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Abstract

While Large Reasoning Models (LRMs) have
demonstrated remarkable capabilities through
explicit Chain-of-Thought (CoT) generation,
they frequently suffer from “overthinking”. In
this work, we bridge this gap by introducing
Token-level Marginal Utility, which quanti-
fies the per-token log-probability gain of the
ground-truth answer. Leveraging this dense su-
pervision signal, we propose MUTO (Marginal
Utility Guided Thinking Optimization), a uni-
fied training framework designed to synthe-
size concise reasoning chains. Rather than
relying only on coarse trajectory-level length
control, MUTO identifies tokens that reduce
the model’s likelihood of the correct answer
and penalizes such negative-utility reasoning,
yielding concise yet effective CoT trajecto-
ries. Experiments on DeepSeek-R1-Distill-
Qwen backbones (1.5B and 7B) across six math
reasoning benchmarks show that MUTO yields
a markedly better efficiency-accuracy Pareto
frontier. It reduces average token usage by
87.1% at 1.5B while improving accuracy by
2.3%, and cuts tokens by 80.2% at 7B with
only -0.1% accuracy change, achieving the best
length-normalized accuracy among baselines.

1 Introduction

Large reasoning models (LRMs) (OpenAI, 2024;
Team, 2025; DeepSeek-AI, 2025; Chen et al., 2025)
achieve strong performance by generating explicit
Chain-of-Thought (CoT) rationales. However, a
growing body of work has revealed a pervasive
phenomenon of “overthinking” in these models:
LRMs frequently generate unnecessarily long in-
ference trajectories, often extending to thousands of
tokens even for simple problems (Chen et al., 2024;
Zhao et al., 2025; Li et al., 2025a; Sui et al., 2025).
This behavior increases latency and cost, and of-
ten exhibits diminishing returns in accuracy, while
introducing redundant steps that distract from the
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Figure 1: Conceptual framework for quantifying token-
level marginal utility (∆t) in LRMs. The top panel
displays a generated CoT z1:T responding to a problem
input x. At each time step t, we compute the ground-
truth answer log-likelihood under the model conditioned
on the current prefix z≤t (via a fixed probing format),
without altering the prefix itself. The bottom panel
illustrates the resulting probability trajectory.

core solution path. Mitigating such redundancy is
therefore crucial for efficient deployment of LRMs.

Recent studies further indicate that the contri-
bution of individual tokens to the final answer is
highly non-uniform. For instance, Liu et al. (2025b)
demonstrated a correlation between token proba-
bility distributions and task performance, but their
analysis operates at a coarse-grained, sequence-
level resolution. Wang et al. (2025a) observed that
CoT sequences comprise a mix of low-entropy an-
chor tokens and high-entropy exploration tokens,
each playing distinct roles in the reasoning process.
Ding et al. (2025) provides evidence that some
intermediate tokens can help reasoning whereas
others can be detrimental. However, the lack of a
fine-grained metric to quantify the specific impact
of individual tokens in these works leads us to a
critical question: “Can we quantify the marginal
utility of each token to the generation of the cor-
rect answer, thereby identifying and pruning tokens
with negative utility to mitigate overthinking?”

In this work, we introduce token-level marginal
utility to quantify each reasoning token’s contribu-
tion to the ground-truth answer. As illustrated in
Figure 1, given an input x, a generated rationale
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prefix z≤t, and the ground-truth answer y⋆, we de-
fine ∆t = log p(y⋆ | x, z≤t)−log p(y⋆ | x, z≤t−1),
estimated by probing the model to answer at each
prefix. Tokens with ∆t > 0 are positively useful,
while ∆t < 0 indicates negative utility with respect
to ground-truth answer log-probability.

Building upon this metric, we propose MUTO
(Marginal Utility Guided Thinking Optimization)
to orchestrate adaptive thinking modes and syn-
thesize concise reasoning chains. MUTO uses
token-level marginal utility as dense supervision
to distinguish useful reasoning from redundant or
harmful generation. Concretely, MUTO augments
trajectory-level optimization with two utility-driven
signals: a marginal-utility penalty that discourages
reasoning trajectories that lower the model’s like-
lihood of the correct answer, and a token-level re-
dundancy penalty that suppresses tokens with non-
positive marginal utility. In our experiments, we
instantiate MUTO on top of the dual-mode adaptive
reasoning scaffold of AutoThink (Tu et al., 2025b).
This scaffold provides a controlled setting for com-
paring direct-answer and CoT trajectories, whereas
MUTO contributes a complementary token-level
credit assignment signal that measures and opti-
mizes the utility of individual reasoning tokens.

We validate MUTO on six math reasoning
benchmarks with DS-R1-Distill-Qwen backbones
(1.5B/7B). MUTO reduces average generation
length by 87.1% at 1.5B while improving accu-
racy by 2.3%, and cuts tokens by 80.2% at 7B with
only a -0.1% accuracy change. Under the length-
normalized accuracy metric (L-Acc) (Liu et al.,
2025a), MUTO achieves 47.5 (1.5B) and 57.6 (7B),
outperforming existing efficiency-oriented base-
lines. Moreover, MUTO consistently outperforms
recent LRMs and state-of-the-art adaptive reason-
ing methods in both specialized reasoning bench-
marks and general capability evaluations. Our main
contributions are as follows:

• We propose token-level marginal utility, a
dense supervision signal that quantifies each
reasoning token’s marginal log-probability
gain toward the ground-truth answer, enabling
fine-grained diagnosis of overthinking without
requiring labeled CoTs.

