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Abstract

We propose Lizard, a linearization framework
that transforms pretrained Transformer-based
Large Language Models (LLMs) into sub-
quadratic architectures. Transformers faces se-
vere computational and memory bottlenecks
with long sequences due to the quadratic com-
plexity of softmax attention and the growing
Key-Value (KV) cache that makes inference
memory-bound by context length. Lizard ad-
dresses these limitations by introducing a sub-
quadratic attention mechanism that closely ap-
proximates softmax attention while preserving
model quality. Unlike prior linearization meth-
ods constrained by fixed, non-adaptive struc-
tures, Lizard augments the architecture with
compact, learnable modules that enable adap-
tive memory control and robust length gener-
alization. Moreover, we introduce a hardware-
aware algorithm that solves numerical instabil-
ity in gated attention to accelerate training. Ex-
tensive experiments show that Lizard achieves
near-lossless recovery of its teacher model’s
performance, significantly outperforming pre-
vious methods by up to 9.4 - 24.5 points on the
5-shot MMLU benchmark and demonstrating
superior associative recall.

1 Introduction

Large Language Models (LLMs) based on Trans-
former architectures have achieved impressive ad-
vances in natural language processing across var-
ious tasks (Grattafiori et al., 2024; Mann et al.,
2020; Achiam et al., 2023). However, their re-
liance on softmax attention with quadratic time
and memory complexity poses significant limita-
tions for long-context applications, both during
training and inference. In particular, the softmax
attention computation scales quadratically with the
sequence length, while the key-value (KV) cache
grows linearly during generation, resulting in sig-
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nificant computational and memory overhead for
long-context sequences (Adnan et al., 2024).
Recent work has proposed linear and sub-
quadratic alternatives to softmax attention (Yang
et al., 2024; Gu and Dao, 2023; Peng et al., 2023b;
Wang et al., 2020; Dao and Gu, 2024), enabling
linear-time training and constant-memory infer-
ence. However, despite these efficiency benefits,
pretraining LL.Ms with such architectures from
scratch requires massive training budgets, often
involving trillions of tokens. More importantly,
models trained with linear attention mechanisms
from scratch consistently underperform on tasks
that require in-context learning and retrieval. For
example, Transformer models significantly outper-
form both Mamba and Mamba-2 by up to 15 points
on the 5-shot MMLU benchmark when all are pre-
trained under the same settings (Waleffe et al.). An-
other promising direction involves linearizing pre-
trained Transformer-based LLMs by replacing their
softmax attention modules with subquadratic alter-
natives (Zhang et al.; Mercat et al., 2024; Zhang
et al., 2025; Wang et al., 2024; Lan et al., 2025).
This strategy aims to retain the rich capabilities of
models trained on trillions of tokens while inher-
iting the efficiency of subquadratic architectures.
However, existing linearization methods have con-
sistently fallen short on two key goals: (1) preserv-
ing performance parity with the teacher model, and
(2) enabling robust long-context generalization.
These shortcomings stem from two core archi-
tectural limitations. First, existing approaches lack
mechanisms for adaptive memory control. Meth-
ods like LoOLCATs (Zhang et al., 2025) overlook
the sophisticated gating mechanisms critical for
modulating contextual information in modern re-
current models. Others like Liger (Lan et al.,
2025) attempts to a gate but constrains it to a fixed,
parameter-free pooling operation. While parameter-
efficient, this non-learnable transformation creates
an information bottleneck that prevents the model
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Figure 1: An overview of the Lizard Attention architecture. Lizard replaces standard attention with a hybrid
mechanism that combines Gated Linear Attention (top) for global context compression and Anchor Window
Attention (bottom) for local precision. The components highlighted in red the feature maps (¢), the gating module
(W), and the meta-memory tokens () represent the compact, learnable modules that are augmented to the teacher

architecture.

from learning optimal memory dynamics. These ar-
chitectural choices lead to substantial performance
degradation: on the 5-shot MMLU benchmark,
LoLCATs lags behind its teacher model by 13.8
points, while Liger exhibits a 21.9 point drop. Sec-
ond, these methods fail at length extrapolation due
to their reliance on fixed positional encodings. By
retaining Rotary Positional Embeddings (RoPE)
(Su et al., 2024) from the pretrained teacher, these
models are restricted to the sequence lengths seen
during training. This design fails to leverage the
extrapolation capabilities inherent in recurrent for-
mulations and prevents the models from achieving
true long-context generation.

In this paper, we introduce Lizard (Linearizing
Softmax Attention with Recurrent Gate Dynamics),
an efficient framework for linearizing LLMs.
Unlike prior methods that strictly preserve the
teacher’s architecture, Lizard adopts a fundamen-
tally different design philosophy: it introduces com-
pact, learnable modules to enable adaptive mem-
ory control and data-driven positional modeling,
thereby bridging the expressivity-efficiency gap.
At the core of this approach, Lizard is augmented
with a learnable gating module that forms a data-
adaptive recurrent structure. This module serves
two primary purposes. First, it acts as a data-
dependent alternative to fixed positional encodings
like RoPE, allowing the model to learn relative posi-
tional information through adaptive decay patterns
for enhanced length generalization. Second, its

gated recurrent structure provides a dynamic mem-
ory management mechanism, enabling the model
to control the retention and forgetting of past to-
kens to improve associative recall. Furthermore,
to fully recover the expressiveness of softmax at-
tention, the globally-aware gated attention is then
combined with Anchor Window Attention, a mech-
anism that augments local attention with learnable
meta-memory tokens. This hybrid framework as-
signs a specialized role to each component: the
gated module captures global context in a com-
pressed form, while the Anchor Window Attention
preserves the fine-grained precision of local inter-
actions, resulting in a high-quality approximation
of softmax attention.

