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Abstract

Large language models (LLMs) have demon-
strated strong reasoning capabilities through
step-by-step chain-of-thought (CoT) reason-
ing. Nevertheless, at the limits of model ca-
pability, CoT often proves insufficient, and its
strictly sequential nature constrains test-time
scalability. A potential alternative is divide-
and-conquer (DAC) reasoning, which decom-
poses a complex problem into subproblems
to facilitate more effective exploration of the
solution. Although promising, our analysis
reveals a fundamental misalignment between
general-purpose post-training and DAC-style
inference, which limits the model’s capacity to
fully leverage this potential. To bridge this gap
and fully unlock LLMs’ reasoning capabili-
ties on the most challenging tasks, we propose
an end-to-end reinforcement learning (RL)
framework to enhance their DAC-style reason-
ing capacity. At each step, the policy decom-
poses a problem into a group of subproblems,
solves them sequentially, and addresses the
original one conditioned on the subproblem
solutions, with both decomposition and solu-
tion integrated into RL training. Under com-
parable training, our DAC-style framework en-
dows the model with a higher performance
ceiling and stronger test-time scalability, sur-
passing CoT by 8.6% in Pass@1 and 6.3%
in Pass@32 on competition-level benchmarks.
The code is available at the provided link.

1 Introduction

Large language models (LLMs) have shown re-
markable capabilities in complex reasoning tasks,
with chain-of-thought (CoT) enabled by large-
scale reinforcement learning (RL) during post-
training. Models such as OpenAI O1 (Jaech et al.,
2024) and DeepSeek-R1 (Guo et al., 2025) can
effectively solve competition-level mathematical

*Work done during Xiao and Zhong-Zhi’s internship at
Microsoft. :Corresponding authors.

problems like AIME (MAA) through long CoT
reasoning with extensive self-reflection. How-
ever, on more challenging tasks, including Interna-
tional Mathematical Olympiad and advanced the-
orem proving, standard CoT often exhibits limited
effectiveness, motivating the development of more
advanced reasoning paradigms for LLMs.

An intuitive and classical approach to solv-
ing complex problems is the divide-and-conquer
(DAC) strategy, originally developed in computer
programming (Cormen et al., 2022). For LLMs,
early approaches such as Tree-of-Thought (Yao
et al., 2023) and DeAR (Xue et al., 2024) adopt
similar strategies by problem decomposition and
employing structured reasoning to solve subprob-
lems, thereby facilitating the final solution. Recent
works such as Seed-Prover (Chen et al., 2025) and
DeepSeek-Prover-V2 (Ren et al., 2025) also incor-
porate DAC-style problem-solving approaches to
tackle frontier mathematical tasks, underscoring
the promise of DAC-style test-time scalability in
fully eliciting the reasoning capacity of LLMs.

Despite establishing a DAC reasoning frame-
work, these approaches function only during in-
ference and rely on complex prompt engineering,
leaving the model misaligned between its general
post-training and this specific reasoning style, as
complex reasoning problems are typically trained
using step-by-step CoT. This misalignment can
constrain the model’s DAC-style reasoning even
on simpler problems that could be solved with
CoT, as illustrated in Figure 1. Accordingly, we
evaluate a wide range of instruction-following and
reasoning models on mathematical benchmarks
using DAC and CoT-style inference, and observe
that most models exhibit inferior performance un-
der direct DAC reasoning compared to CoT, as
shown in Figure 2. This gap indicates that fully
unlocking DAC-style problem-solving capabilities
in general LLMs necessitates dedicated training.

To address this issue, we propose an end-to-end
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Figure 1: Overview of the LLM post-training pipeline, comparison of the DAC and CoT-style inference, and
our proposed DAC post-training. Without dedicated training, DAC inference remains ineffective, whereas DAC-
specific post-training makes this advanced reasoning paradigm robust across downstream tasks.

RL framework for equipping LLMs with DAC-
style reasoning capabilities for tackling complex
problems. We adopt RL over supervised fine-
tuning because, when the training framework is
applied to frontier models, stronger expert annota-
tions are often unavailable or prohibitively expen-
sive,whereas RL enables effective training through
self-exploration. Specifically, at each RL iteration,
the policy model decomposes every input problem
into a set of subproblems. These are then aggre-
gated with the original problem into a conquering
prompt, which directs the model to solve the sub-
problems sequentially and then formulate the final
answer. Both problem division and conquering are
incorporated into unified policy training, with the
corresponding optimization objectives defined in
Sections 2.2 and 2.3, respectively. Furthermore,
the evolution of distinct and improved subprob-
lems over training epochs facilitates broader, non-
repetitive exploration during conquering, which is
crucial for keeping generation diversity and pre-
venting entropy collapse (Liang et al., 2025).

To assess the effectiveness of our DAC-RL
framework, we experiment with two models and
evaluate the Pass@1 (averaged 32 times) and
Pass@32 performance on challenging, widely
used competition-level reasoning benchmarks,
including AIME 24 & 25 (MAA), Beyond-
AIME (ByteDance-Seed, 2025) and HMMT-
25 (Balunović et al., 2025). Models trained un-
der our framework consistently outperform stan-
dard CoT on the adopted benchmarks, achieving
absolute margins of 8.6% and 6.3% on the Pass@1
and the Pass@32 metrics when using Qwen3-4B-

Instruct-2507 as the initial policy, whereas CoT-
style RL fails to improve performance over this
post-trained model. Our analysis indicates that
DAC-style training is even beneficial for the pol-
icy’s CoT reasoning ability. Moreover, DAC-
trained models exhibit more flexible and greater
test-time scalability ceilings, along with more
compact reasoning traces. We also experiment
with cold-start initialization and evaluate its effec-
tiveness in training models for DAC reasoning.

Our contributions are summarized as follows:
(1) By comparing DAC and CoT at inference and
integrating DAC into training, we reveal a criti-
cal misalignment between general-purpose post-
training and DAC inference that constrains per-
formance. (2) We introduce DAC-RL, a unified
training framework that strengthens DAC reason-
ing via RL, mitigates the reasoning paradigm’s
bottlenecks, and raises the performance ceiling of
LLMs on challenging problems. (3) We perform
extensive experiments on post-trained LLMs and
evaluate the trained models on challenging bench-
marks with detailed analysis, demonstrating the
superiority of the proposed DAC-RL framework.

2 Method

2.1 Preliminaries
Task Formalization In this section, we formal-
ize our DAC-style reasoning and CoT reason-
ing (Wei et al., 2022). In standard CoT reason-
ing, given an input problem x, the policy model
πθ directly generates a step-by-step reasoning tra-
jectory y, from which the final answer can be ex-
tracted as a “ Extractpyq. For DAC-style rea-
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Figure 2: We evaluate the CoT and DAC Pass@32 performance on four competition-level benchmarks (Table 1)
for both general instruction and reasoning post-trained models. The right panel presents Pass@32 performance for
the Qwen2.5-7B-Instruct and Qwen3-4B-Instruct-2507 models before and after task-specific RL training.

soning, given an input x, the model first performs
a division step, generating a response yd consist-
ing of a set of ng subproblems derived from x,
denoted as P “ tpiu

ng

i“1 „ πθpP | xq. Next,
in the conquering step, the generated subproblems
P together with x are concatenated to construct a
conquering prompt, which guides the model to se-
quentially generate solutions to the subproblems
as S “ tsiuni“1 „ πθpS | x,Pq, and subsequently
solve the original problem conditioned on S. The
complete conquering response is denoted as yc .

The overview of our DAC training and infer-
ence pipeline is illustrated in Figure 3. At each
RL training step, the policy model processes every
problem in the batch by performing two tasks: (1)
Division: Dividing the problem into a set of sub-
problems (green), and (2) Conquering: Sequen-
tially solving the subproblems and then the orig-
inal problem (blue). The learning objective is to
maximize the expected rewards of both the divi-
sion and conquering responses, defined as:

J pθq “ Eyd,yc„πθ

“

Rpydq `Rpycq
‰

, (1)

where Rpydq and Rpycq are the division and con-
quering rewards detailed in Section 2.2 and 2.3.

2.2 Subproblem Division

During each iteration, the policy is first prompted
to decompose each problem x in the training set
into Gd groups of subproblems tPgu

Gd
g“1, using the

prompt in Figure 12. Notably, the policy is re-
quired to generate more than Ns subproblems for
each input; without this constraint, it collapses to
producing no useful subproblems in division re-
sponse yd as the training goes, and the conquer-
ing stage degrades to directly solving the original
problem, as in standard CoT reasoning.

For training subproblem division, we adopt a
combined reward scheme that integrates format

validity, quantity validity, and its helpfulness in
facilitating the solution of the original problem.
Specifically, for format validity, we require that
the subproblems generated by the policy in re-
sponse to the division prompt must be parsable
using regular expressions. For quantity valid-
ity, since the policy is instructed to generate at
least Ns subproblems, a negative reward is as-
signed when the number of extractable subprob-
lems is fewer than Ns. For helpfulness, we evalu-
ate each generated subproblem group Pg using the
accuracy of the solutions in the conquering stage
CApPgq as an indicator of their helpfulness. Based
on empirical analysis, we optimize a lower bound
on subproblem helpfulness by requiring that each
subproblem group Pg yield at least one correct so-
lution to the original problem, provided that the
policy can generate a correct solution from any
subproblem group in tPiu

Gd
i“1. This encourages

each subproblem group, when incorporated into
the conquering prompt, to help guide the policy
toward producing at least one correct solution for
simple problems, while rewarding groups that en-
able correct solutions for challenging problems
where others fail. In summary, the reward scheme
for division generation yd is derived as:

Rpydq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

0, |Pg| ă Ns
loooomoooon

quantity

_ ␣Formatpydq
looooooomooooooon

format

0, CA(Pgq “ 0 ^ CAptPiu
Gd
i“1q ą 0

loooooooooooooooooooomoooooooooooooooooooon

helpfulness

1, otherwise,
(2)

where |Pg| denotes the number of subprob-
lems, CA represents the conquering accuracy, and
␣Formatpydq indicates that yd violates the re-
quired format, making Pg non-extractable.
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Divided Subproblems:
Subproblem 1: Find the common difference  of the arithmetic sequence.

Subproblem 2: Calculate  given .

Subproblem 3: Calculate  given .

Subproblem 4: Determine the value of .

Subproblem 5: Express the value of  as a common fraction and find the
sum  where  is in simplest form.

Suppose that    is an arithmetic sequence with 
and  What is the value of ? Express your
answer as a common fraction. The answer is in the form , where 

  . Please provide the value of .