• We introduce MUTO, a reinforcement learn-
ing with verifiable rewards(RLVR) based
utility-guided training framework that penal-
izes reasoning trajectories and individual to-
kens when they reduce the model’s likelihood

of the ground-truth answer, enabling LRMs to
produce concise yet effective CoT trajectories.

• Extensive evaluations across model scales
(1.5B/7B) and six benchmarks show that
MUTO substantially improves the efficiency-
accuracy trade-off, often achieving Pareto-
optimal among evaluated baselines.

2 Related Works

Efficient Reasoning for LRMs LRMs often suf-
fer from overthinking (Zeng et al., 2025c; Sui et al.,
2025), generating long and redundant CoT traces
even on easy instances, which increases latency and
can induce reasoning drift. Existing efforts primar-
ily improve efficiency by reducing output length
through (i) training-time length control, e.g., rein-
forcement learning with length-based rewards or
constraints (Xiang et al., 2025; Arora and Zanette,
2025; Tu et al., 2025a), and preference-based fine-
tuning using short–long pairs obtained via best-of-
N sampling or postprocessing (Luo et al., 2025a;
Wang et al., 2025b); and (ii) inference-time control,
including prompting strategies (Kang et al., 2025;
Han et al., 2025), early stopping (Li et al., 2024;
Sun et al., 2025), sample pruning (Hou et al., 2025;
Zeng et al., 2025b), and related heuristics that
limit superfluous computation. Despite progress,
most methods rely on coarse signals (e.g., length)
or external control, offering limited token-level
guidance for suppressing harmful steps (Liu et al.,
2025b; Liang et al., 2025). We instead optimize a
token-level marginal utility signal, enabling MUTO
to learn adaptive think/no-think routing and to re-
duce negative-utility tokens during reasoning.

Token-Efficient Reasoning and Budget Control
To mitigate the computational overhead of LRMs,
recent research has explored explicit mechanisms
for token reduction and budget control (Li et al.,
2025b; Yuan et al., 2025). Initial attempts focused
on inference-time constraints, such as TALE (Han
et al., 2025) and TOPS (Yang et al., 2025), which
introduce token budgets via prompting or dynamic
adjustments to limit generation. However, these
methods often struggle to achieve precise control
without compromising reasoning accuracy, as mod-
els lack intrinsic guidance on how to allocate the
budget effectively (Lee et al., 2025). More ad-
vanced approaches integrate efficiency directly into
training. Methods like Thinkless (Fang et al., 2025)
and AdaCoT (Lou et al., 2025) learn to adaptively
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Figure 2: The overall training framework of MUTO. During the training phase, the model first determines the
optimal inference mode (Think vs. No-Think) by comparing the probability of generating the ground truth via a
direct answer against full reasoning. In the Think mode, we probe the probability of the ground truth after each
reasoning token is generated to calculate the marginal utility of that token. Finally, the proportion of tokens with
negative utility is quantified as the redundancy rate, which serves as a penalty signal for GRPO optimization.

route between extensive reasoning and direct an-
swering. Nevertheless, these strategies predomi-
nantly rely on sequence-level signals, thereby treat-
ing the reasoning chain as a monolithic block. They
fail to distinguish the specific utility of intermedi-
ate steps. In contrast, our work shifts the paradigm
to a token-level perspective, leveraging marginal
utility to quantify and optimize the contribution of
each individual token towards the final answer.

3 Token-level Marginal Utility for CoT

Given an input problem x and an LLM policy πθ,
the model produces a reasoning trajectory

z1:T = (z1, z2, . . . , zT ), (1)

which may include intermediate CoT tokens and
a final answer segment (e.g., a span starting with
“Final answer is ·”). We assume access to the
ground-truth answer y⋆ during training.

To quantify how each intermediate token impacts
the model’s belief in the correct answer, we define
the token-level final-answer probability. After gen-
erating prefix z≤t = (z1, . . . , zt), we measure the
probability that the model would immediately out-
put the ground-truth answer y⋆:

pfinalt := Pθ(y
⋆ | x, z≤t). (2)

In practice, pfinalt can be implemented as the con-
ditional likelihood of y⋆ under the model when we

force it to answer at step t:

pfinalt =

|y⋆|∏

k=1

Pθ

(
y⋆k | x, z≤t, y

⋆
<k

)
. (3)

We then define the token-level marginal utility
of the t-th token zt with respect to the ground-truth
answer in log-space for numerical stability as

∆t := log pfinalt − log pfinalt−1 . (4)

A token is said to have positive marginal utility if
∆t > 0, meaning that it moves the model closer
to the ground-truth answer in terms of probability;
conversely, ∆t ≤ 0 indicates that it is non-helpful
or even harmful to predicting y⋆.

4 Utility-Driven Reasoning Optimization

Building on token-level marginal utility, we pro-
pose MUTO, a utility-guided training framework
for reducing redundant reasoning. The central
idea is to convert marginal-utility estimates into
reward signals at two levels. At the trajectory level,
MUTO penalizes reasoning traces that decrease the
model’s likelihood of the ground-truth answer com-
pared with a direct-answer context. At the token
level, MUTO penalizes trajectories containing a
high fraction of non-positive-utility tokens. We in-
stantiate this objective on top of a dual-mode adap-
tive reasoning scaffold (Tu et al., 2025b), which
provides both direct-answer and CoT trajectories
during training.
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4.1 Training Scaffold and Base Reward
MUTO requires trajectories generated under dif-
ferent reasoning budgets so that utility-based re-
wards can compare when explicit reasoning helps
or hurts. We therefore instantiate MUTO using
the dual-mode scaffold of AutoThink (Tu et al.,
2025b), where each rollout is generated either in a
direct-answer mode or in an explicit-CoT mode.

