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Abstract

Recent research has devoted considerable effort
to verifying the intermediate reasoning steps
of chain-of-thought (CoT) trajectories using
process reward models (PRMs) and other ver-
ifier models. However, training a PRM typi-
cally requires human annotators to assign re-
ward scores to each reasoning step, which is
both costly and time-consuming. Existing auto-
mated approaches, such as Monte Carlo (MC)
estimation, also demand substantial compu-
tational resources due to repeated LLM roll-
outs. To overcome these limitations, we pro-
pose contrastive pointwise mutual informa-
tion (CPMI), a novel automatic reward label-
ing method that leverages the model’s inter-
nal probability to infer step-level supervision
while significantly reducing the computational
burden of annotating dataset. CPMI quanti-
fies how much a reasoning step increases the
mutual information between the step and the
correct target answer relative to hard-negative
alternatives. This contrastive signal serves as
a proxy for the step’s contribution to the final
solution and yields a reliable reward. The exper-
imental results show that CPMI-based labeling
reduces dataset construction time by 84% and
token generation by 98% compared to MC es-
timation, while achieving higher accuracy on
process-level evaluations and mathematical rea-
soning benchmarks. The code is available at
https://github.com/nakyungLee20/CPMI.

1 Introduction

Recent studies have demonstrated that large
language models (LLMs) exhibit remarkable
reasoning abilities, particularly when paired
with inference-time techniques such as chain-of-
thought prompting (Wei et al., 2022) and self-
consistency (Wang et al., 2022). These advances
have motivated growing interest in PRMs, which
assess the correctness of intermediate reasoning

*Corresponding authors: Sangwoo Hong; Jungwoo Lee

steps, rather than relying solely on outcome reward
models (ORMs) that evaluate final answers. How-
ever, constructing high-quality process-level super-
vision data sets for PRM training remains a chal-
lenge. Annotating fine-grained step rewards typi-
cally requires human experts or high-performing
LLMs such as GPT-4, which is both labor-intensive
and costly. To address these issues, prior works
have explored automated labeling via MC estima-
tion (Wang et al., 2024; Zhang et al., 2025), where
multiple reasoning trajectories are sampled and
rewards are assigned based on the proportion of
trajectories that ultimately yield the correct answer.
While this approach eliminates the need for human
annotation, it still entails substantial computational
overhead, as numerous rollouts are required to ob-
tain low-variance and reliable reward signals. This
challenge has motivated the development of frame-
works that leverage a model’s inherent knowledge
to reduce such overhead (Jin et al., 2025).

In this paper, we propose a novel approach for
efficient and automatic step-level rewards labeling
by leveraging a model’s internal certainty through
likelihood estimates. We hypothesize that modern
pretrained LLMs already encode substantial math-
ematical knowledge. Under this assumption, we
posit that quantifying contrastive changes in the
predicted probability of correct versus incorrect an-
swers at each reasoning step can provide a meaning-
ful reward signal. This formulation eliminates the
need for laborious human annotation and the costly
rollouts required by MC estimation. Using this
reward design, we curate CPMI-80k, a step-level
supervision dataset for training verifier models de-
rived from Math-Shepherd (Wang et al., 2024). We
extract an 80k subset of question–solution pairs,
automatically annotate scalar rewards for each step
along the solution paths.

Empirically, we show that using CPMI-based la-
beling can assign reliable reward signals that effec-
tively distinguish correct from incorrect reasoning
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Gold (𝐀)

𝒍𝒐𝒈𝒑𝜽 𝑨 𝑸, 𝒔𝒊 − 𝒍𝒐𝒈𝒑𝜽(𝑨|𝑸)

The answer is 20.

Q: Mia buys 3 packs of stickers with 12 stickers in each pack. She gives 7 stickers 

to a friend and 9 to her sister. How many stickers does she have left?

𝒔𝟏: Each pack has 12 stickers, and there are 3 packs, 3 × 12 = 36 stickers.

𝒔𝟐: Total given away is 7 + 9 = 16 stickers.

𝒔𝟑: Stickers left 36 + 16 = 52.

Hard-Negative (෩𝑨)

The answer is 16. The answer is -20. The answer is 52.

𝒍𝒐𝒈𝒑𝜽 ෩𝑨 𝑸, 𝒔𝒊 − 𝒍𝒐𝒈𝒑𝜽(෩𝑨|𝑸)

CPMI-80k Dataset Construction

Reward steps guiding toward the gold answer over hard-negative ones!

PRM Training

Inference with PRM

BCE Loss

Q: Json has 3 boxes…  How many pencils does he have left?
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Figure 1: Main framework of our reward modeling and PRM training. We sample both gold and hard-negative
answer and compute the logit differences between the with-step and without-step through a simple forward pass
for each answer. The CPMI reward for each step is defined as the difference between these logit gaps, quantifying
how much the step shifts the model’s belief toward the gold answer while diverging from the wrong answer. After
normalizing the CPMI-based rewards and using them as soft labels, we train the PRM with a binary cross-entropy
objective. The trained PRM is subsequently used during inference to evaluate or rerank reasoning trajectories.

steps. Moreover, it encourages the model to inter-
nalize coherent reasoning trajectories during infer-
ence, leading to improved performance on mathe-
matical reasoning benchmarks. Compared to MC,
our method further reduces the time and computa-
tional cost of process-level reward generation by
more than 80%, demonstrating its efficiency and
practical scalability.

Contributions

• We propose contrastive pointwise mutual
information (CPMI), a new automatic step-
level reward labeling approach that removes
the need for human annotation and substan-
tially reduces the supervision cost without re-
quiring multiple rollouts.

• We construct CPMI-80k, an automatically
labeled step-level reward dataset using our
CPMI framework, which provides informative
scalar signals for process-level reasoning.

• Through extensive experiments, we show that
PRMs trained with CPMI-based labels outper-
form MC-based approaches on process-level
evaluation benchmarks, and further improve
mathematical reasoning performance when
combined with Best-of-N inference.

2 Related works

We review prior work along two aspects, (1) reward
design for PRMs, and (2) applying trained PRMs to
improve mathematical reasoning at inference time.

