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Abstract

Cross-lingual chain-of-thought (XCoT) with
self-consistency markedly enhances multilin-
gual reasoning, yet existing methods remain
costly due to extensive sampling of full tra-
jectories across languages. Moreover, multi-
lingual LLM representations vary strongly by
language, hindering direct feature comparisons
and effective pruning. Motivated by this, we
introduce UL-XCoT, the first efficient unified
logic cross-lingual reasoning framework that
minimizes redundancy in token usage and la-
tency, yielding the greatest efficiency under lim-
ited sampling budgets during inference. Specif-
ically, UL-XCoT (1) achieves less languages by
selecting, per query, a small candidate language
set in a language-invariant unified logic space,
(2) enables less tokens by monitoring logic-
space trajectory dynamics during decoding to
prune low-quality reasoning paths, and (3) ag-
gregates the remaining high-quality trajectories
via voting. Experiments on PolyMath across
18 languages and MMLU-ProX-Lite across 29
languages with DeepSeek-R 1-Distill-Qwen-7B
demonstrate that UL-XCoT achieves compet-
itive accuracy while sharply cutting over 50%
decoding token cost versus prior sampling base-
lines. UL-XCoT also delivers more stable gains
on low-resource languages, underscoring con-
sistently superior robustness where standard
XCoT self-consistency method fails.

1 Introduction

Multilingual large language models (MLLMs) have
shown strong reasoning and generalization abil-
ities (Qin et al., 2025; Chen et al., 2024a; Lai
et al., 2023; Resck et al., 2025), which Cross-
lingual chain-of-thought (XCoT) can further op-
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(b) Unified Logic XCoT (UL-XCoT) Efficient Sampling Framework.

Figure 1: Traditional XCoT Sampling framework (a)
generates complete reasoning trajectories with all lan-
guages (e.g., Chinese, English, German, French, and
Thai). In contrast, Unified Logic XCoT (UL-XCoT) Ef-
ficient Sampling framework (b) uses the Unified Logic
Mechanism for efficient language selection and selec-
tive trajectories generation.

timize. Specifically, XCoT is a reasoning paradigm
where inputs and intermediate steps use different
languages (Qin et al., 2023; Zhang et al., 2024;
Huang et al., 2026; Tran et al., 2025b), effectively
activating their core reasoning capabilities (Ahuja
et al., 2025; Chen et al., 2024b; Huang et al., 2023).

As multilingual reasoning research advances,
XCoT has attracted growing interest for test-time
scaling via self-consistency, which samples mul-
tiple complete trajectories and aggregates out-
puts (Tran et al., 2025a; Khairi et al., 2025; Ghosh
et al., 2025; Zhang et al., 2025b). Specifically, Qin
et al. (2023) use voting across multiple XCoT tra-
jectories to exploit cross-lingual complementarities.
Zhang et al. (2024) optimize instructions to select
matching languages and assign language-specific
voting weights during aggregation. Ranaldi et al.
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(2024) prompt the model to simulate multilingual
experts, generate diverse trajectories, and derive
answers via cross-referencing. Khairi et al. (2025)
apply temperature scaling and Bayesian risk to sam-
ple and select high-quality XCoT trajectories.
While existing test-time scaling strategies on
XCoT have improved reasoning consistency and
performance, they remain limited by computational
inefficiency. As shown in Figure 1(a), most prior
approaches suffer from two drawbacks: (1) full-
language sampling, which requires generating all
candidate languages, and (2) full-trace reasoning,
which requires generating all complete reasoning
paths during inference. These issues cause redun-
dant computation on ineffective languages or simi-
lar reasoning trajectories, leading inference costs
to grow linearly with the number of languages and
producing substantial redundant tokens.
Motivated by this, we propose the Unified
Logic Cross-lingual Chain-of-Thought (UL-
XCoT) self-consistency framework, which en-
hances XCoT efficiency via two modules: Can-
didate Language Selection (CLS) and Dynamic
CoT Pruning (DCP). As shown in Figure 1 (b),
UL-XCoT first utilizes a Unified Logic Mechanism
(ULM) to establish a unified logical representation
space to compare and filter reasoning processes
across languages on a shared scale. It then applies
CLS to evaluate candidate languages in this space
and select a small subset (less languages) most
relevant to the input query, reducing computation
from irrelevant ones. Next, during reasoning, DCP
tracks each language’s CoT evolution and dynami-
cally prunes redundant paths (less tokens) that are
logically inconsistent. Finally, voting on the re-
maining high-quality cross-lingual reasoning paths
cuts costs while preserving reasoning quality.
Experiments on PolyMath across 18 languages
and on MMLU-ProX-Lite across 29 languages
show that UL-XCoT performs an obvious accuracy-
efficiency trade-off with DeepSeek-R1-Distill-
Qwen-7B. On PolyMath, it attains competitive
difficulty-weighted accuracy while consistently re-
quiring the fewest generated tokens and the low-
est latency across languages, reducing the average
token count by more than 50% relative to AUTO-
CAP and by more than 65% relative to SC. Beyond
mathematical reasoning, UL-XCoT also general-
izes well to MMLU-ProX-Lite, where it improves
average accuracy while retaining clear efficiency
advantages in both token usage and latency. More-
over, UL-XCoT yields stronger and more stable

gains on a data-driven low-resource language sub-
set, indicating greater robustness when standard
prompting and sampling signals are weak.

Overall, the contributions of the paper are sum-
marized as follows:

* We first point out an inherent efficiency limi-
tation in the previous cross-lingual ensemble
reasoning paradigm, where full-language enu-
meration implicitly assumes that the reasoning
process in each language is equally important
and must be fully generated, leading to substan-
tial redundant computation.

