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Abstract

Mathematical reasoning is one of the core ca-
pabilities for Large Language Models (LLMs).
Yet, existing approaches often rely on static
heuristics or pre-determined reasoning strate-
gies, limiting their ability to adapt to dif-
ferent intermediate states. To address this
limitation, we propose FLAIR (Fuzzy-Logic-
Asslsted Reasoner), an adaptive framework
that integrates fuzzy theory into LLM-based
mathematical reasoning. Specifically, FLAIR
characterizes intermediate problem-solving
states using fuzzy memberships and employs a
parameterized fuzzy rule system to condition-
ally activate subsequent actions. These rule
parameters are further adjusted via Reinforce-
ment Learning using solution-level feedback as
the reward signal, enabling adaptive and itera-
tive refinement without reliance on a fixed strat-
egy. To the best of our knowledge, this work
is the first to integrate fuzzy theory into LLM-
based mathematical reasoning. Extensive ex-
periments across multiple benchmarks demon-
strate that FLAIR consistently outperforms re-
cent state-of-the-art baselines, while offering
effective and interpretable diagnostics of inter-
mediate problem-solving states.

1 Introduction

The advent of Large Language Models (LLMs)
has significantly reshaped the landscape of Natural
Language Processing (Ouyang et al., 2022; Team,
2025). Among their emerging capabilities, mathe-
matical reasoning is widely regarded as a core in-
dicator of advanced logical competence (Yan et al.,
2025), motivating substantial research efforts to in-
vestigate and improve the mathematical reasoning
ability of LLMs.

Existing approaches differ in how and when
they regulate the reasoning process, ranging from
inference-time prompting and post-hoc verifica-
tion to training-time model adaptation and tool-
augmented execution. They can be broadly catego-

Figure 1: Illustration of different reasoning approaches:
(a) single-paradigm reasoning, (b) pre-determined ex-
ecution pipeline, and (c) the proposed adaptive fuzzy-
enhanced framework.

rized into Prompt Engineering (Huang et al., 2024;
Yin et al., 2025), Reframing (Zheng et al., 2024;
Zhou et al., 2024), Reasoning Strategies (Yang
et al., 2025; Leang et al., 2025; Cao et al., 2025),
Model Fine-tuning (Liu et al., 2025c; Pei et al.,
2025), External Tool Integration (J. Liu et al., 2025;
Yao and Yadav, 2025), and Verification (Wu et al.,
2025; Jiang et al., 2024a).

Despite strong empirical performance, existing
LLM-based methods struggle to effectively handle
the inherent uncertainty in problem solving. That
is, multiple reasoning deficiencies (e.g., partial in-
consistency, missing problem statements, or incor-
rect calculations) may co-exist within a single rea-
soning trajectory, each exhibiting different degrees
of severity. However, most existing approaches
adopt either a single-paradigm reasoning strategy
(as shown in Fig. 1(a)) or a pre-determined execu-
tion pipeline (as shown in Fig. 1(b)), regardless of
the underlying problem-solving uncertainty. Such
one-size-fits-all designs lack the ability to explic-
itly diagnose intermediate reasoning states, which
fundamentally restricts fine-grained and adaptive
control under varying levels of reasoning difficulty
and heterogeneous error patterns across tasks.

Addressing this limitation requires a principled
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framework capable of modeling overlapping rea-
soning states and supporting uncertainty-aware
adaptive control. Fuzzy theory (Zadeh, 1965) nat-
urally meets this need by representing system states
with graded membership values and enabling inter-
pretable decision-making through fuzzy rules.

Accordingly, this paper introduces the Fuzzy-

Logic-Asslsted Reasoner (FLAIR). Unlike exist-
ing approaches, FLAIR forms a dynamic feedback
loop (Fig. 1(c)) that adaptively controls the reason-
ing process. Specifically, intermediate problem-
solving states are first characterized by fuzzy
membership estimation, after which parameterized
Fuzzy Reasoning Rules (FRRs) conditionally ac-
tivate appropriate actions. The rule parameters
are further optimized via Reinforcement Learning
(RL) based on solution-level feedback, enabling
effective state—action policy learning and iterative
refinement. In summary, the main contributions of
this work are as follows:

* We propose FLAIR, which, to the best of our
knowledge, is the first framework to integrate
fuzzy theory with LLM-based mathematical
reasoning, providing a principled approach
to modeling and handling uncertainty during
LLM reasoning.

* We design a fuzzy inference mechanism that
formalizes reasoning-state diagnosis and cor-
rection via fuzzy sets and reasoning rules, en-
abling adaptive action selection beyond static
heuristic triggering.

* We introduce a RL—based optimization strat-
egy to automatically refine rule parameters,
allowing the system to progressively learn ef-
fective state—action policies.

* We conduct extensive experiments on five
widely-used benchmarks with six base LLMs,
demonstrating that FLAIR consistently outper-
forms recent state-of-the-art methods in math-
ematical reasoning tasks.

2 Related Work

Mathematical Reasoning with LLMs. With
the rapid development of LLMs, models such as
ChatGPT (Ouyang et al., 2022) and Gemini (Team,
2025) demonstrate strong capabilities in a wide
range of language tasks, particularly in mathemat-
ical reasoning. Existing studies on LLM-based
mathematical reasoning generally fall into six
categories:  Prompt Engineering, Reframing,

Reasoning Strategies , Model Fine-tuning ,

External Tool Integration, and Verification, as
illustrated in Fig. 2.
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Figure 2: Conceptual map for LLM-based mathematical

reasoning.

(1) Prompt Engineering methods elicit mathemat-
ical reasoning by designing and injecting exem-
plary reasoning chains into the prompt. Chain-
of-Thought prompting (Diao et al., 2024) pro-
vides explicit step-by-step exemplars to guide
deduction, while subsequent work simplifies
demonstrations to retain the most salient ex-
amples (Huang et al., 2024) or selects error-
matched exemplars to align with the target
problem (Yin et al., 2025).

(2) Reframing techniques re-interpret the original
question to improve semantic clarity and re-
duce ambiguity prior to reasoning (Zheng et al.,
2024). Representative approaches leverage
dependency graphs and entity linking (Liang
et al., 2023), or generate paraphrased variants
to examine solution consistency (Raiyan et al.,
2023; Zhou et al., 2024).

(3) Reasoning Strategies explicitly structure the
problem-solving process into verifiable steps.
Representative methods are proposed to op-
erate at the sub-expression level to construct
fine-grained reasoning chains (Zhang et al.,
2024a), formulate reasoning as a Markov pro-
cess (Yang et al., 2025), or enforce symbolic
conversion at each step to ensure algebraic cor-
rectness (Leang et al., 2025).

(4) Model Fine-tuning adapts LLMs through su-
pervised or Reinforcement Learning—based
training. Some methods introduce structured re-
ward signals (Zhang and Zuo, 2025; Ren, 2025;
Lin et al., 2025; Luo et al., 2025a), while oth-

'While several reasoning methods integrate multiple strate-

gies, each work is categorized based on its principal contribu-
tion for clarity.
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ers construct high-quality training corpora (Liu
et al., 2025¢; Pei et al., 2025; Yu et al., 2025a).

(5) External Tool Integration augments LLM-
based reasoning by incorporating external sys-
tems, such as logical solvers (Liu et al., 2025a;
Wang et al., 2025; Yu et al., 2025b), program
executors (Das et al., 2024), and knowledge
retrievers (J. Liu et al., 2025; Yao and Yadav,
2025), to improve reasoning reliability.

(6) Verification methods incorporate post-
generation validation to assess and refine
reasoning outputs. Representative approaches
evaluate answer consistency via masked
prediction (Jiang et al., 2024a), regenerate
and compare individual reasoning steps (Jiang
et al., 2024b), or apply iterative step-level
correction to improve reliability (Y. Li et al.,
2025; Wu et al., 2025).

Despite strong empirical results, existing methods
lack a unified and adaptive problem-solving frame-
work. They mostly rely on one-size-fits-all, ad hoc
strategies with fixed heuristics or pre-determined
choices, failing to adapt reasoning operations to un-
certain contexts or varying feedback. In response,
this work proposes a fuzzy-guided reasoning frame-
work that adaptively adopts actions based on inter-
mediate LLM feedback.

Fuzzy Theory. Originating from (Zadeh, 1965),
fuzzy theory models uncertainty through fuzzy
membership. Formally, given a universe of dis-
course &, a fuzzy set F is defined by a member-
ship function pr : X — [0, 1], which assigns each
element a graded (membership) degree of belong-
ing. Building on this representation, fuzzy rules
translate membership values into interpretable and
actionable inferences. A fuzzy rule typically takes
the form:

IF z is Frandy is F, THEN z is F., (1)
—_—

preconditions conclusion

where z, y, and z are (linguistic) variables, and
Fa )y are associated fuzzy sets.

Fuzzy-based methods have been proven to
be universal approximators of nonlinear map-
pings (Wang, 1992). They have since been adopted
in a wide range of applications, including user pro-
filing (Yang et al., 2022), translation (Hoang et al.,
2023), information extraction and representation
learning (Peng et al., 2023; Li et al., 2024; Xu
et al., 2024a), and sentiment-related analysis (Li
and Xiong, 2022; Fang et al., 2024; Jia et al., 2025;

Chen et al., 2025). Yet, their potential in mathemat-
ical reasoning remains largely unexplored.

