion of incorrect answers identified
as wrong) surges to nearly 100%. This indicates
the verifier degenerates into rejecting all solutions
indiscriminately. The failure stems from informa-
tion asymmetry in the training data: positive sam-
ples that reach the majority answer tend to share
similar reasoning patterns, providing limited di-
versity, while negative samples exhibit high vari-
ance across different incorrect answers. Without
balanced sampling, the model overfits to negative

Method MATH500 AMC AIME24 GPQA

CoVerRL 69.0/71.9 36.0/38.6 9.8/10.6 32.9/33.6

w/o Ver. Filtering 67.1/70.3 34.6/38.1 7.1/9.2 29.6/29.4
w/o Ver. Update 64.6/64.6 34.3/34.4 5.6/5.6 29.1/29.3
w/o Self-Correction 67.1/68.4 35.3/35.2 6.7/7.8 31.0/25.4
w/o AA-GRPO 67.7/71.1 35.1/38.0 8.5/10.2 31.2/31.9

Table 4: Ablation study on Qwen3-1.7B-Base. Results
are reported as Acc.@first / Acc.@final.

features and loses the ability to recognize correct
solutions. As a result, TTRL+PAG’s Acc.@final
drops sharply from around 0.45 to nearly zero as
training proceeds, and this collapse further propa-
gates to Acc.@first, causing it to also break down
and remain at extremely low levels in subsequent
training steps. CoVerRL avoids this collapse by
enforcing |V+| = |V−| and using GRPO instead
of PPO, demonstrating that our framework design
is essential for stable co-evolution under label-free
conditions.

Component Ablation. Table 4 presents compo-
nent ablations on Qwen3-1.7B-Base. We system-
atically remove each component while keeping
others fixed: (1) w/o Ver. Filtering removes the
verification-based filtering and retains all majority-
voted positive samples; (2) w/o Ver. Update freezes
the verifier and excludes it from RL optimization;
(3) w/o Self-Correction removes the revision step
triggered by negative verification judgments; (4)
w/o AA-GRPO replaces Answer-Anchored GRPO
with standard prefix-based GRPO, randomly sam-
pling a single positive solution for verification in-
stead of utilizing all positive samples.

Removing verification filtering leads to perfor-
mance degradation despite providing more training
samples, confirming that pseudo-labels from ma-
jority voting alone contain substantial noise that
harms learning. Excluding the verifier from opti-
mization causes decline in Acc.@first due to nois-
ier pseudo-labels, while Acc.@final shows almost
no improvement over Acc.@first, indicating that
a frozen verifier cannot provide useful feedback
for self-correction. Removing self-correction train-
ing results in consistent degradation across bench-
marks, with particularly severe impact on GPQA
where Acc.@final (25.4%) falls below Acc.@first
(31.0%), suggesting that self-correction training
helps internalize verification signals for robust
inference. Finally, replacing Answer-Anchored
GRPO with standard GRPO yields moderate per-
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formance loss, validating that grouping verification
paths by their target answer better captures the di-
versity of correct reasoning patterns compared to
random sampling.

5 Conclusion

We introduce CoVerRL, a novel framework that
integrates the Generator and Verifier roles within a
unified multi-turn reinforcement learning paradigm
to achieve robust label-free evolution. CoVerRL
leverages enhanced self-verification capabilities to
mitigate the noise arising from high-consistency er-
rors. Extensive experiments demonstrate that CoV-
erRL yields substantial improvements in reason-
ing benchmarks while co-evolving a robust verifier
that exhibits strong transferability to out-of-domain
tasks. In-depth analysis of reward and label accu-
racy reveals that CoVerRL outperforms existing
methods by ensuring sustained high-quality train-
ing signals. Furthermore, ablation studies confirm
that proposed framework and components are im-
portant to prevent model collapse, paving the way
for reliable continuous self-evolution.

Limitations

Despite the promising results, CoVerRL has sev-
eral limitations. First, for simplicity, the current
majority voting mechanism relies solely on initial
responses, ignoring potentially accurate answers
derived from self-correction. Second, our frame-
work is restricted to a single round of verification
and correction; extending this to multi-turn iterative
refinement remains unexplored. Finally, to strictly
maintain training balance, we do not fully utilize
the extensive pool of available negative samples,
which may limit the model’s exposure to diverse
failure modes.
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A The Use of Large Language Models
(LLMs)

We employed a large language model to polish the
manuscript, focusing on improving clarity, concise-
ness, and grammatical precision.

