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Abstract

As the post-training of large language models
(LLMs) advances from instruction-following
to complex reasoning tasks, understanding how
different data affect finetuning dynamics re-
mains largely unexplored. In this paper, we
present a spectral analysis of layer-wise gra-
dients induced by low/high-quality instruction
and reasoning data for LLM post-training. Our
analysis reveals that widely-studied metrics for
data evaluation, e.g., IFD, InsTag, Difficulty,
and Reward, can be explained and unified by
spectral properties computed from gradients’
singular value decomposition (SVD). Specit-
ically, higher-quality data are usually associ-
ated with lower nuclear norms and higher ef-
fective ranks. Notably, effective rank exhibits
better robustness and resolution than nuclear
norm in capturing subtle quality differences.
For example, reasoning data achieves substan-
tially higher effective ranks than instruction
data, implying richer gradient structures on
more complex tasks. Our experiments also
highlight that models within the same family
share similar gradient patterns regardless of
their sizes, whereas different model families di-
verge significantly. Providing a unified view on
the effects of data quality across instruction and
reasoning data, this work illuminates the inter-
play between data quality and training stability,
shedding novel insights into developing better
data exploration strategies for post-training.

1 Introduction

Large language models (LLMs) have shown re-
markable potential for various complex tasks (Zhao
et al., 2023; Xu et al., 2024a; Wu et al., 2025), yet
their success in real-world applications hinges not
just on model size but also on the quality of data
used for training (Brown et al., 2020; Wang et al.,
2023; Zhou et al., 2023). It is widely recognized
that high-quality, diverse, and complex instruction-
following examples during post-training (Xu et al.,
2023; Ding et al., 2023; Li et al., 2023a; Liu et al.,

2023; Wu et al., 2024; Li et al., 2024b, 2025b),
such as supervised fine-tuning (SFT), is crucial for
eliciting generalization performance and reliability.
There is growing recent interest in automated met-
rics that can evaluate data quality and select data
for more efficient and effective post-training (Chen
et al., 2023; Li et al., 2024e,d). Moreover, beyond
instruction-following, the reasoning capability of
LLMs (OpenAl et al., 2024b; DeepSeek-Al et al.,
2025a) has also been proven to be largely depen-
dent on data quality. For instance, s1.1 (Muen-
nighoff et al., 2025) utilizes only 1k difficult math
problems and DeepSeek-R1 generated responses
to elicit LLM’s strong reasoning capability.
Despite the verified importance of data quality
to post-training, how the quality of instruc-
tion/reasoning data affect the gradients during
post-training still remains largely unexplored.
In addition, can we unify different data quality
metrics? Prior work has mostly treated data
quality filtering as a preprocessing step, evaluating
its benefits in terms of end-task performance. But a
systematic study is lacking to reveal the mechanism
of how data quality affects the training dynamics.
Meanwhile, there does not exist work that com-
pares the learning dynamics induced by reasoning
data and general instruction-following data or
compares different data quality metrics’ effects on
post-training with data selection. A recent study
of LLM post-training (Li et al., 2024¢) on fast vs.
slow thinking (Kahneman, 2011) for the first time
analyzes the training dynamics on different data
through the lens of layer-wise gradients. It discov-
ers that learning detailed intermediate reasoning
steps leads to smaller and more stable gradient
updates than learning final answers only. Yet, this
study focuses only on comparing “fast thinking” (a
few answer tokens) vs. “slow thinking” (CoT paths)
but does not extend to more challenging problems
requiring more complex reasoning. The metric
used to measure gradients is limited to magnitude
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instead of more sophisticated spectral properties.

We address these gaps by conducting a layer-
wise, gradient-based spectral analysis of LLM
post-training when using instruction/reasoning
data of low/high quality. Our study spans multiple
diverse LLM families, including Qwen2.5 (Qwen
et al., 2025), Llama3.1, Llama3.2 (Dubey et al.,
2024), Gemma2 (Team et al., 2024)), and different
sizes (1.5B - 14B), to ensure the generality of our
findings. Inspired by s1 (Muennighoff et al., 2025),
which selects data by difficulty, for reasoning data,
we compare the s1.1 data and GSM8K (Cobbe
etal., 2021) data (response generated by DeepSeek-
R1) as low/high-quality data, respectively. For
general instruction-following data, we adopt
WizardLM (Xu et al., 2023), Magpie (Xu et al.,
2024b), and OpenHermes 2.5 (Teknium, 2023) for
our experiments and leverage automatic metrics
for data quality, such as IFD (Li et al., 2024e),
InsTag (Lu et al., 2023), Difficulty, and Reward to
partition these datasets into low/high-quality sub-
sets. While the first three evaluate the instructions,
the reward directly measures the response quality.

We developed several novel metrics measuring
the spectral properties of gradients revealed by
Singular Value Decomposition (SVD) (SVD-based
Metrics) and Gradient Similarity-based Metrics,
which are applied to the projection layers for
Query, Key, Value, and Output in transformer
architectures (Vaswani et al., 2017): (1) Nuclear
Norm measures the magnitude of the gradient,
indicating the amount of changes and efforts
required for post-training. (2) Effective Rank (Roy
and Vetterli, 2007) captures the dimensionality
of the gradient, indicating the diversity of the
gradient directions. (3) Same-layer Similarity
measures the alignment between gradients of
different projections within the same layer. (4)
Adjacent-layer Similarity measures the alignment
of gradients between consecutive layers.

Main Contributions: In this study, we present
a spectral analysis of layer-wise gradients in
modern LLLMs when finetuned on datasets of
varying quality, namely high-quality, low-quality,
instruction-following, and reasoning data. For the
broad applicability of our conclusions, we conduct
empirical investigations across diverse pretrained
LLMs from multiple model families and on dif-
ferent datasets. Various automatic data evaluation
metrics are used to split the data into low/high-
quality partitions, and advanced reasoning data are
also included for comparison. Notably, we are the

first to unify the effects of different data quality

metrics and compare the instruction vs. reason-

ing data through the lens of layer-wise gradients.

Unlike existing work that focuses primarily on

the gradient magnitude, we incorporate both

SVD-based and similarity-based metrics, offering

a more comprehensive analysis. These findings

reveal previously overlooked gradient patterns and

provide insights into enhancing the stability and
efficiency of data synthesis and LLLM training.
Our key findings:

1. Existing data quality metrics, e.g., IFD, InsTag,
Difficulty, and Reward, can be unified due to
consistent spectral properties of gradients, i.e.,
lower nuclear norms and higher effective ranks
on high-quality data. This finding extends to
both instruction and reasoning data, providing
a unified view of the data quality effects.

2. Effective rank outperforms nuclear norm to

distinguish low- vs. high-quality data. For rea-
soning data, s1.1 data yields the largest effective
ranks across all experiments, suggesting high
correlations between reasoning complexity and
gradient diversity.

3. Within the same model family, layer-wise

gradients’ spectral properties remain consistent
across different model sizes. In contrast, the
gradient patterns diverge significantly across
distinct model families, reflecting the unique
learning dynamics of each model family.

4. Cosine similarities between gradients from the

same layer and adjacent layers remain nearly
zero for different types of data, so they cannot
reflect data quality.

2 Methodology

2.1 Preliminaries

We investigate gradient behaviors under the most
widely adopted SFT approach. Each data point in
an SFT dataset D consists of a pair (x,y), where
x is the instruction and y is the corresponding re-
sponse. For the reasoning data, ¢ concatenates both
thinking tokens and response tokens. Let py be a
large language model with parameters €. Under the
SFT paradigm, py is finetuned on each pair (x,y)
by minimizing the following loss, where 7/; denotes
the j-th token of y, y; denotes the preceding to-
kens, and [ is the total length of y:
1<
Ly = ; —log(pe(y; | 2, y<;)). (D)
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In this paper, we focus on the gradients of the
layers associated with the attention mechanism
(Vaswani et al., 2017), namely the Query (Q), Key
(K), Value (V) projection layers and the final Output
(O) projection layer. For simplicity, we denote the
gradients of these projection layers by G ;, G i,
Gv,;, and Go; foreach layeri € {0,1,...,N—1}
in the LLM.

2.2 Gradient Metrics from Spectral Analysis

To quantitatively analyze these gradients, we em-
ploy two categories of metrics: (1) SVD-based Met-
rics (the Nuclear Norm and the Effective Rank)
and (2) Similarity-based Metrics (the Same-layer
Similarity and the Adjacent-layer Similarity).
While the SVD-based metrics describe properties
of an individual gradient matrix, the similarity-
based metrics reveal how gradients compare across
different projections or layers.

2.2.1 SVD-based Metrics

Consider a gradient matrix G x ; € R™*", where
X € {Q, K,V, 0} indicates the projection (Query,
Key, Value, or Output), and ¢ represents the index
the Transformer layer. We can write its Singular
Value Decomposition as

Gx; = UXVT,

where [/ € R™ ™ and V. € R™*™ are orthogo-
nal matrices, and ¥ € R""*"™ is a diagonal matrix

containing the singular values o1, ..., Onin(m,n),
sorted in decreasing order. For simplicity, we omit
all the subscripts (X and ¢) for SVD matrices and
singular values.

Nuclear Norm. We measure the overall magni-
tude of the gradient matrix G'x ; by its nuclear norm
Nx i, which is formulated as

min(m,n

=)
j=1

A higher nuclear norm indicates a larger overall
gradient scale, implying that the model parameters

at that layer are being updated more significantly,
further indicating a potential distribution shift
between the response and the model to be trained.

)
Nxi = [|Gx,i 0. (2)

Effective Rank. We measure how uniformly the
singular values of G x ; are distributed by the effec-
tive rank R x ;. We normalize the singular values
and formulate the effective rank as

min(m,n)
RXJ = exp(— Z 5']' ln(&]))
=1
— 9j J

J min(m,n)
k=1 Tk

If only a few singular values are large (i.e., the
gradient 1s concentrated in just a few directions),

the effective rank is small. If many singular val-
ues all contribute significantly, the effective rank is
relatively larger. It measures how diverse the direc-
tions of the gradient are. A higher effective rank
indicates the gradient is spread out over more direc-
tions, suggesting richer updates, whereas a smaller
value means that only a few directions dominate
the gradient directions.

2.2.2 Similarity-based Metrics

While the SVD-based metrics above characterize
individual gradient matrices in isolation, it can be
equally insightful to analyze how gradients relate
across projections or layers. To this end, we in-
troduce cosine similarity measures at two levels:
within the same layer and across adjacent layers.

3 Experimental Setup
3.1 Models

We evaluate our method on several pretrained
LLMs across multiple families, covering a range
of parameter scales. Specifically, we use Qwen2.5
(Qwen et al., 2025) in four configurations (1.5B,
3B, 7B, and 14B parameters), Llama3.1 (Dubey
et al., 2024) with 8B parameters, Llama3.2 in 1B
and 3B configurations, and Gemma?2 (Team et al.,
2024) in 2B and 9B configurations.

3.2 Datasets

Instruction-following data: WizardLM (Xu
et al., 2023) is an instruction-following dataset cre-
ated via an LLM-based “evolution” strategy that
iteratively rewrites a set of initial prompts into more
complex multi-step instructions, automatically gen-
erating high-complexity queries beyond what hu-
man annotators typically produce. Magpie (Xu
et al., 2024b) is a fully synthetic alignment dataset
obtained by prompting an aligned language model,
and we utilize the 300k high-quality subset selected
by the authors for our source data. OpenHermes
2.5 is a large-scale curated compilation of roughly
one million instruction—response samples drawn
from a diverse range of open-source and GPT-4-
generated datasets, designed to maximize diversity
and task coverage for robust fine-tuning.
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Reasoning data: We employ two sources of rea-
soning data, each paired with step-by-step traces
and final solutions generated by DeepSeek-R1
(DeepSeek-Al et al., 2025a): s1.1K data is pro-
vided by s1, which contains difficult math prob-
lems with responses generated by DeepSeek-R1.
This data can be viewed as high-quality reasoning
data since it succeeds in eliciting LLMs’ reason-
ing capability with only 1, 000 samples. To curate
the relatively low-quality reasoning data, motivated
by s1’s success in utilizing difficulty as the metric,
we utilize the relatively easy math problems from
GSMBSK (Cobbe et al., 2021) with DeepSeek-R1
generated responses.

3.3 Data Quality Metrics to Partition
Low/High-Quality Data

We adopt four automated data evaluation metrics
to analyze instruction-following data quality. We
focus on data evaluation metrics that do not rely on
additional evaluation sets or training, which might
lead to customized shifting, while we aim at the
effects of original properties of the data instances.

IFD (Li et al., 2024e) quantifies the instruction-
following difficulty of a sample by computing the
ratio between the model’s perplexity when predict-
ing the response without the instruction and with
the instruction. A higher IFD indicates that the
model fails to benefit from the instruction, sug-
gesting that the instruction is either ambiguous or
unhelpful. Following Li et al. (2024d), we use
a small GPT2 model to efficiently compute IFD
scores over large datasets.

InsTag (Lu et al., 2023) performs open-set multi-
label tagging over instructions, capturing semantic
attributes such as domain, task type, and intent.
We use two derived metrics: (1) instruction com-
plexity, defined by the number of tags per sample,
and (2) instruction diversity, defined by tag vocab-
ulary coverage across the dataset. Higher complex-
ity scores typically correspond to more elaborate,
multifaceted instructions. We use the per-sample
complexity score as the filtering signal.