Reward design for training PRMs A preva-
lent strategy for constructing step-level rewards
is MC estimation, which samples multiple trajec-
tories and attributes reward by the fraction that
ultimately reaches a correct answer (Wang et al.,
2024). Building on this foundation, several studies
have proposed improved labeling or filtering mech-
anisms. For instance, Jeong et al. (2025) proposes
evaluation frameworks to assess the accuracy of
individual reasoning steps, and Setlur et al. (2024)
reformulates step rewards as the difference between
MC estimates before and after a step, analogous to
the advantage function in reinforcement learning.
Meanwhile, Sun et al. (2025) and Xiong et al.
(2025) refine the data construction process through
efficient annotation and stepwise verification. To
further improve label quality, Zhang et al. (2025)
adopts consensus filtering using high-performing
LLMs, while Chen et al. (2024) introduces a Monte
Carlo Tree Search algorithm to annotate step-level
rewards without manual supervision. However, all
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of the above methods still depend heavily on re-
peated MC rollouts, leading to substantial gener-
ation time and computational cost. In contrast,
our method requires no MC supervision or uses it
only once for initialization and instead relies on
the model’s internal log-probabilities, which can
be obtained efficiently with a single forward pass.

PRMs for Mathematical Reasoning Recently,
extensive works have focused on improving math-
ematical reasoning via inference-time strategies
such as CoT-style prompting and program-aided
computation (Chen et al., 2022; Gao et al., 2023;
Zhou et al., 2023). When integrating PRMs at
inference, one can re-rank or weight candidate
traces (e.g., PRM-weighted majority voting or
search) (Zhang et al., 2025; Sun et al., 2025) or
inject PRM signals as dense rewards for RL-style
training (Setlur et al., 2024; Cheng et al., 2025).
Our work falls in the inference-time control regime.
We score candidate trajectories with a trained PRM
and select the highest average PRM-weighted tra-
jectory as the final solution.

3 Preliminary

Notations. We consider a policy model πθ as a
pretrained LLM that generates step-by-step solu-
tion trajectories for a given question q. Each rea-
soning step is denoted by si, representing the i-th
step in the full solution sequence. The concatena-
tion of all steps up to step i forms a partial solution,
denoted as s≤i. We denote the correct answer set
as A, and an incorrect answer as Ã.

Monte Carlo Estimation. Given a partial solu-
tion s≤i, Wang et al. (2024) estimate the step re-
ward using MC rollouts by computing the probabil-
ity of eventually reaching the correct answer A, as
defined in Eq. (1).

r
(i)
MC =

1

T

T∑

t=1

1
{
Ans

(
τ (t) | s≤i

)
= A

}
(1)

T denotes the number of rollout trajectories. Each
continuation trajectory τ (t) ∼ π( · | s≤i) is sam-
pled from the policy conditioned on the prefix s≤i,
Ans(·) maps a completed trajectory to its final an-
swer, and 1{·} is the indicator function.

Process Advantage Verifiers (PAV). Setlur et al.
(2024) introduces an effective reward that measures
the incremental progress of reasoning between con-
secutive steps. At each step i, PAV combines the

MC reward r
(i,θ)
MC , obtained from the current policy

model πθ, with a process advantage term that eval-
uates the improvement made by a reference policy
πµ relative to the previous step (i−1).

r
(i)
PAV = r

(i,θ)
MC + α

(
r
(i,µ)
MC − r

(i−1,µ)
MC

)
(2)

This formulation encourages the model to favor rea-
soning trajectories that exhibit consistent stepwise
improvement throughout the intermediate reason-
ing process.

Using these MC and PAV formulations as Monte
Carlo–based baseline methods, we compare them
against our proposed reward design.

4 CPMI: Contrastive Pointwise Mutual
Information-based Reward

The approach of quantifying a step’s contribution
through pointwise mutual information (PMI) is
motivated by a temporal-difference (TD-λ) per-
spective (Sutton, 1988) in reinforcement learning.
Unlike standard mutual information which aver-
ages over all possible outcomes, PMI utilizes log-
probabilities to measure the information gain be-
tween specific instances, in our case, how a partic-
ular step si shifts the likelihood of a specific target
A over the prior. This provides a useful analogy for
understanding the trade-off between rollout-based
and bootstrap-based estimation. Viewed through
this TD(λ) lens, the MC reward corresponds to the
λ → 1 regime, where long-horizon rollouts serve
as full-return targets, whereas the proposed CPMI
reward operates in the λ → 0 regime, performing a
one-step bootstrap that captures the model’s local
belief shift. Thus, to ensure efficiency, we aim to
train the verifier relying on bootstrapping (TD-0).

4.1 CPMI Reward
We introduce a contrastive property that explic-
itly examines: "How much does a step si shift the
model’s belief toward the gold answer space and
away from the negative answer space?". Intuitively,
an effective step should simultaneously increase the
likelihood of producing the correct answer while
decreasing likelihood of incorrect ones. By com-
bining temporal bootstrapping and contrastive rea-
soning perspectives, our formulation enables the
reward model to capture fine-grained, discrimina-
tive signals that reward genuine reasoning progress
and penalize misleading intermediate steps.

Building on the idea above, we define the CPMI
step reward for a given prompt and step i, where M

37605



denotes the number of incorrect answer alternatives,
as shown in Eq. (3).

riCPMI = [log pθ(A | q, si)− log pθ(A | q)︸ ︷︷ ︸
likelihood for gold answer

]−

1

M

M∑

m=1

[log pθ(Ã | q, si)− log pθ(Ã | q)︸ ︷︷ ︸
shift toward incorrect answer

]

(3)

The first term quantifies how much the step si in-
creases the model’s likelihood of producing the
gold answer, while the second term measures its rel-
ative shift toward incorrect alternatives. To reduce
prompt-specific variance, we further average the
reward across multiple prompt templates k ∈ K as
shown in Eq. (4).

r̂iCPMI =
1

K

K∑

k=1

ri,kCPMI (4)

This formulation provides an efficient, single-
forward-pass estimation of step-level rewards,
avoiding the costly MC rollouts.