Base reward from the scaffold. Following Au-
toThink (Tu et al., 2025b), we use a batch-balanced
base reward to train a policy to choose between
a THINK mode (with explicit reasoning) and a
NO-THINK mode (direct answer). Concretely,
each rollout i is assigned a mode label modei ∈
{THINK, NO-THINK} and a correctness indicator
correcti ∈ {0, 1} for the final answer. We use their
batch-balanced reward

rbase
i = fBBR(modei, correcti;B), (5)

where fBBR(·) denotes the batch-level reward bal-
ancing function defined in Tu et al. (2025b), and B
is the current mini-batch. Intuitively, rbase

i gives
higher reward to correct NO-THINK answers to
promote efficiency, while softly down-weighting
whichever mode is overrepresented in the batch to
avoid mode collapse. Detailed formulations and
hyperparameter settings for this backbone reward
are provided in Appendix A. We focus on how to
augment it with token-level marginal utility.

Marginal-utility-based reward augmentation.
While rbase

i captures final correctness and the cho-
sen reasoning mode at the trajectory level, it does
not explicitly compare the model’s belief in the
correct answer before and after thinking. Our key
idea is to introduce a marginal-utility-based reward
augmentation term that evaluates whether thinking
actually helps or hurts the final-answer probability,
using the token-level notion from Section 3.

For a THINK trajectory, let c0 denote the context
before any reasoning tokens are generated (i.e., the
prompt that would be used in NO-THINK mode).
We define

pfinal0 := Pθ(y
⋆ | c0), (6)

the probability that the model would immediately
produce the ground-truth answer without explicit
thinking. Let cT denote the full context after the
entire reasoning trajectory z1:T (including the final
answer segment). We then measure

pfinalT := Pθ(y
⋆ | cT ), (7)

the probability assigned to the correct answer after
the model has finished thinking.

We are specifically interested in cases where
thinking makes the correct answer less likely, i.e.,
pfinalT < pfinal0 . To obtain a numerically stable sig-
nal, we operate in log-space and define

p̃0 = log pfinal0 , p̃T = log pfinalT . (8)

For THINK trajectories, we introduce a marginal-
utility penalty term

rmarginal = −λ ·max(0, p̃0 − p̃T ), (9)

where λ > 0 controls the strength of the penalty.
Intuitively, when thinking increases or at least pre-
serves the log-probability of the correct answer
(p̃T ≥ p̃0), no penalty is applied; when thinking ac-
tually decreases the model’s belief in y⋆ (p̃T < p̃0),
the reward is reduced proportionally to the loss in
log-probability.

The final reward used for RLVR is then

rmode
i =

{
rbase
i , modei = NO-THINK,

rbase
i + rmarginal, modei = THINK.

(10)

We optimize the policy πθ with RLVR using rmode
i

as the scalar feedback. In contrast to prior work
that only conditions the reward on trajectory-level
correctness and the chosen mode, this objective ex-
plicitly incorporates marginal utility into the signal,
discouraging reasoning that empirically harm the
answer probability compared to answering directly.

4.2 Token-level Utility Shaping
While the scaffold-level reward can regulate rea-
soning at the trajectory level, CoT generated in the
THINK mode may still contain many intermediate
tokens that are redundant. A trajectory-level signal
alone cannot reveal which specific steps improve
the model’s belief in the correct answer and which
ones induce reasoning drift. We therefore intro-
duce token-level utility shaping, which aggregates
marginal utility estimates into a reward signal that
directly penalizes non-helpful reasoning tokens.

Auxiliary length prior for THINK trajectories.
Prior work has proposed adjusting rewards based
on the length of the reasoning trace in order to
implicitly control the amount of thinking. In our
setting, we restrict such length-aware shaping to
trajectories generated in THINK mode, and view
it as a coarse prior over how much computation
should be spent.
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For a trajectory i in THINK mode, let Ti denote
the number of reasoning tokens (excluding the final
answer segment), and let correcti ∈ {0, 1} indicate
whether the final answer matches y⋆. We define a
generic length-shaping term

rleni = g(correcti, Ti;α, β), (11)

where g(·) is a monotonically increasing function
of Ti when correcti = 1 (penalizing overly short
correct reasoning), and a monotonically decreas-
ing function of Ti when correcti = 0 (discourag-
ing long unsuccessful reasoning). The hyperpa-
rameters α, β > 0 control the strength of this de-
pendence. A concrete instantiation of g(·) and its
ablation are provided in Appendix B. This length-
aware term serves as a coarse constraint that prefers
spending more computation on successful trajecto-
ries while discouraging unproductive overthinking
on failures.

Token-level redundancy penalty. Purely length-
based shaping does not distinguish between useful
and redundant reasoning tokens: two trajectories
with the same length may have very different pro-
portions of harmful steps. To capture this differ-
ence, we aggregate the token-level marginal utili-
ties {∆t} into a trajectory-level redundancy ratio.