Reward Model Score uses sfairXC/FsfairX-
LLaMA3-RM-v0.1, a reward model fine-tuned via
preference modeling to predict human-aligned help-
fulness (Xiong et al., 2024). Given a data pair, the
model outputs a reward score reflecting predicted
alignment with human preferences.

GPT-40 Difficulty Rating prompts the GPT-40
model to assign a difficulty score (froml1tol0) to
each instruction based on the perceived complex-

ity, ambiguity, and reasoning depth required. This
method approximates a human-aligned evaluation
of instruction difficulty.

For each dataset described above, and for each
metric, we select 200 samples with the highest
scores and 200 with the lowest scores for calcu-
lating the gradients. This allows us to isolate what
each metric considers “good-quality” and “low-
quality” data and to conduct gradient-based analy-
sis across these contrasting subsets.

4 Empirical Analysis

4.1 Instruction-Following Data
4.1.1 Unifying Different Data Quality Metrics

In this section, we compare the effects of differ-
ent data filtering metrics for general instruction-
following data toward the gradient properties, in-
cluding the averaged nuclear norms and effec-
tive ranks, as shown in Table 1. The nuclear
norms in the table are calculated across the layers,
Nx = Ef\;_ol Nx i, and the effective ranks are
similar. Specifically, we use the WizardLM (Xu
et al., 2023) data as the source data and calculate
gradients on the Qwen2.5-7B model, and the data
filtering metrics include IFD (Li et al., 2024e) (cal-
culated on the Qwen2.5-7B model), InsTag (Lu
et al., 2023), Difficulty, and Reward.

As shown in the table, across all metrics, the
high-quality subsets exhibit substantially smaller
averaged nuclear norms in the layer-wise gradi-
ents, represented by the consistent negative values
(in red) for the Gap columns. Since the nuclear
norm measures the overall magnitude of gradient
updates; thus, a smaller value suggests the model
requires less energy to adapt to high-quality data.
It further indicates that high-quality data should be
aligned with the learned knowledge of pretrained
LLMs. At the same time, high-quality subsets also
yield consistently larger effective ranks in their
gradients represented by the large positive values
(in green) for the Gap columns. A higher value
suggests that more update directions are activated,
which means high-quality data leads to richer, more
multi-dimensional parameter updates, which likely
improves the model’s ability to generalize and cap-
ture nuanced features of the instruction pairs.

Our finding illustrates that multiple differ-
ent definitions of “‘data quality” can converge
to overarching gradient properties, revealing a
unified view by gradient-based spectral analysis.
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Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
| | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
IFD k 13 61 -48] ¢q 14 46 32| k 885 142 743| q 1319 127 1192
v 25 109 -84 | o 27 83 56| v 1109 136 973 | o 1652 125 1527
InsTa k 19 41 22| ¢q 19 32 -13| k 956 199 757| q 1412 215 1197
WizardLM 8 v 31 76 45| o 33 59 26| v 1207 208 999 | o 1805 223 1582
Difficult k 19 35 -16| q 19 27 -08| k 915 185 730| q 1332 200 1132
Y/ v 31 68 37| o 33 52 19| v 1149 190 958| o 167.8 207 147.1
Reward k 12 43 31| q 12 36 24| k 915 356 559| q 1314 386 928
W v 21 78 57| o 23 65 42| v 1132 369 763 | o 1668 414 1254

Table 1: Nuclear norms and effective ranks of gradients calculated from high- or low-quality data selected by
different metrics. High represents the high-quality subset, while Low represents the low-quality subset. Gap is
calculated by High — Low. All data quality metrics consistently identify the high-quality data, which show
similar spectral properties of gradients: lower nuclear norms and higher effective ranks. Hence, the gradient

properties can unify all metrics.

4.1.2 Effects of Original Dataset Qualities

In this section, we aim to investigate the poten-
tial ineffectiveness of gradient properties for distin-
guishing high- or low-quality data. Similar to the
previous settings, we split the data from different
sources, WizardLM (Xu et al., 2023), OpenHer-
mes 2.5 (Teknium, 2023), and Magpie (Xu et al.,
2024b), into high- and low-quality subsets, calculat-
ing their effects on gradients based on Qwen2.5-7B.
The nuclear norm and effective rank changes with
layer indexes are shown in Figure 1. The shapes of
gradient curves are almost kept the same for one
specific model, whatever the data quality.

Moreover, we find that when an entire dataset
is already composed of fairly clean and coher-
ent instruction-response samples, e.g., the Magpie
dataset shown in the third row, nuclear norms offer
limited discriminative power in distinguishing it
further, represented by the similar scales for both
types of data. We hypothesize that once instruc-
tions and responses cross a certain threshold of
clarity and consistency (i.e., minimal noise or con-
fusion), the gradient magnitudes needed to adapt
to these subsets no longer diverge sharply. In other
words, the nuclear norm may effectively “saturate”
and stop registering small but meaningful differ-
ences among these relatively high-quality groups.
On the contrary, effective ranks remain sensitive
to smaller quality disparities, even within a dataset
already recognized for solid instruction—-response
fidelity. Consequently, effective rank acts as a finer-
grained lens, revealing that while both subsets are
indeed “good” enough to produce stable gradients,
the higher-quality examples still manage to activate
a broader range of update directions.

4.2 Reasoning Data

4.2.1 Unifying Quality Evaluation of
Instruction and Reasoning Data

Beyond analyzing general instruction-following
data, the recent surge in reasoning models encour-
ages us to further explore the effects of reasoning
data on LLM gradients. Motivated by recent suc-
cess on eliciting models’ reasoning capabilities by
distilling from stronger reasoning models through
simple SFT, e.g., sl (Muennighoff et al., 2025),
LIMO (Ye et al., 2025), DeepSeek-R1 Distilled
Qwen (DeepSeek-Al et al., 2025a), we formulate
the exploration on reasoning data in the same struc-
ture as on instruction-following data. Compared
with general instruction-following data, a key dif-
ference of advanced reasoning data is the utiliza-
tion of dynamic long CoTs and the accordance
with the test-time scaling law. To distinguish this
data from general instruction-following data, we
notate them as reasoning data. As illustrated by
s1, 1,000 difficult math problems are sufficient to
elicit LLMs’ reasoning capabilities; thus, we ask:
Does reasoning data have similar effects to gra-
dients with previous general instruction data?
Can the quality of advanced reasoning data be
further distinguished by gradient properties like
nuclear norm and effective rank?

To formulate our experiments, we utilize
the sl1.1 data as the high-quality subset and
GSMB8K (Cobbe et al., 2021) (responses also gener-
ated by DeepSeek-R1 (DeepSeek-Al et al., 2025a))
as the low-quality subset for our reasoning data
experiments. The results are shown in Table 2,
in which the gradients are calculated based on
Qwen2.5-7B, comparing the general instruction-
following data with the reasoning data. Surpris-
ingly, our experiments demonstrate that the same
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Qwen2.5-7B - Magpie
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© B N w & w @
© B N W & u a

° 5 10 15 20 25 ° 5 10 15 20 25 ° 5 10 15 20 25 ° H 10 15 20 25
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Figure 1: Low/high-quality data (measured by Reward) and their gradient properties (nuclear norms and effective
ranks) across layers on diverse datasets including WizardLM, OpenHermes 2.5, and Magpie. The y-axis scales
are kept the same for nuclear norms, while different for effective ranks, due to the large discrepancy. For each
specific model, the shapes of the gradient curves derived from different data sources are almost the same.
The nuclear norm fails to reflect the quality discrepancies between datasets, while the effective ranks still
works promisingly, e.g., Magpie has higher rank than others.

Nuclear Norm ‘ Effective Rank

Dataset Metrics

‘Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap
‘ k 17 17 o.o‘ q 1.8 1.8 o.o‘ k 959 838 121‘ q 1533 1244 289

|
|
Magpie ‘ Difficulty

30 31 -0.1 o 33 33 00 v 118.0 102.7 153 0 195.1 151.7 434
Reasoning | Difficult k 1.0 1.3 -03 q 13 1.5 -02 k 138.8 106.1 327 | q 3612 2033 1579
g Yo 19 24 05 o 25 28 03 v 170.4 126.7 43.7 o 5099 263.1 2468

Table 2: Comparing the gradient properties between instruction data vs. reasoning data. For the reasoning data,
High denotes data sampled from s1.1, and Low denotes sampled from GSM8K with DeepSeek-R1 responses.
Reasoning data shows lower nuclear norms and higher effective ranks compared with instruction data. Our analysis
of gradients unifies the quality evaluation for reasoning and instruction data on both higher effective ranks
reflecting higher quality. Moreover, the metric distinguishes low-/high- quality data by large gaps.

gradient-derived metrics, nuclear norms and effec-  than for general instruction data, which might pro-
tive ranks, remain applicable for the advanced rea-  vide a potential explanation on why s1.1 can reach
soning data: (i) Reasoning vs. Instruction data:  such a promising performance with only 1000 data.
Reasoning data, even the lower-quality subset, We are the first to investigate and compare the
leads to lower nuclear norms and higher effective  effects of general instruction-following and rea-
ranks compared with previous high-quality instruc-  soning data toward LLM gradients in the train-
tion data, suggesting the much higher data quality  ing process. We reveal that both data types can
of recent reasoning data. (ii) Higher- vs. Lower-  be unified into a consistent pattern of gradient-
quality reasoning data: Even for the reasoning data  based signals regarding quality, providing a uni-
with supreme data quality, there still exists a consis-  fied view for understanding the quality effects.
tent and unified trend with the previous instruction

data, i.e., smaller nuclear norms and larger effective 4.2.2  Effects of Model Sizes

ranks for higher-quality data. Moreover, the gaps  Figure 2 presents the gradient curves of LLMs with
in effective ranks between high- and low-quality  different sizes in the Qwen2.5 family on our reason-
subsets are more pronounced for reasoning data  ing data. The shapes of the gradient curves for rea-
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Figure 2: Model size scaling law for gradient properties.
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Within the same model family, the layer-wise gradient

statistics and dynamics are relatively consistent. Gradients on larger models exhibit better capabilities to
distinguish data quality, revealed by the increasing y-axis scales from the 1.5B model to 14B model.

soning data are almost the same as the instruction-
following data, which further verifies our unified
view on both types of data. Moreover, a consis-
tent observation is that the overall shape of these
layer-wise curves remains relatively (not strictly)
stable as we move from smaller to larger models.
For instance, GSM8K-based fine-tuning triggers a
peak in nuclear norm at the mid layers for Qwen?2.5-
1.5B, a qualitatively similar, albeit scaled, peak in
Qwen2.5-14B also can be identified.

Moreover, another interesting finding is that
larger models tend to amplify the distinction be-
tween high- and low-quality subsets. Specifically,
the gaps in effective rank between s1.1 and GSM8K
grow accordingly when moving to bigger models.
In other words, the larger model is more sensitive
to whether the provided reasoning path is coherent
and informative.

4.2.3 Effects of Model Families

In this section, we broaden the scope to com-
pare entirely different model families, including

Qwen2.5-3B, Llama3.2-3B, and gemma2-2B, each
possessing distinct pretraining recipes and archi-
tectural configurations. The first notable observa-
tion is that the layer-by-layer “shape” of the gra-
dients can vary significantly among families. For
instance, Llama3.2-3B might exhibit consistently
higher nuclear norms in its early layers compared to
Qwen2.5-3B, reflecting differences in embedding
or attention initialization. Despite these baseline
discrepancies, the relative gap between high- and
low-quality reasoning data persists across all fami-
lies. In other words, regardless of how each model
is architected or pre-trained, high-quality data still
yields smaller nuclear norms and larger effective
ranks. This cross-family analysis suggests that rea-
soning data can be a valuable resource regardless of
the specific LLM architectures. At the same time,
our analysis shows the existence of family-specific
“fingerprints” for nuclear norms and effective ranks,
reflecting architectural and pretraining differences,
which might potentially be useful for a better un-
derstanding of the LLM architectures.
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Figure 3: Gradient properties across different model families. The gradient dynamics of the same data on
different model families are largely different. This might be caused by their distinct model structures or
training recipes and may reflect their different capabilities.

‘ Metric ‘ Same-layer Similarity

‘ Adjacent-layer Similarity

Dataset
\ | Proj High  Low |Proj High Low |Proj High Low |Proj High Low
Magpie ‘ Difficulty ‘ K-v 07e-3 -0.7¢-3 ‘ g-0 00e3 003 ‘ k 831:33 81‘:3"’ ‘ I g'zjg 831:33
. . k  -2.0e-3 -2.0e-3 q 0.0e-3  0.2e-3
Reasoning ‘ Difficulty ‘ k-v 0.0e3 0.0e-3 ‘ q-o 0.le-3 -0.9e-3 ‘ v 1063 2.0e-3 ‘ o 1063 2063

Table 3: Gradient similarity metrics remain excessively small and cannot reflect the differences between instruc-
tion/reasoning data of low/high-quality. It shows that layer-wise gradients in LLM post-training are nearly
orthogonal, indicating that the similarity of gradients is not an effective indicator of data quality.

4.2.4 Similarity-based Metrics

While our SVD-based metrics are proved con-
sistently effective at capturing data-quality dif-
ferences, similarity-based metrics, namely, same-
layer similarity and adjacent-layer similarity, do
not appear to yield meaningful signals in our exper-
iments, as shown in Table 3. We keep the values
in the same magnitude for easier comparison. In
the table, we compare similarity measures for both
instruction and reasoning data across high- and
low-quality subsets. Regardless of dataset type
or quality level, the reported cosine similarities
remain extremely close to zero, with minimal ob-
servable variation. These low similarities suggest
that the gradients for LLM SFT are nearly orthogo-
nal, indicating that similarity on gradients is not an
effective indicator of data quality.