To complement these architectural innovations,
we address a critical implementation bottleneck
that hinders the efficiency of gated recurrent mod-
els. Standard gated linear attention is often numeri-
cally unstable in low-precision formats. This insta-
bility forces a reliance on inefficient, full-precision
computations, preventing the full utilization of
modern hardware accelerators like tensor cores
(Yang et al., 2024). We introduce a hardware-aware
algorithm that solves this by reparameterizing the
attention computation, making it compatible with
tensor core units and improving training throughput
by up to 32%.

Our contributions are as follows:

* We propose Lizard, a linearization framework
that converts pretrained Transformers into sub-

34936



quadratic architectures with near-lossless per-
formance recovery. Lizard significantly out-
performs prior methods, improving by up to
9.4 - 24.5 points on 5-shot MMLU and demon-
strating superior associative recall on long-
context retrieval tasks. Furthermore, we show
that in a hybrid setup that retains 50% of
the original softmax attention layers, Lizard
nearly matches the teacher model’s perfor-
mance on 5-shot MMLU (65.1 vs 66.6)

* We introduce a hardware-aware algorithm that
solves numerical instability in gated attention,
improving training throughput by up to 32%
and enabling more efficient model optimiza-
tion.

* We conduct extensive empirical studies to an-
alyze architectural design choices across di-
verse benchmarks.

2 Preliminary

To motivate Lizard, we first review the core compo-
nents of Causal Softmax Attention, and techniques
for linearzing softmax attention.

Causal Softmax Attention: In modern Trans-
former architectures (Touvron et al., 2023; Jiang
et al.), for a query vector at position 7, Causal Soft-
max Attention produces the output y; as:

i exp <01iT k/ \/3)
=1 Yy exp (q;rkj/\/;i) t

The expressiveness of this mechanism comes from
the softmax function’s ability to create a sharp,
spiky distribution over past tokens. However, its
need to compare every query to all preceding keys
results in a computational complexity of O(L?d)
for a sequence of length L, which is prohibitive for
long contexts.

Linear Attention and Linearization The core
idea behind linearization is to replace the expen-
sive softmax function with an efficient alterna-
tive. Linear attention mechanisms (Katharopoulos
et al., 2020) achieve this by substituting the expo-
nential similarity function with a kernel function
k(q,k) = ¢(q)d(k)T, where ¢ is a feature map.
The output is then computed as:

Yi =

ola) (T olk)vy )
ola) T (X5 o(ky))

This kernel formulation lies at the core of lin-
earized attention, as it enables the reordering of
matrix multiplications. Rather than constructing a
large L x L attention matrix, the computation can
be reformulated as an incremental update, reducing
the complexity to O(Ld?) and allowing constant-
memory inference in a recurrent form:

hi =h;_1 +¢(ki)v], yi=d(a) h
3 Lizard Framework

The core of the Lizard framework is the replace-
ment of the softmax attention layer with an aug-
mented, hybrid subquadratic mechanism. This
transformation is achieved through a two-stage
training process: an initial attention approxima-
tion stage to mimic the teacher model, followed
by a fine-tuning stage to align the new architecture
with downstream language modeling objectives.

3.1 First Stage: Approximating Softmax
Attention for Unbounded Context

In the teacher model, query and key vectors are
transformed by a RoPE module before the atten-
tion computation. The full RoPE-infused softmax
attention output, which we aim to approximate, is:

i exp (@R(Qi)TSOR(kt)/\/g)
=1 Yy exp (QOR(CIZ‘)T‘PR(kj)/ \/&) t

yi =

where ¢g(.) denotes the RoPE transformation. By
training our RoPE-free mechanism to replicate this
output, we distill both the attention patterns and the
positional awareness of the teacher model.
Learnable Gating for Adaptive Memory Con-
trol and Length Extrapolation: To solve the core
limitations of prior work, we augment the linear at-
tention mechanism with a learnable gating module,
forming a data-adaptive recurrent structure. The
output of the resulting RoPE-free Gated Linear At-
tention is computed as:

)T (X (T D) dutie/ )
0a(a)T (it (T 41 T ) u(ky) )

where I'; = sigmoid(W ,x;) is the learnable gat-
ing factor. The gating mechanism plays a dual role
in the attention transformation. First, it implicitly
captures relative positional information by control-
ling the decay of past contributions. Unlike RoPE,
which relies on predefined sinusoidal patterns, the
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Model Training PiQA ARC-e ARC-¢c Hella. Wino. MMLU Avg. Avg.
Tokens (B) acc acc acc_normacc_norm acc (5-shot) (no MMLU)
Transformer
Gemma-7B 6000 81.9 8l.1 53.2 80.7 737 629 74.1 72.3
Mistral-7B 8000*  82.1 80.9 53.8 81.0 740 624 74.4 72.4
LLaMA-3-8B 15000 79.9 80.1 53.3 79.1 73.1  66.6 73.1 72.0
Subquadratic
Mamba-7B 1200 81.0 775 46.7 7179 71.8 333 71.0 64.7
RWKV-6-v2.1-7B 1420 78.7 76.8 46.3 75.1 70.0 - 69.4 69.4
TransNormerLLM-7B 1400 80.1 754 44 .4 752 66.1 43.1 68.2 64.1
Hawk-7B 300 80.0 744 459 776 699 350 69.6 63.8
Griffin-7B 300 81.0 754 47.9 786  72.6 393 71.1 65.8
Linearized (Bounded)
Mistral-7B-SUPRA 100 80.4 759 45.8 77.1 703 342 69.9 64.0
Mistral-7B-LoLCATs 0.04 81.5 81.7 54.9 80.7 740 514 74.5 70.7
LLaMA-3-8B-LoLCATSs 0.04 80.9 81.7 54.9 79.7 741 528 74.2 70.7
Liger-GLA-Mistral-7B 0.02 80.1 78.7 49.3 763  70.1 36.3 70.9 65.1
Liger-GLA-Llama-3-8B 0.02 80.3 8l1.1 52.5 763 720 434 72.4 67.6
Linearized (Unbounded)
Mamba2-LLaMA-3-8B 20 76.8 74.1 48.0 70.8  58.6 432 65.6 61.9
Mistral-7B-Lizard (Ours) 0.04 81.8 83.2 55.8 79.8 72.0 60.8 74.5 72.2
LLaMA-3-8B-Lizard (Ours) 0.04 82 835 56.7 793  71.7 61.2 74.6 72.4

Table 1: Performance comparison of Lizard and existing 7B-size subquadratic LLMs. Linearized models are
categorized as Bounded (limited to context length) or Unbounded (capable of extrapolating to longer sequences).

data-adaptive gating factors enable better general-
ization across context lengths. Second, the gating
mechanism provides adaptive memory control by
allowing the model to dynamically determine how
much past information to retain or forget. This
property supports a recurrent formulation that en-
ables constant-memory inference through an incre-
mental hidden state update S;, which summarizes
the historical information up to position ¢:

Si =TiSi1 + di(ki)v],  §i=dy(ai)'Si

This state update removes the need to store the full
key-value sequence, allowing constant-memory in-
ference.
Anchor Window Attention for Local Precision:
While the gated recurrent structure excels at com-
pressing global context, it can lose the sharp, spiky
detail of softmax attention. To preserve this local
precision, we combine the globally-aware GLA
with Anchor Window Attention. This mechanism
augments a local sliding window with a set of m
learnable meta-memory tokens t € R™. Conceptu-
ally, these tokens function similarly to soft prompts,
but mathematically they act as dynamic bias terms
in the denominator of the attention computation.

These tokens are engineered to function as ded-
icated attention sinks, whose primary role is to
stabilize the attention distribution by absorbing at-
tention weight, without directly contributing their

value vectors to the final output. This allows the
model to divert attention mass to these sinks when
local information is less relevant, thereby manag-
ing the massive activations phenomenon (Sun et al.,
2024; Gu et al., 2025) and preserving the fidelity
of the local context. To achieve this, we modify
the standard softmax computation. The output at
position ¢ is computed as:

. S exp(a) ke /Vd) v
S b Y iy exD(a ke /Vd)

where t; is a learnable scalar parameter represent-
ing the logit of a meta-memory token. This for-
mulation allows the model to manage powerful
global signals via the meta-memory sinks while fo-
cusing the output computation on the fine-grained
local context. This is achieved while maintaining
a fixed-size key-value cache of w + m tokens for
constant-memory inference.

Attention Approximation: We approximate the
full softmax attention output, Y softmax, by combin-
ing the outputs of the globally-aware Gated Linear
Attention and the locally-precise Anchor Window
Attention. The final output, Ylimrd, is a combina-
tion of the two:

Yiizard = Ygate + @ Yanchor

where Ygate and Yanchor are the outputs from the
gated and anchor window mechanisms. The learn-
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Model Training PiQA ARC-e ARC-¢ Hella. Wino. MMLU  Avg. Avg.
Tokens (B) acc acc acc_normacc_norm acc (5-shot) (no MMLU)

LLaMA-3-8B 15000 79.9 80.1 53.3 73.1 79.1 66.6 73.1 72.0
Hybrid Softmax

StripedHyena-Nous-7B — 78.8 77.2 40.0 664 764 260 67.8 60.8
Zamba-7B 1000 814 745 46.6 764  80.2 57.7 71.8 69.5
Linearized (Keep 50% Full Attn.)

Mamba2-LLaMA-3 20 81.5 78.8 58.2 715 795 56.7 73.9 71.0
LLaMA-3-8B-Lizard (Ours)  0.04 822 83.1 55.9 73.6 814 65.1 75.2 73.5

Table 2: Comparison of hybrid softmax models on language understanding benchmarks.

able parameters are optimized by minimizing the
discrepancy between our approximation and the
teacher model’s original attention output:

2
Lyise (¢, W,

N
7 22 [ Vo = ¥
N ~ softmax — -+ lizard F

where IV is the number of attention layers in the
model. Overall, Lizard achieves an O (L(w+m)d+
Ld?) time and space complexity. For generation,
Lizard requires only O((w + m)?d + d?) time and
space for every token.