B Scientific Artifacts and Licenses

All models (Qwen2.5-7B, Llama-3.2-3B-Instruct,
Qwen3-1.7B-Base) and datasets (MATH, AMC,
AIME, GPQA) used in this work are open-source
and used in accordance with their respective li-
censes (e.g., Apache 2.0 and CC BY-SA)

C Implementation Details

We implement our method based on the
VeRL (Sheng et al., 2025) framework. Table 5
and Table 6 present the hyperparameters of TTRL
and CoVerRL, respectively. The main differences
are summarized as follows.

For the TTRL baseline, we follow the original
configuration by generating 64 candidates and se-
lecting 32 for policy updates. For CoVerRL, we
adopt a configuration that balances training stability
with the number of training samples comparable
to TTRL, which can be found in Appendix F.3.
Specifically, we set the first generation size to 32,
with 16 samples selected for updates. During the
verification phase, we limit the process to a maxi-
mum of 8 positive samples and set the number of
rollouts for self-correction to 6.

Additionally, we adopt the clip-higher(0.28) (Yu
et al., 2025a) for CoVerRL, which is currently
widely used now to ensure that the model does
not converge to overly repetitive outputs across
multi-turn interactions (Jiang et al., 2025). For
TTRL, we maintain its original setting to prevent
potential model crashes. Details are presented in
Appendix F.1

D The Algorithm Workflow of CoVerRL

In this section, we provide a detailed algorithm
flowchart of the CoVerRL as shown in Algorithm 1.

E Theoretical Analysis of Balanced
Verification Training

In this section, we provide a theoretical justification
for the balanced sampling strategy employed in
DuRL. We show that balancing the sample size of
positive and negative verification sets is equivalent

Hyperparameter Value

Train Batch Size 64
Batch Size for Gradient Update 256
PPO Micro-Batch Size 16
Training epochs 2
Max Prompt Length 8192
Max Response Length 2048
Training Temperature 1.0
Validation Temperature 0.6
Learning rate 5× 10−7

Use KL Loss True
Number of first generation N 64
Clip_ratio_low 0.2
Clip_ratio_high 0.2

Table 5: Hyperparameters of TTRL

Hyperparameter Value

Train Batch Size 64
Batch Size for Gradient Update 256
PPO Micro-Batch Size 16
Training epochs 2
Max Prompt Length 8192
Max Response Length 2048
Training Temperature 1.0
Validation Temperature 0.6
Learning rate 5× 10−7

Use KL Loss True
Number of first generation N 32
Max number of Self-verification M 8
Number of Self-correction K 6
Clip_ratio_low 0.2
Clip_ratio_high 0.28

Table 6: Hyperparameters of CoVerRL

to implicit preference optimization and induces an
auto-curriculum effect.

E.1 Problem Setup and Notation
Let q denote the query. Similar as Section 3, We
define the inputs for verification:

• ŷ: The selected positive sample from the posi-
tive set Y +.

• y−: The selected negative sample from the
negative set Y −.

The verifier πθ(v|q, y) generates a binary judge-
ment v ∈ {1, 0}, where v = 1 denotes “Correct”
and v = 0 denotes “Wrong”. For simplicity, we
assume these probabilities are complementary:

πθ(v = 0|q, y) = 1− πθ(v = 1|q, y) (4)

Consequently, their log-gradients are directly re-
lated:

∇θ log πθ(v = 0|q, y) =

− πθ(v = 1|q, y)
1− πθ(v = 1|q, y)∇θ log πθ(v = 1|q, y)

(5)
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Algorithm 1: CoVerRL Training Framework
Input :Dataset D, Initial Policy πθ, Hyperparameters N,M,K

for iteration = 1, . . . , I do
Sample batch of queries Q ∼ D;
foreach query q ∈ Q do

▷ Pseudo-Label Generation;
Generate N reasoning paths yi ∼ π

gen
θ (· | q) and form Y = {(q, yi)}Ni=1;

