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Abstract

Large Reasoning Models (LRMs) have
achieved remarkable success, yet they often
suffer from producing unnecessary and verbose
reasoning chains. We identify a core aspect
of this issue as “invalid thinking”— models
tend to repeatedly double-check their work af-
ter having derived the correct answer. To ad-
dress this specific inefficiency, we move be-
yond the general principles of Efficacy and Ef-
ficiency to propose two new, fine-grained prin-
ciples: Brevity, which advocates for eliminat-
ing redundancy, and Sufficiency, which ensures
critical reasoning steps are preserved. Guided
by these principles, we introduce LC-R1, a
post-training method based on Group Relative
Policy Optimization (GRPO). LC-R1 employs
a novel combination of a Length Reward for
overall conciseness and a Compress Reward
that is specifically designed to remove the in-
valid portion of the thinking process. Extensive
experiments on multiple reasoning benchmarks
demonstrate that LC-R1 achieves a significant
reduction in sequence length (~50%) with only
a marginal (~2%) drop in accuracy, achieving a
favorable trade-off point on the Pareto frontier
that prioritizes high compression. Our analysis
further validates the robustness of LC-R1 and
provides valuable insights for developing more
powerful yet computationally efficient LRMs.

1 Introduction

Recent “long-thought” Large Reasoning Models
(LRMs), such as OpenAI’s O1 (Jaech et al., 2024)
and DeepSeek-R1 (DeepSeek-AI et al., 2025), rep-
resent a significant paradigm extension of foun-
dational Chain-of-Thought (CoT) techniques (Wei
et al., 2023). Fine-tuned with Reinforcement Learn-
ing (RL), these models iteratively refine solutions
to achieve unprecedented performance in complex
reasoning tasks such as mathematics and program-
ming (Sun et al., 2025; Gu et al., 2024). However,
with the improvement of “deep thinking” ability, a

Reasoning…

To evaluate the expression (1+2i)*6-3i: 
1.Distribute the 6 : (1+2i)*6 = 6*1+6*2i = 6+12i.
2.Subtract 3i from the result: 6+12i-3i 
3. Combine the imaginary parts:6+(12i-3i) = 6+9i.
Thus, the evaluated expression is: 6 + 9i

Too Long Reasoning Chains…

Okey, now I'm looking at the expression (1 + 2i)6 - 3i and trying to
work through it step by step. Since I’m still getting used to complex
numbers, I want to be careful with the operation. First, I know
multiplication comes before subtraction, so I start by distributing
the 6 across (1 + 2i). That gives me 6 * 1 = 6 and 6 * 2i = 12i, so the
result of that part is 6 + 12i.Next, I subtract 3i from 12i, which
leaves 9i. Putting everything together, I end up with 6 + 9i.

To evaluate the expression (1 + 2i) * 6 - 3i, we begin by 
distributing the 6 across the terms inside the parentheses. 
Multiplying gives 6 * 1 = 6 and 6 * 2i = 12i, so the result is 6 + 
12i.Next, subtracting 3i from this gives 6 + 12i - 3i. Combining 
the imaginary parts, we get 12i - 3i = 9i. 
So, the final result is 6 + 9i.

Reasoning…

Suitable Reasoning Chains!

LC-R1
(Ours)

User

Please help me solve this following question:

(Ground Truth: 6 + 9i.)

Evaluate the simplest result of (1 + 2i) * 6 - 3i.

Alright, so I have this expression to evaluate: (1 + 2i)6 - 3i.
Hmm, okay, let me try to figure this out step by step. I'm
just starting to learn about complex numbers, so this might
take a bit of thought. …. Alright, the next step is to combine
like terms. The terms with 'i' are 12i and -3i. Subtracting 3i
from 12i should give me 9i. So, I have 6 + 9i.

Wait,... Distribute the 6: 16 + 2i6 = 6 + 12i. Then subtract 3i: 6 + 9i.
Yeah, that seems correct. Hmm, … , so yeah, 6 + 9i.
I don't see any mistakes.… Converting back to a complex number,
that's 6 + 9i.
I feel confident the evaluation of (1 + 2i)*6 - 3i is indeed 6 + 9i.
Final Answer: The evaluated expression is 6 + 9i.
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Figure 1: Comparison between an inefficient reasoning
model and an efficient one. The former tends to produce
a verbose self-checking process after already deriving
the correct answer. The model trained with LC-R1
produces a more efficient reasoning process while still
reaching the correct answer, without invalid thinking.

prominent problem is the excessive consumption
of computing resources during the reasoning pro-
cess (Chen et al., 2025; Aggarwal and Welleck,
2025). Specifically, existing models tend to gener-
ate lengthy and even unnecessary chains of reason-
ing when solving problems with low complexity
or clear solution paths. This phenomenon, termed
“overthinking”, manifests as models consuming far
more computational resources than the problem it-
self requires to reach the correct conclusion (Chen
et al., 2024; Sui et al., 2025; Cuadron et al., 2025).
Therefore, one critical problem arises:

How can we maintain high reasoning efficacy
while significantly improving efficiency?
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Figure 2: Pareto analysis of the Efficacy-Efficiency trade-off of different methods on two reasoning models. X-axis
represents the reasoning length change, and Y-axis shows the accuracy change, relative to the original model
(defined in Eq. 12), with the top-left corner representing the ideal position. A smaller and darker marker indicates a
higher Valid Thinking (VT) rate (defined in Eq. 1), signifying a more efficient thinking process. Compared to
other methods on the Pareto frontier, LC-R1 achieves a more favorable trade-off, attaining a substantially
higher compression rate at the cost of a minimal drop in accuracy, while also achieving a higher VT rate. The
sub-optimal performance of the ablation variants (w/o C-reward, w/o L-reward) further demonstrates the importance
of our dual-reward design.

Prior works have approached this by fine-tuning
on shorter demonstrations (SFT) (Chen et al.,
2024), constructing preference datasets for con-
ciseness (Luo et al., 2025a; Shen et al., 2025), or
integrating length-penalties into RL (Hou et al.,
2025; Luo et al., 2025b; Team et al., 2025). More
recent studies further explore this direction through
length-aware RL methods such as ShortRL (Yuan
et al., 2025), ShorterBetter (Yi and Wang, 2025),
and LASER (Liu et al., 2025a). However, these
methods often treat the reasoning process as a black
box, penalizing length without analyzing the inter-
nal structure of the thoughts themselves.

To address this gap, we delve into the structure
of “overthinking” and identify a specific pattern:
models frequently engage in redundant “double-
checking” after having derived the correct answer.
We term this phenomenon “invalid thinking”, as
shown in Figure 1. To quantify it, we introduce
a new metric, Valid Thinking (VT) Rate, which
measures the proportion of the reasoning process
for reaching the initial correct conclusion.

Guided by this insight, we propose two fine-
grained principles: Brevity (eliminating redun-
dancy) and Sufficiency (preserving necessary
steps). We then introduce LC-R1, a GRPO-based
post-training method that operationalizes these
principles. LC-R1 uniquely combines a Length
Reward for overall conciseness with a novel Com-
press Reward designed to directly guide the model
to terminate the thinking process upon deriving the

correct answer.
We conduct comprehensive experiments on two

reasoning models across seven benchmarks. Em-
pirical results show that LC-R1 achieves a more
favorable trade-off between efficacy and efficiency
than prior methods, as shown in Figure 2. Specifi-
cally, with only a 2% drop in accuracy, our method
attains a 50% reduction in sequence length on av-
erage. Our ablation study also demonstrates the
indispensability of both the Length Reward and the
Compress Reward for achieving efficient reasoning.
Further analysis shows that our method achieves ef-
ficient compression without impairing the model’s
exploration ability, and that this efficiency gener-
alizes across problems of varying difficulty. In
conclusion, our contributions can be summarized
as follows:

• We analyze the thinking process of current
competitive reasoning models and identify the
phenomenon of “invalid thinking”: a large por-
tion of the reasoning process is spent double-
checking after the correct answer has already
been derived, making the reasoning verbose
and inefficient.

• We propose two novel principles, Brevity and
Sufficiency, and design a GRPO-based post-
training method, LC-R1, to balance these
principles by pruning invalid thinking while si-
multaneously compressing overall sequences.

• Through comprehensive experiments, we vali-
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Table 1: Valid Thinking Rate of current state-of-the-art Large Reasoning Models. Nemotron denotes Llama-3.3-
Nemotron-Super-49B-V1. The results show low VT rates across all models, highlighting the prevalence of “invalid
thinking”.

Model Avg. AIME25 AMC GSM8K MATH500 Olympiad

Qwen-3-32B 57.5 73.8 58.8 53.8 46.6 51.5
QwQ-32B 59.2 70.8 58.2 54.1 53.1 59.6
DeepSeek-R1 65.3 66.5 71.8 64.2 59.8 64.0
Nemotron 60.8 62.1 64.1 63.1 56.6 58.1

date that LC-R1 achieves a better trade-off be-
tween efficacy and efficiency, and we further
analyze the impact of compression, demon-
strating the robustness of LC-R1 across prob-
lems of varying difficulty and providing in-
sights for future work.