3.2 Second Stage: Aligning with Language
Modeling

While the first stage ensures a high-fidelity archi-
tectural approximation, the second stage aligns the
model with the downstream language modeling
task. In this stage, the original softmax atten-
tion layers are replaced by Lizard attention lay-
ers, and the entire model is fine-tuned using the
standard autoregressive language modeling objec-
tive: Lrm(0) = — ZiL:I log P(z; | x<;) This step
bridges the gap between structural mimicry and
optimal task performance, adapting the linearized
model to its end-to-end objective.

4 Hardware-Aware Algorithm for
Efficient Training

To achieve maximum efficiency, Gated Linear At-
tention (GLA) must be computed in a parallel form
on hardware accelerators like GPUs. However, the
standard parallel formulation suffers from a critical
numerical instability that prevents the use of low-
precision formats, thereby creating a performance
bottleneck. The parallel form of Gated Linear At-
tention is expressed as:

)
Ve = <<(¢(Q) 20 (%)) ) @M) v

where C is the matrix of cumulative gate products,
with each row ¢; = H;:l r;.

The matrix form of gated linear attention is not
numerically stable, as the cumulative product of
gating values c; can become extremely small, lead-
ing to underflow and instability during training for
the low precision format such as bfloat16. This
forces a fallback to full-precision (float32) opera-
tions, which is 2—3 x slower and memory intensive,
preventing the use of hardware accelerators like
Tensor Cores that are optimized for low-precision
arithmetic.

We leverage the strictly non-negative property of
the Hedgehog feature map (Zhang et al.), ¢(x) =
[exp(xW)@exp(—xW)]. This exponential-based
structure is critical, as it permits a stable reparame-
terization of the attention computation in log-space.
We absorb the cumulative gate term C directly into
the query and key projections, resulting in the fol-
lowing hardware-efficient formulation:

Q = [ex
K = [ex

p(QW +log C) @ exp(—QW + log C)]
p(KW —log C) @ exp(—KW —log C)]

By shifting the unstable gating contributions into
the feature space, this approach transforms the core
operation into a standard General Matrix Multi-
plication (GEMM): Yeue = ((QKT) 0 M) V
which aligns with the native mma. sync Tensor Core
instruction. This avoids custom CUDA kernels
and leverages highly optimized GEMM routines in
cuBLAS and FlashLinearAttention backends (Yang
and Zhang, 2024), avoids a full-precision fallback.

To empirically validate the benefits of our
hardware-aware reparameterization, we benchmark
the forward-pass latency of the Lizard kernel
against the standard Gated Linear Attention (GLA)
implementation (Yang and Zhang, 2024) across
various batch sizes (B) and sequence lengths (L).
As shown in Table 3, by shifting the gating contri-
butions into the feature space and enabling native
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Tensor Core utilization, Lizard achieves a consis-
tent 32% to 36% speedup while avoiding the preci-
sion fallback typically required by standard GLA
kernels.

Configuration GLA Lizard  Speedup
B=16,L =2048 4.29 ms 3.25 ms +32%
B=16,L =4096 8.77 ms 6.50 ms +35%
B=16,L =28192 1890ms 13.80 ms +36%
B=32L=8192 36.74ms 27.22ms +36%

Table 3: Forward pass latency comparison on an
NVIDIA A100-80GB GPU. Lizard delivers significant
speedups by enabling efficient low-precision arithmetic
on hardware accelerators.

5 Experimental Study

In this section, we present our experimental results,
focusing on three key aspects:

1. Language Modeling Benchmarks: We eval-
uate Lizard on standard language modeling
datasets and compare its performance against
existing subquadratic alternatives and lin-
earizations. Our results indicate that Lizard
matches the average performance of the
teacher model and significantly outperforms
other baselines by a large margin.

2. Long-Context Associative Recall: We eval-
uate the model’s retrieval capabilities across
extreme sequence lengths using the Needle-
in-a-Haystack and RULER benchmarks. Un-
like prior linearization methods that fail imme-
diately beyond their training context, Lizard
demonstrates robust length extrapolation up
to 64K tokens. We show that our hybrid
configuration achieves perfect retrieval accu-
racy and near-lossless recovery of the teacher
model’s performance on the 5-shot MMLU
benchmark, effectively bridging the gap be-
tween efficiency and precision.

3. Generation Efficiency: We compare the gen-
eration throughput of Lizard with the teacher
model equipped with FlashAttention-2. While
the teacher model quickly runs out of memory
at a sequence length of 32K, Lizard maintains
constant memory usage and throughput, en-
abling efficient generation with infinite con-
text.

4. Architectural and Ablation Analysis: We
conduct a detailed analysis of Lizard’s design

choices, including the structure of the gating
module and the contribution of each compo-
nent. These studies help identify the most
effective configurations for performance and
efficiency.