Obtain majority answer ŷ ← MajorityVoting(Y );
Define sets Y + ← {(q, y) ∈ Y | ans(y) = ŷ} and Y − ← {(q, y) ∈ Y | ans(y) ̸= ŷ};
Sample subset S ⊆ Y + with |S| = min(|Y +|,M);
Generate verifications V+ ← {(q, y, v) | (q, y) ∈ S, v ∼ πver

θ (· | q, y)};
if
∑

(q,y,v)∈V+ v > |V+|/2 then
▷ Online Dual-role Co-evolution;
Select lowest frequency answer ys from Y −;

Generate negative verifications V− ← {(q, ys, vj)}|V
+|

j=1 ∼ πver
θ (· | q, ys);

Initialize corrections C ← ∅;
foreach (q, y, v) ∈ V+ ∪ V− where v = 0 do

Generate correction set Z ← {zk}Kk=1 ∼ π
gen
θ (· | q, y, v);

C ← C ∪ {(q, y, v,Z)};
end
▷ Reward Assignment;
ry ← I(ans(y) = ŷ) for y ∈ Y ;
rv ← I(v = 1) if (q, y, v) ∈ V+ else I(v = 0);
rz ← I(ans(z) = ŷ) for z ∈ Z where (q, y, v,Z) ∈ C;
Compute Advantage within Y,V+,V−, and each Z ∈ C. Note that V+ is an
Answer-Anchored Group where ∀(q, y, v) ∈ V+, ans(y) = ŷ.

Update policy πθ by maximizing the GRPO objective;
end

end
end

We construct two verification sets for training as
defined in Sec. 3.2:

1. Positive Verification Set (V+): Input (q, ŷ),
sample size M . The reward is r = 1 if v = 1,
else 0.

2. Negative Verification Set (V−): Input
(q, y−), sample size M . The reward is r = 1
if v = 0 (correctly rejecting), else 0.

E.2 Derivation of Group Relative Gradients

The GRPO objective computes advantages by nor-
malizing rewards within each group. The gradient
is approximated as:

∇θJ(θ) = E

[
1

M

M∑

i=1

Ai∇θ log πθ(vi)

]
(6)

where Ai =
r(vi)−µ

σ , with µ and σ representing the
mean and standard deviation of rewards within the
set.

Gradient for Set V+. Let p+ = πθ(v = 1|q, ŷ).
The statistics of the binary rewards (where target is
v = 1) are:

µ+ = E[r] = p+, σ+ =
√
p+(1− p+) (7)

The advantages for the two possible outcomes (v =
1 and v = 0) are:

A+
v=1 =

1− p+

σ+
=

√
1− p+

p+
(8)

A+
v=0 =

0− p+

σ+
= −

√
p+

1− p+
(9)
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Substituting these into the expected gradient:

∇θJV+ = p+A+
v=1∇θ log πθ(v = 1|q, ŷ)

+ (1− p+)A+
v=0∇θ log πθ(v = 0|q, ŷ)

= (σ+ + σ+)∇θ log πθ(v = 1|q, ŷ)
= 2σ+∇θ log πθ(v = 1|q, ŷ)

(10)

Gradient for Set V−. Let p− = πθ(v = 1|q, y−)
(the probability of falsely predicting “Correct” for
a negative sample). Here, the target is v = 0, so
reward is 1 when v = 0. The probability of getting
reward 1 is 1− p−.

µ− = 1− p−, σ− =
√

(1− p−)p− (11)

The advantages are:

A−
v=0 =

1− (1− p−)
σ− > 0 (12)

A−
v=1 =

0− (1− p−)
σ− < 0 (13)

Following a similar derivation to maximize the like-
lihood of v = 0:

∇θJV− = (1− p−)A−
v=0∇θ log πθ(v = 0|q, y−)

+ p−A−
v=1∇θ log πθ(v = 1|q, y−)

= 2σ−∇θ log πθ(v = 0|q, y−)
(14)

Using the identity ∇ log π(v = 0) ≈
−∇ log π(v = 1):

∇θJV− ≈ −2σ−∇θ log πθ(v = 1|q, y−) (15)

E.3 Equivalence to Direct Preference
Optimization (DPO)

