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Abstract

Large reasoning models trained with reinforce-
ment learning and verifiable rewards (RLVR)
achieve strong performance on complex rea-
soning tasks, yet often overthink, generating re-
dundant reasoning without performance gains.
Existing trajectory-level length penalties of-
ten fail to effectively shorten reasoning length
and degrade accuracy, as they uniformly treat
all reasoning steps and lack fine-grained sig-
nals to distinguish redundancy from necessity.
Meanwhile, process-supervised methods are
typically resource-intensive and suffer from in-
accurate credit assignment. To address these
issues, we propose ATTNPO, a low-overhead
process-supervised RL framework that lever-
ages the model’s intrinsic attention signals for
step-level credit assignment. We first identify a
set of special attention heads that naturally fo-
cus on essential steps while suppressing redun-
dant ones. By leveraging the attention scores of
these heads, We then employ two sub-strategies
to mitigate overthinking by discouraging re-
dundant steps while preserving accuracy by
reducing penalties on essential steps. Experi-
mental results show that ATTNPO substantially
reduces reasoning length while significantly im-
proving performance across 9 benchmarks'.

1 Introduction

Recent advances in Large Reasoning Models
(LRMs) (Guo et al., 2025; OpenAl, 2024) have
demonstrated remarkable performance on complex
reasoning tasks. This success is largely driven by
outcome-supervised RL methods, represented by
GRPO (Shao et al., 2024), which omits the critic
model in PPO (Schulman et al., 2017) by utiliz-
ing verifiable outcome rewards to estimate group
advantages. A hallmark of LRMs is their ability
to produce deliberative long CoT that employ ad-
vanced strategies such as self-reflection and multi-

'Code link: https://github.com/NieSYsc20/AttnPO.
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(a) Outcome-supervised RL with length penalties (Coarse Granularity)
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Figure 1: ATTNPO vs. other reinforcement learning
methods for efficient reasoning.

path exploration (Li et al., 2025b). However, long
CoT fosters overthinking (Zhang et al., 2025b):
LRMs indiscriminately apply verbose reasoning,
wasting computation on even trivial operations.

Integrating length penalties in outcome-
supervise RL (Figture 1(a)) is widely adopted
to mitigate overthinking. The core idea is to
assign higher rewards to responses that are both
correct and concise (Arora and Zanette, 2025;
Team et al., 2025; Yi et al., 2025). However,
this coarse-grained feedback assigns uniform
credit to all reasoning steps, failing to provide
discriminative learning signals to distinguish
between necessary and redundant steps.

Therefore, recent studies focus on process super-
vision to down-weight the credit assigned to redun-
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dant steps. As shown in Figure 1, sample-based
methods (Figure 1(b)) estimate the marginal perfor-
mance gain of intermediate steps via Monte Carlo
sampling of immediate final solutions (Dai et al.,
2025; Yue et al., 2025), while model-based meth-
ods (Figure 1(c)) train a reward model to pinpoint
the first correct answer position, treating only the
subsequent steps as redundant (Jiang et al., 2025;
Tan et al., 2025b). However, these methods face
two key limitations: (1) High Overhead, which re-
quires additional sampling or a reward model; (2)
Inaccurate Credit Assignment, which fails to pro-
vide independent step-wise signals and may lead
to erroneous credit allocation. A key question thus
emerges: Can we, with almost no additional re-
source costs, rely solely on the model’s intrinsic
signals to achieve fine-grained, step-wise super-
vision of which steps are essential or redundant?

In this study, we delve into the model’s intrinsic
attention mechanism and identify a striking phe-
nomenon: during the final answer generation (fol-
lowing the </think> token), a subset of heads
naturally focus on essential steps by assigning
them higher attention weights while suppressing
redundant ones. We term these Key-Focus Heads
(KFHs). Building on this finding, our experiments
further reveal: (1) Positional Distribution, KFHs
are mainly located in middle-to-late layers; (2)
Training Stability, where the behavior of KFHs
varies little under RL training with length penal-
ties; and (3) Sparse Sufficiency, as a small set of
KFHs suffice for distinction, with performance sat-
urating rapidly as more heads are added.

Based on these insights, we propose ATTNPO
(Attention-guided Policy Optimization), a novel RL
framework that enables step-level supervision by
leveraging KFHs’ attention scores, achieving supe-
rior performance with negligible training overhead.
Specifically, ATTNPO scales the outcome-level ad-
vantage in a stepwise manner via two strategies on
correct responses: (1) for correct responses with
positive outcome advantages, ATTNPO attenuates
the positive advantage assigned to redundant steps,
preventing over-encouragement them and mitigat-
ing overthinking; and (2) for correct responses with
negative outcome advantages, ATTNPO attenuates
the negative advantage assigned to essential steps,
avoiding excessive penalization of valid reasoning
and alleviating performance degradation.

Our contributions are threefold: (1) We are the
first to reveal the existence of KFHs in LRMs,
which naturally focus on essential reasoning steps

while suppressing redundant ones; (2) Based
on this insight, we propose ATTNPO, a low-
overhead process-supervised RL framework that
leverages intrinsic attention signals for step-level
credit assignment; (3) Empirical results demon-
strate that ATTNPO substantially shortens reason-
ing length while improving accuracy. For ex-
ample, on DeepSeek-R1-Distill-Qwen-1.5B, AT-
TNPO achieves an average +7.3-point absolute ac-
curacy gain with a 60% reduction in reasoning
length across six math benchmarks.

2 Preliminary

Two-stage Generation of LRMs Given an in-
put question ¢, an LRM M generates a response
o = (T,F) in two sequential stages, explicitly
separated by a special <think> token. First, the
model produces a deliberate thinking process 7T,
which may contain redundant reasoning structures,
such as unnecessary reflection or verification (Jiang
et al., 2026). Then, it outputs a concise final solu-
tion F by summarizing 7 and retaining only the
essential steps required to solve the problem.

Step Segment The thinking process 7 can be
decomposed into meaningful intermediate steps,
whose boundaries are typically marked by specific
special phrases that capture key points in reason-
ing, such as pauses, reflections or shifts in direc-
tion (Hammoud et al., 2025; Choi et al., 2025; Yue
et al., 2025). Thus we segment the thinking pro-
cess with special phrases, which fall into three cat-
egories: Confused phrases (e.g., “Wait”) indicate
the model is entering a reflection, verification, or
branching stage; Progression phrases(e.g., “First”)
signal the continuation of the current reasoning;
Summary phrases(e.g., “Therefore”) summarize
the preceding reasoning. To avoid overly short
segments, we adaptively merge segments shorter
than a threshold. During segmentation and merg-
ing, we separate segments that begin with confu-
sion phrases from the preceding context, since they
often trigger redundant verification or reflection.
Isolating them makes such redundancy easier to
detect and penalize. See Appendix A.1 for details.

3 Key-Focus Heads

Following the two-stage generation paradigm de-
scribed in 2, LRMs transform a deliberative think-
ing process—often containing redundant reason-
ing—into a concise final solution, which requires
non-trivial selection and aggregation of essential
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(a) SRA Heatmap for 1.5B

(b) SRA Heatmap for 7B

(c) Ensemble Acc for 1.5B (e) Intervention Acc for 1.5B
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Figure 2: Probing results of Key-Focus Heads.

information. In Transformer architecture, attention
serves as the primary mechanism for information
selection (Vaswani et al., 2017), and prior work
has shown that different attention heads specialize
in distinct functions (Zheng et al., 2024; Li et al.,
2025a; Chen et al., 2026). Based on this obser-
vation, we hypothesize that during final-answer
generation, there exist a specific subset of at-
tention heads that selectively focus on essential
reasoning steps while ignoring redundant ones,
thereby summarizing and integrating the think-
ing process. To test this hypothesis, we examine
the attention distributions over essential and redun-
dant steps across different attention heads.