For a generated trajectory z1:T , we define its
redundancy ratio as

R(z1:T ) =
1

T

T∑

t=1

1
[
∆t ≤ 0

]
, (12)

i.e., the fraction of tokens that do not increase the
model’s belief in the ground-truth answer. Intu-
itively, R(z1:T ) characterizes how many steps in a
reasoning chain are redundant or misdirected with
respect to the final answer.

We then use R(z1:Ti) to define a redundancy
penalty for trajectory i:

rredi = −γ ·R(z1:Ti), (13)

where γ > 0 controls how aggressively we penal-
ize redundant steps. Unlike the length term, which
only depends on the total number of reasoning to-
kens Ti, this penalty is sensitive to which tokens are
actually helpful according to their marginal utility.

Final utility-shaped reward. For trajectories in
THINK mode, we combine the coarse length prior
and the fine-grained redundancy penalty into a sin-
gle token-level shaping term

rtoki = rleni + rredi . (14)

The overall reward for trajectory i then becomes

rfinali =




rmode
i , if modei = NO-THINK,

rmode
i + rtoki , if modei = THINK,

(15)
where rmode

i is the mode-level reward from Sec-
tion 4.1 that already incorporates the marginal-
utility-based penalty on harmful thinking at the
trajectory level. Compared with prior reward de-
signs that primarily regulate reasoning length at the
trajectory level, MUTO introduces utility informa-
tion directly into the training signal by penalizing
trajectories with a high fraction of non-positive-
utility tokens.

5 Experiments

5.1 Experimental Setup
Training Datasets and Models We adopt the
same training corpus as DeepScaleR (Luo et al.,
2025b), consisting of 40K mathematically ori-
ented problems spanning a wide range of diffi-
culty levels. Following standard practice in recent
work on reasoning-centric LLMs (Tu et al., 2025b;
Zeng et al., 2025a; Tu et al., 2025a), we evaluate
on five widely used math benchmarks: MATH,
Minerva, Olympiad, AIME24, and AMC23. To
examine the robustness of our approach across
scales, we instantiate our method on two back-
bone models, DeepSeek-R1-Distill-Qwen-1.5B
and 7B (DeepSeek-AI, 2025), enabling a controlled
study of how utility-driven reasoning optimization
behaves under different capacity regimes.

Baselines Besides backbone models, we com-
pare our approach with models trained using alter-
native algorithms that may enable adaptive think-
ing capabilities, including Concise-RL (Fatemi
et al., 2025), ShorterBetter (Yi and Wang, 2025),
ThinkPrune (Hou et al., 2025), and AutoThink (Tu
et al., 2025a).

Training and Evaluation Exact computation of
token-level marginal utility for every token is com-
putationally expensive during training. We there-
fore use a sparse approximation: marginal utility is
evaluated only once every 20 tokens, and its sign
is propagated to neighboring tokens within a local
window of size 20 centered at the sampled posi-
tion. All experiments are implemented using the
VerL (Sheng et al., 2025) framework [27], with
most training hyperparameters retained at the de-
fault values. The training context size, batch size,
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and the learning rate are set to 16K, 128, and 2e-6,
respectively. During evaluation, all models use a
32K context window. We sample 8 rollouts per in-
stance with temperature 0.6 and report the average
pass@1 accuracy.

Evaluation Metrics. Beyond standard accuracy,
evaluating the trade-off between performance and
inference cost is crucial for efficient reasoning mod-
els. To strictly quantify this balance, we adopt the
Length-normalized Accuracy (L-Acc) metric pro-
posed by Liu et al. (2025a). L-Acc rewards models
that maintain high accuracy while reducing token
consumption. The metric is defined as:

L-Acc = Acc ×
√
1− L

Lbase
, (16)

where Acc represents the model’s accuracy, L de-
notes the average number of tokens generated by
the evaluated method, and Lbase is the token usage
of the original backbone model. A higher L-Acc
score indicates a superior accuracy and efficiency
trade-off (Lou et al., 2025) in the reasoning.

5.2 Main Results
Alongside our baselines, we include several
state-of-the-art reasoning models, including GPT-
4o, o1-preview, o4-mini-high and DeepSeek-
R1 (DeepSeek-AI, 2025), along with several
DeepSeek-R1-Distill-Qwen (DS-R1-Distill) mod-
els ranging from 1.5B to 32B. We report our results
in Table 1, and we have the following findings:

The “Overthinking” Phenomenon in SOTA
Models. State-of-the-art reasoning models achieve
strong accuracy but often at substantial token cost.
For instance, compared with QwQ-32B, DeepSeek-
R1 gains only +2.9% accuracy while using roughly
+13% more tokens. This mismatch suggests dimin-
ishing returns in decoding: LRMs tend to over-
generate long traces with limited additional accu-
racy, a pattern we observe across backbones and
efficiency baselines on six reasoning benchmarks.

MUTO Achieves Optimal Accuracy and Ef-
ficiency Trade-off. Table 1 presents a compre-
hensive comparison of MUTO against the DS-R1-
Distill backbones and various baselines across six
mathematical reasoning benchmarks.

In the 1.5B parameter regime, MUTO defies the
conventional trade-off between efficiency and per-
formance. Remarkably, MUTO not only reduces
the average token usage by 87.1% (from 10,633 to
1,374 tokens) but also improves the average accu-
racy by 2.3% compared to the base DS-R1-Distill-
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Figure 3: Accuracy vs. Efficiency Trade-off on 1.5B
models. The x-axis represents average token usage (log
scale recommended), and the y-axis represents aver-
age accuracy across 6 benchmarks. MUTO (red star)
achieves the optimal balance, situated in the top-left
region, strictly dominating baselines.

