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Abstract

The transformer is the most popular neural ar-
chitecture for language modeling. The corner-
stone of the transformer is its global attention
mechanism, which lets the model aggregate
information from all preceding tokens before
generating the next token. One common vari-
ant of attention is called local attention, which
restricts each token to aggregating information
from a bounded window of predecessors, re-
ducing the quadratic cost of global attention
to linear. Although this restriction is usually
motivated by efficiency, it has also been found
to improve model quality, a phenomenon that
has so far lacked a satisfactory explanation. We
provide a formal account of this phenomenon
in terms of recognizer expressivity. It has been
shown that fixed-precision transformers with
global attention correspond to a fragment of
linear temporal logic containing a single past
operator. We additionally prove that adding lo-
cal attention introduces a second temporal oper-
ator, strictly enlarging the class of recognizable
regular languages. Moreover, global and local
attention are expressively complementary: nei-
ther subsumes the other, and combining them
yields the richest fragment. Experiments on for-
mal language recognition and natural language
modeling corroborate the theory, showing that
hybrid global-local transformers outperform
their global-only counterparts.

1 Introduction

The transformer (Vaswani et al., 2017) is the domi-
nant neural architecture in modern language model-
ing (Radford et al., 2018, 2019; Brown et al., 2020;
OpenAl, 2023). At its core lies the attention mech-
anism (Schmidhuber, 1992; Bahdanau et al., 2015),
which allows the model to aggregate information
from all previously generated tokens before gener-
ating the next one. Local attention (Luong et al.,
2015; Child et al., 2019; Beltagy et al., 2020; Za-
heer et al., 2020) is a popular attention variant that

restricts the model to aggregating over a fixed-size
window of preceding tokens.

Local attention is typically motivated by effi-
ciency. Standard global attention aggregates over
all previous positions, incurring quadratic cost in
sequence length; local attention reduces this to lin-
ear. At first glance, restricting the range of tokens
that a transformer can attend to appears to be a
strict weakening—a trade-off of expressivity for
speed. Surprisingly, however, local attention has
been repeatedly observed to yield empirical im-
provements, both in machine translation (Luong
et al., 2015) and in language modeling (Child et al.,
2019; Beltagy et al., 2020; Zaheer et al., 2020)—
even when computational budgets are held con-
stant. We resolve this puzzle by analyzing which
formal languages different attention patterns can
recognize, a standard lens in the formal study of
neural models (Delétang et al., 2023; Butoi et al.,
2025). This lens also has practical relevance: mod-
ern language models (OpenAl, 2023; DeepSeek-Al,
2025; Team et al., 2025) are routinely used to per-
form computation via prompting (Wei et al., 2022;
Li et al., 2024; Merrill and Sabharwal, 2024). In
this vein, Li and Cotterell (2025) show that fixed-
precision transformer language models with global
attention correspond exactly to the fragment of
linear temporal logic with a single past operator.
Expanding their work, we prove that adding lo-
cal attention introduces a new temporal operator,
enabling the recognition of a strictly larger class
of regular languages. These include the locally
testable languages, a family closely connected to
n-gram models and extensively studied in formal
language theory (McNaughton and Papert, 1971,
Ch. 2). Crucially, local attention is complemen-
tary rather than a drop-in replacement for global
attention: with purely local attention, the compu-
tation depends only on a fixed-length suffix of the
input, collapsing expressivity to the smaller class
of definite languages (Kleene, 1956, §5).
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Empirically, we test these predictions on formal
language recognition with length generalization.
We compare transformers with (i) global attention,
(i1) local attention, and (iii) a hybrid that mixes
global and local attention. The results align with
the theory: hybrid models recognize strictly more
languages than either extreme and generalize more
reliably to longer sequences. Varying local atten-
tion’s window size further shows that a window of
size one is consistently the strongest choice in the
local-attention family, both for purely local models
and for hybrid models. Finally, we evaluate models
equipped with two popular positional encodings—
sinusoidal (SiPE) and rotary (RoPE)—and find that
neither compensates for the absence of local atten-
tion. We further show that these findings extend to
natural language: on WikiText-2, hybrid attention
with a window of size one consistently achieves the
lowest perplexity across positional encodings.

2 Linear Temporal Logic

In this section, we introduce linear temporal logic,
the main tool we use to characterize the expressive
power of transformers under different types of at-
tention. We examine the fragments relevant to our
analysis, prove the separations between them, and
connect them to classical characterizations from
algebraic formal language theory.

2.1 Preliminaries

We now introduce linear temporal logic (LTL;
Kamp, 1968; Pnueli, 1977), which has become a
popular tool in the analysis of transformers (Yang
et al., 2024, 2026; Li and Cotterell, 2025).

Tokens, Strings and Languages. An alphabet
is a finite, non-empty set of tokens. Fix an alphabet
>.. A string over Y is a finite sequence of tokens
drawn from Y. The length of a string w = wy - wy,
denoted |w| = N, is the number of tokens it con-
tains. We write X.* for the set of all strings over ¥,
and call any subset I, C ¥* a language.

Linear Temporal Logic. The syntax and seman-
tics of linear temporal logic (LTL[P,Y, S, U)]) as
well as the definition of operator depth are recalled
in §A. We also give a definition of what it means
for a formula in LTL to define a language; see §A.3.

Given a formula ¢/, we write IL(¢)) for the set of all
strings satisfying ).

Fragments of LTL[P,Y,S,U]. For a set of tem-
poral operators O C {P,Y,S,U}, we write

LTL[O] for the corresponding fragment in which
only operators from O are allowed.

Definition 2.1. Ler O C {P,Y,S, U} be a set of
temporal operators. A language L is definable by
LTL[O] if there exists a formula 1) in LTL[O] such
that 1.(1)) = L.

Gabbay et al. (1980) show that every language
definable by LTL[P, Y, S, U] is also definable by
both LTL[S] and LTL[U]; in the paper, we write
LTL[S] for full linear temporal logic. The frag-
ments LTL [P] and LTL [Y] are strictly less expres-
sive, i.e., there exist languages definable by LTL[S]
that are not definable by either LTL [P] or LTL [Y].

2.2 Characterizing LTL [Y]

We first characterize the expressive power of
LTL [Y] by relating it to a classical class of regular
languages. Because formulas in LTL [Y] can only
look back a bounded number of steps, we show
they naturally correspond to languages determined
by a bounded suffix—the definite languages.

For a string w of length NV and an integer m < N,
an m-factor of w is any contiguous substring of
w of length m. The m-prefix of w is its initial
substring of length m, and the m-suffix of w is its
final substring of length m. We write L,,,(w) for
the set of all m-factors of w, and P,,,(w) and Sy, (w)
for the m-prefix and m-suffix of w, respectively. If
m > |w|, we set Py, (w) = Sy, (w) = w. Formally,
a language L C ¥* is m-~definite, for some m >
0, if L is a Boolean combination of languages of
the form {w € ¥* | S;,,(w) = u}. A language is
definite if it is m-definite for some m > 0.

We next relate LTL [Y] to definite languages,
for which we also provide algebraic and automata-
theoretic characterizations. The relevant back-
ground, including definitions of the syntactic semi-
groups and deterministic finite automata (DFAs),
are recalled in §B.

Theorem 2.2. Let L. C ¥* be a regular language,
let S be its syntactic semigroup, and let A be the
minimal DFA recognizing L. The following are
equivalent:
1. L is definable in LTL [Y];
2. L is definite;
3. every idempotent e € S is a right zero, i.e., for
all s € S, se = e;
4. every transformation induced by a non-empty
string is non-permutational.

Proof. See §C.1. [ |
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2.3 LTL[P] and LTL [Y] are Incomparable

Li and Cotterell (2025) give a rich characteri-
zation of LTL [P]. Building on this and §2.2,
we now relate LTL [P] and LTL [Y]. However,
we first discuss what it means to compare two
sets of operators for linear temporal logic. Fix
01,02 - {P,Y,S,U}. We say LTL[Ol] is
more expressive than LTL[O5], written in symbols
LTL[O] C LTL[O;], if every language definable
in LTL[O4] is also definable in LTL[O;]. We say
LTL[O1] is strictly more expressive than LTL[O5],
written in symbols as LTL[O] C LTL[O;], if
LTL[O] C LTL[O;] and there exists a language
definable in LTL[O] but not in LTL[O2]. We call
LTL[O;] and LTL[O3] incomparable if neither is
more expressive than the other.