3.1 Probing Setup

Probe Data Construction To analyze how dif-
ferent attention heads attend to essential versus
redundant steps, we require a probing dataset with
reliable step-level annotations. We therefore sam-
ple 300 questions from Deepscaler (Luo et al.,
2025b) that are not difficult for DeepSeek-R1-
Distill-Qwen-1.5B (average accuracy > 0.875 over
eight samples). This restriction is important be-
cause, on harder problems, LRMs often exhibit
exploratory reasoning. Such reasoning may ap-
pear redundant, but still contributes to correct solu-
tions, making reliable step annotation difficult and
thereby affecting the head identification. For each
question, we sample eight responses, select the
median-length correct one, and segment its think-
ing process following Section A.1. We then anno-
tate each reasoning step using three state-of-the-art
LLMs?, and retain only the steps on which all three
models agree on the label, thereby reducing anno-
tation noise. Thus, for each thinking process 7T,
we obtain a set of essential steps E; and a set of
redundant steps R,. Details are provided in A.2.1.

2We use GPT-5, Claude-4-sonnet, and Gemini-2.5-pro.

Attention-Based Step Scores For each head at
layer | and head h, we compute an attention-
based step score Sﬁ}ch for each reasoning step sy,
where k indexes the step index, based on the atten-
tion weights used during final-answer generation.
Specifically, let ai,gh_m denote the attention weight
from token m in the final solution F to token n in
step si. We define the step score Sé’kh as:

S = Y d,.

lsk’ meF NEsy

This score measures the average attention received
by each token in step si from the final solution.

Evaluation Metrics: Step Ranking Accuracy
We evaluate how well each attention head dis-
tinguishes between essential and redundant steps.
For each thinking process 7, we form all essen-
tial-redundant step pairs Py = {(s*,s7) | sT €
Es, s~ € Rs}. For head h at layer [, we define
Step Ranking Accuracy (SRA) as:

{(s*,s7) e Pr| St > S}
|Pr '

SRAl,h = )
SRA measures the fraction of step pairs in which
the essential step receives a higher score than the re-
dundant one. We report the final SRA by averaging
across all examples in the probing dataset.

3.2 Probing Analysis

We conduct experiments on DeepSeek-R1-Distill-
Qwen-1.5B / 7B and make the following observa-
tions; more detailed results are in Appendix A.2.2:
* During final solution generation, some attention
heads selectively focus on essential reasoning
steps while ignoring redundant ones, which are
mainly located in the middle-to-late layers. We
refer to these specialized heads as Key-Focus
Heads. As shown in Figure 2(a,b), across both
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evaluated LRMs, a small number of heads achieve
SRA above 0.9, with the best-performing head
reaching 95% in the 1.5B model and 96% in the
7B model. Most heads, by contrast, perform at or
below the random baseline (SRA ~ 0.5).

Ensembling step scores Ss, from multiple atten-
tion heads provides only limited gains on the prob-
ing dataset. In Figure 2(c,d), under both rop-k
selection by SRA and greedy SRA-maximizing se-
lection, performance improves slightly when a
small number of heads are combined, but quickly
saturates or degrades as more heads are added.

Under RL training with length penalties, the be-
havior of KFHs varies little, suggesting that their
functional roles are robust. We train the model
using the reward function described in Eq. 5 and
re-run the same probing process on checkpoints at
steps 500 and 1000. The resulting SRA distribu-
tions show high consistency across checkpoints,
with pearson correlation coefficients exceeding
0.85 in all cases.

Even when using non-difficult question in prob-
ing, KFHs exhibit a degree of generalization to
challenging problems. We sample responses on
the challenging AIME24 dataset and obtain step
scores from the head with the highest SRA. From
each thinking process 7 with a correct final an-
swer, we remove either the bottom 30% (low-
scoring) or the top 30% (high-scoring) steps, and
then append the prompt “I think I have finished
thinking. Now give the final solution step by
step.</think>" to generate the final solution. As
shown in Figure 2(e,f), removing high-scoring
steps degrades pass@32, while removing low-
scoring steps has little impact.

4 ATTNPO

In this section, we propose ATTNPO (Attention-
guided Policy Optimization), which leverages
KFHs to distinguish redundant from essential steps,
thereby enabling fine-grained stepwise supervision
without additional resources. We first introduce the
overall stepwise advantage rescaling framework in
Section 4.1, followed by two complementary strate-
gies under this framework in Sections 4.2 and 4.3.
The overall framework is illustrated in Figure 3.

4.1 Stepwise Advantage Rescaling

Current outcome-supervised RL. methods for ef-
ficient reasoning typically adopt a response-level
reward formulation that integrates correctness with

length penalties. The resulting rewards are then
leveraged to estimate a value baseline, thereby
yielding relative advantages for gradient updates,
as exemplified by GRPO (Shao et al., 2024) and
RLOO (Ahmadian et al., 2024). Typically, these
algorithms share the following objective function:

1 e} 1 lo;] _
|:G z_; m ; <min(p¢,t A’

clip(pie, 1 — A, 1+ N) Al) — B Dxr(mg || Trer) )] N E))

J(0) =

q~P, {0;}§  ~mg

Here, A’ denotes the outcome-level advantage,
and G the number of rollouts per input q. The
importance sampling ratio is p;; = my(0is |
q,0i,<t)/ Ty, (0it | ¢, 0i<t). Although these meth-
ods achieve improved performance while elim-
inating the high-overhead critic model used in
PPO (Schulman et al., 2017), they suffer from
coarse-grained credit assignment: the advantage
A is uniformly applied to all steps within a rollout,
regardless of their varying degrees of redundancy.

Thus, we propose Stepwise Outcome-level Ad-
vantage Rescaling to rescale the outcome-level
advantage A’ at each step s;, of a correct response:

A;k = fy:ék . A* where 'yék > 0. @)
Here, /12 , denotes the step—levelA advantage used for
policy updates at step s, and g, is a non-negative
scaling factor computed from the attention scores
of KFHs, reflecting step-level redundancy, which
will be detailed in the following section. This
formulation explicitly captures the relative redun-
dancy of individual steps within a single reasoning
process. By scaling the advantage according to
stepwise redundancy while preserving its sign, AT-
TNPO enables finer-grained credit assignment with-
out introducing conflicts with the outcome-level
supervision. Notably, advantage scaling is applied
only to correct responses, as identifying essential
versus redundant steps in incorrect responses is
inherently noisy and can lead to spurious credit
assignment.

In this work, we follow the TLMRE (Arora and
Zanette, 2025) setup to compute the outcome-level
advantage. Specifically, the reward is defined as

&)

f(0i) = o((len(o;) — mean(q))/std(q)). (6)

Here, |o;| is the length of o;, mean(q) and std(q)
denote the mean and standard deviation of the

r; = [o; is correct] (1 — - o (f(0;))),
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Figure 3: The overall framework of ATTNPO.

lengths of correct rollouts sampled by g. « is a hy-
perparameter. Following them, we use the RLOO
advantage estimator: A* = r; — ﬁ > i T

4.2 Pos-Adv Attenuation for Redundant-Step

When a response has a positive outcome-level ad-
vantage A’ (Pos-Adv), its generation probability is
reinforced. Thus, we attenuate advantages for rel-
atively redundant steps to avoid over-encouraging
them, thereby mitigating overthinking.