* We introduce UL-XCoT, an efficient XCoT
self-consistency framework improving infer-
ence efficiency from two dimensions: (1) less
languages through efficient language selection,
and (2) less tokens through dynamic pruning
with early stopping during reasoning.

» Experimental results show that UL-XCoT sig-
nificantly reduces inference cost while preserv-
ing accuracy, and yields particularly strong
gains in low-resource languages.

For reproducibility, the code for this pa-
per is available at https://github.com/
chenyuanTKCY/UL-XCoT.

2 Method

In this section, we illustrate UL-XCoT. As illus-
trated in Figure 2, given an input query x written in
language ¢, UL-XCoT introduces a Unified Logic
Mechanism that makes reasoning states across dif-
ferent languages comparable and measurable.

2.1 Overall Pipeline

Formally, let £ = {¢1, ..., {5} denote the set of
all languages, fy an MLLM, and A the answer
space. The overall inference process yields a =
UL-XCoTy(x|fp) € A. Specifically, this process
comprises four stages:
* First, in order to achieve cross-lingual compa-
rability of reasoning states in a unified logic

space, we construct a unified logic mechanism
(m)

via a projection operator £, g

at layer m.

* Second, we select a candidate languages set
Lpar(z), guided by an understanding similar-
ity score under the unified logic mechanism,
thereby achieving less languages.

* Third, for each ¢ € Ly, (x), we perform XCoT
decoding with fy, generating trajectory x; to-
ken by token in parallel. During decoding, a
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Figure 2: Overall framework of UL-XCoT, containing (i) The Unified Logic Mechamsm (ii) Candidate Language
Selection, (iii) Dynamic Chain-of-Thought Pruning modules.

time-evolving confidence signal dynamically
prunes low-quality paths, yielding a retained
subset of languages S(x) C Lpa(x). The re-
maining trajectories are denoted by S*(x) =
{z¢ : ¢ € S(z)}. In this way, we can achieve
less tokens during decoding.

* Finally, we extract an answer a, from each sur-
viving trajectory and aggregate them via a vot-
ing operator V':

i=V({a:leS). (1)

Below, we describe: (1) the Unified Logic Mech-
anism (ULM) for constructing the unified logic
space, (2) Candidate Language Selection (CLS)
for forming Ly, (x), and (3) Dynamic Chain-of-
Thought Pruning (DCP) for obtaining S*(z).

2.2 The Unified Logic Mechanism

To fairly compare reasoning behaviors across lan-
guages, we need a unified representation space
that suppresses language-specific surface variations
while preserving task-relevant reasoning structures.
We thus construct a unified logic space, where the
signals act as decision criteria for CLS (Sec. 2.3)
and DCP (Sec. 2.4).

Motivated by evidence that latent representations
encode both linguistic structure and reasoning-
relevant signals (Zhao et al., 2025; Hao et al., 2024;
Feng et al., 2024), we use the transformation of em-
beddings for constructing the Unified Logic Mech-
anism. Let H,,(z;) € R? denote the hidden state
at Transformer layer m for sample x, expressed
under language ¢ € L. To characterize system-
atic language-dependent shifts, we use a fixed val-

idation set Xy = {mzz}fil and obtain language-
specific realizations of the same content for each /¢
(e.g., by translation or consistent prompting). We
then define a language center at layer m as

w" = D Hule) @
|Xval|
mgexva]

Stacking centers across languages yields a multi-
lingual shift matrix

M = [ g )] € RPIEL ()

Following the intuition that cross-lingual variation
concentrates on a low-dimensional subspace, we
extract its principal directions via SVD:

MM — gm)y(m)y (m)T 4)

Let r be a hyperparameter. We take the top-r left
singular vectors as an orthonormal basis of the
language-variation subspace:

Bine = U1 5)
Its orthogonal complement defines the cross-
lingually shared subspace, with projection operator

T
=1- )\Bl(angg l(anzg2 : (6)

(m)
P shared —
For any input, we obtain its unified-logic-space
representation by projection:

0) = Pmngh™ (p). )

shared

Hy(
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2.3 Candidate Language Selection

Candidate Language Selection (CLS) compares in-
puts across languages in the unified logic space
for pre-screening. Since it requires no generation,
hidden states in this space capture a unified under-
standing of the input. We compute an understand-
ing similarity score for each language and select
the top-k as screening candidates.

Understanding Similarity Score To quantify
cross-lingual understanding consistency, we define
an understanding similarity score in the unified
logic space. For input query z, in source language
¢ and each candidate target language ¢/ € L, we
construct a semantically equivalent rendition x.
At analysis layer m = a, we extract the last-token
projected representations H,(z) and H,(xy) in
the unified logic space as the model’s understand-
ing states. We define the Understanding Similarity
Score (USS) as:

(Ha(2e), Ha(ze))

USS(JZ[,LU@/) =S = = .
[ Ha(zo)ll2 | Ha(we) |2

®)

This metric quantifies the preservation of identical
understanding states across languages.

Candidate Set Selection We select the top-k lan-
guages according to this score:

ﬁpar(xg) = TOp—kgleg USS(:L’g, wg/). (9)

It performs parallel XCoT sampling only over
Lpar(x¢). By enabling direct cross-lingual compari-
son in the unified logic space, this pre-filtering step
is query-adaptive and reduces redundant tokens
generated while preserving effective cross-lingual
collaboration during inference.