3 Methodology

This section presents the proposed Fuzzy-Logic-
Asslsted Reasoner (FLAIR) for LLM mathematical
reasoning, as illustrated in Fig. 3. We first intro-
duce Fuzzy Reasoning Rules, followed by two key
components of FLAIR: membership-based fuzzy in-
ference and Reinforcement Learning (RL)-based
rule weight updating.
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Figure 3: An overview of the proposed FLAIR for
LLM mathematical reasoning, which is characterized by
membership-driven fuzzy inference with Reinforcement
Learning (RL)-based rule updating.

3.1 Fuzzy Reasoning Rules

FLAIR employs Fuzzy Reasoning Rules (FRRs) to
determine appropriate actions. Following Eq. (1),
each FRR consists of a set of preconditions, ex-
pressed as fuzzy sets that characterize the current
problem-solving state, and an action as the rule
conclusion. This formulation establishes a direct
and interpretable mapping from fuzzy state assess-
ments to actionable control decisions.

To begin with, the fuzzy sets used as precon-
ditions are deliberately designed around potential
reasoning failures. Their purpose is to provide a
structured and uncertainty-aware summary of rea-
soning states, revealing the types and severities of
deficiencies (if any) present at current stage, and
further to enable the selective triggering of sub-
sequent actions that directly address these poten-
tial failures. A systematic evaluation by Yin et al.
(2025) examines the outputs of 15 LLMs across
different scales and identifies 39 fine-grained errors.
Building on this taxonomy, we further consolidate
these errors into four categories, i.e., requirements,
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calculation, reasoning, and answer, which together
account for 92.3% of total failures®. Accordingly,
we define one fuzzy set for each of these categories
as follows:

(a) Extraction Fidelity set(Fzr): indicates that
the model accurately extracts all necessary in-
formation from the problem statement, corre-
sponding to the requirements category.

(b) Operational Accuracy set (Fp4): indicates
that all arithmetic calculations in the reasoning
chain are performed correctly, corresponding
to the calculation category.

(c) Step Validity set (Fgy): indicates that all
intermediate reasoning steps are logically and
methodologically valid, corresponding to the
reasoning category.

(d) Answer Conformity set (F 4¢): indicates that
the final answer is correct in terms of unit and
format, corresponding to the answer category.

Together, these fuzzy sets form a unified state repre-
sentation that captures reasoning deficiencies from
complementary aspects. When used as precondi-
tions in FRRs, they enable conditional activation
of corrective actions tailored to diagnosed states.

Moreover, a set of corrective actions is intro-
duced as rule conclusions, drawing from estab-
lished reasoning strategies in prior work to address
the reasoning deficiencies. Specifically, four ac-
tions are considered, including (.4;) Reasoning
Example Provision, (A43) Entity-Relation Ex-
traction, (A3) Chain Decomposition, and (A4,)
Error Step Identification, each reflecting repre-
sentative techniques summarized in Section 2. No-
tably, these actions are not introduced as novel
techniques, but as modular components that can be
conditionally activated within the proposed fuzzy
framework. This design unifies diverse existing
reasoning strategies under a shared fuzzy control
mechanism. More details about implemented ac-
tions are provided in Appendix A.2.

Finally, combining fuzzy sets as preconditions
with actions as rule conclusions yields the follow-
ing FRR for LLM reasoning:

IF zis Fgr and xis Foa
and z is Fgy and x is Faco )
THEN Action is A;,

where = denotes the current output from LLM. The
proposed FRR jointly considers all fuzzy sets as
preconditions and determines rule activation based

’The detailed mapping from the error types in (Yin et al.,
2025) to our four categories is provided in Appendix A.1.

on membership degrees (i.e., the set belongings).
This design avoids rigid error—action coupling and
enables flexible fuzzy control under overlapping or
mixed reasoning deficiencies. As a result, actions
are conditionally triggered by fuzzy membership
degrees, without assuming predefined correspon-
dences between errors and corrective actions.

Importantly, the proposed FLAIR is inherently
extensible: additional fuzzy sets and actions can be
incorporated by expanding the rule pool, which is
left for future exploration.

3.2 Fuzzy inference

The aforementioned FRRs are leveraged to steer the
LLM reasoning via a three-stage workflow: step-
wise generation, membership calculation and veri-
fication, and solution revision.

(1) Step-wise Generation. The reasoning pro-
cess is executed in multiple steps. At each step,
an answer-generation LLM is prompted to produce
a structured intermediate solution, which consists
of extracted conditions, intermediate calculations,
and a provisional answer. See Appendix B.1 for
prompt details.

(2) Membership Calculation and Verification.
The intermediate (step-wise) answer is then sub-
jected to fuzzy verification using predefined fuzzy
sets and their memberships (1) to diagnose current
states. A higher membership | indicates a lower
risk of the corresponding error type, and vice versa.
For example, upr = 0.9 suggests a low likeli-
hood of a requirement error, whereas pp4 = 0.2
indicates a high probability of a calculation error.
In FLAIR, memberships are computed by prompt-
ing a membership-calculation LLM with explicit
instructions, as detailed in Appendix B.2. Alterna-
tive membership computation schemes are further
examined in the ablation study.

To validate the estimated memberships, a veri-
fier LLM is further prompted using a small set of
reference samples (i.e., in a few-shot setting) to
re-compute the membership degrees and provide
rationales®. If re-evaluated memberships deviate
from original estimates beyond a threshold (Ayer),
the memberships are considered unreliable and re-
estimated by the membership calculator (with the
verifier’s rationale). Alternative verification strate-
gies are examined in the ablation study.

3Details of the reference samples and membership verifica-
tion prompts are provided in Appendix C and B.3, respectively.
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(3) Solution Revision. If all estimated member-
ship degrees exceed a predefined threshold (Apys),
the current solution is accepted. Otherwise, the
firing strengths of FRRs are evaluated. Let N,
denote the number of actions and Nrg the num-
ber of fuzzy sets. Each rule is parameterized by
learnable weights (3;;, indicating the contribution
of the j-th fuzzy set to the i-th rule (i € [1, N];
j € [1,Npg)). Given the membership p; of the
j-th fuzzy set, the firing strength of the ¢-th rule
can be computed as follows:

Nps

oi=Y Biyp; (i€[l,NJ]). @
j=1

The rule with maximal o; is selected, and its associ-
ated action is applied to refine current solution. De-
tailed prompts for employed actions are provided
in Appendix B.4.

3.3 RL-based updating

To improve reasoning effectiveness, an RL-based
method is further introduced to optimize rule
weights. Let B = [8;;] € RYa*Nrs denote the
rule-weight matrix. Given {z;(¢) ;y:Ff at step t,
the following reward function is adopted:

Rt =a ( uj<t>)2

+ (1 — «) logdet (B(t)TB(t) + eI) ,
“4)

min
1<j<NrFs

where det(-) denotes the matrix determinant, ¢ =
10~%, and « is the hyperparameter. The first term
encourages high-confidence memberships across
fuzzy sets, while the second term promotes diver-
sity among the rule weights (Kulesza and Taskar,
2012). R(t) is then used to update B(t) via the
Proximal Policy Optimization (PPO) algorithm.

Remark 1. In FLAIR, each iteration follows a
generation—verification—revision cycle, while gen-
erated fuzzy memberships are used for action ac-
tivation and RL-based reward computation. The
process terminates either the predefined member-
ship threshold (\,ys) is satisfied or the maximum
of reasoning steps (tqx) is reached.

Remark 2. The proposed reasoning process can
operate directly on test instances, as rule weights
are optimized using feedback derived solely from
the model outcome, without external supervision
(such as ground-truth answers). This setting is

conceptually related to test-time training, in that
adaptation is guided by outcome-based feedback
during inference. Interested readers can explore
supervised learning for fuzzy reasoning rules.

4 Experiments

4.1 Experimental Setup

Datasets and Base LLMs. Evaluation is con-
ducted on five widely-used mathematical reason-
ing benchmarks: GSM8K (Cobbe et al., 2021),
MATH (Hendrycks et al., 2021), SVAMP (Patel et al.,
2021), AMC (AI-MO Team, 2024b), and AIME (Al-
MO Team, 2024a). These datasets cover diverse
reasoning skills and problem difficulties, includ-
ing arithmetic computation, logical reasoning, and
multi-step problem solving.

Baselines. Performance is evaluated in comparison
to 17 state-of-the-art reasoning methods, including
LBS3 (Luo et al., 2025b), StepCo (Wu et al., 2025),
and SAFE (Liu et al., 2025a), among others. De-
tailed descriptions of all baselines are provided in
Appendix G. In addition, the few-shot performance
of vanilla LLMs is also reported as a reference
baseline. All baseline results are directly sourced
from the original papers.

Implementation. For FLAIR, six LLMs are
adopted as base models, including both closed-
source models (GPT-4 and GPT-40) and open-
source models (L1ama2/3(-70B), DeepSeek(Math-
7B), and Qwen2(-72B). The same base LLM is used
for answer generation, membership calculation and
verification, while an ablation study examining al-
ternative LLM for these components is provided
in Appendix D. In addition, adopted hyperparam-
eters are set to tax = 5, @ = 0.8, A\yer = 0.3 and
Arvs = 0.9. Final answer accuracy is adopted as
the evaluation metric.