Proposition 2.3. There exists a language definable
in LTL [P] that is not definable in LTL [Y].

Proof. Consider the language a>*, i.e., the set of
strings whose first token is a. It is definable in
LTL [P] by P(m,A—=PT),ie., L(P(m,A—PT)) =
aX)*. However, it is not definite, and therefore not
definable in LTL [Y] by Theorem 2.2. [

Proposition 2.4. There exists a language definable
in LTL [Y] that is not definable in LTL [P)].

Proof. Consider the language >*a, i.e., the set of
strings whose last token is a. It is definable in
LTL [Y] by Y7a, i.e., L(Y7,) = ¥*a. However, it
is not definable in LTL [P]: Li and Cotterell (2025)
show that LTL [P] defines exactly the class of left-
deterministic polynomials, and >.*a is not a left-
deterministic polynomial. See §B for an exposition
of the relevant technical definitions. |

Corollary 2.5. The fragments LTL[P] and
LTL [Y] are incomparable.

Proof. This is a direct implication of both Proposi-
tions 2.3 and 2.4. |

2.4 Characterizing LTL [P, Y]
We give another implication of Corollary 2.5 below.

Corollary 2.6. LTL [Y], LTL [P] C LTL [P, Y].

Proof. Note that LTL [P, Y] trivially contains both
P and Y; it subsumes both fragments. However,
because LTL [P] and LTL [Y] are incomparable by
Corollary 2.5, there exists a language definable in
LTL [P, Y] that is not definable in LTL [P] as well
as a language definable in LTL [P, Y] that is not

u
XX
\"

Figure 1: Forbidden configuration in the minimal DFAs of
LTL [P, Y]-definable languages.

definable in LTL [Y]. This renders both subsump-
tions strict, as we sought to show. |

To further characterize the expressive power of
LTL [P, Y], we relate it to standard algebraic and
automata-theoretic notions. The relevant defini-
tions, including locally R-trivial semigroups and
configurations of DFAs, are recalled in §B.

Theorem 2.7. Let L. C X% be a regular language,
S its syntactic semigroup, and A the minimal DFA
recognizing L. The following are equivalent:
1. L is definable in LTL [P, Y];
2. Sis locally R-trivial;
3. A contains no configuration of the form
shown in Fig. 1.

Proof. See §C.2. |

Next, we give two examples that respectively
illustrate a language definable in LTL [P, Y] and a
language beyond its expressive power.

2.4.1 The Locally Testable Languages

The addition of Y enables the definition of classes
of languages that are linguistically relevant yet lie
beyond the expressive power of LTL [P] alone. As
a representative example, we consider the locally
testable languages.

A language L C X" is locally m-testable, for
some m > 0, if it is a Boolean combination of
languages of the following three forms:

{we¥X* luel,(w}, uexm, (la)
weX* | Ppy(w)=u}, uex™ 1 (ib)
weX* | S,_1(w)=u}, uex™ 1 (o

A language is locally testable if it is locally m-
testable for some m > 0. Li and Cotterell (2025)
show that LTL [P] cannot define many simple lo-
cally testable languages, e.g., ¥."a and >*abX*, be-
cause they are not right-deterministic. In contrast,
as we show in the subsequent theorem, all locally
testable languages are definable in LTL [P, Y],
yielding a witness to the separation in expressive
power between LTL [P] and LTL [P, Y].
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Figure 2: Minimal DFAs. Nodes represent states and arrows
represent transitions. The initial state is indicated by an in-
coming arrow with no source node, and accepting states are
shown with double circles.

Theorem 2.8. Any locally testable language is de-
finable in LTL [P, Y].

Proof. See §C.3. [ |

24.2 A Bounded Dyck Language

Despite this gain in expressivity, LTL [P, Y] still
defines a limited class of languages. For instance,
it does not define all star-free languages, which are
exactly the languages definable in LTL[S]. One
illustrative family is the bounded Dyck languages,
consisting of well-balanced parentheses with a
fixed upper bound on nesting depth.! The bounded
Dyck language of depth k£ consists of all well-
balanced strings whose maximum nesting depth
is at most k.2 For example, over {a, b}, where a is
an opening parenthesis and b is a closing parenthe-
sis, the languages

(ab)* and (a(ab)*b)* ()

correspond to maximum nesting depth 1 and 2.

The minimal DFAs for these languages are
shown in Fig. 2. The depth-1 language (ab)* is
recognizable by LTL [P, Y], because its minimal
DFA avoids the forbidden configuration in Fig. 1.
In contrast, the depth-2 language (a(ab)*b)* is not
LTL [P, Y]-definable: its minimal DFA contains
the configuration from Fig. 1, witnessed by ¢ = qo,
¢ =q,u=a,v=>hb,and x = ab.

2.5 Characterizing LTL [P, Y=F]

We now introduce two additional temporal opera-
tors derived from Y. The bounded operator Y=F

'The nesting depth of a position is the number of un-
matched opening parentheses at that point in the string, and
the maximum nesting depth of a string is the largest such
number attained anywhere in the string.

?Bounded Dyck languages are often used as simple proxies
for hierarchical structure in syntax (Hewitt et al., 2020).

asks whether ¢) holds at some position among the
previous k steps, while the unbounded operator Y*
asks whether 1) holds at any earlier position. For-
mally, these two operators are defined as follows

k k
YSky = bp =
y \/Y y YY - Yq (3a)
=1 i=1 4 times
- o o
YU s\ Yiy=\/YY- Y0 (3b)
i=1 1=1 4 times

Note that Y is the special case YS!, and Y*
coincides with P. This last fact implies that
LTL[P,Y*] = LTL [P], i.e., the fragments are not
only comparable, they are equivalent. However, for
any k > 1, the fragment LTL [ng] , as is the case
with LTL [Y], is incomparable with LTL [P]. We
make this claim precise in the following theorem.

Theorem 2.9. For any k > 1, the fragments
LTL [P] and LTL [Y=SF] are incomparable.

Proof. See §C.4. [ |

Thus, we arrive at the following corollary.

Corollary 2.10. The fragment LTL [P, Y=F] is
strictly more expressive than each of the fragments
LTL [P] and LTL [Y=F].

Proof. See §C.5. |

We next analyze expressivity for various k£ > 1;
we find Y=* is maximally expressive at k = 1.

Proposition 2.11. The fragment LTL [ng] is
strictly less expressive than LTL [Y] for k > 1.

Proof. See §C.6. |

We now show adding P preserves this strictness.

Proposition 2.12. The fragment LTL [P, Y=F] is
strictly less expressive than LTL [P, Y] for k > 1.

Proof. See §C.7. |

The gap in expressivity between LTL [P, Y=<F]
and LTL [P, Y] can, however, be closed in the pres-
ence of suitable numerical predicates. Numerical
predicates depend only on positions, and not on
the tokens occurring at those positions (Straubing,
1994, 11.2). A particularly important family is mod-
ular predicates MOD;, , with m > 0 and r > 0:
iff n=r

w,n = MOD], (mod m). (4)
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Proposition 2.13. For every k > 1, if modular
predicates MODY],, are available for some m > k,
then LTL [ng ] has the same expressive power as
LTL[Y], and LTL [P, Y=F] has the same expres-
sive power as LTL [P, Y].

Proof. See §C.8. |

3 The Transformer

In this section, we formally define the transformer
architecture we consider. Note that we analyze the
transformer as a language recognizer.

3.1 Preliminaries

All arithmetic in this section is carried out over
a set of representable numbers [; we defer the
precise formalization to §3.4. For now, the reader
may assume that all relevant operations (addition,
multiplication, exp, etc.) are well-defined over F.

Definition 3.1 (Recognition). Fix an alphabet 3. A
language recognizer is a function o: ¥* — {0, 1}.
A language L C X* is recognized by o if o(w) = 1
forallw € L and o(w) = 0 for allw ¢ L.

We can also define string recognition over an
EoS-extended alphabet & £ 32 U {EOs}, where
EOS ¢ Y is an end-of-sequence token.

Definition 3.2 (E0S-Recognition). Fix an alpha-
bet . Leto: % — {0,1} be a recognizer over
the EOS-extended alphabet. We say that o EOS-
recognizes a language L C X% if o recognizes the
language LEOS = {wEOS |we L} C %"

In other words, Definition 3.2 says that, given an
inputw = wy - wy € ¥*, the recognizer processes
the EOS-padded string w £ Wy - wyEOS. This con-
vention mirrors the semantics of LTL (see §A.3):
a formula 1) is evaluated at position N + 1, just
beyond the last token of w. In the transformer, posi-
tion N + 1 corresponds to EOS.