2.4 Dynamic Chain-of-Thought Pruning

Dynamic Chain-of-Thought Pruning (DCP) mon-
itors reasoning during XCoT decoding within the
unified logic space and prunes low-quality paths
online. This eliminates redundant generation from
inconsistent or drifting trajectories, focusing com-
putation on coherent high-quality paths.

Logical Quality Score We introduce a warm-up
phase of length Tyam, during which pruning is dis-
abled to avoid discarding paths prematurely. After
warm-up, let Sy denote the reasoning path from 0
to t-th step. For each path in S; with language ¢,
we track its trajectory and compute a cohort score

“score®(.|¢)” from to-th step over a window of
length 7. The Logical Quality Score (LQS) is':

to+T1
score(St|ze, ).

(10)

LQS(Si|ap, ) 2 /

t=to

Low Quality Path Pruning. At the end of the
monitoring window (IT'g = Tyam + 7 + 1), we
collect the trace set S by retaining the top- k&’ paths
ranked by LQS(¢):

S(xe) = Top-kyer,, (ry) LQS(Silze, ), (11)

where &’ follows pruning ratio p. Remaining paths
terminate early, while retained paths continue de-
coding and aggregate via voting. This adaptively
allocates compute to coherent paths, reducing re-
dundancy and ensuring robustness.

3 Experiments

3.1 Experimental Setting

Benchmark. We mainly evaluate on Poly-
Math (Wang et al., 2025d), a multilingual math-
ematical reasoning benchmark with 18 parallel lan-
guages and 4 difficulty levels.

To test generalization, we further select a
complementary benchmark on MMLU-ProX-
Lite (Xuan et al., 2025), a multilingual multiple-
choice benchmark spanning broader knowledge
and reasoning categories.

Evaluation protocol. We assess both effective-
ness and efficiency: (1) Accuracy: All methods
use the same backbone and decoding constraints;
for SC and AUTOCAP, we control the sample bud-
get at UL-XCoT’s worst-case level. We follow
PolyMath in reporting DW-ACC. (2) Efficiency:
We measure inference cost via generated tokens
and wall-clock latency under identical conditions.

Experimental setup. We conduct all experi-
ments with DeepSeek-R1-Distill-Qwen-7B (Guo
et al., 2025). All runs are executed on NVIDIA
RTX A6000 GPUs (48 GB). We set the maximum
generation length in the interval of 2048-10240
according to PolyMath difficulty and stability of
its performance. For prompting, we use a concise-
reasoning template® for our method and baseline.

"Details are in Appendix A.
2The prompt is provided in Appendix D.
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Figure 3: Average decoding token cost during generation on PolyMath.
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Figure 4: Average end-to-end latency across languages during generation on PolyMath.

UL-XCoT configuration. We set A = 0.4, use
layer m = 13 for logic-space representations (Sec-
tion 2.3), set | Lpar(x)| = 9-12, and use a warm-up
stage with Tyam = 10. After warm-up, we com-
pute trajectory signals in a sliding window 7 = 3¢
and adjust the pruning ratio p within 20%—-60%
throughout decoding.

Baselines. We compare UL-XCoT with repre-
sentative reasoning strategies spanning single-path
prompting and sampling-based test-time scaling:
(i) CLP (CLSP?) (Qin et al., 2023), a cross-
lingual prompting framework that leverages multi-
lingual signals to improve reasoning robustness; (ii)
CoT (Wei et al., 2022), standard single-trajectory
chain-of-thought prompting; (iii) SC (Wang et al.,
2022), self-consistency that samples diverse CoT
trajectories and aggregates the answers via major-
ity voting; (iv) AUTOCAP (Zhang et al., 2024), an
adaptive variant of SC that selects languages and as-
signs weights for aggregation; (v) ST-BoN (Wang
et al., 2025c), an efficient sampling-based method
that improves test-time scaling under a fixed bud-
get in single-language inference; and (vi) UL-CoT,
a monolingual counterpart of UL-XCoT featuring
the identical DCP module.

3.2 Results for UL-XCoT
3.2.1 The Superior Efficiency.

Figures 3 & 4 compare the average decoding cost
and end-to-end latency across languages.

UL-XCoT can achieve marked efficiency. As
illustrated in Figure 3, UL-XCoT consistently uses
the fewest tokens across all languages, achieving
the lowest average token count with over 50% re-

3The Self-consistency version of CLP.

duction relative to AUTOCAP and more than 65%
relative to SC. This efficiency is mirrored in latency
metrics (Figure 4), where UL-XCoT also exhibits
the lowest latency in most languages*.

UL-XCoT can also reduce overthinking in high-
resource languages. As shown in Figure 3,
some baselines (notably SC) exhibit pronounced
spikes in token consumption on high resource lan-
guages like English and Chinese, suggesting occa-
sional overthinking with excessively long reason-
ing traces. UL-XCoT largely avoids such extreme
outliers, providing more steady inference-time be-
havior and significant measures toward cost for
multilingual deployment.

3.2.2 The Comparable Performance.

Table 1 & 4 provide a comparative evaluation of
UL-XCoT against a range of multilingual reason-
ing baselines on PolyMath’.

UL-XCoT achieves competitive accuracy. Un-
der the same evaluation setting, UL-XCoT delivers
consistently strong performance across languages
and four difficulty levels, ranking at or near the top
on average. Table 4 shows competitive DW-ACC
on PolyMath-Full across all difficulties, confirm-
ing effectiveness on challenging problems. Overall,
UL-XCoT provides robust gains over prior prompt-
ing and sampling-based baselines for cross-lingual
mathematical reasoning.