1.5B model. Notably, on the challenging AIME24
benchmark, MUTO achieves a substantial gain of
+5.8% (from 27.5% to 33.3%). This suggests that
for smaller models, the original CoT often contains
low-quality or distracted reasoning paths; MUTO
effectively prunes these redundancies, resulting in a
more concise and accurate reasoning process. The
accuracy and efficiency trade-off is rigorously quan-
tified by the L-ACC metric, where MUTO achieves
a score of 47.5, significantly outperforming base-
lines such as Concise-RL (40.9) and AutoThink
(37.3). Figure 3 visualizes the trade-off landscape
for 1.5B models. MUTO consistently occupies a
position on the accuracy-efficiency trade-off com-
pared to other methods.

Scalability of Redundancy Reduction. MUTO
demonstrates robust scalability across varying
model sizes. In the 7B parameter regime, it sustains
massive computational efficiency without degrad-
ing predictive capability. Specifically, MUTO cur-
tails the inference budget by 80.2% (7,815 to 1,544
tokens) with a minimal accuracy deviation of -0.1%
(64.3% vs. 64.4%) compared to the standard back-
bone. Despite the marginal accuracy fluctuation,
MUTO demonstrates a decisive advantage in the
efficiency-accuracy trade-off, recording an L-ACC
of 57.6. This score strictly dominates adaptive
methods like AutoThink (L-ACC 41.3), which con-
sumes nearly 3× more tokens (4,635) to achieve a
comparable accuracy level. These results confirm
that MUTO effectively generalizes its token-level
marginal utility to larger models, facilitating highly
efficient inference with negligible quality loss.
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Methods Accuracy (↑) Token Usage (↓) Eff-Metric
MATH Minerva Olym. AIME AMC Avg. MATH Minerva Olym. AIME AMC Avg. L-Acc (↑)

DS-R1-Distill-14B 92.1 37.6 58.1 62.3 82.4 66.5 3774 5434 8362 12064 7317 7390 /
DS-R1-Distill-32B 93.4 37.7 62.1 65.4 85.7 68.9 4947 8290 10096 12905 8432 8934 /
QwQ-32B 95.1 45.3 69.0 76.7 95.5 76.3 5547 8650 9445 13970 4222 8367 /
DeepSeek-R1 96.8 51.2 72.4 79.3 96.2 79.2 6102 9210 11500 15420 5100 9466 /
GPT-4o 92.5 44.1 65.3 68.0 91.5 72.3 1250 1800 2400 3500 1600 2110 /
o1-preview 97.1 53.5 75.8 81.2 97.4 81.0 8500 11200 14500 21000 9200 12880 /
o4-mini-high 94.5 48.2 68.5 74.1 94.0 75.9 4200 6500 8100 11500 4800 7020 /

DS-R1-Distill-1.5B* 83.1 26.0 43.7 27.5 62.5 48.6 5622 7688 11555 17322 10981 10633 /
+No-Thinking* 70.4 19.1 33.1 15.8 49.0 37.5 1256 628 2426 5793 2535 2528 32.7
+Concise-RL* 81.0 28.1 43.6 30.0 64.9 49.5 1963 2126 3683 5806 3300 3376 40.9
+ShortBetter* 79.4 27.6 38.4 20.0 56.6 44.4 1927 1147 1814 2703 1946 1907 40.2
+ThinkPrune* 83.5 28.4 43.4 28.3 65.4 49.8 2723 3375 5504 8072 5040 4943 36.4
+AutoThink* 84.0 28.1 44.8 34.6 67.0 51.7 2195 3212 5559 9514 5095 5108 37.3
+MUTO (ours) 82.4 27.6 44.6 33.3 66.4 50.9 1017 1257 1506 1593 1496 1374 47.5
∆ vs. Base -0.7 +1.6 +0.9 +5.8 +3.9 +2.3 -81.9% -83.6% -86.9% -90.8% -86.4% -87.1% -

DS-R1-Distill-7B* 92.3 37.6 56.4 52.7 82.8 64.4 3928 5155 8815 13563 7613 7815 /
+No-Thinking* 78.2 22.1 40.2 22.7 53.7 43.4 722 486 1434 3269 1433 1496 39.0
+Concise-RL* 90.3 / / 51.7 / / 2041 / / 6632 / / /
+ShortBetter* / 44.1 50.7 53.3 75.9 / / 1341 3410 5288 2580 / /
+AutoThink* 91.2 38.2 56.4 54.8 83.3 64.8 2146 2838 5498 8051 4645 4635 41.3
+MUTO (ours) 90.5 37.5 57.1 55.0 82.6 64.3 1154 1425 1682 1854 1620 1544 57.6
∆ vs. Base -1.8 -0.1 +0.7 +2.3 -0.2 -0.1 -70.7% -72.4% -80.9% -86.3% -78.7% -80.2% -

Table 1: Performance comparison of MUTO against various baselines. We report Accuracy (%), Average Token
Usage, and the Efficiency-Accuracy metric L-Acc (Liu et al., 2025a). ∆ denotes the improvement of MUTO over
the respective DS-R1-Distill backbone. Note that L-Acc is calculated relative to the backbone model’s token usage.
Results marked with ∗ are taken directly from Tu et al. (2025b). Best results in the 1.5B and 7B groups are bolded.