5 Conclusion

We introduce a unified gradient-based framework
for analyzing how varying data quality, ranging
from general instruction-following to reasoning
data, shapes the finetuning of LLMs. By exam-
ining the layer-wise gradients, we show that differ-
ent quality metrics converge on remarkably simi-
lar gradient signatures, specifically, smaller gradi-
ent magnitudes and broader gradient directions for
high-quality data. Notably, this pattern holds across
multiple model families and parameter scales and,
for the first time, reveals how reasoning data in-
duce even higher effective ranks and thus richer
parameter updates.
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Limitation

The main limitation of this work is not conduct fur-
ther experiments on whether these gradient spectral
statistics can be directly utilized for follow-up data
selection. However, as mentioned in the paper, the
main contribution of this work lies in the first in-
vestigation on the unified effects of data quality
metrics on gradients, rather than utilizing it as a
new data selection method.
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A Related Work
A.1 Gradient Analysis

Empirical analyses of gradient dynamics have pro-
vided deep insights into how large language mod-
els (LLMs) learn during both pretraining and fine-
tuning. A recurring observation is that LLM
training tends to concentrate updates in a low-
dimensional subspace, where only a small fraction
of parameters account for the majority of the gradi-
ent magnitude (Song et al., 2024). This sparsity in
meaningful directions underlies the effectiveness
of methods like parameter-efficient fine-tuning and
low-rank adaptation. For example, Li et al. (2025a)
propose gradient masking to zero out low-impact
updates and concentrate learning on parameters
with high gradient magnitude. These observations
are consistent with findings from spectral studies

33261


https://arxiv.org/abs/2307.12966
https://arxiv.org/abs/2307.12966
https://openreview.net/forum?id=gEZrGCozdqR
https://openreview.net/forum?id=gEZrGCozdqR
https://arxiv.org/abs/2304.14402
https://arxiv.org/abs/2304.14402
https://arxiv.org/abs/2403.08946
https://arxiv.org/abs/2403.08946
https://arxiv.org/abs/2312.11456
https://arxiv.org/abs/2312.11456
https://arxiv.org/abs/2312.11456
https://arxiv.org/abs/2304.12244
https://arxiv.org/abs/2304.12244
https://arxiv.org/abs/2406.08464
https://arxiv.org/abs/2406.08464
https://arxiv.org/abs/2406.08464
https://doi.org/10.18653/v1/2021.emnlp-main.572
https://doi.org/10.18653/v1/2021.emnlp-main.572
https://arxiv.org/abs/2001.06782
https://arxiv.org/abs/2303.18223
https://arxiv.org/abs/2305.11206
https://arxiv.org/abs/2305.11206

of the Hessian (Sagun et al., 2018; Ghorbani et al.,
2019), which reveal that deep networks—including
transformers—tend to learn in a space governed
by a few dominant gradient directions. This low
effective dimensionality has been linked to both
generalization and the robustness of optimization
trajectories (Li et al., 2018).

Gradient-based perspectives have also proven
valuable in understanding how different types of
training data influence learning. In curriculum
learning, for instance, it has been observed that or-
dering data from easy to hard helps align gradients
in earlier phases of training, resulting in smoother
convergence and better generalization (Hacohen
and Weinshall, 2019). In multi-task and contin-
ual learning, techniques like GradNorm (Chen
et al., 2018) and PCGrad (Yu et al., 2020) ex-
plicitly manipulate gradient magnitudes and direc-
tions to resolve conflicts between tasks. Further-
more, gradient-based influence functions (Koh and
Liang, 2020; Pruthi et al., 2020) have been used
to trace how individual data points affect model
updates and predictions, enabling researchers to
detect noisy or highly influential examples. In the
context of instruction tuning and alignment, such
analyses can reveal how instruction-following or
reasoning-rich data differentially steer the model’s
behavior.

A closely related work by Li et al. (2024c)
studies how cognitive styles (fast vs. slow think-
ing) impact LLM gradient dynamics, showing that
reasoning-rich (slow thinking) data yields smaller,
stable gradients compared to direct-answer (fast
thinking) data. Extending this, we introduce new
metrics: effective rank for gradient complexity,
and two similarity metrics (Same-layer Similar-
ityl, Adjacent-layer Similarity) to analyze gradient
alignment within and between layers. These met-
rics provide deeper insights into how instruction-
following and reasoning-rich data influence LLM
training.

A.2 SFT and Data Selection

Supervised fine-tuning (SFT) is the subsequent step
where an LLM is further trained on labeled exam-
ples to specialize it for specific tasks or to align it
with human instructions. This process updates the
model’s weights using task-specific input—output
pairs (e.g., prompts and desired responses) (Wang
et al., 2023) InstructGPT (Ouyang et al., 2022)
demonstrated that fine-tuning GPT-3 on human-
curated instruction datasets yields models that more

effectively follow user instructions compared to the
base models. This approach, referred to as instruc-
tion tuning, enhances performance and exhibits
robust generalizability.

In the instruction tuning, the concept “qual-
ity is all you need” is widely accepted (Zhou
et al., 2023; Touvron et al., 2023; Havrilla et al.,
2024). Earlier research focused on curating high-
quality datasets through human experts or powerful
LLMs (Khashabi et al., 2020; Ye et al., 2021; Wei
et al., 2022; Wang et al., 2022; Du et al., 2022;
Taori et al., 2023). Although these approaches yield
high-quality datasets, they are time-consuming, ex-
pensive, and offer limited diversity.

However, LIMA (Zhou et al., 2023) demon-
strates that as few as 1,000 high-quality, human-
curated training instances can substantially enhance
instruction-following performance. Building on
this work, data selection has emerged as an increas-
ingly critical stage in instruction tuning. InsTag (Lu
et al., 2023) uses a powerful proprietary model to
tag samples within SFT datasets based on seman-
tics and intentions, subsequently selecting data that
meet predefined criteria for complexity and diver-
sity in their tags. Alpagasus (Chen et al., 2023)
utilizes proprietary LLMs chatGPT and Claude2
to automatically identify and filter out low-quality
data within the dataset. Cherry LLM (Li et al.,
2024e) introduces Instruction-Following Difficulty
(IFD) scores—a self-guided metric for evaluating
instruction difficulty without relying on additional
LLMs—and uses these scores to select datasets.
Motivated by Humpback (Li et al., 2023b), Se-
lective Reflection-Tuning (Li et al., 2024a) intro-
duces a teacher-student collaborative pipeline that
is guided by the IFD score and its reverse version
to select the data based on the evaluation feasibility.
Du et al. (2023) and Bukharin and Zhao (2023)
utilize reward models as the metric for measur-
ing data quality and subsequently select the data.
DEITA (Liu et al., 2023) employs ChatGPT to di-
versify datasets, then applies various data selection
metrics to construct a high-quality dataset. Su-
perfiltering (Li et al., 2024d) demonstrates that
both weak and strong language models consis-
tently assess instruction difficulty, thereby stream-
lining the filtering process. Instruct Mining (Cao
et al.) presents a method for automatically select-
ing high-quality instruction-following data using
natural language quality indicators. SelectIT (Liu
et al., 2024) proposes an uncertainty-aware self-
filtering approach that leverages an LLLM’s intrin-
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sic uncertainty to select high-quality instruction-
tuning data LESS (Xia et al., 2024) constructs a
low-dimensional “gradient datastore” for candidate
data, subsequently selecting examples whose gra-
dient influence closely matches that of a limited
set of target demonstration examples. Collectively,
these studies focus on distinguishing high-quality
data samples from lower-quality ones for effective
instruction tuning.

A.3 Reasoning Capability

Recent advancements in large language model ar-
chitectures and training objectives have led to a
paradigm shift from fast, heuristic (System-1) re-
sponse generation to deliberate, multi-step (System-
2) reasoning processes (Ahn et al., 2024; Li et al.,
2024c; Jin et al., 2024; Besta et al., 2025; Li et al.,
2025c; Chen et al., 2025a), marked by advanced
reasoning models such as OpenAI’s 01/03 (Ope-
nAl et al., 2024b), QwQ (Qwen et al., 2025), and
DeepSeek-R1 (DeepSeek-Al et al., 2025a). Sys-
tem 1 models (e.g., GPT-40 (OpenAl et al., 2024a),
LLaMA-3 (Dubey et al., 2024), DeepSeek-V3
(DeepSeek-Al et al., 2025b)) generate intuitive,
rapid responses but often struggle with more intri-
cate tasks. In contrast, System 2 models adopt me-
thodical analysis and iterative self-critique, which
strengthens their performance on complex reason-
ing benchmarks.

Various post-training methods have been intro-
duced to further enhance these capabilities. A num-
ber of studies employ reinforcement learning strate-
gies to guide models toward superior reasoning ap-
proaches (Shao et al., 2024; Cui et al., 2025). More-
over, researchers have demonstrated that instruc-
tion tuning on meticulously curated, high-quality
datasets can greatly boost a model’s reasoning
performance (Ye et al., 2025; Muennighoff et al.,
2025). However, despite the advancement in rea-
soning capability, the issue of overthinking (Chen
et al., 2025b; Fan et al., 2025; Qu et al., 2025; Liu
et al., 2025) brings further challenges to the area.

B Prompts for Data Evaluation

For our selected data quality evaluation metrics, In-
sTag and Difficulty are the prompt-based methods.
We use GPT4o for the evaluation and the prompts
are provided in Figure 4 and Figure 5.

33263



Prompt for InsTag

System Prompt
You are a helpful assistant.

User Prompt

You are a tagging system that provides useful tags for instruction intentions to distinguish instructions
for a helpful Al assistant. Below is an instruction:

[begin]

{instruction}

[end]

Please provide coarse-grained tags, such as "Spelling and Grammar Check" and "Cosplay", to identify
the main intentions of the above instruction. Your answer should be a list that includes the titles of
tags and a brief explanation of each tag. You can provide several tags as you wish. Your response has
to strictly follow this JSON format: [{"tag": str, "explanation": str},{"tag": str, "explanation": str},...].
Please respond in English.

Figure 4: The prompt for InsTag.

Prompt for Difficulty

System Prompt
You are a helpful assistant.

User Prompt

You are a difficulty estimation system that can rate the difficulty level of instruction intentions. Below is
an instruction:

[begin]

{instruction}

[end]

The instruction can be tagged with a difficulty level from 1 to 10, where 1 is the easiest and 10 is the
hardest. Please rate the difficulty level of the instruction. Please first output a single line containing the
difficulty score. Then, provide a brief explanation of why you rated the instruction with that difficulty
score.

Figure 5: The prompt for Difficulty.
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C Gradient Curves for Different Models
and Metrics

C.1 Qwen2.51.5B
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Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
| | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
. k 1.6 42 2.6 q 1.6 34 -1.7 k 56.2 140 422 q 1045 164 88.1
Difficulty
v 2.7 79 52 o 32 65 -33 \ 81.2 169 644 o 1423 183 124.0
k 1.8 47 -3.0 q 1.8 36 -1.8 k 444 157 287 q 747 173 575
WizardLM IFD (GPT2) v 32 79 47| o 36 67 32| v 629 186 443 | o 96.6 199 76.8
InsT k 1.6 50 -34 q 1.7 40 -24 k 579 15.0 428 q 1089 17.8 91.1
stag v 27 91 64| o 32 76 43| v 85 185 650| o 1488 20.1 1287
Reward k 1.1 44 33| ¢ 1.2 38 -26| k 568 247 32.1 q 1039 30.1 738
v 19 78 58| o 23 71 47| v 80.7 303 504 | o 1404 352 1052
Table 4: Qwen2.5-1.5B - WizardLM - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
‘ Proj High Low Proj High Low ‘ Proj  High Low Proj High Low
. k  6.0e-04 6.1e-04 q  -1.6e-04 4.9¢-04
Difficulty k-v -69e-04 -13e-03 | q-o 1.8e-06 7.1e-06 v 30004 -8.1e-04 o 73604 226-03
k 2.5e-04  3.6e-04 q 1.3e-04  5.9e-04
WizardLM IFD (GPT2) | k-v -7.0e-04 -9.9e¢-04 | q-0 -43e-06 3.6e-06 v 3804 95605 o0  -550.04 35003
k  1.1e-03  2.4e-04 q 2.3e-04  6.9¢-04
InsTag k-v -12e-03 -64e-04 | q-o 1.1e-05 1.1e-05 v 206-04  -3.0e-05 o 86004 3.76-03
k  7.5e-04 1.1e-03 q 7.5e-05  -7.6e-05
Reward k-v -47e-04 -6.6e-04 | gq-0 -93e-06 -7.0e-06 v 370:04  -1.90-04 o 14e-04  1.66-03
Table 5: Qwen2.5-1.5B - WizardLM - Similarity-based Metrics
Dataset | Metrics | Nuclear Norm | Effective Rank
| | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
Difficult k 20 42 22 q 20 34  -15 k 552 211 341 q 101.2 266 74.6
¥ 34 73  -40 o 3.8 6.6 -28 v 794 266 529 o 136.5 30.5 106.0
k 1.6 11.0 -94 q 1.7 87 -7.0 k 49.0 21.0 28.0 q 857 243 614
OpenHermes 2.5 IFD (GPT2) v 3.0 188 -15.8 o 35 163 -12.8 v 69.3 25.1 44.1 0 110.7 289 81.8
InsT: k 1.6 4.1 -2.5 q 1.7 34 -1.7 k 57.6 203 374 q 107.6 257 819
slag v 28 71 44| o 33 65 32| v 85 258 568 | o 1452 299 1153
Reward k 1.2 87 -15 q 14 69 -56 k 58.6 240 34.6 q 108.5 30.6 779
\ 22 154 -132 o 28 134 -10.6 v 842 295 548 o 147.1 36.2 1109
Table 6: Qwen2.5-1.5B - OpenHermes 2.5 - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
‘ Proj  High Low ‘ Proj  High Low ‘ Proj High Low Proj High Low
. k 6.8e-04  -3.4e-04 q 7.3e-05  5.5e-05
Difficulty k-v -41e04 -52e-04 | q-0 8906 1.1e-05 v 44604 1.1e-04 o 48004 170-03
k 1.5e-04  6.4e-04 q -1.3e-04  7.9e-05
OpenHermes 2.5 IFD (GPT2) | k-v -1.1e-03 6.3e-04 | q-0 -1.0e-05 5.2¢-06 v 6.50-05 -4.00-05 o 540-04 23603
k 1.7e-03  -2.0e-04 q 1.4e-04  4.0e-04
InsTag k-v -7.8e-04 -1.5e-04 | q-o 1.2e-06 2.2e-06 v 31004 2.0e-04 o 61004  2.00-03
k 6.1e-04  1.1e-03 q -3.0e-04  -2.1e-04
Reward k-v -3.0e-04 -58e-04 | q-o -4.1e-07 -3.8e-06 v 290:06  -1.8¢-04 o 12603 3.0e-03