2 Preliminary: Compression and Efficient
Reasoning Models

2.1 Motivation: Quantifying Redundant
Reasoning

A common paradigm for Large Reasoning Models
(LRMs) involves a thinking process (i.e., step-by-
step rationale) that precedes the final answer. While
effective for accuracy, we observe a consistent in-
efficiency: models often derive the correct answer
early in their thinking process but continue with
lengthy and redundant verification steps. We term
this subsequent, non-essential reasoning “Redun-
dant Sequence”.

To formalize this, we define the Valid Thinking
(VT) rate, a metric focusing on the model’s thinking
process:

VT =
|Tokens in Valid Thinking|

|Total tokens in Thinking Process| (1)

where “Valid Thinking” comprises the tokens
from the start of the thinking process until the
correct answer is first derived. To automate this
measurement, we utilize a lightweight parser, LC-
Extractor, whose implementation details are pro-
vided in Section 4.

We evaluated four state-of-the-art LRMs—
Qwen3-32B (Team, 2025a), QwQ-32B (Team,
2025b), DeepSeek-R1 (DeepSeek-AI et al.,
2025), and Llama-3.3-Nemotron-Super-49B-V1
(Bercovich et al., 2025)—across five math bench-
marks: AIME25, MATH500, GSM8K, AMC, and
OlympiadBench. Our analysis reveals a univer-
sal and severe overthinking problem. As shown
in Table 1, all models tested exhibit low VT rates,
indicating that a substantial portion of their compu-
tational effort (often 35-45%) is spent on redundant

reasoning after the solution has been found. This
widespread inefficiency confirms the significant po-
tential for compression and motivates our work.

2.2 Principles for Efficient Reasoning
The evaluation of reasoning models traditionally
rests on two pillars: Efficiency (the computational
cost, often proxied by output length) and Efficacy
(the ability to solve the problem correctly). How-
ever, simply shortening the output is a coarse ap-
proach that may inadvertently remove critical think-
ing steps. To create a more targeted framework, we
refine these concepts by introducing two new, com-
plementary principles:

• Brevity refines Efficiency by shifting the focus
from generic length reduction to the specific
elimination of “Redundant Sequence”. While
conventional methods may still produce a com-
pressed sequence that contains unnecessary
double-checks, Brevity advocates for the model
to terminate its reasoning process as soon as the
correct answer is found.

• Sufficiency acts as a crucial safeguard for Effi-
cacy. It mandates that, in the pursuit of Brevity,
no critical logical steps essential for reaching a
correct answer are omitted. It ensures that the
compressed reasoning remains complete and log-
ically sound.

Therefore, the ideal reasoning model must navi-
gate the tension between these principles: it should
be maximally Brief by removing all non-essential
thinking, yet always remain Sufficient to guaran-
tee correctness. Our work, LC-R1, is explicitly
designed to optimize for this balance.

3 LC-R1: Length Compression with
Efficient Reasoning Principles

In this section, we propose LC-R1, a GRPO-based
post-training algorithm designed to address the “in-
valid thinking” phenomenon and enhance reason-
ing efficiency. Guided by the principles of Brevity
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Figure 3: An overview of the LC-R1 training three-stage pipeline. (1) Valid Segment Extraction: First,
an extractor model processes the original reasoning traces to identify the valid thinking portion and generate
compressed sequences. (2) Reward Calculation: Next, these compressed sequences are used to compute our dual
rewards—Length Reward and Compress Reward, with the latter applied exclusively as a bonus or penalty on the
final </think> token. These are then combined to calculate the final advantages. (3) Policy Optimization: Finally,
the GRPO loss is calculated using the compressed sequences and corresponding advantages, steering the model
toward more concise and efficient reasoning.

and Sufficiency introduced in Section 2.2, LC-R1
employs a novel dual-reward system. This sys-
tem combines a global Length Reward for over-
all conciseness with a targeted Compress Reward
that specifically removes redundant reasoning. The
complete pipeline of LC-R1 is illustrated in Figure
3 and Algorithm 1.

3.1 Problem Formulation

LetM be the model and q be the given query. The
output is o ∼M(q), where o = cat(R,A) consists
of a reasoning part R and an answer part A, split
by the token </think>, which is considered part of
A. For the reasoning part R, we denote its effective
prefix R′ as the content from the beginning of R
up to the first occurrence of the correct answer
corresponding to the query q. If R does not contain
the correct answer, then we define R′ = R. We
define two functions as follows:

t({R,A}) = R, f({R,A}) = {R′, A} (2)

The function t extracts the reasoning process R
from the output o and function f extracts the con-
cise reasoning part R′ and concatenates it with the
answer A. We denote oi as the original model

output and o′i = f(oi) as the refined compressed
output.

LC-R1 is a GRPO-based method for efficiently
compressing the reasoning process. Within a group,
let C denote the set of indices i whose sequences
oi lead to the correct answer for query q, and let
W denote the set of indices j whose sequences oj
lead to a wrong answer. The total group size is
G = |C|+ |W|.

3.2 Reward and Objective Design

Our method’s reward system consists of two core
components: the Length Reward for reducing over-
all output length, and the Compress Reward for
targeting redundant parts of the model’s reasoning.

Length Reward. To compress the total output
length, we introduce a length penalty during GRPO
training. Leveraging the group-based sampling
mechanism of GRPO, we compute a relative length
reward that automatically adapts to problem diffi-
culty. We define the Length Reward as follows:

ri,length =

{
1− |o′i|

maxj∈C |o′j |
, if i ∈ C

0, if i ∈ W
(3)
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Algorithm 1 LC-R1: Length Compression for R1-style model
Input: Initial policy model πθ, compression function f(·), task prompts D, hyperparameters α, β, µ
Output: Trained policy model πθ

1: for step = 1, . . . ,M do
2: Sample a batch Db from D
3: Update the old policy model πθold ← πθ
4: Sample G outputs {oi}Gi=1 ∼ πθold(·|q) for each question q ∈ Db

5: Apply compression to all outputs: o′i ← f(oi)
6: Compute combined reward ri,combine (Eq. 5) and compress reward ri,compress (Eq. 11)
7: Compute token-level advantages Âi,t for each compressed output o′i (Eq. 10)
8: for iteration = 1, . . . , µ do
9: Update the policy model πθ by maximizing the objective JGRPO (Eq. 7)

10: end for
11: end for
12: return πθ

This formulation uses the maximum length of a
correct, compressed sequence within the group as
a normalizer. The final reward combines this with
a base reward for format and accuracy, and is nor-
malized by subtracting the group mean, following
Liu et al. (2025b) to obtain an unbiased gradient:

r̃i = ri,base + α · ri,length (4)

ri,combine = r̃i −mean({r̃j}Gj=1) (5)

where

ri,base = ri,format + ri,accuracy (6)

Following prior work, ri,format and ri,accuracy are
binary rewards that indicate whether the model
places its thinking process between <think> and
</think>, and whether the sample leads to the
correct answer for the query as verified by Math-
Verify1, respectively. α is a hyperparameter that
controls the weight of the Length Reward.

Compress Reward. In standard GRPO, the loss
is calculated from the model’s own sampled out-
puts. To encourage the model to terminate the
thinking process once it reaches the correct answer,
thereby achieving Brevity, we modify the GRPO
objective as follows:

JGRPO(θ) = Eq∼P (Q),{oi}Gi=1∼πθold (O|q) (7)
[

1
∑G

i=1 |o′i|

G∑

i=1

|o′i|∑

t=1

{
min

[
Rt(θ) · Âi,t, clip

(
Rt(θ),

1− ϵ, 1 + ϵ
)
· Âi,t

]
− β DKL

(
πθ(·|q) ∥πref(·|q)

)
}]

1https://github.com/huggingface/Math-Verify

where

DKL
(
πθ ∥πref

)
=

πref (o
′
i|q)

πθ(o
′
i|q)

−log πref (o
′
i|q)

πθ(o
′
i|q)

−1
(8)

o′i = f(oi), Rt(θ) =
πθ(o

′
i,t|q, o′i,<t)

πθold(o
′
i,t|q, o′i,<t)

(9)

Our key modification to the standard GRPO ob-
jective is that the loss is calculated over the com-
pressed trajectories o′i, rather than the original full
trajectories oi. We define the token-level advan-
tages Âi,t as follows:

Âi,t = ri,combine+γ ·I(o′i,t = </think>)·ri,compress
(10)

where

ri,compress =





1− |t(o′i)|
|t(oi)| , if i ∈ C & ans(q) ∈ t(o′i)

−1, if i ∈ C & ans(q) /∈ t(o′i)

0, if i ∈ W
(11)

Let ans(q) be the ground-truth answer for a given
query q. In this setting, we focus on encouraging
the model to output the </think> token once it
reaches the correct answer, that is, at the end of
o′i, so as to compress verbose reasoning in accor-
dance with the principle of Brevity. We assign
an additional reward only to this token, avoiding
unnecessary emphasis on other tokens and mak-
ing training more efficient and stable. We define
this reward as the proportion of the Redundant Se-
quence, formulated as 1− |t(o′i)|

|t(oi)| , which represents
the efficiency gap between the original and com-
pressed sequences. The hyperparameter γ scales
this bonus.
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Based on the principle of Sufficiency, the model
should retain enough reasoning rather than over-
compressing at the cost of accuracy. Therefore, we
impose a large penalty (-1) on the </think> token
if the model terminates its reasoning before find-
ing the correct answer, which discourages harm-
ful over-compression and improves training robust-
ness.