Alright, let's tackle the problem step by step. We'll start by solving the subproblems sequentially,
and then we'll combine those results to find the final answer.

### **SUBPROBLEM 1: Find the common difference  of the arithmetic sequence.**
An arithmetic sequence has the general form:

### **SUBPROBLEM 2: Calculate  given .**
We already have the sum of the first 100 terms from Equation 1:

### **SUBPROBLEM 5: Express the value of  as a common fraction ...
From the previous step:

**Answer to SUBPROBLEM 5:** 
---
### **FINAL ANSWER**
Combining the results from the subproblems:
The value of  is , and the sum  is .
Thus, the final answer to the original problem is: \boxed{101}  ( ✔️ , )

Sampled Conquer Solution:

Feedback as Division Reward 

Input Question: 

Subproblem Division ( )

. . .

Conquering Solutions

Figure 3: An overview of the DAC-style inference and reward assignments in training, illustrated with a case study.
The policy decomposes the original problem into a group of subproblems, samples candidate conquering solutions
in parallel, and leverages their correctness to compute division rewards for optimizing problem decomposition.

2.3 Subproblem and Original Conquering

Once the subproblem group Pg is generated, it is
combined with the original problem to form the
conquering prompt (Figure 13), which guides the
model to solve the subproblems sequentially and
then tackle the original one. Since ground-truth
answers for the subproblems are unavailable and
therefore cannot serve as training signals, we in-
stead rely solely on the correctness of the final an-
swer extracted from yc to the original problem as a
surrogate reward for both subproblem solving and
original problem solving. The underlying idea is
that if the policy solves the subproblems correctly,
their solutions can support answering the original
problem, enabling the policy to solve it accurately.
Conversely, incorrect solutions to the subproblems
may lead to failure in solving the original problem.
The theoretical validity of this reward scheme is
established in Lemma 1. The final conquering re-
ward is defined as follows:

Rpycq “ 1tExtractpycq “ au (3)

where a denotes the ground-truth answer to the
original problem.

Lemma 1 (Final-answer reward positively as-
sociates with subproblem correctness). Let si P
t0, 1u indicate whether subproblem i is solved cor-
rectly and s “ ps1, . . . , smq. Let C P t0, 1u indi-
cate whether the original problem is solved cor-
rectly. If the division-conquer pipeline induces the
causal direction sÑ C, we have:

Covθ
`

1tsi “ 1u, 1tC “ 1u
˘

ě 0, (4)

where θ denotes the parameters of the policy
πθ. The proof is in Appendix B. Consequently,
the scalar reward in Equation 3, which satisfies
Eyc„πθ

rRpycqs “ PθpC “ 1q, is a consistent sur-
rogate signal for subproblem correctness: reward-
ing C “ 1 preferentially upweights trajectories
with more correct subproblems, and vice versa.

3 Experiments

3.1 Settings
Models and Datasets. We conduct experi-
ments using two models, Qwen2.5-7B-Instruct
and Qwen3-4B-Instruct-2507, to evaluate the pro-
posed DAC-RL framework. We use DAPO-Math-
17k (Yu et al., 2025) as the training dataset.
Following rStar2 (Shang et al., 2025), which
suggests that rule-based verifiers often struggle
with certain open-ended mathematical formats,
we evaluate model performance only on bench-
marks with integer answers to ensure precise as-
sessment. Specifically, we evaluate models on
four widely used competition-level mathemati-
cal reasoning benchmarks: AIME 2024, AIME
2025 (MAA), Beyond-AIME (ByteDance-Seed,
2025), and HMMT-25 (Balunović et al., 2025).
Implementation Details. For RL training, all ex-
periments employ the GRPO (Shao et al., 2024)
optimization strategy, extended with the Clip-
Higher and token-level loss techniques (Yu et al.,
2025). In each iteration, every input problem is di-
vided into Gd “ 4 subproblem groups containing
varying numbers of subproblems, and each group,
together with the original problem, is used to gen-
erate Gc “ 8 conquering solutions. The minimum
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Algorithm 1 Divide-and-Conquer Reinforcement Learning for LLMs
Require: Training set D; initial policy πθ; division group size Gd; conquering group size Gc; training steps T
Ensure: Trained policy πθ1

1: Initialize experience buffer B ÐH

2: for t “ 1 to T do
3: Sample a mini-batch d „ D
4: for each problem–answer pair px, aq in d do
5: [Divide] Generate Gd subproblem groups tPgu

Gd
g“1 „ πθpxq, Pg “ tpg,iu

ng

i“1, ng varies per group.
6: for each subproblem group Pg do
7: [Conquer] Generate Gc solution candidates tyg,vuGc

v“1 „ πθpPg;xq

8: Compute correctness rewards tRpyg,vquGc
v“1 for conquering w.r.t. reference a

9: Store conquer tuples in buffer: B Ð B Y tprx;Pgs, yg,v,Rpyg,vqqu
Gc
v“1

10: end for
11: [Division Reward] Evaluate Format and Quantity validity tfguGd

g“1, tqguGd
g“1 for tPgu

Gd
g“1

12: Compute division rewards tRpPgqu
Gd
g“1 from tRpyg,vquGc

v“1, tqgu, and tfgu via Eq. (2)
13: Store division tuples in buffer: B Ð B Y tpx,Pg,RpPgqqu

Gd
g“1

14: end for
15: [Policy Update] Update policy πθ using B according to Eq. (6)
16: Clear buffer: B ÐH

17: end for
18: return trained policy πθ1

requirement of subproblems is set to Ns “ 3. The
training batch size is set to 256, the maximum roll-
out length to 8,192, and the sampling temperature
to 1.0. For policy optimization, the Clip-Higher
upper bound εh is fixed at 0.28, and the mini-
batch size is 64. We conduct 400 training steps
(nearly 6 epochs) for both models on the DAPO-
Math-17k dataset, with an additional about 200
steps for the Qwen3-4B-Instruct-2507 policy on a
difficulty-filtered subset containing 3.7k problems
that the initial policy solves with less than 50%
accuracy across 16 responses, to better elicit its
advanced reasoning capability.

For inference, we set the maximum token length
to 16,384 unless otherwise specified, with the tem-
perature kept the same as training (1.0) and the
top-p value set to 0.7 following (Yu et al., 2025).
We report the Pass@1 metric as the average over
32 runs. For Pass@32 evaluation, we employ an
unbiased estimation method (Chen et al., 2021) to
reduce the high variance from single evaluations.

3.2 Main Results

DAC-style Reasoning Shows a Higher Ceiling.
We present the main results of our DAC-RL train-
ing and inference alongside the CoT baselines
in Table 1. Compared with the standard CoT
RL training, DAC-style training demonstrates
substantially greater gains in Pass@32 perfor-
mance on competition-level benchmarks, achiev-

ing overall improvements of 3.4% and 6.3% for
the Qwen2.5-7B-Instruct and Qwen3-4B-Instruct-
2507 models, respectively. Notably, these train-
ing improvements are achieved even when the ini-
tial policy’s DAC reasoning lags behind the CoT-
style reasoning obtained through intensive post-
training, particularly for the Qwen2.5-7B-Instruct
model, which attains only 0.4% average DAC ac-
curacy on competition-level problems.

To characterize training effects across the two
reasoning styles, we evaluate intermediate check-
points in Figure 4. Notably, both models begin
with lower DAC accuracy than CoT, particularly
on the Pass@1 metric. However, as training pro-
gresses, DAC performance steadily grows, eventu-
ally outperforming CoT and increasing at a faster
pace. The steady improvements, together with the
observation that CoT-style RL fails to elicit further
gains for Qwen3-4B-Instruct-2507, suggest that
CoT reasoning is largely saturated in post-training
for general instruction-tuned models. In contrast,
DAC surpasses the CoT performance ceiling on
the evaluated benchmarks, indicating a higher up-
per bound on reasoning and the necessity of dedi-
cated DAC post-training to fully unlock it.
Deep DAC Training Further Enhances Reason-
ing. The motivation for DAC-style reasoning is
to fully unleash the model’s potential to solve the
most challenging problems at the edge of its capa-
bility. To this end, we conduct experiments of the
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Model AIME 2024 AIME 2025 Beyond-AIME HMMT 2025 Average
Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32

Qwen2.5-7B-Instruct
Init-CoT 9.8 26.7 6.8 36.7 3.8 23.0 2.0 10.0 5.6 24.1
Init-DAC 0.5 13.3 0.2 6.7 0.7 10.0 0.2 6.7 0.4 9.2
RL-CoT 13.5 34.5 11.4 30.8 5.1 25.5 2.7 13.1 8.2 27.0
RL-DAC 15.5 39.1 15.5 34.2 7.0 27.4 4.8 20.8 10.4 30.4
∆ (RL) +2.0 +4.6 +4.1 +3.4 +1.9 +1.9 +2.1 +7.7 +2.2 +3.4

Qwen3-4B-Instruct-2507
Init-CoT 62.6 90.0 45.7 76.7 32.1 65.0 30.3 56.7 42.7 72.1
Init-DAC 59.6 90.0 43.2 73.3 29.6 61.0 28.2 63.3 40.2 71.9
RL-CoT 45.9 85.8 52.1 77.4 30.4 58.1 21.8 54.4 37.5 69.0
RL-DAC 63.9 87.7 54.2 78.8 34.6 67.9 31.9 66.6 46.1 75.3
∆ (RL) +18.0 +1.9 +2.1 +1.4 +4.2 +9.8 +10.1 +12.2 +8.6 +6.3

Qwen3-4B-Instruct-2507 (Deep)
RL-D-CoT 64.4 84.8 58.8 87.9 38.9 69.5 37.6 65.5 49.9 76.9
RL-D-DAC 66.3 91.6 61.5 87.6 38.8 70.7 38.7 76.4 51.3 81.6
∆ (RL) +1.9 +6.8 +2.7 ´0.3 ´0.1 +1.2 +1.1 +10.9 +1.4 +4.7

Table 1: The results of the baselines and our DAC strategies are reported across six benchmarks using different
models. The Pass@1 metric is averaged over 32 runs to ensure a more stable and precise evaluation. RL-D refers
to the Deep DAC setting with the baseline described in Section 3.2. Best results are highlighted in bold.

Deep DAC training setting, training the Qwen3-
4B-Instruct-2507 model exclusively on the 3.7k
most difficult subset described in Section 3.1 for
ten epochs, with extended training and inference
token budgets of 16,384 and 24,576, respectively.
This setup equips the model with deeper mastery
of DAC-style reasoning while enhancing test-time
scalability, particularly for complex tasks. We fur-
ther compare this configuration with CoT-style RL
training under an identical budget of 32 rollouts
per training problem, with results shown in the
right panel of Figure 4 and the bottom section of
Table 1. It is worth noting that simply increas-
ing the rollout budget for CoT reasoning during
RL training does not yield performance improve-
ments, while DAC-style training delivers a 4.7%
improvement in Pass@32 over the CoT baseline.
This underscores the superior scalability of DAC-
style reasoning during both training and inference.