Table 7: Qwen2.5-1.5B - OpenHermes 2.5 - Similarity-based Metrics
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Dataset | Metrics | Nuclear Norm | Effective Rank

| Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap

Difficult k 1.5 1.5 00| q 16 16 -00| k 558 517 41 q 1100 923 17.7
¥ v 26 28 -01 0 32 33 01 v 786 732 54 o 1492 121.8 274
k 14 12 02 q 1.6 1.2 03 k 585 557 28 q 1175 991 184
Magpie IFD (GPT2) v 26 21 05 0 33 25 038 v 83.6 713 63 o 1587 1354 233
InsTa k L5 1.5 00 q 1.6 16 0.1 k 616 521 95 q 1241 967 275
g v 26 27 -00]| o 32 32 00 v 86.8 739 13.0| o 1705 1289 41.6
Reward k 14 14 -00| q 16 15 0.1 k 581 488 93 q 1187 949 238
v 25 25 -01 o 32 29 03 v 844 675 169| o 1642 1283 359
Table 8: Qwen2.5-1.5B - Magpie - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

‘ ‘ Proj High Low ‘ Proj High Low ‘ Proj High Low Proj High Low

Difficulty | k-v 24e-03 -1.5¢03 | -0 -1.1e-05 7.9e-06 t ]257:(?; g:gz:gi g 'ﬁf:(?; :?:?Z:gg
Magpie IFD (GPT2) | k-v -1.6e-03 -1.6e-03 | -0 12e-05 -1.2e-05 5 -36,'17:_-8: ;gz:gi g :;:j::gj :?:?Z:gi
InsTag k-v -13¢03 -15¢-03 | q-0 -4.0e-06 1.0¢-05 5 2521%35 1212:8;‘ ¢ :g:gz:gi _31'%‘:_(())‘;
Reward k-v -1.5e-03 -33¢-03 | q-0 -1.5¢-05 7.8¢-06 5 2:(1)::81 ’5’3’5_‘8; g :;:?Z:gg' figz:g;’
Table 9: Qwen2.5-1.5B - Magpie - Similarity-based Metrics
Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank

| Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap

0.8 1.1 -03 q 1.0 1.2 -03 k 72.1 595 12.6 q 223.8 141.7 82.1

Reas"“‘“g‘Rea“’n'“g‘ 14 20 06| o 20 25 05| v 97 86 161| o 3117 1942 117.5

Table 10: Qwen2.5-1.5B - Reasoning - SVD-based Metrics

Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

| | Proj High  Low |Proj High Low |Proj High  Low |Proj High  Low

k 1.6e-03 3.6e-04 | q  53e-04 -1.2e-04

Reasoning ‘ Reasoning ‘ k-v 4.8e-04 6.6e-04 | q-0o -4.2e-06 -1.2e-05 01604 42¢-03 o 52004 -9.76-04

Table 11: Qwen2.5-1.5B - Reasoning - Similarity-based Metrics
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Figure 7: Qwen2.5 1.5B - WizardLM with Difficulty Metric
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Figure 8: Qwen2.5 1.5B - WizardLM with IFD (GPT-2) Metric
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Figure 9: Qwen2.5 1.5B - WizardLM with InsTag Metric
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Figure 10: Qwen2.5 1.5B - WizardLM with Reward Model Metric
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Figure 11: Qwen2.5 1.5B - Magpie with Difficulty Metric
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Figure 12: Qwen2.5 1.5B - Magpie with IFD (GPT-2) Metric
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Figure 13: Qwen2.5 1.5B - Magpie with InsTag Metric
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Nuclear Norm: High Reward
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Figure 14: Qwen2.5 1.5B - Magpie with Reward Model Metric
Qwen2.5-1.5B - OpenHermes 2.5
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Figure 15: Qwen2.5 1.5B - OpenHermes with Difficulty Metric
Qwen2.5-1.5B - OpenHermes 2.5
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 16: Qwen2.5 1.5B - OpenHermes with IFD (GPT-2) Metric
Qwen2.5-1.5B - OpenHermes 2.5
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Figure 17: Qwen2.5 1.5B - OpenHermes with InsTag Metric
Qwen2.5-1.5B - OpenHermes 2.5
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Figure 18: Qwen2.5 1.5B - OpenHermes with Reward Model Metric
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Metrics ‘

Nuclear Norm

Effective Rank

Dataset
‘ ‘ Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap | Proj High Low Gap
. k 1.2 29 -17 q 13 25 -12| k 65.6 159 497 | q 1187 18.0 100.7
Difficulty
v 21 57 36| o 25 49 24| v 873 183 69.1 o 1604 19.8 140.7
k 1.3 32 20| ¢q 14 28 -14| k 519 182 338 | q 84.0 195 645
WizardLM IFD (GPT2) v 24 57 33 o 27 50 -23 v 68.6 203 483 | o 1063 220 843
InsTa k 12 36 24| ¢ 1.3 32 -19| k 672 17.1 502 | q 123.8 19.5 1043
g v 21 68 -48 o 25 6.0 -35 v 895 197 698 | o 1682 21.5 146.7
Reward k 08 32 24| ¢q 09 30 -21 k 66.0 28.8 37.1 q 1193 340 853
v 1.5 60 46| o 1.8 55 -38 v 869 332 536| o 161.7 386 123.1
Table 12: Qwen2.5-3B - WizardLM - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
‘ Proj High Low ‘ Proj High Low ‘ Proj High Low Proj High Low
. k  -13e-03 -7.8¢-04 | q 2.5e-05  1.0e-04
Difficulty k-v -5.6e-04 -54e-04 | g-o 9.1e-06 -3.9e-06 v 5.16-04  -6.40-04 o 146-03  2.16-03
k  -1.3e-03 -1.1e-03 q  -23e-04 2.7e-05
WizaraLy | 0 (CFT2) [l 27008 84004 fig0 1906 12005 |y 39004 3404 | 0 1903 2403
k  -12e-03 -74e-04 | q 3.0e-05 -1.5e-05
InsTag k-v -63e-04 -88e-05|q-o 4.0e-06 1.3e-07 v 5.10:04  6.80-06 o 150:03  1.7e-03
k  -6.5e-04 -1.1e-03 q  -25e-04 -1.2¢-04
Reward k-v -l.1e-04 -1.2e-04 | gq-o 7.9e-06 4.6e-06 N 170-04  -8.0e-04 o 040-04  1.4e-03
Table 13: Qwen2.5-3B - WizardLM - Similarity-based Metrics
Dataset ‘ Metrics Nuclear Norm Effective Rank
‘ Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap | Proj High Low Gap
Difficult k 1.3 30  -1.8 q 1.4 28 -13 k 64.7 24.1 40.6 q 1155 292 86.3
d \ 22 56 -34 o 2.7 52 25 v 85.8 287 57.1 o 153.7 327 121.0
IFD (GPT2) k 12 75  -63 q 14 66 -52| k 570 250 320| q 954 285 67.0
OpenHermes 2.5 v 23 132 -109| o 27 118 9.1 v 749 283 46.6| o 121.0 332 817
InsTa k 1.2 30 -1.8 q 14 27 -13| k 677 229 448 | q 1246 279 967
g v 21 54 33 o 26 50 24| v 8.0 274 617| o 1670 31.7 1353
Reward k 09 65 -56 q 1.1 57 46| k 678 282 396| q 1225 352 872
ewa v 17 120 -103] o 22 107 85| v 904 325 579| o 1635 407 1228
Table 14: Qwen2.5-3B - OpenHermes 2.5 - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
‘ Proj High Low ‘ Proj High Low ‘ Proj High Low Proj High Low
. k  -1.7e-03 -1.5e-03 | q  -2.0e-04 -9.2e-05
Difficulty k-v 25e-04 -12e-04 | q-o0 22e-08 -6.8¢-06 v 03605 276-04 | o 300.05 1.50.03
k  -1.3e-03 2.7¢-05 q  -23e-04 -5.9¢-04
OpenHermes 2.5 IFD (GPT2) | k-v -9.5¢-05 -5.5e-04 | q-0 29e-06 -6.5e-06 v 20004 90004 | o 16603 2.16-03
k  -1.7e-03 -1.5¢-03 | q 1.6e-04  2.3e-04
InsTag k-v -7.0e-04 85e-05 | g-o -4.5e-06 -3.6e-06 v l1e04 49604 | o 98604 17e-03
k  -1.7e-03 -1.5e-03 | q -2.1e-04 -4.3e-04
Reward k-v -22e-04 28e-05 | q-0 5.4e-06 -4.2e-07 v 54604 -166-04 | o 36005 126.03
Table 15: Qwen2.5-3B - OpenHermes 2.5 - Similarity-based Metrics

Qwen2.5-3B - Reasoning

Nuclear Norm: S1.1

Nuclear Norm: GSM8K (DeepSeek-R1)

Effective Rank: S1.1

Effective Rank: GSM8K (DeepSeek-R1)
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Figure 19: Qwen2.5 3B - Reasoning Data
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Dataset ‘ Metrics

Nuclear Norm

Effective Rank

| Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
. k 1.1 1.2 -0.0 q 1.3 1.3 -0.0 k 63.7 59.6 4.1 q 1224 101.8 20.6
Difficulty |\ 51 22 00| o 25 26 00| v 83 785 39 | o 1654 136 33.9
k 1.1 09 0.1 q 1.3 1.1 0.3 k 68.0 639 4.1 q 1319 111.7 20.2
Magpie IFD (GPT2) v 2.1 1.7 03 0 26 20 06 v 900 810 9.1 o 1753 153.0 223
InsTa k 1.2 1.1 0.0 q 1.4 1.3 0.1 k 70.6 59.8 109 q 140.0 106.6 33.4
g v 21 21 00 0 26 25 0.1 v 913 785 129 | o 1921 139.8 523
Reward k 1.1 1.1 -0.0 q 1.3 1.2 0.1 k 673 552 12.1 q 1332 104.0 293
v 20 20 00| o 25 23 02 v 905 696 21.0| o 181.8 1400 41.7
Table 16: Qwen2.5-3B - Magpie - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
‘ ‘ Proj High Low ‘ Proj High Low ‘ Proj High Low Proj High Low
. k  -6.9e-04 -1.6e-03 | q -8.0e-04 -58e-04
Difficulty k-v -1.8¢-04 -43e-04 | q-o0 -1.1e-05 4.3e-06 v 13004 1.56-04 o 59604 1.76.03
k -2.1e-03  -1.7e-03 q -2.7e-04  -4.9e-04
Magpie | TP (GPT) | k-v 28004 -79¢05 | q-0 7606 15e06 | | Zy0r 3eios | o 13003 -9.8e.05
k -1.8e-03  -1.6e-03 q -5.0e-04 -5.7e-04
InsTag k-v -39e-04 -28e-04 | q-o 1.1e-06 -1.0e-06 v 17604 2.26-04 o 50004 1.16-03
k -1.2e-03  1.8e-04 q -3.5e-04 -1.7e-03
Reward k-v -13e03 34e05 | -0 21e06 -1.0e:05 | oo LT e s
Table 17: Qwen2.5-3B - Magpie - Similarity-based Metrics
Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
| Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
Reasoning | Reasonin k 0.7 09 -0.1 q 1.0 1.1 -0.1 k 814 693 121 q 2434 158.6 84.8
& & 13 16 03| o 19 21 02| v 1012 875 138 | o 3446 2176 1270
Table 18: Qwen2.5-3B - Reasoning - SVD-based Metrics
Dataset ‘ Metric Same-layer Similarity Adjacent-layer Similarity
‘ Proj High Low ‘ Proj  High Low ‘ Proj High Low ‘ Proj High Low

