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Abstract

Despite the potential of multi-turn self-
reflection to improve LLM reasoning, its effec-
tiveness in practice is severely constrained by a
failure mode we term the Echo Trap. Specif-
ically, this phenomenon gives rise to two cou-
pled problems: (1) the model becomes limited
by its inherent capabilities and tends to repeat
earlier reflections to preserve reward signals;
(2) once such “copy” behavior is reinforced,
the model ceases to try new strategies, lead-
ing to exploration collapse. We hypothesize
that this issue is largely driven by imprecise
credit assignment during training, as standard
GRPO assigns rewards at the trajectory level,
making it difficult to distinguish which reflec-
tion steps contribute to improved outcomes.
To address this limitation, we propose a tree-
structured extension of GRPO for multi-turn
self-reflection, which enables more accurate
advantage estimation than standard trajectory-
level GRPO. Through extensive experiments,
we analyze the Echo Trap and demonstrate
that our method effectively mitigates behav-
ior collapse and improves performance across
multiple benchmarks. Our code is available at
https://github.com/Flowersea37/TRAE

1 Introduction

The capacity for reflection (Huang et al., 2024;
Song et al., 2024) is fundamental to the continuous
improvement of Large Language Models (LLMs).
Reflection allows models to employ trial-and-error
strategies to recover from execution failures and
further enhance performance (Bensal et al., 2025;
Shinn et al., 2023). Most Reinforcement Learning
from Verifiable Rewards (RLVR) methods elicit
implicit reflection by providing rule-based outcome
rewards (Wen et al., 2025; Guo et al., 2025a), such
as emergent ‘Aha moments’. These moments guide
reflective chain-of-thought (CoT) generation with-
out process-level supervision. In contrast, explicit
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Figure 1: Standard GRPO relies on trajectory-level re-
wards and may suffer from behavior collapse. In con-
trast, TRAE achieves turn-level advantage estimation
within trajectories using turn-level rewards estimated by
tree-structured rollouts, enabling steady improvement
while preserving revision capability.

reflection methods adjust behavior using immediate
feedback, overcoming the lack of process reward
in RLVR and offering greater potential. However,
explicit reflection is often hindered by behavior
collapse, where the model typically improves its
output only in the initial reflection round, while
performance degrades over subsequent iterations.
This phenomenon is commonly referred to as the
Echo Trap problem.

Previous work addressing behavior collapse has
primarily focused on improving each reflection
turn independently and on early stopping to termi-
nate iterations and prevent repetitive outputs (Ku-
mar et al.; Jiang et al., 2025). However, these
approaches largely avoid the core challenges of
multi-turn reflection rather than enhancing the ef-
fectiveness of the reflection process itself. In Sec-
tion 3, we analyze failures in multi-turn reflection
and identify the main causes: 1) Limited Refine-
ment Capability: The model’s ability to improve
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outputs is constrained by its inherent capacity. Af-
ter the most obvious errors in the first turn are
corrected, further improvements require increas-
ingly extensive exploration or rejected sampling.
2) Copy Behavior Dominance: During RL train-
ing, the model often defaults to repeating previous
outputs. This occurs because repeating a partially
correct response offers a reliable high-reward sig-
nal, especially when exploratory attempts fail to
produce improved outputs. These entangled fac-
tors lead to behavior collapse, where the model’s
tendency to explore diminishes over successive re-
flection turns.

GRPO and its variants typically rely on
trajectory-level rewards for policy optimiza-
tion (Shao et al., 2024), which can hinder effective
RL training, as illustrated in Figure 1. This train-
ing paradigm introduces a severe credit assignment
problem: the model tends to overemphasize final
outcomes while neglecting the contributions of crit-
ical intermediate decision steps. As a result, learn-
ing signals for reflective behaviors become coarse
and misaligned, making it difficult to effectively
encourage meaningful multi-turn self-reflection. In
this work, we propose TRAE, a tree-structured ex-
tension of GRPO that introduces turn-level advan-
tage estimation, enabling the policy to optimize cu-
mulative discounted returns by accurately attribut-
ing credit to each reflection step. Furthermore,
TRAE applies group-relative advantage estimation
at each layer of the tree, which alleviates reward
inconsistency across different time steps. This de-
sign allows for turn-level attribution of discounted
returns to individual reflection steps, enabling the
model to more accurately assess how each decision
contributes to long-term performance.