First, for each step s in response o;, we com-
pute a redundancy-related score Sgk by averaging
the attention-based step scores (Eq. 1) over the
top-N KFHs ranked by SRA scores, ie., S, =
; > (Lh)Etop-N Sé’kh-

Then, we compute a response-specific baseline
score Séase, which serves as a threshold for dis-
tinguishing redundant and essential steps. Specif-
ically, steps with Sﬁk < 8/, are treated as re-
dundant, while the remaining steps are considered

essential. The baseline score 87, is defined as:

base — Pi |os] swhere pi = '~ ]Z—:l [0j is correct].
(7
Here, | F;|/|o;| measures the average attention re-

ceived by response tokens from the final solution
Fi, and thus provides a natural reference for identi-
fying relatively under-attended steps as redundant.
The term p; serves as a proxy for problem diffi-
culty, estimated by the average rollout accuracy,
and [ is a hyperparameter controlling its influence.
The baseline is difficulty-aware, as harder prob-
lems demand stricter redundancy criteria due to the
increased importance of correctness.

Finally, for correct responses with positive ad-
vantages, we define the stepwise scaling factor *yék

in a difficulty-aware and scheduled manner:

S! . .
: (1 - 6)17,)\ ik +57 lfS;k <SI;Lase
’y;k = Sbase At (8)
>T- Di,
1, otherwise.

Here, the ratio Sﬁ,k /Si .. serves as a measure
of step-level redundancy, and advantage attenua-
tion is applied only to potentially redundant steps
(8, < Sfue)- The factor p}* controls the attenu-
ation strength with a difficulty-aware magnitude,
weakening attenuation for harder problems, where
A is a hyperparameter. ¢ and 7" denote the current
and total training steps, respectively, and the condi-
tiont > T - p; defines a difficulty-aware schedule
that delays advantage attenuation on harder prob-
lems, by allowing adequate exploration in early
stages. Finally, ¢ specifies a lower bound on ng.

4.3 Neg-Adv Attenuation for Essential-Step

When a correct response receives a negative
outcome-level advantage A’ (Neg-Adv), its gen-
eration probability is suppressed. In this case, we
attenuate the penalties on essential steps; as a result,
the remaining penalty is relatively focused on re-
dundant ones, thereby avoiding performance degra-
dation caused by penalizing essential reasoning.
Specifically, for correct responses with negative
advantages, we define the vﬁ,k as follows:

07 lf Sék >Sll;ase7

1, ®

v, =
S .
k otherwise.

Here, we clip negative advantages of potentially
essential steps (S;, > Spye) Of correct responses
to zero to avoid over-penalization on them.
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GSMSK MATH500 AMC2023 Olympiad AIME2024 AIME2025 Macro Avg

Methods Acc. Tok. AES Acc. Tok. AES Acc. Tok. AES Acc. Tok. AES Acc. Tok. AES Acc. Tok. AES Acc. Tok. AES
1.5B Model
DS-1.5B 78.8 1085 0 82.1 5534 0 659 7893 0 493 9034 O 28.1 12339 0 22.8 12143 0 545 8005 O
¥ AutoThink  83.0 568 0.64 84.0 2195 0.67 67.0 5059 0.41 51.6 5053 0.58 34.6 9514 092 21.8 7944 0.13 57.0 5056 0.56
¥ AdaptThink 83.1 480 0.72 82.0 1782 0.67 67.0 3510 0.61 50.8 3708 0.68 31.0 6670 0.77 23.0 7255 0.43 56.1 3901 0.65
# ThinkPrune 83.0 609 0.6 83.2 1938 0.69 73.2 3039 095 514 3535 0.74 27.1 5631 037 225 35167 0.51 56.7 3320 0.64
& DIET - - - 83.0 3061 048 654 6425 0.15 - - - 31.8 10578 0.54 - - - - - -
& ACPO 81.3 572 0.57 81.0 1679 0.63 - - - - - - 30.0 6670 0.66 @ - - - - - -
# Laser-D 834 863 038 84.2 1872 0.74 753 2981 1.05 54.4 4700 0.79 342 5750 1.19 23.1 6928 0.47 59.1 3849 0.77
# Laser-DE 80.4 820 0.31 835 1949 0.7 733 3080 0.95 54.4 5151 0.74 350 5789 127 242 7323 0.58 585 4019 0.76
& LC-R1 82.7 841 037 82.5 2233 0.61 61.7 3947 0.18 48.1 4546 038 23.6 7122 -0.37 21.2 6434 0.12 533 4187 0.22
& VSRM-R++ - - - 81.7 2597 051 64.7 4119 0.39 54.8 4388 0.85 29.5 6958 0.59 229 6892 045 - - -
% DEPO - - - 872 2762 0.69 74.2 4388 0.82 - - - 30.8 7732 0.66 24.8 7649 0.63 - - -
% DECS - - - 844 1817 0.76 754 2988 1.05 56.1 3396 1.04 31.2 5550 0.89 23.8 4965 0.72 - - -
& TLMRE 87.2 604 0.76 85.8 1915 0.79 79.1 3349 1.18 569 4270 0.99 37.3 7024 141 26.6 7117 091 62.2 4046 1.01
& ATTNPO 87.0 393 095 86.0 1318 0.9 77.8 2638 1.21 57.1 3133 1.13 37.7 5713 1.56 254 5483 0.89 61.8 3114 1.11
7B Model

DS-7B 882 639 0 920 3593 0 87.1 5977 0 651 7358 0 529 10490 O 358 11307 0O 702 6561 O
¥ AutoThink  91.1 866 -0.26 91.2 2146 0.36 83.3 4645 0 655 5133 0.32 54.8 8051 0.34 362 8608 0.27 704 4908 0.17
¥ AdaptThink 91.0 309 0.61 92.0 1875 0.48 87.5 3287 0.46 65.5 5574 026 55.6 8599 033 36.2 9523 0.19 71.3 4861 0.39
& DIET - - - 92.1 3187 0.12 82.6 6075 -0.27 - - - 579 10124 032 - - - - - -
& ACPO 88.3 413 036 91.6 1405 0.59 - - - - - - 528 4520 056 - - - - - -
# Laser-D 87.3 804 -0.31 922 1836 0.5 90.0 2694 0.65 66.7 3914 0.54 58.3 5379 0.79 38.0 6167 0.64 72.1 3466 0.47
# Laser-DE 822 789 -0.57 92.0 1658 0.54 89.1 2612 0.63 66.8 3643 0.58 55.8 4969 0.69 37.5 6077 0.61 70.6 3291 0.41
& LC-R1 88.1 450 0.29 90.4 1568 0.48 79.1 3453 -0.04 64.1 4144 0.36 23.6 6904 -2.42 362 7150 04 63.6 3945 -0.16
% S-GRPO 93.8 906 -0.23 924 2252 0.39 87.5 3494 043 69.7 3914 0.68 56.0 7377 047 36.0 7908 0.32 72.6 4308 0.34
& VSRM-R++ - - - 89.8 2044 031 80.9 3704 0.02 66.1 5470 0.3 522 6773 029 364 6953 044 - - -
% DEPO - - - 944 2318 043 90.5 3215 0.58 - - - 527 6580 0.35 392 7092 0.66 - - -
% DECS - - - 93.0 1728 0.55 89.0 2772 0.6 70.3 3283 0.79 51.3 5277 035 364 5516 0.56 - - -
& TLMRE 91.1 515 029 93.8 1700 0.59 89.9 2967 0.6 69.6 4454 0.6 58.5 7462 0.61 39.2 8301 0.55 73.7 4233 0.54
% ATTNPO 92.4 446 0.44 928 1300 0.66 89.6 2303 0.7 68.7 2912 0.77 572 5214 0.75 38.1 5359 0.72 73.1 2922 0.67

Table 1: Acc. and Tok. across six benchmarks. Best scores are in bold, second-best are underlined. ¥, #, and %
denote adaptive-mode methods, outcome—supervised RL methods and process-supervised RL methods respectively.