. . k -2.7e-03  -3.1e-03 q -6.9e-04  5.4e-05
Reasoning ‘ Reasoning ‘ k-v -3.0e-04 1.7e-04 | q-o 83e-07 5.4e-06 58004 23603 o 3.00-03 -1.96-03

Table 19: Qwen2.5-3B - Reasoning - Similarity-based Metrics

Qwen2.5-3B - WizardLM

Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
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Figure 20: Qwen2.5 3B - WizardLM with Difficulty Metric

Qwen2.5-3B - WizardLM
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Figure 21: Qwen2.5 3B - WizardLM with IFD (GPT-2) Metric
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Qwen2.5-3B - WizardLM

Nuclear Norm: High InsTag

Nuclear Norm: Low InsTag

Effective Rank: High InsTag

Effective Rank: Low InsTag
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Figure 22: Qwen2.5 3B - WizardLM with InsTag Metric
Qwen2.5-3B - WizardLM
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Figure 23: Qwen2.5 3B - WizardLM with Reward Model Metric
Qwen2.5-3B - Magpie
Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
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Figure 24: Qwen2.5 3B - Magpie with Difficulty Metric
Qwen2.5-3B - Magpie
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 25: Qwen2.5 3B - Magpie with IFD (GPT-2) Metric
Qwen2.5-3B - Magpie
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Figure 26: Qwen2.5 3B - Magpie with InsTag Metric
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Nuclear Norm: High Reward

Qwen2.5-3B - Magpie

Nuclear Norm: Low Reward

Effective Rank: High Reward

Effective Rank: Low Reward
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Figure 27: Qwen2.5 3B - Magpie with Reward Model Metric
Qwen2.5-3B - OpenHermes 2.5
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Figure 28: Qwen2.5 3B - OpenHermes with Difficulty Metric
Qwen2.5-3B - OpenHermes 2.5
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 29: Qwen2.5 3B - OpenHermes with IFD (GPT-2) Metric
Qwen2.5-3B - OpenHermes 2.5
Nuclear Norm: High InsTag Nuclear Norm: Low InsTag Effective Rank: High InsTag Effective Rank: Low InsTag
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Figure 30: Qwen2.5 3B - OpenHermes with InsTag Metric
Qwen2.5-3B - OpenHermes 2.5
Nuclear Norm: High Reward Nuclear Norm: Low Reward Effective Rank: High Reward Effective Rank: Low Reward
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Figure 31: Qwen2.5 3B - OpenHermes

with Reward Model Metric
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Dataset | Metrics | Nuclear Norm | Effective Rank
| Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
Difficult k 19 35 -16]| q 19 28 -09| k 91.6 186 730 | q 1332 20.1 1132
y \ 32 69 37 o 34 52 -19 N 1149 19.2 957 o 167.9 20.7 147.2
k 1.9 44 25| q 1.9 33 -14| k 68.6 220 46.6| q 97.8 21.7 76.1
WizardLM IFD (GPT2) \ 34 7.6 -42 o 35 59 25 N 842 222 620 o 1164 231 933
InsT: k 1.9 41 22| ¢q 1.9 33 -14| k 95.6 200 756 | q 1412 216 119.6
nstag v 32 76 45| o 34 60 26| v 1207 208 999 | o 1806 224 1582
Reward k 1.3 43 -31 q 1.3 37 24| k 915 356 559 | q 1315 38.6 929
\ 2.2 79 5.7 o 23 6.5 -42 N 1133 369 764 o 1669 415 1254
Table 20: Qwen2.5-7B - WizardLM - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
| | Proj  High Low | Proj High Low | Proj  High Low | Proj High Low
. k  -50e-04 -24e-04 | q -8.7e-05 -2.3e-04
Difficulty k-v -7.1e-04 -14e-04 | q-0o -3.9e-06 7.7e-06 N 32604 2.4e-04 o 11e-03  -7.8¢-05
k  -13e-03 -6.0e-04 | q -9.1e-06 2.5e-04
WizardLM IFD (GPT2) | k-v -5.1e-04 -1.8e-04 | q-o0 -4.3e-06 -5.9e-06 v 1.00-04  -2.36-05 o 77604 -7 3e-04
k  -52e-04 -73e-04| q -44e-05 1.6e-04
InsTag k-v -1.1e-03 -5.0e-05 | q-o 8.8e-07 1.5e-06 v 13604 4.60-04 o 126:03  -1.66-04
k  -58e-04 -75e-04| q -1.3e-04 1.9e-04
Reward k-v -62e-04 -3.8e-04 | g-o 2.3e-06 1.3e-06 v 1704 93e-05 o 550.04  -4.50.04
Table 21: Qwen2.5-7B - WizardLM - Similarity-based Metrics
Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
‘ ‘ Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap
Difficult k 20 40 20 q 20 33  -12 k 921 29.0 63.1 q 1357 333 1024
¥ \ 34 72 38 o 36 59 23 v 115.7 31.1 84.6 o 170.8 35.1 135.7
k 1.8 85 -6.7 q 1.9 6.5 47 k 785 3277 458 q 1140 33.7 803
OpenHermes 2.5 ‘ IFD (GPT2) ‘ v 33 148 -11.5 ‘ o 35 11.8 -83 ‘ \ 96.6 325 64.0 ‘ o 136.6 36.5 100.1
InsTa k 1.8 4.1 =23 q 1.9 33  -15 k 984 274 709 q 1459 315 1144
i v 3.1 72 41 o 33 6.0 -2.7 v 123.1 29.7 935 o 183.8 33.7 150.1
Reward k 1.5 95 81 q 16 74 58 k 98.0 344 635 q 1439 385 1054
\ 26 172 -14.6 o 29 136 -10.6 v 1234 363 87.1 o 182.6 419 140.7
Table 22: Qwen2.5-7B - OpenHermes 2.5 - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
‘ Proj  High Low ‘ Proj  High Low ‘ Proj High Low Proj High Low
. k -6.2e-04  -5.6e-04 q -8.3e-05  7.2e-05
Difficulty k-v -8.8e-04 -27e-04 | q-o0 2.0e-06 -1.6e-06 v 23604 2.66-04 o 71004 -1.00-04
k -5.3e-04  -5.9e-04 q -1.5e-04 -1.8e-05
OpenHermes 2.5 IFD (GPT2) | k-v -4.0e-04 -3.0e-04 | q-0 -2.4e-06 7.5e-06 v 20004 44e-04 o 36004  -1.66-03
k -7.9e-04  -3.7e-04 q -3.2e-05  2.1e-04
InsTag k-v -1.1e-03 -3.1e-04 | q-0 -2.7e-06 -3.0e-06 v 15605  3.0e-04 o 11603 -6.00-04
k -5.9e-04 -3.3e-04 q -2.3e-04  -1.2e-04
Reward k-v -54e-04 7.9e-05 | g-o -2.1e-06 2.9e-06 v 29604  -5.2-05 o 3.66-05 -9.40-05
Table 23: Qwen2.5-7B - OpenHermes 2.5 - Similarity-based Metrics

Qwen2.5-7B - Reasoning

Nuclear Norm: S1.1 Nuclear Norm: GSM8K (DeepSeek-R1) Effective Rank: S1.1

Effective Rank: GSM8K (DeepSeek-R1)
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Figure 32: Qwen2.5 7B - Reasoning Data
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Dataset | Metrics | Nuclear Norm ‘ Effective Rank

‘ ‘Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap

Difficult k 1.8 1.8 0.0 q 1.9 1.9 00 k 959 839 121 q 153.3 1244 289
y v 3.1 3.1 -0.1 o 34 34 -00 v 118.1 102.8 15.3 o 1952 151.8 434
k 1.8 1.6 02 q 1.9 1.6 03 k 100.6 935 7.1 q 163.7 1333 304
Magpie IFD (GPT2) v 3.1 28 03 o 3.5 28 0.7 v 125.8 1109 149 o 207.2 170.2 37.0
InsTa k 2.0 1.7 03 q 22 1.8 03 k 1084 860 224 q 174.1 132.0 42.1
g v 3.5 30 04 o 3.8 33 05 v 133.8 105.7 28.1 o 2250 1633 61.7
Reward k 1.8 1.8 0.0 q 1.9 1.8 0.1 k 994 839 155 q 163.5 131.2 323
W v 3.0 3.0 -0.0 o 34 32 02 v 126.6 101.1 25.5 o 212.0 164.1 479
Table 24: Qwen2.5-7B - Magpie - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

‘ ‘ Proj High Low ‘ Proj High Low ‘ Proj High Low Proj High Low

. k -1.2e-04 -7.1e-05 q 1.0e-04  -1.0e-04
Difficulty k-v -72e-04 -69e-04 | q-0 -1.6e-06 7.9e-06 31004 10604 | o 41604 25604

IFD (GPT2) | k-v -5.9¢-04 -89¢04 | q-0 4.6e-06 6.9e-06 7906 -7.9e-:04 | q -27e-04  9.7e-05

v
k

Magpie v -l.1e-04 -1.8¢-04 | o 8.6e-04  1.1e-03

k  -33e-04 -1.6e-04 | q -94e-05 1.2e-05

InsTag k-v -1.1e-03 -8.3e-04 | q-0o 4.1e-06 2.1e-06 v 53604 27004 | o 15603 27004

k  -69e-04 -28e-04| q -1.8¢-04 2.0e-05

Reward k-v -15e-03 -1.2e-03 | q-o 4.1e-06 3.9¢-06 v 29004 6.50-04 o 13603 -1.60-04

Table 25: Qwen2.5-7B - Magpie - Similarity-based Metrics

Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank

‘ ‘Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap

1.1 1.3 -03 q 1.4 1.5 -02| k 138.8 1062 327 | q 3613 2034 1579

ReaSO“‘“g‘Re”"“‘“g‘ 19 25 06| o 25 28 -03| v 1705 1267 438 | o 5099 263.1 2468

Table 26: Qwen2.5-7B - Reasoning - SVD-based Metrics

Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

| Proj  High Low | Proj High Low | Proj High Low | Proj High Low

k  -24e-03 -2.7e-03 q 4.4e-05 1.7e-04

Reasoning ‘ Reasoning ‘ k-v -89e-04 8.6e-05|q-o0 -2.4e-06 -1.1e-05 97604  2.26-03 o 160:03  2.56-03

Table 27: Qwen2.5-7B - Reasoning - Similarity-based Metrics

Qwen2.5-7B - WizardLM

Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
q q| 20 —q 30 —aq
10 k| 10 k K Kk
— v — v | 200 — v | 2 — v
N — o s —o — o — o
20
150
6 6 15
100
4 4 10
T
2 2 y 4 50 s
V
° ° o °
o 5 10 15 20 25 o 5 10 15 20 25 o 5 10 15 20 25 o 5 10 15 20 25
Layer Index Layer Index Layer Index Layer Index

Figure 33: Qwen2.5 7B - WizardLM with Difficulty Metric

Qwen2.5-7B - WizardLM
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Figure 34: Qwen2.5 7B - WizardLM with IFD (GPT-2) Metric
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Nuclear Norm: High InsTag

Qwen2.5-7B - WizardLM

Nuclear Norm: Low InsTag

Effective Rank: High InsTag

Effective Rank: Low InsTag
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Figure 35: Qwen2.5 7B - WizardLM with InsTag Metric
Qwen2.5-7B - WizardLM
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Figure 36: Qwen2.5 7B - WizardLM with Reward Model Metric
Qwen2.5-7B - Magpie
Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
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Figure 37: Qwen2.5 7B - Magpie with Difficulty Metric
Qwen2.5-7B - Magpie
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Figure 38: Qwen2.5 7B - Magpie with IFD (GPT-2) Metric
Qwen2.5-7B - Magpie
Nuclear Norm: High InsTag Nuclear Norm: Low InsTag Effective Rank: High InsTag Effective Rank: Low InsTag
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Figure 39: Qwen2.5 7B - Magpie with InsTag Metric
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Nuclear Norm: High Reward