Assuming balanced sampling (|V+| = |V−| = M ),
we first consider the scenario where the model ex-
hibits comparable verification proficiency across
both sets. Specifically, if the probability of cor-
rectly identifying a positive sample (p+) is approx-
imately equal to the probability of correctly reject-
ing a negative sample (1− p−), then the standard
deviations of the rewards converge:

σ+ =
√
p+(1− p+) ≈

√
(1− p−)p− = σ− ≜ σ

(16)
Under this condition, the total gradient of the

joint optimization is proportional to the sum of the
set gradients:

∇θJtotal ∝ ∇θJV+ +∇θJV−

≈ 2σ
(
∇θ log πθ(v = 1|q, ŷ)

−∇θ log πθ(v = 1|q, y−)
)

(17)

This structure is mathematically equivalent to
the gradient form of the DPO objective:

∇θJDPO = E
[
wdpo · (∇θ log πθ(ywin|x)
−∇θ log πθ(ylose|x))

] (18)

where the winning trajectory is judging ŷ as v = 1
(Correct), and the losing trajectory is judging y− as
v = 1 (Incorrectly labeled as Correct). Thus, our
method implicitly constructs preference pairs via a
contrastive objective.

E.4 Dynamic Gradient Reweighting
(Auto-Curriculum)

A key property of GRPO is that gradients are nat-
urally weighted by the standard deviation of the
reward distribution σ(π) =

√
π(1− π). This in-

troduces a dynamic balancing mechanism when the
capabilities are not yet balanced (i.e., σ+ ̸= σ−).

Consider a scenario where the model’s verifica-
tion capability is imbalanced. Let p+ > p− ≥ 0.5,
meaning πθ(v = 1|q, ŷ) is high (near 1) while
πθ(v = 1|q, y−) is confusingly high (near 0.5, fail-
ing to reject). Since σ(p) is a concave function
maximized at 0.5 and approaching 0 as p→ 1, we
have:

σ(p+) < σ(p−) =⇒ 2σ+ < 2σ− (19)

Substituting this into the total gradient:

∇θJtotal ∝ 2σ+
︸︷︷︸
Small

∇ log π(v = 1|q, ŷ)

− 2σ−
︸︷︷︸
Large

∇ log π(v = 1|q, y−) (20)

This inequality demonstrates an Auto-Curriculum
Effect: the optimization automatically down-
weights the “easy” set (V+) where the model is
confident, and up-weights the “hard” uncertain set
(V−). This drives the model to focus on correcting
its weakness in identifying wrong answers until the
capabilities on both sets are balanced (σ+ ≈ σ−).

F Additional Results

F.1 Additional Ablation Study and
Hyperparameter Analysis

In CoVerRL, we adopt two specific settings. First,
we use a clip-higher mechanism. Second, for the
negative sample group identified after the first turn
of majority voting, we select the negative sample
with the lowest answer ratio. To analyze the effects
of these settings, we conduct ablation studies with
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Method MATH500 AMC AIME24 GPQA

CoVerRL 69.0/71.9 36.0/38.6 9.8/10.6 32.9/33.6

w/o least ratio 68.6/72.0 36.6/39.8 7.5/9.6 31.0/32.1
w/o clip-higher 66.8/68.9 33.1/31.6 6.5/7.9 31.2/30.2

Table 7: Ablation Study of CoVerRL on Qwen3-1.7B-
Base. Results are reported as Acc.@first / Acc.@final.

the results shown in Table 7. For w/o clip-higher,
we revert to the standard clipping ratio of 0.2. For
w/o least ratio, we randomly sample from the neg-
ative candidates. We can see that clip-higher is
critical; without it, performance on four bench-
marks decreases. The effect of w/o least ratio is
less significant; while it generally leads to a slight
decline, the performance is comparable.

50 100 150 200
Training Step

0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
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cu
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cy

Reward Acc(clip-high 0.28)
Label Acc(clip-high 0.28)

Reward Acc(clip-high 0.2)
Label Acc(clip-high 0.2)

Figure 9: Comparison of training dynamics of TTRL
with different clip-high ratio across label and reward
accuracy.

For the TTRL baseline, we try the same clip-
higher setting utilized in CoVerRL. However, we
observed a model collapse during training, as illus-
trated in Figure 9. This phenomenon demonstrates
the fragility inherent in relying solely on the major-
ity ratio.