4.2 Main Results

Table 1 and 2 present the detailed performance com-
parison across five benchmarks and six base LLMs
on five runs. The experimental results demonstrate
that FLAIR consistently achieves superior or com-
petitive performance across all five datasets. For
instance, FLAIR obtains the best performance in
13 out of 22 evaluation settings, while achieving 8
second-best results in the remaining cases.
Notably, as an unsupervised method, FLAIR de-
livers performance that is on par with, and in
several cases exceeds, fully supervised reasoning
methods (e.g., on GSM8K with LLaMA3 and on
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Table 1: Performance comparison of various reasoning methods across GSM8K, MATH, and SVAMP datasets. * denotes
unsupervised methods, while T denotes supervised methods. FS-CoT denotes few-shot chain-of-thought prompting using a
vanilla LLM. Results marked with (a) are evaluated on MATHS500 (a subset of MATH), and results marked with (b) are evaluated
on Qwen1.5-72B. The best and second-best results are highlighted.

Methods GSMSK  MATH SVAMP Methods ~ GSMSK MATH SVAMP
GPT4 GPT-40
FS-CoT* 90.3 48.9 92.9 FS-CoT*  95.0 76.9 93.3
FOBAR* 96.4 1 6.1 - 944+ 1.5 SAFE* 96.01 1.0 80.4 1 3.5 -
LBS3* 949146 6421153 935106 StepCo 96.4 1 1.4 804 135  96.012.7
Self-Contrast®  95.4 1 5.1 - 94.01 1.1 EAP! _ 79.2 4 2.3 -
FLAIR * 984181 8221333 97.0141 FLAIR * 96.1 + 1.1 81.2+4.3 96.9 + 3.6
+Std. 0.1 0.4 0.2 +Std. 0.2 0.6 0.4
Llama2 Llama3
FS-CoT* 70.4 20.2 60.1 FS-CoT*  94.2 26.1 76.3
Self-Contrast* 64.2 1 6.2 - 75.3 1 15.2 MultiTAG* - 84.2() 1 58.1 B
WizardMath”  92.8 1224 5861354 - LBS3* 946104 5961335  93.61173
MetaMath' 8231119 266164 - SKTO' ] 796 1535 -
FLAIR * 88.1117.7 3241122 86.3126.2 MCoT? 1 4 B
£5td. 1.2 25 0.8 Col  8liul 3471286
DART 904 | 3.8 56.1 1 30.0 -
DeepSeek MMIQCT  89.3 | 4.9 4941233 -
FS-CoT* 85.3 40.8 70.8 FLAIR * 96.2 1 2.0 64.6 1 38.5 96.5 1 20.2
SAFE* 876123 5241116 - +Std. 0.2 1.4 0.3
MathFusion® 779174 5341126 - Qwen2
. t .. o
WizardMath 91.6 + 6.3 64.6 + 23.8 - ES-CoT* 93.9 7.0 90.5
DART! 882129  53.61128 - SGR* . 792170 i
Ml\TﬂQCT 790463 453145 - LBS3* 888 ;51 531 190 910" 105
Kp 839414 488180 - AceMath' 964125 8451123 -
FLAIR 90.3 1 5.0 5641156 773165 FLAIR * 96.41 2.5 81.249.0 951146
= 5 = = +5td. 0.4 0.7 0.5

Table 2: Performance comparison of various reasoning meth-
ods on AMC and AIME datasets. * indicates unsupervised
methods, while T indicates supervised methods. The best and
second-best results are highlighted.

Methods AMC AIME
LLaMA3
FS-CoT* 40.0 13.3
MultiTAG* 67.5+275 3891256
SKTO' 70.0 + 30.0  30.0 1 16.7
FLAIR * 68.8 128.8 46.7 1 33.4
+Std. 1.0 33
Qwen2

FS-CoT* 35.0 6.7
SGR* 61.3 1 26.3 8.011.3
FLAIR * 55.0120.0 16.7 1 10.0
+Std. 2.5 1.7

MATH with GPT-40). This observation indicates
that effective reasoning control can be achieved
through adaptive and uncertainty-aware fuzzy reg-
ulation. Compared with existing six unsupervised
approaches, FLAIR achieves the best performance
on average. Although its performance is lower in
specific case (e.g., on MATH with Llama3), this
reason is largely due to the use of external tools
from its peer (i.e., MultiTAG), whereas FLAIR op-
erates solely through LLM prompting.

Overall, the proposed FLAIR consistently deliv-

ers competitive and often superior performance
across diverse benchmarks. Its effectiveness is
primarily attributed to the ability to characterize
reasoning uncertainty through proposed fuzzy sets
and associated membership, which in turn enables
more adaptive fuzzy reasoning rules and leads to
more accurate reasoning behavior.

5 Ablation Study

To analyze the effectiveness of FLAIR, a series of
ablation studies is conducted on GSM8K and MATH,
which represent varying levels of problem com-
plexity (Yu et al., 2025a). The LLaMA3(-70B) and
Qwen2(-72B) are selected as the base LLMs.

Membership calculation. This subsection ex-
amines the impact of different membership-
calculation strategies on accuracy. In main experi-
ments, memberships are estimated using prompts
with both fuzzy-set definitions and illustrative ex-
amples (labeled as Full), while details about these
examples can be found in Appendix C. To com-
pare, several variants are evaluated: (i) DefOnly
uses prompts containing only fuzzy-set definitions;
(i1) ExOnly relies solely on illustrative examples;
and (iii) SmalllLM employs a separately trained
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lightweight model to estimate memberships*.

SmallLM 96.4
79.9 «
&
L s
X o

Full
.2

(a) LLaMA3-base

(b) Qwen2-base

Figure 4: Impact from three alternative membership-
calculation strategies.

The results in Fig. 4 show that removing either
component from the calculation prompt consis-
tently degrades performance, indicating that con-
ceptual definitions and illustrative examples pro-
vide complementary information. For example,
compared to Full, the DefOnly and ExOnly vari-
ants reduce accuracy on GSM8K by 0.4% and 0.9%
for LLaMA3, and by 0.6% and 1.4% for Qwen2, re-
spectively. We also notice that, the ExOnly variant
exhibits a larger performance drop (compared to
DefOnly), which is likely due to limited alignment
between provided examples and the target problem,
as examples alone cannot comprehensively convey
the underlying conceptual principles. In addition,
the SmalllLM variant achieves slightly better perfor-
mance comparable to ExOnly. This observation,
again, is potentially due to its training samples,
which provides partial but insufficient support for
generalizing across diverse problems.
Membership validation. This subsection analyzes
the effect of the membership-validation step to
overall performance. In the main setting, mem-
bership values are validated through consistency
checking against annotated reference samples, re-
ferred to as the FS-Val method. To assess its effect,
three additional variants are considered: (i) No-Val
removes validation entirely, (i) ZS-Val performs
validation via a zero-shot manner, and (iii) SM-Val
employs a smaller model (LLaMA-7B) as the veri-
fier in place of the base LLM.

As shown in Fig. 5, removing validation
(No-Val) consistently degrades performance, yield-
ing drops of 0.6% and 0.9% on GSM8K for LLaMA3
and Qwen2, respectively, and larger declines on
MATH (2.9% for LLaMA3 and 1.1% for Qwen2).

“Details of the lightweight model and its training procedure
are provided in Appendix E.

SM-val

(a) LLaMA3-base

(b) Qwen2-base

Figure 5: Impact from three alternative membership-
validation strategies.

Meanwhile, SM-Val remains competitive compared
with No-Val. This indicates that example-guided
validation supports more accurate inference, and
the fuzzy control mechanism is robust to verifier
capacity.

Effect of actions. This subsection studies the con-
tribution of individual actions (or rules) by remov-
ing one at a time while keeping others unchanged.
As shown in Fig. 6, all actions contribute positively
to the overall performance, as removing any in-
dividual action consistently leads to performance
degradation. However, the relative importance of
different actions varies across datasets with differ-
ent reasoning difficulties.

Bl Full/Base B W/O A, [l W/0 A4,
W/0 A, B w/o A4, ~
97 < 2 84

© 4N
o

©
o

2©
©Y©oR -
o

o O
(5] [=)]
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o w o (6]
Accuracy (%, MATH)

Accuracy (%, GSM8K)
©o
Y

wu
o

LLaMA3 Qwen2

LLaMA3

Qwen2

Figure 6: Effect of adopted actions on answering accu-
racy with GSM8K and MATH under two LLM:s.

On average, excluding A3 and A4 results in a
larger accuracy drop than excluding A; and As.
This effect is particularly observed on the MATH
dataset, where removing either A3 or A4 causes
larger performance degradation, reflecting the in-
creased complexity and longer reasoning chains
required by this benchmark. These observations
highlight the critical role of explicit chain decompo-
sition and error step identification in complex math-
ematical reasoning. Such findings are consistent
with prior work (Leang et al., 2025; Xu et al., 2025)
for solving challenging mathematical problems. In
contrast, removing .4; /A3 leads to a moderate yet
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consistent performance decline across datasets, in
particular with the MATH dataset. Overall, these
results confirm that, within the proposed FLAIR
framework, different actions play complementary
roles depending on task difficulty, demonstrating
that fuzzy control enables adaptive action selection
and robust reasoning capability.
Alternative fuzzy set design. In the main experi-
ments, fuzzy sets are manually designed based on
established reasoning failure categories. To exam-
ine whether FLAIR generalizes beyond this specific
design choice, we implement a data-driven alterna-
tive based on skill-aware clustering (Didolkar et al.,
2024). Specifically, we prompt the LLM to anno-
tate each training instance with its problem type
and required reasoning skills, then apply k-means
clustering to group instances accordingly, where
each cluster serves as a candidate fuzzy set. This
modification only affects the definition of fuzzy
sets, while the overall FLAIR framework remains
unchanged. We evaluate this variant under different
numbers of clusters K on GSM8K and MATH using
GPT-4 as the backbone, and report results alongside
the manually designed configuration in Table 3.
As observed, automatically discovered fuzzy
sets are effective and stable. Performance improves
as K increases, reaching its peak at =9 on GSM8K
(98.7%) and at K=13 on MATH (82.9%), while ex-
cessively large K leads to performance degradation.
Importantly, the comparable performance across
both configurations confirms that the effectiveness
of FLAIR does not hinge on handcrafted fuzzy sets.
Instead, FLAIR can adapt to other reasoning do-
mains through data-driven fuzzy partitioning.