5 Experiments

5.1 Experiment Setups.

Evaluation We evaluate our method on
GSMBS8K (Cobbe et al., 2021), MATHS500 (Light-
man et al., 2024), AMC23, OlympiadBench (He
et al.,, 2024), AIME2024, and AIME2025 as
in-domain benchmarks, and on LiveCodeBench-
v6 (Jain et al., 2025), GPQA-Diamond (Rein et al.,
2024) and MMLU (Hendrycks et al., 2020) as
held-out benchmarks, covering math, coding, and
science tasks of varying difficulty. We sample
128 times for AIME2024 and AIME2025, and 4
times for all other benchmarks. We report Pass@ 1
(Acc.), response length (Tok.), and compute the
Average Efficiency Score (AES) (Luo et al., 2025a)
to provide a comprehensive assessment of both
effectiveness and efficiency. Evaluation details are
provided in Appendix B.2.

Training We train DeepSeek-R1-Distill-Qwen-
1.5B (DS-1.5B) and DeepSeek-R1-Distill-
Qwen-7B (DS-7B) on the DeepScaleR-Preview
dataset (Luo et al., 2025b), using the VERL frame-
work (Sheng et al., 2025). We set 8 = 2 (Eq. 7),

A =2 (Eq. 8), 0 = 0 for DS-1.5B and 6 = 0.5
for DS-7B, and fix N = 3 KFHs. Additional
hyperparameters are reported in Appendix B.1.

Baselines We compare against three categories
of methods for efficient reasoning: (1) Outcome-
supervised RL methods, including TLMRE (Arora
and Zanette, 2025), ThinkPrune (Hou et al., 2025),
DIET (Chen et al., 2025a), ACPO (Cheng et al.,
2025a), and Laser (Liu et al., 2025a); (2) Process-
supervised RL methods, including LC-R1 (Cheng
et al., 2025b), VSRM-R++ (Yue et al., 2025), S-
GRPO (Dai et al., 2025), DEPO (Tan et al., 2025b),
and DECS (Jiang et al., 2025); and (3) Adaptive-
mode methods, including AdaptThink (Zhang et al.,
2025a) and AutoThink (Tu et al., 2025), which
are reported for reference. For TLMRE, we re-
implement under the same experimental settings
as ATTNPO to ensure fair comparison. For other
methods, we either evaluate their publicly released
models or report results from the original papers.

5.2 Main Results

ATTNPO consistently achieves the best or second-
best AES across all six math benchmarks and at-
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Figure 4: Training dynamics of TLMRE and ATTNPO
on 1.5B scale on AIME2024 with 16 sampling runs.

tains the highest average AES across all datasets,
indicating a superior efficiency—performance trade-
off. As shown in Table 1, ATTNPO reduces the
average length by 61% on the 1.5B model while
improving pass@1 accuracy by +7.3 points. For ex-
ample, on the challenging AIME2024 benchmark,
ATTNPO achieves a +9.6 point accuracy gain with
a 54% reduction in length. On the 7B model, it cuts
tokens by 55% and achieves a 4+2.9 point accuracy
gain, demonstrating efficiency and performance im-
provements across model scales. Notably, when
compared with TLMRE, the outcome-level advan-
tage used by ATTNPO, ATTNPO achieves much
larger reductions in length (23% | on 1.5B and
31% | on 7B) with negligible loss in accuracy (0.4
points | on 1.5B and 0.6 points | 7B). The training
dynamics in Figure 4 on AIME2024 show that AT-
TNPO initially underperforms TLMRE on harder
tasks due to rapid length compression, but gradu-
ally improves and ultimately matches TLMRE in
accuracy, indicating that its stepwise advantages
enable continued performance gains despite aggres-
sive compression.

5.3 Ablation Studies

In this section, we perform ablation studies on 1.5B
models to assess different strategies and hyperpa-
rameters, with results shown in Figure 5.

Ablation for two Advantage Rescaling Compo-
nents. Starting from the TLMRE, we sequen-
tially add Positive-Advantage Attenuation (PA) and
Negative-Advantage Attenuation (NA). Applying
PA alone substantially reduces reasoning length,
indicating that merely weakening the positive ad-
vantage of redundant steps provides sufficient op-
timization pressure to suppress unnecessary rea-
soning. Further introducing NA leaves the length
almost unchanged while improving accuracy, sug-
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Figure 5: Ablation of strategies & hyperparameters;
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Figure 6: Change of pass@k with different k.

gesting that alleviating excessive penalties on nec-
essary reasoning benefits reasoning performance.

Ablation for Num of KFHs. Increasing KFHs
yields only marginal gains with rapidly diminish-
ing returns, consistent with results in Section 3.2,
suggesting that a small top-N set of KFHs provides
sufficient learning signals.

Ablation for Difficulty-Aware Baselines and
Magnitude. We ablate the difficulty-aware base-
line 5 (Eq. 7) and magnitude A (Eq. 8) to study their
role in the performance—efficiency trade-off. Weak-
ening (8 or A = 1) and removing ((8 or A = 0)
the difficulty-based modulation further shortens
responses but causes increasing accuracy degrada-
tion, indicating that conservative compression on
difficult problems is crucial for reducing verbosity
while improving performance. Additionally, we
provide an ablation study of the difficulty-aware
schedule in Appendix C.3.

5.4 More Analyses

To better understand the effects of ATTNPO, we
conduct further analysis on 1.5B models, unless
otherwise specified.

Analyses of Exploration Capability. To assess
whether ATTNPO ’s substantial reduction in rea-
soning length compromises exploration, we evalu-
ate pass@k (k € 2,4,8,16, 32,64, 128) using 128
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LiveCodeBench GPQA MMLU
Model Acc. Tok. AES Acc. Tok. AES Acc. Tok. AES
1.5B Model

DS-1.5B 253 10809 0.00 33.3 8304 0.00 41.7 1872 0.00
TLMRE 28.6 9077 0.55 39.2 5880 0.77 484 1228 0.83
ATTNPO 304 7567 090 364 3358 0.87 50.6 603 1.32

7B Model
0.00 44.6 6891 0.00 69.7 1245 0.00
0.80 49.1 3988 0.72 70.0 712 0.44
0.85 48.6 2873 0.85 69.8 547 0.56

DS-7B 49.6 9095
TLMRE 53.5 3988
ATTNPO 52.3 2873

Table 2: OOD results on LiveCodeBench, GPQA, and
MMLU. Best results are shown in bold.
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Figure 7: Acc. and Tok. under different token budgets.

samples on AIME2024 and AIME2025. As shown
in Figure 6, in nearly all sampling budgets, AT-
TNPO match or outperform the original model.
These results indicate that ATTNPO achieves sig-
nificant efficiency gains while retaining much of
the model’s exploratory capacity.

Analyses of Cross-Domain Capability. We an-
alyze the model’s generalization ability on out-of-
domain (OOD) tasks. In Table 2, ATTNPO sub-
stantially reduces reasoning length on both models,
while maintaining or slightly improving accuracy.
These results indicate that, despite being trained
only on math, ATTNPO generalizes well to code
and science tasks.