3.2 Attention

The Basic Definition.
as a matrix-to-matrix function. Let F € FP*(
be a matrix. We map H to another matrix as fol-
lows. We first define the linear transformations

Attention can be viewed
N+1)

Q(H) = ©°H, (52)
K(H) = o%H, (5b)
V(H) £ 0VH, (5¢)

where @Q € FPxxD @K ¢ FDxxD and OV ¢
FPvXD are parameter matrices. These are often
called the query, keys and values, respectively.
For integers n,m € {1,..., N 4 1}, we then define
the score as follows

def Q:,n(H) ° Ki,m(H)
VDx

Next, we define the attention weights as

Cnm (H) def ?VXJE(Sn,m(H))Mn,m .

> im1 exp(Sni(H))My,;
where M € {0, 1}(V+1Dx(N+1) jg a binary matrix
called the mask. Note that o, €0 for all m if
M,,; = 0 for all 7, i.e., if all preceding positions
are masked. Finally, we define the resulting matrix

N+1
0.,(H) =Y anm(H)V.m(H), (8)
m=1

which is the output of the function. In summary,
we define the attention mechanism as follows

A FDX(N-i—l) N FDX(N-i—l)

H — O(H). 9)

Masking Patterns. We now give an exposition
of several different choices of masks M. First, we
define the global mask

ifm < n,

1
* def

= 10
o {0 otherwise. 10)

which corresponds to global attention in the atten-
tion mechanism. Next, we define the k-local mask:

(11)

NSk & 1 if max(1l,n — k) <m <n,
o 0 otherwise,

which corresponds to k-local attention.

Multi-Head Attention. It is also commonplace
to combine attention heads. A multi-head atten-
tion with H heads O', ..., O is defined below

H
A(H) =) e"oMH), (12)
h=1

where the heads are combined by a linear projec-
tion, and each ®" € FP*DV is a parameter. Dif-
ferent heads may use different masks: for instance,
some heads may use M* while others use M=F,
giving rise to hybrid global-local attention.
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3.3 Transformer Architecture
We now define a transformer recognizer.

Definition 3.3 (Transformer). Fix an alphabet 3..
A (D, L)-transformer is a 4-tuple composed of
e a token encoder e: Y. — FPD,

* a family of attention mechanisms {A*}L_,,

* afamily of non-linear functions {F*}L_, where
each F': FP — FP, and

* a classification function c: FP — {0,1}.

A transformer EOS-recognizes a language as fol-

lows. Given W = wy - WyEOS where wy,... ,wy €
>, define the base case

def

HO(W).,, = e(w,), VYne{l,..,N+1}. (13)

Then, for each layer / = 1, ... , L, compute

G'(W) £ LN (H @) + A (W)
(142)
HY(W) & LN (G‘f(w) + FE(GZ(W))) . (14b)

where F¢ is applied column-wise, and LN is layer
normalization (Ba et al., 2016). The transformer’s
output is then o(w) = c¢(HL(W). x11).

3.4 Fixed Precision

In the exposition above, we assumed that transform-
ers operate at fixed precision, i.e., there exists a
finite set I of numbers—analogous to the floating-
point formats used in practice (IEEE, 2019)—such
that all parameters and intermediate values lie in [F.
Every primitive operation, including exp and the
division in softmax, is performed in FF and rounded
back into . We note that fixed-precision arith-
metic differs from exact arithmetic in subtle ways:
for instance, addition is not generally associative
over FF, so the order of summation in softmax can
affect the result. Nevertheless, the fixed-precision
assumption is standard in the analysis of transform-
ers and is part of what makes the connection to
finite automata and temporal logic possible.

4 Characterizing Transformers

We now show that global, local, and hybrid atten-
tion correspond exactly to the fragments introduced
in §2. We first restate an existing result, relating
transformers with global attention to LTL [P].

Theorem 4.1 (Li and Cotterell, 2025). A language
L is EOS-recognizable by a (D, L)-transformer

(e, {AY_ | {F Y, ¢) in which every attention
head uses the global mask M* if and only if it is
definable in LTL [P].

We now consider k-local attention.

Theorem 4.2. A language L is EOS-recognizable
bya (D, L)-transformer (e, {A*}f_ | {F}} | c)
in which every attention head uses the k-local mask
M=F if and only if it is definable in LTL [ng].

Proof sketch. The argument follows the same
structure as Li and Cotterell (2025) for Theo-
rem 4.1. Because each query attends to at most
k predecessors, all summations in the masked soft-
max and value aggregation reduce to bounded
counting, which is expressible in LTL [Yfk] using
bounded nesting of Y=*. Conversely, by induction
on LTL [ng] formulas, Boolean connectives are
implemented positionwise, and Y=F) is realized
by a k-local attention head that aggregates infor-
mation from the last k positions satisfying /. The
same refinement step as in Li and Cotterell (2025,
Lemma B.12) can be applied. |

Finally, we consider hybrid transformers that
mix global and k-local heads.

Theorem 4.3. A language L is EOS-recognizable
by a (D, L)-transformer (e, {Ag}é;:l, {FE}KLzl, c)
in which some heads use M* and the remaining
heads use M=F if and only if it is definable in
LTL [P, Y=F].

Proof. The theorem is a direct corollary of Theo-
rems 4.1 and 4.2. |

4.1 Outlook

We now translate the logical characterizations into
concrete consequences for transformers under dif-
ferent attention patterns. An immediate conse-
quence of Theorems 4.1 to 4.3 together with Corol-
lary 2.10 is that transformers with hybrid global-
local attention are strictly more expressive than
either global-only or k-local-only transformers.
Thus, mixing local and global attention is not
only computationally attractive (Luong et al., 2015;
Child et al., 2019; Beltagy et al., 2020; Zaheer
et al., 2020), but can also yield a strict expressive
gain. Moreover, 1-local attention is the strongest
choice within the local-attention family: by Propo-
sitions 2.11 and 2.12 and Theorems 4.2 and 4.3, for
every k > 1, transformers with 1-local attention
are strictly more expressive than those with k-local
attention, and the same holds when global heads
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are added. This suggests that 1-local attention is a
particularly promising choice in practice. We note,
however, two important caveats.

Depth Overhead. Although 1-local attention
maximizes expressivity, replacing a single k-local
head by 1-local heads may incur a depth overhead.
At the logical level, expressing Y=F4 via Eq. (3a)
requires a disjunction of formulas of the form Y1)
for 1 < ¢ < k. Thus, using only Y increases the
operator depth (§A.2) from od(7)) + 1 to as much
as od(1)) + k. In other words, eliminating Y=F
in favor of Y preserves expressivity, but may in-
crease the required depth by an overhead of up to
k — 1. Specifically, in the proof of Theorem 4.2,
each temporal operator requires at least one layer
to simulate, so this translation may require up to
k stacked layers in place of a single layer. Thus,
under a fixed depth, transformers with 1-local at-
tention need not be strictly more expressive than
transformers with k-local attention. In practice,
modern language models are deep (OpenAl, 2023),
making this limitation less of a practical detriment
and rendering architectures with 1-local heads a
plausible way to increase expressivity.

Positional Encodings. The strict separation
above holds in the absence of positional encod-
ings. With sufficiently rich positional information,
however, the gap can disappear. Intuitively, if the
model can always identify the immediate predeces-
sor within a k-window, then k-local attention can
simulate 1-local attention. Positional encodings are
often viewed as numerical predicates added to the
logic (Yang et al., 2024; Li and Cotterell, 2025).
By Proposition 2.13, suitable modular predicates
suffice to erase the gap. Therefore, if positional en-
codings that simulate such predicates are available,
then a k-local head can recover the immediate pre-
decessor by selecting, at each position, the unique
position in the previous k steps. Interestingly, si-
nusoidal encodings (SiPE; Vaswani et al. 2017)
and rotary encodings (RoPE; Su et al. 2024) can be
related to modular predicates (Yang et al., 2025).
However, realizing modular predicates in this way
requires a rational variant (Chiang et al., 2023),
which is not the form typically used in practice.