Table 3: Performance comparison between automat-
ically discovered (k-means) and manually designed
fuzzy sets on GSM8K and MATH using GPT-4.

Setting GSMSK MATH
K=3 85.1 45.7
K=5 91.5 64.2
K=17 94.9 77.6
K=9 98.7 81.8
K=11 98.4 82.4
K =13 97.9 82.9
K=15 96.8 82.5
Manual 4-set (FLAIR) 98.4 82.2

Reward analysis. This subsection analyzes the
hyperparameter o from Eq. (4). Specifically, « is
varied over {1,0.8,0.6,0.4,0.2,0} to examine its
influence, while others are kept unchanged. As ob-
served from Fig. 7, the model accuracy initially im-

proves as « decreases, reaching its peak at interme-
diate values (e.g., « = 0.6 or 0.8). However, as «
further decreases, the accuracy gradually degrades,
reaching its minimum when o = 0. This degrada-
tion could be attributed to the insufficient empha-
sis on fuzzy membership, as more weight shifted
toward rule diversity (with smaller «), which in
turn deteriorates the quality of fuzzy inference and
weakens the effectiveness of reasoning regulation.

97.0
95.0 —e— LLaMA3 (GSM8K)
9 Qwen2 (GSM8K)
> 94.0
o
@©
5 80.0
o
o
<
70.0
00| T roms
Qwen2 (MATH)
50.0 a=1 a=0.8 a=0.6 a=04 a=0.2 a=0

Figure 7: Hyperparameter « sensitivity analysis.

Rule weight updating strategy. To explicitly ex-
amine the contribution of RL-based rule weight
updating, we compare FLAIR against two alterna-
tive weighting strategies: (i) Uniform, where all
rule weights are set to a constant value (in our case,
w = 0.25); and (ii) Softmax, where rule weights
are parameterized and normalized via a softmax
function over learnable logits, but without reward-
driven optimization.

As shown in Table 4, RL-based updating con-
sistently outperforms both alternatives, with more
performance improvements observed on the com-
plex MATH benchmark. Notably, simple parame-
terization (Softmax) already introduces learnable
flexibility, yet still falls short of reward-driven op-
timization. This indicates that the performance
gain is attributed to adaptive, reward-guided policy
learning, rather than from arbitrary weighting or
increased parameterization.

Table 4: Impact analysis on RL-based rule weight up-
dating strategies using GPT-4.

Setting GSMSK MATH
Uniform 97.3 79.6
Softmax 97.8 80.8
Ours 98.4 82.2

Computational efficiency. Since FLAIR relies on
the LLM prompting, we further evaluate its com-
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putational efficiency by comparing the number of
API calls with existing methods.

For instance, with SGR (Cao et al., 2025), in
the first iteration, three API calls are required to
generate (1) the step-guidance question, (2) the
guidance itself, and (3) the initial step answer. For
each subsequent iteration, two additional calls are
made to produce the next guidance cue and its re-
fined response. Overall, the total number of API
calls is 3 + 2(7 — 1) for T iterations. For Self-
Refine (Madaan et al., 2023), in the first iteration,
one API call is required to generate the initial solu-
tion. For each subsequent iteration, two additional
calls are made to produce (1) the self-feedback cri-
tique and (2) the refined response. Overall, the total
number of APl callsis 1 +2(7T — 1) =27 — 1
for T iterations. For Self-Contrast (Zhang et al.,
2024Db), in the first stage, n + 1 API calls are re-
quired to generate (1) n candidate answer perspec-
tives and (2) the corresponding initial solutions.
In the subsequent stage, two additional calls are
made to produce (1) a structural checklist for those
solutions and (2) the final refined response. Over-
all, the total number of API calls is n + 3 where
n typically ranges from 2 to 5. For LBS3 (Luo
et al., 2025b), in the initial phase, one API call is
required to generate the so-called n. easy and ny,
hard proxy queries. In the subsequent phase, n.
additional calls are made to solve each easy proxy
query using zero-shot CoT, followed by ny, calls to
solve each hard proxy query using few-shot CoT
conditioned on the previously solved easy exam-
ples. Finally, one additional call is used to produce
the final solution. Overall, the total number of API
callsis 1+ne+np+1, where for GSMS8K, n.+ny,
is fixed at 3, and for MATH, n. + ny, is fixed at 4
in their paper. For SAFE (Liu et al., 2025a), in the
initial generation phase, n API calls are required
to sample n candidate reasoning trajectories using
zero-shot CoT from the LLM. Each trajectory is
then decomposed into m reasoning steps. For every
step, an average of a additional API calls are made
to formalize the step into a Lean statement. Overall,
the total number of API callsis n x (1 +m X a).

Overall, FLAIR requires 3 API calls per iteration,
yet achieves comparable or even superior perfor-
mance compared to existing approaches. In addi-
tion, empirical comparisons, including total token
usage and tokens per API call, are also provided;
further details can be found in Appendix F. The
experimental results are consistent with the afore-
mentioned analysis, demonstrating its superiority.

6 Case study

A case study (from GSM8K, Test ID: 855) is pro-
vided in Fig. 8, which illustrates how FLAIR incre-
mentally guides the model toward a correct solution
through adaptive diagnosis and correction.

Question: A local town is expanding and wants to build several new homes across the next three years. In the
first year, they will build 12 homes. In the next year, they will build three times this many homes. In the third
year, they will count how many homes they have built and double the amount. How many homes will the town
have built over the next three years?

Attepmt 1 Attempt 2
Extracted Condition Details: 12, 3 Extracted Condition Details: ..., 3
Intermediate Calculation Details: years, double
... Total after Year 2: 12 + 36 = 48 Intermediate Calculation Details:
homes ...Year 3: 48 * 2 = 96 homes
Answer Details: 48 Answer Details: 96

Attempt 3
Extracted Condition Details:
Intermediate Calculation Details:
... Total over three years: 12 + 36 +
96 = 144 homes
Answer Details: 144

per = 0.5 per = 1.0 per = 1.0
poa = 1.0 poa = 1.0 poa =10
psy = 0.6 sy =08 psv = 1.0
prac =10 pac =10 pac = 1.0
) ) -
/ 7

/ Action: Chain
/ Decomposition /

/ /
/| Action: Entity- /
/ Relation Extraction /

Answer Accepted!
Final Answer: 144

Figure 8: An illustrating example about the process of
error detection and answer refinement in FLAIR.

At the initial attempt, the LLM produces an in-
correct answer due to incomplete conditions, lead-
ing to low membership scores in extraction fidelity
and step validity. To address, two actions are se-
quentially activated, i.e., the Entity-Relation Ex-
traction action in Attempt 1 and the Chain De-
composition action in Attempt 2. Incorporating
these actions, the LLM generates a revised solution
that attains improved membership scores. Conse-
quently, the resulting answer satisfies the accep-
tance criteria and is returned as the final output.

7 Conclusion

This paper introduces FLAIR, a fuzzy-guided frame-
work for adaptive LLM-based mathematical rea-
soning. To the best of our knowledge, this work
represents the first systematic integration of fuzzy
theory into LLM mathematical reasoning. By mod-
eling intermediate problem-solving states through
fuzzy memberships and regulating corrective ac-
tions via fuzzy reasoning rules, the proposed ap-
proach provides a fuzzy mechanism for handling
uncertainty and overlapping reasoning deficiencies.

Extensive experiments across multiple LLMs
and benchmarks demonstrate that FLAIR consis-
tently improves reasoning accuracy and reliability.
Beyond mathematical problem solving, the pro-
posed framework is task-agnostic and can be read-
ily extended to other domains, such as agent con-
trol, knowledge distillation, and tool-augmented
task planning, where uncertainty-aware and adap-
tive control is crucial.
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Limitations

This work is the first attempt to use fuzzy theory
to LLM reasoning. Despite its effectiveness, the
proposed framework has several limitations. First,
the design of fuzzy sets, membership calculation
and verification strategies, and fuzzy reasoning
rules currently relies on a predefined configura-
tion tailored to common reasoning errors. While
this design is flexible and extensible, incorporating
additional fuzzy sets or alternative rule structures
will further improve coverage for more complex or
domain-specific reasoning cases.

Second, the current implementation adopts rel-
atively simple fuzzy inference and aggregation
mechanisms. More advanced fuzzy theories, such
as type-2 fuzzy sets or hierarchical fuzzy systems,
may offer richer uncertainty modeling and finer-
grained reasoning control. Exploring these exten-
sions, as well as automated discovery of fuzzy sets
and rules, constitutes an important direction for
future work.