Analyses of Different Token Budget. We eval-
uate on AIME2024 and AIME2025 using five in-
creasing token budgets (2048, 4096, 8192, 16384,
32768) to examine whether ATTNPO can improve
performance under tight token constraints without
sacrificing performance at higher limits. The re-
sults show that ATTNPO significantly outperforms
both the base model and TLMRE under tight bud-
gets, and remains superior to the base model while
matching TLMRE at higher budgets with substan-
tially shorter outputs, demonstrating the superiority
of ATTNPO across a range of generation length
constraints.

12k{ =, F12

10k \ l10
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\\’\/\\' r8
bk pos PP
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0 200 400 600 800 1000 1200
Step

Tok.
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=Tok =Confused Phrases =Summary Phrases =Progression Phrases

AttnPO

Figure 8: Changes in special phrases across training
steps (top) and models (bottom). Freq. indicates the
frequency of special phrases per 1k tokens.

Analyses of Model Behaivors. To better under-
stand the response length reduction of ATTNPO,
we analyze the frequency of special phrases with
different reasoning behaviors (introduced in sec-
tion 2) on AIME2024. we show the evolution
of these special phrases during ATTNPO train-
ing (Figure 8, top) and the final behavioral dif-
ferences among ATTNPO, TLMRE, and DS-1.5B
(Figure 8, bottom). The frequency of Confused
Phrases drops sharply during ATTNPO training,
indicating that ATTNPO effectively reduces redun-
dant self-reflection, this trend is also observed in
cross-model comparisons. The slight increase in
Summary Phrases suggests growing confidence in
intermediate reasoning results. Meanwhile, the
mild decrease in Progression Phrases implies more
consolidated reasoning by skipping trivial interme-
diate steps.

6 Related Work

We first introduce overthinking in LRMs and com-
mon mitigation approaches, then focus on outcome-
supervised and process-supervised RL methods
which most closely related to our work.

Overthinking and Its Mitigation. Benefiting
from the RLVR training paradigm (Tan et al.,
2025a; Li et al., 2026; Yu et al., 2026; Yang et al.,
2026), LRMs have achieved strong performance
on complex reasoning tasks (An et al., 2025). How-
ever, they often exhibit overthinking by generating
redundant reasoning (Wei et al., 2025; Dong et al.,
2026), which can even degrade performance on
certain tasks (Yuan and Zhang, 2025). Mitigating
overthinking remains a challenging problem. Exist-
ing methods mainly fall into five categories: (1) RL
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with redundancy-based reward design, which we
discuss in detail below; (2) curating concise CoT
data for SFT or DPO (Yuan et al., 2026; Ma et al.,
2025); (3) compressing reasoning steps into fewer
latent representations (Deng et al., 2025); and (4)
dynamic reasoning strategy selection (Wang et al.,
2026; Zhang et al., 2025a); (5) inference-time in-
tervention methods (Liu et al., 2025b; Renze and
Guven, 2024; Ling et al., 2026; Zhu et al., 2026).

Outcome-supervised RL method. This line
of work typically adopts response-level rewards
combining correctness with length-aware penal-
ties. Some approaches explicitly subtract length-
correlated penalty terms (Arora and Zanette, 2025;
Aggarwal and Welleck, 2025; Team et al., 2025;
Yi et al., 2025), while others further refine this by
jointly modeling response length and question dif-
ficulty (Chen et al., 2025a; Liu et al., 2025a; Xiang
et al., 2025). However, these methods treat the out-
put as a whole and fail to distinguish efficient from
inefficient reasoning segments.

Process-supervised RL method. Some methods
introduce process supervision to intermediate rea-
soning steps to distinguish necessary from redun-
dant reasoning. One line of work incorporates pro-
cess supervision through additional sampling. S-
GRPO (Dai et al., 2025), VSRM (Yue et al., 2025),
SHAPE (Ai et al., 2026) and SPAE (Wu et al.,
2026) achieve fine-grained credit assignment by
allowing early termination at intermediate steps,
with the model directly samples the final solution.
And ROSE (Zhao et al., 2026) extends process su-
pervision to tree-structured rollouts with concise
reasoning incentives. Another line of work intro-
duces auxiliary reward models (Liu et al., 2026).
DECS (Jiang et al., 2025) and DEPO (Tan et al.,
2025b) train an auxiliary to identify when the cor-
rect answer first appears and penalize subsequent
redundant tokens. Additionally, since tokens with
different entropy may play different roles in reason-
ing (Wang et al., 2025; Zhang et al., 2026), some
work performs entropy- or confidence-aware ad-
vantage shaping (Jin et al., 2025; Liu et al., 2025c;
Xie et al., 2025). However, these methods still rely
on surface-level entropy signals and often lead to
longer reasoning trajectories.

7 Conclusion

In this paper, we introduce ATTNPO, a low-
overhead process-supervised RL framework that

leverages KFHs’ attention signals for stepwise
credit assignment. By identifying KFHs that fo-
cus on essential steps and designing targeted sub-
strategies to suppress redundancy while preserv-
ing necessary reasoning, ATTNPO effectively miti-
gates overthinking without sacrificing performance.
These results highlight KFH-guided process super-
vision as an efficient way to improve reasoning
efficiency.

Limitations

We discuss several limitations of our work in this
section. (1) Owing to limited computational re-
sources, our experiments are conducted only on
1.5B and 7B models. Nonetheless, the results con-
sistently demonstrate the effectiveness of ATTNPO
across different model scales. (2) In line with most
prior open-sourced studies, we train our models ex-
clusively on mathematical datasets, as they are read-
ily available and provide accurate, verifiable reward
signals. Although evaluations on LiveCodeBench,
GPQA, and MMLU indicate that ATTNPO gener-
alizes well to OOD scenarios, we anticipate further
improvements with the availability of more verifi-
able training data from broader domains.
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A Appendix

A.1 Step Segmentation Algorithm

The thinking process 7 can be decomposed into a
sequence of meaningful intermediate steps, whose
boundaries are often signaled by specific spe-
cial phrases. These phrases mark key moments
in the reasoning process, such as pauses, reflec-
tions, shifts in direction, or transitions to new
stages (Hammoud et al., 2025; Choi et al., 2025).
Accordingly, we segment the thinking process us-
ing a predefined set of special phrases, categorized
into confusion phrases (e.g., ‘Wait”), which in-
dicate reflection, verification, or branching; pro-
gression phrases (e.g., First”), which advance the
ongoing reasoning; and summary phrases (e.g.,
Therefore”), which consolidate preceding content.
The full set is listed in Table 3.

In LRMs, a double newline (\n\n) typically
signals a natural semantic transition (Chen et al.,
2025b). To avoid over-segmentation, we treat a
special phrases as a segmentation boundary only
when it is preceded by a double newline, except
for confusion phrases. Since confusion phrases of-
ten trigger redundant verification or reflection, we
do not impose the newline constraint on segments
starting with them, keeping such segments separate
from the preceding context to facilitate redundancy
detection and penalization.

After initial segmentation, we apply adaptive
merging to short segments to avoid semantically
weak fragments, with the merging direction de-
termined by the category of the initiating spe-
cial phrases. Segments introduced by confusion
phrases are always merged with the right neighbor
to preserve their separation from prior reasoning.
Segments introduced by progression phrases are
merged based on context: if its right neighbor is a
confusion-initiated segment, it is merged with the
left neighbor to preserve the independence of the
confusion segment; otherwise, it is merged with the
right neighbor, as progression phases typically ad-
vance the reasoning flow. Segments introduced by
summary phrases are merged with the left neighbor,
as they serve to consolidate preceding reasoning.

Throughout segmentation and merging, we keep
segments starting with confusion phrases separate
from the preceding context, as they often corre-
spond to redundant verification or reflection. Iso-
lating such segments facilitates the identification
and penalization of redundant reasoning.

We provide the pseudocode in Algorithm 1.