F.2 Impact of Naive Filtering by Constant
Threshold

Method MATH500 AMC AIME24 GPQA

TTRL 65.1/65.0 31.1/30.9 5.2/5.2 30.9/30.7
TTRL w/ filter-0.1 63.3/63.1 33.1/33.1 3.8/3.8 31.1/30.7
TTRL w/ filter-0.2 66.2/66.0 34.8/34.9 8.1/7.9 31.7/31.3

CoVerRL 69.0/71.9 36.0/38.6 9.8/10.6 32.9/33.6
CoVerRL w/ filter-0.2 68.7/72.1 37.0/39.2 9.2/12.1 30.9/31.6

Table 8: Impact of the constant filtering threshold. Re-
sults are reported as Acc.@first / Acc.@final.

Beyond experiments in Section 4.3, we also con-
duct additional experiments by combining CoV-
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CoVerRL (Filter-0.2) CoVerRL

Figure 10: Comparison of training dynamics between
CoVerRL and CoVerRL with constant filtering thresh-
old.

erRL with naive filtering. Figure 10 illustrates the
training dynamics of CoVerRL w/ filter-0.2, while
Table 8 compares the performance of TTRL and
CoVerRL under different filtering configurations.

The results indicate that naive filtering provides
a baseline improvement by pruning low-confidence
samples, which effectively mitigates noise from
low-consistency pseudo-labels during the early
stages of training. This is observed in both TTRL
and CoVerRL when combined with naive filter-
ing (Table 8), as well as in the training dynamics
shown in Figure 10. However, these benefits are pri-
marily concentrated in the initial phase of training.
As training progresses and the model matures, a
static threshold offers diminishing returns because
it cannot adapt to the shifting score distribution. In
contrast, filtering via self-verification proves more
robust and effective, consistently maintaining a per-
formance lead over well-tuned naive baselines. Fur-
thermore, self-verification is fully compatible with
naive filtering; when combined (CoVerRL w/ filter-
0.2), the model achieves further gains, reaching
12.1% on AIME24. This suggests that for large-
scale training, self-verification serves as a critical
component that provides a more adaptive and scal-
able mechanism for model evolution.

F.3 Statistics of Training Sample Size and
Reward Accuracy

Model First Generation Verification Correction Total

Qwen3-1.7B-Base 798.6 535.5 1132.7 2466.9
Llama-3.2-3B-Instruct 794.6 434.0 1159.7 2388.3
Qwen2.5-7B 924.1 399.0 849.3 2172.4

Table 9: Average number of training samples per step
of CoVerRL.

Table 9 shows that CoVerRL maintains a total
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Model First Generation Verification Correction Total

Qwen3-1.7B-Base 0.9145 0.8981 0.9000 0.9042
Llama-3.2-3B-Instruct 0.9482 0.9502 0.9399 0.9445
Qwen2.5-7B 0.9032 0.8688 0.8518 0.8768

Table 10: Weighted average reward accuracy per step of
CoVerRL.

training volume comparable to the TTRL baseline
(fixed at 2048 samples per step). As specified in
Table 6, an appropriate rollout budget ensures a
relative balance in training volume among first gen-
eration, verification, and correction without the
need for downsampling. Furthermore, Table 10
demonstrates that reward accuracy remains high
and consistent across all three components. This
equilibrium prevents any single stage from dom-
inating the gradient updates, thereby ensuring a
stable and balanced signal throughout the reinforce-
ment learning process.
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G Case Study

Example 1

User: Let x, y and z be positive real numbers that satisfy the following system of equations:

log2

(
x

yz

)
=

1

2

log2

( y

xz

)
=

1

3

log2

(
z

xy

)
=

1

4

Then the value of
∣∣log2(x4y3z2)

∣∣ is m
n

where m and n are relatively prime positive integers. Find m+ n.
Let’s think step by step and output the final answer within .

