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Abstract

The linear growth of KV cache bottlenecks
long-context LLMs, yet RoPE-induced oscilla-
tions complicate Key cache quantization. To
address this issue, we propose SpectrumQuant,
a frequency-domain framework that utilizes
the Discrete Cosine Transform (DCT) to con-
vert these oscillations into sparse spectral rep-
resentations. Specifically, our pipeline inte-
grates dominant frequency extraction, hybrid
bit-width allocation, and high-frequency pre-
emphasis to maximize fidelity while minimiz-
ing memory footprint. To eliminate computa-
tional overhead, we develop fused Triton ker-
nels featuring deferred inverse transformation
and on-chip sparse accumulation. Extensive
experiments on several benchmarks confirm
SpectrumQuant achieves efficient compression
with performance and latency comparable to
FP16 baselines.

1 Introduction

As Large Language Models (LLMs) evolve toward
ultra-long contexts (e.g., 1M tokens) (Achiam et al.,
2023; Grattafiori et al., 2024; Yang et al., 2025),
the KV (Key-Value) cache, essential for reusing
historical states to avoid redundant computation,
exhibits linear growth. Consequently, its memory
footprint rapidly eclipses that of model weights,
emerging as the primary bottleneck constraining
long-text inference (Kwon et al., 2023).

To alleviate this memory crisis, the KV cache
quantization, which aims to represent key and value
tensors in low-precision formats, has emerged
as a promising direction for reducing inference
memory cost. Despite great efforts dedicated to
this area (Liu et al., 2024b; He et al., 2024; Wu
et al., 2025), a major challenge remains unresolved:
the RoPE dilemma. As the most popular posi-
tional encoding scheme in state-of-the-art LLMs,
RoPE introduces position-dependent rotations that
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mix paired channels, which inevitably disrupts the
channel-wise magnitude consistency of key vec-
tors (Hooper et al., 2024). This issue renders the
compression of key caches substantially more chal-
lenging than that of value caches.

This raises a critical question: How exactly does
RoPE affect the distribution of key vectors? To in-
vestigate, we visualized the post-RoPE key vector
along different dimensions. It can be observed that
RoPE induces highly structured, periodic oscilla-
tions in the token dimension (see Figure 1, top-left).
This pattern suggests a natural solution: mapping
the key vector to the frequency domain. We em-
ploy the Discrete Cosine Transform (DCT)—which
utilizes cosine basis functions structurally isomor-
phic to RoPE’s rotational mechanism—to analyze
the signal. As shown in Figure 1 (bottom-left),
several critical observations emerge: (1) Energy
Concentration: The majority of spectral energy
is concentrated in a narrow spectral region (a few
adjacent coefficients); (2) Dynamic Range Reduc-
tion: Apart from this region, the residual signal
exhibits minimal fluctuation; and (3) Structural
Consistency: The location of this region remains
largely consistent across different layers and heads
(See Figure 4 in Appendix A).

These observations motivate the core philoso-
phy of our approach: to represent the dominant
spectral peak with high precision while encod-
ing residual frequency-domain signals with lower
bit-widths. Guided by this principle, we intro-
duce SpectrumQuant, a key cache quantization
framework in the frequency domain to neutralize
RoPE-induced fluctuations. Specifically, Spec-
trumQuant utilizes DCT to transform these oscil-
lations into a highly sparse spectral representation.
We then employ a Dominant Frequency Extraction
module to isolate the energy-concentrating peak
for high-precision encoding. For the remaining
residual signals, recognizing that low and high fre-
quencies contribute unequally to reconstruction,
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the Hybrid Bit-width Allocation mechanism is pro-
posed, which assigns heterogeneous bit-widths to
distinct frequency bands according to their impor-
tance, thereby balancing fidelity with compression
ratios. Moreover, we introduce High-Frequency
Pre-emphasis to align dynamic ranges across bands,
allowing for shared quantization to further reduce
the memory footprint. Finally, to mitigate the com-
putational cost of frequency-domain processing,
we develop deeply customized fused kernels using
Triton (Tillet et al., 2019). By maximizing opera-
tor fusion for memory-intensive steps and leverag-
ing SRAM for end-to-end On-Chip Computation,
SpectrumQuant addresses the latency typically in-
curred by spectral transformations, achieving effi-
cient long-context inference with negligible over-
head.

The main contributions are summarized as fol-
lows:

• We revisit key cache quantization from a spec-
tral analysis perspective, revealing that RoPE-
induced oscillations translate into highly con-
centrated energy distributions in the frequency
domain. Based on this insight, we pro-
pose SpectrumQuant, which utilizes time-
dimension DCT to effectively capture and
compress these semantic signals.

• We achieve high-fidelity and low-latency in-
ference by integrating Dominant Frequency
Extraction, Hybrid Bit-width Allocation, and
High-Frequency Pre-emphasis with high-
performance fused Triton kernels that resolve
memory bandwidth bottlenecks through on-
chip computation.

• Extensive experiments on diverse benchmarks
demonstrate that SpectrumQuant achieves ef-
ficient compression while maintaining perfor-
mance comparable to FP16 baselines, exhibit-
ing consistent robustness across models of
varying architectures and sizes.

2 Background

2.1 RoPE and KV Cache
Consider the l-th layer of a Transformer architec-
ture. Let the input hidden states be denoted as
X ∈ RT×D. For any given attention head, the
Query, Key, and Value vectors are projected via
linear transformations:

Q,K,V = XWQ, XWK , XWV .

To incorporate positional information, modern
large language models (LLMs) widely adopt Ro-
tary Positional Embeddings (Su et al., 2023), which
rotate the key vector K by pairing its channels in
a 2D plane based on their position t. For the c-th
channel pair (corresponding to dimensions 2c and
2c+ 1), the transformation at position t is defined
as:
(

k̃t,2c
k̃t,2c+1

)
=

(
cos(tθc) − sin(tθc)
sin(tθc) cos(tθc)

)(
kt,2c
kt,2c+1

)
,

(1)
where the frequencies θc = b−2c/d decay exponen-
tially across channel pairs c (with b typically set to
a large number like 10000).

To accelerate inference, the KV cache stores
historical key and value vectors (K̃<t,V<t). How-
ever, its GPU memory footprint grows linearly with
sequence length T and, in long-context scenarios
(T ≥ 128K), can exceed the model weights, be-
coming the primary bottleneck for throughput and
context extension.

2.2 Quantization
Quantization reduces memory usage by mapping
floating-point values to low-bit integers. A com-
mon approach is the standard asymmetric uniform
quantization. For a given floating-point vector X,
the quantization process first computes the group-
wise scaling factor s and zero-point z, and maps
the values to b-bit integers Xq:

s =
max(X)−min(X)

2b − 1
, z = min(X),

Xq = Clamp

(⌊
X− z

s

⌉
, 0, 2b − 1

)
,

(2)

The dequantization process then restores the inte-
gers to approximate values via X̂ = s · Xq + z.
This procedure inevitably introduces quantization
error, and under the assumption of a uniform error
distribution, the expected mean squared error is the-
oretically bounded by the scaling factor s (Peters
et al., 2023):

E
[
(X̂−X)2

]
=

s2

12
. (3)

However, RoPE poses a critical challenge for key
cache quantization. It introduces high-amplitude
periodic oscillations that drastically expand the dy-
namic range (max(X)−min(X)). This forces a
large scaling factor s, creating a coarse quantiza-
tion grid. Consequently, subtle semantic details
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Figure 1: Visualization of original magnitudes (top) and the corresponding DCT coefficients (bottom). Significant
energy concentration is observed exclusively in the key cache along the token dimension (leftmost).

are drowned out by quantization noise, leading to
severe performance degradation in low-bit settings.