4.2 Theoretical Derivation
For each prompt template k, we consider the an-
swer distributions Pk(·) = pθ(· | qk, si) and
Qk(·) = pθ(· | qk), where qk denotes the instanti-
ated template for the given problem. Our key obser-
vation is that the CPMI reward can be interpreted
as an approximation to the Jeffreys divergence be-
tween these two conditional distributions, which
can be expressed as

J(Pk, Qk) = KL(Pk∥Qk) + KL(Qk∥Pk). (5)

Unlike standard KL divergence, this symmetric
measure rigorously penalizes discrepancies in both
directions. Consequently, it yields a highly sensi-
tive reward signal that intensifies specifically when
the distributions occupy distinct regions of the
answer space, thereby encouraging the model to
clearly distinguish between correct and incorrect
reasoning paths. We provide empirical evidence
for this behavior in Section 6.1, where we demon-
strate that the contrastive signal achieves superior
discriminative power compared to non-contrastive
counterparts.

In our formulation, positive samples are drawn
from A ∼ Pk(A) = pθ(A | qk, si) and nega-
tive samples from Ã ∼ Qk(Ã) = pθ(Ã | qk).
Since mathematical reasoning tasks in GSM8K and

MATH typically feature a unique ground-truth an-
swer, the empirical target distribution T can be
modeled as a near-deterministic delta distribution.
This property justifies the approximation T ≈ Pk,
so that expectations with respect to T can be es-
timated using the single sample. Moreover, our
controlled sampling setup ensures that the samples
from Pk and Qk satisfy the IID assumption with
respect to their underlying model distributions. All
samples are generated independently via ancestral
decoding, and both Pk and Qk are computed using
the same model and tokenizer under identical tem-
perature and vocabulary settings. This alignment
guarantees that the two conditional distributions
are normalized over the same support and assign
probability mass to a shared answer space, enabling
a valid contrastive comparison.

Under this assumption, the CPMI reward in
Eq. (3) can be rewritten as

ri,kCPMI ≈ EA∼Pk

[
log

Pk

Qk

]
− EÃ∼Qk

[
log

Pk

Qk

]

= KL(Pk∥Qk) + KL(Qk∥Pk) = J(Pk, Qk),

(6)

showing that CPMI provides a sample-based ap-
proximation to the Jeffreys divergence.

From a reward perspective, this derivation im-
plies that CPMI explicitly favors steps that induce
a large, asymmetric shift between the pre-step and
post-step answer distributions, rather than merely
increasing the likelihood of the correct answer in
isolation. Specifically, the step that shift probabil-
ity mass toward the correct answer and suppress
hard-negative answers yield higher CPMI scores.
In contrast, uninformative or redundant steps that
result in negligible changes to Pk and Qk are pe-
nalized.

4.3 CPMI-80k Dataset Construction
We now construct the CPMI-80k dataset by au-
tomatically labeling step-level rewards on rea-
soning trajectories from the MATH-SHEPHERD

dataset.1 The original corpus contains model-
generated reasoning trajectories, where each prob-
lem is accompanied by a sequence of step-by-
step solutions and a binary correctness label.
Since MATH-SHEPHERD lacks explicit gold an-
swers, we align each problem with reference so-
lutions from GSM8K (Cobbe et al., 2021) and
MATH (Hendrycks et al., 2021b) to recover

1Available at zhuzilin/Math-Shepherd.
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ground-truth answers. Each generated solution
is segmented into reasoning steps and assigned
dense scalar rewards using our CPMI-based la-
beling method, implemented with the Qwen3-8B-
Base (Team, 2025) model. The resulting dataset
contains 80k step-annotated trajectories, support-
ing efficient training and evaluation of PRMs with
fine-grained reward supervision. Statistics for
CPMI-80k are summarized in Appendix Table 6.

5 Experimental Settings

In this section, we explain the practical implemen-
tation details of our CPMI-based reward labeling,
focusing on the balance between accuracy and com-
putational efficiency, as well as the training config-
uration used in subsequent experiments. Further
practical details, including reward length normal-
ization and prompt diversification with multiple
templates are deferred to Appendix A.

5.1 Contrastive Sample Generation
Constructing high-quality hard negatives is cru-
cial for stable contrastive estimation. We combine
model-based sampling with lightweight heuristic
perturbations to produce plausible yet incorrect
answer candidates that reflect realistic reasoning
errors. Specifically, we obtain negative samples Ã
from the model itself, following Ã ∼ pθ(Ã | q)
for theoretical consistency discussed in Section 4.2.
We sample M = 4 wrong candidates from the
model, but if the model keeps generating correct
answers on easy problems, we apply heuristic ed-
its such as operator substitution or sign inversion
to generate semantically coherent but intention-
ally incorrect alternatives. Details of the ablation
study on different choices of M are provided in
Appendix E.1.

5.2 Design Choice for Balancing Efficiency
We empirically observe that CPMI rewards at the
initial reasoning steps tend to be noisy, as the model
is far from the answer space and exhibits high un-
certainty in early reasoning stages. To stabilize this
effect and enhance the overall accuracy of CPMI
labeling, we introduce a hybrid reward formula-
tion that merges CPMI with MC rewards, which
we refer to as CPMI-MERGE. This hybrid design
leverages the complementary strengths of both sig-
nals, as discussed in Section 4 through the lens
of TD-λ. While MC rewards, though sparse and
computationally expensive, capture global infor-
mation by evaluating full rollouts. On the other

hand, CPMI rewards provide dense, bootstrapped
feedback that refines local belief updates toward
the correct answer. As a result, the hybrid design
achieves a more balanced bias–variance trade-off
between accuracy and efficiency.

Implementation details of different merging vari-
ants are presented in Appendix E.2. Empirically,
we report the results of merging MC and CPMI re-
wards at step index 1, which provides comparable
or even improved performance over MC-only label-
ing while significantly reducing the computational
cost of reward construction. This configuration
demonstrates that a modest degree of early-stage
CPMI integration is sufficient to preserve the global
supervision of MC rewards while achieving a favor-
able balance between performance and efficiency.