To further validate the effectiveness of our
method, we follow DAPO (Yu et al., 2025) and
calculate the objective across all tokens in a group,
instead of averaging token rewards within each sin-
gle sequence. This removes the original GRPO
preference for short correct sequences and long
incorrect sequences, making the evaluation of our
method more faithful.

4 Experiments

4.1 Experiment Setups

Backbone Models. We choose two represen-
tative reasoning models, DeepSeek-R1-Distill-
Qwen-7B and DeepSeek-R1-Distill-Qwen-1.5B
(DeepSeek-AI et al., 2025), as our backbone mod-
els, for their strong performance on mathematical
and coding reasoning tasks.

LC-Extractor. To accurately identify and extract
the valid reasoning part, we develop a specialized
parser, termed LC-Extractor, to implement the ex-
traction function f in Eq. 2. We finetune Qwen2.5-
3B-Instruct because it is lightweight and easy to
deploy. Detailed experimental settings are provided
in Appendix B.

Dataset. We used a mixed-difficulty dataset,
combining past AIME competition problems with
the MATH dataset in an approximate 1:2 ratio to
create 2500 training samples. This approach en-
ables the model to learn length compression across
problems of varying difficulty.

Evaluation. We evaluate our models on seven
datasets, including AIME25, MATH500, GSM8K,
AMC, OlympiadBench, GPQA-Diamond, and
LiveCodeBench, covering math, general-reasoning,
and coding tasks to comprehensively assess rea-
soning efficiency. We use average Pass@1 as our
primary metric. For each test, we sample N times
with top-p = 0.95 and temperature = 0.7. For
AIME25, we set N = 64, while for the other test
sets, we set N = 8. We set the maximum length
to 16384. We also evaluate VT for each model to

measure the Brevity of the thinking process and to
study each method’s ability to mitigate the “invalid
thinking” phenomenon. We compute VT on five
math benchmarks and report the mean, since it is
easier to extract standardized, verifiable answers
from math reasoning traces. Additionally, we cal-
culate the average relative change in accuracy and
token length with respect to the base model on each
benchmark, as formulated below:

Avgacc = mean7i=1

{Accmodel
i − Accbase

i

Accbase
i

}
(12)

Avglen = mean7i=1

{Lenmodel
i − Lenbase

i

Lenbase
i

}
(13)

4.2 Baselines
Supervised Fine-tuning (SFT). Inspired by
OVERTHINK (Chen et al., 2024), which proposes
using only the initial correct solution for fine-
tuning, we construct an SFT dataset of 5000 sam-
ples by removing the Redundant Sequence from
self-generated outputs.

Direct Preference Optimization (DPO) (Rafailov
et al., 2023). We create a preference dataset of
5000 samples from the MATH dataset, where the
shortest correct answer is treated as the “chosen”
response and the longest as the “rejected” response.
This DPO training is applied to the SFT-tuned
model.

O1 Pruner (Luo et al., 2025b). A PPO-like of-
fline fine-tuning method to significantly compress
CoT length while maintaining performance. We
follow its methodology using 10000 samples from
the MATH dataset.

ThinkPrune-3K (Hou et al., 2025). A rein-
forcement learning approach that uses a length-
truncation reward for multi-stage compression. We
reproduce the ThinkPrune-3k variant, which is re-
ported to be highly efficient, with slight accuracy
degradation.

SFT + O1-Pruner. To better understand the ef-
fect of compressing the thinking process and prun-
ing the overall sequences at the same time, we also
compare with a two-stage training approach, com-
bining SFT and O1 Pruner.

4.3 Experiment Results
LC-R1 outperforms other methods with com-
petitive performance and fewer tokens. As
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Table 2: Accuracy (above) and Sequence Length (below) for all methods across seven benchmarks. AVG shows
the relative change in accuracy and length compared to the Base model (+ increase, - decrease). GPQA-D denotes
GPQA-Diamond benchmark, and LCB denotes the pass@10 score on LiveCodeBench. VT represents the Valid
Thinking ratio. For each column, the best performing score is marked in bold, and the second-best is underlined.

Method AIME25 MATH500 GSM8K Olympiad AMC GPQA-D LCB Avg VT

DeepSeek-R1-Distill-Qwen-7B

Base 37.7 92.6 91.6 59.7 81.2 46.6 68.8 – 58.72%
(11007) (3832) (1842) (7342) (6715) (6508) (8878)

SFT 36.6 90.2 91.9 56.0 78.7 39.8 67.3 –4.46% 95.64%
(9457) (2497) (946) (6329) (5231) (8217) (8739) (–15.54%)

DPO 36.9 91.4 90.3 56.2 78.6 37.2 66.9 –5.26% 96.34%
(9718) (2277) (980) (6338) (5122) (8109) (8755) (–16.18%)

O1-Pruner 35.0 91.5 91.1 59.6 77.1 45.5 66.7 –2.79% 69.30%
(8263) (2268) (1012) (4712) (4510) (5012) (5901) (–33.71%)

ThinkPrune 38.0 93.1 91.2 60.8 82.7 50.3 67.8 +1.58% 77.16%
(9309) (3253) (1546) (6225) (5510) (6508) (7180) (–14.13%)

SFT+O1-Pruner 35.5 91.0 89.7 56.0 76.6 43.9 66.8 –4.31% 85.22%
(9466) (2245) (920) (5807) (5133) (6425) (7267) (–24.19%)

LC-R1 (Ours) 36.2 90.4 88.1 58.7 79.1 47.2 69.0 –1.84% 97.14%
(7150) (1568) (450) (4041) (3453) (4604) (6059) (–46.32%)

DeepSeek-R1-Distill-Qwen-1.5B

Base 22.8 83.7 83.4 44.2 61.2 34.5 43.1 – 56.06%
(12129) (4869) (2294) (9258) (8696) (8516) (10120)

SFT 20.5 81.4 81.3 42.7 59.7 22.4 39.8 –9.13% 95.54%
(10639) (3045) (1134) (7637) (6608) (10217) (10597) (–16.74%)

DPO 19.4 79.0 80.9 41.1 56.7 19.8 39.2 –12.79% 98.38%
(10316) (2749) (855) (6544) (5912) (9438) (10287) (–24.30%)

O1-Pruner 23.2 84.3 82.7 47.1 65.1 32.1 42.5 +0.89% 78.20%
(8731) (2913) (1162) (5960) (5131) (6173) (7305) (–35.64%)

ThinkPrune 24.1 84.5 84.1 44.9 63.4 33.6 42.7 +1.31% 65.62%
(7960) (3518) (1690) (6250) (5897) (5576) (7226) (–30.89%)

SFT+O1-Pruner 17.5 80.2 81.5 40.0 58.7 25.0 39.4 –11.34% 91.38%
(9075) (2769) (919) (6411) (5553) (7410) (8488) (–32.04%)

LC-R1 (Ours) 21.2 82.5 82.7 43.2 61.7 33.6 42.4 –2.14% 98.64%
(6434) (2233) (841) (4333) (3947) (4489) (5722) (–51.86%)

presented in Table 2, on the 7B model, LC-R1
achieves an average length reduction of 46.32%,
substantially higher than all other baselines, with
only a 1.84% drop in average accuracy. Similarly,
on the 1.5B model, it attains a 51.86% length reduc-
tion for a 2.14% accuracy decrease. This efficiency
does not appear to compromise generalization, as
it demonstrates more robust performance on out-
of-distribution (OOD) benchmarks such as GPQA-
Diamond and LiveCodeBench compared to other
high-compression methods. Figure 2 shows that
our method achieves a more favorable Efficacy-
Efficiency trade-off by enabling a high compres-
sion ratio with negligible accuracy degradation.
LC-R1 also achieves a significantly higher VT
rate (over 97%) compared to other methods like
O1-Pruner (~70-78%) and ThinkPrune (~66-77%),

demonstrating the superior efficiency of our ap-
proach. We further verify this generalization on a
post-RL backbone in Appendix C.4, where LC-R1
remains effective on DeepScaleR-1.5B-Preview.