2.3 Related Works

KV Cache Quantization Recent studies have
explored multiple quantization strategies for KV
cache compression in LLMs. ZipCache (He et al.,
2024) employs channel-separable token-wise quan-
tization, whereas KIVI (Liu et al., 2024b) adopts
channel-wise quantization for Keys and token-wise
for Values. To further handle outliers and preserve
fidelity, SpinQuant (Liu et al., 2024a) and Polar-
Quant (Wu et al., 2025) introduce coordinate trans-
formations, such as Hadamard transform or polar
transformation, before quantization. Additionally,
KVQuant (Hooper et al., 2024) proposes quantiz-
ing at the pre-RoPE stage to mitigate the quantiza-
tion error introduced by RoPE.

Frequency Domain Method in Large Language
Models Frequency domain analysis provides a
unique perspective for optimizing LLM efficiency.
Existing works have successfully applied spectral
methods to diverse tasks, including accelerating
token mixing (Lee-Thorp et al., 2022), reducing
sequence redundancy (He et al., 2023; Kai et al.,
2025), and minimizing storage in fine-tuning (Gao
et al., 2024b). Furthermore, frequency-based ap-
proaches have been leveraged for model weight
and activation quantization (Chen et al., 2025;
Zhao et al., 2026) and theoretical analysis of posi-
tional encodings (Ruscio et al., 2025). While Spec-
Quant (Zhao et al., 2026) similarly employs spec-
tral transformations, it relies on weight smoothness
for weight and activation quantization. In contrast,
our method leverages the spectral sparsity induced
by RoPE, targeting the dynamic KV cache without

any offline calibration.

3 Method

In this section, we present SpectrumQuant, a
spectrum-based quantization framework for key
caches. We first elucidate the spectral charac-
teristics of the key cache through empirical ob-
servations (§3.1) and theoretical analysis (§3.2).
Subsequently, we detail the proposed quantization
scheme (§3.3) and the hardware-optimized imple-
mentation (§3.4).

3.1 Motivation

To explore potential sparsity within the KV cache,
we introduce the Discrete Cosine Transform (DCT)
as our analytical tool (see Appendix B for details).
Based on spectral analysis across different dimen-
sions, we derive three key observations:

Observation 1: Energy Concentration in the
Token Dimension. As shown in Figure 1, sig-
nificant energy concentration (i.e., a few adjacent
frequency coefficients capture the vast majority of
the energy in the key spectrum) emerges only when
applying DCT along the token dimension of the
key cache. In contrast, neither the value cache
across both dimensions nor the key cache along the
channel dimension exhibits this characteristic. This
indicates that the token dimension is the optimal
direction for key compression, corroborating the
empirical finding in KIVI (Liu et al., 2024b) that
per-channel quantization is preferable for keys.

Observation 2: Dynamic Range Reduction.
Apart from the energy peaks, the dynamic range
of the residual signal is significantly reduced com-
pared to the original time-domain signal. This is
reasonable since the total energy is conserved be-
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Figure 2: Overview of our SpectrumQuant framework. We transform the Key cache into the frequency domain via
DCT along the token dimension. The pipeline consists of three key components: Dominant Frequency Extraction
to capture concentrated energy, High-Frequency Pre-emphasis to align dynamic ranges, and Hybrid Bit-width
Allocation to efficiently compress different frequency bands.

tween the time and frequency domains according
to Parseval’s Theorem (Oppenheim et al., 1997).
This phenomenon directly motivates us to process
the energy peaks and the residual signal respec-
tively, i.e., quantizing the residual signal with a
significantly smaller quantization scaling factor s,
thereby drastically minimizing quantization errors.

Observation 3: Structural Consistency. Fur-
thermore, we find that the dominant frequency
(peak position) of a specific channel remains nearly
identical across different layers and heads (see Ap-
pendix A). This consistency, determined by the
RoPE frequencies (proved in Proposition 1), pro-
vides a reliable basis for designing a robust quanti-
zation strategy.

3.2 Theoretical Analysis

To provide a theoretical foundation for our ap-
proach, we model the key state as a semantic signal
modulated by RoPE. Let the group size be G and
the RoPE frequency for channel c be θc, and as-
suming the semantic signal (i.e., the pre-RoPE key
state) varies smoothly along the token dimension,
we have (detailed proofs are in Appendix J):

Proposition 1 (Spectral Shifting). RoPE modula-
tion shifts the spectral energy center in channel c

to the dominant frequency k∗ = Gθc
π .

Proposition 2 (Energy Concentration). Despite
spectral leakage, for the post-RoPE key state, the
two DCT coefficients nearest to k∗ capture a the-
oretical lower bound of 6

π2 (≈ 61%) of the total
spectral energy.

Proposition 3 (Stability of Spectral Coefficients).
The spectral distortion is strictly bounded by the
variance of the semantic signal.

3.3 Frequency-Domain Hybrid Quantization
Based on the above observations and analyses,
SpectrumQuant quantizes the key cache in the fre-
quency domain. Let the group size be G. For a
group of key cache K ∈ RG×d, we first apply
the DCT along the token dimension to obtain the
spectral coefficient matrix C = DCT(K) ∈ RG×d.
The quantization process consists of the following
three steps (illustrated in Figure 2):

Dominant Frequency Extraction We first iso-
late the highest-energy components in the spectrum.
For each channel j, we extract the N coefficients
with the largest magnitudes as the set of dominant
frequencies Ωj = TopN(|C:,j |). The values Oval

and indices Oidx of these coefficients are stored
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Figure 3: Impact of the emphasis factor σ on reconstruction quality of attention score across different models with
the number of dominant frequencies fixed at N = 2 (Left Axis: Cosine Similarity (↑ higher is better), Right Axis:
Mean Squared Error (↓ lower is better)).

in 16-bit and 8-bit respectively. We then zero out
these positions to obtain the residual coefficients
R with significantly reduced dynamic range:

Ri,j =

{
0, if i ∈ Ωj

Ci,j , otherwise
(4)

Hybrid Bit-width Allocation At this step, we
evenly split the residual spectrum R into a low-
frequency band RL (indices 1 to G/2) and a high-
frequency band RH (indices G/2 + 1 to G). We
select 0.5 as the split ratio based on the theoretical
result in Proposition 1 that the peak position for any
channel does not exceed G

π ≈ 0.32G, regardless
of the RoPE base b. Thus, this split ensures that
all dominant frequencies and their leakage energy
are encapsulated within the low-frequency band.
Ablation studies on split ratio are conducted in
Appendix D.1.

We adopt a mixed-precision strategy: RL is
quantized with 4 bits, and RH with 2 bits. This al-
location stems from the insight that low-frequency
distortions can corrupt the global signal structure,
while errors of the same magnitude in the high-
frequency band typically manifest as negligible
local noise. Experiments in Appendix D.2 demon-
strate that retaining 2-bit high-frequency compo-
nents significantly improves reconstruction quality
compared to directly discarding them.

High-Frequency Pre-emphasis and Shared
Quantization To minimize metadata overhead,
we let the low and high bands share a common
set of quantization parameters (scaling factor s
and zero-point z). However, due to the smaller
dynamic range of high-frequency coefficients, di-
rect sharing results in insufficient utilization of the
quantization grid, which may lead to severe loss of
high-frequency signals.

To address this issue, we introduce the pre-
emphasis techniques from the signal processing
field (López-Espejo et al., 2024), and adopt an em-
phasis factor σ before quantization:

R̃H = σ ·RH (5)

This operation stretches the distribution of high-
frequency signals to better match the dynamic
range of low-frequency signals. As shown in Fig-
ure 3, reconstruction quality is optimal and robust
when σ ∈ [2.0, 3.0].