We conduct extensive experiments and analyses
of TRAE on six widely adopted benchmarks for
mathematical reasoning. TRAE substantially im-
proves the Qwen3-8B-Base model, raising average
accuracy from 36.1% to 56.2% and consistently
surpassing the SFT, GRPO, and DAPO baselines.
Furthermore, under iterative reflection, the base
model’s performance declines across three rounds,
whereas TRAE steadily improves, achieving an av-
erage gain of 9.5%, outperforming all baselines.
These results demonstrate TRAE’s effectiveness in
both overall performance and multi-turn reflection.
In summary, our contributions are as follows:

• We demonstrate that applying RL to multi-
turn self-reflection introduces a substantial

risk of behavior collapse, where exploration
progressively degrades and the policy con-
verges to suboptimal, repetitive strategies.

• We propose TRAE, a tree-structured variant of
GRPO that incorporates turn-level advantage
estimation. By enabling turn-level advantage
estimation over multi-turn reasoning trajec-
tories, TRAE effectively mitigates behavior
collapse and allows performance to continu-
ously improve across reflection rounds.

• We further demonstrate that TRAE preserves
behavioral diversity, which is essential for
achieving a better trade-off between explo-
ration and exploitation.

2 Related Work

Self-correction. Prior studies have shown that
LLMs can leverage self-correction capabilities
without relying on external feedback to enhance
reasoning quality. However, naively prompt-
ing LLMs for self-correction can reduce perfor-
mance (Tyen et al., 2024; Qu et al., 2024; Huang
et al., 2023). Several other approaches (Zhang
et al., 2025b; Qu et al., 2024; Ye et al., 2023) have
attempted to leverage supervised fine-tuning by
imitating self-correction data filtered from human
or stronger model. However, this approach often
leads to degraded self-correction ability due to dis-
tribution mismatch. Reinforcement learning (RL)
methods have been proposed to address these chal-
lenges (Kumar et al.; Ma et al., 2025; Guo et al.,
2025a). However, naively applying RL methods
can lead to behavior collapse where LLMs tend
to generate the first response of high quality and
minimal refinement from the first. To mitigate
the challenge, Kumar et al. proposed a warm-up
stage that constrains first-attempt outputs to remain
close to the base model while optimizing second-
attempt accuracy. Other approaches, such as self-
verification (Jiang et al., 2025; Bensal et al., 2025),
teach LLMs terminate self-correct at appropriate
times. However, those methods primarily avoid
behavior collapse without addressing it.

Credit Assignment Credit assignment refers
to associate actions with their long-term con-
sequencesm,which has been a crucial problem
in RL for a long time (Pignatelli et al., 2023).
Recent work has explored methods to improve
credit assignment at the step level. For instance,
GIGPO (Feng et al., 2025) extracts specific steps
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error correction when these models encounter incorrect samples.

from trajectories for targeted training, while MT-
PPO (DESIGN, 2025) and TDRM (Zhang et al.,
2025a) investigate how to balance process rewards
and outcome rewards. Another line of research
leverages Monte Carlo estimation to obtain more
accurate advantage signals. VinePPO (Kazem-
nejad et al., 2024) and TreeOPO (Huang et al.,
2025a) replace the value model in PPO with Monte
Carlo estimation. TreeGRPO (Ji et al., 2025),
TreeRPO (Yang et al., 2025), and TreePO (Li
et al., 2025) employ tree-based rollouts to form
groups within a tree structure, enabling a more
global sequence-level credit assignment. How-
ever, these approaches do not explicitly address
turn-level credit assignment in multi-turn interac-
tion scenarios. Segment-level methods such as
SPO (Guo et al., 2025b), TreeRL (Hou et al., 2025),
and TEMPO (Tran et al., 2025) employ tree-based
sampling to estimate segment-level advantages, pri-
marily relying on value function differences across
segments. In contrast, we adopt a tree-based sam-
pling strategy and provide explicit turn-wise credit
assignment for the model.

3 Preliminary Study

We first formalize the task of multi-turn self-
reflection. As demonstrated in prior work (Jiang
et al., 2025; Qu et al., 2024), this task requires mod-
els to perform iterative refinement, ideally ensuring
that each successive modification leads to continu-
ous performance improvement. Through empirical
investigation, we observe “behavior collapse” dur-
ing both SFT and GRPO training. Finally, we con-
duct an in-depth analysis of the underlying causes
of this degradation and outline potential directions
for improvement.

3.1 Multi-turn Self-reflection

We formalize multi-turn self-reflection as an itera-
tive refinement process in which a model repeatedly
evaluates and improves its own outputs over multi-
ple turns. Given a query q and an initial response
y0, the policy πθ generates a sequence of refined
outputs {y1, . . . , yn}. Each iteration yi contains
both a self-generated critique and a subsequent re-
finement based on yi−1. Formally, the sequence
must exhibit monotonic reward improvement, such
that R(yi) > R(yi−1), where R(·) denotes a re-
ward function (e.g., rule-based correctness in math-
ematical reasoning). For simplicity, we treat the
critique and its subsequent refinement as a single
output block yi in the remainder of our analysis.