4 Analysis

4.1 Integrating CoT- and DAC-RL Training

In this section, we experiment with integrating
CoT- and DAC-RL training (Mix-RL), applying
DAC-RL only to challenging problems while re-
taining CoT-style training for simpler ones, with
experiments performed on Qwen3-4B-Instruct-
2507. Specifically, all batch problems are first an-
swered in CoT-style rollouts, and those with ac-
curacy below tacc “ 25% are replaced by DAC-

style solutions, which are mixed into the experi-
ences with the reward assignment in Section 2. We
compare this Mix-RL training with both the full
CoT-RL and DAC-RL strategies in Figure 5, from
which we draw the following observations:
DAC Training Enhances CoT Reasoning. We
find that substituting CoT training with DAC train-
ing on challenging problems can paradoxically en-
hance the policy’s CoT reasoning, even with re-
duced CoT training. As shown in Figure 5, the Left
and Middle plots illustrate the intermediate perfor-
mance under CoT-style inference for the CoT-RL
and Mix-RL training across all benchmarks and
on the AIME benchmarks, respectively. We find
that further CoT-style RL training yields no addi-
tional gains, as the policy has already been exten-
sively post-trained with CoT reasoning. However,
under the Mix-RL setup, incorporating DAC-style
training on challenging problems significantly en-
hances the model’s CoT performance—by over
10% across all benchmarks. These improvements
highlight the effectiveness and robustness of DAC-
style training in model’s reasoning capability.
Mix-RL can Activate DAC Reasoning. The
DAC-style reasoning performance of Mix-RL is
shown in Figure 5 (Right). Notably, applying
DAC-style training only to complex problems can
also equip the model with this reasoning capabil-
ity, consistently surpassing its CoT counterpart on
the benchmarks, which reinforces the motivation
for adopting a DAC strategy for complex tasks.
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Figure 4: Intermediate evaluations across all four benchmarks during DAC-RL and CoT-RL training. Middle:
For experiments using Qwen3-4B-Instruct-2507, the training set is updated to the difficult subset after the 400th
iteration, as detailed in Section 3.1. Right: Results of our Deep DAC training experiments, additionally including
a comparison with the CoT-RL baseline using 32 rollouts in training.
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Figure 5: An overall comparison among standard CoT-RL, Mix-RL, and DAC-RL trained on all problems. Left:
Pass@1 accuracy on all benchmarks using CoT inference for both CoT-RL and Mix-RL. Middle: AIME score
under the same settings as in Left. Right: Average performance across four competition-level benchmarks, where
the CoT-trained policy uses CoT-style inference, while the other two employ DAC-style inference.

The inferior performance of Mix-RL relative to
full DAC suggests that incorporating a broader
range of problems into DAC training is generally
beneficial for this advanced reasoning paradigm.

4.2 Test-time Scalability and Configurations

We evaluate test-time scalability and investigate
the optimal configuration of DAC-style reasoning
by measuring Pass@k under a fixed rollout budget
of k “ 1024, while varying the number of sub-
problem groups n and the number of conquering
solutions per group m such that n ˆ m “ k. As
shown in Figure 6, allocating more groups (i.e.,
larger n and smaller m) consistently improves per-
formance on competition-level benchmarks com-
pared to the CoT baseline. This indicates that
increased subproblem diversity at test time ex-
pands the model’s exploration space, improving its
chances to discover correct trajectories.

4.3 Concise and Diverse Reasoning with DAC

Intuitively, guiding the model to generate re-
sponses to subproblems may introduce additional
reasoning steps and increase output length. How-
ever, in our Deep DAC experiments, we observe
that DAC training produces more concise reason-
ing than CoT-style RL. This results in fewer roll-
outs being clipped by the maximum length con-
straint, which may reduce false negatives arising
from truncated positive rollouts, while lowers the
per-step training time of DAC-RL. An example
with detailed analysis is present in Appendix F.

Despite producing more compact training roll-
outs, DAC exhibits broader exploration, as re-
flected by its higher policy entropy compared with
CoT in the right panel of Figure 7. This indi-
cates that DAC-style reasoning compaction does
not compromise exploration; instead, it removes
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Figure 6: The Pass@k performance under different allocations between division and conquering with a fixed
budget total of k “ 1024. The CoT baseline corresponds to 1024 independent generations.
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Figure 7: The batch-averaged response length, clip ratio of intermediate rollouts, and policy entropy in training.

redundant steps while preserving—and even en-
hancing—diversity in solution space exploration,
thereby enabling more efficient training without
premature convergence (Cui et al., 2025).

4.4 Domain Generalization beyond
Mathematical Reasoning

A critical question is whether DAC-RL trained on
math reasoning can transfer to general domains.
To investigate this, we evaluate models with cold-
start followed by RL broader reasoning and cod-
ing benchmarks, as summarized in Table 2. Im-
plementation details are provided in Appendix G.
General Reasoning. We evaluated the trained
model’s capabilities on the six general reasoning
benchmarks: GPQA-D (GPQA-Diamond (Rein
et al., 2023)), ARC-C (ARC-Challenge (Clark
et al., 2018)), BBH (Suzgun et al., 2023), Hel-
laSwag (Zellers et al., 2019), MMLU (Hendrycks
et al., 2021), and Winogrande (Sakaguchi et al.,
2021). The results show that the DAC policy out-
performs its CoT counterpart on five of the six
tasks, despite both models acquiring their reason-
ing capabilities primarily through mathematical
training. The largest gains are on BBH (+13.59%)
and Winogrande (+12.08%), both requiring multi-
step reasoning, consistent with the hypothesis that
DAC is most beneficial for such tasks. The only
clear regression is HellaSwag (´5.80%), a sen-
tence continuation task where decomposition of-

fers limited advantage.
Coding. Across the four coding benchmarks
we evaluated, including HumanEval (Chen et al.,
2021), MBPP (Austin et al., 2021), LCB (Live-
CodeBench v6 (Jain et al., 2024)), and CC (Code-
Contests (Li et al., 2022)), DAC outperforms CoT
on all of the benchmarks. The largest improve-
ment is observed on the most recent and challeng-
ing benchmark, LiveCodeBench v6, with a gain
of +8.57%. Overall, DAC achieves a +5.12% im-
provement across all ten benchmarks, demonstrat-
ing that the structured reasoning ability acquired
through DAC training generalizes to tasks that re-
quire multi step problem solving.

5 Related Work

5.1 Divide-and-Conquer in LLM Reasoning

Divide-and-conquer is a fundamental algorithm
design paradigm (Cormen et al., 2022). Its core
idea is to decompose a complex problem into sub-
problems, solve them first, and then combine their
solutions to obtain the final answer. In LLM rea-
soning, several studies (Zhou et al., 2022; Ling
et al., 2023; Khot et al., 2022; Huang et al., 2022;
Dua et al., 2022; Chen et al., 2022; Zelikman et al.,
2023; Ye et al., 2023; Xue et al., 2024) focus
on decomposing complex problems into subprob-
lems using prompting-based strategies. For exam-
ple, Least-to-Most Prompting (Zhou et al., 2022)
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Model General Reasoning Coding AVG
GPQA-D ARC-C BBH HellaSwag MMLU Winogrande HumanEval MBPP LCB CC

CD-RL-CoT 53.54 87.63 13.87 81.05 72.91 65.19 76.83 58.75 34.29 26.67 57.07
CD-RL-DAC 57.58 88.99 27.46 75.25 79.16 77.27 82.93 61.87 42.86 28.48 62.19
∆ +4.04 +1.36 +13.59 ´5.80 +6.25 +12.08 +6.10 +3.12 +8.57 +1.81 +5.12

Table 2: Generalization performance beyond mathematics (%). Both models use cold-start distillation (CD) fol-
lowed by RL, trained only on math using Qwen3-4B-Instruct-2507 as depicted in Appendix C.

incorporates a few in-context examples to guide
LLMs in generating a sequence of simpler sub-
problems from the original one. Another line of
work (Yao et al., 2023; Besta et al., 2024; Chen
et al., 2022; Yang et al., 2024b) intrinsically guides
LLMs to decompose reasoning beyond the stan-
dard CoT (Wei et al., 2022) through mechanisms
such as expansion, search, or reflection.

Although effective, existing studies apply the
DAC strategy only during inference, suffering
from a misalignment between the DAC inference
and general post-training, which primarily em-
phasizes direct problem answering (Yang et al.,
2024a). Ladder (Simonds and Yoshiyama, 2025)
proposes decomposing integral problems into sim-
pler sub-tasks and incorporating the solutions into
training. In this work, we train LLMs’ DAC rea-
soning with a unified RL framework and show that
this paradigm offers a higher reasoning ceiling.

5.2 Reinforcement Learning for LLMs
Large-scale reinforcement learning (RL) has sig-
nificantly improved LLMs in complex reasoning
tasks (Luong et al., 2024; Guo et al., 2025). Al-
gorithms such as PPO (Schulman et al., 2017),
GRPO (Shao et al., 2024) and DAPO (Yu et al.,
2025) have shown strong generalization and effec-
tiveness in LLM post-training. Existing efforts in
scaling up RL optimization have focused on en-
hancing exploration (Yu et al., 2025; Yuan et al.,
2025; Liu et al., 2025; Yeo et al., 2025; Huang
et al., 2025) and adapting RL to long CoT condi-
tions (Jaech et al., 2024; Guo et al., 2025; Li et al.,
2025; Yang et al., 2025). However, these meth-
ods overlook the limitation that models cannot im-
prove on problems they consistently answer in-
correctly under CoT reasoning, while we address
this by integrating the DAC strategy into RL train-
ing, enabling the model to learn and solve them
via subproblem decomposition. Beyond reason-
ing, RL has also been applied to broader LLM ap-
plications such as alignment (Jiang et al., 2026b)
and optimizing multi-agent LLM systems (Jiang

et al., 2025, 2026a).

6 Conclusion

In this paper, we conduct a comprehensive
study of the divide-and-conquer (DAC) reasoning
paradigm beyond standard CoT for LLMs in ad-
dressing complex reasoning problems. We iden-
tify a gap between models trained under general or
CoT-centric post-training and their DAC reason-
ing capabilities at inference time, and propose en-
hancing DAC reasoning through RL-based train-
ing. The experiments shows that DAC-style rea-
soning demonstrates a higher performance upper
bound and stronger test-time scalability than tradi-
tional step-by-step CoT, leading to improved per-
formance on competition-level benchmarks.