UL-XCoT also shows robustness in low-resource
languages. We evaluate robustness on a data-
driven low-resource subset (Bandarkar et al., 2024),
performed as languages where both COT and SC

*A per-difficulty breakdown of token cost and wall-clock
latency is provided in Appendix B.
The overall performance is provided in Appendix C
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Table 1: Performance on PolyMath across 18 languages and four difficulty levels from top to bottom.

ACC ar bn de en es fr id it ja ko ms pt ru SW te th vi zh AVG
PolyMath-Low
CoT (Wei et al., 2022) 520 424 56.0 832 728 568 592 68.0 416 424 552 672 712 40 13.6 49.6 592 768 54.0
CLP (Qin et al., 2023) 392 328 456 584 48.0 472 384 464 408 328 472 520 36.0 40.8 328 456 408 408 425
SC (Wang et al., 2022) 68.8 592 688 888 776 768 736 784 648 640 720 73.6 792 120 264 664 704 816 66.8
CLSP (Qin et al., 2023) 776 832 81.6 81.6 808 848 824 816 824 808 784 81.6 80.0 80.0 80.8 832 84.0 800 814
AUTOCAP (Zhang et al., 2024) 80.0 81.6 81.6 768 84.0 816 80.8 792 81.6 744 848 832 B81.6 840 808 784 832 792 809
ST-BoN (Wang etal., 2025¢)  60.0 624 656 69.6 648 720 640 632 61.6 61.6 632 624 648 600 632 592 61.6 632 635
UL-CoT 68.0 552 68.0 864 792 760 712 792 632 624 736 752 73.6 9.6 240 61.6 720 80.0 655
UL-XCoT 81.6 832 84.0 84.8 824 840 856 832 848 840 856 832 85.6 832 84.0 84.0 832 824 838
PolyMath-Medium
CoT (Wei et al., 2022) 184 128 184 21.6 200 144 152 168 144 200 136 168 184 88 80 144 192 248 164
CLP (Qin et al., 2023) 176 17.6 168 184 184 200 152 176 208 192 160 17.6 184 144 144 88 216 168 172
SC (Wang et al., 2022) 304 224 272 384 256 248 224 240 192 320 176 248 320 120 128 240 29.6 392 255
CLSP (Qin et al., 2023) 320 288 33.6 29.6 28.0 328 312 256 312 288 304 28.8 288 320 304 29.6 33.6 320 304
AUTOCAP (Zhang et al., 2024) 352 344 304 240 312 296 256 264 312 36.0 29.6 288 272 304 280 256 288 264 294
ST-BoN (Wang et al., 2025¢)  20.8 152 152 192 224 160 176 17.6 17.6 168 192 200 144 168 176 240 192 21.6 184
UL-CoT 28.0 256 264 456 264 240 224 256 216 360 176 192 320 13.6 152 272 240 432 263
UL-XCoT 28.8 28.0 352 320 352 296 336 288 272 272 312 280 32.8 384 33.6 29.6 328 28.0 311
PolyMath-High
CoT (Wei et al., 2022) 56 64 104 80 104 80 40 96 72 80 48 88 80 08 16 72 88 128 72
CLP (Qin et al., 2023) 72 80 88 72 64 104 88 72 120 48 96 104 80 80 64 64 64 64 79
SC (Wang et al., 2022) 144 112 96 200 120 120 80 136 88 152 80 96 104 24 40 112 9.6 208 112
CLSP (Qin et al., 2023) 152 136 152 152 160 152 160 152 168 13.6 152 168 160 168 128 112 144 112 148
AUTOCAP (Zhangetal.,2024) 13.6 13.6 13.6 144 128 200 168 144 16.8 128 12.0 144 144 120 136 128 152 128 142
ST-BoN (Wang et al., 2025¢) 120 104 88 32 72 64 80 144 72 88 104 80 96 104 72 88 80 80 87
UL-CoT 120 16.0 104 296 144 72 72 120 88 176 80 104 136 48 40 112 88 256 123
UL-XCoT 136 112 128 112 144 152 17.6 136 128 112 128 144 152 144 120 168 128 12.0 13.6
PolyMath-Top
CoT (Wei et al., 2022) 56 16 72 24 72 96 72 32 88 32 48 80 56 08 08 64 48 40 51
CLP (Qin et al., 2023) 40 24 80 96 56 88 56 80 96 88 88 48 96 80 64 40 72 88 71
SC (Wang et al., 2022) 120 48 72 72 88 96 88 104 40 128 96 88 96 32 32 72 80 120 82
CLSP (Qin et al., 2023) 88 72 128 112 64 88 128 72 104 144 96 56 80 96 112 112 88 96 9.6
AUTOCAP (Zhangetal.,2024) 88 88 88 96 96 88 104 64 72 128 144 96 64 80 96 56 80 112 9.1
ST-BoN (Wangetal.,, 2025¢) 72 64 56 88 56 104 88 72 104 88 96 96 72 56 72 104 104 72 81
UL-CoT 104 96 56 224 104 104 72 96 72 152 56 88 96 32 56 64 80 211 94
UL-XCoT 104 128 104 128 96 104 96 96 96 96 112 80 112 13.6 88 112 120 104 10.6

Table 2: Ablation study for 3 proposed modules on

across all four PolyMath difficulty levels,
PolyMath-Low subset.

indicating that the benefit of UL-XCoT does not
come only from pruning more efficiently; multilin-

Subset ACC. Latency (s) Tokens (#) . X X . X

gual interaction itself contributes substantial per-
UL-XCoT w/o CLS 84.4 36.2 5560 . .
UL-XCoT w/o DCP 814 30.7 3893 formance gains, especially on lower-resource lan-
UL-XCoT w/o ULM 79.8 25.4 3098 guages.
UL-XCoT w/o all modules  85.2 359 7518
UL-XCoT 83.8 24.6 3092

3.2.3 The Robust Generalization.
UL-XCoT transfers beyond PolyMath. To

fall below their mean DW-ACC across all lan-
guages. On this challenging set, UL-XCoT remains
consistently strong performance, indicating more
stable and reliable cross-lingual reasoning when
language resources are limited.