Methods Accuracy (↑) Token Usage (↓)
GPQA TheoremQA Avg. GPQA TheoremQA Avg.

DS-R1-Distill-1.5B 33.8 33.1 33.45 8842 7979 8411
+MUTO (ours) 34.4 33.6 34.00 1982 2169 2076
∆ vs. Base +0.6 +0.5 +0.55 -77.58% -72.82% -75.32%

DS-R1-Distill-7B 34.3 34.4 34.35 7980 7128 7554
+MUTO (ours) 34.6 35.8 35.20 2159 2461 2310
∆ vs. Base +0.3 +1.4 +0.85 -72.94% -65.47% -69.21%

Table 2: Generality beyond mathematical reasoning on
GPQA and TheoremQA. MUTO consistently reduces
token usage while maintaining or improving accuracy
on scientific and multi-disciplinary question answering.

6 Analysis

In this section, we investigate why MUTO im-
proves reasoning efficiency by addressing three
questions. First, does MUTO generalize beyond the
mathematical reasoning setting and remain effec-
tive across different domains and model families?
Second, does MUTO improve token-level marginal
utility, shifting generation away from redundant or
harmful steps? Third, in failure cases, are errors
primarily due to a capability deficit or reasoning
drift driven by accumulated negative-utility tokens?

6.1 Robustness Across Domains and Model
Families

To examine whether the benefit of MUTO extends
beyond the mathematical DeepSeek setting, we
evaluate it along two complementary axes: (i) non-
mathematical tasks with verifiable answers, (ii) a

math-specialized but relatively concise backbone.

Beyond mathematical reasoning. Although
MUTO is motivated by overthinking in mathemati-
cal reasoning, its utility signal only requires a veri-
fiable target answer and is therefore not inherently
tied to math. We evaluate MUTO on GPQA (Rein
et al., 2024), which emphasizes scientific multi-hop
reasoning, and TheoremQA (Chen et al., 2023),
which covers broader multi-disciplinary question
answering, using DS-R1-Distill-1.5B and 7B back-
bones. As shown in Table 2, MUTO consistently
improves or preserves accuracy while substantially
reducing generation length. On DS-R1-Distill-
1.5B, MUTO increases average accuracy from
33.45 to 34.00 while reducing average token usage
from 8,411 to 2,076 (-75.32%). On DS-R1-Distill-
7B, it improves average accuracy from 34.35 to
35.20 and lowers average token usage from 7,554
to 2,310 (-69.21%). These results suggest that the
utility signal is not specific to symbolic mathemat-
ics; it also helps suppress redundant reasoning in
scientific and multi-disciplinary QA.

Math-specialized but concise backbones. We
next study a setting where overthinking is less pro-
nounced by applying MUTO to Qwen2.5-Math-
1.5B-Instruct, a math-specialized model whose
baseline responses are already short. As shown
in Table 3, MUTO still improves average accuracy
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Methods MATH Minerva Olym. AIME AMC Avg.

Qwen2.5 56.3 / 235 29.4 / 424 31.3 / 793 10.0 / 538 40.0 / 592 33.4 / 516.4
+MUTO (ours) 57.4 / 222 32.0 / 412 32.6 / 612 10.0 / 477 45.0 / 526 35.4 / 449.8
∆ vs. Base +1.1 / -5.5% +2.6 / -2.8% +1.3 / -22.8% 0.0 / -11.3% +5.0 / -11.1% +2.0 / -12.9%

Table 3: Generalization to a math-specialized model,
Qwen2.5-Math-1.5B-Instruct. Each cell reports Accu-
racy (%) / Average Token Usage. MUTO remains benefi-
cial even when the backbone already produces relatively
concise reasoning traces.
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Figure 4: Distribution of Token-level Marginal Utility
(∆t). We compare the density of utility values on the
AIME24 dataset. The shaded red region highlights the
significant reduction in negative-utility tokens achieved
by MUTO compared to the Base model. MUTO shifts
the distribution mass towards positive utility, indicating
more efficient information accumulation.

from 33.4 to 35.4 (+2.0) while reducing average
token usage from 516.4 to 449.8 (-12.9%). The
efficiency gain is noticeably smaller than in our
main DeepSeek-R1-Distill experiments, which is
itself informative: when a backbone already pro-
duces concise standard CoT rather than long ex-
ploratory traces, there is less redundant computa-
tion for MUTO to remove.

6.2 Evolution of Token Utility

A core motivation of our method is to maximize
the log-probability gain of each generated token.
Recall from Section 3 that the token-level marginal
utility is defined as ∆t = log pfinalt − log pfinalt−1 ,
quantifying how much token zt contributes to the
correct prediction of the ground truth y⋆. To inves-
tigate the underlying mechanism of MUTO’s effi-
ciency gains, we conducted a comparative analysis
of the token utility distribution between the back-
bone model (DS-R1-Distill-7B) and our MUTO-
tuned counterpart on the MATH benchmark.