3.2 Extensive Trials

Model Training To investigate the underlying
challenges in training multi-turn self-reflection, we
employ Qwen3-8B-Base as our base model and an-
alyze its performance under both SFT and GRPO
paradigms. Specifically, we utilize Qwen3-32B-
FPB as the teacher model to synthesize 10K distil-
lation data. Through rejection sampling, we curate
training trajectories that begin with an erroneous
initial response y0 and are followed by a sequence
of progressively corrected refinements {yi}. To en-
sure computational feasibility and adhere to the 32k
context length limit, the maximum reflection hori-
zon is constrained to three turns, i.e., i ∈ {1, 2, 3}.
We conduct a comparative analysis across three
training configurations:

• M-SFT: The model is supervised on
the entire multi-turn refinement trajectory
{y0, y1, . . . , yn}, explicitly training the model
to perform iterative self-reflection.
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• L-SFT: Supervision is applied only to the fi-
nal refined response yn, ignoring intermediate
reflection steps, serving as a control to evalu-
ate whether explicit multi-turn supervision is
necessary.

• M-GRPO: An RL-based approach that op-
timizes the policy with multi-turn group-
relative rewards.

Model Inference During inference, we also per-
form three-step self-reflection to evaluate the out-
come at each iteration. We compare outputs pro-
duced by different training methods and compute
the edit distance, measured as the average edit dis-
tance between consecutive outputs yi and yi−1, to
quantify the degree of modification introduced at
each reflection step.

3.3 Analysis and Possible Improvements
Observation All results are shown in Figure 2,
from which we can clearly observe: 1) All training
methods fail to sustain performance over multiple
turns, with edit distance decreasing exponentially.
2) M-SFT shows severe repetition during inference:
nearly all responses stop after reaching the maxi-
mum length. While the responses contain the com-
plete content, they repeat continuously. 3) Error
correction remains difficult even with repeated at-
tempts: the success rate of correcting initially in-
correct responses stays relatively low, indicating
that meaningful improvements are sparse and often
require substantial trial-and-error.

We attribute these observations to several fac-
tors. First, during multi-turn training, M-SFT gen-
erates substantial redundant content, which biases
the model toward repetitive outputs. In contrast,
while M-GRPO also employs multi-turn training,
it mitigates repetition by penalizing redundant con-
tent through negative feedback during optimization.
However, despite suppressing textual repetition, M-
GRPO fails to enhance overall performance and
even underperforms the SFT baseline. This behav-
ior likely stems from the inherent limitations of
the Qwen3-8B-Base backbone, which lacks profi-
ciency in multi-turn revision. Consequently, the
training distribution becomes dominated by repeti-
tive patterns, hindering the model’s capacity to ex-
plore alternative strategies. Furthermore, our eval-
uation of error-correction capabilities reveals that
pass@4 remains low even as the number of sam-
ples increases, suggesting that the model requires
significant trial-and-error to achieve meaningful

improvements. Because meaningful improvements
are sparse, trajectory-level rewards become par-
ticularly problematic: when only a small subset
of reflection turns actually contributes to the final
outcome, assigning the same optimization signal
to the entire trajectory can misattribute credit and
reinforce unhelpful or repetitive revisions.

Motivation: Based on the above analysis and
findings, one possible approach to addressing
multi-turn training issues is to optimize the
model through turn-level advantage estimation,
i.e., guiding the model to avoid behavior col-
lapse.

4 Method

To address behavior collapse in multi-turn reflec-
tion, we propose a method that assigns distinct
advantages to different turns within a trajectory,
enabling targeted optimization at the turn level, as
illustrated in Figure 3. Our approach consists of
three steps: (1) designing a more accurate turn-
level reward estimation for multi-turn reflection;
(2) obtaining this estimation via tree-structured roll-
outs; and (3) assigning turn-specific advantages
based on the rewards computed in the previous
steps.

4.1 Turn Reward Estimation
In multi-turn reflection, each turn produces an in-
termediate response y, whose correctness can be
explicitly evaluated. We therefore define the imme-
diate reward for y as follows:

rimm =





1, if y is correct,
0, if y is incorrect,
−1, if y contains a format error.

(1)

The immediate reward reflects a turn’s local
quality but not its impact on the overall outcome.
To capture long-term effects, we use Tree-based
Monte Carlo return to obtain more stable estimates
of each turn’s future reward. In a multi-turn tra-
jectory, the standard Monte Carlo return at step t,
denoted by Gt, is defined as:

Gt =
T∑

k=t+1

γ k−trk, (2)

where γ ∈ [0, 1] is the discount factor, T denotes
the terminal turn, and rk is the reward obtained at
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turn k. In our work, the return of node v at turn t is
approximated by the discounted mean of its child
nodes, which we denote as Ĝv.