Subsequently, we compute the shared s and z
based on the concatenated data [RL; R̃H ]. To adapt
to the difference in quantization levels between
bit-widths, we introduce an adaptation factor γ =
22−1
24−1

= 3
15 = 1

5 during mapping, which ensures
that under a shared dynamic range, high-frequency
data is correctly mapped to the 2-bit integer range
[0, 3]. The final quantization formulas are:

QL = Clamp

(⌊
RL − z

s

⌉
, 0, 15

)
(6)

QH = Clamp

(⌊
R̃H − z

s
· γ
⌉
, 0, 3

)
(7)

And the corresponding dequantization procedure
during the decoding stage is given by:

R̂L = QL · s+ z (8)

R̂H =
(QH/γ) · s+ z

σ
(9)

3.4 Implementation
To achieve efficient inference in long-context sce-
narios, we developed a set of deeply customized
kernels using Triton (Tillet et al., 2019), featuring
two key highlights (details in Appendix F, Algo-
rithms 1 and 2):
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Table 1: Long-context quantization evaluation on the LongBench benchmark. We report results for multiple
state-of-the-art LLMs across diverse LongBench tasks.

Single Doc. QA Multi Doc. QA Summarization Few-shot Learning

Method Bits NtrvQA Qasper MF-en 2Wiki Hotpot Musique GovRep QMSum MNews TREC TriviQA SamSum Avg.

Qwen-3-1.7B

fp16 Baseline 16 18.37 24.78 45.87 32.52 39.31 17.92 30.49 22.99 25.04 73.00 85.47 42.38 38.17

ZipCache 4.33 18.65 25.08 45.55 32.72 39.25 16.65 20.02 22.29 24.48 72.50 86.22 42.49 37.16
KIVI 4.33 18.58 24.99 45.96 32.57 38.70 18.56 30.55 23.21 25.00 73.00 85.56 42.01 38.22

PolarQuant 4.33 18.29 24.88 44.85 32.96 37.87 17.51 30.53 23.32 25.35 73.50 85.47 41.35 37.99
SpectrumQuant 3.71 18.48 24.85 45.56 32.45 38.02 17.15 30.66 22.90 24.59 73.50 85.59 42.58 38.02

Qwen-3-8B

fp16 Baseline 16 26.91 48.04 53.09 43.37 58.93 36.30 33.45 23.94 24.91 72.00 89.92 42.85 46.14

ZipCache 4.33 26.92 47.30 52.23 43.45 58.86 36.37 33.18 23.59 24.78 70.00 90.46 44.45 45.97
KIVI 4.33 26.43 47.67 52.91 43.29 59.19 36.11 33.55 24.48 24.75 71.50 89.67 43.00 46.05

PolarQuant 4.33 26.16 47.25 53.46 43.42 58.91 36.63 33.71 24.21 25.07 71.50 89.75 43.22 46.11
SpectrumQuant 3.71 27.25 47.80 52.64 43.87 59.58 35.92 33.16 23.94 24.56 71.00 89.80 44.58 46.18

Llama-3.1-8B-Instruct

fp16 Baseline 16 31.63 46.58 56.89 48.96 58.10 31.57 34.44 25.23 26.99 74.00 92.64 43.22 47.52

ZipCache 4.33 31.61 45.64 56.70 48.42 58.39 32.07 34.22 25.75 27.03 73.50 91.61 43.68 47.38
KIVI 4.33 32.27 46.81 56.74 48.82 58.08 31.83 34.49 25.07 26.73 73.50 92.27 43.84 47.53

PolarQuant 4.33 32.50 46.16 56.73 48.97 57.91 31.67 34.04 25.47 26.76 74.00 92.86 43.07 47.51
SpectrumQuant 3.71 32.09 46.32 56.75 49.46 58.49 31.58 34.57 25.04 26.45 74.00 92.21 44.02 47.58

Llama-3.2-3B-Instruct

fp16 Baseline 16 25.60 40.85 50.67 39.74 53.19 26.08 33.35 24.68 25.66 74.50 88.78 43.04 43.85

ZipCache 4.33 25.79 40.98 50.00 40.25 52.37 25.97 33.36 24.20 26.17 75.50 88.78 42.13 43.79
KIVI 4.33 25.10 40.07 51.33 39.74 53.15 25.61 33.10 24.16 25.81 74.50 88.34 42.66 43.63

PolarQuant 4.33 25.26 40.90 50.57 39.74 52.99 25.46 32.70 23.87 26.00 74.00 88.78 42.16 43.54
SpectrumQuant 3.71 25.92 39.58 51.68 40.00 52.89 25.51 33.20 24.20 26.17 75.00 88.88 42.69 43.81

(1) Operator Fusion: In the quantization stage,
minmax calculation, scaling, rounding, and bit
packing are merged into a single kernel to avoid re-
peated global memory access of intermediate vari-
ables. In the decoding stage, we designed a fused
kernel that executes dequantization, frequency-
domain dot product, Inverse DCT (IDCT), and
sparse accumulation within a single kernel launch.

(2) On-Chip Computation: We pre-load the DCT
basis into the L1 cache (SRAM) and utilize broad-
casting for low-latency access. For the sparse domi-
nant frequencies, the kernel calculates and accumu-
lates their contribution directly in registers, fully
leveraging the sparsity for bandwidth efficiency.

4 Experiments

4.1 Setup

Models We conduct a systematic evaluation
of SpectrumQuant across several advanced
large language models, including Qwen3-1.7B,
Qwen3-8B (Yang et al., 2025), Llama-3.1-8B-
Instruct (Grattafiori et al., 2024), and Llama-3.2-
3B-Instruct (Meta, 2024), spanning a diverse range
of architectures and model sizes. Notably, the
Qwen3 models introduce a pre-RoPE normaliza-
tion design, distinguishing them from the Llama-3

series. All models adopt grouped query attention
(GQA (Ainslie et al., 2023)).

Tasks This study primarily evaluates the perfor-
mance of SpectrumQuant on long-context tasks. To
this end, we adopt LongBench (Bai et al., 2023), a
popular multi-task long-text benchmark, and con-
duct a comprehensive comparison between Spec-
trumQuant and mainstream high-fidelity training-
free key cache quantization methods.

In addition, to verify generality, we also assess
performance under standard context lengths with
IF-Eval (Zhou et al., 2023), MMLU (Hendrycks
et al., 2021), and GSM8K (Cobbe et al., 2021)
datasets. For MMLU and GSM8K, we use 5-
shot in-context learning and construct evaluation
prompts with chain-of-thought (CoT). For IF-Eval,
we adopt a zero-shot evaluation setting.

Implementation Details Following KIVI (Liu
et al., 2024b), we perform quantization solely on
the cached history after the attention computation.
Consequently, the prefilling phase retains full preci-
sion and directly leverages FlashAttention-2 (Dao,
2023) for acceleration. To ensure a fair comparison,
all methods retain the most recent 128 tokens in
full precision, and we use a group size of 128 for all
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Table 2: Performance comparisons on standard context-length benchmarks, including IF-Eval (instruction following),
MMLU (knowledge and reasoning), and GSM8K (mathematical reasoning), demonstrating that our quantization
method does not cause significant degradation under standard context lengths.

Model Method IF-Eval MMLU GSM8K
Inst-Strict Prompt-Strict Humanities Social Science STEM Other Avg.