Assistant: To solve the given system of equations involving logarithms, we start by expressing each equation in terms of
logarithms:
1. log2

(
x
yz

)
= 1

2
2. log2

(
y
xz

)
= 1

3
3. log2

(
z
xy

)
= 1

4

First, we rewrite each logarithmic equation in its exponential form:
1. log2

(
x
yz

)
= 1

2
=⇒ x

yz
= 21/2 =

√
2 2. log2

(
y
xz

)
= 1

3
=⇒ y

xz
= 21/3 3. log2

(
z
xy

)
= 1

4
=⇒ z

xy
= 21/4

From these equations, we can express x, y, and z in terms of each other:
1. x = yz

√
2 2. y = xz · 21/3 3. z = xy · 21/4

Next, we substitute the first equation into the second and third equations to eliminate x and solve for y and z:
From x = yz

√
2, substitute into y = xz · 21/3:

y = (yz
√
2)z · 21/3 = yz2

√
2 · 21/3 = yz2 · 21/2+1/3 = yz2 · 25/6

1 = z2 · 25/6 =⇒ z2 = 2−5/6 =⇒ z = 2−5/12

Now substitute z = 2−5/12 into x = yz
√
2:

x = y · 2−5/12 ·
√
2 = y · 2−5/12 · 21/2 = y · 2−5/12+6/12 = y · 21/12 =⇒ x = y · 21/12

Next, substitute x = y · 21/12 and z = 2−5/12 into z = xy · 21/4:

2−5/12 = (y · 21/12)y · 21/4 = y2 · 21/12+1/4 = y2 · 21/12+3/12 = y2 · 24/12 = y2 · 21/3

2−5/12 = y2 · 21/3 =⇒ y2 = 2−5/12−1/3 = 2−5/12−4/12 = 2−9/12 = 2−3/4 =⇒ y = 2−3/8

Now we find x:
x = y · 21/12 = 2−3/8 · 21/12 = 2−3/8+1/12 = 2−9/24+2/24 = 2−7/24

We now need to find
∣∣log2(x4y3z2)

∣∣:
x4 = (2−7/24)4 = 2−7/6

y3 = (2−3/8)3 = 2−9/8

z2 = (2−5/12)2 = 2−5/6

x4y3z2 = 2−7/6·2−9/8·2−5/6 = 2−7/6−9/8−5/6 = 2−7/6−5/6−9/8 = 2−12/6−9/8 = 2−2−9/8 = 2−16/8−9/8 = 2−25/8

∣∣log2(x4y3z2)
∣∣ =

∣∣∣log2(2−25/8)
∣∣∣ =

∣∣∣∣−
25

8

∣∣∣∣ =
25

8

Thus, m = 25 and n = 8, and m+ n = 25 + 8 = 33 .

User: Check the solution step-by-step. If you find a mistake: state the wrong step, explain why it’s wrong, and end your
response with ’The answer is wrong’. If all steps are correct, end your response with ’The answer is correct’.

Assistant: Let’s verify the solution step-by-step using the given system of equations:
1. log2

(
x
yz

)
= 1

2
2. log2

(
y
xz

)
= 1

3
3. log2

(
z
xy

)
= 1

4

First, let’s rewrite each equation in exponential form:
1. x

yz
= 21/2 ⇒ x = yz · 21/2 2. y

xz
= 21/3 ⇒ y = xz · 21/3 3. z

xy
= 21/4 ⇒ z = xy · 21/4

Now, let’s express x, y, and z in terms of each other. Start by solving the second and third equations for x and y:
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From the second equation:
y = xz · 21/3 ⇒ x =

y

z · 21/3
From the third equation:

z = xy · 21/4 ⇒ x =
z

y · 21/4

Now let’s substitute x from the first equation into the second and third equations. From the first equation:

x = yz · 21/2

Substitute x = yz · 21/2 into the second equation:

y = (yz · 21/2)z · 21/3 = yz2 · 21/2 · 21/3 = yz2 · 25/6

1 = z2 · 25/6 ⇒ z2 = 2−5/6 ⇒ z = 2−5/12

Now substitute z = 2−5/12 back into x = yz · 21/2:

x = y · 2−5/12 · 21/2 = y · 2−5/12+6/12 = y · 21/12

Next, substitute x = y · 21/12 and z = 2−5/12 into the third equation:

z = (y · 21/12)y · 21/4 = y2 · 21/12 · 21/4 = y2 · 21/12+1/4 = y2 · 21/12+3/12 = y2 · 24/12 = y2 · 21/3