Ĝv =

T∑

k=t+1

γ k−tr̂k,

r̂k =
1

|C(v, k)|
∑

c∈C(v,k)
rimm
c ,

(3)

where C(v, k) denotes the set of child nodes of v at
turn k. Finally, the overall reward assigned to node
vi,j ,i.e.,the j-th node at the i-th level of the tree, is
defined as:

rji = rv = rimm
v + Ĝv. (4)

This formulation enables turn-level advantage esti-
mation by accounting for both immediate correct-
ness and long-term effects on subsequent reason-
ing.

4.2 Tree-structured Rollout

In standard GRPO, a query q is duplicated n times
and rolled out independently to obtain n trajecto-
ries. In contrast, we construct a rollout tree rooted
at the input question and collect trajectories as root-
to-leaf paths, while maintaining the same sample ef-
ficiency. We define each node v as a tuple (hv, tv),
where hv denotes the conversation history and tv
is the reflection depth. The root node v0 is initial-
ized as hv0 = q and tv0 = 0. Given a node v, we
sample a response yv ∼ π(· | hv) and create two
child nodes u with

hu = hv ⊕ yv ⊕ P, tu = tv + 1 (5)

where P is the reflection prompt and ⊕ denotes
concatenation. The expansion proceeds recursively
until tv = T . After constructing the tree, we collect
n trajectories from all root-to-leaf paths, where n
equals the number of leaf nodes. For a leaf node l,
the corresponding trajectory τl is defined as

τl = hl ⊕ yl, (6)

where hl denotes the accumulated conversation his-
tory of l and yl ∼ π(· | hl) is the final response
generated at the leaf.

4.3 Turn-level Credit Assignment
We first compute the Monte Carlo return for each
node in the tree, following the procedure described
in Section 4.1, proceeding from the bottom level to
the top level. Next, we group nodes by their tree
level and compute the advantage in the same way
as GRPO (Shao et al., 2024). Let L(k) denote the
set of nodes at depth (level) k, and let rji denote
the reward associated with node vi,j , as defined in
Section 4.1.

We normalize the reward within each level as
follows:

r̃ji =
rji − µi

σi + ϵ
,

µi =
1

|L(i)|
∑

m∈L(i)
rm,

σi =

√√√√ 1

|L(i)|
∑

m∈L(i)
(rm − µi)2.

(7)

where ϵ is a small constant added for numerical
stability. The advantage assigned to the t-th token
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in the response generated by node vi,j is denoted
as Aj

i , and this advantage is shared by all tokens in
the response.

Âj
i = r̃ji . (8)

Based on the above reward formulation, the opti-
mization objective is defined as:

JTRAE(θ) = Eq∼D {oi}Gi=1∼πθold (q)

1

G

G∑

i=1

1

|oi|

|oi|∑

t=1

ℓi,j,t(θ).
,

ℓi,j,t(θ) = min
(
ri,j,t(θ) Â

j
i ,

clip
(
ri,j,t(θ), 1− ϵclip, 1 + ϵclip

)
Âj

i

)
.

(9)
where

ri,j,t(θ) =
πθ(yi,j,t | q, yi,j,<t)

πθold(yi,j,t | q, yi,j,<t)
. (10)

In summary, our tree-structured design enables
turn-level advantage estimation during multi-turn
self-reflection, ensuring that each reflection consid-
ers both the current turn’s reward and its impact on
future turns during optimization.

5 Experiment

We examine whether our approach enables stable
reflection ability in multi-turn settings. To this end,
we evaluate it across a variety of reasoning tasks
and compare it against multiple baselines and exist-
ing methods (Section 5.2). Furthermore, we com-
pared the effectiveness of self-reflection against
other test-time scaling methods(Section 5.3), and
we also analyzed the factors underlying the sus-
tained performance gains observed with our self-
reflection approach(Section 5.4). Finally, we ver-
ify that our method effectively mitigates behavior
collapse by comparing accuracy and edit distance
(Section 5.5).

5.1 Experiment Setup
Baselines We evaluate our method against three
categories of approaches: (1) General methods, in-
cluding SFT, GRPO, and DAPO (Yu et al., 2025);
and (2) tree-based methods, such as TreePO (Li
et al., 2025), and TreeRPO (Yang et al., 2025),
which use tree structure during RL; and (3) other
methods, such as TDRM (Zhang et al., 2025a),
PAG (Jiang et al., 2025), Absolute-Zero-8B (Zhao
et al., 2025), and R-Zero-8B (Huang et al., 2025b),
which denote other approaches designed to im-
prove reasoning ability.