Algorithm 1 Step Segmentation Algorithm

Input: A thinking process 7, 3 predefined special-phrase
sets Weonf, Whrog, and Wsumm, and a minimum length
threshold ¢ for each step

Output: Segmented steps [s1, S2, - . -

Step 1: Initial Segmentation

B+ [] > boundary positions (in left-to-right order)

P ] > segmentation phrase at each boundary

W Wconf U Wprog U Wsumm

: sort phrases in W by decreasing length and compile a

regex matcher R
5: for all matches (p, w) found by R when scanning 7 left-
to-right do © p: start position of the match; w: matched
phrase
6: if w € Wohiog U Wsumm and w is not preceded by
\n\n then

, SK|

bl

7: continue

8: end if

9: append p to 3; append w to P
10: end for

11: if B[0] # O, prepend O to B and NONE to P

12: if B[|B| — 1] # | T, append | T | to B

13: fori=1to|B| — 1do

14: s« T[B[i] : Bli +1]]

15: end for

16: K < |B| —1 b total number of initial segmented steps
Step 2: Adaptive Merging

17: function MERGERIGHT(%)

18: Si <= 8; 0 Sit1; delete Sit1

19: delete P[i + 1]; update K = K — 1

20: end function

21: function MERGELEFT(%)

22: Si—1 4 Si—1 © ;; delete s;

23: delete P[i]; update K = K — 1

24: end function

25: 140

26: while: < K do

27: if LEN(s;) < t then

28: if P[] € Weont then > confusion
29: ifi + 1 < K then

30: MERGERIGHT(%)

31: continue

32: end if

33: else if P[i] € Wsumm then > summary
34. ifi — 1 >= 0 then

35: MERGELEFT(%)

36: i+—1i—1

37: continue

38: end if

39: else > progression
40: ifi+1 < K and P[i + 1] € Weons then
41: if i — 1 >= 0 then

42: MERGELEFT(2)

43: i—i—1

44: continue

45: end if

46: else

47: ifi + 1 < K then

48: MERGERIGHT(%)

49: continue

50: end if

51: end if

52: end if

53: end if

54: i1+ 1
55: end while

56: return [s1, S2, ..., SK|
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Confusion phrases:

“Wait”, “But”, “However”, “Hold on”, “Looking back”, “I
don’t see any errors”, “Hmm, wait”, “Hmm, no”, “Hmm,
but”, “Hmm, just’, “Hmm, let me double-check”, “Hmm,
let me verify”, “Hmm, let me make sure”, “Hmm, let me
check”, “No,”, “Let me double-check”, “Let me just double-
check”, “Let’s double-check”, “Let’s just double-check”,
“Just to double-check”, “Let me verify”, “Let me just ver-
ify”, “Let’s verify”, “Let’s just verify”, “Just to verify”,
“Let me confirm”, “Let me just confirm”, “Let’s confirm”,
“Let’s just confirm”, “Just to confirm”, “Let me check”, “Let
me just check”, “Let’s check”, “Let’s just check”, “Just to
check”, “Let me recap”, “Let me just recap”, “Let’s recap”,
“Let’s just recap”, “Just to recap”, “Let me make sure”,
“Let me just make sure”, “Let’s make sure”, “Just to make
sure”, “So, is”, “Is it”, “Is that right?”, “Is there”, “Right ?”,
“Alternatively”, “Another approach”, “Another way”, “An-
other idea”, “Another thought”, “I guess another way”, “I
guess another approach”, “Let me just think if there”

Progression phrases:

“Let me”, “Let’s”, “I *, “We *, “Okay”, “Hmm”, “Now”,
“Alright”, “First,”, “First off,”, “Second,”, “Third,”, “Start-
ing”, “Then”, “Next”, “Finally”, “Similarly”, “Again”, “In
this case”, “Because”, “Given that”, “The problem gives”,
“To . “Since”

Summary phrases:

“So”, “Therefore”, “Thus”, “Hence”, “Hmm, so”, “Okay,
s0”, “Putting it all together”

Table 3: Special phrases used for step segmentation.

A.2 Details of the Probing Experiment
A.2.1 Details of Probe Data Construction

In this subsection, we describe the complete pro-
cess for constructing the probing dataset. We se-
lect 300 questions from Deepscaler (Luo et al.,
2025b) that are not difficult for DeepSeek-R1-
Distill-Qwen-1.5B, on which the model achieves
an average accuracy of at least 0.875 over eight
sampled responses. This restriction is important be-
cause, on more challenging questions, LRMs tend
to engage in exploratory reasoning. Although such
reasoning may appear redundant, it can still be nec-
essary for reaching correct solutions, making it dif-
ficult to reliably distinguish redundant steps from
essential ones and potentially confounding the iden-
tification of Key-Focus Heads. For each selected
question, we choose the correct response with me-
dian length among the eight samples and segment
its thinking process into steps following the proce-
dure described in Section A.1. Each reasoning step
is then annotated by gemini-2.5-pro, gpt-5-2025-
08-07, claude-sonnet-4-20250514 with the prompt
provide in Table 7, and only steps with unanimous
agreement are retained to reduce annotation noise.

The resulting inter-annotator agreement, measured
by Krippendorft’s «, is 0.64 for DeepSeek-R1-
Distill-Qwen-7B and 0.59 for DeepSeek-R 1-Distill-
Qwen-1.5B, indicating moderate agreement. We
further retain only trajectories containing both es-
sential and redundant steps, so that each probe
instance provides an internal essential-redundant
contrast, enabling attention comparisons within the
same context.

A.2.2 Details of Probe Results

Here, we present the SRA heatmap across the
checkpoints at 0, 500, and 1000 steps in Figure 11,
and list the Pearson correlation coefficients of SRA
among these checkpoints in Table 4. Additionally,
in section 3.2, Top-k selection by SRA refers to
ranking all attention heads by their average SRA
scores and selecting the top k heads with the highest
scores. Greedy SRA-maximizing selection refers to
iteratively selecting attention heads by evaluating
all remaining candidates at each step and greedily
adding the head that yields the largest increase in
the overall SRA score.

Model 0vs 500 0vs 1000
DS-R1-1.5B 0.92 0.88
DS-R1-7B 0.93 0.89

Table 4: Pearson correlation coefficients of SRA be-
tween checkpoints at 0, 500, and 1000 steps.

B Experimental Details

B.1 Training Hyperparameters

For the output-level reward in Eq. 5, we set « = 0.2
for the 1.5B model and o = 0.1 for the 7B model.
This choice is based on our empirical observation
that using = 0.2 for the 7B model leads to
overly aggressive length compression and severe
performance degradation, even without applying
our method. For the KFHs used in both models,
we select heads 16-2, 20-9, and 23-2 for the 1.5B
model, and heads 22-4, 22-7, and 22-22 for the 7B
model. For the 1.5B model, we train using a single
8xH800 node, while for the 7B model, training is
conducted on four 8xH800 nodes. We present the
other hyperparameters adopted during training in
Table 5.
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Param

max response length 16384
batch szie 128
rollout top-p 1.0
rollout temperature 1.0
learning rate 2e-6
kl loss Coef 0
rollout number 16
€low 0.2
€high 0.2
steps 1200

Table 5: Training hyperparameters.

B.2 Evaluation

B.2.1 Descriptions of Benchmarks

1.

AIME2024, AIME2025 (Mathematical As-
sociation of America, 2025a,b). These two
datasets consist of high-school Olympiad-
level assessments from the American Invita-
tional Mathematics Examination (AIME) held
in 2024 and 2025, respectively. Each dataset
contains 30 highly challenging problems span-
ning algebra, geometry, and number theory.