Experimental Setup: We conduct our experi-
ments using two widely used Transformer-based
LLMs: Mistral-7B (Jiang et al.) and Llama-3-8B
(Grattafiori et al., 2024) as teacher models. For
training, we utilize a curated subset of 50K high-
quality examples cleaned Alpaca dataset ! (Taori
et al., 2023). By default, we use a scalar gating
structure, where I'; = %’121—7 vi = o(Wyx;), with
vi € Rand W, € R™!. We also explore vari-
ous gating module designs, which are discussed in
Section 5.4.

In the First Stage, we train the feature maps ¢y,
¢r, and the gating parameter matrix W, jointly
to approximate full softmax attention and RoPE
patterns. For the sliding window attention module,
we use a small window size of w = 128 and m =
4 meta tokens. In the Second Stage, we employ
Low-Rank Adaptation (LoRA) (Hu et al., 2022) for
parameter-efficient fine-tuning. Specifically, LoORA
is applied to the projection matrices W¢, Wi, and
Wy, with a default rank » = 8 and scaling factor
a = 16. Both stages are trained for 2 epochs,
corresponding to 20M tokens per stage. We use
the AdamW optimizer and a cosine learning rate
schedule with a 10% linear warmup. Training is
performed using Fully Sharded Data Parallelism
(FSDP-2) (Zhao et al., 2023) across 8 x A100 80GB
GPUs. The peak learning rate is set to 1 x 1073
for the first stage and 5 x 10~* for the second
stage. We adopt a global batch size of 8, with each
example having a maximum sequence length of
2048 tokens.

5.1 Language Modeling Benchmarks

We evaluate Lizard on six popular language un-
derstanding benchmarks from the LM Evaluation
Harness (LM Eval) % (Gao et al., 2024), includ-
ing PiQA (Bisk et al., 2020), ARC-easy (ARC-e)
and ARC-challenge (ARC-c) (Clark et al., 2018),
HellaSwag (Hella.) (Zellers et al., 2019), Wino-
Grande (Wino.) (Sakaguchi et al.,, 2021), and
MMLU (Hendrycks et al., 2020). Notably, Lizard
is able to closely recover the performance of the
teacher model and achieves near-lossless accuracy

"https://huggingface.co/datasets/yahma/alpaca-cleaned
“https://github.com/EleutherAl/Im-evaluation-harness
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Figure 2: Needle-in-a-Haystack evaluation. Each cell shows retrieval accuracy by sequence length (X-axis) and
target distance (Y-axis). Green indicates success; red indicates failure. The white dashed line marks the max training

length.
Model Gating Parameterization Learnable Parameters MMLU 5-shot
Lizard (Ours) i =vily, v = o(Wyx;) W, € RP! 61.2
Mamba-2 (Dao and Gu, 2024) T'; = vi1], v = exp (— softplus(x; W) - exp(a)) W, eR™ acR 57.6
GLA (Yang et al., 2024) i =0 (xiWyy Way) W,, € RP>I6 1y, € R6*4 53.5
1D-Pooling T'i = o(Pooling(k:)) N/A 44.1

Table 4: Performance comparison of different gating designs and their parameterizations.

across tasks in average, demonstrating that it pre-
serves the original model’s language understanding
capabilities.

We compare Lizard against two groups of
baselines. The first group, presented in Ta-
ble 1, consists of subquadratic LL.Ms, includ-
ing models pre-trained from scratch with linear
or subquadratic attention mechanisms, such as
Mamba (Gu and Dao, 2023), RWKV-6 (Peng
et al., 2023a), TransNormerLLM-7B (Qin et al.),
Hawk and Griffin (De et al.), as well as lin-
earized variants such as SUPRA (Mercat et al.,
2024), Mamba2lLLaMA (Wang et al., 2024), LoL-
CATs (Zhang et al., 2025), Liger (Lan et al.,
2025). Lizard consistently outperforms prior ap-
proaches, particularly on the 5-shot MMLU bench-
mark, where it achieves an 18% improvement over
previous methods with similar extrapolation capa-
bilities. Compared to LoOLCATs and Liger, which
does not generalize beyond training context, Lizard
scores 9.4 and 24.5 points higher on the 5-shot
MMLU, respectively.

The second group shown in Table 2, Hybrid
Softmax Architectures includes models that com-
bine full softmax with subquadratic attention layers.
We compare with models such as StripedHyena-
Nous-7B (Poli et al., 2023) and Zamba-7B (Glo-
rioso et al., 2024). Following the same config-
uration of Mamba2-LLaMA-3-8B (Wang et al.,
2024), which retains 50% softmax layers. On 5-
shot MMLU, Lizard score 65.1, closely matching

Training Example

[long paragraphs]

.Fiémember that the first passkey is <FIRST PASSKEY>.

Remember that the second passkey is "mesognathism
pennae musicianship metaphor silicate".

ﬁ.é.member that the fifth passkey is <FIFTH PASSKEY>
[long paragraphs]

Prompt: Based on the provided context, which
is second passkey?

mesognathism pennae musicianship metaphor silicate

Figure 3: Example from the synthetic passkey retrieval
dataset.

the 66.1 score of the original LLaMA-3-8B teacher
model, while outperforming all hybrid baselines.