We hypothesize that the “overthinking” phe-
nomenon is characterized by a high frequency of
tokens with negative marginal utility (∆t < 0), rep-
resenting reasoning steps that confuse the model
or drift away from the correct solution. Figure 4
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Figure 5: Failure analysis with token-level marginal
utility on MATH. (a) NUR is higher for incorrect than
correct trajectories. (b) The model briefly assigns high
log-probability to y⋆, but continued negative-utility to-
kens reduce confidence and lead to an incorrect answer.

illustrates the kernel density estimation (KDE) of
marginal utility values for both models and the de-
tailed formulations and bandwidth selection strate-
gies for this estimation are provided in Appendix C.
The backbone model (blue curve) exhibits a heavy
tail in the negative region and a significant proba-
bility mass centered around zero, indicating a large
proportion of tokens that are either detrimental or
redundant (i.e., “stalling” without log-probability
gain). In stark contrast, MUTO (red curve) signifi-
cantly suppresses the negative tail. The distribution
shifts towards the positive domain, suggesting that
MUTO effectively prunes reasoning paths that do
not contribute to the ground-truth answer.

6.3 Failure Analysis: Capability Deficit or
Reasoning Drift?

A critical question arises regarding the failure cases
of CoT: Does the LRMs fail because it cannot in-
herently solve the problem (capability deficit), or
because the extended reasoning chain introduces
noise that distracts the LRMs from the correct path
(reasoning drift)?

Using token-level marginal utility, we analyze
failure modes of DS-R1-Distill-Qwen-1.5B on
MATH. We split test instances into Correct vs. In-
correct according to the final answer, and examine
negative-utility tokens (∆t < 0) within the gener-
ated rationale tokens.

Observation 1: Incorrect trajectories contain
more negative-utility tokens. We define the
Negative Utility Ratio (NUR) as the fraction of
rationale tokens with ∆t < 0 in a trajectory. As
shown in Figure 5(a), incorrect trajectories exhibit
a higher NUR on average (45.8%) than correct
ones (34.9%), indicating a systematic shift toward
denser detrimental generation in failures.
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Observation 2: All failures transiently reach
high log-probability in the ground truth but
drift afterwards. To probe whether the model
ever “locks onto” the correct answer during gen-
eration, we compute the (length-normalized) log-
probability of the ground-truth answer string y⋆

under intermediate prefixes. Strikingly, in all in-
correct trajectories, the model assigns substantial
probability mass to the ground-truth answer, even
though the final output is wrong. Figure 5(b) illus-
trates a typical example: the model reaches high
confidence in y⋆ at an intermediate position, but
continues generating additional tokens with pre-
dominantly negative marginal utility. As these
negative-utility tokens accumulate, the model’s
confidence in y⋆ decreases, and the final predic-
tion becomes incorrect. These findings are more
consistent with reasoning drift than with a pure ca-
pability deficit for a substantial portion of failures.

7 Conclusion

In this paper, we addressed the critical challenge of
“overthinking” in LRMs, where excessive reason-
ing steps often lead to computational inefficiency
and reasoning drift. We introduced a novel metric,
Token-level Marginal Utility, to rigorously quan-
tify the incremental contribution of intermediate
tokens to the final prediction. Based on this met-
ric, we proposed MUTO, a unified training frame-
work that leverages dense supervision signals to
dynamically orchestrate thinking modes and prune
redundant tokens. Our extensive experiments on
the DeepSeek-R1-Distill-Qwen series demonstrate
that the MUTO establishes a superior efficiency-
performance trade-off. Furthermore, our in-depth
analysis reveals that “overthinking” is often char-
acterized by the accumulation of negative-utility
tokens which dilute the model’s confidence; the
MUTO effectively mitigates this by enforcing a
concise reasoning path.

Limitations

While MUTO demonstrates promising results,
there are several avenues for further improvement.

First, marginal utility is computed using ground-
truth labels, which makes it most suitable for train-
ing and offline analysis, and limits direct use at in-
ference time for open-ended queries. An important
direction is to train a lightweight “utility reward
model” that predicts token utility from the prefix,
so that similar pruning or early stopping can be

applied at test time without labels.
Second, we primarily validate MUTO on mathe-

matical and scientific reasoning tasks, where cor-
rectness is well defined. Extending token-level util-
ity optimization to creative writing or long-context
summarization remains challenging, because “util-
ity” is more subjective and may involve multiple
criteria beyond answer correctness. We hope our
work encourages further research into efficient,
transparent, and adaptive reasoning paradigms.

Ethical Considerations

This work studies efficiency and reliability issues in
LRMs by introducing token-level marginal utility
and using it as a dense supervision signal to reduce
redundant reasoning and mitigate reasoning drift.
Our method does not introduce new data sources or
deployment settings beyond standard LRM train-
ing and evaluation, and we do not anticipate risks
beyond those typical of language model research.

A primary risk is that encouraging shorter rea-
soning could remove useful intermediate steps in
some cases, potentially leading to incorrect an-
swers that appear confident. We mitigate this
risk by defining utility directly with respect to the
ground-truth log-probability, and by jointly training
a think or no-think routing policy so that additional
computation is allocated when it is beneficial. We
also evaluate on quantitative reasoning benchmarks
with verifiable solutions, where failures are easier
to detect than in open-ended generation.

As with any approach built on pretrained lan-
guage models, MUTO inherits potential biases and
limitations from the underlying backbone and train-
ing data. However, since our experiments focus on
mathematical and scientific reasoning tasks with
objective correctness criteria, the likelihood of gen-
erating harmful or biased content is reduced rela-
tive to open-ended domains.
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A Details of Adaptive Mode Selection

Our first objective is to endow the model with an
adaptive thinking capability: for easy problems, the
model should preferably answer directly without
explicit reasoning (NO-THINK); for harder prob-
lems, it should choose to generate a longer CoT
(THINK). We follow prior work that introduces an
explicit control over the reasoning mode and trains
it with group relative policy optimization (GRPO).