2−5/12 = y2 · 21/3 ⇒ y2 = 2−5/12−1/3 = 2−5/12−4/12 = 2−9/12 = 2−3/4 ⇒ y = 2−3/8

Now we find x:
x = y · 21/12 = 2−3/8 · 21/12 = 2−3/8+1/12 = 2−9/24+2/24 = 2−7/24

Now we need to find
∣∣log2(x4y3z2)

∣∣:
x4 = (2−7/24)4 = 2−7/6

y3 = (2−3/8)3 = 2−9/8

z2 = (2−5/12)2 = 2−5/6

x4y3z2 = 2−7/6 · 2−9/8 · 2−5/6 = 2−7/6−5/6−9/8 = 2−12/6−9/8 = 2−2−9/8 = 2−16/8−9/8 = 2−25/8

∣∣log2(x4y3z2)
∣∣ =

∣∣∣log2(2−25/8)
∣∣∣ =

∣∣∣∣−
25

8

∣∣∣∣ =
25

8

The value of
∣∣log2(x4y3z2)

∣∣ is 25
8

. Therefore, m = 25 and n = 8, and m+ n = 25 + 8 = 33.
The answer is correct.

Example 2

User: The set of points (x, y, z) that satisfy
2x = 3y = −z

is a line. The set of points (x, y, z) that satisfy
6x = −y = −4z

is another line. Find the angle between these lines, in degrees.
Let’s think step by step and output the final answer within .

Assistant: To find the angle between the two lines given by the equations 2x = 3y = −z and 6x = −y = −4z, we first
need to express these equations in parametric form and find their direction vectors.
Step 1: Finding the direction vectors of the lines
For the first line 2x = 3y = −z:
Let 2x = 3y = −z = t. Then we have:

x =
t

2
, y =

t

3
, z = −t.

For the second line 6x = −y = −4z:
Let 6x = −y = −4z = t. Then we have:

x =
t

6
, y = −t, z =

t

4
.

29850



The direction vector of the second line is:

d2 =

(
1

6
,−1,

1

4

)
.

Step 2: Finding the angle between the direction vectors
The cosine of the angle θ between two vectors d1 and d2 is given by:

cos θ =
d1 · d2

|d1||d2|
.

First, we compute the dot product d1 · d2:

d1 · d2 =

(
1

2
,
1

3
,−1

)
·
(
1

6
,−1,

1

4

)
=

1

2
· 1
6
+

1

3
· (−1) + (−1) · 1

4
=

1

12
− 1

3
− 1

4
.

To combine these terms, we need a common denominator, which is 12:

1

12
− 4

12
− 3

12
=

1− 4− 3

12
=

−6

12
= −1

2
.

Next, we compute the magnitudes |d1| and |d2|:

|d1| =
√(

1

2

)2

+

(
1

3

)2

+ (−1)2 =

√
1

4
+

1

9
+ 1 =

√
9

36
+

4

36
+

36

36
=

√
49

36
=

7

6
.

|d2| =
√(

1

6

)2

+ (−1)2 +

(
1

4

)2

=

√
1

36
+ 1 +

1

16
=

√
4

144
+

144

144
+

9

144
=

√
157

144
=

√
157

12
.

Now, we can find cos θ:

cos θ =
− 1

2(
7
6

) (√
157
12

) =
− 1

2

7
√
157

72

=
−36

7
√
157

= − 36

7
√
157

.

The angle θ is given by:

θ = cos−1

(
− 36

7
√
157

)
.

We need to find the numerical value of this angle. First, we calculate the value of 36

7
√

157
:

36

7
√
157

≈ 36

7 · 12.53 ≈ 36

87.71
≈ 0.410.

Thus,
cos θ ≈ −0.410.

The angle whose cosine is approximately −0.410 is approximately 114.8◦.
Therefore, the angle between the two lines is:

120

degrees.

User: Check the solution step-by-step. If you find a mistake: state the wrong step, explain why it’s wrong, and end your
response with ’The answer is wrong’. If all steps are correct, end your response with ’The answer is correct’.