5.3 PRM Training
We train the PRM using Qwen3-4B-Base (Team,
2025) as both the policy model during inference
and the PRM backbone. A two-layer linear reward
head with a non-linear activation is attached to the
backbone to output scalar type step rewards. The
PRM is optimized using a binary cross-entropy
(BCE) loss, as shown in Eq. (7), where pi denotes
the predicted probability for step i, and r̃i repre-
sents the CPMI-based soft supervision target.

LBCE = − 1

N

N∑

i=1

[
r̃i log pi + (1− r̃i) log(1− pi)

]
(7)

Since CPMI scores theoretically range over R
(empirically between −3 and 3), we apply robust
z-score normalization to constrain the target values
within [0, 1] before training as

r̂i =
ri −median(r)

MAD(r) + ϵ
, r̃i = σ(r̂i), (8)

where MAD(r) denotes the median absolute devi-
ation, and σ(·) is the sigmoid function that maps
normalized rewards into the [0, 1] scale.

These training configurations closely follow
the setup introduced in MATH-SHEPHERD (Wang
et al., 2024) to ensure fair comparison with prior
work. This alignment enables consistent evaluation
of reward labeling effects across both CPMI-based
and MC-based estimation methods.

Baseline Comparison. For a fair comparison, we
directly implement both rMC (Eq. (1)) and rPAV
(Eq. (2)) using the same backbone model employed
for CPMI labeling (Qwen3-8B-Base (Team, 2025)),
and we generate 8 MC rollouts on the same set of
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Model Quality Computation Cost (Ratio) RelEff (×)

Reward Type AUC PB PRMB MATH Time Token AUC PB PRMB MATH

MC 0.759 27.7 38.8 45.4 1.00 1.00 1.00 1.00 1.00 1.00
PAV 0.757 36.6 49.6 47.2 1.17 2.38 0.85 1.12 1.09 0.89

CPMI 0.765 34.6 58.8 48.2 0.16 (↓84%) 0.02 (↓98%) 6.34 7.85 9.53 6.68
CPMI_Merge 0.766 36.8 60.7 49.4 0.30 (↓70%) 0.18 (↓82%) 3.38 4.45 5.24 3.64

Table 1: Efficiency comparison of CPMI-based reward methods with MC. Computation costs (Time, Generated
Tokens) are accumulated over a subset of 10K samples. RelEff quantifies the quality–cost trade-off relative to the
baseline, as illustrated in Eq. 9. Best results are highlighted in bold, and second-best results are underlined.

80k question–solution pairs. For rPAV, we addi-
tionally load the Qwen2-1.5B-Math model as a
prover model, performing 4 rollouts to compute
the advantage term, which entails a much higher
computational burden than MC methods.

To further isolate the contribution of CPMI
labeling, we introduce a control variant,
RAND_MERGE, which preserves the same
structure of CPMI_Merge but replaces CPMI
rewards with uniform random values for all steps
after the first. This design allows us to disentangle
the specific effect of CPMI from other factors in
the merging procedure.

5.4 Evaluation
We assess the efficiency of our proposed reward
methods using a relative efficiency metric that quan-
tifies the trade-off between model quality and com-
putational cost. Given a quality measure Q and a
cost measure C, the relative efficiency of a reward
method m with respect to a baseline b is defined as

RelEff(m | b) = Qm/Cm

Qb/Cb
, (9)

where values greater than 1 indicate higher cost-
effectiveness. In our experiments, Q corresponds to
one of AUC, ProcessBench F1, overall PRMScore
of PRMBench or MATH500 accuracy, while C
denotes labeling time.

We first evaluate the PRM performance on the
PROCESSBENCH benchmark (Zheng et al., 2025)
(PB), which measures a model’s ability to detect the
first incorrect step within a multi-step reasoning tra-
jectory. To obtain a more fine-grained assessment
of step-level abilities, we additionally evaluate on
PRMBENCH (Song et al., 2025) (PRMB), which
categorizes reasoning steps into nine dimensions
such as consistency and redundancy, enabling a
deeper analysis of PRM behavior. For both bench-
marks, thresholds are selected based on the best F1
score on each dataset.

Setting AUC PB PRMB Math MMLU

Gold_only 0.419 15.53 41.85 41.6 71.52
Neg_only 0.725 24.65 57.42 40.8 68.92
Both 0.765 39.48 60.04 50.4 75.67

Table 2: Comparison of different reward signal configu-
rations. Gold_only uses only the correct-answer term,
Neg_only uses only the contrastive negative term, and
Both combines both terms as in Eq. 3. AUC measures
the step-level discriminative ability in a threshold-free
manner. PB denotes the average F1 score, PRMB de-
notes the overall PRMScore, and MATH refers to the
MATH500 BoN@8 accuracy.

For mathematical reasoning evaluation, we
consider two in-domain datasets, GSM8K and
MATH500, and two out-of-domain datasets,
MMLU-STEM (Hendrycks et al., 2021a) and
Omni-MATH (Gao et al., 2024). To further exam-
ine the PRM’s effectiveness in ranking and select-
ing high-quality reasoning trajectories, we employ
a best-of-N (BoN) test-time scaling strategy. For
each problem, the model generates N candidate
solution traces, the PRM assigns step scores, and
the trajectory with the highest average reward is
chosen as the final output, as illustrated in Figure 1.

6 Results

The main result is reported in Table. 1. We first
examine the effect of our CPMI reward design,
particularly focusing on the role of contrastive tar-
gets, in Section 6.1. We then evaluate the overall
efficiency and effectiveness of our approach in Sec-
tions 6.2–6.4 with detailed analyses in Appendix C.

6.1 Effect of Contrastive Targets
Prior work on RLVR frequently leverages
model-internal likelihood as a confidence sig-
nal (Hatamizadeh et al., 2025; Liu et al., 2025;
Zhao et al., 2025). However, Table 2 reveals that
relying solely on the gold answer (i.e., the first
term in Eq. 3) introduces a reward-hacking issue.
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Reward Type ROC-AUC (↑) Wasserstein (↑)

MC 0.759 0.092
PAV 0.757 0.105

CPMI 0.765 0.135
CPMI_Merge 0.766 0.133
Rand_Merge 0.379 0.007

Table 3: Distribution-level analysis of PRM scores on
the ProcessBench-Math split. Wasserstein reports the
1-Wasserstein distance between the two score distribu-
tions in probability space. Bold values indicate the best
performance for each metric.