The multilingual gain does not collapse to prun-
ing alone. To separate the effect of multilingual
collaboration from the gain brought by pruning,
we further introduce a monolingual control variant,
UL-CoT. This variant keeps the same unified logic
representation and dynamic pruning signals as UL-
XCoT, but samples and aggregates reasoning traces
only within the query language. As shown in Ta-
ble 1, UL-XCoT consistently outperforms UL-CoT

complement the main PolyMath evaluation, we
compare UL-XCoT and CLSP on MMLU-ProX-
Lite (Xuan et al., 2025) under the same evaluation
protocol. This benchmark covers a broader set
of multilingual knowledge-and-reasoning multiple-
choice questions, providing a task setting distinct
from multilingual math reasoning. As shown in
Table 3, UL-XCoT improves the average accuracy
from 40.5 to 43.6, outperforms CLSP in 19 of 29
languages, and ties in 2 languages. And the gains
also extend to several lower-resource languages,
suggesting that the method can generalize across
multilingual reasoning tasks.

UL-XCoT retains its efficiency advantage on
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Table 3: Additional benchmark results on MMLU-ProX-Lite across 29 languages.

Languages af ar bn c¢s de en e fr hi hu id it ja

ko mr ne pt ru sr sw te th uk ur vi wo yo zh zu AVG

CLSP (Qinetal., 2023) 37.3 44.1 32.2 44.1 424 39.0 40.7 424 356 373 475 373 39.0 44.1 424 356 424 44.1 407 39.0 37.3 424 373 373 458 424 44.1 424 390 405

UL-XCoT

40.7 39.0 52.5 40.7 40.7 49.2 525 40.7 39.0 424 44.1 458 458 39.0 40.7 424 424 458 458 424 40.7 458 492 39.0

424 458 458 424 424 436

R I IV ETTTE TR
BT 40

af ar bn cs de en es fr ja

ko mr ne pt ru sr ur

vi wo yo zh

Languages
Figure 5: Average token cost and end-to-end latency across languages during generation on MMLU-ProX-Lite.

the new benchmark. Figure 5 reports the gener-
ated tokens and end-to-end latency across the 29
languages. UL-XCoT reduces average token usage
from 27,679.3 to 10,543.6 and average latency from
134.2s to 93.7 s. This result is consistent with our
main findings: candidate language selection and
dynamic pruning avoid unnecessary multilingual
sampling, yielding a better cost—quality trade-off
than CLSP even on a different task.

3.3 Analysis
3.3.1 Effectiveness of Each Module

To quantify the contribution of each module, we
carry out ablation studies on PolyMath-Low
by removing one module at a time © in Table 2.

ULM is the main accuracy contributor under
a matched compute budget. A key observation
from Table 2 is that UL-XCoT and UL-XCoT w/o
ULM operate under nearly identical compute bud-
gets (24.6s/3092 tokens vs. 25.4s/3098 tokens).
Therefore, the accuracy drop after removing ULM
reflects a genuine algorithmic gain rather than an
artifact of increased sampling or longer decod-
ing. Mechanistically, ULM maps language-specific
chains into a unified, comparable logic space, en-
abling reliable cross-lingual confidence accumula-
tion and coherent trajectory selection without in-
creasing tokens and latency.

CLS primarily improves efficiency by reduc-
ing the search space. CLS mainly improves effi-
ciency by proactively shrinking the candidate lan-
guage set to a few logically relevant participants,

SVariants without CLS or DCP may implicitly use more
compute, which can inflate accuracy; hence accuracy should
be read together with compute.
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Figure 6: PCA projection of same-query embedding
representations across 18 languages. Circles denote the
original representations, while crosses indicate ULM-
transformed representations in the unified logic space.

reducing exploration over noisy or irrelevant paths.
As shown in Table 2, removing CLS enlarges the
active set and leads to higher latency and tokens,
indicating that CLS saves compute by avoiding
low-value multilingual trajectories early.

DCP saves compute via online pruning of low-
quality trajectories. DCP further reduces com-
putation through early truncation: it monitors tra-
jectory quality online and stops paths that show
clear signs of low utility. And they do not continue
consuming the full decoding budget. This strategy
shrinks the active set early and focuses computation
on the remaining competitive candidates during in-
ference time. From Table 2, removing DCP sub-
stantially increases token usage and latency, while
yielding only limited gains in final performance.
These results suggest that many additional steps
generated without DCP are largely redundant and
rarely translate into better final votes.
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3.3.2 ULM can effectively unify cross-lingual
logic representations.