Assistant: Let’s examine the problem step-by-step to identify any potential mistakes in the solution.
Given:

2x = 3y = −z

6x = −y = −4z

First, let’s find the direction vector of the first line:

2x = 3y = −z = t =⇒ x =
t

2
, y =

t

3
, z = −t

So the direction vector is:

d1 =

(
1

2
,
1

3
,−1

)
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Next, let’s find the direction vector of the second line:

6x = −y = −4z = t =⇒ x =
t

6
, y = −t, z =

t

4

So the direction vector is:

d2 =

(
1

6
,−1,

1

4

)

To find the angle θ between the two lines, we use the dot product formula:

cos θ =
d1 · d2

|d1||d2|

First, we calculate the dot product d1 · d2:

d1 · d2 =

(
1

2

)(
1

6

)
+

(
1

3

)
(−1) + (−1)

(
1

4

)
=

1

12
− 1

3
− 1

4

Converting the fractions to have a common denominator of 12:

1

12
− 4

12
− 3

12
=

1− 4− 3

12
=

−6

12
= −1

2

Next, we calculate the magnitudes of d1 and d2:

|d1| =
√(

1

2

)2

+

(
1

3

)2

+ (−1)2 =

√
1

4
+

1

9
+ 1 =

√
9

36
+

4

36
+

36

36
=

√
49

36
=

7

6

|d2| =
√(

1

6

)2

+ (−1)2 +

(
1

4

)2

=

√
1

36
+ 1 +

1

16
=

√
4

144
+

144

144
+

9

144
=

√
157

144
=

√
157

12

Now, we calculate cos θ:

cos θ =
d1 · d2

|d1||d2|
=

− 1
2(

7
6

) (√
157
12

) =
− 1

2

7
√

157
72

=
−36

7
√
157

Now we need to find the angle θ:

θ = cos−1

( −36

7
√
157

)

The given solution states the angle as 120◦. Let’s check if this is correct:

cos 120◦ = −1

2

We need to compare −36

7
√

157
with − 1

2
. For the solution to be correct, we need:

−36

7
√
157

≈ −1

2

Solving for
√
157:

36

7
√
157

=
1

2
=⇒ 72 = 7

√
157 =⇒

√
157 =

72

7

Since
√
157 ≈ 12.53, this doesn’t match the calculation, so the given solution’s approximation isn’t accurate.

The answer is wrong.

User: You indicated that your previous answer was wrong. Please reflect step by step and output your final answer within
.

Assistant: Let’s start by understanding the problem. We are given two lines in three-dimensional space:
1. The first line is defined by the equation 2x = 3y = −z. 2. The second line is defined by the equation 6x = −y = −4z.
We need to find the angle between these two lines.
Step 1: Finding the direction vectors of the lines
To find the direction vectors, we express each line in parametric form.
For the first line 2x = 3y = −z = t:
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We can express x, y, and z in terms of a parameter t:

2x = t =⇒ x =
t

2

3y = t =⇒ y =
t

3

−z = t =⇒ z = −t

So, the parametric form of the first line is: (
t

2
,
t

3
,−t

)

The direction vector d1 of the first line is:

d1 =

(
1

2
,
1

3
,−1

)

For the second line 6x = −y = −4z = t:
We can express x, y, and z in terms of a parameter t:

6x = t =⇒ x =
t

6

−y = t =⇒ y = −t

−4z = t =⇒ z = − t

4

So, the parametric form of the second line is: (
t

6
,−t,− t

4

)

The direction vector d2 of the second line is:

d2 =

(
1

6
,−1,−1

4

)

Step 2: Finding the angle between the direction vectors
The angle θ between two vectors d1 and d2 can be found using the dot product formula:

cos θ =
d1 · d2

|d1||d2|

First, calculate the dot product d1 · d2:

d1 · d2 =

(
1

2
,
1

3
,−1

)
·
(
1

6
,−1,−1

4

)

=

(
1

2
· 1
6

)
+

(
1

3
· −1

)
+

(
−1 · −1

4

)

=
1

12
− 1

3
+

1

4

=
1

12
− 4

12
+

3

12

=
1− 4 + 3

12

=
0

12

= 0

Since the dot product d1 · d2 = 0, we know that the vectors d1 and d2 are orthogonal. Therefore, the angle between them
is 90◦.
Thus, the angle between the two lines is 90 .
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