Datasets Our training dataset consists of query–
response pairs prepared in advance, containing 10k
samples in total. The data is divided into two parts:
the incorrect raw responses are sourced from (self-
correxp2, 2025), while the correct raw responses
are generated by Qwen3-8B-Base. The proportion
of incorrect to correct responses is 1:1.

Benchmark We evaluate our method on widely
used mathematical reasoning benchmarks, in-
cluding MATH-500 (Hendrycks et al., 2021),
GSM8K (Cobbe et al., 2021), AIME 24, AIME
25, Olympiad (He et al., 2024), and AMC. These
datasets span grade-school to Olympiad-level math
across domains such as algebra, geometry, number
theory, combinatorics, and probability, enabling a
comprehensive evaluation of multi-turn reasoning
and reflection.

Implementation Details We employ RL training
library VERL (Sheng et al., 2024) to train our agent.
The learning rate is set to 1 × 10−6, with a batch
size of 256 and a mini-batch size of 64. We restrict
the length of a single response to fewer than 4096
tokens, with temperature 0.6 and top-p 0.95. ϵ
clip-high is set to 0.4, and ϵ clip-low is 0.2. We
construct a full binary tree of depth 3, which yields
eight trajectories per iteration. The discount factor
γ is fixed at 0.5. Training is conducted on eight
NVIDIA A800 GPUs (80 GB each). For Qwen3-
8B-Base, the training lasts for 3 epochs (117 steps
in total), consuming approximately 40 hours.

5.2 Main Results
Table 1 presents the main results of our experi-
ments on six math benchmarks. We analyze the
performance from the following:

TRAE achieves substantial improvements
across benchmarks. As shown in Table 1, TRAE
achieves the highest average accuracy over six
benchmarks, outperforming Qwen3-8B-Base by
+20.1 points and consistently surpassing SFT,
GRPO, and DAPO baselines. TRAE attains the
best result on AMC23 and ranks second on MATH-
500, AIME24, GSM8K, and Olympiad. In contrast,
Tree-based and Other methods tend to excel on indi-
vidual benchmarks but generalize less consistently.
Overall, these results demonstrate that TRAE de-
livers more robust and broadly applicable gains in
mathematical reasoning.

TRAE achieves greater gains in self-reflection
than General methods. As can be clearly ob-
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Model MATH-500 AIME24 AIME25 GSM8K Olympiad AMC23 Average

Tree-based Methods
TreePO 85.3 27.8 - - 49.1 55.5 -
TreeRPO 75.5 26.7 - - 35.4 - -

Other Methods
TDRM 74.6 36.7 - - 37.3 62.5 -
PAG 82.3 18.4 15.1 - - - -
R-Zero-8B 82.0 16.4 19.2 94.1 48.9 61.7 53.7
Absolute-Zero-8B 76.6 18.2 18.4 92.0 47.8 62.5 52.5

General Methods
Qwen3-8B-Base 58.0 10.0 10.0 72.3 29.3 37.5 36.1
w/ reflection (r=3) 41.8↓16.2 6.67↓3.3 6.67↓3.3 49.8↓22.5 20.7↓8.6 20.0↓17.5 24.2↓11.9
SFT 71.8 20.0 10.0 84.3 38.7 52.5 46.2
w/ reflection (r=3) 78.4↑6.6 16.7↓3.3 13.3↑3.3 91.1↑6.8 41.3↑2.6 52.5↑0.0 48.8↑2.6
GRPO 65.2 13.3 10.0 77.1 31.5 60.0 42.8
w/ reflection (r=3) 69.8↑4.6 10.0↓3.3 13.3↑3.3 79.8↑2.7 36.8↑5.3 47.5↓12.5 42.8↑0.0
DAPO 62.0 20.0 6.67 75.5 31.7 47.5 40.5
w/ reflection (r=3) 69.6↑7.6 23.3↑3.3 10.0↑4.0 83.6↑8.1 35.8↑4.1 50.0↑2.5 45.5↑5.0

Ours
TRAE 70.2 23.3 10.0 82.3 37.0 57.5 46.7
w/ reflection (r=3) 82.4↑12.2 33.3↑10.0 16.6↑6.6 93.0↑10.7 44.9↑7.9 67.5↑10.0 56.2↑9.5

Table 1: Accuracy on six mathematics benchmarks. Bold and underline denote the best and second-best results in
each column, respectively. For Baselines and Ours, the colored deltas indicate the change introduced by reflection
(r=3) relative to the corresponding non-reflection setting.