7 Limitation

Despite the empirical effectiveness of our DAC
reasoning framework, it relies on a fixed prompt
set throughout training and evaluation, leaving
room for further gains through improved prompt
engineering. The experiments also require a suffi-
cient level of instruction-following capability for
the model to reliably decompose problems into
meaningful subproblems. In addition, although
we examine several reward designs based on con-
quering accuracy for guiding subproblem division,
other more effective reward formulations may ex-
ist. Overall, adapting multiple prompt sets and
investigating additional division reward settings
could further enhance the robustness of our whole
DAC reasoning framework.
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A Preliminaries on GRPO for LLMs

Group Relative Policy Optimization (GRPO) (Shao et al., 2024) is an efficient algorithm for reinforce-
ment learning in LLMs, where the advantages for each token in a rollout are computed in a group-relative
manner without requiring an additional critic model to estimate token values. Specifically, given an input
prompt x, the policy model πθold generates a group of G responses Y “ tyiu

G
i“1, with acquired rewards

R “ triu
G
i“1. The advantage Ai,t for each token in response yi is computed as the group- normalized

rewards:
Ai,t “

ri ´meanptriuGi“1q

stdptriuGi“1q
. (5)

To improve the stability of policy optimization, GRPO clips the probability ratio ki,tpθq “
πθpyi,t|x,yi,ătq

πθold pyi,t|x,yi,ătq
within a trust region (Schulman et al., 2017), and constrains the policy distribution from

deviating too much from the reference model using a KL term. The final optimization objective is defined
as follows:

J pθq “ Ex„D,Y„πθold p¨|xq

«

1
G

řG
i“1

1
|yi|

ř|yi|
t“1

˜

min
´

ki,tpθqAi,t, clip
`

ki,tpθq, 1´ ε, 1` ε
˘

Ai,t

¯

´ β DKL
`

πθ }πref
˘

¸ff

(6)
In this work, we incorporate several techniques from (Yu et al., 2025) into training, including Clip-Higher
and Token-Level Loss, all of which are widely adopted to enhance training efficiency.

B Proof for Lemma 2.1

Let si P t0, 1u indicate whether the solution to subproblem i is correct, and let s “ ps1, . . . , smq denote
a realization of the random vector S “ pS1, . . . , Smq. Let C P t0, 1u indicate whether the final answer
to the original problem is correct. The conquering inference first sequentially solves the m subproblems
and then addresses the original problem, thereby inducing the causal structure sÑ C, where subproblem
correctness determines the correctness of the final solution.
Assumption 1: Monotonicity. P pC “ 1 | S “ sq is nondecreasing in each coordinate of s and strictly
increasing in at least one coordinate. Intuitively, holding all other subproblem outcomes fixed, solving
one additional subproblem correctly cannot decrease the probability of producing a correct final answer.

Assumption 2: Policy control. The policy πθ determines the distribution of subproblem correctness,
i.e., PθpS “ sq depends on θ.

Proof. To analyze how optimizing for C “ 1 affects subproblem correctness, we expand PθpC “ 1q
using the law of total probability:

PθpC “ 1q “
ÿ

sPt0,1um

P pC “ 1 | S “ sqPθpS “ sq “ ES„Pθ
r gpSq s, gpsq :“ P pC “ 1 | S “ sq.

Under Assumption 1, g is an increasing function. Therefore, any policy update that increases PθpC “

1q must, on average, allocate more probability mass to configurations with higher numbers of correct
subproblems. For any i, Bayes’ rule gives:

PθpSi “ 1 | C “ 1q “

ř

s: si“1 P pC “ 1 | S “ sqPθpS “ sq

PθpC “ 1q
.

Because P pC “ 1 | S “ sq is larger whenever si “ 1 (by Assumption 1), it follows that

PθpSi “ 1 | C “ 1q ě PθpSi “ 1q,

with strict inequality whenever Si influences C. Equivalently,

Covθp1tSi “ 1u, 1tC “ 1uq ě 0.
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Hence, conditioning on (and rewarding) C “ 1 preferentially upweights trajectories with more correct
subproblems. Under Assumption 1-2, the scalar reward

Rpycq “ 1tExtractpycq “ au, Eyc„πθ
rRpycqs “ PθpC “ 1q,

serves as a consistent surrogate for subproblem correctness. The converse also holds for C “ 0, where
incorrect final answers correspond to lower subproblem correctness.
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C Cold-Start Distillation for DAC-RL

One concern when applying smaller models to
DAC-RL training, as in our main experiments in
Section 3.2, is their limited instruction-following
capacity, which may hinder exploration during so-
lution generation and policy optimization. There-
fore, in this section, we investigate whether cold-
starting DAC-style reasoning via distillation from
a stronger instruction model can benefit sub-
sequent RL training, and compare its perfor-
mance with a CoT baseline under comparable
settings. For distillation, we randomly select
3K problems from the DeepMath-103K dataset
with difficulty labels greater than six and use
a stronger instruction-following model, Qwen3-
235B-A22B-2507-Instruct, to generate both CoT
and DAC-style solutions, yielding a total of 6K
problem–response pairs. We directly mix the CoT
and DAC distillation data to form the training set,
use Qwen3-4B-Instruct-2507 for the experiment,
set the maximum token length to 32K, and fine-
tune the model for five epochs.

The experimental results are shown in Table 3,
where we report model performance both after
cold-starting and after subsequent RL fine-tuning.
Overall, cold-start improves the performance of
both DAC and CoT. Under an equal budget of
3k samples, the distilled model exhibits stronger
DAC-style reasoning performance than CoT, even
though the initial model performs better with CoT.
After RL fine-tuning, the DAC model achieves a
larger performance gain than the CoT baseline,
with improvements increasing from 1.4% to 2.4%.
The consistent improvements across both training
paradigms indicate that DAC constitutes a more
effective advanced reasoning paradigm. More-
over, the amplified gains observed after RL sug-
gest that DAC enables richer and more diverse
exploration during policy optimization, leading
to more efficient performance improvement than
standard CoT reasoning.

D The Effects of a Subproblem-Solving
Format Constraint

In this section, we explore the impact of impos-
ing a constraint that enforces the conquering solu-
tions to explicitly solve subproblems one by one,
assigning positive rewards only to solutions that
adhere to this rule. Specifically, we require the
responses to include all “subproblem i” for i “
1, . . . , ng ´ 1, where ng denotes the number of

Generate Solution Steps Instead of Subproblems
> > > Problem:
Add 53.463 to 12.9873 and round to the nearest
thousandth.

> > > Divide Response:
<SUBPROBLEM 1>
This subproblem is about adding the two numbers:
53.463 and 12.9873.
53.463 + 12.9873 = 66.4503
</SUBPROBLEM 1>

<SUBPROBLEM 2>
Now, we need to round 66.4503 to the nearest
thousandth. The thousandth place is the third digit
after the decimal point. Looking at the fourth digit
(which is 3 in this case), we determine if we need to
round up or stay the same.
66.4503 rounded to the nearest thousandth is 66.450
since the fourth digit (3) is less than 5.
</SUBPROBLEM 2>

<SUBPROBLEM 3>
So, rounding 66.4503 to the nearest thousandth gives
us 66.450.
</SUBPROBLEM 3>

<SUBPROBLEM 4>
We have confirmed that 66.4503 rounded to the
nearest thousandth is 66.450.
The final answer is 66.450.
</SUBPROBLEM 4>

<SUBPROBLEM 5>
Thus, the final rounded number is 66.450 .
</SUBPROBLEM 5>

Figure 8: A case that the policy generates intermediate
solution steps instead of dividing subproblems.

subproblems generated during the divide stage. A
response receives a positive reward only if it ad-
heres to the constrained format with a correct final
answer; otherwise, it receives a negative reward.

The results are reported in Table 3. Although
the policy learns to explicitly answer all subprob-
lems in a strict format—unlike models without this
constraint—its evaluation performance is worse
than models without this constraint. This find-
ing aligns with the conclusions in (Lin et al.,
2023; Wang et al., 2025) that training LLMs for
alignment, especially under strict formatting con-
straints, can introduce an alignment tax, which
enhances instruction-following behavior while de-
grading downstream performance.

E Discussion on Conquering Accuracy as
Feedback for Division Reward

Intuitively, rewarding the divided subproblems
based on how effectively they help the policy
solve the original problem encourages the model

34416

https://huggingface.co/datasets/zwhe99/DeepMath-103K
https://huggingface.co/Qwen/Qwen3-235B-A22B-2507-Instruct
https://huggingface.co/Qwen/Qwen3-235B-A22B-2507-Instruct
https://huggingface.co/Qwen/Qwen3-4B-Instruct-2507


Model AIME 2024 AIME 2025 Beyond-AIME HMMT 2025 Average
Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32

Init-CoT 62.6 90.0 45.7 76.7 32.1 65.0 30.3 56.7 42.7 72.1
Init-DAC 59.6 90.0 43.2 73.3 29.6 61.0 28.2 63.3 40.2 71.9
CD-CoT 58.0 90.0 49.0 80.0 34.9 66.0 31.9 63.3 43.4 74.8
CD-DAC 60.2 86.7 53.5 83.3 35.9 68.0 35.9 66.7 46.4 76.2
CD-RL-CoT 66.5 92.5 60.5 88.2 41.2 66.1 40.5 71.8 52.2 79.7
CD-RL-DAC 71.3 91.7 61.9 91.7 41.5 69.0 39.3 75.9 53.5 82.1
∆ (RL) +4.8 ´0.8 +1.4 +3.5 +0.3 +2.9 ´1.2 +4.1 +1.3 +2.4

Table 3: Experiments with cold-start (CD) initialization. For rows labeled “CD,” both CoT and DAC models are
initialized via supervised distillation using the same amount of training samples, and models marked with “R”
further undergo reinforcement learning as described in Section 2.