5 Empirically Verifying the Theory

In this section, we test the expressivity predictions
of our theory on formal language recognition tasks.

5.1 Languages

We evaluate a suite of formal languages grouped by
definability in temporal-logic fragments, selecting
two representative languages from each class:

* LTL [Y]-definable: ¥*a (strings ending with
a) and > *ab (strings ending with ab).

* LTL [P]-definable: a>* (strings starting with
a) and X*aX*bY* (strings containing ab as a
not-necessarily-contiguous subsequence).

* LTL [P, Y]-definable but not in LTL [P] or
LTL [Y]: (ab)* (strings of repeated ab) and
> *abX* (strings containing ab as a contigu-
ous substring).

* LTL[S]-definable but not in LTL [P,Y]:
{a,b,d}*a{c,d}* (aright-deterministic poly-
nomial) and (a(ab)*b)* (bounded Dyck with
maximum nesting depth 2).

5.2 Experimental Setup

We consider three attention settings, corresponding
to the masking patterns defined in §3: local-only
(all heads use M=F), hybrid (half the heads use
M=F_ the rest use M*), and global-only (all heads
use M*). For local-only and hybrid models, we
vary the window size k € {1,2,4}. We also eval-
uate transformers with two positional encodings:
sinusoidal encodings (SiPE; Vaswani et al. 2017)
and rotary encodings (RoPE; Su et al. 2024). The
models are trained on strings of length up to 40
and evaluated on lengths 41-500. Each experiment
is run with 5 random seeds and 3 learning rates;
additional details are given in §D.2. In addition
to accuracy, we report the longest perfect length,
defined as the largest length up to which the model
achieves 100% accuracy.

5.3 Results

We summarize performance using a heatmap of
the longest perfect length in Fig. 3. Full numerical
results, including accuracies and longest perfect
lengths, are provided in §D.3.

5.3.1 Results on NoPE

We begin with a discussion of the NoPE setting,
whose results are shown on the left panel of Fig. 3.

Local-only models match LTL [Y]. As pre-
dicted, local-only transformers succeed precisely
on the LTL [Y]-definable languages: they achieve
perfect generalization up to length 500 on the two
LTL [Y] tasks in Fig. 3, while failing to generalize
on the remaining languages.
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Figure 3: Heatmap of longest perfect lengths (maximum over runs) across formal languages, attention patterns, and positional
encodings. Columns denote local (L), hybrid (H), and global (G) attention patterns; for L and H, the labels above columns

indicate the local window size k.

Global-only models match LTL[P]. Con-
versely, global-only models succeed only on the
LTL [P]-definable languages and do not exhibit
perfect length generalization beyond this class.

Hybrid models match LTL [P, Y]. Hybrid mod-
els, especially with k£ = 1, succeed on all lan-
guages definable in LTL [P, Y], which subsumes
both LTL [P] and LTL [Y]. As visualized in Fig. 3,
they generalize perfectly up to length 500 on the
bottom six languages.

1-local attention. Among the tested window
sizes, k = 1 is consistently the strongest performer.
Both £ = 2 and k£ = 4 fail even on definite lan-
guages, and increasing the window can hurt: for
example, hybrid models with & = 2 learn X*abX*,
whereas those with £ = 4 do not.

Beyond LTL [P,Y]. As expected, none of the
models perfectly generalizes on the two lan-
guages in LTL[S] \ LTL [P, Y], namely the right-
deterministic polynomial and bounded Dyck. Nev-
ertheless, hybrid attention yields the strongest par-
tial generalization on these tasks.

5.3.2 Positional Encodings

We now turn to the settings with positional encod-
ings (middle and right panels of Fig. 3).

Global-only models. One might hope that posi-
tional encodings would allow global attention to
approximate locality. In our experiments, however,
neither SiPE nor RoPE compensates for the absence
of local attention: Positional encodings do not erase

the qualitative separation between global-only and
hybrid models; on the contrary, they often reduce
performance on the tested languages.

Local-only and hybrid models. With RoPE, the
gap between 1-local and larger-window local at-
tention becomes smaller. In particular, local-only
models with k¥ = 2 or £k = 4 can now recognize
>*a and X*ab. In hybrid models, RoPE also en-
ables k = 4 to recognize >*ab>*. However, these
gains come with tradeoffs, as RoPE degrades per-
formance in several other settings. By comparison,
SiPE does not narrow the gap and instead tends to
reduce performance across the board.

Summary. Overall, on one hand, the results un-
der NoPE align exactly with our theory. On the
other hand, the role of positional encodings is less
clear-cut and merits further investigation.

6 An Experiment on Natural Language

We also experiment with whether our theory has
something to say about natural language. Thus, we
run a lightweight next-token language modeling
experiment on WikiText-2.

6.1 Experimental Setup

We train a GPT-2-small-style decoder-only Trans-
former from scratch, using the standard GPT-2
small architecture (12 layers, hidden size 768, 12
attention heads, and feed-forward size 3072). We
keep the architecture and optimization setup fixed
across all runs, varying only the attention pattern.
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Figure 4: Perplexity on WikiText-2 for local, hybrid, and global attention patterns under different positional encodings. Curves
show mean perplexity across runs for local and hybrid models as a function of the local window size k, and error bars indicate
standard deviations. The dashed horizontal line shows the corresponding global baseline.

Concretely, we compare global-only, local-only,
and hybrid attention, where in the hybrid setting
half of the heads are replaced by local heads. To re-
main consistent with the formal setup in §3, we use
strict causal masking throughout. We consider lo-
cal window sizes k € {1,4,16, 64,256} and three
positional encoding schemes: learned absolute po-
sitional embeddings, RoPE, and SiPE. For optimiza-
tion, we use AdamW (Loshchilov and Hutter, 2019)
with learning rate 2.5 x 10~%, weight decay 0.01,
2000 warmup steps, cosine learning-rate decay, per-
device batch size 2, gradient accumulation of 32
steps, and early stopping based on validation loss.

6.2 Results

The results show a clear and consistent pattern.
Across all positional encoding choices, the hybrid
model is always the strongest, and within the hybrid
family, £ = 1 is always the best setting. Hybrid
attention with £ = 1 reduces perplexity by 69.7,
15.2, 11.5 relative to the global-only baseline under
various positional encodings. Increasing the local
window generally degrades performance, and with
sufficiently large windows the hybrid model can
match or underperform the global-only baseline.

We also find that local-only attention can out-
perform global-only attention, which is surprising
but compatible with our theory, since local-only
and global-only attention are incomparable in ex-
pressive power. One possible explanation is that
WikiText-2 relies more heavily on short-range pat-
terns than on the longer-range dependencies. The
effect of window size, however, depends on the po-
sitional encoding. Under learned positional embed-
dings, smaller local windows perform better. Under

RoPE and SiPE, local-only models instead tend to
prefer larger windows. This is consistent with the
theory: although 1-local attention is maximally ex-
pressive in the unbounded setting, its advantage
may disappear under a fixed depth bound, espe-
cially when suitable positional encodings narrow
the gap between different local window sizes.

Overall, our results support the main claim of
the paper: local attention is complementary to
global attention, and the hybrid setting combines
the strengths of both. In particular, pairing global
attention with 1-local attention yields the largest
additional benefit.

7 Conclusion

We have given a formal account of why local at-
tention helps in transformer language models. By
connecting attention patterns to fragments of linear
temporal logic, we showed that local and global at-
tention are complementary rather than interchange-
able, and that adding local attention to a glob-
ally attentive transformer strictly increases expres-
sive power. In particular, global attention alone
corresponds to the logic LTL [P], purely k-local
attention corresponds to LTL [Yék] , and hybrid
global-local attention corresponds to the richer
logic LTL [P, Yék]. The largest gain arises from
1-local attention, which induces the Y operator and
captures, among other classes, the locally testable
languages—a classical family beyond the reach of
global-only models. Our formal-language experi-
ments empirically confirm these separations, and
a preliminary language-modeling experiment on
WikiText-2 shows that hybrid attention with k=1
consistently achieves the best performance.
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Limitations

Due to limited computational resources, we are
unable to run large-scale language modeling ex-
periments. Instead, we use a lightweight setup
that is intended as a sanity check while remaining
manageable in terms of model size, dataset, and
training budget. Accordingly, our natural-language
results should be interpreted with caution. It is pos-
sible that the qualitative picture changes with larger
models, longer training, or broader datasets.