Qwen2.5-7B - Magpie

Nuclear Norm: Low Reward

Effective Rank: High Reward

Effective Rank: Low Reward
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Figure 40: Qwen2.5 7B - Magpie with Reward Model Metric
Qwen2.5-7B - OpenHermes 2.5
Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
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Figure 41: Qwen2.5 7B - OpenHermes with Difficulty Metric
Qwen2.5-7B - OpenHermes 2.5
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 42: Qwen2.5 7B - OpenHermes with IFD (GPT-2) Metric
Qwen2.5-7B - OpenHermes 2.5
Nuclear Norm: High InsTag Nuclear Norm: Low InsTag Effective Rank: High InsTag Effective Rank: Low InsTag
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Figure 43: Qwen2.5 7B - OpenHermes with InsTag Metric
Qwen2.5-7B - OpenHermes 2.5
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Figure 44: Qwen2.5 7B - OpenHermes with Reward Model Metric
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C4 Llama3.1 8B
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Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
| | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
I k 13 28 -15] q 25 49 24| k 1053 196 856| q 1092 174 91.9
Difficulty
65 155 90 | o 63 114 -50| v 1121 176 945| o 1518 19.1 1326
. wp@ery | K 15 37 23] g 29 61 32| k750 233 517[ g 780 183 596
WizardLM v 77 200 -123| o 72 145 73| v 780 203 577 | o 1023 205 818
InsT kK 14 33 -19| q 26 57 31| k 1078 213 85| q 1117 188 9238
slag v 70 178 -108| o 67 133 66| v 1157 190 966| o 1567 205 1362
Reward k 12 32 20| q 22 57 35| k 1007 376 631]| q 1042 322 720
v 63 175 -112| o 57 137 80| v 1050 328 722| o 1435 365 107.1
Table 28: Llama-3.1-8B - WizardLM - SVD-based Metrics
Dataset | Metric | Same-layer Similarity | Adjacent-layer Similarity
| | Proj  High Low | Proj High Low | Proj  High Low | Proj High Low
. k  -2.5e-04 73e-04 | q -1.6e-04 -1.3e-05
Difficulty k-v -27e-04 5.0e-06 | g-o -2.9e-06 7.0e-07 v 45004 28004 o 386-05 96004
k  3.8e-04 29e-04 | q -32e05 1.5e-04
Wizardinm | PP (GPT2) | k-v 50e05 -26e-04 | q-0 13e:06 23e06 | o7 o\ 0ol o 9405 10003
k  -29e-04 44e-04 | q  -4.0e-04 -4.7e-05
InsTag k-v -2.0e-04 3.3e-04 | g-o -3.8¢-06 1.1e-06 v 62004  -33c-04 o 82¢-05 1.20-03
k  -1.0e-03 22e-04 | q -3.0e-04 -2.4e-04
Reward k-v -2.0e-05 -1.1e-04 | g-o 1.1e-06 -1.8e-07 v 496-04  -5.0e-04 o 21604 40004
Table 29: Llama-3.1-8B - WizardLM - Similarity-based Metrics
Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
| | Proj High Low Gap |Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
Difficult kK 15 35 19| q 29 58 30| k 1020 299 721| q 1066 275 79.1
¥ v 79 189 -110| o 74 143 70 | v 1070 274 796| o 1438 310 112.8
¥D@GPT2) | K 14 88 74| g 28 135 07| k852 201 S61| q 895 208 687
OpenHermes 2.5 v 74 489 -414| o 72 338 266| v 893 248 645| o 1173 242 931
InsT k 14 28 14| q 27 49 22| k 1091 311 780| q 1131 287 844
nslag v 73 154 81| o 70 118 -48 | v 1146 288 858 | o 1539 334 1205
Reward kK L1 58 47| q 22 92 70| k 1093 377 716| q 1146 332 8l4
v 57 322 265| o 58 235 -177| v 1159 336 83| o 1570 382 1189
Table 30: Llama-3.1-8B - OpenHermes 2.5 - SVD-based Metrics
Dataset | Metric | Same-layer Similarity | Adjacent-layer Similarity
| | Proj  High Low |Proj High Low | Proj High Low | Proj High Low
. k  -87e-05 3.le04 | q -33e-04 -l.le-04
Difficulty k-v -38e04 42e:04 | q-o 3de06 lde06 | LT Tl T S ge 04
k  26e04 -50e-04| q 5.1e05 -22e-04
OpenHermes 2.5 IFD (GPT2) | k-v 42e-04 1.le-04 | q-0o -1.3e-07 -2.7e-06 v 17605 1.86-04 o 20004 2.00-03
k  -38e-04 33e04 | q -1.7e-04 -6.4e-05
InsTag k-v 47e-05 1.6e04|q-0o 1806 1.1e-06 v 30004 -14e-04 o 43605  6.86-04
kK 20e-04 80e05 | q -24e-04 -4.8¢-06
Reward k-v -6.5e-04 7.0e-05 | q-o 1.2e-06 4.3e-06 v 386-04  3.1e-04 o 02604 5.66-04
Table 31: Llama-3.1-8B - OpenHermes 2.5 - Similarity-based Metrics
Llama-3.1-8B - Reasoning
Nuclear Norm: S1.1 Nuclear Norm: GSM8K (DeepSeek-R1) Effective Rank: S1.1 Effective Rank: GSM8K (DeepSeek-R1)
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Figure 45: Llama 3.1 8B - Reasoning Data
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Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank

‘ ‘Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap | Proj High Low Gap

Difficult k 1.3 1.2 0.0 q 2.4 24 0.0 k 123.6  96.7 269 q 132.5 100.7 31.9
¥ v 6.6 6.4 02 [ 6.6 64 02 v 129.6 100.1 29.6 o 178.5 132.6 459
k 1.2 1.1 0.1 q 2.3 20 04 k 119.5 111.5 8.0 q 128.7 108.6 20.1
Magpie IFD (GPT2) v 6.1 56 04 0 6.3 5.2 1.0 v 128.1 114.0 14.1 ) 176.6 147.8 28.8
InsT. k 13 12 01| q 25 24 00| k 1311 1044 267| q 1363 1121 243
nstag v 66 64 02| o 65 64 01| v 1387 1090 297 | o 1902 147.6 42.5
Reward k 1.2 08 04 q 2.3 1.5 0.8 k 1193 1274 -8.1 q 130.7 1494 -18.7
v 6.0 4.1 1.9 [ 6.2 4.1 2.2 v 1304 1356 -5.2 o 184.8 204.8 -20.1
Table 32: Llama-3.1-8B - Magpie - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

| | Proj  High Low | Proj  High Low | Proj High Low | Proj High Low

. k 5.9e-04  5.0e-04 q  -3.3e-04 2.6e-05
Difficulty k-v -22e-04 -22e-04 | q-0 6.1e-06 1.5e-06 v 3.60.04  -5.90-05 o 136:03  5.50-04

k 2.7e-04  2.5e-04 q 3.1e-05  1.6e-05
Magpie IFD (GPT2) | k-v -49e-04 -28e-04 | q-0 -2.1e-06 3.6e-06 N 25604 2.66-04 o 24604 1.06-03

k 5.2e-04  4.6e-04 q  -24e-04 -8.9e-06
InsTag k-v -73e-04 -1.8e-04 | q-o -3.1e-06 2.0e-06 v 23604 -5.40-05 o 636-04 1.06-03
k 4.3e-04  9.0e-04 q -9.8¢-06 -4.0e-04
Reward k-v -55e-04 -99e-04 | q-0o -2.8e-06 4.3e-06 v 20004  -1.60-04 o 27604 1.7¢-03

Table 33: Llama-3.1-8B - Magpie - Similarity-based Metrics

Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank

| | Proj High Low Gap | Proj High Low Gap |Proj High Low Gap |Proj High Low Gap

0.9 1.0 -02 q 1.8 20 -02| k 2160 150.1 659 | q 3435 1842 159.4

Re"’s"“‘“g‘Re“s"“‘“g‘ v 46 55 09| o 53 57 04| v 2484 1596 888 | o 4805 2385 2419

Table 34: Llama-3.1-8B - Reasoning - SVD-based Metrics

Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

| | Proj  High Low |Proj High Low |Proj High Low |Proj High Low

k -3.8e-05 -2.1e-04 q 5.7e-04 2.8e-06

Reasoning ‘ Reasoning ‘ k-v 84e-05 -4.7e-05| q-o -1.2e-05 1.8e-05 5.90:05  -9.66-04 o 20603 1.66-04

Table 35: Llama-3.1-8B - Reasoning - Similarity-based Metrics

Llama-3.1-8B - WizardLM

Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
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Figure 46: Llama 3.1 8B - WizardLM with Difficulty Metric

Llama-3.1-8B - WizardLM
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Figure 47: Llama 3.1 8B - WizardLM with IFD (GPT-2) Metric
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Nuclear Norm: High InsTag

Llama-3.1-8B - WizardLM
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Figure 48: Llama 3.1 8B - WizardLM with InsTag Metric
Llama-3.1-8B - WizardLM
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Figure 49: Llama 3.1 8B - WizardLM with Reward Model Metric
Llama-3.1-8B - Magpie
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Figure 50: Llama 3.1 8B - Magpie with Difficulty Metric
Llama-3.1-8B - Magpie
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Nuclear Norm: High InsTag

Figure 51: Llama 3.1 8B - Magpie with IFD (GPT-2) Metric

Llama-3.1-8B - Magpie
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Effective Rank: Low InsTag

300
—a a a
17.5 | s . il s
15.0 — v | 150 — v | 250 — v | 150
— o — o — o0
125 125 200 125
10.0 100 150 100
7.5 7.5 75
100 —a
5.0 5.0 50 ok
25 25 s0 25 -
— o0
0.0 0.0 ° 0
0 5 10 15 20 25 30 ° 5 10 15 20 25 30 ° 5 10 15 20 25 30 ° 5 1 20 25 30
Layer Index Layer Index Layer Index Layer Index

Figure 52: Llama 3.1 8B - Magpie with InsTag Metric
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Nuclear Norm: High Reward

Llama-3.1-8B - Magpie
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Figure 53: Llama 3.1 8B - Magpie with Reward Model Metric
Llama-3.1-8B - OpenHermes 2.5
Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
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Figure 54: Llama 3.1 8B - OpenHermes with Difficulty Metric
Llama-3.1-8B - OpenHermes 2.5
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 55: Llama 3.1 8B - OpenHermes with IFD (GPT-2) Metric
Llama-3.1-8B - OpenHermes 2.5
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Figure 56: Llama 3.1 8B - OpenHermes with InsTag Metric
Llama-3.1-8B - OpenHermes 2.5
Nuclear Norm: High Reward Nuclear Norm: Low Reward Effective Rank: High Reward Effective Rank: Low Reward
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Figure 57: Llama 3.1 8B - OpenHermes with Reward Model Metric
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C.5 Llama3.21B
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Dataset | Metrics | Nuclear Norm | Effective Rank
‘ ‘ Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap | Proj High Low Gap
Difficult k 22 53 31 q 4.1 84 43 k 85.8 189 67.0 q 1106 183 924
ety v 89 220 -130| o 106 196 -91 | v 1106 187 919 | o 1574 20. 1373
) IFD (GPT2) k 2.6 63 3.7 q 4.8 92 -44 k 639 21.6 423 q 786 19.1 594
WizardLM \ 10.8 239 -13.2 o 123 21.1 -89 \ 79.5 21.0 58.4 o 1055 21.6 839
InsT: k 22 6.2 4.0 q 4.2 9.7 55 k 88.3 205 67.8 q 1140 20.0 94.0
stag v 91 248 -158| o 107 223 -11.6| v 1149 205 944 | o 1649 221 1427
Reward k 1.7 54 36 q 32 8.6 -53 k 86.9 33.8 53.0 q 110.0 328 772
A 74 222 -149 o 8.6 20.7 -12.1 A 110.7 340 76.7 o 1575 37.8 119.7
Table 36: Llama-3.2-1B - WizardLM - SVD-based Metrics
Dataset \ Metric \ Same-layer Similarity \ Adjacent-layer Similarity
| Proj  High Low | Proj High Low | Proj High Low | Proj High Low
. k 2.5e-03  2.0e-03 q 3.0e-04  3.0e-04
Difficulty k-v -49e-04 1.6e-04 | g-0 99e-06 -2.5e-06 v 37004 1.56-03 o 10603 -1.90-03
k 1.5e-03  1.8e-03 q 33e-04  1.6e-04
WizardLM IFD (GPT2) | k-v -1.1e-04 4.4e-04 | q-0 1.2e-06 -9.2¢-06 v 80604 14003 o 23605 -1.3e-03
k 2.7e-03  1.2e-03 q 3.9e-04 -7.3e-05
InsTag k-v -9.1e-04 -7.3e-05| q-o 1.5e-05 -5.8e-06 v 11603 8.20-04 o 270-04  -136-03
k 1.3e-03  1.8e-03 q -1.8e-04 1.1e-04
Reward k-v -2.6e-04 -45e-04 | q-o 1.1e-06 5.3e-06 v 3.86-04  -6.8¢-04 o 23604  -5.20-04
Table 37: Llama-3.2-1B - WizardLM - Similarity-based Metrics
Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
‘ ‘ Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap | Proj High Low Gap
Difficult k 2.5 6.0 -35 q 4.5 9.1 -4.6 k 840 286 554 q 107.8 29.1 78.6
y v 103 239 -13.6 o 11.7 218 -10.1 v 1073 298 774 o 150.1 333 116.8
IFD (GPT2) k 23 141 -11.8 q 44 193 -149 k 72.0 265 455 q 90.1 22.1 68.0
OpenHermes 2.5 \ 100 537 -43.8 o 11.6 454 -33.8 v 90.6 263 643 o 121.4 263 95.1
InsTa k 23 5.1 -2.8 q 4.3 8.0 -3.7 k 89.0 28.7 60.3 q 1140 29.7 843
J \ 9.6 200 -10.5 o 112 189 -7.7 v 113.8 305 833 o 1609 349 126.0
Reward k 1.7 9.5 -1.7 q 34 136 -102 k 90.2 329 573 q 116.0 33.0 83.1
v 7.6 38.6 -31.0 o 9.3 337 -244 A 1164 338 82.6 o 163.2 388 1244
Table 38: Llama-3.2-1B - OpenHermes 2.5 - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
| Proj  High Low |Proj High Low | Proj High Low | Proj High Low
. k 1.8e-03  1.9e-03 q 2.5e-04 1.le-04
Difficulty k-v -7.0e-04 -3.5¢-05| q-o0 -2.6e-06 1.1e-05 v 38c.04 2304 o 3.8¢-04  -1.00-03
k 1.8e-03  2.0e-03 q 1.0e-04  -3.2e-04
OpenHermes 2.5 IFD (GPT2) | k-v -6.6e-04 1.5e-03 | q-o0 -9.8¢-06 3.4e-06 v 94005 5.1e-04 o Lde-04  2.0e-03
k 2.1e-03  2.4e-03 q -8.8e-05  1.8e-04
InsTag k-v 99e04 34e-04 | q-0 -12e05 8.6e07 | o0 SO0 0 T N
k 1.8e-03  2.1e-03 q -3.6e-07  1.0e-04
Reward k-v -79e-04 -33e-04 | q-o -1.6e-05 2.8e-06 v 25004 -3.40-05 o S4c-04  -1.8¢-04
Table 39: Llama-3.2-1B - OpenHermes 2.5 - Similarity-based Metrics
Llama-3.2-1B - Reasoning
Nuclear Norm: S1.1 Nuclear Norm: GSM8K (DeepSeek-R1) Effective Rank: S1.1 Effective Rank: GSM8K (DeepSeek-R1)
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Figure 58: Llama 3.2 1B - Reasoning Data
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Dataset ‘ Metrics ‘