Model Format
Following

AIME 2024 AIME 2025 Beyond-AIME HMMT 2025 Average

Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32 Pass@1 Pass@32

Init 72.1% 60.9 86.7 44.6 76.7 30.4 62.0 27.0 63.3 40.7 72.2
ë RL w.o. Format 42.6% 66.3 91.6 61.5 87.6 38.8 70.7 38.7 76.4 51.3 81.6
ë RL w.i. Format 92.1% 56.2 86.3 55.5 87.1 34.3 66.6 34.6 69.2 45.2 77.3

Table 4: Evaluating the alignment tax from enforcing strict subproblem answer formats in conquering solutions on
the format following rate and model performance. w.i. Format refers to the imposition of the constraint during RL.

to generate higher-quality subproblems. Moti-
vated by this intuition, our initial implementation
adopts a straightforward strategy: using the aver-
age accuracy of the Gc conquer solutions given
the subproblem group Pg as the reward for di-
vide responses instead of Equation 2, denoted as
1

|Gc|

ř

tyg,vu
Gc
v“1
tRpyg,vq | Pgu

Gc
v“1. However, the

experiments show that when conquer-accuracy-
based rewards are used to reward subproblems di-
vision, the model tends to solve the problem pre-
maturely during the division stage (as illustrated in
Case 8), rather than decomposing it into subprob-
lems. This indicates that when the model discov-
ers outputs that better support subsequent conquer-
stage solution generation—i.e., yield higher re-
wards—it may ignore the instructions specified
in the prompt. More generally, these results
suggest that when prompt instructions substan-
tially conflict with the reward assignment scheme
in RL training, the policy tends to prioritize re-
ward maximization over strict adherence to the in-
structions, highlighting the importance of align-
ing prompt design with reward specification in RL
settings. This initial failure motivates us to adopt
a relaxed division reward that guarantees only a
lower bound on subproblem helpfulness, rather
than strictly optimizing for exact accuracy, as for-
malized in Equation 2. This relaxation reduces
greedy behavior in early training and prevents the
policy from prematurely optimizing for the origi-
nal problem, thereby preventing this failure mode.

F A Case Study on How DAC Reduces
Reasoning Redundancy

In this section, we present a case study based on
a problem from the DAPO-Math-17k dataset. The
original problem and its decomposed subproblems
under DAC reasoning are shown in Figure 9. As
the full responses of both reasoning styles are
lengthy, we present partial solutions targeting the
same linear system to clearly distinguish the two
reasoning styles and highlight the compression ef-
fect of DAC. Partial reasoning traces produced by
DAC and CoT are shown in Figures 10 and 11, re-
spectively, with the corresponding full solutions in
Listings 1 (3,328 tokens) and 2 (5,072 tokens).

Both DAC and CoT address the same algebraic
structure by introducing auxiliary variables to lin-
earize and solve the original system. However,
the DAC sub-solution adheres to a predefined sub-
problem decomposition, mapping each subprob-
lem directly to a necessary transformation or com-
putation, thereby avoiding redundant restatements
and self-corrections. In contrast, CoT reasoning
involves repeated verification and re-derivation of
intermediate results, which leads to longer and
less structured outputs. Consequently, DAC com-
presses reasoning primarily by reducing narrative
redundancy rather than simplifying the underlying
mathematics, resulting in shorter, more stable, and
more token-efficient reasoning traces.
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The Original Problem and Divided Subproblems

> > > Original Problem:

Let a, b, c be positive real numbers for which:

5

a
“ b ` c,

10

b
“ c ` a, and

13

c
“ a ` b.

If a ` b ` c “ m
n for relatively prime positive integers m and n,

compute m ` n.

> > > Divided Subproblems:

<SUBPROBLEM 1>
Rewrite the given equations into an equivalent algebraic system in-
volving a, b, and c.
</SUBPROBLEM 1>

<SUBPROBLEM 2>
Transform the system into a simpler form by introducing appropriate
substitutions or auxiliary variables.
</SUBPROBLEM 2>

<SUBPROBLEM 3>
Solve the resulting system to determine the values of the substituted
variables.
</SUBPROBLEM 3>

<SUBPROBLEM 4>
Recover the values of a, b, and c from the solved variables.
</SUBPROBLEM 4>

<SUBPROBLEM 5>
Compute a`b`c from the obtained solution and express it in lowest
terms.
</SUBPROBLEM 5>

Figure 9: The original problem from DAPO-Math-17k
and the decomposed subproblems in DAC reasoning.

Partial Response from DAC Reasoning

Now denote the variables: let:

- x “ ab
- y “ bc
- z “ ac

But notice that now:

- (1’) Ñ ab ` ac “ x ` z “ 5
- (2’) Ñ ab ` bc “ x ` y “ 10
- (3’) Ñ ac ` bc “ z ` y “ 13

Now we have a simpler linear system in terms of x, y, z:

$

’

&

’

%

x ` z “ 5

x ` y “ 10

y ` z “ 13

Add all three equations:

Left-hand side: x`z`x`y`y`z “ 2x`2y`2z “ 2px`y`zq

Sum of RHS = 5 ` 10 ` 13 “ 28

Thus:

2px ` y ` zq “ 28 ñ x ` y ` z “ 14

Now use individual equations:

- x ` z “ 5 Ñ x “ 5 ´ z
- From this, plug into x ` y “ 10: 5 ´ z ` y “ 10 Ñ y “ 5 ` z
- Now use y`z “ 13: left side becomes 5`z`z “ 5`2z “ 13
Ñ 2z “ 8 Ñ z “ 4

Then x “ 5 ´ z “ 1, y “ 5 ` 4 “ 9

So:

- ab “ x “ 1
- bc “ y “ 9
- ac “ z “ 4

Figure 10: A partial solution produced during DAC
conquering for the problem illustrated in Figure 9.

Partial Response from CoT Reasoning

So now, we have:

From first: ab ` ac “ 5

From second: ab ` bc “ 10

From third: bc ` ca “ 14? Wait no.

Wait solve carefully:

Wait first: ab ` ac “ 5

Second: ab ` bc “ 10

Third: from cpa ` bq “ 13: cpa ` bq “ ca ` cb “ 13

So indeed:

- ab ` ac “ 5 → (i)
- ab ` bc “ 10 → (ii)
- bc ` ca “ 13 → (iii)

But wait — we previously found ab ` bc ` ca “ 14

Wait now we have:

Add all three:

(i)+(ii)+(iii):

Left: ab ` ac ` ab ` bc ` bc ` ca

= 2ab ` 2bc ` 2ca

So:

2pab ` bc ` caq “ 5 ` 10 ` 13 “ 28

So 2pab ` bc ` caq “ 28 → ab ` bc ` ca “ 14 → matches
what we got earlier.

Good — consistent.

Now, let’s label:

Let:
- x “ ab
- y “ bc
- z “ ca

Then from above:

- x ` z “ 5 → (from ab+ac=ab+ac=x+z=5)
- x ` y “ 10
- y ` z “ 13

And x ` y ` z “ 14

Now solve this system.

From:
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(1) x ` z “ 5
(2) x ` y “ 10
(3) y ` z “ 13

Subtract (1) from (2): (2)-(1): px ` yq ´ px ` zq “ 10 ´ 5 ñ

y ´ z “ 5

From (3): y ` z “ 13

Now solve:

From (3) and (y-z=5):

Add them: py ` zq ` py ´ zq “ 13 ` 5 “ 18 ñ 2y “ 18 ñ

y “ 9

Then from y ` z “ 13, z “ 13 ´ 9 “ 4

From (2): x=10 - y =10 -9=1

From (1): x + z =1+4=5: yes, checks.

So:
- ab “ 1
- bc “ 9
- ca “ 4

Nice. So now we know:

- ab “ 1
- bc “ 9
- ca “ 4

Figure 11: A partial solution generated by CoT-style
reasoning for the problem illustrated in Figure 9.

G Implementation Details for Domain
Generalization Beyond Math

In Section 4.4, we evaluate models trained with
DAC-RL and CoT-RL on non-math benchmarks
to test cross-domain generalization. Here we de-
scribe the implementation details.

Benchmarks. We evaluate on six general rea-
soning benchmarks: GPQA-Diamond (Rein et al.,
2023) (198 graduate-level science questions),
ARC-Challenge (Clark et al., 2018) (1,172 science
questions), BBH (Suzgun et al., 2023) (27 sub-
tasks, 6,511 questions), HellaSwag (Zellers et al.,
2019) (10,042 sentence completion questions),
MMLU (Hendrycks et al., 2021) (14,042 ques-
tions across 57 subjects), and Winogrande (Sak-
aguchi et al., 2021) (1,267 coreference resolu-
tion questions). For coding, we evaluate on
HumanEval (Chen et al., 2021) (164 problems),
MBPP (Austin et al., 2021) (257 problems), Live-
CodeBench v6 (Jain et al., 2024) (175 problems
from recent contests), and CodeContests (Li et al.,
2022) (165 competition-level problems).

Inference. The maximum generation length is
set to 16,384 tokens for general reasoning bench-
marks and 32,768 tokens for coding benchmarks.
For DAC inference, the model first generates a

group of decomposed subproblems, then generates
a conquering solution conditioned on the subprob-
lems and the original problem, with ndivide “ 1
and nconquer “ 1. The prompts used for these eval-
uations closely follow the original math prompts
(Figure 12 and 13) in DAC-RL, with only the task
description modified from “You are given the fol-
lowing mathematical problem” to “You are given
the following reasoning problem”

Evaluation. For general reasoning benchmarks,
we apply task-specific evaluation: multiple-choice
questions (GPQA-Diamond, ARC-Challenge,
MMLU, HellaSwag, Winogrande) are evaluated
by extracting the predicted choice letter from the
model output using regex-based pattern matching
on the tail of the response; BBH is evaluated
via exact string match on the extracted freeform
answer. For coding benchmarks, we evaluate
using the all-pass rate: a problem is considered
solved if the generated code passes all evaluated
test cases. To improve efficiency, we cap the
evaluation at three test cases per problem in our
experiments.
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H Prompts

We present the prompts used in our framework,
including the division prompt and the conquer-
ing prompt, in Figures 12 and 13. During both
RL training and inference, the subproblem place-
holders in the conquering prompt are replaced
with the actual decomposed subproblems, follow-
ing the format “<SUBPROBLEM i> ¨ ¨ ¨ </SUB-
PROBLEM i>” as illustrated in Figure 13.

The Division Prompt

You are given the following mathematical problem:

{REPLACE}

Your task is NOT to solve the problem. Instead, break it down into
more than 3 subproblems that, if solved, would naturally lead to the
solution of the original problem.

Please follow this output format strictly (include more than 3 subprob-
lems as appropriate):

<SUBPROBLEM 1>
<first subproblem>
</SUBPROBLEM 1>

<SUBPROBLEM 2>
<second subproblem>
</SUBPROBLEM 2>

<SUBPROBLEM 3>
<third subproblem>
</SUBPROBLEM 3>

<SUBPROBLEM 4>
<fourth subproblem, if needed>
</SUBPROBLEM 4>

<SUBPROBLEM 5>
<fifth subproblem, if needed>
</SUBPROBLEM 5>

Do not provide any explanations or answers. Only list the subprob-
lems using the tags <SUBPROBLEM x> and </SUBPROBLEM x>
as shown.