Ethical Considerations

We do not foresee any ethical issues.
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A Linear Temporal Logic

We now give the basic definitions of linear temporal logic.

A.1 Syntax

We define the syntax of full linear temporal logic, LTL[P,Y,S, U], over an alphabet >. The set of
formulas over X is defined inductively:
e Constants: T and | are formulas.
* Atomic predicates: 7, is a formula for a € X..
* Boolean connectives: if 1) and )5 are formulas, then so are —)1, 1)1 A 19, and 11 V 9.
» Temporal operators: if ©> and /' are formulas, then so are Y (“yesterday”), Py (“past”™), 1)St)’
(“since™), and /U7’ (“until”).

A.2  Operator Depth

The operator depth of a formula ¢, denoted od(¢), is defined inductively:

0 ifoe{T, L, m}
od(1)) if o = )
0d(¢) = § max (od (1), od(12)) if ¢ =11 01hy, 0 € {A,V} (15)
1+ od(2)) if p =01, o € {Y,P}
1 4+ max (Od(ui‘l), Od(lﬁ/'Q)) if o =11 019, 0o € {S,U}

A.3 Semantics

Given a string w and a position n, the semantics for the satisfaction relation w, n |= v/ is defined as:
e w,n = m,iff 1 <n < |w| and the n'™ token of w is a;
s w,n =1 Vi iffw,n =1 orw,n = 1o
s w,n =1 Agiffw,n = andw,n = g
o w,n | ) iff w,n b,
e w,n = Yyiffwn—1F
* w,n = Py iff there exists m such that m < n and w, m |= 1;
* w,n = 1St iff there exists m such that m < n, w,m = 19, and for all ¢ such that m < i < n,
w, ¢ ): L/l,
* w,n |= 11 Ut)y iff there exists m such that m > n, w,m |= 12, and for all 7 such that n < i < m,
W, ) ): L1
A string w of length [V satisfies a formula ¢/, written w |= 1), if 1) holds at a position outside the string,
such as position 0 or N + 1. In this work, we evaluate formulas at position N + 1, just beyond the end of
the string, since we consider only past-time operators such as Y and P, i.e.,

wkEYy iff wN+1E. (16)
The language defined by a formula ) is the set of all strings that satisfy it, i.e., the set
L() = {we X* | wh= ). (17)

B Additional Background

We collect background on formal language classes, syntactic semigroups, and deterministic finite automata,
which we use to characterize transformers under different attention patterns.
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B.1 Formal Languages

Regular Languages. A regular expression is a declarative description of a language over X. It is
defined inductively as follows:

e () and each a € Y are regular expressions;

* if o and [ are regular expressions, then so are the union « + (3, the concatenation 3, the Kleene star

o, and the complement .

A language is regular if and only if it can be described by a regular expression (Kleene, 1956). A regular
language is star-free if it can be described by a regular expression that does not use the Kleene star
(McNaughton and Papert, 1971). For example, 3* is star-free, since it can be described by the regular
expression ()°.

Monomials. A monomial over ¥ is a language of the form ¥3a; X7 - a, 2, where ay, ... ,a, € X and
0, X1, -, 20 € 2. A monomial is called
o left-deterministic if for every k € {1,... ,n}, ap ¢ Yr_1;
* right-deterministic if for every k € {1,..,n}, ax ¢ 2
* unambiguous if every string w in the monomial admits at most one factorization w = wgaiwy -+ apWy,
with wy, € 37 forall k € {0, ...,n}.

Polynomials. A polynomial is a finite union of monomials. It is called left-deterministic (resp. right-
deterministic or unambiguous) if it is a finite disjoint union of left-deterministic (resp. right-deterministic
or unambiguous) monomials.

B.2 Syntactic Monoids and Semigroups

Semigroups and Monoids. A semigroup is a set endowed with an associative binary operation. A
monoid is a semigroup with an identity element.

‘R-trivial Monoids. Recall Green’s R relation on a monoid M (Green, 1951). For s,t € M, we write
s Rt if they generate the same principal right ideal:

sM = tML. (18)
A monoid M is R-trivial if R is equality; equivalently, for all s,¢ € M,
SRt — s=t. (19)

Locally R-trivial Semigroups. An element e € S is idempotent if e = e. A semigroup S is locally
‘R-trivial if, for every idempotent e € S, the submonoid

eSe = {ese | s € S} (20)

with identity element e is R-trivial.

Syntactic Congruence. Let . C X* be a language. Two strings s, t € >* are syntactically equivalent,
denoted s= t, if
Yu,veX*: usve L < utve L. 2D

We write [w] for the equivalence class of w.

Syntactic Monoid. The quotient monoid
=, (22)

whose elements are equivalence classes and whose operation is induced by concatenation, is called the
syntactic monoid of L.
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Syntactic Semigroup. Let X denote the set of nonempty strings over Y. Restricting the syntactic
congruence to X yields the quotient semigroup

»t/=r. (23)
This quotient is called the syntactic semigroup of L.

B.3 Deterministic Finite Automata

Definition. A deterministic finite automaton (DFA) is a 5-tuple A = (3, Q, g1, F, ), where
* Y is an alphabet;
* () is a finite set of states;
* g7 € (@ is the initial state;
* F' C (@ is the set of accepting states;
* §: @Q x X — ( is the transition function.
We extend 0 to QQ x X* recursively by
6(g,e) =¢q (24)

for every ¢ € @), and
d(q,wa) = 0(5(q,w), a) (25)

forevery g € Q,w € X%, and a € X..

Acceptance. A DFA A accepts a stringw = wy - wy € X* if the unique run qq, ... , gy defined by
qo = qr and ¢p+1 = 0(qn,Wn4+1) forn = 0,..., N — 1 ends in an accepting state, i.e., gy € F.

Minimal DFA. A DFA A recognizes a language L C X" if it accepts exactly the strings in .. A DFA
recognizing L is minimal if it has the smallest number of states among all DFAs recognizing L.

Partially Ordered DFAs. A DFA is partially ordered if there exists a partial order < on @ such that
for every ¢ € @ and a € 3, we have ¢ < (g, a). Equivalently, the state-transition graph has no cycles
other than self-loops.

Transformation. For each non-empty string w € X7, the extended transition function induces a
transformation ¢, : ) — () defined by

def

qtu = (g, w). (26)

A permutation of () is a bijection from () to itself. A transformation ¢: () — () is permutational if there
exists a subset P C Q with | P| > 2 such that the restriction

t|p: P— P 27)

is a permutation of P.

Configuration Containment. Let A = (2,0, gz, F,J) be a DFA. Define G(.A) to be the directed
labeled graph whose vertex set is () and whose edge set consists of all triples (¢, w, ¢’), such that ¢, ¢’ € @,
w € X7, and §(q,w) = ¢'. Because Q is finite but 7 is infinite, the graph G(.A) has finitely many
vertices and, in general, infinitely many labeled edges. If a directed graph whose edges are labeled by
non-empty strings is a labeled subgraph of G(.A), then we say that A contains it as a configuration.

C Proofs

C.1 Proof of Theorem 2.2

Theorem 2.2. Let . C X* be a regular language, let S be its syntactic semigroup, and let A be the
minimal DFA recognizing L. The following are equivalent:

1. L is definable in LTL [Y];

2. L is definite;

3. every idempotent e € S is a right zero, i.e., forall s € S, se = e;
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4. every transformation induced by a non-empty string is non-permutational.

Proof. (1=2) Let ¢) be a LTL [Y] formula, and let » = od(¢)). We prove, by structural induction on ¢,
the following stronger claim:

(*) For every string w = wj - wy and every position 7, the truth of w, n |= ¢/ depends only on the factor

Wmax(1,n—7) " Wmin(n,N)- (28)

Base case: od(y)) = 0. Then ¢ is a Boolean combination of constants and atomic formulas. Each
atomic formula 7, depends only on the token at position n (if 1 < n < N), and is false otherwise. Hence
the truth of w, n |= ¢) depends only on the token at position n.