Qwen-3-1.7B

fp16 Baseline 76.26 68.02 51.56 69.58 68.76 64.31 62.19 67.52

ZipCache 73.14 64.70 48.59 65.84 59.21 59.22 57.11 39.19
KIVI 76.62 68.39 51.03 69.13 67.75 63.82 61.58 67.07

PolarQuant 74.94 66.91 47.86 67.18 62.04 61.60 58.32 57.26
SpectrumQuant 76.26 68.21 50.84 69.00 66.03 64.31 61.21 66.57

Qwen-3-8B

fp16 Baseline 86.69 80.41 65.48 84.27 81.26 79.02 76.14 87.86

ZipCache 87.17 81.33 64.72 83.33 80.21 78.47 75.31 87.14
KIVI 87.89 82.07 65.04 83.59 80.34 78.40 75.49 86.54

PolarQuant 86.93 80.40 64.02 82.71 80.18 78.40 74.93 86.20
SpectrumQuant 87.53 82.07 64.31 83.56 80.24 79.08 75.37 86.97

Llama-3.1-8B-Instruct

fp16 Baseline 81.53 73.57 63.66 77.09 69.43 76.86 70.82 78.47

ZipCache 80.46 72.83 63.06 78.39 69.97 77.08 71.07 79.94
KIVI 81.77 74.12 64.08 77.64 70.66 75.89 71.14 79.38

PolarQuant 79.85 72.82 63.85 77.19 70.22 76.92 71.09 79.61
SpectrumQuant 82.25 75.05 63.38 76.96 68.51 75.99 70.30 79.91

Llama-3.2-3B-Instruct

fp16 Baseline 79.62 72.09 54.86 66.75 63.40 67.91 62.27 70.36

ZipCache 78.54 69.69 53.45 66.92 61.05 67.65 61.25 70.12
KIVI 77.82 69.87 53.11 67.83 61.50 67.81 61.47 69.98

PolarQuant 79.62 71.53 53.01 66.10 60.48 68.36 60.95 69.83
SpectrumQuant 78.66 71.06 53.94 67.34 61.75 68.20 61.79 69.90

Table 3: End-to-end inference latency (seconds) and peak GPU memory usage (GB) on LongBench subtasks,
evaluated with Llama-3.1-8B-Instruct on two NVIDIA RTX 5090 GPUs.

Method
Latency (s) / Mem. (GB)

NtrvQA Qasper MF-en Musique GovRep QMSum MNews

FP16 Baseline 877.5 / 54.07 211.8 / 22.81 171.4 / 20.50 351.7 / 21.02 2880.1 / 40.81 1018.2 / 32.13 2630.1 / 20.12
ZipCache 827.1 / 37.58 215.5 / 20.26 177.6 / 18.70 347.0 / 19.05 2745.3 / 27.75 1108.5 / 22.53 2811.6 / 18.44

KIVI 842.0 / 37.68 222.7 / 20.38 179.0 / 18.79 346.3 / 19.10 2793.5 / 27.76 1058.3 / 22.71 2717.1 / 18.55
PolarQuant 891.6 / 38.23 244.8 / 20.46 197.2 / 18.84 374.8 / 19.20 4055.7 / 28.23 1297.0 / 22.82 3257.6 / 18.57

SpectrumQuant (PyTorch) 904.4 / 37.44 269.1 / 20.22 209.8 / 18.67 389.9 / 19.02 4256.9 / 27.67 1442.2 / 22.49 3390.3 / 18.42
SpectrumQuant (Triton) 829.0 / 37.44 209.2 / 20.22 173.8 / 18.67 353.9 / 19.02 2771.1 / 27.67 1057.8 / 22.49 2669.7 / 18.42

group-wise methods. Following PolarQuant (Wu
et al., 2025), we evaluate all comparison methods
using 4-bit quantization. For SpectrumQuant, we
set the number of dominant frequencies N = 2
(consistent with Proposition 2) and the emphasis
factor σ = 2.0 based on our ablation studies (Sec-
tion 4.4). Regarding the evaluation framework, we
align our LongBench evaluation setting with KIVI,
while employing lm-evaluation-harness (Gao et al.,
2024a) for other benchmarks. All experiments
were conducted on two NVIDIA GeForce RTX
5090 GPUs.

4.2 Main Results

Table 1 summarizes the performance on Long-
Bench. SpectrumQuant demonstrates strong ca-
pabilities across diverse tasks, yielding results com-
parable to existing high-fidelity approaches while
handling long-context inputs.

We further evaluate SpectrumQuant on stan-
dard context benchmarks, as summarized in Ta-
ble 2. SpectrumQuant maintains competitive per-
formance across knowledge-intensive (MMLU),
mathematical reasoning (GSM8K), and instruction-
following (IF-Eval) tasks without notable degrada-
tion. This confirms that our quantization scheme
preserves the model’s fundamental capabilities
across general-purpose tasks. Notably, Spec-
trumQuant exhibits superior robustness across
diverse model architectures: it restricts the maxi-
mum accuracy drop to merely 1.6% across all tasks
on all tested models, confirming its reliability as a
general quantization scheme.

4.3 Efficiency

(1) Memory Usage. As shown in Table 3, Spec-
trumQuant effectively alleviates memory bottle-
necks by substantially reducing peak GPU memory
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Table 4: LongBench results of SpectrumQuant combined with token-wise value cache quantization.

Single Doc. QA Multi Doc. QA Summarization Few-shot Learning

Method Value Bits NtrvQA Qasper MF-en 2Wiki Hotpot Musique GovRep QMSum MNews TREC TriviQA SamSum Avg.

SpectrumQuant
16 32.09 46.32 56.75 49.46 58.49 31.58 34.57 25.04 26.45 74.00 92.21 44.02 47.58
4 32.10 45.76 56.15 49.30 58.73 31.69 34.51 25.48 26.89 74.00 91.83 43.86 47.52
2 32.53 45.15 56.70 47.31 58.42 31.58 34.07 25.47 26.78 73.50 91.72 44.26 47.29

Table 5: Ablation studies on the number of dominant frequencies N and the emphasis factor σ. The reported values
are the average scores on LongBench subtasks for Llama-3.2-3B-Instruct, Qwen3-8B, and Mistral-7B-Instruct-
v0.3 (Jiang et al., 2023).

Avg Scores

Method N σ Llama-3.2-3B-Instruct Qwen3-8B Mistral-7B-Instruct-v0.3

FP16 Baseline None None 37.25 41.43 37.60

w/o DCT 2 1.0 36.51 40.81 36.16

SpectrumQuant

1 1.0 18.62 29.81 21.24

1 2.0 36.68 41.00 37.28

1 3.0 36.93 41.04 37.24

2 1.0 36.34 39.89 36.16

2 2.0 37.23 41.37 37.52

2 3.0 37.14 41.20 37.48

3 1.0 36.24 40.90 37.12

3 2.0 37.21 41.41 37.39

3 3.0 37.17 41.29 37.31

usage, with the advantage particularly evident in
long-context scenarios. For a fair comparison of
peak memory usage across all methods, we dis-
able the fused quantization-packing kernels in both
KIVI and our Triton implementation. Enabling
these kernels would further reduce the peak mem-
ory footprint by 5% to 8%. We provide a detailed
calculation of the actual average bitwidth (includ-
ing all metadata and the full-precision residual
length) for all evaluated methods in Appendix C.

(2) Inference Latency. We compare the end-to-
end latency of a baseline using a 16-bit floating-
point KV cache with FlashAttention-2 (Dao, 2023)
against SpectrumQuant implemented in both Py-
Torch and Triton, as well as other state-of-the-art
quantization methods (see Table 3). Notably, the
overhead of the naive PyTorch implementation be-
comes increasingly pronounced on tasks with ultra-
long contexts, where the latency gap widens signif-
icantly. In contrast, our Triton kernels successfully
eliminate this bottleneck, achieving low latency
while significantly reducing peak GPU memory
usage across all tasks.

4.4 Analysis

Performance under variant RoPE configura-
tions In Appendix D.3, we further evaluate Spec-
trumQuant on Llama-2-7B-32K (Chen et al., 2023).
Collectively, our experiments span diverse RoPE
configurations, including Llama-2-7B-32K (base
b = 10000, Linear Scaling), Llama-3.1 model
(b = 500000, YaRN-like (Peng et al., 2024) Scal-
ing), and Qwen3 series (b = 1000000, standard
RoPE). The consistent performance across these
settings proves the robustness of SpectrumQuant to
varying base frequencies and RoPE scaling strate-
gies.

Compatibility with value cache quantization
Following PolarQuant (Wu et al., 2025), we inves-
tigate integrating SpectrumQuant with value cache
quantization to further minimize memory footprint.
We employ standard token-wise quantization for
values, consistent with KIVI (Liu et al., 2024b). As
presented in Table 4, even under aggressive 2-bit
value quantization, the performance degradation
remains within an acceptable range. This confirms
that our method is orthogonal to and compatible
with existing value quantization techniques.
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Table 6: Experimental results for SpectrumQuant on LongBench tested with Qwen3-8B-AWQ model.