Figure 12: The division prompt for dividing the origi-
nal problem into subproblems.

The Conquering Prompt

You are given a challenging math problem and its decomposition into
subproblems.

## Your task is to:

1. Solve the **subproblems sequentially** (in the given order).
2. Show detailed reasoning for each subproblem.
3. **Do not use ‘zzboxed‘ when solving subproblems.**
4. After solving all subproblems, combine their results to solve the
**original problem**.
5. Present the final answer to the original problem **only once, en-
closed in ‘zzboxed{}‘**.

## Input

**Original Problem:**
{REPLACE}

**Subproblems:**

<SUBPROBLEM 1>
<first subproblem>
</SUBPROBLEM 1>

<SUBPROBLEM 2>
<second subproblem>
</SUBPROBLEM 2>

<SUBPROBLEM 3>
<third subproblem>
</SUBPROBLEM 3>

<SUBPROBLEM 4>
<fourth subproblem, if needed>
</SUBPROBLEM 4>

<SUBPROBLEM 5>
<fifth subproblem, if needed>
</SUBPROBLEM 5>
—

## Final Instruction
* First, go through the subproblems one by one with detailed reason-
ing.
* Finally, derive the answer to the **original problem** and present it
in the format:

$$
zboxed{ztext{final answer here}}
$$

Figure 13: The conquering prompt for solving the sub-
problems and the original problem.
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Listing 1: The full solution generated during DAC con-
quering for the problem illustrated in Figure 9.
We are given that $ a, b, c > 0 $ are real numbers
satisfying:

$$
\frac{5}{a} = b+c \tag{1}
$$
$$
\frac{10}{b} = c+a \tag{2}
$$
$$
\frac{13}{c} = a+b \tag{3}
$$

Our goal is to determine $ a + b + c $ in the form $
\frac{m}{n} $ with $ \gcd(m, n) = 1 $, then compute
$ m+n $.

---

## <SUBPROBLEM 1> Rewrite the given equations into
an equivalent algebraic system involving $a$, $b$,
and $c$.

Start by treating this system algebraically as a
consistent system with three equations and three
variables.

We are to solve for three positive real numbers $ a,
b, c $ satisfying:

$$
(b+c)a = 5 \Rightarrow ab + ac = 5 \tag{1’}
$$
$$
(c+a)b = 10 \Rightarrow bc + ab = 10 \tag{2’}
$$
$$
(a+b)c = 13 \Rightarrow ac + bc = 13 \tag{3’}
$$

Now we have the symmetric-looking expressions.

We have:

(1’) $ ab + ac = 5 $

(2’) $ ab + bc = 10 $

(3’) $ ac + bc = 13 $

Now denote the variables: let:

- $ x = ab $
- $ y = bc $
- $ z = ac $

But notice that now:
- (1’) -> $ ab + ac = x + z = 5 $
- (2’) -> $ ab + bc = x + y = 10 $
- (3’) -> $ ac + bc = z + y = 13 $

Now we have a simpler linear system in terms of $ x,
y, z $:

$$
\begin{cases}
x + z = 5 \\
x + y = 10 \\
y + z = 13 \\
\end{cases}
$$

Add all three equations:

Left-hand side: $ x + z + x + y + y + z = 2x + 2y +
2z = 2(x+y+z) $

Sum of RHS = $ 5 + 10 + 13 = 28 $

Thus:
$$
2(x+y+z)=28 \Rightarrow x+y+z=14
$$

Now use individual equations:

- $ x + z = 5 $ -> $ x = 5 - z $
- From this, plug into $ x + y = 10 $: $ 5 - z + y =
10 $ -> $ y = 5 + z $
- Now use $ y + z = 13 $: left side becomes $ 5 + z
+ z = 5 + 2z = 13 $
-> $ 2z = 8 $ -> $ z = 4 $

Then $ x = 5 - z = 1 $, $ y = 5 + 4 = 9 $

So:

- $ ab = x = 1 $
- $ bc = y = 9 $
- $ ac = z = 4 $

Now use these derived values.

From:
- $ ab = 1 $ -> $ b = \frac{1}{a} $
- $ ac = 4 $ -> $ c = \frac{4}{a} $
- $ bc = 9 $

Let’s now compute $ bc $ using those:

$ b = 1/a $, $ c = 4/a \Rightarrow bc = (1/a)(4/a) =
4 / a^2 $

But from equation, $ bc = 9 \Rightarrow \frac{4}{a
^2} = 9 \Rightarrow a^2 = \frac{4}{9} \Rightarrow a
= \frac{2}{3} $, since $ a>0 $

Now we can get:

- $ b = \frac{1}{a} = \frac{1}{2/3} = \frac{3}{2} $
- $ c = \frac{4}{a} = \frac{4}{2/3} = 4 \cdot \frac
{3}{2} = 6 $

### Check if all equations hold

Now compute:

1. $ \frac{5}{a} = 5 / (2/3) = 5 \cdot 3/2 = 15/2 =
7.5 $

Left: $ b + c = 3/2 + 6 = 3/2 + 12/2 = 15/2 $ -> OK

2. $ \frac{10}{b} = 10 \div (3/2) = 10 \cdot 2 / 3 =
20/3 \approx 6.666 $

Left: $ c + a = 6 + 2/3 = (18+2)/3 = 20/3 $ -> OK

3. $ \frac{13}{c} = 13 / 6 \approx 2.1666 $

Left: $ a + b = 2/3 + 3/2 = $ find common
denominator:

LCM of 3 and 2 is 6 -> $ \frac{4}{6} + \frac{9}{6} =
13/6 $ -> Yes

So left = 13/6, right = 13 / 6 -> OK

Perfect.

### Final values:
$$
a = \frac{2}{3},\quad b = \frac{3}{2},\quad c = 6
$$

Now compute $ a + b + c $:

Compute sum:

First write everything over 6:
- $ a = 2/3 = 4/6 $
- $ b = 3/2 = 9/6 $
- $ c = 6 = 36/6 $

Sum: $ \frac{4+9+36}{6} = \frac{49}{6} $

So $ a + b + c = \frac{49}{6} $

Now since $ \gcd(49, 6) = 1 $, this fraction is
already reduced.

Then $ m = 49, n = 6 $ -> so answer is $ m+n = 49 +
6 = 55 $

Wait - this seems to directly solve the problem.

But to ensure completeness, let’s go through the
other subproblems to confirm structure and
uniqueness.

---

## <SUBPROBLEM 2> Transform the system into a
simpler form by introducing appropriate
substitutions or auxiliary variables.

This question is really looking to see whether an
interpretation in geometric terms, such as triangle-
like inequalities, symmetry structures, monotonicity
, etc., exists.
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But observe:

The equations involve symmetry broken by
coefficients: 5,10,13 -> not symmetric.

Equations like:

- $ 5/a = b + c \Rightarrow b + c > 0 $ (always true
), and (b + c) is inversely proportional to a -> so
if a is small, b + c is large -> but constrained.

Interestingly, we have:

Each variable appears in an inversion (via
reciprocal), such as $ 1/a $ is proportional to (b +
c). So all variables appear in such reciprocal-sum

form.

We might interpret this as a symmetric-looking "
harmonic-type" system.

Think about coefficients:

If a, b, c were symmetrically related, total
expressions might balance.

But here the constants: 5,10,13 -> increasing ->
related to $ \frac{5}{a}, \frac{10}{b},\frac{13}{c}
$

So the reciprocals have degrees increasing with
index.

Alternatively, for such problems involving harmonic
variables, it’s common to transform into symmetric
forms.

In fact, our solution found in subproblem 1
completely worked out algebraically.

So geometric or structural insight might not be
essential; instead this problem is algebraic.

But note the **structure**:

Define $ ab + ac = 5 $, etc. - each pair of products
involving product between two variables equals

something.

Indeed, such expressions (sums of pairwise products)
with three variables suggest symmetric systems.

That’s why we used substitutions.

In such systems, under positivity, solutions may be
unique.

Moreover, as the functions involved are rational,
and the equations are algebraic, and only one
solution exists (we found one via direct
substitution), we may expect uniqueness.

But we’ll confirm.

This soul-bond between pairs may suggest a symmetric
substitution.

Note that when we treated in terms of ab, bc, ca, we
got linear equations - very structured.

So the structure is algebraic and symmetric in form
with triple product structure. In particular, the
system is symmetric under reindexing where the input
constraints (5,10,13) are associated with a,b,c

respectively - not symmetric.

So not symmetric.

But the symmetric-like pairing ($ab + ac, ab + bc,
ac + bc$) does suggest a linear algebraic structure.

We derived the three values uniquely under $a > b >
c$ (verify: a = 2/3 = 0.67, b = 1.5, c =6 -> c > b >
a -> actually monotonically decreasing in value),

and all values positive, so uniquely determined via
constraints.

So, structural constraints include:

- All variables > 0 -> positivity applies strictly
because all terms positive.

- Substitution leads to a system solvable via linear
system in products.

- Each of the pairwise products has unique
definition under positivity -> forcing unique

solution.

So no ambiguity.

Note also that the total sum $ S = a + b + c $ is
uniquely determined.

So there can be only one such positive solution.

So geometric picture - maybe not meaningful?

Alternatively, perhaps there’s a physical
interpretation: like resistors or harmonic mean -
but seems forced.

Rather than deep geometry, we see the equations
impose independent constraints.

So key structural insight:

- The problem is constrained to three variables with
three equations involving symmetric pairwise
products via linear conversion.
- The constraints mix variables in such ways that
the variables can be uniquely solved under
positivity.

Also, each expression is proportional to sum of the
*other two variables*:
- E.g., 5/a = b + c -> so b and c are parts forming
5/a -> similar to "sum of two variables is
reciprocal"

This suggests that each sum is related to the
reciprocal of variable.

Think of it in terms of harmonic means:

We know $ \frac{1}{x} = \frac{1}{a} $, and $ b + c \
propto \frac{5}{a} \Rightarrow \frac{b+c}{5} = \frac
{1}{a} \Rightarrow \frac{1}{a} \propto \text{sum of
} b+c $

This suggests some harmonic-like character (a
variable’s reciprocal is linear in sum of others),
hence it’s similar to dual-type identities.

Nothing strong geometric, so likely algebraic in
nature and solved directly as done.

---

## <SUBPROBLEM 3> Solve the resulting system to
determine the values of the substituted variables.

Note that we are only asked for such an $ a,b,c $:
and it is uniquely determined under positivity,
since:

Since all variables are positive and the constraint
equations are algebraic and fully determined, **the
solution must be unique**.