To assess how ULM unifies cross-lingual logical
representations, we analyze (1) static alignment
across languages and (2) dynamic decoding trajec-
tories under ULM.
ULM disentangles static language-specific vari-
ation. To visualize static alignment, we extract
logic-space embeddings for the same query across
18 languages at a fixed decoding step and project
them into 2D using PCA. Figure 6 shows that
ULM of UL-XCoT disentangles surface-form vari-
ation, producing comparable, language-invariant
representations across languages. After removing
language-specific components, embeddings exhibit
greater invariance: cross-lingual samples cluster
tightly with consistent nearest neighbors. This in-
dicates that the retained subspace encodes a shared
logic state, not superficial differences.
ULM can align dynamic reasoning trajecto-
ries. Beyond static alignment, Figure 7 tracks how
hidden-state geometry evolves across layers when
answering the same queries in different languages.
With ULM, trajectories show a consistent distri-
bution across languages, reflecting shared evolution
patterns in the logic space. Without ULM, trajecto-
ries diverge markedly, with greater sensitivity and
larger geometric gaps due to linguistic difference.
Thus, ULM removes superficial variation, enabling
DCP’s chain-of-thought pruning via reliable geo-
metric signals in the unified logic space.

3.3.3 CLS can adaptively select appropriate
languages without bias.

As shown in Figure 8, we count how often each
language appears in the CLS-selected set Lpqr(2)
across the full evaluation suite. CLS does not col-
lapse to a single language: each language con-
tributes roughly 3.7% ~ 7.7% of all selections
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7.7% 71% 6.5% | 5.9% |en fr th
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Figure 8: Distribution of languages selected by CLS,
measured by the frequency of each language appearing
in Lpa(x) over the full evaluation suite.

(mean =~ 5.6%), indicating broad coverage without
a dominant bias. While a few languages (e.g., pt/m-
s/ru/it/id) are selected slightly more often, CLS still
consistently includes lower-frequency languages
(e.g., bn/ar/te/zh) for a non-trivial portion of inputs,
reflecting query-adaptive selection rather than a
fixed or heuristic language list.

3.3.4 DCP enables quality-aware pruning for
efficiency.

DCP can effectively balance performance and
efficiency. To assess the impact of the pruning
ratio p in DCP, we vary p from 0.0 to 0.9 and mea-
sure both accuracy and efficiency. As shown in
Figure 9, for p < 0.85, higher p slightly degrades
accuracy but yields an almost linear reduction in
latency and token usage, indicating that DCP re-
moves low-confidence paths with minimal quality
loss. Overall, a moderate p of 0.55-0.70 provides
the best trade-off, achieving substantial efficiency
gains while largely preserving performance.

DCP can truly prune low-quality paths. To
verify DCP’s pruning quality, we analyze a high-
performing subset where both Pruned and Full
XCoT achieve strong overall performance. As
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shown in Figure 10, we use an LLM-as-a-judge’ to
score trajectories (0—100) on step validity, faithful-
ness, completeness, conciseness, and compliance.
Pruned trajectories consistently score lower, with
the largest drops in step validity and completeness,
indicating weaker logical coherence and more miss-
ing intermediate reasoning.

4 Related Work

4.1 Cross-lingual Chain-of-Thought
Reasoning

Chain-of-Thought (CoT) prompting elicits explicit
intermediate steps, improving reliability on multi-
step problems (Wei et al., 2022; Kojima et al., 2022;
Qin et al., 2026; Chen et al., 2025¢). In cross-
lingual settings, CoT can transfer across languages
and strengthen in underrepresented languages as
model scale grows (Shi et al., 2022; Ghosh et al.,
2025; Barua et al., 2025; He et al., 2025). This
motivates XCoT to go beyond prompt translation
and exploit multilingual signals (Huang et al., 2023;
Wang et al., 2025a; Chai et al., 2025; Ahuja et al.,
2025). Recently, XCoT studies instruction tuning
for CoT transfer, distilling reasoning from high-
resource to low-resource languages (Upadhayay
and Behzadan, 2023; Kuulmets et al., 2024; Chai
et al., 2025; Weihua et al., 2025).

"The prompt is provided in Appendix D

4.2 Cross-lingual Chain-of-Thought
Self-consistency

Self-consistency improves CoT by sampling mul-
tiple paths and selecting the most consistent an-
swer (Wang et al., 2022; Aggarwal et al., 2023;
Wang et al., 2025b).

Cross-lingual self-consistent prompting extends
this to XCoT paths (Qin et al., 2023), while AU-
TOCAP automates language selection and learns
language-specific weights (Zhang et al., 2024).
Cross-lingual Tree-of-Thoughts performs multilin-
gual search with branching reasoning and aggre-
gation (Ranaldi et al., 2024). L? leverages mul-
tilingual unification learning and decoding-time
interventions (Chen et al., 2025b). Best-of-L ranks
multilingual candidates with a cross-lingual reward
model for math reasoning (Rajaee et al., 2025)
and Multidimensional Consistency aggregates sig-
nals across input perturbations to improve robust-
ness (Lai et al., 2025).

Compared to these methods, our focus is
efficiency-oriented allocation of test-time computa-
tion. We align intermediate states across languages
in a unified logic space, which makes partial reason-
ing trajectories directly comparable during decod-
ing and enables query-adaptive language selection
together with online pruning.

5 Conclusion

We proposed UL-XCoT, an efficient cross-lingual
reasoning framework that leverages a unified logic
mechanism to better allocate compute resources.
By selecting query-adaptive candidate languages
and pruning inconsistent XCoT dynamically, UL-
XCoT reduces redundancy at both the language and
token levels while maintaining strong cross-lingual
reasoning quality.