AMC23 (AI-MO, 2024). This dataset is
sourced from the American Mathematics
Competitions (AMC) system in 2023 and in-
cludes 40 problems with mixed and hybrid
question formats.

OlympiadBench (He et al.,, 2024). This
benchmark comprises a comprehensive col-
lection of mathematical Olympiad problems
from multiple countries. We select only the
English-language math subset and retain prob-
lems that require numerical answers, resulting
in a total of 581 evaluation problems.

MATHS00 (Lightman et al., 2024). This
dataset is an advanced mathematics evalua-
tion benchmark curated by OpenAl, contain-
ing 500 problems expressed with formal math-
ematical notation.

GPQA-Diamond (Rein et al., 2024). This
dataset is a curated subset of the GPQA
(Graduate-Level Google-Proof Q&A) bench-
mark and consists of 198 challenging multiple-
choice questions authored and verified by do-
main experts in biology, physics, and chem-
istry.

LiveCodeBench (Jain et al., 2025). This
benchmark is designed to evaluate the live
code generation capabilities of large language

models, emphasizing immediate correctness
and practical programming skills. We use ver-
sion v6 of the dataset, which contains 1,055
problems in total.

7. MMLU (Hendrycks et al., 2020). MMLU is
a massive multitask benchmark of multiple-
choice questions spanning 57 subjects, in-
cluding elementary mathematics, U.S. history,
computer science, and law. Achieving high
accuracy requires extensive world knowledge
and strong problem-solving ability. We sam-
ple 50 questions from each category for evalu-
ation.

B.2.2 [Evaluation Setups

We sample 128 times for AIME2024 and
AIME2025, and 4 times for all other benchmarks.
We set the evaluation context size to 16K and the
temperature to 0.6, as suggested in DeepSeek’s
model cards.

B.2.3 Computation of Metrics

AES The AES score (Luo et al., 2025a) is cal-
culated by jointly considering the pass@]1 perfor-
mance and the average token cost of the tuned pol-
icy relative to the base policy:

3 pass@1 — pass@1, .,

paSS@lbase ’
_ if pass@1 > pass@1,, .
AES = Lyase — L + L
Lyase 5 pass@1,, . — pass@1
pass@1, . ’

if pass@1 < pass@1

base

10)
This metric captures both the relative reduction in
token usage and its effect on model performance:
it penalizes approaches that reduce performance
and rewards those that yield improvements over
the baseline.

Pass@k The pass@k metric (Chen et al., 2021)
is computed as follows:

("c")
(&)
where n denotes the total number of samples and
¢ denotes the number of correct samples. When

k = 1, this metric reduces to the average accuracy
across the n samples.

pass@k =1 — (11)

C Additional Experimental Results

C.1 Ablation for two sub-strategies

We present the ablation results for the two sub-
strategies in Tables 6.
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Method GSMS8K  MATHS500 AMC2023 Olympiad AIME2024 AIME2025 Avg
ethods

Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok. Acc. Tok.
TMLER 87.2 604 858 1915 79.1 3349 569 4270 37.3 7024 26.6 7117 62.2 4047
w PA 859 380 844 1295 76.8 2558 54.2 3240 36.8 5860 25.0 5670 60.5 3167
w PA&NA (ATTNPO) 87.0 393 86.0 1318 77.8 2638 57.1 3133 37.7 5713 254 5488 61.8 3114

Table 6: Ablation results for two sub-strategies, PA and NA.

timing_s/old_log_prob

—— TLMRE
20+ —— AttnPO

C)

o 181

£

= 161
144

— T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Step

Figure 9: Time Comparison of ATTNPO and TLMRE
on the 1.5B model.

C.2 Time Overhead Analysis of ATTNPO

We analyze the additional GPU time overhead intro-
duced by ATTNPO, which mainly stems from com-
puting attention-based scores for each reasoning
step using KFH heads. Since our implementation
is built on the VERL framework, this step is inte-
grated into the computation of the log-probabilities
of the rollout policy (referred to as o1d_log_prob
in VERL). Specifically, during the model’s forward
pass for computing importance sampling terms
(e.g., log-probabilities and related quantities), we
simultaneously compute the attention-based scores
for each reasoning step, thereby avoiding addi-
tional forward passes and minimizing extra com-
putational overhead. We report the training time
of the 1.5B model under ATTNPO and TLMRE
for the first 20 training steps as a comparison. We
focus on the initial 20 steps because the generated
response lengths under both methods are nearly
identical in this stage, which effectively eliminates
the confounding impact of length differences on
the measured training time. The results in Figure 9
demonstrate that ATTNPO introduces almost no
additional training time overhead.

C.3 Ablation for Difficulty-Aware Schedule

As shown in the training dynamics in Figure 10,
introducing a difficulty-aware schedule results in
a slower reduction of reasoning length during the
early stages of training, but sustains a more con-
sistent compression trend throughout training. In
contrast, removing the difficulty-aware schedule
leads to a faster initial decrease in reasoning length,

- Ty i
N y,\/v\/\/\ WY
= I

—e— AttnPO
wj/o schedule

12k W\ AttnPO
A —e— w/o schedule
10k -
£ \\\
= 8k 4
6k ’\-«‘\,\W

0 200 400 600 800 1000 1200
Step

Figure 10: Ablation Results on the Difficulty-Aware
Schedule on AIME2024 with 16 sampling runs.

followed by a clear plateau in later stages. This
behavior suggests that delaying advantage atten-
uation on difficult problems allows the model to
prioritize accuracy improvement in the early phase,
preventing premature and excessive compression.
Once performance is sufficiently improved, the
model gains greater flexibility to further reduce
reasoning length, leading to a more favorable per-
formance—efficiency trade-off.

C.4 Case Study

We provide case studies of TLMRE and ATTNPO,
with details presented in Table 12, 13, 14 and 15.
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Prompts for Redundant and Necessary Step Annotation

Role & Task:

You are an expert evaluator of step-by-step reasoning quality for large language models.

I will give you a question and a corresponding model response (the response contains explicit step markers, e.g., <STA_2>
means step 2 starts, <END_2> means step 2 ends). The final result in this response is correct. Please classify each step as:
redundant / necessary / uncertain.

If a step contains only redundant content, label it as redundant; only necessary content, label it as necessary; if it contains both
redundant and necessary content, label it as uncertain.

Category Definitions:

(1) Redundant: Steps that do not substantially advance the solution, or repeated/ineffective actions taken after the correct
conclusion has already been reached, including but not limited to:

* Redundant verification: When the current reasoning is already correct, but the model performs an additional verifi-
cation step. This is usually labeled as redundant. Only when the second verification is used to discover and correct an
error, or to add essential justification, should it be labeled as necessary.

* Redundant reflection: When the current reasoning is already correct, but the model adds extra reflection or self-
questioning that merely loops over the same reasoning without introducing new information, or even introduces incor-
rect information or baseless speculation. These are usually labeled as redundant. Only when such reflection is used to
discover and correct an error, or to add essential justification, should it be labeled as necessary.

* Redundant branches: After arriving at the correct answer through valid reasoning, the model switches to another
method to re-derive the correct answer. This is usually labeled as redundant.

* Erroneous reasoning: If a step contains incorrect statements and does not bring any effective progress, it should be
considered redundant.

(2) Necessary: Steps that positively contribute to advancing the reasoning process, including but not limited to:

¢ Normal computation/reasoning: Necessary problem analysis, reasoning plans, formalization of the reasoning, inter-
mediate calculations, fact retrieval, and explicit statements of conclusions that help push the reasoning forward should
be labeled as necessary.