Single Doc. QA Multi Doc. QA Summarization

Method Bits NtrvQA Qasper MF-en 2Wiki Hotpot Musique GovRep QMSum Avg.

fp16 Baseline 16 26.86 45.72 50.91 41.49 58.60 30.27 33.59 23.61 38.88

SpectrumQuant 3.71 26.14 45.06 49.90 42.13 59.22 29.90 33.54 23.52 38.68

Combination with Weight Quantization Our
framework is orthogonal to weight quantization
and can be seamlessly integrated with techniques
such as AWQ (Lin et al., 2024). Empirically, we
observe that the energy concentration phenomenon
in the DCT domain persists even when the model
parameters are quantized. The experimental results
on LongBench subtasks for the Qwen3-8B-AWQ
model are presented in Table 6. Overall, integrat-
ing SpectrumQuant with AWQ further shrinks the
memory footprint during inference. Crucially, it
preserves the performance of the weight-quantized
backbone with negligible degradation. This vali-
dates the robustness and excellent compatibility of
our quantization approach across different preci-
sions of model weights.

Ablation studies We conduct ablation studies
on the core components of SpectrumQuant (see Ta-
ble 5). The results show that, under the same config-
uration, SpectrumQuant significantly outperforms
a time-domain baseline without DCT, where we
set σ = 1.0 as frequency-dependent pre-emphasis
is inapplicable in the time domain, confirming the
critical role of the frequency-domain transform in
compression effectiveness.

Experiments on the number of dominant frequen-
cies N indicate that retaining only the strongest co-
efficient (N = 1) causes substantial performance
degradation; in contrast, N = 2 is enough to re-
cover most of the accuracy, while increasing to
N = 3 yields only marginal gains. Therefore,
we choose N = 2 to balance performance and
overhead. Moreover, introducing the emphasis
factor σ effectively improves quantization perfor-
mance. The model maintains stable accuracy for
σ ∈ [2.0, 3.0], consistent with our reconstruction
experiments (see Fig. 3), validating the necessity
of using the emphasis technique to compensate for
high-frequency quantization errors.

In Appendix D, we further investigate the impact
of group size (§D.4) and evaluate SpectrumQuant
on the Needle-in-a-Haystack benchmark for ultra-
long context scenarios (§D.5).

5 Conclusion

In this paper, we introduced SpectrumQuant, a
frequency-domain framework that resolves the
challenge of quantizing RoPE-modulated key
caches. By leveraging the energy concentration
properties of DCT, SpectrumQuant achieves ef-
ficient compression through dominant frequency
extraction and hybrid bit-width allocation. Fur-
thermore, our hardware-optimized fused kernels
eliminate the computational overhead. Extensive
experiments verify that SpectrumQuant greatly re-
duces memory usage while maintaining perfor-
mance comparable to FP16 baselines, offering an
efficient solution for long-context LLM inference.

Limitations

Despite the effectiveness of SpectrumQuant, sev-
eral avenues remain for future exploration. First,
our framework currently relies exclusively on the
discrete cosine transform; future work could in-
vestigate other spectral transformation tools (e.g.,
wavelets) to further optimize energy concentra-
tion. Second, while our fused Triton kernels en-
sure efficiency, we believe there is room to design
even stronger kernels to further minimize infer-
ence latency. Finally, we have not yet applied
this frequency-domain perspective to model weight
quantization, which remains a promising direc-
tion for developing a unified spectral compression
framework.
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Appendix

A Visualization of Structural Consistency

Figure 4 illustrates the DCT spectrum of key states
sampled from various layers and attention heads.
The visualization reveals a clear pattern of struc-
tural consistency: within the same channel index
(column), the dominant frequency peaks emerge
at identical positions across different layers and
heads (rows). This phenomenon confirms that the
spectral sparsity pattern is intrinsically governed by
the RoPE rotation frequencies, supporting the ra-
tionale for applying a unified quantization strategy
globally.

B Discrete Cosine Transform

The Discrete Cosine Transform (DCT) is an or-
thogonal transform. It is widely used in signal
processing and image compression standards, such
as JPEG. In this paper, we adopt the most common
variant, DCT-II.

For a real-valued sequence of length L, denoted
as X = [x0, x1, . . . , xL−1] ∈ RL, its forward DCT-
II transform is defined as the coefficient vector
C ∈ RL:

ck = αk

L−1∑

n=0

xn · cos
[
π

L

(
n+

1

2

)
k

]
,

k = 0, . . . , L− 1

(10)

where αk is the normalization coefficient ensuring
the orthogonality of the transform:

αk =





√
1
L , if k = 0√
2
L , otherwise

(11)

Since the DCT is an orthogonal transform, its
inverse (IDCT) is simply its transpose. The original
signal X can be losslessly reconstructed via:

xn =
L−1∑

k=0

αk · ck · cos
[
π

L

(
n+

1

2

)
k

]
,

n = 0, . . . , L− 1

(12)

The core advantage of DCT lies in its energy
concentration property. Since the rotational mod-
ulation of RoPE is structurally homologous to the
cosine basis functions of DCT, DCT can effectively
deconstruct the intense time-domain oscillations of
key cache into sparse impulses in the frequency do-
main. This property allows us to precisely isolate

high-energy dominant frequencies. Consequently,
we can significantly reduce the quantization scal-
ing factor of the remaining coefficients, laying the
foundation for our quantization method.

C Details of Average Bit-Width
Calculation

To fairly evaluate the memory efficiency of Spec-
trumQuant, we follow the estimation procedure of
PolarQuant (Wu et al., 2025). We set the input
sequence length T = 12.2K (the average input
length on LongBench), the attention head dimen-
sion d = 128, the quantization group size G = 128,
and residual length (length of the retained full-
precision buffer) s = 128. To simplify the for-
mulation, we omit the batch and head dimensions.

Under this setting, our storage overhead consists
of the following four components:

• Spectral Data: The low-frequency band (G/2
coefficients) employs 4-bit quantization, and
the high-frequency band (G/2 coefficients)
uses 2-bit quantization. This results in an av-
erage data bit-width of 3.0 bits/token.

• Dominant Frequency Overhead: For N
dominant frequency components extracted per
group, we store N full-precision values and
N 8-bit indices, totaling 24N bits. As we set
N = 2 in our experiments, the amortized cost
is 24N

G = 0.375 bits/token.

• Group Metadata: Each group shares a sin-
gle set of full-precision Scaling Factor (Scale)
and Zero-point (Min). The overhead is 32

G =
0.25 bits/token.

• Full-Precision Buffer: Following KIVI (Liu
et al., 2024b), we retain a full-precision buffer
of length s to maintain streaming generation
quality. In long-context scenarios (T ≫ s),
the expected occupied length is s/2. This
introduces a marginal overhead of approxi-
mately 16×(s/2)

T ≈ 0.08 bits/token.

In summary, the total effective bit-width of Spec-
trumQuant is 3.0+0.375+0.25+0.08 ≈ 3.71 bits.
This result demonstrates that SpectrumQuant of-
fers a storage-efficient solution while maintaining
robust model performance.

For comparison, we also calculate the actual bit-
width of other state-of-the-art quantization meth-
ods. For quantization parameters, ZipCache (He
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Figure 4: Visualization of Structural Consistency across layers and heads.

Table 7: LongBench results on Llama-2-7B-32K, demonstrating the robustness of SpectrumQuant under Position
Interpolation.