The model may spuriously increase the probability
of the correct final answer without learning to re-
ject logically incorrect or misleading steps, which
yields poor discrimination on process-level met-
rics such as ROC-AUC, PB, and PRM. Conversely,
using only the negative-target term suppresses the
likelihood of wrong answers but still lacks explicit
guidance toward the correct reasoning trajectory,
resulting in limited performance on downstream
tasks such as Math and MMLU.

In contrast, our CPMI objective combines both
positive and contrastive negative signals, signif-
icantly improving step-level discrimination and
leading to better downstream reasoning perfor-
mance. These results suggest that explicitly penal-
izing plausible yet incorrect alternatives is essential
for mitigating reward hacking and inducing faithful
reasoning behavior.

6.2 Efficiency

Table 1 summarizes the trade-off between model
quality and computational cost in constructing
process-level datasets. The CPMI method achieves
a drastic reduction in construction costs, requir-
ing only 16% of the total runtime and 2% of the
generated tokens compared to the MC baseline.
The efficiency gain is even larger relative to the
PAV, as it requires additional rollouts of the prover
model. The CPMI_Merge variant also offers a
balanced compromise between performance and
budget, maintaining comparable or superior quality
to other baselines while reducing both runtime and
token usage by more than 70%.

As shown in the last three columns of relative ef-
ficiency, both CPMI and CPMI_Merge consistently
achieve over 6× and 3× improvements, respec-
tively. These results demonstrate that CPMI-based
reward estimation provides a stable and scalable
trade-off between cost and performance without
substantial quality degradation.

CPMI Rand_Merge

MC PAV

PRM Probability

D
en

si
ty

Figure 2: PRM probability distributions on Process-
Bench Math split. The x-axis indicates the PRM proba-
bilites. The y-axis shows the normalized density of step
occurrences. Blue and orange histograms correspond to
correct and incorrect reasoning steps, respectively.

6.3 Process-Level Evaluation

ProcessBench. We evaluate the verifiability of
the trained PRM on the ProcessBench. To assign
labels, we follow the ProcessBench gold first-error
index, treating all steps before the first detected er-
ror as correct and all subsequent steps as incorrect.
Since this assumption may not perfectly reflect real-
world reasoning dynamics, it inevitably produces
partially overlapping distributions, as visualized in
Figure 2. Despite this overlap, the distributional
metrics in Table 3 show that CPMI-based rewards
achieve higher ROC-AUC compared to MC and
PAV, indicating a stronger ability to rank correct
steps above incorrect ones. The Wasserstein dis-
tance in probability space highlights a clearer dif-
ference at the global distribution level. MC exhibits
almost no separation between correct and incorrect
scores, while CPMI and CPMI_Merge substantially
enlarge this distance by about 80% and exceed PAV.
These results indicate that CPMI-based rewards not
only preserve step-level discriminative power but
also push correct and incorrect steps into more dis-
tinct regions of the score space, aligning with our
goal of emphasizing steps that move the model
toward the gold answer space.

Results in Table 4 show that the CPMI-based
method consistently outperforms the MC reward
across both in-domain and out-of-domain datasets,
demonstrating strong generalization in step-level
error detection. Moreover, CPMI_Merge surpasses
the PAV baseline while maintaining lower computa-
tional cost, confirming the effectiveness of integrat-
ing local CPMI signals with global Monte Carlo
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Reward Type GSM8K Math Olympiad Omni Average

MC 35.2 38.8 17.9 18.9 27.7
PAV 51.8 43.8 27.6 23.1 36.6

CPMI 49.4 39.6 24.5 24.8 34.6
CPMI_Merge 52.0 40.8 28.7 25.6 36.8

Rand_Merge 21.7 24.9 12.2 15.9 18.7

MS* 47.9 33.9 24.8 19.8 31.5
RLHFlow* 50.4 33.4 13.8 15.8 28.4

Table 4: Performance by reward type on ProcessBench
(F1 only). The Average column indicates the mean F1
across the four datasets. Rows marked with * corre-
spond to reported performance in Wang et al. (2024).
Bold values indicate the best F1 in each column.

supervision. Additionally, the large performance
gap between CPMI_Merge and RAND_MERGE

highlights that the observed improvements are not
merely due to the MC component, but arise from
the meaningful CPMI-based supervision. These
findings collectively demonstrate that CPMI pro-
vides a more stable and informative reward signal
for process-level evaluation.

PRMBench. We further evaluate step quality
across the nine dimensions in PRMBench, grouped
into three categories (Song et al., 2025), as detailed
in Section 5.4. Table 5 shows that CPMI_Merge
achieves the strongest performance across all
category-level averages as well as the overall score.
CPMI_Merge improves the overall PRMBench
score by +11.03% over PAV and +21.87% over
MC, with the largest gains on Soundness, indicat-
ing more logically consistent and less redundant
step-level judgments.

6.4 BoN Inference
Across different values of N and various mathe-
matical reasoning benchmarks, the CPMI-based re-
ward methods, shown in green and red in Figure 3,
consistently outperform both MC and PAV. As N
increases, CPMI and CPMI_Merge exhibit stable
and consistent scaling behavior, suggesting that
their PRMs provide a reliable ranking signal for
selecting high-quality trajectories under larger sam-
pling budgets. In contrast, MC shows more non-
monotonic trends on some datasets (e.g., GSM8K),
indicating that noisier step-level supervision can
limit the gains from increasing N . RAND_MERGE

further highlights this effect, as its performance
degrades with larger N , suggesting that uninfor-
mative or misaligned reward signals can be ampli-
fied rather than corrected by increased sampling.
Overall, these results indicate that BoN inference

Reward Type Simplicity Soundness Sensitivity Total

MC 40.88 36.92 35.06 38.80
PAV 47.16 49.56 47.20 49.64

CPMI 52.56 60.21 55.59 58.75
CPMI_Merge 54.65 62.30 56.50 60.67

Rand_Merge 27.65 21.64 18.65 23.20

Table 5: PRMBench results. Average scores over nine
categories into three step-level dimensions (Simplicity,
Soundness, Sensitivity) and the overall average for each
reward method.