5.2 Recall Evaluations

To evaluate our model’s performance on associa-
tive recall tasks, where the goal is to retrieve spe-
cific information from a long context, we use the
Needle-in-a-Haystack setup. To better assess re-
trieval capabilities, we design a synthetic passkey-
retrieval dataset tailored for this purpose. As illus-
trated in Figure 3, each input sequence contains
five randomly generated passkeys, each of length
5-8 tokens, inserted at random positions within a
long sequence. At test time, the model is prompted
to retrieve one selected passkey from the five em-
bedded within the sequence. We generate 10,000
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synthetic examples, train the model on sequences
of length 2048, and evaluate its performance on
longer sequences ranging from 2048 to 8192 tokens
to assess its generalization and recall capabilities
in long-context settings.

NIAH Benchmark: We evaluate Lizard and com-
pare its performance against the teacher model and
LoLCATs (Zhang et al., 2025), a recent state-of-
the-art linearization method. Figure 2 reports the
results of all three models on the associative recall
test set. We find that Lizard significantly outper-
forms LoLCATs in both associative recall accuracy
and length generalization. Notably, Lizard is able
to perfectly retrieve the correct passkey across vari-
ous context lengths, while LoLCATS fails when the
sequence length exceeds the training window. This
highlights the strength of the gated recurrent struc-
tures, which effectively compresses global context
and does not rely solely on the expressiveness of
local sliding window attention.

RULER Benchmark: To evaluate long-range re-
call beyond synthetic passkey retrieval, we bench-
mark our strongest configuration (Hybrid Lizard,
50% softmax replacement) on the RULER bench-
mark (Hsieh et al., 2024) using LLaMA-3-8B-
Instruct as the teacher. As shown in Table 5, Lizard
maintains high accuracy up to 32K context lengths,
closely matching the retrieval performance of the
full-attention teacher model. This confirms that
Lizard effectively preserves the model’s ability to
handle complex, long-context dependencies with-
out the quadratic memory overhead of standard
Transformers.

Model 4K 8K 16K 32K
LLaMA-3-8B (Teacher) 923 90.5 857 80.5
Lizard (Hybrid) 92,5 912 852 813

Table 5: Retrieval accuracy on the RULER benchmark.
Hybrid Lizard maintains performance parity with the
teacher model across scaling context lengths.

5.3 Generation Efficiency

We assess the efficiency of Lizard by comparing
its throughput and memory usage to that of the
teacher model across input sequence lengths from
1K to 32K, using a batch size of 16. As shown in
Figure 4, the teacher model with FlashAttention-2
(Dao, 2023) encounters out-of-memory (OOM) is-
sues at longer sequence lengths. In contrast, Lizard
maintains constant memory consumption and sta-
ble throughput throughout. All experiments were

conducted on an NVIDIA A100 80GB GPU.

5.4 Ablation and Architectural Analysis

Impact of Architectural Components: We con-
duct an ablation study to evaluate the contribution
of each individual module in Lizard. As shown
in Table 6, removing the Sliding Window Atten-
tion (SWA) or the gated recurrent module results
in a catastrophic performance drop on the 5-shot
MMLU benchmark, with scores falling to 39.7 and
42.2, respectively. Furthermore, omitting the ini-
tial attention approximation stage significantly hin-
ders the model’s ability to recover the teacher’s
reasoning capabilities (50.8 MMLU). Notably, we
observe that our default LoRA-based fine-tuning
performs nearly as well as full fine-tuning (61.2 vs.
61.4), validating our choice of parameter-efficient
adaptation for the linearization process.

Model Configuration MMLU (5-shot)
LLaMA-3-8B-Lizard (Full) 61.2
— w/o Sliding Window Attention (SWA) 39.7
— w/o Gated Module 42.2
— w/o Attention Approximation 50.8
— Full Fine-tuning (No LoRA) 614

Table 6: Ablation results on LLaMA-3-8B demonstrat-
ing the necessity of each architectural component for
performance recovery.

Gated Structures Design Table 4 presents a com-
parison of different gating designs and parameteri-
zations based on recent architectural advances. We
experiment with multiple formulations, ranging
from minimal scalar gates to more expressive multi-
layer projections. Our results show that the Lizard
parameterization achieves the highest performance
on the 5-shot MMLU benchmark. While complex
gated recurrent structures offer greater modeling
flexibility, we observe that their effectiveness is
limited by the need to initialize these modules from
scratch. Heavier parameterizations can lead to over-
fitting or instability during fine-tuning, ultimately
degrading performance. In contrast, lightweight de-
signs with minimal additional parameters are easier
to train and generalize better, resulting in stronger
overall performance. Additionally, we evaluate a
pooling-based variant where the gating values are
derived from 1D pooling over key vectors, elimi-
nating the need for any learnable parameters. How-
ever, this configuration results in a significant drop
in performance. This suggests that having a learn-
able gating mechanism, even with minimal param-
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Figure 4: Throughput and memory comparison.

eters, is crucial for capturing meaningful temporal
patterns and maintaining strong performance on
downstream tasks.

w=32 w=64 w=128 w = 256
m=2 51.3 54.1 58.6 42.2
m =4 52.4 57.6 61.2 44.6
m =6 52.4 57.9 60.8 43.8