Method MATH-500 AIME24 AIME25 GSM8K Olympiad AMC23 AVG

TRAE 70.2 23.3 10.0 82.3 37.0 57.5 46.7

w/ Majority@4 76.0 20.0 10.0 89.5 42.8 67.5 51.0

w/ Best-of-4-Skywork-Reward-V2 81.4 20.0 13.3 90.9 45.5 60.0 51.8

w/ Best-of-4-AceMath-7B-RM 83.0 20.0 10.0 92.8 47.3 65.0 53.0

w/ Pass@4 88.2 23.3 13.3 95.2 55.6 72.5 58.0

w/ Reflection (r=3) 82.4 33.3 16.6 93.0 44.9 67.5 56.2

Table 2: The result from different test-time scaling method, with bold numbers indiacting the best performance
and underline numbers representing the second-best performance.

served in Table 1, the Qwen3-8B-Base model fails
to perform effective self-reflection. In particular,
its accuracy decreases across all six benchmarks,
with the average accuracy dropping by 11.9%. In
contrast, TRAE already achieves 46.7% accuracy
in the first round, surpassing almost all methods
in General Methods. This improvement is further
amplified after three rounds of reflection, yielding
substantial gains on all six benchmarks and increas-
ing the average accuracy by 9.5% which is the
largest gain among all reflection-based methods
compared with the first round.

5.3 Comparison with Existing Test-Time
Scaling Methods

Table 2 presents a systematic comparison between
self-reflection and other test-time scaling methods
on six benchmarks. We evaluate four test-time
scaling strategies: majority voting, best-of-4, self-
reflection, and pass@4. For the best-of-4 setting,
we further assess performance under two reward
models, Skywork-Reward-V2-Llama-3.1-8B (Liu
et al., 2025a) and AceMath-7B-RM (Liu et al.,
2025b). We report and discuss the results from
the following perspective:

TRAE’s self-reflection-based test-time scaling
yields substantially larger gains than other scal-
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ing strategies. Table 2 shows that majority vot-
ing and best-of-4 provide limited gains. Self-
reflection delivers a substantially larger improve-
ment, reaching 56.2% and trailing only pass@4.
Notably, with self-reflection, TRAE outperforms
Pass@4 on both AIME24 and AIME25, and ranks
second only to Pass@4 on GSM8K and AMC23.
These results indicate that TRAE exhibits strong
reflective capability, consistently surpassing com-
mon test-time scaling baselines and approaching
the upper bound represented by pass@4.

5.4 Analysis of Reflection

In Figure 4, we analyze Correct Reflection (an in-
correct response corrected through reflection) and
Incorrect Reflection (a correct response degraded
by reflection) for GRPO and TRAE over three
reflection rounds. Notably, TRAE consistently
achieves more Correct Reflection than GRPO, high-
lighting its superior ability for error correction and
stable refinement across multiple reflection rounds.
In addtion, TRAE maintains an Incorrect Reflec-
tion rate below 1% throughout and reduces it to 0%
by the third round, indicating strong preservation
of previously correct outputs.

5.5 Ablation Studies

Effect of Monte Carlo Return Horizon To ana-
lyze the effect of Monte Carlo return estimation, we
vary the discount factor in Equation 3, with γ = 0
yielding a myopic one-step return and γ = 0.5 cor-
responding to a multi-step discounted Monte Carlo
return. All experiments use the training data in Sec-
tion 5.1, run for three epochs, and keep other hyper-
parameters fixed. As shown in Table 3, the myopic
return achieves comparable or slightly higher ac-
curacy in the first epoch, but fails to improve con-
sistently thereafter. In contrast, multi-step Monte

w/o MCR w MCR ∆

Epoch 1
w/o reflection 66.0 66.0 +0.0
w/ reflection (r=3) 78.2 76.0 -2.2
Epoch 2
w/o reflection 67.0 69.4 +2.4
w/ reflection (r=3) 76.8 80.2 +3.4
Epoch 3
w/o reflection 71.8 70.2 -1.6
w/ reflection (r=3) 79.0 82.4 +3.4

Table 3: Ablation of MCR (Monte-Carlo Return) across
training epochs. w/o reflection denotes accuracy under
direct generation, while w/ reflection (r=3) reports accu-
racy after three reflection steps.

Carlo return estimation yields steady gains across
epochs, especially under reflection, with improve-
ments of up to +3.4 accuracy points. These results
indicate that extending the Monte Carlo return hori-
zon provides richer credit assignment signals and
supports sustained training improvements.

From Entropy Stabilization to Effective Reflec-
tion Figure 5 compares test-time accuracy and
edit distance across GRPO, GRPO with clip-higher,
and TRAE. As shown in Figure 5, increasing the
clip-higher ratio (Yu et al., 2025) from 0.2 to 0.4
effectively mitigates entropy collapse during train-
ing and slightly increases edit distance, however, it
brings no clear accuracy improvement, indicating
that entropy stabilization alone is insufficient for
effective reflection. In contrast, when combined
with clip-higher, TRAE enables substantially larger
revisions and achieves a steady accuracy gain. This
suggests that our method translates stabilized pol-
icy entropy into more effective reflective updates
rather than merely encouraging superficial changes.