MMLU-Stem OMNI-Math

A
cc
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)

Best-of-N (N)
GSM8K MATH500

Figure 3: Best-of-N accuracy on math benchmarks.
The x-axis denotes the number of samples N used for
Best-of-N selection, and the y-axis reports accuracy.

is highly sensitive to the quality of the underlying
reward model.

Another notable finding from out-of-domain
evaluations is that CPMI achieves 76.31% on
MMLU-Stem and 15.18% accuracy on Omni, com-
pared with 73.45% and 13.57% obtained by MC,
demonstrating stronger generalization under BoN
inference.

7 Conclusion

We introduced CPMI, a novel method for automati-
cally generating process-level supervision without
relying on human annotation or incurring the sub-
stantial computational cost required by traditional
MC methods. By providing dense, localized con-
trastive reward signals, CPMI enables the construc-
tion of effective PRMs while reducing generation
time by more than 80% and token usage by 90%.
The resulting PRMs exhibit strong step-quality as-
sessment capabilities and yield consistent improve-
ments in BoN inference across various mathemat-
ical benchmarks. These results demonstrate that
CPMI provides a practical and resource-efficient
alternative to MC-based supervision, particularly
in settings with limited computational budgets.
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Limitations

We validate our methods only during the inference
stage. While reward or verifier models are typi-
cally employed within online reinforcement learn-
ing frameworks, our CPMI-based approach could
naturally be extended to such training settings. In
this work, we focus on its efficiency and discrimi-
native capacity under offline evaluation. Another
limitation lies in the scale of our trajectory data. We
collect around 80K process-level samples, which is
relatively small compared with recent large-scale
PRM datasets. Future work can explore larger and
more diverse trajectories, as well as varying PRM
model sizes beyond the current Qwen3-4B config-
uration, to better understand scalability and robust-
ness across different model capacities.
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A Practical Implementations

In practice, LLMs are highly sensitive to prompt
phrasing, which can bias the estimated step contri-
butions and increase variance. To obtain stable and
reliable reward estimates, we incorporate two key
design choices: (i) Prompt diversification and the
construction of hard negative answers, (ii) length
normalization when computing the CPMI.

Prompt diversification. To mitigate the sensi-
tivity of prompt wording, we employ K distinct
prompt templates. Each template presents the prob-
lem statement q with minor structural or formatting
variations. Averaging across these templates re-
duces prompt-specific variance and yields more
stable step-level rewards. We use the four prompts
shown in Figure 4, which convey the same instruc-
tion but are phrased in slightly different ways.

We use the prompt templates in Figure 5, varying
the number of samples M .

Prompt #1

You are a careful math solver. Follow the
steps methodically. Keep each step concise.\n
At the end, output exactly one line in the
format:\n The answer is: <final answer>\n\n
Problem:\n{q}\n Solution: Let’s think step by
step.\n

Prompt #2

Solve the problem with numbered steps. Be
precise. Finally print exactly:\n The answer is:
<final answer>\n If numeric, use plain digits
only (no punctuation).\n\n Problem:\n{q}\n
Solution (step-by-step):\n

Prompt #3

Work through the solution briefly, then verify
and conclude. Conclude with exactly:\n The
answer is: <final answer>\n\n Problem:\n{q}\n
Solution: Let’s proceed carefully.\n

Prompt #4

You are solving a math problem. Compute step by
step. End with exactly:\n The answer is: <final
answer>\n\n Problem:\n{q}\n Solution: Let’s
think step by step.\n

Figure 4: The four prompts used for diversification.

Hard-Negative Generation Prompt Template

<Base Prompt containing the Problem Question>
(Gold answer: <Gold Truth Value>)
Generate several plausible but incorrect
answers to the given question. Identify any
wrong step and take that step’s wrong computed
result or the mistaken number used in it as
a hard-negative example. Try to include all
earlier steps’ wrong intermediate outputs if
possible. If all steps seem correct, return a
plausible wrong number (±1, ±2, or ±10%).
Output exactly one short line after ’The answer
is:’ no units or words. \n
The answer is:

Figure 5: Prompt for generating hard-negative answers.

Length Normalization. When computing the
pointwise mutual information in Eq. 3, we com-
pute the log-probability as log pθ(a | X) =
1
L

∑L
l=1 log pθ(al | a<l, X), applying length nor-

malization to mitigate the influence of varying se-
quence lengths.

B Statistics of CPMI80k

Statistic Ratio (%) / Count

Total samples 80,000
Task Source (GSM8K : MATH) 1 : 1
Composition (mixed : pure) 7 : 3

Table 6: Statistics of the CPMI-80K dataset. All values
are reported as counts or ratios.

When constructing the 80k-sample from the
Math-Shepherd corpus, we sample an equal num-
ber of problems from GSM8K and MATH to en-
sure coverage of both easier and more challenging
reasoning tasks. We exclude extremely difficult
problems, as PRMs fail to extract meaningful learn-
ing signals when all step-wise rewards collapse
to zero. Additionally, we intentionally include a
higher proportion of mixed trajectories, containing
both positive (+) and negative (−) step labels, than
pure trajectories with a single label type, as mixed
trajectories provide richer supervisory signals for
training step-level reward models.