Induction step. Suppose ) = Y¢ and od(¢) = r — 1. Then
wnkEYo <= wn-—1F¢. (29)
By the induction hypothesis, the truth of w,n — 1 |= ¢ depends only on

Wimax(1,n—r) ** Wmin(n—1,N)- (30)

Therefore w, n = Y¢ depends only on
Wmax(1,n—r) " Wmin(n,N)- (31)

Boolean connectives preserve the claim, so (x) follows for all LTL [Y] formulas.
Now let n = N + 1. Since min(N + 1, N) = N, the truth of w, N + 1 |= ¢/ depends only on

Wmax(l,N—r+1) = WN, (32)

that is, only on the suffix of w of length at most . Therefore IL(¢) is definite.
(2=1) Suppose that L is definite. Then L is m-definite for some m > 0. By definition, L is a Boolean
combination of languages of the form

{we X*| Spn(w) =u}, (33)

where u € X™.

We show that each such basic language is definable in LTL [Y]. For each string u € ¥*, define a
formula 1), inductively by
def

Ve =T, (34)

and, forve Y*anda € X,

def

ya = Y(ma A ty). (35)

We prove by induction on |u| that, for every string w = w; - wyy and every position n > |u| + 1,

wnE1Y, << Wy [u[ = Wn—1 = U. (36)

Base case: |u| = 0. Then u = ¢, and by definition 7, “ T. Hence w,n = 1. for every w and every n.
Since the empty factor is ¢, the claim follows.
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Induction step. Suppose u = va with v € X2* and a € 3. By definition,
Uva = Y(ma Ady). (37)

Let n > |u| + 1. Then
W,nE <= wn—1Fm, A1y (38)
The first conjunct says that the token at position n — 1 is a. Since |v| = |u| — 1, we have n — 1 > |v| + 1,
so by the induction hypothesis applied at position n — 1,
w,n—1F1v, <<= W,y We2=V. (39)
Therefore,
wnE1, << Wy |u| = Wp—1 = Va = u. (40)

This completes the induction.
Applying the claim at position N + 1, we obtain

wEY, <= wN+1E, (41)
= WN_m4lWy =uU 42)
<~ Spw) =u. (43)

Because LTL [Y] is closed under Boolean connectives, every Boolean combination of such languages
is also definable in LTL [Y]. Therefore L is definable in LTL [Y].

The equivalence 2<=>3 can be found in Eilenberg (1974) and Brzozowski et al. (2012), and the
equivalence 2<=>4 can be found in Perles et al. (1963) and Brzozowski et al. (2012). |

C.2 Proof of Theorem 2.7

Theorem 2.7. Let . C X* be a regular language, S its syntactic semigroup, and A the minimal DFA
recognizing L. The following are equivalent:

1. L is definable in LTL [P, Y];

2. Sis locally R-trivial;

3. A contains no configuration of the form shown in Fig. 1.

Proof. Cohen et al. (1993) introduce a restricted temporal logic LTL [P=, Y] with operators P= and Y,
where
w,n E=P7y iff Im < nsuchthatw,m = 1. (44)

They show (Cohen et al., 1993, Proposition 4.1) that a regular language is definable in LTL [P=, Y] if and
only if its syntactic semigroup is locally ‘R-trivial; equivalently, its minimal DFA avoids the configuration
in Fig. 1. It therefore remains to relate LTL [P=, Y] and LTL [P, Y]. In the presence of Y, the operators P
and P~ are mutually definable:

Py =YP ¢, (45a)
P~y =Py V. (45b)

Thus, LTL [P=, Y] and LTL [P, Y] define the same class of languages, and the equivalences follow. W

C.3 Proof of Theorem 2.8
Theorem 2.8. Any locally testable language is definable in LTL [P, Y].

Proof. Fix m > 0. It suffices to show that each of the following basic languages is definable in LTL [P, Y]:

{we¥X* |uel,(w}, uexm™ (46a)
{we ¥* | Pp_1(w) = u}, uec xm (46b)
{we X" | Sp—1(w) = u}, ue xmt (46¢)
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Case 1: m-factors. Letu = wq - wy,, € X™. Then
Py AY (T A AY () 47)

defines the language {w € ¥* | u € I,,,(w)}.

Case 2: (m — 1)-prefixes. Letu = wy -~ w,,_; € ™ L. If m = 1, then this language is all of ©*, and
is defined by T. If m > 1, then

P (M y AY(Tup_o A AY (0, A-PT))) (48)
defines the language {w € ¥* | P,,,_1(w) = u}.

Case 3: (m — 1)-suffixes. Letu =wj-wy,_1 € Y™~ If m = 1, then this language is all of ©*, and
is defined by T. If m > 1, then

Y(7Twm_1 ANY(my, o N A Y(le))) (49)

defines the language {w € ¥* | S,,,_1(w) = u}.
Because LTL [P, Y] is closed under Boolean connectives, every locally testable language is definable
in LTL [P,Y]. |

C.4 Proof of Theorem 2.9
Theorem 2.9. For any k > 1, the fragments LTL [P] and LTL [ng] are incomparable.

Proof. (=) The language a>* is definable in LTL [P] but not in LTL [ng] , by the same argument as
in Proposition 2.3.

(<=) Consider the language L = Ui':ol >*a¥?, the set of strings that contain an a among the last &
positions. This language is definable in LTL [ng] by Y=F7,. However, Ly, is not a left-deterministic
polynomial, and therefore is not definable in LTL [P]. See §B for the necessary definitions. ]

C.5 Proof of Corollary 2.10

Corollary 2.10. The fragment LTL [P, ng] is strictly more expressive than each of the fragments
LTL [P] and LTL [YSF].

Proof. The inclusions LTL[P] C LTL [P,Y=*] and LTL [YS*] C LTL [P, YS*] hold because
LTL [P, YS’“] has access to both operators P and Y=F. Strictness follows from Theorem 2.9—the
language Ly, is definable in LTL [Y=*] but not in LTL [P], so LTL [P] # LTL [P, Y=*]. Moreover, a%*
is definable in LTL [P] but not in LTL [Y=*], so LTL [Y=*] # LTL [P, YSF]. ]

C.6 Proof of Proposition 2.11
As a preparation, we prove the following lemma.

Lemma C.1. Assume Y contains distinct tokens a,b. Then ¥*a is not definable in LTL [ng] or
LTL [P, YSF] forany k > 1.

Proof. Since LTL [ng] is a subfragment of LTL [P, ng], it suffices to show that >*a is not definable
in LTL [P, Y=F]. Let ¢ be a formula in LTL [P, Y=F] of operator depth 7. If r = 0, then ¢ is a Boolean
combination of constants and atomic formulas. Since atomic formulas are always false at the end position,
such a formula has the same truth value on every string, and therefore does not define >*a. So assume
r > 0. Define

wE (abF 1), w = (abF b, (50)

Then

wE Y*a, w ¢ X*a. (51)
Let N < |w| = kr 4+ 1. Now, for each s with 0 < s < r, and positions n € {1,..,N + 1} and
n’ € {1,.., N}, we say that (n,n’) is s-close if one of the following holds:

37502



1. n=n";

2.s>1,n=N+1,andn/ = N;

3. n>ksandn' =n — k.
We claim that for every 0 < s < r, every formula ¢ in LTL [P, ng] of operator depth at most s, and
every s-close pair (n,n’), we have

wnkEo < w,nEo. (52)
We prove this claim by induction on s.

Base case: s = 0. Then ¢ is a Boolean combination of constants and atomic formulas. If n = n/, the
claim is immediate. If n’ = n — k, then the token at position n of w is the same as the token at position n’
of w', because both strings consist of repetitions of the block ab*~!, except that w has one extra final a,
which matches the a at position N — k in w'. Hence w, n and w', n’ satisfy the same atomic formulas, and
therefore the same Boolean combinations of atomic formulas.

Induction step. Assume the claim holds for s — 1, and let ¢ have operator depth at most s.
The Boolean cases are immediate, so it remains to consider the temporal operators.

Case 1: ¢ = P, where v has operator depth at most s — 1.
Suppose w, n |= Pt). Then there exists ¢ < n such that w, ¢ = 1. We choose ¢’ < n’ as follows:
1. Ifn=n/,lett' =t.
2. If n=N+1and n’ = N, then:
e ift < N,lett =t;
e ift=N,lett' =N — k.
3. If n > ksand n' = n — k, then:
cift<mn—k,lett' =t
cifn—k<t<nlett =t —k.
In each case, t' < n' and (¢,t') is (s — 1)-close. By the induction hypothesis,

wtEy < W, Ev, (53)
sow',n' = Py. The converse implication is analogous.