6 Conclusion

We propose TRAE, a GRPO variant that en-
ables robust multi-turn self-reflection through tree-
structured reasoning and turn-level reward assign-
ment. Our empirical analysis reveals the Echo
Trap, where conventional multi-turn training fails
to assign accurate credit to corrective actions, lead-
ing to training collapse. To address this issue,
TRAE explicitly models turn-level rewards that
capture both immediate gains and downstream ef-
fects. As a result, TRAE mitigates behavior col-
lapse and achieves consistent performance improve-
ments across reflection turns. Overall, our ap-
proach enhances self-reflection performance and
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Figure 5: Results of multi-round reflective training meth-
ods on MATH-500.

provides a scalable path toward more effective rea-
soning in complex, multi-step scenarios.

7 Limitation

Due to computational constraints, our experiments
are mainly conducted on Qwen3-8B-Base, which
limits comprehensive comparisons across different
model sizes and architectures. Consequently, the
generality of our method to other model scales and
series remains to be further validated. In addition,
our evaluation focuses on mathematical problem-
solving tasks, and it is unclear how well the method
extends to other multi-turn agent settings such as
search or tool-based reasoning. We also train the
model using a relatively small dataset of 10k ex-
amples, leaving the effect of larger-scale training
unexplored. Finally, the influence of the ratio be-
tween correct and incorrect initial responses in the
training data is not systematically studied.
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A Details of Multi-turn Reflection

To enable a more direct comparison of reflective ca-
pability across methods, we evaluate the outcomes
of three consecutive reflection rounds for each ap-
proach. As shown in Table 4, SFT, GRPO, and
DAPO generally exhibit an improvement followed
by a decline, whereas our method maintains con-
sistent gains across reflection rounds.

B Generalizability of TRAE

To demonstrate the generalizability of TRAE, we
evaluate it from two perspectives: task generaliza-
tion and model architecture generalization.

B.1 Task Generalization

For task generalization, we conduct an out-of-
domain evaluation on MMLU-PRO, a widely used
multi-domain benchmark beyond mathematical rea-
soning. As shown in Table 5, under the same
setting and with up to three reflection rounds,
TRAE exhibits a consistent monotonic improve-
ment as the number of reflection rounds increases
and achieves the best performance at every reflec-
tion depth. TRAE also consistently outperforms
standard GRPO, suggesting that the learned self-
reflection ability is not limited to mathematical
reasoning tasks.

B.2 Model Architecture Generalization
To further validate the effectiveness of our method
across models with different capabilities, we addi-
tionally evaluate TRAE on Llama 3.1-8B-Instruct
and observe the same qualitative behavior on
MATH-500 and GSM8K. As shown in Table 6,
TRAE remains stable and consistently benefits
from reflection, whereas the base model degrades
as the number of reflection rounds increases.

C Comparison of Hyperparameters

To assess the effectiveness of the discount factor
γ in the reward estimation stage while controlling
for the effect of random seeds, we evaluate TARE
under different choices of γ and different seed set-
tings.

C.1 Effect of Monte Carlo Return Horizon
The results in Table 7 show that ignoring MCR
(γ = 0) enables the model to converge quickly, but
to a suboptimal solution, with limited potential for
continued improvement during training. In con-
trast, incorporating MCR (γ = 0.5 and 1) yields
more consistent performance gains as training pro-
gresses. Among these settings, γ = 0.5 achieves
the best overall performance, suggesting that a bal-
anced trade-off between immediate rewards and
long-term returns (MCR) is particularly effective.

C.2 Effect of Seed
As shown in Table 8, the performance remains sta-
ble across different seed settings, indicating that
our results are robust to variations in seed choice.

D Prompt Engineering

In this section, we present the prompt templates
used during training and inference. Our framework
employs different prompts for response generation
and self-reflection, each designed to support a spe-
cific stage of the reasoning process.

During training, we use three types of prompts.
Figure 6 shows the prompt used for initial response
generation. Figure 7 presents the prompt for single-
turn self-reflection, where the model revises its
previous answer based on the original question and
the initial solution. Figure 8 illustrates the prompt
for multi-turn self-reflection, where the model has
access to the full reflection history from previous
turns. This design allows the model to iteratively
refine its reasoning and produce more accurate so-
lutions over multiple rounds.
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Model MATH-500 AIME24 AIME25 GSM8K Olympiad AMC23 AVG