C Fine-Grained Process-Level Evaluation

We provide extended results on ProcessBench
and PRMBench in Table 7 and Table 8, respec-
tively. Table 7 reports three metrics for each
dataset—error accuracy (Err), correct accuracy
(Corr), and F1—along with their mean F1 in the
Average column. We observe that the performance
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GSM8K Math Olympiad Omni Average

Reward Type Err Corr F1 Err Corr F1 Err Corr F1 Err Corr F1 F1

MC 22.2 85.0 35.2 25.9 76.8 38.8 10.7 54.3 17.9 11.5 53.9 18.9 27.7
PAV 35.7 93.8 51.8 32.2 68.5 43.8 17.5 64.3 27.6 14.5 57.3 23.1 36.6

CPMI 35.7 79.8 49.4 29.0 62.8 39.6 15.9 53.7 24.5 17.5 42.3 24.8 34.6
CPMI_Merge 37.2 86.5 52.0 31.0 59.6 40.8 20.1 49.9 28.7 18.4 41.9 25.6 36.8

Rand_Merge 13.5 55.4 21.7 16.5 50.5 24.9 7.1 43.4 12.2 9.6 46.1 15.9 18.7

MS* 32.4 91.7 47.9 18.2 69.2 33.9 15.1 77.1 24.8 12.4 72.3 19.8 31.5
RLHFlow* 33.8 99.0 50.4 21.4 72.2 33.4 8.2 43.1 13.8 9.6 45.2 15.8 28.4

Table 7: Detailed Performance by reward type on ProcessBench. The last two rows marked with * correspond to the
reported performance in Wang et al. (2024). Bold values indicate the best F1 score in each column.

Simplicity Soundness Sensitivity Overall

Reward Type NR NCL ES SC DC CI PS DR MS

MC 37.56 44.20 43.18 26.84 36.72 40.94 42.28 42.30 20.61 38.8
PAV 45.69 48.62 55.86 39.09 46.96 56.32 50.17 53.18 38.25 49.64

CPMI 50.22 54.89 63.76 56.99 56.58 63.52 57.70 62.02 47.06 58.75
CPMI_Merge 51.27 58.02 65.99 58.96 58.70 65.53 59.28 63.34 46.89 60.67
Rand_Merge 20.14 35.15 26.40 19.26 21.11 19.79 25.71 23.24 7.00 23.20

Table 8: PRMBench results across reward designs. Bold values indicate the best PRMScore.

gaps between MC, PAV, and our CPMI-based meth-
ods are more pronounced in challenging out-of-
domain evaluations such as Olympiad and Omni,
highlighting CPMI’s improved generalization to
complex reasoning tasks.

Table 8 presents fine-grained performance ac-
cording to the nine evaluation dimensions intro-
duced in Song et al. (2025): Non-Redundancy
(NR), Non-Circular Logic (NCL), Empirical
Soundness (ES), Step Consistency (SC), Domain
Consistency (DC), Confidence Invariance (CI),
Prerequisite Sensitivity (PS), Deception Resis-
tance (DR), and Multi-Solution Consistency (MS).
These results demonstrate that CPMI enhances the
model’s capability to distinguish diverse failure
modes in step-level reasoning, offering more reli-
able reward signals across a wide range of logical
and mathematical phenomena.

D Robustness of CPMI

D.1 Robustness Across Labeling Model
Capacities

We further evaluate CPMI on a different base model
family, focusing on whether the proposed reward
construction remains effective even when the label-
ing model is much smaller.

Table 9 shows that CPMI remains consistently

effective even with compact labeling models
from two different families, Qwen2.5-1.5B and
Llama3.2-1B. In both cases, replacing MC label-
ing with CPMI-based labeling improves the step-
level discrimination metric (ROC-AUC) and yields
large gains on process-level benchmarks, especially
on ProcessBench and PRMBench. Importantly,
these quality improvements are achieved while sub-
stantially reducing reward construction cost, re-
quiring 65–73% less labeling time and 82% fewer
generated tokens.

These results suggest that although stronger pre-
trained models can provide cleaner intrinsic signals,
CPMI does not depend on a single high-capacity
model regime. Instead, it offers a robust and cost-
effective reward proxy even with lightweight label-
ing backbones, making the overall pipeline more
practical for resource-constrained settings.

D.2 Generalization to Logical Reasoning

To further validate the robustness of our reward
signal beyond mathematical reasoning, we addi-
tionally evaluate PRMs trained with different re-
ward constructions on out-of-distribution logical
reasoning benchmarks. Following the main evalua-
tion setup, we use Qwen3-4B-Base under zero-shot
Best-of-8 inference.

As shown in Table 10, both CPMI and
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Labeler Reward ROC-AUC ↑ PB ↑ PRMB ↑ MATH500 ↑ ∆Time ∆Token

Qwen2.5-1.5B MC 0.72 28.4 16.2 41.6 0% 0%
CPMI-based 0.75 36.1 51.8 45.8 -65% -82%

Llama3.2-1B MC 0.73 29.5 18.6 48.0 0% 0%
CPMI-based 0.76 37.0 59.1 47.6 -73% -82%

Table 9: Robustness of CPMI across smaller labeling models from different families.

Reward Type FOLIO ↑ LogiQA 2.0 ↑ LogicNLI ↑
MC 54.19 33.39 25.4
CPMI 59.61 37.71 32.1
CPMI_Merge 58.62 35.66 30.8
Rand_Merge 42.86 24.54 24.5

Table 10: Generalization to out-of-distribution logical
reasoning benchmarks under zero-shot BoN@8.

CPMI_Merge consistently outperform MC across
all three benchmarks, including FOLIO, LogiQA
2.0, and LogicNLI. These results indicate that the
benefits of CPMI are not limited to in-domain math
reasoning, but also transfer to logical reasoning
tasks that require process-level verification.

D.3 Robustness Across Training Objectives

Our core contribution lies in the labeling signal and
dataset construction, which are largely agnostic to
the downstream training objective. We use BCE in
the main experiments to match the Math-Shepherd
training setup as closely as possible, ensuring a
fair comparison with MC-based baselines. Since
CPMI provides continuous step-wise supervision
after normalization, it can naturally be paired with
objectives beyond BCE.

To verify this, we additionally train PRMs with
two alternative objectives: mean squared error
(MSE), which treats reward prediction as a regres-
sion problem, and pairwise ranking loss (PQM),
which emphasizes relative ordering between steps.
As shown in Table 11, CPMI remains consis-
tently competitive across all training objectives and
continues to outperform MC in PRMBench and
MATH500 under both BCE and MSE.