Moreover, the function $ f(a,b,c) = a + b + c $ is
strictly minimized or maximized not really, because
we are asked to find one such triple, and it’s
uniquely determined.

Moreover, if we tried to perturb any variable
slightly, the constraint will be broken - because
the functions are strictly decreasing or increasing
nonlinearly.

For example: The function $ \frac{5}{a} $ is
strictly decreasing in $ a $, while sum $ b + c $ is
increasing when $ a $ falls.

But in practice, we have determined a stable point.

So this triple is structural - the only satisfying
one for positive reals.

Therefore, minimal or maximal configuration - such
as minimal sum? But already the sum is uniquely
fixed.

So parts:

- There is **only one feasible solution for positive
reals**, hence no minimal or maximal; only one.

So such configurations are unique.

Hence, under constraints, only one such triple.

So answer so far is well-defined and unique.
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---

## <SUBPROBLEM 4> Recover the values of $a$, $b$,
and $c$ from the solved variables.

Done completely above, via algebra.

We found:
- $ a = \frac{2}{3}, b = \frac{3}{2}, c = 6 $

We already verified the constraints and the sum is:

$$
a + b + c = \frac{2}{3} + \frac{3}{2} + 6
$$

We can compute step-by-step:

Convert all to sixths:

- $ \frac{2}{3} = \frac{4}{6} $
- $ \frac{3}{2} = \frac{9}{6} $
- $ 6 = \frac{36}{6} $

Add -> $ (4+9+36)/6 = 49 /6 $

Thus:

$ a + b + c = \frac{49}{6} $

So the sum is $ \frac{49}{6} $, a fraction in lowest
terms.

So this is the requested value for $ m, n $.

---

## <SUBPROBLEM 5> Compute $a+b+c$ from the obtained
solution and express it in lowest terms.

We address uniqueness.

We have 3 equations in 3 variables.

The equations were:

(1): $ ab + ac = 5 $

(2): $ ab + bc = 10 $

(3): $ ac + bc = 13 $

In effect: three equations involving the symmetric
products ab, bc, ac.

We solved the linear system for ab, bc, ac -> that
system was triangular, with unique solution.

Then from $ ab=1, bc=9, ac=4 $, and from symmetry of
variables, we derived only one positive solution (

all variables positive), due to unilateral
constraints (only positive reals allowed).

Suppose we try a negative variable -> but variables
are defined as positive -> all constraints violated.

For instance, if one of the variables were negative,
$ b+c $ could be negative or positive - but $ \frac

{5}{a} >0 $, so RHS must be positive -> so each side
is positive -> so $ b+c>0 $ etc.

So all values are forced to be positive.

And each equation contains two variables in products
(whose sum is linear), so movement in one variable

entails constraints on others.

Now, we derived all entries from linear system
uniquely.

So the entire system, given positivity and real
numbers, has only one such triple.

Therefore:

- **Uniqueness**: yes - due to linearly independent
equations in the pairwise products; and the
positivity constraints.

- **Existence**: we have one such triple.

- Conditions: positivity, and algebraic equation
solvability as above.

Hence, the solution is uniquely determined.

---

## Final Computation

We have found that, under the constraints, the only
triple of positive reals is:

$ a = \frac{2}{3},\ b = \frac{3}{2},\ c=6 $

Sum: $ \frac{49}{6} $

Express as reduced fraction: already reduced since $
\gcd(49,6)=1 $

So $ m = 49, n = 6 $, $ m+n = 55 $

---

$$
\boxed{55}
$$

Listing 2: The full solution generated by CoT-style rea-
soning for the problem illustrated in Figure 9.
We are given the following system of equations with
positive real numbers $ a, b, c $:

$$
\frac{5}{a} = b + c \quad \text{(1)}
$$
$$
\frac{10}{b} = c + a \quad \text{(2)}
$$
$$
\frac{13}{c} = a + b \quad \text{(3)}
$$

Our goal is to find $ a + b + c = \frac{m}{n} $,
with $ m, n $ relatively prime positive integers,
and then compute $ m+n $.

---

### Step 1: Set $ S = a + b + c $

From (1):
$ \frac{5}{a} = b + c $

But $ b + c = S - a $, so:

$$
\frac{5}{a} = S - a \quad \text{(1’)}
$$

Multiply both sides by $ a $:

$$
5 = a(S - a) = aS - a^2
\Rightarrow aS - a^2 = 5 \quad \text{(A)}
$$

Similarly from (2):
$ \frac{10}{b} = c + a = S - b $

So:

$$
\frac{10}{b} = S - b \Rightarrow 10 = b(S - b) = bS
- b^2 \quad \text{(2’)}
$$

$$
bS - b^2 = 10 \quad \text{(B)}
$$

And from (3):
$ \frac{13}{c} = a + b = S - c $

So:

$$
\frac{13}{c} = S - c \Rightarrow 13 = c(S - c) = cS
- c^2 \quad \text{(3’)}
$$

$$
cS - c^2 = 13 \quad \text{(C)}
$$

So we now have:

- (A): $ aS - a^2 = 5 $
- (B): $ bS - b^2 = 10 $
- (C): $ cS - c^2 = 13 $
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We can solve each for $ a^2, b^2, c^2 $ or directly
solve for $ a,b,c $ in terms of $ S $, then sum them
.

---

### Step 2: Express $ a, b, c $ from each equation

From (A):

$$
aS - a^2 = 5 \Rightarrow a^2 - aS + 5 = 0 \quad \
text{wait: sign}
$$

Wait: $ aS - a^2 = 5 \Rightarrow -a^2 + aS - 5 = 0 \
Rightarrow a^2 - aS + 5 = 0? No: signs reversed.

Wait:

Equation:
$ aS - a^2 = 5 $

Bring all to left:

$ aS - a^2 - 5 = 0 \Rightarrow -a^2 + aS - 5 = 0 $

Multiply both sides by $-1$:

$ a^2 - aS + 5 = 0 $? Wait:

No:

Negative times: $ a^2 - aS + 5 = 0 $? Let’s plug in.

Actually:

$ -a^2 + Sa - 5 = 0 $

Multiply both sides by -1:
$ a^2 - Sa + 5 = 0 $

Wait, that would be $ a^2 - Sa + 5 = 0 $, but
original is $ Sa - a^2 = 5 $

Check:
Left side: $ Sa - a^2 $, then $ Sa - a^2 - 5 = 0 $
-> $ -a^2 + Sa - 5 = 0 $ -> multiply by -1: $ a^2 -
Sa + 5 = 0 $

But that means $ a^2 - S a + 5 = 0 $

Wait, but if real roots: discriminant $ S^2 - 4*1*5
= S^2 -20 $

Can’t be negative. Since $ a > 0 $, so that’s okay.

But go back - is this equation right?

Wait:

Equation (A): $ Sa - a^2 = 5 $

Then $ -a^2 + Sa - 5 = 0 $

Yes -> multiply both sides by -1: $ a^2 - Sa + 5 = 0
$

Wait - that’s inconsistent: from $ Sa - a^2 = 5 $,
then $ Sa - a^2 = 5 $.
Then $ -a^2 + Sa = 5 $

Then rearranged: $ a^2 - Sa = -5 $? Yes.

That’s better.

Wait, I think I made a sign error in the switch.

So instead:

From (A):
$ Sa - a^2 = 5 $
-> $ -a^2 + Sa - 5 = 0 $

Multiply through by -1:
$ a^2 - Sa + 5 = 0 $? Wait -> no:

$ -(-a^2 + Sa - 5) = a^2 - Sa + 5 $? Wait: only if
we negate the entire equation.

Yes.

If $ -a^2 + Sa - 5 = 0 $, then multiplying by -1:
$ a^2 - Sa + 5 = 0 $

Wait but original is positive. So if a solution

exists, check.

But for small $ S $, maybe $ a $ is small.

Wait, better not to multiply - keep as:

From $ Sa - a^2 = 5 $

We can solve quadratic:

$ a^2 - Sa + 5 = 0 $? Wait, no.

Wait:

$ -a^2 + Sa - 5 = 0 $

Multiply both sides by -1:
$ a^2 - Sa + 5 = 0 $

Yes.

So quadratic:

$$
a^2 - Sa + 5 = 0 \quad \text{(A’)}
$$

Wait - if this is correct, then roots of $ a^2 - Sa
+ 5 =0 $

But this means $ a = \frac{S \pm \sqrt{S^2 - 20}}{2}
$

Similarly, for (B): $ bS - b^2 = 10 $

So $ -b^2 + bS -10 = 0 $

-> Multiply by -1: $ b^2 - Sb + 10 = 0 $

-> $ b = \frac{S \pm \sqrt{S^2 - 40}}{2} $

Similarly (3): $ cS - c^2 =13 $

-> $ c^2 - S c +13 =0 $

Wait, let’s check:

From $ cS - c^2 =13 $

-> $ -c^2 + cS =13 $

-> $ c^2 - cS +13 =0 $? No:

Again: move things:

$ -c^2 + Sc -13 =0 $

-> multiply by -1: $ c^2 - Sc +13 =0 $

Wait same process.

Wait -> from $ Sc - c^2 =13 $

-> $ -c^2 + Sc -13 =0 $

Multiply by -1: $ c^2 - Sc +13 =0 $

Wait -> so yes:

We get quadratics:

- $ a^2 - S a + 5 = 0 $ -> (A’)
- $ b^2 - S b + 10 = 0 $ -> (B’)
- $ c^2 - S c + 13 = 0 $ -> (C’)

Wait - but that suggests a, b, c satisfy such
quadratics, but we also know $ a + b + c = S $

So from each:

We solve for $ a, b, c $:

- $ a = \frac{S \pm \sqrt{S^2 - 20}}{2} $
- $ b = \frac{S \pm \sqrt{S^2 - 40}}{2} $
- $ c = \frac{S \pm \sqrt{S^2 - 52}}{2} $

Wait, because quadratic:

$ x^2 - Sx + k =0 $ -> solutions $ x = \frac{S \pm \
sqrt{S^2 - 4k}}{2} $

Wait, in (A): equation: $ a^2 - Sa +5=0 $ -> so
discriminant $ S^2 - 4*1*5 = S^2 - 20 $, so roots:

$ a = \frac{S \pm \sqrt{S^2 - 20}}{2} $

Similarly, for (B): $ S^2 - 40 $
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c: $ S^2 - 52 $

But since $ a,b,c > 0 $, we must pick the correct
sign.

Let us see: Assume that values are less than S (
since they are positive). Since $ a + b + c = S $,
and all positive, each must be less than S.