Dual reasoning modes and base rewards. Fol-
lowing the reward formulation proposed by Tu
et al. (2025b), we define the base reward rbase
to incentivize efficiency alongside accuracy. Let
mode ∈ {THINK, NO-THINK} denote the chosen
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mode for a rollout. Given ground-truth correctness
correct ∈ {0, 1} of the final answer, we adopt the
following base reward:

rbase =





+2, if mode = NO-THINK, correct = 1,

−1, if mode = NO-THINK, correct = 0,

+1, if mode = THINK, correct = 1,

−1, if mode = THINK, correct = 0.

(17)

This design prefers correct answers without explicit
thinking whenever possible, while still rewarding
correct answers obtained via longer reasoning. To
avoid reward collapse to a single mode (e.g., al-
ways THINK), we further introduce a soft balancing
factor. Let αthink and αno denote the empirical
proportions of THINK and NO-THINK rollouts in
the current group (or mini-batch), respectively. We
scale the base reward by (1− αmode):

rbalanced =

{
rbase · (1− αthink), if mode = THINK,

rbase · (1− αno), if mode = NO-THINK.
(18)

This encourages a balanced use of both modes dur-
ing training.

B Details of Length-aware Shaping

Tu et al. (2025b) has proposed to adjust rewards
based on the reasoning length in order to implicitly
control the amount of thinking. Let rnaivei denote a
base reward (e.g., correctness-based) for trajectory
i, and let yi be a scalar reflecting its reasoning
length (e.g., the number of reasoning tokens or
a normalized length). For a correct final answer
(correcti = 1), the adjusted reward is

radji = rnaivei +
(
−1 + e−αyi

)
, if correcti = 1,

(19)
and for an incorrect final answer (correcti = 0),

radji = rnaivei +
(
1−e−βyi

)
, if correcti = 0. (20)

Here α, β > 0 control the sensitivity to length.
Equation (19) encourages longer reasoning for cor-
rect trajectories (the adjustment term is increasing
in yi from −1 to 0), while (20) encourages shorter
reasoning for incorrect trajectories (the adjustment
term increases from 0 to 1 as yi grows).

C Estimation Methodology

To construct the density profiles shown in Fig-
ure 4, we aggregated token-level utility values
across the entire AIME24 evaluation set. Formally,
let D = {(x(i), y⋆(i))}Mi=1 denote the dataset con-
taining M problems. For each problem x(i), the

Methods MATH Minerva Olym. AIME AMC Avg.

Qwen3-1.7B 86.4 / 5495 33.5 / 4419 44.4 / 6508 50.0 / 11671 57.5 / 7615 54.4 / 7141.6
+MUTO (ours) 86.2 / 1276 34.2 / 1559 44.6 / 1954 53.3 / 2654 60.0 / 1866 55.7 / 1861.6
∆ vs. Base -0.2 / -76.8% +0.7 / -64.7% +0.2 / -70.0% +3.3 / -77.3% +2.5 / -75.5% +1.3 / -73.9%

Table 4: Generalization to another model family,
Qwen3-1.7B. Each cell reports Accuracy (%) / Average
Token Usage. MUTO substantially improves efficiency
while preserving or improving accuracy across most
benchmarks.

model generates a reasoning chain of length Li,
resulting in a sequence of utility values ∆(i) =

[∆
(i)
1 , . . . ,∆

(i)
Li
]. We compile the global set of util-

ity samples S =
⋃M

i=1{∆
(i)
t | 1 ≤ t ≤ Li}, com-

prising all generated tokens across the benchmark.
The probability density function (PDF) of the

marginal utility is then estimated using Kernel Den-
sity Estimation (KDE). For a target utility value u,
the estimated density f̂(u) is given by:

f̂(u) =
1

Nh

N∑

j=1

K

(
u− sj

h

)
, (21)

where N = |S| is the total number of tokens (typ-
ically N > 105 in our experiments), sj ∈ S
represents the j-th observed utility value, K(·)
is the kernel function, and h > 0 is the band-
width parameter smoothing the distribution. In
our analysis, we employ a standard Gaussian ker-
nel K(z) = 1√

2π
e−z2/2. To ensure an unbiased

representation of the distribution shape without
over-smoothing, we determine the optimal band-
width h using Scott’s Rule (Scott, 2015), defined
as h = n−1/5 ·σ, where σ is the standard deviation
of the sample set S . This non-parametric approach
allows us to visualize the continuous distribution
of token utility without the binning artifacts associ-
ated with histograms.

D Other deep-thinking model families.

To verify that the gains are not tied to the DeepSeek-
R1-Distill family, we further evaluate MUTO on
Qwen3-1.7B, another backbone that exhibits deep-
thinking behavior. As shown in Table 4, MUTO
improves average accuracy from 54.4 to 55.7 (+1.3)
while reducing average token usage from 7,141.6 to
1,861.6 (-73.9%). The improvement is especially
pronounced on AIME (+3.3) and AMC (+2.5),
alongside large token reductions on all benchmarks.
This close match to our main findings indicates that
MUTO generalizes across model families when the
baseline model exhibits prolonged exploratory rea-
soning.
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