Combining length and compress reward brings
superior efficiency to reasoning. Our ablation
study on the Length Reward (L-reward) and Com-
press Reward (C-reward), presented in Table 3,
reveals their critical complementary relationship.
While each component alone yields competitive
results and lies near the Pareto frontier of perfor-
mance versus compression efficiency, combining
them achieves a better overall balance. Specifi-
cally, using only L-reward yields significant com-
pression but a lower VT rate. Conversely, using
only C-reward ensures a high VT rate by precisely
removing redundancy, but provides more limited
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Table 3: Ablation study on the contribution of Length Reward and Compress Reward to the compression process.
The results show that removing either component leads to sub-optimal performance, confirming that both are
important for efficient reasoning.

Method AIME25 MATH500 GSM8K Olympiad AMC GPQA-D LCB Avg VT

DeepSeek-R1-Distill-Qwen-7B

LC-R1 (Ours) 36.2 90.4 88.1 58.7 79.1 47.2 69.0 –1.84% 97.14%
(7150) (1568) (450) (4041) (3453) (4604) (6059) (–46.32%)

w/o L-reward 36.1 91.3 90.6 59.4 79.0 45.9 68.0 –1.80% 93.16%
(9309) (2316) (696) (5779) (5021) (6273) (8023) (–25.28%)

w/o C-reward 37.6 92.9 91.1 59.1 80.5 48.9 68.5 +0.31% 72.24%
(8738) (2498) (1012) (5344) (4741) (5727) (6893) (–27.35%)

DeepSeek-R1-Distill-Qwen-1.5B

LC-R1 (Ours) 21.2 82.5 82.7 43.2 61.7 33.6 42.4 –2.14% 98.64%
(6434) (2233) (841) (4333) (3947) (4489) (5722) (–51.86%)

w/o L-reward 21.3 81.2 83.3 43.4 62.2 30.6 41.9 –3.42% 95.16%
(7061) (2270) (754) (5024) (4478) (5021) (6378) (–47.79%)

w/o C-reward 21.9 83.2 84.1 44.0 63.4 30.1 43.7 –1.70% 71.10%
(7988) (2965) (1160) (5363) (5192) (5847) (6874) (–38.35%)

Table 4: Sensitivity analysis of the reward weights on DeepSeek-R1-Distill-Qwen-1.5B. The default setting
α = 1, γ = 1 provides a balanced trade-off among accuracy, compression, and VT improvement.

Setting AIME25 MATH500 GSM8K Olympiad AMC Avg. VT

Base 22.8 83.7 83.4 44.2 61.2 – 58.72%(12129) (4869) (2294) (9258) (8696)

α = 0.5
γ = 0.5

22.7 83.8 83.3 45.9 63.5 +1.5% 71.02%(9605) (3242) (1210) (6844) (6188) (−31.3%)

α = 1
γ = 1

22.2 83.3 83.5 45.2 63.6 +0.7% 79.20%(8785) (2698) (987) (6106) (5342) (−40.3%)

α = 1.5
γ = 0.5

22.5 83.4 83.6 45.8 62.3 +0.8% 75.96%(8640) (2960) (1077) (6231) (5513) (−38.1%)

α = 0.5
γ = 1.5

22.5 81.4 79.7 43.3 59.8 −2.6% 96.74%(7928) (2325) (758) (5321) (4728) (−48.4%)

overall compression. Our full LC-R1 successfully
integrates these strengths, achieving both the high-
est compression efficiency and the highest VT rate
while maintaining comparable accuracy, showing
that the synergy between the two rewards is essen-
tial for maximizing reasoning efficiency.

Sensitivity analysis validates the robustness of
reward weights. We further conduct a sensitivity
analysis by varying the Length Reward weight α
and the Compress Reward weight γ, while keep-
ing all other training settings unchanged. Table
4 shows that LC-R1 is more sensitive to γ than
to α: increasing γ consistently raises the VT rate
and strengthens compression, but an overly large
value also leads to a clearer accuracy drop, as
α = 0.5, γ = 1.5 achieves the highest VT rate
(96.74%) and the strongest average length reduc-
tion (48.4%) at the cost of a 2.6% average accuracy
decline. In contrast, varying α under moderate γ

produces a much smoother trade-off, suggesting
that the Compress Reward mainly controls how
aggressively the model removes the redundant tail
after the first correct answer, while the Length Re-
ward provides a more global and stable pressure
toward shorter outputs. Overall, the default setting
α = 1, γ = 1 remains a favorable operating point,
delivering substantial compression and a clear VT
improvement while preserving competitive accu-
racy. We also provide a training convergence analy-
sis in Appendix C.6, which shows steadily decreas-
ing output lengths and a smooth rise in VT during
optimization.

SFT shows limitations in generalization. While
SFT achieves a remarkably high VT rate (over
95%), its effectiveness is superficial. The model’s
performance collapses on OOD benchmarks, indi-
cating that it merely overfits to the structural brevity
of the training data rather than learning a general-
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Figure 4: The impact of LC-R1 on the AIME25 benchmark. Left: The Pass@k curves show that LC-R1 models
maintain competitive performance compared to the original models, preserving their exploration potential. Right:
Per-problem analysis on DeepSeek-R1-Distill-Qwen-7B shows that LC-R1 achieves similar Pass@1 accuracy while
maintaining a consistent token compression ratio across problems of varying difficulty, demonstrating a universal
compression effect.

izable, efficient reasoning policy. The poor per-
formance of the hybrid SFT+O1-Pruner method
further suggests that a simple combination of off-
the-shelf techniques is insufficient. These findings
underscore the superiority of RL-based methods
like LC-R1, which foster more robust and gen-
uinely efficient reasoning skills.

5 Compression Impact Analysis

Compression does not impair exploration capa-
bility. To investigate the deeper impact of com-
pression on the model’s problem-solving potential,
we sample 256 times on AIME25 with a maxi-
mum length of 32,768 and evaluate Pass@k for
both models before and after compression. The
results in Figure 4 (left) reveal a key phenomenon:
across the entire Pass@k range from k = 1 to 128
on AIME25, the performance curve of the model
compressed by LC-R1 nearly overlaps with that of
the original model. This result suggests that com-
pression does not harm the model’s ability to find
a correct solution through multiple attempts. It in-
dicates that the pruned “invalid thinking” segments
are truly redundant, and that their removal does not
diminish the model’s core knowledge or creative
problem-solving potential. Additional Pass@k re-
sults on Olympiad and GPQA are provided in Ap-
pendix C.4, where LC-R1 shows similarly close
tracking to the base models across k.

Compression remains consistent across varying
problem difficulties. To analyze our method’s
behavior at a more fine-grained level, we plot the
per-problem Pass@1 accuracy against the original
model’s token consumption on AIME25 (Figure 4,

right). The plot reveals a clear difficulty spectrum,
where problems requiring more tokens from the
base model generally correspond to lower Pass@1
scores. Crucially, LC-R1 applies a relatively uni-
form compression effect across this entire spec-
trum, with per-problem outcomes (i.e., success or
failure) remaining remarkably consistent with those
of the base model. This provides strong evidence
that LC-R1 functions as a robust and difficulty-
agnostic efficiency layer, successfully streamlining
the reasoning process without altering the model’s
core problem-solving logic for specific problems.

6 Conclusion

In this paper, we address the “invalid thinking” phe-
nomenon in current LRMs, namely their tendency
to double-check their work after the correct answer
has already been derived. To tackle this issue, we
introduced the principles of Brevity and Sufficiency
and proposed LC-R1, an RL-based post-training
method with a dual-reward system that compresses
overall sequence length while pruning the Redun-
dant Sequence. Extensive experiments demonstrate
that LC-R1 achieves a more favorable Efficacy-
Efficiency trade-off. Further analyses show that
LC-R1 does not degrade the model’s exploration
ability, and that the compression effect remains
robust across problems of varying difficulty.
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Limitations

In this paper, we address the “invalid thinking” phe-
nomenon, a key source of inefficiency in Large
Reasoning Models where they engage in unneces-
sary verification after deriving a correct answer. We
introduce LC-R1, a novel post-training method fea-
turing a dual-reward system that encourages both
overall conciseness and the specific elimination
of this redundancy. Our experiments demonstrate
that LC-R1 achieves a more favorable trade-off
between performance and efficiency than existing
approaches. However, compressed reasoning may
still suppress useful verification on difficult prob-
lems, leading the model to produce concise but
incorrect answers. While our current validation
focuses on models up to the 7B scale due to compu-
tational constraints, this work provides a practical
path toward more computationally frugal LRMs;
in high-stakes settings, such methods should be
paired with task-appropriate validation and human
oversight.
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A Related Work