Finally, although the proposed framework oper-
ates in a test-time adaptive manner, its computa-
tional overhead increases with iterative refinement.
Balancing reasoning performance and efficiency
remains an open challenge, motivating the develop-
ment of more effective and efficient Reinforcement
Learning strategies for adaptive reasoning control.
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A Implementation of Fuzzy Reasoning
Rules

This section details the implementation of Fuzzy
Reasoning Rules (FRRs), focusing on two core as-
pects: (1) the construction of fuzzy preconditions
that diagnose the model’s reasoning state (see Sec-
tion A.1), and (2) the formulation of rule-triggered
actions (i.e., conclusions) that adaptively activated
in the reasoning process (see Section A.2).

A.1 Error Taxonomy (Rule Precondition)

A systematic large-scale analysis by Yin et al.
(2025) evaluates 15 LLMs of varying scales across
four mathematical reasoning benchmarks and iden-
tifies 304,685 erroneous outputs, which are further
classified into 39 fine-grained error types.

Building on this taxonomy, a many-to-one con-
solidation strategy is adopted to group these fine-
grained errors into four higher-level categories: re-
quirements, calculation, reasoning, and answer,
as summarized in Table 5. These four categories
cover 36 out of the original 39 error types, includ-
ing all ten most frequent errors reported in Yin et al.
(2025), and collectively account for 92.3% of the
observed failures.

These higher-level categories are further em-
ployed as rule preconditions for reasoning-state
diagnosis, serving as the semantic basis for con-
structing fuzzy sets. As such, this process enables
robust and interpretable reasoning-state identifica-
tion while preserving coverage of the dominant
failure cases.

A.2 Actions (Rule Conclusion)

Table 6 summarizes the four actions considered in
this work and their correspondence to representa-
tive methods reviewed in Section 2. Each action
instantiates an established and empirically effective
strategy in prior literature on mathematical reason-
ing.

Again, these actions are not introduced as novel
techniques. Instead, they are treated as modular
reasoning strategies that are conditionally activated
within the proposed fuzzy reasoning framework.
This design avoids reliance on any single strategy
and instead integrates diverse reasoning behaviors
under a unified fuzzy control mechanism, enabling
adaptive action selection conditioned on the diag-
nosed reasoning states.

B LLM Prompts

This section describes the prompts used in the pro-
posed FLAIR reasoning framework, including those
for Answer Generation, Membership Calculation,
Membership Verification, and the four reasoning
Actions.

Notably, the present work does not focus on
prompt engineering. The employed prompts are
therefore reported for completeness, without ad-
ditional refinement or optimization. Further per-
formance gains may be achieved by incorporating
advanced prompt design or task-specific prompt
tuning, which is left for future investigation.

B.1 Prompts for Answer Generation

The following prompt is used to generate solutions
to the mathematical problem. The output consists
of 4 aspects, including extracted conditions, in-
termediate calculations, and a provisional answer,
where {question} denotes the input question con-
tent.

At the initial stage, the prompt is executed
without any additional action and the solution
is generated directly. When a reasoning action
is triggered by the fuzzy reasoning rules, the
corresponding action prompt is inserted into the
{Optional_Action_Block} of the prompt, en-
abling conditional refinement of the reasoning pro-
cess.

Mathematical Problem: {question}

Solve the mathematical problem given
above, then generate the output in
the exact JSON format:

{"extracted condition details”: ...,
"intermediate calculation details”:

., "answer details"”: ...}

{Optional_Action_Block}

Output Specifications:

- extracted condition details: Extract
the numerical values and their
associated units directly from the
given problem. Do not infer or
convert units.

- intermediate calculation details:
Provide a concise, structured
calculation process employing
logical reasoning and mathematical
operations. All mathematical
operations and intermediate
numerical results must be included.

- answer details: Provide the final
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Table 5: Mapping from our proposed error taxonomy to identified fine-grained error types in (Yin et al., 2025).

Category

Error Type (Yin et al., 2025)

Misunderstanding of problem requirements

Misinterpretation of what the problem is asking for

Requirements Error (15.4%)

Ambiguous problem parameters

Misinterpreted conditions led to incorrect assumptions
Incorrect equation setup due to misinterpreted conditions

Insufficient understanding or consideration of problem constraints

Lack of logical reasoning in arriving at the answer
Incorrect application of mathematical formulas or concepts
Inconsistent application of formulas

Improper application of multiplication relationships

Incorrect application of combinatorial principles

Misinterpretation of geometric relationships
Misinterpretation of scaling language
Misapplication of the probability formula

Reasoning Error (43.6%)

Incorrectly assumed equivalence of different algebraic expressions

Overreliance on assumptions instead of analysis

Overcomplication by introducing irrelevant elements
Misapplication of modular reasoning

The notation led to confusion in mathematical operations
Misplaced focus on solving an unnecessary variable

Failure to distinguish between selling price and cost price

Lacks thorough analysis of boundary conditions

Assumed independence of overlapping events

Miscalculation during algebraic manipulation

Miscalculation during the equation solving process

Incorrect calculation during simplification steps

Calculation Error (17.9%)

Inconsistent variable substitutions

Incorrect calculation of the least common multiple (LCM)
Incorrect application of trigonometric functions

Unit error

Lack of simplification

Lack of verification for final answer

Answer Error (15.4%)

Failure to consider all possible solutions

Misunderstanding of expected answer format

Misinterpretation of rounding rules

Irrelevant content

numerical result. The value must be
a numeric value. Do not include
letters or text.

- Output ONLY the JSON-format result. Do
not include any other text or
explanations.

B.2 Prompt for Membership Calculation

The following prompt is used to compute
fuzzy membership values from the LLM re-
sponse. The output (in JSON format) consists
of four membership scores over predefined
fuzzy sets, where Question: {question}

and Solution: {extracted condition
details} {intermediate calculation
details} {answer details}, respectively,

represent the given question and the structured
intermediate solution generated in the previous
step. The fuzzy set examples included in the
membership calculation prompt are generated by
perturbation methods as specified in Appendix C.

Your task is to assess the correctness
of the provided solution of a
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Table 6: Employed reasoning actions for LLM mathematic problem-solving. Colors indicate the intervention cate-
gories to which each action belongs: Prompt Engineering, Reframing, Reasoning Strategies , and Verification
(as discussed in Section 2).

Action
(A1) Reasoning Example Provision

Description

Supplying exemplar reasoning chains (Diao et al., 2024;
Huang et al., 2024; Yin et al., 2025).

Extracting entity-level information from the problem state-
ment (Liang et al., 2023; Zhou et al., 2024)
Decomposing complex reasoning chains (Zhang et al.,
2024a; Yang et al., 2025; Leang et al., 2025).

Identifying the first erroneous step and error type (Wu

(A3) Entity—Relation Extraction

(As) Chain Decomposition

(Ay) Error Step Identification

etal., 2025; Y. Li et al., 2025).

mathematical problem, then calculate
its fuzzy membership degrees for
each of four fuzzy sets. Each fuzzy
set defines a different aspect of
correctness in the solution, and
each fuzzy membership degree must be
a float between 0.0 and 1.0, where
1.0 indicates fully correct and 0.0
indicates fully wrong.

Four fuzzy sets:
1. Extraction Fidelity degree
- Definition: Accuracy and precision
of extracted numeric or textual
information
2. Operational Accuracy degree
- Definition: Completeness and
correctness of operations or applied
procedures
3. Step Validity degree
- Definition: Logical soundness and
correctness of intermediate
reasoning steps
4. Answer Conformity degree
- Definition: Adherence to the
required answer format and
correctness

Example 1 of fuzzy membership
calculatioin:

Question: {"A robe takes 2 bolts of blue
fiber and half that much white
fiber. How many bolts in total does
it take?"}

Solution: {"2 bolts, half"}{"- First,
determine the amount of blue fiber
needed, which is 2 bolts

- Then, calculate the amount of white
fiber, which is double the blue
fiber (Wrong)

- Double of 2 bolts is 2 * 2 = 4 bolts

- Finally, add the amount of blue and
white fiber to get the total: 2
bolts (blue) + 4 bolts (white) = 6
bolts"}{6}

Expected Output: {

"Extraction Fidelity": 1.0,

"Operational Accuracy”: 1.0,

"Step Validity": 0.7,
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"Answer Conformity”: 1.0

}

Example 2 of fuzzy membership
calculatioin:

Question: {"John drives for 3 hours at a
speed of 60 mph and then turns
around because he realizes he forgot
something very important at home. He
tries to get home in 4 hours but
spends the first 2 hours in
standstill traffic. He spends the
next half-hour driving at a speed of
30mph, before being able to drive
the remaining time of the 4 hours
going at 80 mph. How far is he from
home at the end of those 4 hours?"}

Solution: {"3 hours, 75 mph (Wrong), 4
hours, 2 hours, 30 mph, 95 mph
(Wrong)"}{"- First, calculate the
distance John drove before turning
around: distance = 75 mph * 3 hours
= 225 miles

- Then, calculate the distance John
drove in the first 2 hours: @ miles
(standstill traffic)

- Next, calculate the distance in the
next half-hour: 30 mph * 0.5 hours =
15 miles

- After that, calculate remaining time
at high speed: 4 - 2 - 0.5 = 1.5
hours

- Now, calculate the distance at 95 mph:
95 mph * 1.5 hours = 190 miles
(Wrong)