Single Doc. QA Multi Doc. QA Summarization

Method Bits NtrvQA Qasper MF-en 2Wiki Hotpot Musique GovRep QMSum Avg.

fp16 Baseline 16 14.71 12.31 20.76 11.80 13.89 7.29 30.51 21.69 16.62
SpectrumQuant 3.71 15.58 11.73 20.53 11.32 14.04 7.67 29.28 21.80 16.49

et al., 2024) introduces a channel-separable, token-
wise scheme, incurring 32/d bits (16 bits for zero-
points and 16 bits for scaling factors per token),
which amounts to 0.25 bits/token when d = 128.
Conversely, KIVI (Liu et al., 2024b) and Polar-
Quant (Wu et al., 2025) utilize channel-wise quan-
tization, introducing 32d bits of parameters per
group, which increases the average bit-width by
32/G = 0.25 bits/token. As calculated above,
all three methods require the same full-precision
buffer for streaming generation, adding an iden-
tical overhead of approximately 0.08 bits/token.
Considering the base cost of 4-bit quantization,
the total effective bit-width for them is identically
4.0 + 0.25 + 0.08 = 4.33 bits.

D Further Analysis

Consistent with configurations in main experi-
ments, we set the number of dominant frequencies
N = 2 and the emphasis factor σ = 2.0 through
this section.

D.1 Ablation Study on Split Ratio

We evaluate the impact of different split ratios us-
ing Llama-3.1-8B-Instruct on LongBench subtasks.
As shown in Table 8, setting the ratio to 0.25 leads
to a noticeable performance drop. This validates
our theoretical analysis: A 0.25 split fails to encap-
sulate all dominant frequencies and their leakage
energy within the low-frequency band. Conversely,
increasing the ratio to 0.75 yields marginal gains
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but introduces unnecessary overhead. Therefore,
we select 0.5 as the optimal balance between accu-
racy and memory efficiency.

Table 8: Ablation study of split ratio on LongBench
subtasks with group size G = 128 and residual length
s = 128.

Split Ratio 0.25 0.5 0.75

Avg. (Bits) 41.43 (3.21) 41.79 (3.71) 41.82 (4.21)

D.2 Necessity of Retaining High-Frequency
Components

FreqKV (Kai et al., 2025) compresses the KV
cache by discarding high-frequency DCT compo-
nents and applying a rescaling factor of

√
L/N

(where L and N are the retained length and the orig-
inal length respectively) during the inverse DCT. To
analyze the efficacy of this approach, we compare
our method against a truncation approach designed
in the spirit of FreqKV under an iso-bitwidth set-
ting. Specifically, the approach discards the highest
25% of frequencies and quantizes the remaining co-
efficients to 4 bits, matching the average bit-width
of SpectrumQuant.

As shown in Figure 5, SpectrumQuant consis-
tently outperforms the truncation scheme across all
models. This demonstrates that retaining the full
spectrum with low precision for high frequencies
yields superior fidelity compared to truncation, con-
firming that these components carry non-negligible
information essential for reconstruction.

D.3 Linear RoPE Scaling Experiment
To assess the robustness of SpectrumQuant under
linear RoPE scaling, we evaluate its performance
on Llama-2-7B-32K (Chen et al., 2023). This
model extends the context window to 32K via Po-
sition Interpolation (PI), which linearly scales the
RoPE frequencies to adapt to longer sequences.

As shown in Table 7, SpectrumQuant achieves
an average score of 16.49, closely matching the
FP16 baseline of 16.62 on LongBench subtasks.
This demonstrates that our strategy effectively pre-
serves information even when the spectral char-
acteristics of RoPE are altered by linear scaling,
further validating the generalizability of our ap-
proach.

D.4 Impact of Group Size G

We investigate the influence of the quantization
group size G using Llama-3.1-8B-Instruct on Long-

Bench. As shown in Table 9, smaller group sizes
significantly increase metadata overhead, resulting
in higher effective bit-widths without yielding per-
formance gains. Conversely, extending the group
size to 256 further reduces memory usage but leads
to a slight degradation in accuracy. Consequently,
we select G = 128 as the optimal configuration to
achieve the best trade-off between reconstruction
fidelity and compression efficiency, aligning with
the findings in PolarQuant (Wu et al., 2025).

Table 9: Ablation study of group size on LongBench
subtasks with fixed residual length s = 256.

Group Size 32 64 128 256

Avg. (Bits) 41.69 (5.66) 41.74 (4.41) 41.78 (3.79) 41.64 (3.47)

Table 10: Performance on the Needle-in-a-Haystack
benchmark, evaluated using Llama-3.1-8B-Instruct at a
128K context length on a single NVIDIA A800 GPU.
TTPS stands for Test Time per Sample (s).

Method Score TTPS

FP16 Baseline 99.4 37.8
ZipCache 97.8 38.7

KIVI 98.4 38.5
PolarQuant 96.6 43.5

SpectrumQuant (Ours) 98.8 38.8

D.5 Ultra-Long Context Evaluation on
Needle-in-a-Haystack

To comprehensively evaluate the capability of
our method under ultra-long context scenarios,
we extended our experiments to the Needle-in-a-
Haystack Benchmark (gkamradt, 2023), which is
designed to evaluate the long-context retrieval and
memory capabilities of LLMs. Specifically, we
used Llama-3.1-8B-Instruct with a 128K context
length.

As shown in Table 10, our method achieves a
score highly comparable to the FP16 baseline and
outperforms other quantization baselines. Notably,
our method significantly reduces peak memory us-
age while maintaining competitive inference la-
tency, demonstrating its efficiency in processing
ultra-long contexts.

E Detailed Comparison with Relevant
Frequency-Domain Methods

In this section, we provide a detailed comparison
between SpectrumQuant and the most relevant re-
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Figure 5: Reconstruction quality comparison between High-Frequency Quantization (Ours) and Truncation across
different models. The top row shows Cosine Similarity (↑), and the bottom row shows Mean Squared Error (↓).

cent works, FreqKV (Kai et al., 2025) and Spec-
Quant (Zhao et al., 2026), to clarify our fundamen-
tal differences in scope, motivation, and methodol-
ogy.

While FreqKV operates in the frequency do-
main, its primary objective is token eviction (re-
ducing sequence length) rather than quantization.
It discards high-frequency components, a strat-
egy that destroys information and requires fine-
tuning to recover performance. Furthermore, Fre-
qKV avoids RoPE-induced distortions by apply-
ing generic filters only to Pre-RoPE keys. In con-
trast, our work tackles the challenging Post-RoPE
quantization problem. Recognizing that discarding
high-frequency components degrades reconstruc-
tion fidelity (Appendix D.2), we theoretically char-
acterize RoPE-induced spectral shifts and propose
a training-free quantization scheme that preserves
all tokens.

SpecQuant utilizes spectral transformations to
facilitate weight and activation quantization by
exploiting intrinsic weight smoothness. Since its
transformation is applied to weights offline, it can-
not address the dynamic effects of RoPE. Method-
ologically, SpecQuant relies on a low-frequency
truncation strategy. In contrast, our work leverages
the insight that RoPE induces temporal periodicity,
resulting in spectral sparsity. Rather than discard-
ing high frequencies, we dynamically compress
both low- and high-frequency bands. Furthermore,
unlike SpecQuant which requires offline calibration
datasets, our method is entirely calibration-free and
plug-and-play.

F Details of Algorithms

The specific implementation details of Spec-
trumQuant are presented in Algorithm 1 and Algo-
rithm 2. In this section, we primarily introduce two
designs in the decoding kernel aimed at minimizing
memory access overhead.

Deferred Inverse Transform During decoding,
directly performing the Inverse Discrete Cosine
Transform (IDCT) on the frequency coefficient ma-
trix C to recover time-domain keys K̃ = B⊤C
would require explicit reconstruction of the time-
domain tensor. This hinders operator fusion. To
address this, we leverage the property of matrix
transposition, where q denotes the query vector:

Score = q·K̃⊤ = q·(B⊤C)⊤ = (q·C⊤)B (13)

In our kernel (Part 1 of Algorithm 2), we reorder the
computation. We first calculate the dot product be-
tween the query vector and the dequantized coeffi-
cients in the frequency domain to obtain frequency-
domain scores. Subsequently, we apply a global
projection using the DCT basis B to transform
the intermediate scores back to the time domain.
We term this technique Deferred IDCT. This de-
sign circumvents the materialization of the fully
expanded time-domain key tensor. Crucially, it
mitigates the memory bandwidth bottleneck asso-
ciated with the large key cache, allowing the entire
decoding process to be executed efficiently.