Table 7: 5-shot MMLU performance with varying win-
dow and meta token sizes

Effect of window and meta memory size Table 7
presents an ablation study evaluating the impact
of varying the local attention window size (w) and
the number of meta tokens (m) on 5-shot MMLU
performance. While increasing the window size
can improve performance, it does not guarantee
consistent gains. For instance, performance peaks
at w = 128 for m = 4, but drops significantly at
w = 256. We formalize this phenomenon as Local
Attention Dominance. During the joint training of
the hybrid attention mechanism, the sharp, spiky
distributions produced by the exact local softmax
can yield massive gradient signals. If the local
window is excessively large, these local gradients
dominate the optimization process. Consequently,
the model becomes overly reliant on the local slid-
ing window, and the recurrent module fails to ef-
fectively learn the gating dynamics required for
global context compression. This highlights a op-
timization trade-off: tightly constraining the local
window is not merely a computational optimiza-
tion, but a necessary structural constraint to force
the model to utilize its global recurrent memory.

Effect of LoRA Rank: We investigate the impact
of the LoRA rank () on model performance to
determine the minimum parameter overhead re-

LoRA Rank MMLU (5-shot) Avg. (no MMLU)

4 59.7 74.1
8 61.2 74.6
16 60.6 73.3
32 61.0 74.5
64 59.2 74.0

Table 8: Effect of LoORA Rank on LLaMA-3-8B-Lizard.

quired for successful linearization. As shown in
Table 8, a rank of 8 is sufficient to achieve peak
performance, matching or even slightly surpass-
ing full fine-tuning on both 5-shot MMLU and the
average across tasks. Interestingly, increasing the
rank beyond 8 does not yield further gains and, in
some cases, leads to slight performance degrada-
tion, likely due to overfitting on the relatively small
linearization dataset.

6 Conclusion

In this work, we introduced Lizard, a novel lin-
earization framework designed to bridge the gap be-
tween the high performance of Transformer-based
LLMs and the computational efficiency of sub-
quadratic architectures. Our extensive evaluations
demonstrate that Lizard achieves near-lossless re-
covery of teacher performance, significantly out-
performing prior linearization methods. Notably,
Lizard exhibits superior associative recall and main-
tains high retrieval accuracy. Lizard provides a scal-
able path for transforming existing state-of-the-art
LLMs into efficient, constant-memory inference
engines without sacrificing the reasoning capabil-
ities developed during massive-scale pretraining.
We believe this framework offers a practical solu-
tion for deploying advanced language models in
resource-constrained.
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7 Limitations

Despite the promising performance and efficiency
gains demonstrated by Lizard, our approach has
two key limitations. First, Lizard still relies on a
strong pretrained backbone to achieve high quality.
As with many recent distillation-based or hybrid
architectures, the success of our method depends
heavily on the expressiveness and generalization
capacity of the teacher model. Without access
to a high-quality pretrained model (e.g., Llama-
3-8B), the performance of Lizard may degrade sig-
nificantly, especially on complex reasoning and
multilingual tasks. Second, Lizard inherits the in-
herent tradeoffs present in linear attention mecha-
nisms. While our design enables constant-time and
constant-memory inference with infinite context
length, it still exhibits a recall-memory tradeoff.
That is, models with fixed-size state representa-
tions, such as our gated linear attention, may un-
derperform in recall-intensive tasks compared to
full attention models, which maintain a growing
key-value cache. This aligns with recent findings
that efficient alternatives to attention often struggle
to retain long-range information critical for ground-
ing generations in earlier context. As a result, while
Lizard expands the throughput-recall Pareto fron-
tier, it does not eliminate the tradeoff entirely.
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A Inference Efficiency
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Figure 5: Inference speed comparison between GLA
and Lizard kernel..

Hardware-aware GLA in Lizard. We bench-
mark the Lizard kernel under BF16 precision with
batch size B = 16, sequence length S = 2048,
number of heads H = 32, and head dimension
Dhead = 128. As shown in Figure 5, our hardware-
aware implementation of GLA achieves 3.25 ms
per forward pass, representing a 32% reduction
in inference time compared to the original Gated
Linear Attention * kernel (4.30 ms). This speedup
stems from shifting the gating contributions into
the feature space, enabling tensor core compati-
bility and chunkwise matrix operations without
full-precision fallback. These improvements make
LLaMA-3-8B-Lizard both performant and efficient
for long-context inference workloads.

B Experimental Details

Hyperparameters All model and training hyper-
parameters are summarized in Table 13. For the

3https://github.com/fla-org/flash-linear-attention

learning rate, we performed an initial sweep over
{1e-2, 5e-3, 1le-3, 5e-4, le-4}. We did not tune
the batch size. For the other designs, we adopted
the default values used by prior work (Zhang et al.,
2025).

C Evaluation on Small-Size LLMs

To evaluate the scalability and effectiveness of our
approach on more compact architectures, we apply
the Lizard linearization framework to the Llama-
3.2 1B and 3B models. As shown in Table 9, Lizard
successfully maintains its near-lossless recovery ca-
pabilities even at these smaller scales. For the 1B
parameter model, Lizard consistently outperforms
the LoLCATs baseline across most downstream
tasks and achieves an overall average score (60.1)
that slightly exceeds the original softmax teacher
model (59.9). Similarly, when applied to the 3B pa-
rameter model, Lizard closely tracks the teacher’s
performance, effectively matching its average score
across the evaluated language understanding bench-
marks. These results demonstrate that Lizard’s ar-
chitectural enhancements are robust and adaptable,
successfully maintaining the reasoning capabilities
of smaller language models while providing the
efficiency benefits of subquadratic attention.