- Total distance toward home:
205 miles

- Distance from home:
miles"}{20}

Expected Output: {

"Extraction Fidelity": 0.7,

"Operational Accuracy”: 0.8,

"Step Validity"”: 1.0,

"Answer Conformity”: 1.0

}

15 + 190 =

225 - 205 = 20

Now calculate the fuzzy membership
degrees of the following solution of
a mathematical problem:




Question: {question}

Solution: {extracted condition
details}{intermediate calculation
details}{answer details}

Generate the output in the exact JSON

format:
{
"Extraction Fidelity degree”: <value>,
"Operational Accuracy degree": <value>,
"Step Validity degree”: <value>,
"Answer Conformity degree”: <value>
}

- Output ONLY the JSON-format result. Do
not include any other text or

- The membership degree of
Extraction Fidelity should be 1.0

Fuzzy Set 2: Operational Accuracy
Criterion: Evaluates the correctness of
each individual arithmetic operation
(addition, subtraction,
multiplication, and division).
Example 1:
- Question: "James decides to run 3
sprints 3 times a week. He runs 60
meters each sprint. How many total
meters does he run a week?”
- Calculation Process: "- First,
calculate the total meters run in

one set of sprints: 3 sprints * 60
meters/sprint = 270 meters (Wrong)
- Then, calculate the total meters
run in a week: 270 meters/set x 3
sets/week = 810 meters.”

- The membership degree of
Operational Accuracy should be 9.8

explanations.

B.3 Prompts for Membership Verification

The following prompt is used to verify fuzzy mem-
bership values. Specifically, the LLM is prompted
to evaluate the coherence of the assigned member-
ship degrees for Extraction Fidelity details, Op-
erational Accuracy details, Step Validity details,
and Answer Conformity details. The associated
fuzzy set examples within the prompts are also gen-
erated with perturbation methods, as specified in
Appendix C.

Example 2:

- Question: "Janet's ducks lay 16
eggs per day. She eats three for
breakfast every morning and bakes
muffins for her friends every day
with four. She sells the remainder
at the farmers' market daily for $2
per fresh duck egg. How much in
dollars does she make every day at

Your task is to evaluate or judge
whether provided fuzzy membership
degrees accurately reflect solution
quality. You must evaluate FOUR
fuzzy sets independently. Below are
the evaluation criteria and examples
(*examples are optional).

Fuzzy Set 1: Extraction Fidelity

Criterion: Evaluates whether all
critical numbers, conditions, and
the goal from the question are
correctly identified and extracted.

Example 1:
- Question: "Josh decides to try
flipping a house. He buys a house
for $80,000 and then puts in $50,000
in repairs. This increased the value
of the house by 150%. How much
profit did he make?"
- Extracted condition: [$120,000
(Wrong), [repair cost omitted], 150%]
- The membership degree of
Extraction Fidelity should be 0.5

Example 2:
- Question: "James decides to run 3
sprints 3 times a week. He runs 60
meters each sprint. How many total
meters does he run a week?”
- Extracted condition: [3 sprints, 3
times a week, 60 meters]
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the farmers' market?"

- Calculation process: "- First,
calculate the total number of eggs
laid by the ducks per day: 16 eggs
- Then, subtract the eggs Janet eats
for breakfast: 16 - 3 = 13 eggs

- Next, subtract the eggs used for
baking muffins: 13 - 4 = 9 eggs

- Finally, calculate the total
amount made by selling the remaining
eggs: 9 eggs * $2/egg = $18"

- The membership degree of
Operational Accuracy should be 1.0

Fuzzy Set 3: Step Validity

Criterion: Evaluates whether the logical
flow and methodological reasoning
steps are sound.

Example 1:
- Question: "Every day, Wendi feeds
each of her chickens three cups of
mixed chicken feed. She gives the
chickens their feed in three
separate meals. In the morning, she
gives her flock of chickens 15 cups
of feed. In the afternoon, she gives
her chickens another 25 cups of
feed. How many cups of feed does she
need to give her chickens in the
final meal of the day if the size of
Wendi's flock is 20 chickens?”
- Calculation process: "- First,
calculate the total amount of feed
needed for all chickens for the day:
3 cups/chicken * 20 chickens = 60
cups



- [Step omitted: calculating total
feed already given]

- Finally, the remaining feed needed
is 60 cups - 25 cups = 35 cups”

- The membership degree of Step
Validity should be 0.6

Example 2:
- Question: "Toulouse has twice as
many sheep as Charleston. Charleston
has 4 times as many sheep as
Seattle. How many sheep do Toulouse,
Charleston, and Seattle have
together if Seattle has 20 sheep?”
- Calculation process: "- First,
determine the number of sheep in
Seattle, which is 20
- Then, calculate the number of
sheep in Charleston, which is 4
times the number in Seattle: 4 * 20
= 80
- Next, find the number of sheep in
Toulouse, which is twice the number
in Charleston: 2 * 80 = 160
- Finally, sum the number of sheep
in all three locations: 20 + 80 +
160 = 260"
- The membership degree of Step
Validity should be 1.0

Fuzzy Set 4: Answer Conformity
Criterion: Evaluates the final answer's
correctness regarding the numerical
value, units, and required format.
Example 1:
- Question: "Carla is downloading a
200 GB file. Normally she can
download 2 GB/minute, but 40% of the
way through the download, Windows
forces a restart to install updates,
which takes 20 minutes. Then Carla
has to restart the download from the
beginning. How long does it take to
download the file?"
- Calculation process: "- First,
calculate 40% of 200 GB: 0.4 * 200
GB = 80 GB
- Carla downloads 80 GB at 2
GB/minute, so time taken is 80 GB /
2 GB/minute = 40 minutes
- After the restart, Carla has to
download the entire 200 GB file
- Time for remaining: 200 GB / 2
GB/minute = 100 minutes
- Adding the initial download time,
the restart time, and the time to
download: 40 minutes + 100 minutes =
140 minutes”
- Answer: 100 (Wrong)
- The membership degree of Answer
Conformity should be 0.6

n

Example 2:
- Question: "Eliza's rate per hour
for the first 40 hours she works
each week is $10. She also receives
an overtime pay of 1.2 times her
regular hourly rate. If Eliza worked
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for 45 hours this week, how much are
her earnings for this week?"

- Calculation process: "- First,
calculate the earnings for the first
40 hours: 40 hours * $10/hour = $400
- Then, calculate the overtime
hours: 45 hours - 40 hours = 5 hours
- Next, calculate the overtime pay
rate: $10/hour x 1.2 = $12/hour

- After that, calculate the overtime
earnings: 5 hours * $12/hour = $60

- Finally, calculate the total
earnings: $400 + $60 = $460"

- Answer: 460

- The membership degree of Answer
Conformity should be 1.0

Given the above evaluation criteria and
examples (xoptional), consider the
following:

Question: {question}

Solution: {extracted condition details}
{intermediate calculation details}
{answer details}

Provided membership degrees:

- Extraction Fidelity degree:
{membership_extraction}

- Operational Accuracy degree:
{membership_operational}

- Step Validity degree: {membership_step}

- Answer Conformity degree:
{membership_answer}

Instructions:

For each fuzzy set:

1. Re-evaluate the provided membership
degree based on the above evaluation
criteria and examples (*optional).

2. If the absolute difference between
the reassessed membership and the
provided membership is less than
0.3, mark the provided membership as
supported; otherwise, mark it as not
supported. Provide a concise
justification.

Return a JSON object with FOUR entries:
{

"Extraction Fidelity": {
"supported”: true or false,
"reason”: "Concise justification”

1,

"Operational Accuracy"”: {
"supported”: true or false,
"reason”: "Concise justification”

1,

"Step Validity": {

"supported”: true or false,
"reason”: "Concise justification”

3

”

)
nswer Conformity": {
"supported”: true or false,
"reason”: "Concise justification”
}
}



- Qutput ONLY the JSON-format result. Do
not include any other text or
explanations.

B.4 Prompts for Actions

This subsection provides prompts correspond-
ing to four reasoning actions employed in the
framework. Given Question: {question}
and the structured intermediate solution
Solution: {extracted condition details}
{intermediate calculation details}
{answer details}, each action prompt guides the
model to perform a targeted reasoning adjustment.
Importantly, actions are conditionally triggered
according to the diagnosed reasoning states (or its
associated fuzzy membership values), allowing
multiple actions to be applicable under different
membership configurations.

To begin with, the following prompt is used for
the Reasoning Example Provision action, which
aims to provide correct reasoning exemplars. The
exemplars can be obtained directly from the train-
ing dataset (such as GSM8K) and are used to rein-
force valid reasoning structures.

Prompt for Action:
Reasoning Example Provision

The following exemplar demonstrates a
valid reasoning chain for a related
mathematical problem.

Example of Reasoning Chain:

{
"question”: "Every day, Wendi feeds
each of her chickens three cups of
mixed chicken feed, containing
seeds, mealworms and vegetables to
help keep them healthy. She gives
the chickens their feed in three
separate meals. In the morning, she
gives her flock of chickens 15 cups
of feed. In the afternoon, she gives
her chickens another 25 cups of
feed. How many cups of feed does she
need to give her chickens in the
final meal of the day if the size of
Wendi's flock is 20 chickens?”,
"extracted condition details": "20@
chickens; 3 cups per chicken; 15
cups; 25 cups”,
"intermediate calculation details"”:
"Total feed needed = 20 * 3 = 60
cups; Feed given in morning and
afternoon = 15 + 25 = 40 cups; Feed
needed in final meal = 60 - 40 = 20
cups”,

"answer details": "20"

}

Using the provided exemplars solely as
guidance to logically derive the
solution to the given mathematical
problem.