Sparse Dominant Frequency Accumulation
Since Triton lacks a native scatter_add primitive,
relying on atomic_add for sparse reconstruction
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would incur significant serialization overhead due
to memory contention. Consequently, we fully ex-
ploit the sparsity of the extracted dominant frequen-
cies (Part 2 of Algorithm 2). For each dominant fre-
quency, we compute its specific contribution to the
attention score (i.e., the product of the coefficient
value, the corresponding query element and the ba-
sis vector at the specific frequency) and accumulate
it directly into the final result. This “compute-on-
the-fly” strategy completely eliminates the need
for memory read/write operations for intermediate
results.

G Compute Resource Details

All experiments were conducted on two NVIDIA
GeForce RTX 5090 GPUs. Each GPU is equipped
with 32 GB of memory. On average, each method
takes roughly 4 hours to finish a complete bench-
mark on a single model.

H Statistics of Datasets

We evaluate SpectrumQuant on four benchmarks
using their official splits. The detailed statistics and
settings are as follows:

(1) Longbench (Bai et al., 2023): We utilize the
English subset (official test split) covering Single-
Doc QA, Multi-Doc QA, Summarization, and Few-
shot Learning. Most subtasks contain 200 exam-
ples (totaling ∼2,400 samples). Input lengths are
truncated to fit the model’s context window.

(2) MMLU (Hendrycks et al., 2021): Covering
57 subjects across STEM and humanities, we eval-
uate on the full test split (14,042 questions). We
employ a 5-shot Chain-of-Thought (CoT) setting
with exemplars drawn from the development split.
Notably, we adopt CoT to elicit longer generation
since standard MMLU answers are typically very
short; this ensures the decoding process of quanti-
zation method is sufficiently triggered, facilitating
a fair comparison.

(3) GSM8K (Cobbe et al., 2021): For mathemat-
ical reasoning, we evaluate on the test split (1,319
examples) using a 5-shot Chain-of-Thought (CoT)
setting. Exemplars are randomly sampled from the
training set (7,473 examples).

(4) IF-Eval (Zhou et al., 2023): To assess instruc-
tion following, we evaluate on the entire dataset of
541 prompts containing verifiable constraints. The
evaluation is conducted in a zero-shot setting.

I LLM Usage

The authors of this paper used Google Gem-
ini (https://gemini.google.com/) for polish-
ing text within this paper. The authors take full
responsibility for the content within this paper.
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Algorithm 1 Fused Quantization and Packing

Require: Key cache K ∈ RG×D, DCT Basis B ∈ RG×G, group size G , Emphasis Factor σ, the
number of dominant frequencies N .

▷ We omit batch and head dimensions for clarity
Ensure: Packed Keys KL,KH , Quantization Params S,Z, Dominant Frequency Components

Oidx,Oval.
Step 1: Frequency Domain Transformation

1: C← B ·K
Step 2: Dominant Frequency Extraction (Per-Channel)

2: parallel For d = 0 to D − 1
3: Find indices I ∈ ZN of the N largest values in |C:,d|.
4: Oidx[:, d]← I , Oval[:, d]← CI,d.
5: CI,d ← 0 ▷ Remove dominant frequencies from coefficients
6: end parallel For

Step 3: Fused Quantization Kernel
7: parallel For d = 0 to D − 1
8: Load coefficients c← C:,d.
9: Calculate min/max of c to get S[d] and Z[d].

10: Split c into Low-freq cL and High-freq cH .
11: ĉL ← Quant(cL, S[d], Z[d], 4-bit).
12: ĉH ← Quant(cH · σ, S[d], Z[d], 2-bit) ▷ Scale high-freq before quantization
13: KL[d]← BitPack(ĉL), KH [d]← BitPack(ĉH)
14: end parallel For
15: return KL,KH ,S,Z,Oidx,Oval

Algorithm 2 Fused Decoding Kernel

Require: Query q ∈ R1×D, Packed Keys KL,KH , Scales S, Zeros Z, DCT Basis B, Dominant
Frequency Components Oidx,Oval, Emphasis Factor σ.

Ensure: Attention Score in Time Domain Atime ∈ RG.
1: Shared Memory: Load Basis Matrix B into SRAM (L1 Cache).
2: Register: Initialize accumulator Acc ∈ RG to zeros. Load q,S,Z.

Part 1: Vectorized Dense Computation
3: Load packed blocks KL and KH .
4: VL ← VecUnpack(KL, 4-bit), VH ← VecUnpack(KH , 2-bit).
5: F̂L ← VL ⊙ S+ Z
6: F̂H ← (5.0 ·VH ⊙ S+ Z)/σ ▷ High-freq inverse scaling with σ
7: sL ← q · F̂L, sH ← q · F̂H ▷ Dot product over channel dim
8: Let BL,BH be the rows of B corresponding to low/high frequencies.
9: Acc← Acc+ sLBL + sHBH ▷ Deferred IDCT

Part 2: Sparse Component Accumulation
10: parallel For d = 0 to D − 1
11: Load sparse index idx← Oidx[:, d] and value val← Oval[:, d].
12: w ← val · q[d]
13: Acc← Acc+ w · B[idx, :]
14: end parallel For
15: Store Acc to global memory as Atime.
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J Proofs of Propositions in §3.2

Theorem 1. Consider a transformer with hidden dimension 2c. Let xt,k denote the pre-RoPE key value at
token position t and channel k, where 0 ≤ t ≤ G− 1 and 0 ≤ k ≤ 2c− 1.

Define the complex-valued representation

zt,j := xt,2j + i xt,2j+1, (14)

and apply Rotary Position Embedding (RoPE) in the complex plane:

wt,j := eitθjzt,j , θj = b−j/c, (15)

where i is the imaginary unit.
Let DCT(·) denote the Type-II Discrete Cosine Transform along the time dimension t. Applying it to

post-RoPE key value produces the spectral coefficients ck,j for frequency indices 0 ≤ k ≤ G− 1.
Then the following properties hold:

1. Dominant Frequency If zt,j = z0,j for all t, there exists a G0, for all G > G0, the DCT coefficient
peaks at one of the two integer frequency indices nearest to θjG/π:

argmax
k

|ck,j | ∈
{⌊

θjG

π

⌋
,

⌈
θjG

π

⌉}
. (16)

2. Energy concentration. Under the same position-invariant assumption, the total spectral energy
satisfies

G−1∑

k=0

|ck,j |2 =
G−1∑

t=0

|wt,j |2 = |z0,j |2G =: Ej . (17)

Let k0 =
⌊
θjG/π

⌋
and k1 =

⌈
θjG/π

⌉
be the two nearest integer frequency indices. Then at least

60% of the energy is concentrated in these two bins:

|ck0,j |2 + |ck1,j |2 ≥
6

π2
Ej . (18)

3. Stability of Spectral Coefficients. Let the semantic signal be decomposed into a constant mean
and a time-varying fluctuation: zt,j = z̄j + δt,j . The mean squared error (MSE) between the DCT
spectrum of the actual signal and the spectrum of the ideal RoPE carrier is tightly bounded by the
variance of the semantic signal:

1

G

G−1∑

k=0

∣∣∣ck,j − c
(ideal)
k,j

∣∣∣
2
= Var(z:,j), (19)

where c
(ideal)
k,j = DCT{eitθj z̄j}k. This implies that for smoothly varying semantic signals (where

Var(z) ≪ |z̄|2), the spectral energy distribution remains dominated by the dominant frequency
derived in Property 1.

Proof. Proof of statement 1 (Dominant Frequency). Without loss of generality, we assume z0,j = 1.
By taking DCT transform, we have

ck,j = αk

G−1∑

t=0

eiθjt cos[
πk

G
(t+

1

2
)].