Baselines
SFT 71.8 20.0 10.0 84.3 38.7 52.5 46.2
w/ reflection (r=1) 78.0 20.0 13.3 91.7 41.5 50.0 49.0
w/ reflection (r=2) 78.2 16.7 13.3 91.4 41.5 50.0 48.5
w/ reflection (r=3) 78.4 16.7 13.3 91.1 41.3 52.5 48.8
GRPO 65.2 13.3 10.0 77.1 31.5 60.0 42.8
w/ reflection (r=1) 72.0 13.3 13.3 84.3 37.1 55.0 45.8
w/ reflection (r=2) 70.8 13.3 13.3 83.2 37.7 52.5 45.1
w/ reflection (r=3) 69.8 10.0 13.3 79.8 36.8 47.5 42.8
DAPO 62.0 20.0 6.67 75.5 31.7 47.5 40.6
w/ reflection (r=1) 70.8 20.0 10.0 84.1 35.7 50.0 45.1
w/ reflection (r=2) 70.2 23.3 10.0 84.4 36.0 52.5 46.0
w/ reflection (r=3) 69.6 23.3 10.0 83.6 35.8 50.0 45.3

Ours
TRAE 70.2 23.3 10.0 82.3 37.0 57.5 46.7
w/ reflection (r=1) 81.0 30.0 16.6 92.5 43.7 65.0 54.8
w/ reflection (r=2) 82.0 33.3 16.6 93.2 44.6 67.5 56.2
w/ reflection (r=3) 82.4 33.3 16.6 93.0 44.9 67.5 56.2

Table 4: Reflection scores for each round, with bold numbers indiacting the best performance and
underline numbers representing the second-best performance.

Prompt

{question} The finally answer should be enclosed in boxed {{}}.

Figure 6: Prompt for Response Generation.

MMLU_PRO Qwen3-8B-Base GRPO TRAE

direct 32.5 38.4 46.2
w/ reflection (r=1) 27.5 41.6 50.4
w/ reflection (r=2) 27.4 43.3 52.8
w/ reflection (r=3) 26.8 43.0 53.8

Table 5: Reflection scores for each round, with bold numbers indicating the best performance and
underlined numbers representing the second-best performance.

MATH-500 GSM8K
Llama3.1-8B-Instruct TRAE Llama3.1-8B-Instruct TRAE

direct 47.0 50.0 83.2 83.5
w/ reflection (r=1) 45.0 50.8 76.0 86.1
w/ reflection (r=2) 43.6 51.4 75.2 87.1
w/ reflection (r=3) 43.2 51.6 73.6 87.3

Table 6: Comparison of direct generation and multi-round reflection on MATH-500 and GSM8K. TRAE consistently
improves performance with reflection, while the vanilla Llama3.1-8B-Instruct model degrades as reflection rounds
increase.
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γ = 0 γ = 1 γ = 0.5

Epoch 1
direct 66.0 65.4 66.0
w/ reflection (r=3) 78.2 75.4 76.0

Epoch 2
direct 67.0 67.8 69.4
w/ reflection (r=3) 76.8 77.6 80.2

Epoch 3
direct 71.8 68.2 70.2
w/ reflection (r=3) 79.0 78.2 82.4

Table 7: Results on MATH-500 under different γ values across training epochs. w/ reflection (r=3) reports accuracy
after three reflection steps.

MATH-500 random seed(ours) fixed 0 fixed 42 fixed 100

direct 70.2 70.8 68.8 72.4
w/ reflection (r=1) 81.0 81.4 80.2 80.6
w/ reflection (r=2) 82.0 82.4 81.6 81.4
w/ reflection (r=3) 82.4 82.6 81.6 82.0

Table 8: Results of different random seed settings on TARE. “Random seed” means that the seed is sampled
randomly for each training run, whereas “fixed” means that a predefined seed is used consistently throughout
training.

Prompt

You are given a math problem and a initial solution to the problem. Your task is to generation a
critique to the solution which should contain the analysis to the solution, the judge to the solution
and some instruction about how to correct the solution if it is wrong or make it better if it is correct
and then generate a new solution refined from the initial solution that given to you, and you should
refer from the critique because you can get some advice from it. The new solution should solve the
problem step by step. The final answer must be enclosed in boxed {{}}. You must output in the
following format: <critique>your critique to the solution</critique> <response>the new solution
refined from the initial solution</response>

Figure 7: Prompt for Self-Reflection.

Prompt

The solution you need to reflect is in the previous step and enclosed in <response></response>.
Your task is to generation a critique to the solution, which should contain the analysis to the
solution, the judge to the solution and some instruction about how to correct the solution if it is
wrong or make it better if it is correct and then generate a new solution refined from the previous
solution, and referred from the critique. The new solution should solve the problem step by step.
The final answer must be enclosed in boxed {{}}. You must output in the following format:
<critique>your critique to the solution</critique><response>the new solution refined from the
initial solution</response>

Figure 8: Self-Reflection Prompt Incorporating Previous Turn Context.
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