The next prompt is used for the Entity—Relation
Extraction action, which directs the model to ex-
plicitly extract key entities, quantities, and relations
from the problem statement. This action promotes
structured interpretation of the input and reduces
ambiguity in the subsequent reasoning process.

Prompt for Action:
Entity—Relation Extraction

As an auxiliary reasoning step,

(1) Extract entities and relationships
from the given problem.

(2) Use the extracted relationships to
logically derive the answer.

This step is for internal reasoning only
and MUST NOT affect the output
format.

Reasoning guidance:

1. Extract Entities: Identify all
relevant entities in the question.
Classify each entity into one of the
following types: object, person,
number, action, attribute. Assign a
unique identifier to each entity
(e.g., E1, E2). Format: [Entity ID]:
[Entity Name] (type).

2. Explicit Relationship Extraction:
Identify all explicitly stated
relationships between entities based
on context. Supported relationship
types include: ownership,
comparison, action effect, part-of.
Format each relationship as a
triple: (EA, EB, Relation).

3. Relationship Confidence Evaluation:
Assign a confidence score to each
explicit relationship. The score
ranges from 0.0 (invalid) to 1.0
(certain). Format: (EA, EB,
Relation, Score).

4. Implicit Relationship Inference:
Infer Infer unstated relationships
using deductive reasoning, such as:
temporal sequence, logical
dependency, causal chain. Format
each implicit relationship as a
triple: (EA, EB, Relation).

Using all extracted entities and
relationships (both explicit and
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implicit), logically derive the
solution to the given mathematical
problem. Do NOT reveal any entities,
relationships, or intermediate
reasoning scores in the final answer.

The third prompt is used for the Problem De-
composition action, which restructures the reason-
ing process into explicit and logically ordered sub-
steps. This action aims to reduce failure modes
associated with implicit or entangled reasoning tra-
jectories.

Prompt for Action:
Problem Decomposition

As an auxiliary reasoning step,
decompose the given problem into a
sequence of logically coherent
sub-problems. Each sub-problem
should represent a necessary
reasoning step toward the final
solution and be solvable
independently.

For each sub-problem:

1. Clearly state the sub-problem.

2. Provide a concise and correct
solution.

3. Ensure that the progression between
sub-problems is logically consistent.

Then, use the reasoning implied by the
sub-problems to derive the solution
to the original question.

At last, the prompt for the Incorrect Step Identi-
fication action is provided hereafter, which guides
the model to identify reasoning steps that are incon-
sistent, missing, or incorrect. This action takes the
original question and the intermediate solution as
input to localize reasoning flaws, enabling targeted
refinement of the reasoning process.

Prompt for Action:
Incorrect Step Identification

As an auxiliary reasoning step, verify
the correctness of the provided
solution with respect to the
original question.

Inputs:

- Question: {question}

- Solution: {extracted condition
details} {intermediate calculation
details} {answer details}

Task:

1) Determine whether the provided
solution is correct.

2) If incorrect, locate the first
erroneous step and assign exactly
one error type from the list below.

3) Based on the identified issue,
internally derive a corrected
solution.

Error type definitions:

- referencing context value error:
incorrectly referencing numerical
values from the original question.

- referencing previous step value error:
incorrectly referencing results from
a previous step.

- unit conversion error: incorrect unit
conversion affecting operands.

- operator error: incorrect operator
used in a computation.

- calculation error: operands/operators
are correct, but the numerical
result is incorrect.

- missing step: a required step is
omitted; adding it corrects the
solution.

- confusing formula error: an incorrect
formula is applied.

- adding irrelevant information:
information not present in the
question is introduced and affects
the result.

Using identified issues to logically
derive the corrected solution to the
given mathematical problem. All
error analysis must remain hidden;
only the final answer to the
original question should be provided.

C Annotated Fuzzy Set samples

Classical fuzzy theory relies on explicitly defined
membership functions (e.g., triangular, Gaussian,
or bell-shaped functions) (Zadeh, 1965), where a
numerical input is mapped to a membership degree
through a fixed functional form. In contrast, the
present FLAIR framework operates in the context
of LLMs, for which predefined analytical member-
ship functions are neither natural (textual input)
nor expressive enough to capture reasoning-level
uncertainty. Instead, fuzzy membership is inferred
through LLM-driven evaluation of reasoning be-
havior. A key challenge arising from this design is
how to reliably guide LLMs to produce consistent
and meaningful membership assessments.

To address this issue, this section introduces an-
notated fuzzy set samples, which serve as grounded
reference examples for membership estimation.
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Similar to traditional fuzzy theory, each fuzzy set
sample consists of two components: an input in-
stance (x) and an associated membership degree (1)
indicating the extent to which the instance belongs
to a given fuzzy set. Obviously, these samples pro-
vide supervision signals that can be leveraged for
membership calculation or verification.

The core idea is to construct such samples by in-
troducing controllable perturbations to existing
training instances. Many mathematical reasoning
datasets, such as GSM8K, provide not only correct
answers but also explicit step-by-step reasoning
processes. These reasoning traces offer a natu-
ral foundation for generating fuzzy set samples by
selectively modifying specific aspects of the rea-
soning process while keeping others intact. Impor-
tantly, the proposed perturbation strategy is not tied
to any particular dataset, as the same construction
procedure can be applied whenever annotations
are available, either obtained naively or through
manual labeling.

Specifically, controllable perturbations are in-
troduced to systematically alter reasoning steps,
numerical calculations, or logical dependencies,
thereby producing instances that exhibit varying
degrees of deviation from correct reasoning. Ac-
cordingly, each perturbed instance z is then anno-
tated with a corresponding membership degree u
that reflects its alignment with a particular fuzzy
set.

Recall that Section 3.1 introduces four prede-
fined fuzzy sets. Next, we introduce perturbation
strategies used to construct annotated fuzzy sam-
ples with both degraded (¢ < 1) and full (1© = 1)
membership values.

Extraction Fidelity (EF) Perturbations. The
Extraction Fidelity fuzzy set models the extent to
which a solution accurately extracts and utilizes all
necessary numerical conditions from the problem
statement.

Assume that one problem instance contains 1¢ond
numerical conditions. To generate perturbed sam-
ples (x, ugr), a subset of these conditions is ran-
domly corrupted or removed. Specifically, per-
turbations are applied by either (1) replacing the
original numerical values with incorrect ones by
adding a random offset A; € [1,20], or (2) omit-
ting the corresponding conditions entirely from
the extracted representation. To model varying de-
grees of deviation from correct reasoning, each
perturbed condition ¢ is associated with a sever-

ity score §; € (0, 1], where omission is treated
as the most severe perturbation and value replace-
ment incurs a severity proportional to the relative
offset magnitude. Concretely, the severity score
is defined as §; = 1 for omitted conditions and
0; = min(1,|A;]/20) for replaced values, while
unperturbed conditions have §; = 0. The Extrac-
tion Fidelity membership degree is then defined

as
1 Ticond

MEF = 1- 5’£7 (5)

n
cond i—1

which yields the fuzzy membership score that de-
creases smoothly with both the number and the
severity of perturbations.

Operational Accuracy (OA) Perturbations.
The Operational Accuracy fuzzy set models the
extent to which mathematical operations and their
resulting computations are performed correctly.

Assume that one solution contains 7.q compu-
tational equations. To construct (z, pioa ), similar
to the Extraction Fidelity perturbations, for each
equation j (j € [1,n¢q]), the computed numerical
result can be altered by multiplying it with a factor
a; € [1.5,2.5] while keeping the original opera-
tion unchanged. Concretely, the severity score is
defined as 6; = min(1, |o; — 1|/1.5), while unper-
turbed equations have d; = 0. Similar to jgF, the
Operational Accuracy membership degree is then
defined as poa = 1 — ;- 377 §j.

Steps Validity (SV) Perturbations. The Steps
Validity fuzzy set models the extent to which a
reasoning process is logically coherent, complete,
and semantically well-formed across successive
steps.

Assume that a solution contains ngep reasoning
steps. To construct perturbed samples (z, sy ), the
following perturbation strategies are considered:
(1) step omission, where an essential intermediate
reasoning step is removed, resulting in an incom-
plete reasoning chain, (2) operator substitution,
where arithmetic operators within a reasoning step
are replaced with incorrect alternatives, breaking
logical consistency, and (3) semantic substitution,
where reasoning expressions are replaced with se-
mantically mismatched but syntactically plausible
alternatives (e.g., replacing “the total amount” with
“the average amount”, or substituting “more” with
“few”).

The severity score §; € [0, 1] is manually de-
fined according to the perturbation type applied to
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step 7 as

1.0, if step j is omitted,

Yop»  Operator substitution,
5; = (©)

Ysem, S€mantic substitution,

0, if step 7 is unperturbed,

where 7o, € (0.6,0.8] denotes medium-to-high
severity induced by incorrect operator usage, and
Ysem € (0.3,0.5] denotes lower-to-medium sever-
ity caused by semantic mismatch. The Steps Valid-
ity membership degree is then defined as pusy =

R

MNstep

Answer Conformity (AC) Perturbations. The
Answer Conformity fuzzy set models the extent to
which the final answer conforms to the expected
semantic constraints and output format specified
by the problem.