It follows from

cos[
πk

G
(t+

1

2
)] =

1

2
[ei

πk
G

(t+ 1
2
) + e−iπk

G
(t+ 1

2
)]
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that

ck,j =
αk

2

G−1∑

t=0

[eiθjtei
πk
G

(t+ 1
2
) + eiθjte−iπk

G
(t+ 1

2
)]

=
αk

2
ei

πk
2G

G−1∑

t=0

eit(θj+
πk
G

) + e−i πk
2G

G−1∑

t=0

eit(θj−
πk
G

).

We denote
ϕ1 = θj +

πk

G
, ϕ2 = θj −

πk

G
, (20)

then

S1 :=
G−1∑

t=0

eit(θj+
πk
G

) =
1− eiGϕ1

1− eiϕ1
.

Similarly,

S2 :=

G−1∑

t=0

eitϕ2 =
1− eiGϕ2

1− eiϕ2
.

Using the identity for a finite geometric series, we can simplify S1 and S2 as follows. Note that

1− eiGϕ1 = eiGϕ1/2
(
e−iGϕ1/2 − eiGϕ1/2

)
= eiGϕ1/2 ·

[
−2i sin(Gϕ1/2)

]
, (21)

and
1− eiϕ1 = eiϕ1/2 ·

[
−2i sin(ϕ1/2)

]
. (22)

Therefore,

S1 = ei(G−1)ϕ1/2 sin(Gϕ1/2)

sin(ϕ1/2)
.

Similarly,

S2 = ei(G−1)ϕ2/2 sin(Gϕ2/2)

sin(ϕ2/2)
.

Substituting back, we obtain

ck,j =
αk

2

(
ei

πk
2GS1 + e−i πk

2GS2

)

=
αk

2

(
ei

πk
2G ei(G−1)ϕ1/2 sin(Gϕ1/2)

sin(ϕ1/2)
+ e−i πk

2G ei(G−1)ϕ2/2 sin(Gϕ2/2)

sin(ϕ2/2)

)

=
αk

2
ei(G−1)θj/2

(
ei

πk
2
sin(

θjG+πk
2 )

sin(
θj
2 + πk

2G)
+ e−iπk

2
sin(

θjG−πk
2 )

sin(
θj
2 − πk

2G)

)
.

By taking the modulus of ck,j , we have

|ck,j | =
αk

2

∣∣∣∣∣e
iπk

2
sin(

θjG+πk
2 )

sin(
θj
2 + πk

2G)
+ e−iπk

2
sin(

θjG−πk
2 )

sin(
θj
2 − πk

2G)

∣∣∣∣∣

=
αk

2

∣∣∣∣sin(
θjG+ πk

2
)

∣∣∣∣

∣∣∣∣∣
1

sin(
θj
2 + πk

2G)
+

1

sin(
θj
2 − πk

2G)

∣∣∣∣∣

:=
αk

2
βk

∣∣∣∣∣
1

sin(
θj
2 + πk

2G)
+

1

sin(
θj
2 − πk

2G)

∣∣∣∣∣ .
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Let

α = max
k

αk, α = min
k

αk,

β = max
k

βk, β = min
k

βk,

Case 1: | θjGπ − k| ≤ 1
2 (the nearest integer).

|ck,j | ≥ α β

(∣∣∣∣∣
1

sin(
θj
2 − πk

2G)

∣∣∣∣∣−
∣∣∣∣∣

1

sin(
θj
2 + πk

2G)

∣∣∣∣∣

)
(23)

≥ α β

(
1

sin( π
2G)
− 1

)
. (24)

Case 2: | θjGπ − k| ≥ 1 (the integers away from dominant frequency).

|ck,j | ≤ α β

(∣∣∣∣∣
1

sin(
θj
2 − πk

2G)

∣∣∣∣∣+
∣∣∣∣∣

1

sin(
θj
2 + πk

2G)

∣∣∣∣∣

)

≤ α β

(
1

sin( πG)
+ max

{∣∣∣∣∣
1

sin(
θj
2 )

∣∣∣∣∣ ,
∣∣∣∣∣

1

sin(
θj
2 + π(G−1)

2G )

∣∣∣∣∣

})
.

Now we determine how large G needs to be so that the lower bound in Case 1 exceeds the upper bound in
Case 2. Using the inequalities sinx ≥ 2

πx for 0 ≤ x ≤ π
2 and sinx ≤ x for x ≥ 0, we obtain

1

sin( π
2G)
≥ 2G

π
,

1

sin( πG)
≤ G

2
. (25)

Let
M := max

{∣∣∣ 1

sin(
θj
2 )

∣∣∣,
∣∣∣ 1

sin(
θj
2 + π(G−1)

2G )

∣∣∣
}
. (26)

For large G, the second argument tends to θj
2 + π

2 , hence M ≤ Cθ where Cθ :=

max
{
| csc( θj2 )|, | sec(

θj
2 )|
}

. Using the notation a = αβ and a = αβ, the required condition becomes

a
(2G

π
− 1
)
> a

(
Cθ +

G

2

)
. (27)

Solving for G gives

G >
π
(
aCθ + a

)

2a− π
2a

=
π
(
αβCθ + αβ

)

2αβ − π
2αβ

. (28)

This completes the proof of the first statement of the theorem.

Proof of statement 2 (Energy concentration). First, the Parseval identity for the DCT-II transform gives

G−1∑

k=0

|ck,j |2 =
G−1∑

t=0

|wt,j |2. (29)

Without loss of generality, we assume zt,j = z0,j = 1 for all t, we have wt,j = eiθjt and therefore
|wt,j | = 1. Hence

G−1∑

t=0

|wt,j |2 = G = |z0,j |2G =: Ej . (30)
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Thus the total energy Ej is preserved by the DCT.
Let k0 =

⌊
θjG/π

⌋
and k1 =

⌈
θjG/π

⌉
be the two integers nearest to θjG/π. Without loss of generality,

we assume |k0 − θjG/π| ≤ 1
2 . Applying (24), we can deduce

|ck0,j |2 ≥
1

G

∣∣∣∣sin(
θjG+ πk0

2
)

∣∣∣∣
2( 1

sin( π
2G)
− 1

)2

≥ 1

G

∣∣∣∣sin(
θjG+ πk0

2
)

∣∣∣∣
2(2G

π
− 1

)2

.

For the integer k1 adjacent to k0, we have

|ck1,j |2 ≥
2

G

∣∣∣∣sin(
θjG+ πk1

2
)

∣∣∣∣
2( 1

sin( πG)
− 1

)2

≥ 2

G

∣∣∣∣sin(
θjG+ πk1

2
)

∣∣∣∣
2(G

π
− 1

)2

=
2

G

∣∣∣∣cos(
θjG+ πk0

2
)

∣∣∣∣
2(G

π
− 1

)2

.

Then

|ck0,j |2 + |ck1,j |2 ≥
1

G

(
2G

π
− 1

)2

+

(
G

π
− 1

)2

≥6G

π2
− 8

π
+

3

G

≈6G

π2
.

Thus
|ck0,j |2 + |ck1,j |2 ≥

6

π2
Ej , (31)

completing the proof of the second statement.
Proof of statement 3 (Stability of Spectral Coefficients). We now consider general sequences {zt,j}G−1

t=0

that may vary with time. Let wt,j = eiθjtzt,j and w̃t,j = eiθjtzj . Denote by ŵk,j and ˆ̃wk,j their respective
DCT-II coefficients, i.e. ŵk,j = ck,j and ˆ̃wk,j is the DCT of w̃t,j . By the Parseval identity already used
above, we have

G−1∑

k=0

|ŵk,j − ˆ̃wk,j |2 =
G−1∑

t=0

|wt,j − w̃t,j |2 =
G−1∑

t=0

|eiθjt(zt,j − zj)|2 =
G−1∑

t=0

|zt,j − zj |2. (32)

Thus the proof of the third statement is complete.
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