Experiments on PolyMath and MMLU-ProX-
Lite show competitive accuracy with significantly
higher efficiency and stable gains on a data-driven
low-resource subset.
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Limitations

Prior interpretability work suggests that trans-
former hidden states encode information-rich repre-
sentations that can be meaningfully inspected and
analyzed (Yang et al., 2024; Ghandeharioun et al.,
2024; Skean et al., 2025). Our method builds on
this observation by leveraging hidden-state repre-
sentations to compare cross-lingual understanding
differences in a unified logic space and to moni-
tor the quality of reasoning trajectories for online
pruning. Therefore, UL-XCoT assumes white-box
access to hidden states. Applicability to strict black-
box LLM APIs remains to be validated.
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A Mathematical Details of DCP

Logic-space curvature signal. Building upon
hidden-state based self-truncation ideas (Wang
et al., 2025¢; Zhang et al., 2025a; Bae et al., 2023;
Chen et al., 2025a), we quantify the within-model
stability of a trajectory by measuring the curvature
of projected hidden states across layers at each de-
coding step. After warm-up, at decoding moment
t, for each active language path ¢, let 2 denote the
current prefix. Let m € M = {my,..., me} be
the monitored Transformer layers. We define the
position-averaged projected hidden state:

hf,m = flfn(xg)

‘xgl

Ht E
(= |xg| Z

where flfm(x, ?) is the projected hidden state at
token position ¢ and layer m.

We quantify layer-to-layer local changes in mag-
nitude and direction. Define cosine similarity:

’LLTU

o8, ) = ol

For each adjacent layer pair (m
magnitude change:

— 1, m), define the

5](\27%) (e) = th,m - hf,mfl H2 :
Define the angular change:
51(:’m) (¢) == arccos( cos(ht o ht m_1))-

We normalize by the end-to-end (chord) change
across layers at the same step ¢. Define:

Al (6) = Hhtme B

t,ms

AY(0) = arccos(cos(hﬁme h me))-

The layer-wise curvature ratios are:

Me t,m

" Ay ()
Me (t,m)

AL

Finally, we define a Logic-space curvature sig-
nal to measure the evolution of a path:

KE(0) =l (0) — riy(0).

Divergence test. To avoid false positives caused
by a global drift shared by all paths, we implement
an indicator It using both absolute and relative
pairwise spread. Specifically, define the maximum
absolute spread

At

max ‘= Iax

(7

k() = K1 (0)],
the maximum relative spread

. [5(0) — K]
= max ,
max max(|mt(£)|, |kt 5)
and the mean relative spread over all unordered
pairs can be expressed as

(0 =)
maX(|/€t(€)|, |kt ()], 5) 7

R} ean = Bz

where § > 0 is a small constant for numerical
stability. We declare step ¢ as divergent iff all
three conditions hold:

It = H[Afﬂax > aps) - I[Rbyax > Erel]
[Rt >7vR

max mean] .

Divergence detection and scoring. Let S} de-
note the set of active paths at decoding step ¢ and
N; = |S;|. For each path ¢ € S, let !(¢) be its
divergence descriptor at step ¢t. We start monitoring
after a warm-up period and define the first post-
warm-up divergence step as

c=min{t > Tyarm | IL = 1}.
We only score paths within a fixed window
tele c+Tl.

Per-step point assignment. We set K, =
min(K’, Ny) and assign each path ¢ € S; a binary
point score(St|zs, ¢') € {0,1}:

]I[EGRt], 12:0,
]I[EGWt], I =1,

K

(12)

where, if step ¢ is non-divergent, we sample
R; C S; uniformly at random without replacement
with |R;| = K. If step t is divergent, we keep the
K’ most central paths by minimizing the average
distance to the cohort in the divergence space:

g () =mX(11N_1) S RO - k()

reS\{£}

Wt = TOpK’(ESt ( — gt(g)) .
Equivalently, W; contains the K/ paths with the
smallest g*(¢), with ties broken arbitrarily.
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Figure 11: Decoding token cost during generation across PolyMath difficulty levels.

B Detailed Efficiency Analysis

This appendix analyzes the efficiency results in
Sec. 3.2.1 by PolyMath difficulty level, providing
additional evidence for the less languages, less to-
kens motivation.

B.1 Token cost across difficulty levels.

Figure 11 reports the decoding token cost over four
PolyMath difficulty levels, broken down by lan-
guage. As difficulty increases from low to top, all
methods exhibit higher token consumption, indi-
cating longer reasoning traces on harder problems.
Across all languages and levels, UL-XCoT con-
sistently incurs fewer tokens than the baselines,
showing that query-adaptive language selection and
online trajectory pruning can reduce unnecessary
generation without relying on extra sampling. The
gap becomes more evident on harder subsets (high-
/top), where baseline decoding tends to produce
longer and more variable traces, while UL-XCoT

keeps token usage more stable and cost-efficient.

B.2 Wall-clock latency across difficulty levels.

Figure 12 reports decoding wall-clock latency dur-
ing generation across four PolyMath difficulty lev-
els, broken down by language. Latency increases
monotonically from low to top for all methods, re-
flecting the longer and more compute-intensive rea-
soning required by harder problems. Across nearly
all languages and all levels, UL-XCoT consistently
achieves the lowest latency and the best AVG, indi-
cating a more efficient decoding profile than CLSP,
AUTOCAP, and SC. Notably, the advantage be-
comes more pronounced on high/top, where base-
line methods exhibit larger variance and occasional
long-tail spikes, while UL-XCoT remains more
stable. This improvement is attributed to select-
ing candidate languages before decoding and dy-
namically pruning low-quality XCoT paths early,
thereby avoiding unnecessary generation early and
reducing end-to-end serving time.
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Figure 12: Decoding wall-clock latency during generation across PolyMath difficulty levels.