Reinforcement Learning For Reasoning. Rein-
forcement learning (RL) has emerged as a pivotal
technique in the post-training phase of Large Lan-
guage Models (LLMs), demonstrating significant
potential for enhancing their reasoning abilities.
A landmark work in this domain is OpenAI’s o1
model (OpenAI, 2024). As the first large-scale
application of RL for reasoning, o1 achieved state-
of-the-art reasoning capabilities at the time of its
release. Shortly after, DeepSeek-R1 (DeepSeek-AI
et al., 2025) was introduced as the first open-source
model to match the performance of o1, significantly
advancing the development and popularization of
RL-based reasoning techniques. This technical tra-
jectory has led to the emergence of numerous pow-
erful Large Reasoning Models (LRMs), such as
Gemini 2.5 (Google, 2025b), QwQ (Team, 2025b),
and Phi-4 (Abdin et al., 2025). Recently, Reinforce-
ment Learning with Verifiable Rewards (RLVR)
has been shown to be an effective approach for sig-
nificantly improving model reasoning abilities in

domains such as mathematics and programming
(Shao et al., 2024; Liu and Zhang, 2025). Con-
currently, the research community has proposed
various advanced RL algorithms to optimize post-
training, including GRPO (Shao et al., 2024), Rein-
force++ (Hu et al., 2025), DAPO (Yu et al., 2025),
and Dr.GRPO (Liu et al., 2025b). These algorith-
mic innovations have continuously improved the
efficiency and effectiveness of RL training. Our
proposed method, LC-R1, builds on these foun-
dational works with specific adjustments aimed at
pruning redundant sequences in the reasoning pro-
cess, thereby achieving a more favorable trade-off
between efficacy and efficiency.

Efficient Reasoning. While elaborate reasoning
is more likely to yield a correct answer, its ver-
bose thought process significantly increases time
and computational costs, a phenomenon termed
overthinking (Chen et al., 2024). To mitigate this
issue, researchers have proposed various solutions
from different perspectives (Sui et al., 2025). These
approaches can be broadly categorized. The first
category directly constrains reasoning redundancy
through length control, with typical examples such
as CoT-Valve (Ma et al., 2025b) and L1 (Aggarwal
and Welleck, 2025). A second category focuses on
enabling the model to adapt its reasoning depth to
query difficulty. For instance, Adar1 (Luo et al.,
2025a) and DAST (Shen et al., 2025) construct
preference datasets to train models to generate rea-
soning sequences that match problem complexity.
A third category integrates efficiency considera-
tions into the reinforcement learning framework.
Methods such as O1-Pruner (Luo et al., 2025b),
ThinkPrune (Hou et al., 2025), EfficientReasoning
(Arora and Zanette, 2025), and Kimi (Team et al.,
2025) incorporate length-based penalties into the
reward function, incentivizing the model to pro-
duce more concise reasoning while maintaining
accuracy. More recent RL approaches further re-
fine this line by using length-aware reward shap-
ing or adaptive targets, such as ShortRL (Yuan
et al., 2025), ShorterBetter (Yi and Wang, 2025),
and LASER (Liu et al., 2025a). Furthermore,
training-free methods also improve reasoning effi-
ciency on the fly through sophisticated prompting
or dynamic stopping strategies, such as Sketch-of-
Thought (Aytes et al., 2025), Token-Budget (Han
et al., 2024), No Think (Ma et al., 2025a), NoWait
(Wang et al., 2025), and Dynamic Early Exit (Yang
et al., 2025).
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B Details of LC-Extractor

We train Qwen-2.5-3B-Instruct (Team, 2024) as
the LC-Extractor model. We construct a dataset
consisting of 5,000 <Question, Thinking Process,
Answer> triplets from the MATH dataset and
identify the position of the first correct token us-
ing Gemini-2.5-Flash (Google, 2025a), followed
by rigorous rule-based filtering. We then distill
this knowledge into a smaller model by training
for two epochs on these curated samples. We
further strengthen the validation of LC-Extractor
with a 500-sample human evaluation, using 100
model rollouts from each of five math benchmarks
(AIME25, MATH500, GSM8K, Olympiad, and
AMC). For each sample, annotators check whether
the predicted prefix fully contains the reasoning
up to the first correct final answer, without cutting
earlier or mis-locating the answer boundary. Un-
der this stricter protocol, LC-Extractor achieves
494/500 correct truncations (98.8% accuracy), as
illustrated in Figure 6. Among the six errors, all
stop slightly after the ideal boundary and retain a
brief double-check segment; we observe no early
cutoffs or cases where the correct answer is missed.
This means the residual errors are conservative and
mainly underestimate compression rather than re-
moving necessary reasoning. The LC-Extractor is
prompted using the template shown in Figure 5.

The 500-sample human evaluation was con-
ducted by the authors. No external participants
were recruited, and no payment was involved.

C Detailed Experiment Setups

C.1 Model

We use DeepSeek-R1(DeepSeek-AI et al., 2025),
Qwen3-32B(Team, 2025a), QwQ-32B(Team,
2025b), Llama-3.3-Nemotrom-Super-49B-
V1(Bercovich et al., 2025), Distill-Qwen-7B,
Distill-Qwen-1.5B(Yu et al., 2024), and Qwen-
2.5-3B-Instruct(Team, 2024) models in our paper.
We introduce their licenses and key characteristics
as follows:

• DeepSeek-R1. An open-source 671 B→37 B
MoE reasoning model trained largely through
reinforcement learning, which elicits self-
verification, reflection and lengthy chain-of-
thought traces while supporting 128K-token con-
text; it matches proprietary o1 on math / code
benchmarks using only public data.

• Qwen3-32B. The 32.8 B-parameter third-
generation Qwen model that toggles between
“thinking” and “non-thinking” modes, delivering
state-of-the-art reasoning, multilingual chat and
up to 131 K context in a single dense checkpoint.

• QwQ-32B. A medium-sized Qwen reasoning
variant refined with SFT + RL; provides explicit
<think> traces, 131 K context and DeepSeek-
R1–level accuracy on hard evaluations.

• Llama-3.3-Nemotrom-Super-49B-V1.
NVIDIA’s NAS-pruned 49 B derivative of
Llama-3.3-70B, post-trained for reasoning,
RAG and tool calling; couples 128 K context
with single-H100 deployment efficiency for
cost-sensitive production.

• DeepSeek-R1-Distill-Qwen-7B. A 7 B dense
checkpoint distilled from DeepSeek-R1 onto
the Qwen2.5 backbone, pushing small-model
MATH-500 pass1 beyond 92 % and surpassing
o1-mini on several reasoning suites while remain-
ing laptop-friendly.

• DeepSeek-R1-Distill-Qwen-1.5B. An ultra-
compact 1.5 B model distilled from R1 that
preserves chain-of-thought and achieves 83.9 %
pass1 on MATH-500, bringing competitive ana-
lytical power to edge and mobile deployments.

• Qwen-2.5-3B-Instruct. A 3.09 B instruction-
tuned model with 128 K context, strengthened
coding/math skills and multilingual support, de-
signed as a lightweight yet controllable chat foun-
dation for downstream tasks.

C.2 Dataset
We benchmark on the AIME25 (International Con-
ference on Artificial Intelligence in Medicine),
MATH500 (Lightman et al., 2023), GSM8K
(Cobbe et al., 2021), OlympiadBench (Sun et al.,
2025), AMC (Mathematical Association of Amer-
ica), GPQA Diamond (Rein et al., 2024) and Live-
CodeBench (Jain et al., 2024) benchmarks in our
paper. We introduce them as follows:

• AIME25. A benchmark with 30 questions dis-
tilled from twenty-five years of American Invita-
tional Mathematics Examination papers. Each
item is a three-digit short-answer problem that
probes upper-secondary algebra, geometry, com-
binatorics.

• MATH500. A 500-problem evaluation slice
covering the full subject breadth of the original
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Prompt to Extract Answer Prefix

You are Qwen, created by Alibaba Cloud. You are a helpful assistant.

Instruction:
Extract Answer Prefix You’ll get a Problem, a Thinking Process, and its Ground Truth Answer.

Your Task:
1. Read the Thinking Process from the beginning carefully.
2. Find the first sentence that reveals the Ground Truth Answer.
3. Copy everything from the start of the Thinking Process up to and including that sentence.
4. Important: Do not include any text after that sentence.

Example:
• Problem: What is 1 + 1?
• Thinking Process: Okay, I need to solve 1 + 1. That gives 2. Let me check again–yes, it’s 2.
• Ground Truth Answer: 2.
• Expected Output: Okay, I need to solve 1 + 1. That gives 2.

Input Provided:

• Problem: <Problem>
• Thinking Process: <Thinking Process> 
• Ground Truth Answer: <Ground Truth Answer>

Your Output:
A prefix of "Thinking Process", with Ground Truth at the end.