D Trade-off in Hybrid Architectures

To map the trade-off curve between efficiency and
expressivity, we evaluated the performance of Hy-
brid Lizard configurations by varying the percent-
age of retained softmax layers on the LLaMA-3-
8B backbone. As shown in Table 10, retaining
just 50% of the softmax layers allows Lizard to
closely approximate the teacher model’s perfor-
mance, while substituting 100% of the layers still
maintains a highly competitive score.

E Extended Baseline Comparison:
RADLADS

We compare Lizard to RADLADS (Goldstein
et al., 2025), a recent state-of-the-art method. Be-
cause RADLADS utilizes a different base model
(Qwen2.5-7B), we report the recovery rate (the rel-
ative score of the linearized model compared to
its respective teacher model) to ensure a fair com-
parison. As shown in Table 11, Lizard achieves
a higher recovery rate across almost all language
modeling benchmarks. Notably, Lizard achieves
this superior performance utilizing only 40 million
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Model PiQA ARC-e ARC-c Hella. Wino. MMLU Avg. Avg.
acc acc acc_norm acc_norm  acc (5-shot) (no MMLU)
Llama-3.2-1B  74.1 65.4 36.4 63.8 60.0 31.0 59.9 55.1
— LoLCATS  74.6 63.0 35.1 63.7 61.5 27.3 59.6 54.2
— Lizard 74.8 65.6 36.5 64.1 59.7 29.8 60.1 55.1
Llama-3.2-3B  76.4 74.7 46.0 73.6 69.9 56.2 68.1 66.1
— Lizard 76.8 75.2 45.2 74.3 69.3 53.4 68.2 65.7

Table 9: Evaluation results of small-size LLMs and their variants across multiple benchmarks. Lizard consistently
outperforms LoLCATSs and closely matches the performance of the teacher models.

% Softmax Layers MMLU (5-shot) 1

0% (Full Lizard) 61.2
25% 62.8
50% 65.1
75% 66.3
100% (Teacher) 66.6

Table 10: Ablation on the percentage of softmax layers.

training tokens - approximately 17.5x fewer than
the 700 million tokens required by RADLADS.

F Evaluation on LongBench

The results below show that Lizard consistently
achieves better or comparable performance to the

original teacher model on representative Long-

Bench tasks as shown in Table 12

G Sample Generations

Why did we linearize the chungus among
us?

LoLCATs Response ( , )

Linearizing the chungus among us is a process
of organizing and arranging the information in
a logical and coherent manner. This is done
to make it easier for people to understand and
interpret the data, as well as to make it more
accessible and usable. By linearizing the data,
we are able to extract meaningful insights and
patterns from the information, which can then
be used to make informed decisions and take

action.
\\ /

Lizard Response

I’m sorry, but I don’t have any information
about linearizing the "Chungus Among Us."
Could you please provide more context or clar-
ify what you mean by "linearize the chungus

among us"?
- /

Softmax Attention

I’'m sorry, but I cannot respond to this question
as I do not have the necessary information to
provide a meaningful response. Can you please
provide more context or details about the topic
you're referring to?

.

-
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Model Tokens MMLU ARC-¢ ARC-e Hella. PiQA
RADLADS 700M 0.87 1.04 0.99 097 1.03
Lizard 40M 0.87 1.12 1.06 1.00 1.04

Table 11: Recovery rate (relative score vs. teacher) comparison. Values > 1.0 indicate performance matching or
exceeding the teacher model. Lizard achieves higher recovery rates despite using 17.5x less training data.

Llama-3.1-8B  Llama-3.1-8B
Dataset -Instruct -Instruct-Lizard
2WikiMultihopQA 16.8 16.2
HotpotQA 18.3 19.6
MultiNews 28.5 27.8
PassageRetrieval-en 98.1 97.9
LCC 51.3 53.6
RepoBench-P 48.6 52.7

Table 12: Comparison of Llama-3.1-8B-Instruct and its Lizard variant on various benchmarks.

Resources 8xA100 80GB
Distributed Setup Fully Sharded Data Parallel (FSDP-2)
Model

Precision bfloat16

Sequence length 2048

Hedgehog Feature Dimension 128

Hedgehog Feature Activation  Softmax

Optimizer and LR Schedule

Optimizer AdamW

(51, BQ), € (09, 099), 1.0e-8
Learning Rate min ratio 0.1

Global batch size 8

Micro batch size 1

Gradient Clipping 1.0

Learning rate Rchedule Cosine Annealing LR

Stage 1: Attention Approximation

Number of tokens 20M

Peak Learning Rate 1.0 x 1073
Stage 2: Fine-tuning

Number of tokens 20M

Peak Learning Rate 5.0 x 1074
LoRA rank and alpha r=8a=16
LoRA dropout 0.0

LoRA projections Wy, Wi, Wy,

Table 13: Hyperparameters for the experiments.
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