Case 2: ¢ = Y=F4), where 1) has operator depth at most s — 1.
Suppose w,n = Y=F1. Then there exists ¢ such that n — k < ¢ < n and w, t |= 1. We choose t’ as
follows:
1. fn=n/,lett =t
2. Ifn=N+1andn’ = N, then:
e ift < N,lett =t
e ift =N,lett’ =N — k.
3.Ifn>ksandn’ =n—Fk,lett =t — k.
In each case,
n —k<t <n, (54)

and (¢,t') is (s — 1)-close. By the induction hypothesis,
witkEy = w,t'E=q, (55)

sow,n’ = YSF4). Again, the converse implication is analogous.
This completes the induction.
Finally, the pair (N + 1, N) is r-close. Hence

wEY < whN+lEy <= W, NEy <= WE (56)

Thus no formula in LTL [P, ng] can distinguish w from w’. Since w € >*a and w' ¢ ¥*a, the language
Y *a is not definable in LTL [P, ng] . Therefore it is not definable in LTL [ng] either. |
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Proposition 2.11. The fragment LTL [Y=F] is strictly less expressive than LTL [Y] for k > 1.

Proof. (Inclusion.) Any formula of the form Y<F¢ can be expanded into a finite disjunction of Y-steps
by Eq. (3a). Thus, every LTL [Y=*] formula translates into an equivalent LTL [Y] formula. Hence
LTL [YS*] C LTL[Y].

(Strictness.) Consider the language 3" a, the set of strings whose last token is a. This language is
definable in LTL [Y] by Y, but is not definable in LTL [Y=*] for any k¥ > 1 by Lemma C.1. Therefore
LTL [YSF] C LTL[Y] for k > 1. [ |

C.7 Proof of Proposition 2.12
Proposition 2.12. The fragment LTL [P, ng] is strictly less expressive than LTL [P, Y] for k > 1.

Proof. The inclusion LTL [P, YS¥] C LTL [P, Y] follows from Eq. (3a): every occurrence of Y=F can
be rewritten using Y, which is available in LTL [P, Y]. For strictness, consider again the language >*a.
This language is definable in LTL [P, Y] but not definable in LTL [P, ng] for any & > 1 by Lemma C.1.
Therefore LTL [P, Y<F] C LTL [P, Y] for k > 1. [ |

C.8 Proof of Proposition 2.13

Proposition 2.13. For every k > 1, if modular predicates MOD], are available for some m > k, then
LTL [ng] has the same expressive power as LTL [Y], and LTL [P, ng] has the same expressive power
as LTL [P,Y].

Proof. Tt suffices to show that Y can be expressed using Y= together with modular predicates. Indeed,
for any m > k, we can write

Yo =\/ (MOD:’n A YSE(MODI-L A z,)) (57)
=1

where ¢ — 1 is understood modulo m. To see this, fix a position n. Exactly one disjunct applies, namely
the one with n =4 (mod m). The formula

YSF(MODE L A o) (58)

then asks whether ¢/ holds at some position among the previous k positions whose residue modulo m is
1 — 1. Now n — 1 is such a position. Moreover, it is the only such position among the previous k positions:
ifn—j=n—1 (mod m)forsomel < j<k,thenj—1=0 (mod m).Since0 <j—1<k<m,
this implies j = 1. Hence the unique position in the previous & positions with residue class ¢ — 1 is the
immediate predecessor n — 1. ]

D Additional Experimental Results

This section provides additional details of the experimental setup and supplementary results for the formal
language recognition experiments in §5.

D.1 Datasets and Artifacts

For the formal language recognition experiments, we generate synthetic datasets. These data consist
entirely of artificial sequences over small finite alphabets. For natural language experiments, we use the
public WikiText-2 benchmark. We do not collect or annotate new natural language data. Any risks related
to personally identifying information or offensive content are therefore inherited from the source dataset
rather than introduced by our work. Our implementation is based in part on the Hugging Face codebase
(Wolf et al., 2020), but all models in our experiments are trained from scratch and no pre-trained weights
are used.
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Local Hybrid Global

E=1 k=2 k=4 k=1 k=2 k=4 -
(a(ab)*b)* meantstd 752 +00 9474+0.1 984+41 89.74+89 8744126 83.5+10.7 66.7£ 103
LTLS] max 75.2 94.7 99.6 99.5 98.7 92.0 99.8
g {a,b,d}"a{c, d}* meantstd 784 +£00 91.8+00 99.1+0.0 986428 999£01 904+49 76.1£119
i ? max 78.4 91.8 99.2 100.0 100.0 96.3 91.2
S aba* meantstd 712+ 10 8514+00 962+0.0 99.74+0.8 100.0+0.0 719+ 119 569 +2.2
LTL [P, Y] max 72.5 85.2 96.2 100.0 100.0 91.3 61.9
’ (ab)* meantstd 520+ 00 5414+0.1 57325 998404 951£89 9464122 752+£13.1
max 52.0 54.1 58.5 100.0 100.0 100.0 97.2
S a5 meantstd 71.6£0.1 743+£02 749+£00 1000401 999+02 100.0£0.1 99.0+2.1
LTL [P] max 71.7 74.4 74.9 100.0 100.0 100.0 100.0
o an* meantstd 50.1 £0.0 4994+0.0 500+0.1 100.0+0.0 100.0+0.0 992+17 994+ 14
max 50.1 50.1 50.0 100.0 100.0 100.0 100.0
S ab mean=£std 100.0 0.0 99.8 £0.1 100.0£0.0 100.0£0.0 99.8£0.1 807+ 123 535+0.38
LTL [Y] max 100.0 99.8 100.0 100.0 100.0 96.9 54.9
S mean+tstd 100.0 0.0 99.7 £ 0.0 100.0 £0.0 100.0 £0.0 99.7£0.7 92.7+8.0 584 +4.1
max 100.0 99.7 100.0 100.0 100.0 99.1 67.1
Table 1: Accuracy (%) on the formal-language tasks with NoPE.
Local Hybrid Global
k=1 k=2 k=4 k=1 k=2 k=4 -
(a(ab)*b)* mean+tstd 752 +£0.0 62.6+ 163 100.0 £0.0 825+ 123 765+ 125 749 £ 146 56.1 £4.6
LTL[S] max 75.2 95.3 100.0 95.4 95.5 96.8 63.6
g {a,b,d}*a{c,d}* meantstd 784+£00 91.8+0.1 992400 91.0£67 959+£47 973+56 584+£11.1
T ’ max 78.4 91.8 99.2 99.5 100.0 100.0 87.6
S ab3s* meantstd 71.3+£09 851+00 961+0.1 883+109 864+61 893+92 519405
LTL [P, Y] max 725 85.3 96.2 100.0 99.6 100.0 52.6
? (ab)” meantstd 52.0£00 542+00 578+1.0 740+10.1 7654124 772+£132 533 £3.0
max 52.0 54.2 58.6 92.4 100.0 99.7 61.3
T A p3* meantstd 71.7£0.1 743+£01 7494+00 921+£78 976+£32 95070 88.0£78
LTL [P] max 71.7 74.4 75.0 100.0 100.0 100.0 100.0
o A mean+tstd 50.1 £00 499+00 499400 70.1+10.1 703+ 119 77.7+ 142 93.1 +£838
max 50.1 50.0 50.0 96.3 99.7 100.0 99.9
$*ab meanztstd 100.0 0.0 100.0 £ 0.0 100.0 £ 0.0 100.0 0.0 100.0 0.0 100.0 £0.0 52.0 £ 1.1
LTL [Y] max 100.0 100.0 100.0 100.0 100.0 100.0 54.6
$*a meanzstd 100.0 = 0.0 100.0 == 0.0 100.0 + 0.0 100.0 £ 0.0 100.0 £ 0.0 100.0 + 0.0 53.0 £ 1.9
max 100.0 100.0 100.0 100.0 100.0 100.0 57.0

Table 2: Accuracy (%) on the formal-language tasks with RoPE.

D.2 Experimental Setup

Our setup for formal language recognition follows Li and Cotterell (2025) and Delétang et al. (2023). We
use a b-layer transformer with model dimension 64 and 8 attention heads. Training strings are sampled
at lengths up to 40, while test strings range from length 41 to 500. Models are trained for 1,000,000 steps
using Adam (Kingma and Ba, 2014) with default parameters and a batch size of 128. At evaluation time,
we sample 512 test strings at each length. Each configuration is run with five random seeds and three
learning rates: 1 x 1074, 3 x 1074, and 5 x 10~%. All experiments are conducted on a single GPU with
24 GB of memory, and each run takes roughly one hour. Our codebase is adapted from Delétang et al.
(2023) and Li and Cotterell (2025).