Now, the roots of $ x^2 - Sx + k=0 $:

The sum is $ S $, so average is $ S/2 $. For each
pair.

So the roots are symmetric about $ S/2 $.

But we have $ a = \frac{S \pm d_a}{2} $, with $ d_a
= \sqrt{S^2 -20} $

Let’s calculate both roots:

$ a_+ = \frac{S + \sqrt{S^2 - 20}}{2} $

$ a_- = \frac{S - \sqrt{S^2 - 20}}{2} $

Now, since $ a < S $, and both roots are less than S
? First, $ a_+ < S $? Yes.

But is $ a_+ > S/2 $? Yes.

We need $ a + b + c = S $. So now suppose we pick
all roots equal to the minus version? Unlikely.

But since $ a, b, c >0 $, and sum to $ S $, we need
$ a,b,c < S $.

Now, the two roots: one is $ S/2 + d/2 $, one $ S/2
- d/2 $

Since $ d = \sqrt{S^2 - 4k} $, and $ k>0 $, small.

But if we take the larger root: for a, $ a_+ > S/2 $

Likewise, $ a_- < S/2 $

Similarly for others.

But if we take the larger root for all three, their
total sum can be?

Wait: suppose we take:

a: $ \frac{S + \sqrt{S^2 -20}}{2} $

b: $ \frac{S + \sqrt{S^2 -40}}{2} $

c: $ \frac{S + \sqrt{S^2 -52}}{2} $

Then sum:

$ S/2 *3 + \frac{1}{2}(\sqrt{S^2-20} + \sqrt{S^2-40}
+ \sqrt{S^2-52}) = $

= $ \frac{3S}{2} + \frac{1}{2}(\cdots) $

But this would be > $ \frac{3S}{2} > S $ unless $ S
<0 $ - not possible.

So impossible. So cannot pick all as larger root.

Similarly, if pick all as smaller roots:

$ a_- = \frac{S - \sqrt{S^2 -20}}{2} $

Then sum:

$ \frac{3S}{2} - \frac{1}{2}( \sqrt{S^2-20} + \sqrt{
S^2-40} + \sqrt{S^2-52} ) $

This sum is likely less than $ S $, since the
subtracted term is positive.

So we need to pick two big and one small, or other
combinations.

But maybe none of them work. Perhaps only one of
them is chosen.

Since $ a, b, c $ are symmetric in sum, maybe the
values are such that the terms are picked
consistently.

Alternative idea: add the three equations:

We have:

From (1’), (2’), (3’):

We can write equations:

$ aS - a^2 = 5 $

$ bS - b^2 =10 $

$ cS - c^2 =13 $

Add them together:

$ S(a + b + c) - (a^2 + b^2 + c^2) = 5 + 10 + 13 =
28 $

But $ a + b + c = S $, so first term: $ S \cdot S =
S^2 $

So:

$$
S^2 - (a^2 + b^2 + c^2) = 28 \quad \text{(D)}
$$

Also, we can find $ a^2 + b^2 + c^2 $ in terms of $
(a+b+c)^2 $

$ (a + b + c)^2 = a^2 + b^2 + c^2 + 2(ab + bc + ca)
$

So:

$ S^2 = (a^2 + b^2 + c^2) + 2(ab+bc+ca) $

From (D):

$ a^2 + b^2 + c^2 = S^2 - 28 $

Plug in:

$ S^2 = (S^2 - 28) + 2(ab + bc + ca) $

Then:

$ S^2 = S^2 -28 + 2(ab+bc+ca) $

Then:

$ -28 = -2(ab+bc+ca) $

So $ ab + bc + ca = 14 $

Nice.

So now we know:
- $ S = a+b+c $
- $ ab + bc + ca =14 $
- $ a^2 + b^2 + c^2 = S^2 -28 $

Now go back to the equations.

From earlier, we have expressions for $ b + c = \
frac{5}{a} $, etc.

From (1): $ b + c = \frac{5}{a} $

But $ b + c = S - a $

So again $ S - a = \frac{5}{a} $ -> $ a(S - a)=5 $

Same as before: $ aS - a^2 = 5 $

Since $ (b + c) = S - a = 5/a $

Similarly, $ S - b = 10/b $, etc.

Now, we already now that $ ab + bc + ca = 14 $

Now, we can use:

We know $ a(S - a) = 5 $

Similarly $ b(S - b) =10 $, $ c(S - c)=13 $

Wait that’s more useful.

Let’s write:

$ a(S - a)=5 $

-> $ aS -a^2 =5 $

But also we know $ ab + bc + ca =14 $

Now, perhaps we can express $ ab + bc + ca $ using
these expressions.
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We know from above:

We also know from equations that:

Since $ b + c = S - a $, we can write $ ab + ac = a(
b+c) = a(S - a) =5 $

Wait! Spot:

From $ b + c = S - a $, multiply by $ a $:

$ a(b + c) = a(S - a) $

But left side is $ ab + ac $, so:

$$
ab + ac = a(S - a) =5
$$

Similarly, by symmetry:

From equation (2), $ c + a = 10 / b $

Then, multiply both sides by $ b $:

$ b(c + a)=10 $, so $ bc + ab = 10 $

Wait - so:

$ ab + bc = 10 $

Wait no:

Wait: $ c+a = S - b $, and from (2), $ S - b = 10 /
b $ -> so:

$ b(c + a) = 10 $

But $ b(c + a) = bc + ab $

Thus:

$ ab + bc = 10 $

Similarly, equation (3): $ a + b = 13 / c $, so $ c(
a+b) =13 $

So $ ca + cb = 13 $

That is:

$ ca + cb =13 $

So now, we have:

From first: $ ab + ac =5 $

From second: $ ab + bc =10 $

From third: $ bc + ca=14 $? Wait no.

Wait solve carefully:

Wait first: $ ab + ac =5 $

Second: $ ab + bc =10 $

Third: from $ c(a+b)=13 $: $ c(a+b)=ca+cb=13 $

So indeed:

- $ ab + ac = 5 $ -> (i)
- $ ab + bc =10 $ -> (ii)
- $ bc + ca =13 $ -> (iii)

But wait - we previously found $ ab+bc+ca =14 $

Wait now we have:

Add all three:

(i)+(ii)+(iii):

Left: $ ab + ac + ab + bc + bc + ca $

= $ 2ab + 2bc + 2ca $

So:

$ 2(ab + bc + ca) = 5+10+13=28 $

So $ 2(ab+bc+ca)=28 $ -> $ ab+bc+ca =14 $ -> matches
what we got earlier.

Good - consistent.

Now, let’s label:

Let:
- $ x = ab $
- $ y = bc $
- $ z = ca $

Then from above:

- $ x + z =5 $ -> (from ab+ac=ab+ac=x+z=5)
- $ x + y =10 $
- $ y + z =13 $

And $ x+y+z =14 $

Now solve this system.

From:

(1) $ x + z =5 $

(2) $ x + y =10 $

(3) $ y + z =13 $

Subtract (1) from (2): (2)-(1):
$ (x + y) - (x+z) =10 -5 \Rightarrow y - z = 5 $

From (3): $ y + z =13 $

Now solve:

From (3) and (y-z=5):

Add them:
$ (y+z)+(y-z)=13+5=18 \Rightarrow 2y=18 \Rightarrow
y=9 $

Then from $ y + z=13 $, $ z = 13 -9 =4 $

From (2): x=10 - y =10 -9=1

From (1): x + z =1+4=5: yes, checks.

So:
- $ ab = 1 $
- $ bc =9 $
- $ ca =4 $

Nice.

So now we know:

- $ ab = 1 $
- $ bc = 9 $
- $ ca = 4 $

Now we can find $ a, b, c $ from these?

We know:

From $ ab=1 $ -> $ b = \frac{1}{a} $

From $ ca=4 $ -> $ c = \frac{4}{a} $

Now plug into another: $ bc =9 $

$ b = \frac{1}{a} $, $ c = \frac{4}{a} $

So $ b \cdot c = \frac{1}{a} \cdot \frac{4}{a} = \
frac{4}{a^2} $

We know this should be 9.

So:

$$
\frac{4}{a^2} = 9
\Rightarrow a^2 = \frac{4}{9}
\Rightarrow a = \frac{2}{3} \quad (\text{positive
since } a>0)
$$

Now compute $ b $ and $ c $:

From $ ab =1 $ -> $ b = \frac{1}{a} = \frac{3}{2} $

From $ ca =4 $ -> $ c = \frac{4}{a} = 4 \times \frac
{3}{2} = 6 $

Wait: $ a = 2/3 $, so $ c = 4 / (2/3) = 4 * 3 / 2 =
6 $

Yes.

Check $ bc $: $ b = 3/2 $, $ c=6 $, so $ bc= 3/2 *6
= 9 $: yes.
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Check $ ab = (2/3)(3/2)=1 $: yes.

Now we have $ a = \frac{2}{3} $, $ b = \frac{3}{2} $
, $ c=6 $

Now compute $ S = a + b + c $

$$
S = \frac{2}{3} + \frac{3}{2} + 6
$$

We compute this:

Common denominator: 6

$ \frac{2}{3} = \frac{4}{6} $
$ \frac{3}{2} = \frac{9}{6} $
$ 6 = \frac{36}{6} $

Sum: $ \frac{4+9+36}{6} = \frac{49}{6} $

So $ S = \frac{49}{6} $

Now - check if this satisfies original equations.

### Check equation (1): $ \frac{5}{a} = b + c $?
$ a = 2/3 $ -> $ 5 / (2/3) = 5 * 3 / 2 = 15/2 =7.5 $

Now $ b + c = 3/2 + 6 = 3/2 + 12/2 = 15/2 $: yes ->
7.5 -> correct

### Equation (2): $ \frac{10}{b} = c + a $?
$ b = 3/2 $: $ 10 / (3/2)= 10 \cdot 2/3 = 20/3 \
approx 6.666 $

$ c + a = 6 + 2/3 = 18/3 + 2/3 = 20/3 $ -> yes

### Equation (3): $ \frac{13}{c} = a + b $?
$ c=6 $: $ 13 /6 \approx 2.166 $

$ a + b = 2/3 + 3/2 = 4/6 + 9/6 = 13/6 $ -> equals $
13/6 $: yes

Perfect -> all match.

Thus, $ a + b + c = \frac{49}{6} $

Now $ m =49 $, $ n=6 $: relatively prime?
Yes, gcd(49,6)=1 since 49=7^2, 6=2 \times 3 -> no
common factors.

Thus $ m+n=49+6 = \boxed{55} $

### Final Answer:

$ \boxed{55} $
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