Table 4: Difficulty considered performance on PolyMath across 18 languages and four difficulty levels.

DW-ACC ar bn de en es fr id it ja ko ms pt ru sW te th vi zh AVG
CoT (Wei et al., 2022) 104 7.1 128 11.8 141 130 109 11.0 113 93 93 133 123 21 28 106 114 140 104
CLP (Qin et al., 2023) 90 79 119 134 103 133 99 11.6 138 107 125 11.1 121 110 92 81 11.1 114 110
SC (Wang et al., 2022) 189 125 146 202 165 167 147 17.6 114 194 144 155 174 47 62 145 155 22.6 152
CLSP (Qin et al., 2023) 182 169 208 194 168 188 20.7 167 197 205 185 167 17.7 19.2 188 185 18.6 17.7 18.6
AUTOCAP (Zhang et al., 2024) 183 183 17.8 173 183 194 188 16.1 179 20.0 20.5 183 163 17.1 179 150 17.7 182 182
ST-BoN (Wang et al., 2025¢)  13.8 124 11.7 127 122 142 134 142 139 134 147 141 126 120 123 150 143 131 133
UL-XCoT 185 191 193 197 191 191 200 181 178 173 193 174 201 21.8 18.0 20.0 19.7 18.0 19.0

C Opverall Performance on PolyMath

Table 4 provides the PolyMath-Full summary in
terms of DW-ACC, which is the primary effec-
tiveness metric used in our evaluation protocol.
Different from Table 1 that reports accuracy sep-
arately for each difficulty level, DW-ACC aggre-
gates performance over the four levels into a single
difficulty-aware score, enabling a compact compar-
ison of overall effectiveness across languages.
Overall, UL-XCoT achieves the best AVG DW-
ACC, and remains consistently strong across the
18-language suite. This result directly supports

that our efficiency-oriented framework substan-
tially reduces inference cost, it stays competitive
in difficulty-weighted accuracy on PolyMath-Full.
In particular, the gains are not confined to a single
high-resource language, but are distributed across
languages, suggesting that the proposed CLS and
DCP strategy guarantees cross-lingual reasoning
quality under the same decoding budget.
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D Prompt Templates

D.1 Concise Reasoning Prompt

We faithfully implement the reasoning setting us-
ing the following prompt, which enforces a concise
thinking process and enables a clearer analysis of
performance under such a regime (Renze and Gu-
ven, 2024; Xu et al., 2025).

Specifically, it (i) fixes the reasoning language to
<LANG_NAME> to avoid cross-lingual leakage, (ii)
caps the reasoning to at most <STEP_NUM> num-
bered steps to control verbosity and token budget,
and (iii) restricts the final output to a single boxed
answer outside the <think> block, ensuring a
clean separation between intermediate reasoning
and the model’s final response. This standardized
format makes results comparable and isolates effi-
ciency gains attributable to the decoding strategy
rather than prompt-induced length differences.

D.2 Quality Judge Prompt

We use an LLLM-as-a-judge prompt to score each
candidate trajectory in a structured and machine-
readable manner (Zheng et al., 2023; Li et al.,
2024). We use GPT—40 mini as the LLM in
our experiments (OpenAl, 2024). The judge
takes the question, reference_answer,
candidate_answer, and the candidate CoT as
input, and is constrained to output only a JSON
object matching a fixed schema. It assigns integer
scores in [0, 100] on six dimensions: correctness
(exact match to the reference answer), step validity
(logical soundness without jumps), faithfulness (no
hallucinated facts), completeness (covers key con-
straints), conciseness (non-redundant), and compli-
ance (language constraints). The final overall
score is a weighted average with the largest weight
on correctness.
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concise-reasoning template

You are an expert in mathematical / geometric reasoning.

Think strictly in <LANG_NAME> step by step. Do not use any other language.
Format:

<think>

Step 1: ...

Step 2: ...

Step N: ...

</think>

$\boxed {FINAL\_ANSWER}S
Hard Rules:

1) All intermediate reasoning MUST be inside a single <think>...</think> block, written
only in <LANG_NAME>.

2) At most <STEP_NUM> numbered steps. Be concise and avoid repetition.
3) Outside </think> you may output ONE line only: $\boxed {FINAL\_ANSWER}S.

4) Do NOT restate the problem. Do NOT add any explanation, comments, or extra text after the
boxed answer.

5) If the result is an expression, keep it simplified. If numeric, give an exact value when possible.
Question:

<QUERY>

Nnotes:

- Use standard math notation. Keep symbols/variables as-is.

- If you reach a conclusion early, stop immediately and output the boxed answer.
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quality-judge-prompt

You are a strict grader. Output ONLY JSON matching the schema.

Score scale IMPORTANT):

- All scores are INTEGERS from 0 to 100 (100 is best).

- 0-20: very poor, 40-60: mediocre, 70-80: good, 85-95: very good, 96—-100: near-perfect.

- DO NOT use a 1-5 scale.

Question:

<question>

Reference Answer:

<reference_answer>

Candidate Answer:

<candidate_answer>

Candidate Reasoning / CoT:

<candidate_cot>

Dimension rules:

- correctness: 100 if candidate answer matches reference answer (allow trivial formatting), else 0.
- step_validity: penalize jumps/invalid inference; 100 means each step is logically justified.

- faithfulness: penalize invented facts not in question or derivable; 100 means fully grounded.
- completeness: 100 means all key constraints/calculations covered.

- conciseness: 100 means no redundancy; lower if repetitive.

- compliance: 100 means follows required format/language constraints.

overall: weighted average (correctness has the largest weight).
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