Assume that a solution yields a single final an-
swer. To construct perturbed samples (x, pac),
three answer-level perturbation strategies are con-
sidered with equal weight: (1) unit change, where
the answer unit is replaced with a semantically in-
correct unit; (2) format change, where the answer
format is altered, such as providing a non-integer
value when an integer count is required (e.g., “num-
ber of apples”), or violating structured formats (e.g.,
time expressed in hh:mm); and (3) representation
inconsistency, where extraneous symbols or textual
descriptors are added despite the requirement for a
pure numeric answer.

Each perturbation type contributes an equal
penalty of 1/3 to answer conformity. For each
instance, a random subset of these perturbations
is selected and applied. The fuzzy membership
degree is then defined as

3

pac =1—= Z I [perturbation i is applied], (7)
i=1

Wl =

where I[] denotes the indicator function.

Meaning-Preserving Perturbations. The pertur-
bation strategies described above deliberately intro-
duce controlled deviations to transform correct in-
stances into samples with g, poa, usv, pac < 1.
In addition, perturbations are also employed to
generate samples with full membership (u = 1)
without altering the original semantic or reasoning
correctness.

These meaning-preserving perturbations fall into

two categories. For textual components, synonym
substitution > is applied to replace words or phrases
with semantically equivalent alternatives. For nu-
merical components, a numerical value is rewritten
as an alternative expression with identical seman-
tics (e.g., rewriting 17 as 10 4+ 7 or seventeen).
Such perturbations preserve all reasoning-relevant
information and do not affect the correctness of ex-
traction, computation, reasoning steps, or the final
answer.
Overall, by incorporating both degrading and
meaning-preserving perturbations, the constructed
samples cover the full range of fuzzy membership
values. These fuzzy set samples are then used for
membership calculation or verification, and reason-
ing exemplars (if required).

D Base LLMs

In the main experiments, the same base LLM is
used for answer generation, fuzzy membership cal-
culation, and membership verification. Despite
the simplicity, it may introduce implicit biases in
reasoning-state assessment. Specifically, when the
same model performs both generation and verifica-
tion, reasoning errors produced during generation
may be partially overlooked during evaluation, as
the verifier could share similar inductive biases and
internal representations. This concern is consistent
with prior observations in LLM self-evaluation and
self-consistency studies, which report that models
tend to under-detect their own reasoning flaws (Xu
et al., 2024b; Spiliopoulou et al., 2025).

To mitigate this issue, a decoupled setting is
adopted, in which one model performs solution gen-
eration, while a separate model is used exclusively
for membership calculation/verification. Specifi-
cally, Llama3.3-70B and GPT-4 are considered as
base models, while the other configuration remains
unchanged.

As observed from Table 8, when GPT-4 is used
for generation and Llama3.3-70B is used for fuzzy,
performance remains largely comparable, yet with
marginal accuracy degradation. This indicates that
a stronger generator tends to produce reasoning
outputs that are robust to variations in the (weaker)
verifier. In contrast, when Llama3.3-70B is used for
generation and GPT-4 is used for verification, ac-
curacy is consistently higher than when Llama3.3-

5Implementation from https://github.com/dsfsi/
textaugment.
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Table 7: Comparison of computational complexity and model accuracy using GPT-4.

Dataset Method Acc. Avg API Calls Avg Tokens Avg Tok./API
Self-Refine (Madaan et al., 2023) 94.5 4.1 4515.0 1101
GSMSK LBS3 (Luo et al., 2025b) 94.9 5.0 2611.0 522
SAFE (Liu et al., 2025a) 96.0 19.8 10812.0 546
FLAIR 98.4 3.5 4774 136
Self-Refine (Madaan et al., 2023) 60.5 7.7 6823.0 886
MATH LBS3 (Luo et al., 2025b) 64.2 6.0 3577.0 596
SAFE (Liu et al., 2025a) 80.4 34.7 23009.0 663
FLAIR 82.2 6.1 917.5 150
Solution Fuzzy GSMSK SVAMP The latent representations corresponding to
LEF/0A/SV/AC] are fed into four evaluation heads.
GPT-4 GPT-4 98.4 97.0 Each head consists of a one-hidden-layer feed-
GPT-4 Llama3 96.4 96.3 forward network, with the sigmoid function as the
Llama3 GPT-4 96.9 96.7 activation. The model is optimized using AdamW
Llama3  Llama3 96.2 96.5

Table 8: Decoupled LLMs for solution generation, and
for fuzzy membership calculation/verification.

70B is used for both generation and verification.
This gap suggests that a stronger verifier is more
sensitive to reasoning errors produced by a compar-
atively weaker generator, leading to more effective
verification and improved overall performance.

E Alternative Membership Calculators

In the main experiments, fuzzy memberships are es-
timated using prompt-based calculators that include
both fuzzy set definitions and illustrative examples
(see Appendix B.2). For comparison, three alter-
native variants are evaluated: (i) DefOnly, which
uses prompts containing only fuzzy set definitions;
(i) ExOnly, which relies solely on illustrative ex-
amples; and (iii) SmallLM, which employs a sep-
arately trained lightweight model for direct mem-
bership estimation.

For DefOnly and ExOnly, the variants are im-
plemented by simply removing the corresponding
components (illustrative examples or fuzzy set defi-
nitions) from the calculation prompt, while keeping
all other prompt content unchanged. For SmallLM,
the DeBERTa-v3-base model (He et al., 2023) is
adopted as the backbone and trained to directly
predict fuzzy membership scores. The input is con-
structed as:

[CLS] Question [EF] EF statement [OA]
OA statement [SV] SV statement [AC] AC
statement [SEP]

with a learning rate of 2 x 10~°, a warmup ratio of
5%, gradient clipping at 1.0, a batch size of 8, and
a maximum input length of 512 tokens.

F Detailed Computational Efficiency
Results

Detailed efficiency comparisons under GPT-4, in-
cluding average API calls, total token usage, and
tokens per API call on GSM8K and MATH, are
provided in Table 7. In addition, we conduct an
empirical comparison via official codes released
by three prior methods (ie., Self-Refine, LBS3 and
SAFE), and the results on GSM8K and MATH
(using GPT-4 as the backbone) are summarized in
Table 7. As shown, FLAIR consistently achieves
the lowest average computational cost among all
compared methods (with the lowest Avg Tokens /
API). This suggests that the improvements are not
attributable to increased test-time computation, but
rather to the proposed fuzzy uncertainty modelling
that enables more targeted and efficient reasoning.

G Details of baselines

In Section 4.2, we compare the proposed FLAIR
with 17 baselines. Their details are shown in Ta-
ble 9, based on their order in the main experiments.
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Table 9: Details of employed baselines in this study.

Description

Method

FOBAR (Jiang et al., 2024a)

FOBAR uses forward reasoning to generate diverse candidate solutions and
backward reasoning to verify candidates.

LBS3 (Luo et al., 2025b)

LBS3 recalls easy-to-hard proxy queries from a curated query pool and adaptively
uses their solutions as exemplars to guide LLM reasoning.

Self-Contrast (Zhang et al., 2024b)

Self-Contrast generates solutions from diverse perspectives, contrasts their
differences, and summarizes inconsistencies to guide self-correction.

‘WizardMath (Luo et al., 2025a)

WizardMath applies Reinforcement Learning with process-level signals generated
via instruction evolution to improve mathematical reasoning.

MetaMath (Yu et al., 2024)

MetaMath bootstraps rewritten problem variants to finetune mathematical
reasoning models.

MathFusion (Pei et al., 2025)

MathFusion synthesizes existing problems via sequential, parallel, and conditional
fusion to finetune mathematical reasoning models.

SAFE (Liu et al., 2025a)

SAFE translates each reasoning step into Lean 4 formal statements to detect
hallucinations in mathematical reasoning.

DART (Tong et al., 2024)

DART employs difficulty-aware rejection to construct compact, high-quality
datasets for finetuning mathematical reasoning models.

MMIQC (Liu et al., 2025b)

MMIQC iteratively composes new questions from seed problems using LLMs to
generate high-quality finetuning data.

KP (Huang et al., 2025)

KP focuses on key points and exemplar practices from authentic data to produce
large-scale finetuning datasets.

StepCo (Wu et al., 2025)

StepCo iteratively verifies and revises generated solution steps to correct errors
and reduce token usage.

EAP (Yin et al., 2025)

EAP categorizes potential reasoning errors and incorporates relevant examples into
prompts to guide mathematical reasoning.

MultiTAG (Yao and Yadav, 2025)

MultiTAG invokes multiple tools at each reasoning step and aggregates their
outputs via majority voting to improve accuracy.

SKTO (Lin et al., 2025)

SKTO provides binary feedback on intermediate steps and final answers to guide
reasoning revision.

MCoT (Yang et al., 2025)

MCoT compresses prior steps into question preconditions and applies
code-assisted self-correction to simplify reasoning.

AceMath (Liu et al., 2025c¢)

AceMath applies supervised finetuning on curated synthetic prompts and solutions
to improve mathematical reasoning.

SGR (Cao et al., 2025)

SGR encourages reflection on fine-grained stepwise decisions during inference to
guide mathematical reasoning.
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