Figure 5: Our prompt for extraction of answer prefix.

Figure 6: The annotation tool to evaluate the LC-Extractor.

MATH competition corpus. Balanced across dif-
ficulty tiers and topics, it serves as a rigorous

yardstick for advanced high-school and early un-
dergraduate mathematical reasoning, without the
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Table 5: Hyperparameters for LC-R1 training.

Hyperparameter R1-Distill-Qwen-7B R1-Distill-Qwen-1.5B
cutoff_len 8192 8192
batch_size 32 32
learning_rate 3.0e-6 2.0e-6
num_train_epochs 1.0 1.0
α 1.0 1.0
β 0.04 0.04
γ 1.0 1.0
num_generations 6 8
ϵ 0.2 0.2

runtime burden of the complete 12k-question set.

• GSM8K. The widely-adopted Grade-School
Math 8K benchmark of 1,319 everyday word-
problems. Requiring multi-step arithmetic and
commonsense, GSM8K remains the de-facto
standard for assessing chain-of-thought quality
on conversational math tasks.

• Olympiad. A curated collection of roughly 3 k
national and international mathematics-olympiad
problems. Predominantly proof-style or numeric-
answer challenges, this benchmark gauges cre-
ative, non-routine reasoning at the highest pre-
university level.

• AMC. An aggregate of 83 from the American
Mathematics Competitions 10/12. Spanning
2000–2024, it offers a longitudinal benchmark
on foundational secondary-school math.

• GPQA Diamond. A benchmark with 198
graduate-level Google-proof multiple-choice
questions requiring deep domain expertise and
multi-step reasoning, curated by researchers from
New York University, CohereAI, and Anthropic;
evaluated in closed-book and open-book settings
using accuracy as the metric.

• LiveCodeBench. A dynamic, contamination-
free coding benchmark originally hosting 511
problems (release v2) collected from LeetCode,
AtCoder, and CodeForces, designed by UC
Berkeley, MIT, and Cornell researchers to holis-
tically assess LLMs’ code generation, execution,
and test prediction capabilities using Pass@k.

C.3 Settings
We use a mixed-difficulty dataset, combining
past AIME competition problems with the MATH
dataset in an approximate 1:2 ratio to create 2,500
training examples. We use the TRL framework

(von Werra et al., 2020) to train our models. Both
models are trained on 4 × A800-80G GPUs, and
the hyperparameters are presented in Table 5.

Baseline settings. We compare LC-R1 with five
baselines: SFT, DPO, O1-Pruner, ThinkPrune, and
SFT+O1-Pruner. The hybrid method uses the same
settings as its constituent methods, so we report the
settings of the first four methods here.

• SFT. We construct the training dataset by
extracting the valid thinking process to re-
construct concise versions of sequences sam-
pled from the MATH dataset. We set cut-
off_len=8192, epoch=1, learning_rate = 3.0e-6,
and max_samples = 5000.

• DPO. We construct the preference dataset by
sampling eight times on the MATH dataset,
choosing the longest sample as the negative re-
sponse and the shortest sample as the positive re-
sponse. We set cutoff_len=8192, epoch=2, learn-
ing_rate = 5e-6, and max_samples = 5000.

• O1-Pruner. We use the provided Python scripts
to construct the weighted training dataset, with
cutoff_len=4096, epoch=2, learning_rate = 2.0e-
7, and max_samples = 10000.

• ThinkPrune-3K. We reproduce training on
the ThinkPrune-length3000 dataset, which
contains 2470 examples. We set cut-
off_len=8192, epoch=2, learning_rate = 2.0e-6,
num_generations=8, and batch_size=32.

C.4 Additional Experimental Results
To evaluate the general applicability of our method,
we conduct additional experiments using the
same settings and baselines on DeepScaleR-1.5B-
Preview, a post-RL model that differs from the
previously tested distilled models.
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Table 6: Performance comparison on DeepScaleR-1.5B-Preview model.

Method AIME25 MATH500 GSM8K Olympiad AMC Avg.

Base 31.7 88.9 86.7 53.7 74.0 –(8766) (3188) (2141) (5912) (5602)

LC-R1 29.9 87.1 85.9 52.7 73.4 -2.5%
(6872) (2334) (1157) (4436) (4874) (-28.3%)

O1-Pruner 27.1 86.5 85.6 51.9 69.8 -6.1%
(8143) (2879) (1826) (5119) (5099) (-11.5%)

ThinkPrune 29.5 87.1 86.0 52.7 73.8 -2.4%
(7882) (2659) (1624) (4805) (5622) (-13.4%)

SFT 28.3 87.4 86.0 52.0 72.2 -3.6%
(8338) (2480) (1152) (5206) (5070) (-16.4%)
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Figure 7: Additional Pass@k evaluation of LC-R1. Left: Olympiad. Right: GPQA.

As shown in Table 6, this model exhibits mini-
mal “overthinking”, with small output-length vari-
ance and a high valid-thinking rate (>70%), mak-
ing efficiency gains harder to obtain. LC-R1’s re-
ward design adapts well to diverse models and their
CoT patterns, showing encouraging generalization
across models.

Additional Pass@k results on other benchmarks.
To complement Figure 4 in the main text, we addi-
tionally evaluate Pass@k on Olympiad and GPQA
using the same comparison protocol between the
base model and LC-R1. The resulting curves re-
main close across all k, further supporting that LC-
R1 preserves the model’s exploration capability
under multi-sample decoding.

C.5 Training Cost Discussion

Since SFT and RL methods differ in their training
setups, with RL involving online sampling while
SFT uses fixed datasets, directly comparing wall-
clock time does not fully reflect training resource
consumption. Therefore, we use a more aligned
metric: the number of tokens used to compute the
loss function. A larger number of tokens requiring

computation implies more parallel computation,
which better reflects computational resource usage.

Average token lengths per sequence are: SFT
(1436), O1-Pruner (3826), LC-R1 (2429), and
ThinkPrune (3844). The first two methods use 10k
training samples, while LC-R1 uses 1×8×1500
(epoch×num_generation×train_data_size) and
ThinkPrune uses 2×8×2500. Thus, the total tokens
used for loss computation are 14M, 38M, 29M,
and 153M, respectively, showing that LC-R1’s
computational cost is relatively modest.

LC-R1’s extra cost mainly comes from the LC-
Extractor, which accounts for ~15% of total train-
ing time. The LC-R1 training framework does not
introduce excessive resource consumption, and us-
ing compressed CoTs for objective computation
significantly reduces the total number of tokens
involved.

C.6 Training Convergence Analysis

One concern is whether the proposed dual-reward
design leads to stable optimization or merely en-
courages the model to terminate too early. Figure 8
shows the training dynamics of the default 1.5B run
and suggests that the optimization process is stable.
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Table 7: Multi-seed evaluation of the base model and LC-R1 with seeds 42, 52, and 62. We report mean ±
standard deviation across seeds. Each benchmark entry reports accuracy, with the average sequence length in
parentheses. The Avg. column reports the relative change in average accuracy and length of LC-R1 with respect to
the corresponding base model.

Scale Model AIME25 MATH500 GSM8K Olympiad AMC GPQA Avg.

7B
Base 37.5±1.2 93.2±0.4 91.4±0.5 57.7±1.6 80.4±1.1 45.8±1.1 –(11160±192) (3800±118) (1704±20) (7552±59) (6812±234) (7802±138)

LC-R1 35.9±0.7 90.7±0.3 87.9±0.3 57.7±0.0 78.1±0.2 44.4±1.4 -2.8%±0.9
(7262±89) (1548±63) (448±4) (4028±37) (3500±87) (4611±72) (-50.7%±0.8)

1.5B
Base 22.4±0.8 83.6±1.8 84.1±0.7 44.6±1.1 60.5±1.2 29.5±0.9 –(12243±81) (4757±23) (2325±37) (9131±68) (8745±173) (8913±94)

LC-R1 21.0±0.6 82.5±1.7 82.4±1.0 43.1±0.1 60.6±1.1 28.3±0.8 -2.8%±1.8
(6629±243) (2277±45) (865±7) (4606±131) (4232±114) (4563±75) (-51.8%±1.2)
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Figure 8: Training convergence of LC-R1 under the
default setting in Table 5, measured from the training
log of the DeepSeek-R1-Distill-Qwen-1.5B run. The
left axis reports several length-related statistics, and the
right axis reports the Valid Thinking (VT) rate.

Throughout training, the overall thinking-process
length and sequence length decrease steadily, while
the VT rate rises consistently and eventually sat-
urates at a high level. This indicates that LC-R1
progressively removes redundant reasoning after
the first correct answer rather than relying on un-
stable or abrupt truncation behavior.