D.3 Full Numerical Results

We report the full numerical results of the formal language recognition experiments in Tabs. 1 to 6.
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Local Hybrid Global
k=1 k=2 k=4 k=1 k=2 k=4 —
(a(ab)*b)* meantstd 739+ 19 740+ 162 574+£59 845+13.7 746+ 162 59.0+ 158 50.1+04
LTL[S] max 752 94.3 71.2 99.1 98.8 97.2 50.7
{a,b,d}*a{c, d}* meantstd 769 £2.7 863 +50 90.0£58 928+86 908+10.8 909+9.7 645+£12.2
» ’ max 78.4 91.6 98.2 99.8 100.0 99.9 87.3
S ap5* meantstd 70.6 229 71.5+9.0 768 £87 714+£124 750166 580+34 512402
LTL[P, Y] max 72.3 85.2 93.0 96.7 100.0 63.8 51.5
’ (ab)* meantstd 51.84+0.3 521+14 509+£1.1 8.0+£13.6 623+ 13.6 541+6.6 503402
max 52.0 54.1 54.2 99.8 100.0 76.1 51.1
T an ps* meantstd 71.0+0.5 73.0+ 1.6 73.6+£25 874+112 925+ 105 96.1+58 923495
LIL [P] max 71.7 74.5 74.9 100.0 100.0 100.0 100.0
A mean+tstd 50.0 0.0 500+0.0 50.0£01 988423 97.8+44 958+6.7 98.6+47
max 50.1 50.1 50.1 100.0 100.0 100.0 100.0
% ab meantstd 99.5+ 1.0 69.6£11.6 602+£59 99.1+14 69.9+104 643 +10.7 50.1+0.1
LTL[Y] max 100.0 914 68.7 100.0 93.9 86.1 50.3
o $*a meantstd 957 +3.5 89.6+34 83.1+£30 983+24 838+23 833+37 51.64+03
max 100.0 97.7 87.3 100.0 922 94.2 52.0
Table 3: Accuracy (%) on the formal-language tasks with SiPE.
Local Hybrid Global
k= k= k= k=1 k=2 k=4 -
(a(ab)*b)* meantstd 00+00 00£00 00+00 8244166 8194262 751+ 11.0 1365 £57.0
LTL[S] max 0.0 0.0 0.0 126.0 174.0 104.0 320.0
{a,b,d}*a{c, d}* meantstd 00+£00 00£00 00+£00 7324166 203.1+102.1 723+£79 65.1 £12.2
v ’ max 0.0 0.0 0.0 114.0 455.0 84.0 100.0
% a5 meantstd 004+00 00+00 00=£00 451.7+864 47641617 61.1 £7.7 61.4 + 104
LTL [P, Y] max 0.0 0.0 0.0 500.0 500.0 73.0 85.0
’ (ab)* meantstd 00+00 00£00 00400 4363+£922 4373 +1055 3584 +157.8 80.9+254
max 0.0 0.0 0.0 500.0 500.0 500.0 132.0
S an b3t meantstd 00+00 00£00 00400 4839+404 4515+842 45274871 4589+752
LTL [P] max 0.0 0.0 0.0 500.0 500.0 500.0 500.0
an* meantstd 00+00 00£00 00+00 4940+£154 4750+£60.1 432.1+ 1045 359.2 £ 127.6
max 0.0 0.0 0.0 500.0 500.0 500.0 500.0
S ab mean=£std 500.0 0.0 41.9+0.3 683+ 18.1 500.0£0.0 1524 +£525 622 +49 50.8 £5.0
LTL[Y] max 500.0 42.0 107.0 500.0 236.0 75.0 64.0
o $*a mean=+std 500.0 + 0.0 42.0+0.0 77.7 £31.5 500.0 £0.0 1573 +£705 67.0+10.3 528 +£7.0
max 500.0 42.0 172.0 500.0 334.0 85.0 74.0
Table 4: Longest perfect length on the formal-language tasks with NoPE.
Local Hybrid Global
k= k=2 k=4 k=1 k=2 k=4 —
(a(ab)*b)* meantstd 0.0 £ 0.0 0.0+ 0.0 500.0£00 504=+29 5124338 S51.1+42 68.1 = 18.8
LTL[S] max 0.0 0.0 500.0 56.0 58.0 58.0 106.0
: {a,b,d}*a{c, d}* mean=£std 0.0 £ 0.0 0.0 +0.0 0.0 £ 0.0 47.6 4.1 53.1£62 63.9 £ 14.2 459425
v ’ max 0.0 0.0 0.0 58.0 67.0 103.0 51.0
S ab3y* mean+std 0.0 £+ 0.0 0.0 £ 0.0 0.0+0.0 189.6£622 190.9+70.1 2587+ 140.0 457419
LTL [P, Y] max 0.0 0.0 0.0 355.0 294.0 500.0 50.0
’ (ab)* mean+std 0.0 £ 0.0 0.0 0.0 00+0.0 1864+£67.1 1835+£962 14594+79.6 599+£17.0
max 0.0 0.0 0.0 314.0 500.0 344.0 110.0
S a5 meanztstd 0.0 £ 0.0 0.0 £0.0 0.0£0.0 260.0+71.0 356.5+101.9 2857 4 119.9 279.3 £54.1
LTL [P] max 0.0 0.0 0.0 410.0 500.0 500.0 406.0
an* mean+std 0.0 £ 0.0 0.0 £ 0.0 0.0+ 0.0 1348+£539 1294+50.0 162.1 £100.2 156.1 469
max 0.0 0.0 0.0 282.0 234.0 500.0 260.0
$*ab mean=£std 500.0 0.0 500.0 0.0 500.0 £ 0.0 4909 +33.9 500.0 £ 0.0 500.0 £ 0.0 45108
LTL [Y] max 500.0 500.0 500.0 500.0 500.0 500.0 46.0
$*a mean+std 500.0 + 0.0 500.0 £ 0.0 500.0 + 0.0 500.0+0.0 500.0 + 0.0 500.0 £+ 0.0 456 £2.2
max 500.0 500.0 500.0 500.0 500.0 500.0 51.0

Table 5: Longest perfect length on the formal-language tasks with RoPE.
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Local Hybrid Global
k= k=2 k=4 k=1 k=2 k=4 —
(a(ab)*b)* meantstd 0.0 £ 0.0 0.0+£0.0 420+£00 649+235 639+214  56.0+20.1 420+ 0.0
LTL[S] max 0.0 0.0 42.0 122.0 102.0 90.0 42.0
{a,b, d}*a{c, d}* meantstd 0.0 £ 0.0 0.0£0.0 00+00 560477 659+343 515+ 144 41.1+£03
T ’ max 0.0 0.0 0.0 71.0 150.0 77.0 42.0
¥ b5 meantstd 0.0 + 0.0 00+00 00400 5094124 958 +86.2 41.6 £ 0.5 41.0 £ 0.0
LTL [P, Y] max 0.0 0.0 0.0 84.0 330.0 42.0 41.0
’ (ab)* meantstd 0.0 £ 0.0 0.0+£0.0 00400 101.5+41.8 121.5+111.7 6531384 424408
max 0.0 0.0 0.0 176.0 500.0 176.0 44.0
S anpy* meantstd 0.0 + 0.0 00+0.0 00400 154341432 183.0+175.8 1514+ 1546 218.1 + 1919
LTL [P] max 0.0 0.0 0.0 500.0 500.0 500.0 500.0
ax* meantstd 0.0 0.0 00+0.0 00400 4209+£99.8 42034960 336.5+ 1323 4469 + 107.3
max 0.0 0.0 0.0 500.0 500.0 500.0 500.0
% ab meanztstd 3232+ 174.5 41.0£0.0 412+04 281.0£1799 41.0+0.0 41.2+£04 41.0 £ 0.0
LTL[Y] max 500.0 41.0 42.0 500.0 41.0 42.0 41.0
o $*a mean+tstd 198.3 + 1549 413 +05 41.0+£0.0 2189+ 1488 41.1+03 41.0 £ 0.0 41.0 £ 0.0
max 500.0 42.0 41.0 500.0 42.0 41.0 41.0

Table 6: Longest perfect length on the formal-language tasks with SiPE.
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