Nuclear Norm

Effective Rank

‘ ‘ Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap
Difficult k 19 20 -01]| ¢ 35 39 03| k 91.6 802 114 | q 1237 1003 234
y v 80 87 07| o 95 104 -0.9 1164 1009 155| o 1744 1373 37.0
k 1.9 17 02 q 38 30 08 k 942 879 64 q 1266 1073 19.3
Magpie IFD (GPT2) v 83 69 14 o 103 79 24 v 1228 1101 127 | o 1797 1527 27.0
InsTa k 20 19 01 q 38 37 01 k 99.2 839 153 | q 1330 109.0 24.0
i \% 8.4 82 0.1 o 10.1 100 0.1 \ 128.6 106.5 22.1 o 1925 150.8 41.7
Reward k 1.8 16 02 q 37 30 07 k 955 863 9.2 q 1295 1209 8.6
W v 78 66 12 0 100 79 20 v 1266 1109 157 | o 1839 1741 1438
Table 40: Llama-3.2-1B - Magpie - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
‘ ‘ Proj High Low ‘ Proj High Low ‘ Proj  High Low Proj High Low
. k 1.6e-03  1.6e-03 q  2.5e-04 4.7e-04
Difficulty k-v -5.1e-04 -84e-04 | q-o0 -9.5¢-06 1.6e-06 N 6.20-04  9.4e-05 o 10603 2.86-04
k 1.9¢-03  1.6e-03 q  49e-04 -1.6e-04
Magpie IFD (GPT2) | k-v -8.4e-04 -13e-03 | q-0 -1.9¢-06 -1.2e-05 v 56004 766-04 o 79004 77e-04
k 1.6e-03  1.8e-03 q  69e-05 5.1le-04
InsTag k-v -57e-04 -75e-04 | q-o -1.0e-05 -9.2e-06 v 40604 34e-04 o 6.66-04  14e-03
k 1.8e-03  1.4e-03 q  3.6e-04 4.5e-05
Reward k-v -97e-04 -78e-04 | q-o 8.4e-06 1.3e-05 v 55004 -3.60-04 o 286-04  8.de-0d
Table 41: Llama-3.2-1B - Magpie - Similarity-based Metrics
Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
| | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
Reasoning | Reasonin k 1.0 15 -05| q 21 30 -1.0| k 1232 1032 200| q 2706 1649 1058
J J 4.2 64 22 o 6.0 83 -23 \ 172.7 1389 338 o 4149 2408 174.1
Table 42: Llama-3.2-1B - Reasoning - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
| Proj  High Low | Proj High Low |Proj High Low |Proj High Low
. . k  -1.0e-04 1.3e-03 q  -2.7e-04 7.8e-04
Reasoning ‘ Reasoning ‘ k-v -1.2e-03 -39e-04 | q-o 1.9e-05 7.5e-06 28003 -2.50-03 o 21003 1.2¢-03

Table 43: Llama-3.2-1B - Reasoning - Similarity-based Metrics

Llama-3.2-1B - WizardLM

Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty

Effective Rank: Low Difficulty
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Figure 59: Llama 3.2 1B - WizardLM with Difficulty Metric
Llama-3.2-1B - WizardLM
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 60: Llama 3.2 1B - WizardLM with IFD (GPT-2) Metric
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Nuclear Norm: High InsTag

Llama-3.2-1B - WizardLM

Nuclear Norm: Low InsTag Effective Rank: High InsTag

Effective Rank: Low InsTag
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Figure 61: Llama 3.2 1B - WizardLM with InsTag Metric
Llama-3.2-1B - WizardLM
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Figure 62: Llama 3.2 1B - WizardLM with Reward Model Metric

Llama-3.2-1B - Magpie
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Figure 63: Llama 3.2 1B - Magpie with Difficulty Metric
Llama-3.2-1B - Magpie
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250
-9 -9
14 k| — k
12 —v| 1 — v | 200
—. —.
10 10
150
8 8
6 100
a
50
2
o o
o 2 a4 6 8 10 12 14 o 2 a 6 8 10 12 14
Layer Index Layer Index Layer Index Layer Index

Figure 64: Llama 3.2 1B - Magpie with IFD (GPT-2) Metric

Llama-3.2-1B - Magpie

Nuclear Norm: High InsTag Nuclear Norm: Low InsTag Effective Rank: High InsTag Effective Rank: Low InsTag
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Figure 65: Llama 3.2 1B - Magpie with InsTag Metric
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Nuclear Norm: High Reward

Llama-3.2-1B - Magpie

Nuclear Norm: Low Reward

Effective Rank: High Reward

Effective Rank: Low Reward
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Figure 66: Llama 3.2 1B - Magpie with Reward Model Metric
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Llama-3.2-1B - OpenHermes 2.5
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Figure 67: Llama 3.2 1B - OpenHermes with Difficulty Metric
Llama-3.2-1B - OpenHermes 2.5
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Figure 68: Llama 3.2 1B - OpenHermes with IFD (GPT-2) Metric
Llama-3.2-1B - OpenHermes 2.5
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Figure 69: Llama 3.2 1B - OpenHermes with InsTag Metric
Llama-3.2-1B - OpenHermes 2.5
Nuclear Norm: High Reward Nuclear Norm: Low Reward Effective Rank: High Reward Effective Rank: Low Reward
80 a| so a| e q
70 — k| L 200 . _
- S| = —
o e oo — —
50 50 a0
40 40 100 30
30 30
20
20 20 50
wW— = | o
L L o
o 2 a 6 8 10 12 14 o 2 a 6 8 10 12 14 o 2 a 6 8 10 12 14 a 6 8 10 12 14
Layer Index Layer Index Layer Index Layer Index

Figure 70: Llama 3.2 1B - OpenHermes with Reward Model Metric
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C.6 Llama 3.2 3B
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‘ Metrics ‘

Nuclear Norm

Effective Rank

Dataset
‘ ‘ Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap | Proj High Low Gap
. k 1.5 3.1 -1.6 q 23 44 21 k 107.6 19.6 88.0 q 113.8 17.8 96.0
Difficulty
v 55 120 65| o 57 98 42| v 1245 187 1058 | o 159.1 199 1392
IFD (GPT2) k 1.7 41 25| q 26 54 28| k 754 231 523 q 794 189 60.5
WizardLM v 63 152 -89 o 64 122 -59 v 854 213 64.1 o 106.2 21.3 849
InsTa k 1.5 36 -2.1 q 2.4 5.1 27 k 110.5 214 89.1 q 117.0 194 977
g v 57 138 -82 o 58 114 -56 v 1284 203 108.0 o 165.2 21.5 143.6
Reward k 1.3 34 22 q 1.9 48 -29 k 106.6  37.0 69.6 q 1112 329 783
W N 48 13.0 -82 o 48 112 -64 \ 121.8 349 869 o 155.1 379 1172
Table 44: Llama-3.2-3B - WizardLM - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
| Proj  High Low |Proj High Low | Proj High Low | Proj  High Low
. k  -1.5e-03 -6.5e-04 | q -32e-04 -6.3e-04
Difficulty k-v 5.le-04 -33e-04 | g-o0 -6.3e-06 -6.8e-06 Vv 5 1e-04  -3.66-04 o 56004 73604
k  -7.5e-04 -4.6e-04 | q -7.0e-05 -5.5e-04
WizardLM IFD (GPT2) | k-v 4.7e-04 -5.0e-04 | g-0 6.9e-06 -5.8¢-06 v -13e-04  -3.86-05 o 2804 61604
k  -1.7e-03 -3.1e-04 q  -3.6e-04 -3.3e-04
InsTag k-v 65e-04 -2.1e-04 | q-o0 -7.2e-06 1.5e-07 v $26.04 -4 1e-04 o 50004  1.00.03
k  -1.0e-03 -4.1e-04 | q  -47e-04 3.9e-05
Reward k-v 4.1e-04 38e-05 | q-o 3.1e-06 -3.8e-06 v | 4604 -3.66-04 o 14604 6.56-04
Table 45: Llama-3.2-3B - WizardLM - Similarity-based Metrics
Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
| | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
Difficult 1.8 38 2.1 q 2.6 52  -26 k 1045 30.1 74.4 q 110.8 28.2 826
¥ 65 146 -8.1 o 6.5 121 -5.6 \4 119.2 295 89.7 o 151.1 325 118.6
IFD (GPT2) k 1.6 9.8 -82 q 25 121 9.6 k 86.1 29.0 57.0 q 912 219 693
OpenHermes 2.5 v 6.0 365 -30.5 0 6.2 28.6 -224 \ 979 264 715 o 121.9 259 96.0
InsTa. k 1.6 33 -1.6 q 25 46 21 k 1120 303 81.7 q 1179 284 895
J v 60 122 -62 o 62 104 42 \ 128.0 30.0 98.0 o 162.8 333 1294
Reward k 1.2 6.1 -4.9 q 1.9 78 59 k 1122 37.0 753 q 1188 336 853
\ 4.6 234 -188 o 49 189 -139 \4 129.8 355 943 o 1645 393 1252
Table 46: Llama-3.2-3B - OpenHermes 2.5 - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
| | Proj  High Low | Proj High Low | Proj High Low | Proj High Low
. k -8.6e-04  -3.3e-04 q -3.4e-04 -4.4e-04
Difficulty k-v 58e-04 3.5e-04 | g-0 29e-06 -3.7e-06 v L4605  -2.50-04 o L1e-03  71e-04
k -4.7e-04  -5.5e-04 q -3.2e-04 -2.1e-04
OpenHermes 2.5 IFD (GPT2) | k-v 52e-04 -43e-04 | q-o -3.7e-06 -4.0e-06 v 12004 8.1e-05 o 760-04  -6.60-05
k -7.7e-04  -4.8e-04 q -2.6e-05 -4.7e-04
InsTag k-v 54e-04 1.8e-04 | g-0 5.5e-06 2.7e-06 N 2.00-04  3.1e-04 o 50004  9.2e-04
k -9.4e-04 -1.0e-04 q -3.5e-04 -2.6e-04
Reward k-v 34e-04 85e-05 | g-o0 -1.9e-06 1.2e-06 v 2.66-05  2.16-05 o 15603 3.50-04

Nuclear Norm: S1.1

Table 47: Llama-3.2-3B - OpenHermes 2.5 - Similarity-based Metrics

Llama-3.2-3B - Reasoning

Nuclear Norm: GSM8K (DeepSeek-R1) Effective Rank: S1.1 Effective Rank: GSM8K (DeepSeek-R1)
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Figure 71: Llama 3.2 3B - Reasoning Data
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Dataset | Metrics | Nuclear Norm | Effective Rank

‘ ‘Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap | Proj High Low Gap

Difficult k 14 14 00| q 21 22 -01] k 1230 974 255| q 1340 1027 313
y v 52 52 00| o 55 55 -00| v 1397 1100 297 | o 1818 1381 43.7
k 13 12 01| q 22 17 04 ] k 1206 1143 64 | q 1315 1133 182
Magpie IFDGPT2) | 51 43 08| o 55 44 12| v 1407 12701 135| o 1825 1565 259
InsTa kK 14 13 01| q 22 22 01] k 1325 1051 274| q 1404 1137 266
g v 54 51 03| o 56 55 02| v 1527 1194 333 | o 1976 1525 451
Reward kK 13 12 00| q 21 19 02| k 1220 1187 33 | q 1344 1347 -03
ewa v 48 46 02| o 53 49 04| v 1446 1343 103| o 1914 1793 120
Table 48: Llama-3.2-3B - Magpie - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

‘ ‘ Proj  High Low ‘ Proj High Low ‘ Proj High Low Proj High Low

. k  -8.0e-04 -9.7e-04 | q -l.le-04 -2.6e-04
Difficulty k-v 57e-04 79e-04 | q-0 2.9e-06 -1.1e-05 61604 -2.96-04 o 136:03  14e-03

IFD (GPT2) | k-v 4.8¢04 15¢-04 | q-0 -12e06 1.4e-06 -l1e03 -39¢-04 | g 16e-04  -17e-05

v
k
Magpie v 6.1e-06  -1.7e-04 o 1.0e-03  3.3e-04
k -1.1e-03  -8.4e-04 q -2.0e-05 -2.1e-04
InsTag k-v 6.1e-04 52e-04 | q-o 8.1e-06 -3.6e-07 N 126:04  -6.76-04 o 42604 15003
k  -1.0e-03 -6.3e-04 q -1.9e-04  5.9e-04
Reward k-v 1.1e-03 9.6e-05 | q-o -3.1e-06 1.3e-05 v 34604 -1.00-03 o 13603 136-03
Table 49: Llama-3.2-3B - Magpie - Similarity-based Metrics
Dataset \ Metrics \ Nuclear Norm \ Effective Rank