The curves are also consistent with the design
choices of LC-R1. First, applying the compres-
sion reward only to the </think> token focuses
the learning signal on the stopping decision, which
leads to a smooth increase in VT rather than
oscillatory behavior. Second, the fixed penalty
for insufficient reasoning prevents harmful over-
compression: while the total thinking length drops
substantially, the valid thinking length decreases
much more moderately, showing that useful rea-
soning is largely preserved. Third, the normalized
length reward provides a stable global pressure to-

ward shorter outputs, as reflected by the gradual
reduction of sequence length and response length
over training. Overall, these dynamics support our
claim that the Length Reward and Compress Re-
ward play complementary roles: one encourages
global conciseness, while the other specifically sup-
presses the redundant tail after the first correct an-
swer.

C.7 Multi-Seed Evaluation
We rerun both the base models and LC-R1 with
three random seeds (42, 52, and 62) and report the
corresponding means and standard deviations in Ta-
ble 7. The results show that the main conclusion is
robust across seeds: for both 7B and 1.5B, LC-R1
consistently delivers about 50% sequence-length
reduction, while the across-seed variation of this
reduction remains small (0.8 for 7B and 1.2 for
1.5B in relative percentage points). In contrast, the
average accuracy change remains modest at -2.8%
on both scales, indicating that the efficiency gain is
much larger than the seed-induced fluctuation. This
suggests that the improvement of LC-R1 is not an
artifact of a favorable seed, but a stable property of
the training procedure. Moreover, the benchmark-
level standard deviations of LC-R1 stay in a similar
range to those of the base models, which indicates
that adding the compression objective does not in-
troduce unusual instability.

D Case Study

We present case studies comparing LC-R1 with
O1-Pruner (Luo et al., 2025b) and the base model.
These case studies are shown in Figure 9 and Figure
10.

3248



Question

Define p = Σ_{k=1}^∞ (1 / k²)

and q = Σ_{k=1}^∞ (1 / k³).

Find a way,
to express the double series

S = Σ_{j=1}^∞ Σ_{k=1}^∞ [1 / (j + k)³]
in terms of p and q.

Ground Truth Answer: p – q.
LC-R1 (Ours): 519 Tokens

Okay, so I have this problem where I need to find the value of the double sum S = sum from j = 1 to infinity sum from k = 1 to infinity
1/(j + k)^3 in terms of p and q, where p = sum from k = 1 to infinity 1/k^2 and q = sum from k = 1 to infinity 1/k^3. First, I recall that
sometimes when dealing with double sums, especially infinite ones, it can be helpful to express them in terms of simpler sums or
known constants, and here p and q are well known as the Riemann zeta function values at 2 and 3, so I need to relate the given double
sum to those. I notice that both j and k run from 1 to infinity, so the sum runs over all positive integer pairs (j, k); a useful trick is to
set n = j + k, in which case for each n ≥ 2 there are n – 1 pairs (j, k) with j + k = n, allowing us to rewrite the double sum as the single
sum from n = 2 to infinity of (n – 1)/n^3. This single sum splits into sum from n = 2 to infinity of 1/n^2 minus sum from n = 2 to
infinity of 1/n^3, which equal p – 1 and q – 1 respectively, so the result is (p – 1) – (q – 1) = p – q.

Valid Thinking：319 Tokens

Final Response：200 Tokens
To find the value of the double sum S = sum from j = 1 to infinity sum from k = 1 to infinity of 1/(j + k)^3 in terms of p = sum from k = 1 to infinity
of 1/k^2 and q = sum from k = 1 to infinity of 1/k^3, we change variables by letting n = j + k; for each n ≥ 2 there are n − 1 pairs (j, k) with j + k = n,
so the double sum becomes sum from n = 2 to infinity of (n − 1)/n^3, which splits into sum from n = 2 to infinity of 1/n^2 minus sum from n = 2 to
infinity of 1/n^3; since these equal p − 1 and q − 1 respectively, subtracting gives (p − 1) − (q − 1) = p − q.

Thinking Length: 319 Tokens, Valid Ratio: 100%
O1Pruner: 1546 Tokens

Alright, so I have this problem where I need to express a double sum in terms of two known series, p and q. The given series are: p =
Σ_{k=1}^{∞} 1/k², q = Σ_{k=1}^{∞} 1/k³. And I need to find a way to write: Σ_{j=1}^{∞} Σ_{k=1}^{∞} 1/(j + k)³ in terms of p and q.
Hmm, okay. Let me think about how to approach this. First, I know that double sums can sometimes be tricky, but maybe I can find a
way to relate this to the given p and q. Let me write down what I need to find: S = Σ_{j=1}^{∞} Σ_{k=1}^{∞} 1/(j + k)³. I remember
that sometimes changing variables can help simplify such sums. Maybe I can let n = j + k. That might be a good start. So, if I set n = j
+ k, then for each fixed n, j can range from 1 to n - 1, because k must also be at least 1. So, for each n ≥ 2, j goes from 1 to n - 1, and
k = n - j. So, rewriting the double sum as a single sum over n, we have: S = Σ_{n=2}^{∞} Σ_{j=1}^{n-1} 1/n³. Because for each n, the
inner sum just adds up (n - 1) terms of 1/n³. So, the inner sum is simply (n - 1)/n³. Therefore, S = Σ_{n=2}^{∞} (n - 1)/n³. That
becomes S = Σ_{n=2}^{∞} (1/n² - 1/n³). So we get S = Σ_{n=2}^{∞} 1/n² - Σ_{n=2}^{∞} 1/n³. We know Σ_{n=2}^{∞} 1/n² = p - 1, and
Σ_{n=2}^{∞} 1/n³ = q - 1. Substituting back gives S = (p - 1) - (q - 1) = p - q.

Valid Thinking: 537 Tokens

Final Response：307 Tokens
To express the double sum Σ_{j=1}^{∞} Σ_{k=1}^{∞} 1/(j + k)³ in terms of the given series p and q, we start by changing variables.
Let n = j + k. For each fixed n, j ranges from 1 to n - 1, and k = n - j. Thus, the double sum can be rewritten as: Σ_{n=2}^{∞}
Σ_{j=1}^{n-1} 1/n³. The inner sum for each n is simply (n - 1)/n³. Therefore, we have: Σ_{n=2}^{∞} (n - 1)/n³. This can be split into
two separate sums: Σ_{n=2}^{∞} (1/n² - 1/n³). We express these sums in terms of p and q: 1. The sum of 1/n² from n = 2 to ∞ is p -
1. 2. The sum of 1/n³ from n = 2 to ∞ is q - 1. Thus, substituting these back, we get: S = (p - 1) - (q - 1). Simplifying this expression: S
= p - 1 - q + 1 = p - q. Therefore, the final answer is: p - q.

Thinking Length: 1239 Tokens, Valid Ratio: 43%

Invalid Thinking：702 Tokens
Wait, is that right? Let me double-check my steps. 1. I changed variables to n = j + k, which gave me a double sum over n starting
from 2. 2. For each n, the inner sum over j (or k) gave me n - 1 terms of 1/n³, so the inner sum is (n - 1)/n³. 3. Then I split the
fraction into 1/n² - 1/n³. 4. Summed each part separately from n=2 to ∞. 5. Expressed those sums in terms of p and q by subtracting
the n=1 terms. 6. Subtracted the sums, leading to p - q. That seems correct. Let me verify with another approach to make sure.
Alternatively, consider computing S directly. Let's write out the terms for small n and see if the pattern holds. For n=2: (2-1)/2³ =
1/8. For n=3: (3-1)/3³ = 2/27. For n=4: 3/64. And so on. So, S = 1/8 + 2/27 + 3/64 + 4/125 + .... If p = π²/6 ≈ 1.6449 and q = Apery's
constant ≈ 1.2020569, then p - q ≈ 0.4428. Let me compute the partial sum of S up to n=4: 1/8 ≈ 0.125, 2/27 ≈ 0.07407, 3/64 ≈
0.046875, 4/125 ≈ 0.032. Adding these: 0.125 + 0.074 ≈ 0.199, +0.046875 ≈ 0.246, +0.032 ≈ 0.278. If we sum up to n=10: n=2: 1/8 ≈
0.125, n=3: 2/27 ≈ 0.07407, n=4: 3/64 ≈ 0.046875, n=5: 4/125 ≈ 0.032, n=6: 5/216 ≈ 0.023148, n=7: 6/343 ≈ 0.01749, n=8: 7/512 ≈
0.01367, n=9: 8/729 ≈ 0.01097, n=10: 9/1000 ≈ 0.009. Adding these: 0.125 + 0.074 ≈ 0.199, +0.047 ≈ 0.246, +0.032 ≈ 0.278, +0.023
≈ 0.301, +0.017 ≈ 0.318, +0.014 ≈ 0.332, +0.011 ≈ 0.343, +0.009 ≈ 0.352. So partial sum ≈ 0.35. Still smaller than p - q ≈ 0.4428,
but approaching. Hence, the formula S = p - q seems valid. Final Answer: p - q.