Interestingly, PQM+MC achieves the highest
ProcessBench score, suggesting that pairwise rank-
ing can act as a highly localized error detector.
However, this gain does not transfer to broader
process-level quality measures, where CPMI-based
supervision remains substantially stronger, espe-
cially on PRMBench. Overall, these results sup-
port our claim that the advantage of CPMI primar-

Loss Reward ProcessBench PRMBench MATH500

BCE MC 27.7 38.8 45.4
CPMI 34.6 58.8 48.2

PQM MC 37.9 45.4 44.0
CPMI 35.6 56.7 46.2

MSE MC 31.0 43.1 45.4
CPMI 35.5 59.9 47.2

Table 11: Robustness of CPMI across different PRM
training objectives.

ily comes from the reward signal itself rather than
from a specific loss design.

E Ablation Experiments

We conduct a series of ablation studies to evaluate
the robustness and generalizability of our CPMI
reward design. First, we vary the number of hard-
negative targets to analyze how contrastive signals
influence performance (Section E.1). We then ex-
amine the efficiency and performance–cost trade-
offs of different step at which CPMI replaces MC
used in the CPMI_Merge variants (Section E.2).
Finally, we demonstrate the flexibility of CPMI by
merging it with PAV-based baselines (Section E.3).

E.1 Ablations on the Hard-Negative Term

Figure 6 varies the number of hard-negative an-
swers M used in the CPMI objective. Transitioning
from M = 0 (Gold_only) or using only the neg-
ative term (Neg_only) to any setting with at least
one negative sample (M ≥ 1) yields substantial
improvements across all evaluation metrics, as men-
tioned in Section 6.1. Interestingly, contrary to the
expectation that increasing M would yield more
stable performance by reducing variance, M = 1
achieves the strongest Math accuracy and compet-
itive performance on the other benchmarks. We
attribute this behavior to a trade-off between signal
strength and averaging: when M = 1, the CPMI
reward focuses on the single hardest negative, pro-
viding a strong contrastive signal, whereas larger
M values average over easier or noisier negatives,
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diluting the gradient despite reducing variance.
At the same time, the differences among M ∈

{1, 2, 4} are relatively small (within a few points
across benchmarks), suggesting that CPMI is not
overly sensitive to the precise choice of M once
at least one hard negative is included. In our main
experiments, we therefore fix M = 4 as a default,
which offers a stable estimate of the negative term
and reduces sensitivity to the particular sampled
negatives, while maintaining performance close to
the best ablation setting. Overall, these results indi-
cate that the key factor is the presence of explicit
contrastive negatives, and that moderate values of
M (e.g., M = 1–4) strike a reasonable balance
between robustness and computational cost.

E.2 Ablations on Different Merge Points
Table 12 reports the resulting performance across
four metrics: step-level discriminative ability mea-
sured by ROC-AUC (AUC), average F1 on Pro-
cessBench (PB), the overall PRMScore from PRM-
Bench (PRM), and MATH500 BoN@8 accuracy
using PRM-weighted trajectory selection (MATH).
We use MC reward only at the first step as an ini-
tializer, we did ablation experiments of diverging
the merge index to figure out the sweet spot for
performance cost efficiency trade-off. We addition-
ally report the computational cost of annotating
step-level datasets. The relative efficiency score
(RelEff) are computed using Eq. (9). As shown in
Table 12, merging at index 1 yields the strongest
overall performance across benchmarks while pre-
serving a high level of efficiency, achieving relative
efficiency gains in the range of 3.4× to 5.2×. Al-
though later merge indices maintain competitive
performance, their efficiency declines substantially
due to the increased computational cost associated
with relying on MC rewards for more steps. These
results indicate that applying MC only at the ear-
liest step and transitioning to CPMI immediately
after provides the most favorable balance between
quality and cost.

E.3 Initialized with PAV
Since this initialization strategy is compatible with
other labeling methods as well, we additionally
evaluate a variant that uses the PAV reward for
the first step and applies CPMI to all subsequent
steps. We assess performance using four metrics,
the same metrics used in Section. E.2. As shown
in Table 13, initializing CPMI with PAV yields
stable behavior and achieves a favorable perfor-

mance–efficiency trade-off, mirroring the trends
observed when MC is used as the initializer.
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Figure 6: Ablation results varying the number of hard-negative targets M in the CPMI objective. We report both
process-level metrics (ROC-AUC, PB, PRM) and downstream performance (Math, MMLU).

Model Quality Computation Cost (Ratio) RelEff (×)

Merge Index MC(%) CPMI(%) ROC-AUC PB PRMB MATH Time ratio gen_tokens AUC PB PRMB MATH

CPMI 0 100 0.765 34.6 58.8 48.2 38,603 0.16 1,579,148 6.34 7.85 9.53 6.68

CPMI_Merge1 16.6 83.4 0.766 36.8 60.7 49.4 72,553 0.30 16,420,803 3.38 4.45 5.24 3.64
CPMI_Merge2 33.2 66.8 0.784 35.8 58.9 47.0 106,452 0.44 31,239,824 2.36 2.95 3.47 2.36
CPMI_Merge3 48.0 52.0 0.804 36.6 56.7 56.6 136,579 0.56 44,410,422 1.88 2.35 2.60 2.22

MC 100 0 0.759 27.7 38.8 45.4 242,930 1.00 90,902,162 1.00 1.00 1.00 1.00

Table 12: Efficiency analysis of CPMI merging variants across quality, cost, and cost-effectiveness metrics.

Model Quality Computation Cost (Ratio) RelEff (×)

Reward Type AUC PB PRMB MATH Time Token AUC PB PRMB MATH

PAV 0.757 36.6 49.6 47.2 1.00 1.00 1.00 1.00 1.00 1.00

CPMI 0.765 34.6 58.8 48.2 0.14 (↓86%) 0.01 (↓99%) 7.46 6.99 8.75 7.55
CPMI_Merge1 0.766 36.3 60.2 49.2 0.28 (↓72%) 0.17 (↓83%) 3.63 3.56 4.35 3.74
CPMI_Merge2 0.750 37.5 56.8 49.6 0.42 (↓58%) 0.34 (↓66%) 2.34 2.43 2.71 2.49
CPMI_Merge3 0.797 39.9 56.1 48.1 0.55 (↓45%) 0.48 (↓52%) 1.91 1.98 2.06 1.86

Table 13: Efficiency comparison of CPMI and PAV. Computation costs (Time, Generated Tokens) are accumulated
over subset of 10K samples.
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