‘ ‘Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low  Gap

k 0.9 1.1 -02 q 1.5 1.8  -02 k 2083 149.0 593 q 3155 181.7 1338

Reas"“‘“g‘Reas"“‘“g‘ 35 42 07| o 42 47 05| v 2583 1737 846| o 4455 2432 2023

Table 50: Llama-3.2-3B - Reasoning - SVD-based Metrics

Dataset | Metric | Same-layer Similarity | Adjacent-layer Similarity

| | Proj High  Low |Proj High Low | Proj High Low | Proj  High Low

k  -6.8¢-04 -1.2e-03 q  -3.2e-04 -2.9e-04

Reasoning ‘ Reasoning ‘ k-v 13e-04 4.0e-05 | q-o0 -2.6e-06 -2.5e-06 16003 -1.1e-03 o 946-04  -12¢-03

Table 51: Llama-3.2-3B - Reasoning - Similarity-based Metrics

Llama-3.2-3B - WizardLM

Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
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Figure 72: Llama 3.2 3B - WizardLM with Difficulty Metric

Llama-3.2-3B - WizardLM
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Figure 73: Llama 3.2 3B - WizardLM with IFD (GPT-2) Metric
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Nuclear Norm: High InsTag

Llama-3.2-3B - WizardLM

Nuclear Norm: Low InsTag

Effective Rank: High InsTag

Effective Rank: Low InsTag
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Figure 74: Llama 3.2 3B - WizardLM with InsTag Metric
Llama-3.2-3B - WizardLM
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Figure 75: Llama 3.2 3B - WizardLM with Reward Model Metric
Llama-3.2-3B - Magpie
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Figure 76: Llama 3.2 3B - Magpie with Difficulty Metric
Llama-3.2-3B - Magpie
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Figure 77: Llama 3.2 3B - Magpie with IFD (GPT-2) Metric
Llama-3.2-3B - Magpie
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Figure 78: Llama 3.2 3B - Magpie with InsTag Metric
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Llama-3.2-3B - Magpie

Nuclear Norm: High Reward Nuclear Norm: Low Reward Effective Rank: High Reward Effective Rank: Low Reward
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Figure 79: Llama 3.2 3B - Magpie with Reward Model Metric

Llama-3.2-3B - OpenHermes 2.5
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Figure 80: Llama 3.2 3B - OpenHermes with Difficulty Metric
Llama-3.2-3B - OpenHermes 2.5
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Figure 81: Llama 3.2 3B - OpenHermes with IFD (GPT-2) Metric
Llama-3.2-3B - OpenHermes 2.5
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Figure 82: Llama 3.2 3B - OpenHermes with InsTag Metric
Llama-3.2-3B - OpenHermes 2.5
Nuclear Norm: High Reward Nuclear Norm: Low Reward Effective Rank: High Reward Effective Rank: Low Reward
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Figure 83: Llama 3.2 3B - OpenHermes with Reward Model Metric
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C.7 Gemma 2 2B
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Dataset | Metrics | Nuclear Norm ‘ Effective Rank

| | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
Difficult k 36 104 -6.8 q 3.7 9.6 58 k 1054 19.2 86.1 q 1034 16.1 873
¥ \ 79 23.0 -15.1 o 7.6 17.6 -10.1 \ 91.2 153 759 o 140.1 19.1 121.0
) IFD (GPT2) k 40 138 98 q 43 122 -79 k 743 23.0 513 q 725 179 546
WizardLM v 94 28.0 -18.6 o 8.7 21.8 -13.1 N 653 17.3 48.0 o 95.6 212 744
InsTa k 36 113 -7.7 q 3.7 104 -6.7 k 111.0 21.0 90.0 q 108.8 17.6 91.2
g % 7.8 243 -164 o 75 189 -114 % 96.2 16.7 794 o 1475 21.0 126.5
Reward k 2.6 9.0 -64 q 2.7 85 58 k 1148 36.0 7838 q 111.7 30.0 81.7
\ 57 202 -145 o 56 165 -10.8 v 99.6 26.8 728 o 149.1 354 113.7
Table 52: Gemma 2 2B - WizardLM - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

Proj  High Low | Proj High Low ‘ Proj High Low Proj High Low

. k  -1.2e-03 -8.6e-04 | q 1.0e-04  -1.9e-04
Difficulty k-v 57e-04 3.0e-04 | q-o 2.1e-07 2.9e-06 N 126:04  2.0e-04 o 16603 8.9¢-04
k  -50e-04 -89e-04| q -54e-04 -57e-05
WizardLM IFD (GPT2) | k-v 52e-04 72e-05|q-o0 -54e-06 7.4e-06 v 24004 30004 o | 4604 -136-04
k  -1.2¢-03 -83e-04 | q 4.5e-05 -7.2e-05
InsTag k-v 5.0e-04 3.8e-05|q-o0 -1.2e-05 -3.6e-06 v 3.00-04  -6.56-05 o 1 46-03  6.1e-04
k -1.4e-03  -7.8e-04 q 9.4e-05 -6.1e-05
Reward k-v 17e-04 7.8e-05|q-o0 -1.6e-06 2.2e-06 Vv 61004 1.66-04 o 6.76-05 1.1e-03
Table 53: Gemma 2 2B - WizardLM - Similarity-based Metrics
Dataset ‘ Metrics ‘ Nuclear Norm ‘ Effective Rank
| | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap | Proj High Low Gap
Difficult k 41 119 -7.8 q 42 108 -6.6 k 104.7 30.0 74.7 q 102.6 26.1 76.4
o v 92 255 -163 o 85 203 -11.7 v 90.6 239 666 | o 136.7 312 1055
IFD (GPT2) k 3.7 285 -248 q 4.0 237 -19.7 k 86.5 272 592 q 848 194 655
OpenHermes 2.5 \ 87 563 -47.6 o 83 436 -353 v 749 199 55.0 o 110.0 236 86.4
InsTa k 37 80 -43 q 38 7.6 -37 k 1155 305 850 q 112.6  26.7 86.0
g v 82 175 93 o 79 143 -64 v 98.0 246 735 o 148.6 324 1162
Reward k 29 182 -153 q 3.1 160 -129 k 1129 36.8 76.1 q 110.7 312 795
v 6.6 41.6 -35.1 o 6.6 320 -254 v 100.0 27.6 724 | o 1483 37.0 1114
Table 54: Gemma 2 2B - OpenHermes 2.5 - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity
| | Proj  High Low | Proj High Low | Proj High Low | Proj High Low
. k  -l.4e-03 -5.3e-05 q  -2.5e-04 3.6e-05
Difficulty k-v 32e-04 73e05 | q-o 97e-06 2.2e-06 v 30004 5.60.05 o 100-03  63¢-05
k  -2.5e-05 -9.9e-04 q -7.0e-05 4.2e-04
OpenHermes 2.5 IFD (GPT2) | k-v 3.4e-04 -8.0e-05 | q-o 2.6e-06 2.9e-06 v 48004 54e-04 o 26004 666-04
k  -1.4e-03 -2.7e-04 q 1.5e-04  3.4e-04
InsTag k-v 23e-04 3.9e-04 | q-0o 25e-06 -29e-07 N 78604 2.56-04 o 55004 3.0e-04
k  -1.1e-03 -2.7e-04 q -2.8e-04  -6.9e-05
Reward k-v 27e-04 45e-05 | q-o0 -39e-06 1.2e-05 v 3.00:04  1.8¢-04 o 410-04  3.80-04
Table 55: Gemma 2 2B - OpenHermes 2.5 - Similarity-based Metrics
gemma-2-2b - Reasoning
Nuclear Norm: S1.1 Nuclear Norm: GSM8K (DeepSeek-R1) Effective Rank: S1.1 Effective Rank: GSM8K (DeepSeek-R1)
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Figure 84: Gemma 2 2B - Reasoning Data
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Dataset | Metrics | Nuclear Norm ‘ Effective Rank

‘ ‘Proj High Low Gap | Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap

Difficult k 33 32 01| q 35 34 00| k 1231 962 269| q 1229 944 285
y v 73 73 00| o 73 72 00| v 1029 832 197 | o 1604 1236 369
k 30 27 04| q 34 27 06| k 1208 1206 03| q 1215 1132 83
Magpie ED@PID | 91 57 14| o 72 56 16| v 1055 991 64 | o 1614 1479 135
InsTa k 33 31 02| q 34 33 01| k 1373 1045 328| q 1356 1040 315
8 v 72 71 02| o 72 70 01| v 1155 893 262 | o 1786 1360 426
Reward k 30 28 02| q 33 29 03] k 1212 12001 11| g 1225 1233 -08
v v 70 60 10| o 70 60 10| v 1066 992 74 | o 1664 1609 5.5
Table 56: Gemma 2 2B - Magpie - SVD-based Metrics
Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

| | Proj  High Low |Proj High Low | Proj High Low | Proj High Low

Difficulty | k-v 4.8¢04 59e04 | g-0 -54e06 -5.1e-06 t :é:;::g? :‘;;zigg g i?:_gj 'ﬂ:_'ooj
Magpie | TP (GPT2) | k-v. 38¢04 17e:04 | g-0 -33¢:06 -3.1e-06 ]; :g:gz:g‘s‘ iiﬁféigi g _22,'27:._(())4? :2:‘7*2:81
InsTag k-v 55¢-04 2.1e04 | q-0 -33e-06 2.6e-07 5 j.j«:-_(?: ';g‘:_gj g Iijiiigﬁ 'f,';f.'gf
Reward k-v 64e04 25e04 | q-o -1.1e05 3.9e-06 5 ';';):_'g;‘ _f.']l:_-gj g f.'é:_'(())j g:;z:gi
Table 57: Gemma 2 2B - Magpie - Similarity-based Metrics
Dataset | Metrics | Nuclear Norm | Effective Rank

‘Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap ‘ Proj High Low Gap

25 25 -0.1 q 28 28 00| k 1943 1497 446 | q 2338 1628 71.0

Reas"“‘“g‘Reas"m“g‘ v 54 56 02| o 58 58 00| v 1674 1241 433 o 3010 2088 922

Table 58: Gemma 2 2B - Reasoning - SVD-based Metrics

Dataset ‘ Metric ‘ Same-layer Similarity ‘ Adjacent-layer Similarity

‘ ‘ Proj  High Low ‘ Proj High Low ‘ Proj High Low ‘ Proj High Low

k -8.5e-04 -7.4e-04 q 7.1e-04  1.0e-04

Reasoning ‘ Reasoning ‘ k-v 7.5e-04 4.0e-04 | q-o0 -2.0e-05 -5.3e-06 106e-03  5.0e-04 o 076-04  -8.60-04

Table 59: Gemma 2 2B - Reasoning - Similarity-based Metrics

gemma-2-2b - WizardLM

Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
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Figure 85: Gemma 2 2B - WizardLM with Difficulty Metric
gemma-2-2b - WizardLM
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 86: Gemma 2 2B - WizardLM with IFD (GPT-2) Metric
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Nuclear Norm: High InsTag

gemma-2-2b - WizardLM

Nuclear Norm: Low InsTag

Effective Rank: High InsTag

Effective Rank: Low InsTag
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Figure 87: Gemma 2 2B - WizardLM with InsTag Metric
gemma-2-2b - WizardLM
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Figure 88: Gemma 2 2B - WizardLM with Reward Model Metric
gemma-2-2b - Magpie
Nuclear Norm: High Difficulty Nuclear Norm: Low Difficulty Effective Rank: High Difficulty Effective Rank: Low Difficulty
n I - - -
s o 200 . 150 i
10 vl w0 . _ .
125
8 8 150
100
M © 100 75
a 4 50
50
2 2 25
o o o
L 5 10 15 20 25 o 5 10 15 20 25 o 5 10 15 20 25 L 5 10 15 20 25
Layer Index Layer Index Layer Index Layer Index
Figure 89: Gemma 2 2B - Magpie with Difficulty Metric
gemma-2-2b - Magpie
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 90: Gemma 2 2B - Magpie with IFD (GPT-2) Metric
gemma-2-2b - Magpie
Nuclear Norm: High InsTag Nuclear Norm: Low InsTag Effective Rank: High InsTag Effective Rank: Low InsTag
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Figure 91: Gemma 2 2B - Magpie with InsTag Metric
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gemma-2-2b - Magpie

Nuclear Norm: High Reward Nuclear Norm: Low Reward Effective Rank: High Reward Effective Rank: Low Reward
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Figure 92: Gemma 2 2B - Magpie with Reward Model Metric
gemma-2-2b - OpenHermes 2.5
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Figure 93: Gemma 2 2B - OpenHermes with Difficulty Metric
gemma-2-2b - OpenHermes 2.5
Nuclear Norm: High IFD (GPT2) Nuclear Norm: Low IFD (GPT2) Effective Rank: High IFD (GPT2) Effective Rank: Low IFD (GPT2)
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Figure 94: Gemma 2 2B - OpenHermes with IFD (GPT-2) Metric
gemma-2-2b - OpenHermes 2.5
Nuclear Norm: High InsTag Nuclear Norm: Low InsTag Effective Rank: High InsTag Effective Rank: Low InsTag
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Figure 95: Gemma 2 2B - OpenHermes with InsTag Metric
gemma-2-2b - OpenHermes 2.5
Nuclear Norm: High Reward Nuclear Norm: Low Reward Effective Rank: High Reward Effective Rank: Low Reward
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Figure 96: Gemma 2 2B - OpenHermes with Reward Model Metric
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