Figure 9: Case study comparing LC-R1 with O1-Pruner.
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Question
If f(x) = (3x - 2) / (x - 2), what is the value of f(-2) + f(-1) + f(0)? 
Express your answer as a common fraction.

Ground Truth Answer: 14/3.

Final Response：293 Tokens
To find the value of f(-2) + f(-1) + f(0) for the function f(x) = (3x - 2)/(x - 2) we calculate each function value separately: 1. Calculate
f(-2): f(-2) = (3(-2) - 2)/(-2 - 2) = (-6 - 2)/(-4) = -8/-4 = 2 2. Calculate f(-1): f(-1) = (3(-1) - 2)/(-1 - 2) = (-3 - 2)/(-3) = -5/-3 = 5/3 3. 
Calculate f(0): f(0) = (3(0) - 2)/(0 - 2) = (0 - 2)/(-2) = -2/-2 = 1 Adding these values together: f(-2) + f(-1) + f(0) = 2 + 5/3 + 1 Convert
each term to a common fraction: 2 = 6/3 1 = 3/3 Sum the fractions: 6/3 + 5/3 + 3/3 = (6 + 5 + 3)/3 = 14/3 Thus the value of f(-2) + 
f(-1) + f(0) is 14/3

Thinking Length: 1321 Tokens, Valid Ratio: 49%

Okay, so I need to find the value of f(-2) + f(-1) + f(0) where the function f(x) is given as (3x - 2)/(x - 2). Hmm, let me start by understanding what
the function looks like. It's a rational function, meaning it's a ratio of two polynomials. The numerator is linear, 3x - 2, and the denominator is also
linear, x - 2. I remember that for rational functions, the domain excludes any x that makes the denominator zero, so x cannot be 2 here. But since
we're evaluating at x = -2, -1, and 0, which are all fine because 2 isn't among them, I don't have to worry about division by zero in this case.Alright, so
I need to compute f(-2), f(-1), and f(0) separately and then add them up. Let me write down each step carefully.Starting with f(-2):f(-2) = (3*(-2) - 2)
/ (-2 - 2). Let's compute the numerator first: 3*(-2) is -6, then subtract 2, which gives -8. The denominator is (-2) - 2, which is -4. So f(-2) = (-8)/(-
4). Dividing two negatives gives a positive, so that's 2. Got that part.Next, f(-1):f(-1) = (3*(-1) - 2) / (-1 - 2). Calculating numerator: 3*(-1) is -3,
subtract 2 gives -5. Denominator: (-1) - 2 is -3. So f(-1) = (-5)/(-3). Again, both negatives make it positive, so that's 5/3. Hmm, okay.Now, f(0):f(0) =
(30 - 2)/(0 - 2). Numerator: 30 is 0, subtract 2 is -2. Denominator: 0 - 2 is -2. So f(0) = (-2)/(-2) = 1. That seems straightforward.So now I have f(-2)
= 2, f(-1) = 5/3, and f(0) = 1. I need to add these together: 2 + 5/3 + 1.To add these, it might help to convert them all to fractions with a common
denominator. 2 is 6/3, 5/3 stays the same, and 1 is 3/3. So adding them together:6/3 + 5/3 + 3/3 = (6 + 5 + 3)/3 = 14/3.

Valid Thinking：586 Tokens

Final Response：310 Tokens
To find the value of ( f(-2) + f(-1) + f(0) ) where ( f(x) = (3x - 2)/(x - 2) ): First, we evaluate ( f(-2) ): [ f(-2) = (3(-2) - 2)/(-2 - 2) = (-6 
- 2)/(-4) = (-8)/(-4) = 2 ] Next, we evaluate ( f(-1) ): [ f(-1) = (3(-1) - 2)/(-1 - 2) = (-3 - 2)/(-3) = (-5)/(-3) = 5/3 ] Then, we evaluate
( f(0) ): [ f(0) = (3(0) - 2)/(0 - 2) = (-2)/(-2) = 1 ] Now, we add these values together: [ f(-2) + f(-1) + f(0) = 2 + 5/3 + 1 ] Converting all 
terms to fractions with a common denominator: [ 2 = 6/3, 1 = 3/3 ] [ 6/3 + 5/3 + 3/3 = (6 + 5 + 3)/3 = 14/3 ] Thus, the value of ( f(-2)
+ f(-1) + f(0) ) is 14/3.

Thinking Length: 586 Tokens, Valid Ratio: 100%

LC-R1 (Ours): 896 Tokens

Origin: 1614 Tokens

Alright, so I have this function f(x) = (3x - 2)/(x - 2), and I need to find the value of f(-2) + f(-1) + f(0). Hmm, okay, let's break this
down step by step. I think the best way is to calculate each function value separately and then add them up. That seems
straightforward enough. First, let me figure out f(-2). Plugging x = -2 into the function, I get: f(-2) = (3*(-2) - 2)/(-2 - 2) Calculating
the numerator: 3*(-2) is -6, minus 2 is -8. Calculating the denominator: (-2) - 2 is -4. So f(-2) = (-8)/(-4). Hmm, a negative divided by a
negative is a positive, so that's 2. Okay, so f(-2) is 2. Not too bad. Next, let's compute f(-1). Plugging x = -1 into f(x): f(-1) = (3*(-1) -
2)/(-1 - 2) Numerator: 3*(-1) is -3, minus 2 is -5. Denominator: (-1) - 2 is -3. So f(-1) = (-5)/(-3). Again, negative divided by negative is
positive, so that simplifies to 5/3. Alright, so f(-1) is 5/3. Moving on to f(0). Plugging x = 0 into the function: f(0) = (3*0 - 2)/(0 - 2)
Numerator: 3*0 is 0, minus 2 is -2. Denominator: 0 - 2 is -2. So f(0) = (-2)/(-2). That's a positive 1. So f(0) is 1. Now, adding them all
up: f(-2) + f(-1) + f(0) = 2 + 5/3 + 1. Wait, let me make sure I did that correctly. Let me check each computation again to be thorough.
First, f(-2): (3*(-2) - 2)/(-2 - 2) = (-6 - 2)/(-4) = (-8)/(-4) = 2. Yes, that's correct. Next, f(-1): (3*(-1) - 2)/(-1 - 2) = (-3 - 2)/(-3) = (-
5)/(-3) = 5/3. That seems right. Lastly, f(0): (3*0 - 2)/(0 - 2) = (-2)/(-2) = 1. Perfect. Now, adding them: 2 + 5/3 + 1. 2 + 1 is 3, so 3 +
5/3. Converting 3 to thirds, it's 9/3, so 14/3.

Valid Thinking：650 Tokens

So, 14/3 is the total. Wait, is that right? Let me check again. 2 is equal to 6/3, and 1 is equal to 3/3. So, 6/3 + 5/3 + 3/3. That would
be (6 + 5 + 3)/3 = 14/3. Yes, that's correct. Alternatively, I could have converted each term to fractions with a common 
denominator: f(-2) = 2 = 6/3, f(-1) = 5/3, f(0) = 1 = 3/3. Adding them: 6/3 + 5/3 + 3/3 = (6 + 5 + 3)/3 = 14/3. So, 14/3 is indeed the
sum. Wait, but just to make sure, let me go back through each step one more time. Calculating f(-2): 3*(-2) = -6, -6 - 2 = -8, 
Denominator: (-2) - 2 = -4, -8 / -4 = 2. Correct. f(-1): 3*(-1) = -3, -3 - 2 = -5, Denominator: (-1) - 2 = -3, -5 / -3 = 5/3. Correct. f(0): 3*0 
= 0, 0 - 2 = -2, Denominator: 0 - 2 = -2, -2 / -2 = 1. Correct. So, adding them up: 2 (which is 6/3) + 5/3 + 1 (which is 3/3). 6/3 + 5/3 + 
3/3 = (6 + 5 + 3)/3 = 14/3. Yep, that's correct. So, I think that's the right answer. 14/3 as a common fraction. I don't think it can be
simplified further because 14 and 3 share no common divisors other than 1. Alternatively, if I convert 14/3 to a mixed number, it's 4 
and 2/3, but the question specifically asks for a common fraction, so 14/3 is the appropriate form. Just to make sure I didn't make any 
arithmetic errors, let me go through the addition once more: 2 + 5/3 + 1. 2 + 1 is 3, 3 is equal to 9/3, 9/3 + 5/3 is 14/3.
Alternatively, 2 is 6/3, 6/3 + 5/3 is 11/3, 11/3 + 3/3 is 14/3. Both ways, I get 14/3. So, I think I've got it right. I don't see any
mistakes in my reasoning, so I'm confident that the answer is 14/3. Final Answer: The value of f(-2) + f(-1) + f(0) is 14/3.

Invalid Thinking：671 Tokens

Figure 10: Case study comparing LC-R1 with the original model.
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