* Necessary verification/reflection/branches: When there are errors, contradictions, dead ends, or uncertainty due to
multiple possible solutions, verification, reflection, or branching that is used to correct the direction, eliminate errors, or
fill in missing conditions should be labeled as necessary.

(3) Uncertain:

* Containing both redundant and necessary content: If a single step includes both redundant content and necessary
content, label it as uncertain.

* Reasonable exploration: If a step is not on the main line of reasoning but is relevant, correct, and introduces new
information, label it as uncertain.

* Borderline cases: For borderline cases where you cannot clearly determine whether a step is redundant or necessary,
label it as uncertain.

(4) Borderline Cases:
* Core planning used to guide subsequent reasoning steps is usually considered necessary.

* The model’s final explicit statement of the final answer at the end of the reasoning process is generally considered
necessary.

Question and Model Response:

Question:
{question}

Model response:
{response}

Output Requirements:

First, output the reasoning for your judgment on each step, in the following format:

Step index: reasoning for the judgment

Then output the classification result for each step, in the following format:

Step index: category (use numbers, 1 = necessary, 2 = redundant, 3 = uncertain; for example, 0:1
means step @ is necessary)

Example output (strictly follow this format):
[Reasoning for each step]

0: Reasoning for the judgment...

1: Reasoning for the judgment...

2: Reasoning for the judgment...
[Classification results]

0:1

1:2

2:3

Begin your answer:

Table 7: Prompts for Redundant and Necessary Step Annotation.
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SRA Heatmaps for Different Checkpoints
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Figure 11: SRA heatmap for all models.
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& Question (MATHS500): If f(z) = 32=2, what is the value of f(—2) + f(—1) + f(0)? Express your answer as a
common fraction.

£ TLMRE: Okay, so I need to find the value of f(—2) + f(—1) + f(0) where f(z) is given by (3z — 2)/(x — 2).
Hmm, let me break this down step by step. First, let me compute f(—2). I substitute z = —2 into the function:
F(=2)=3-(-2)—2)/(—2—2) = (-6 —2)/(—4) = (—8)/(—4) = 2. Alright, f(—2) is 2. Next, f(—1). Substitute
x=—1 f(-1) = 3-(-1) —2)/(-1-2) = (-3 -2)/(-=3) = (-5)/(—3) = 5/3. So, f(—1) is 5/3. Now,
f(0). Substitute z = 0: f(0) = (3:-0—2)/(0—2) = (=2)/(—2) = 1. So, f(0) is 1. Now, add them all together:
F(=2)+f(=1)+f(0) = 245/3+1. Convertall to thirds: 2is 6/3, 1 is 3/3, so: 6/3+5/3+3/3 = (6+5+3)/3 = 14/3.
Wait, that seems correct? Let me double-check each calculation. f(—2): (3 (—2) — 2) = —6 — 2 = —8; denominator
(-2 —-2) = —4; -8/ — 4 = 2. Correct. f(—1): (3:-(=1) —2) = —3 — 2 = —5; denominator (—1 — 2) = —3;
-5/ —3 = 5/3. Correct. f(0): (0 —2)/(—2) = —2/ —2 = 1. Correct. Sum: 2 +5/3+1. 2+ 1 = 3,
3+4+5/3=3+1.666...=4.666..., which is 14/3. Yeah, 14/3 is correct as a common fraction. Final Answer The

value of (f(=2) + f(—1) + £(0)) is| 22

? g
2 ATTNPO-1.5B (ours):
Okay, so I have this function f(x) = (3z—2)/(z—2), and I need to find f(—2)+ f(—1)+ f(0). Hmm, let’s take it step by

step. First, let’s find f(—2). Plugging x = —2 into the function: f(—2) = (3-(=2)—2)/(-2—-2) =(-6—2)/(—4) =
(—8)/(—4) = 2. Okay, that’s straightforward. Next, f(—1). Plugging z = —1: f(—1) = (3-(-1) — 2)/(-1—2) =
(=3 —-2)/(—3) = (—=5)/(—3) = 5/3. So that’s 5/3. Then, f(0). Plugging z = 0: f(0) = (3-0—2)/(0 —2) =

(—=2)/(—=2) = 1. That’s simple too. Now, adding them up: f(—2) + f(—1) + f(0) = 2 + 5/3 4+ 1. Let’s convert
14
3|

everything to thirds: 2 =6/3,1 = 3/3. S0 6/3 +5/3+3/3 = (6 + 5 + 3)/3 = 14/3. Final Answer

Figure 12: This is a simple problem from MATH500, where an unnecessarily reflective reasoning process is applied
by TLMRE-1.5B. In contrast, the AttnPO-1.5B provides a concise solution.
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& Question (AIME 2024): Every morning Aya goes for a 9-kilometer-long walk and stops at a coffee shop afterwards.
When she walks at a constant speed of s kilometers per hour, the walk takes her 4 hours, including ¢ minutes spent in the
coffee shop. When she walks s + 2 kilometers per hour, the walk takes her 2 hours and 24 minutes, including ¢ minutes
spent in the coffee shop. Suppose Aya walks at s + % kilometers per hour. Find the number of minutes the walk takes her,
including the ¢ minutes spent in the coffee shop.

% TLMRE: Okay, let’s try to figure out this problem step by step. Aya walks 9 kilometers every morning and stops at a
coffee shop. The time she takes depends on her walking speed. We need to find how long her walk will take if she walks
at a speed of s + % km/h, including the time spent in the coffee shop. First, let’s parse the information given. When
she walks at speed s km/h, the total time taken, including the coffee shop time, is 4 hours. When her speed increases
to s + 2 km/h, the total time becomes 2 hours and 24 minutes, which is 2 + % = 2.4 hours. We need to find the time
it takes when she walks at s + é km/h. Let me denote: Let ¢ be the time spent in the coffee shop in minutes. Let d be
the distance she walks before entering the coffee shop, which is 9 km minus the coffee shop time converted to distance.
Wait, no. Actually, the total distance is 9 km, but the coffee shop time is ¢ minutes, but the walking time is different.
Wait, maybe I need to model this differently. Let me denote: Let walking speed be s km/h. Let ¢ be the time spent in
the coffee shop in hours. So, when she walks at s km/h, the total time is walking time + ¢ = 4 hours. Walking time is
9/s hours. So, 9/s + t = 4. Similarly, when her speed is s + 2 km/h, the total time is 2 hours and 24 minutes, which is
2+ 22 = 2.4 hours. So, the walking time is 9/(s + 2) hours, and the total time is that plus ¢, which equals 2.4 hours.
Therefore, we have two equations: 1. 9/s +t = 42. 9/(s 4 2) + t = 2.4 We can solve these two equations to find s and
t. Subtracting equation 2 from equation 1: (9/s +t) — (9/(s + 2) +t) = 4 — 2.4. Simplify: 9/s — 9/(s + 2) = 1.6.
Factor out 9: 9[1/s —1/(s+ 2)] = 1.6. Compute 1/s — 1/(s +2) = (s +2 — s)/[s(s + 2)] = 2/[s(s + 2)]. So,
9 x [2/(s(s+2))] = 1.6. Simplify: 18/[s(s + 2)] = 1.6. Multiply both sides by s(s + 2): 18 = 1 6s(s + 2). Divide
both sides by 1.6: 18/1.6 = s(s -+ 2). Calculate 18/1.6 = 11.25. So, s(s +2) = 11.25. Which is: s? + 25 — 11.25 = 0.
Quadratic equation: s* + 2s — 11.25 = 0. We can solve for s using quadratic formula: s = [—2 = /4 + 45]/2. Because
discriminant is 22 —4-1- (—11.25) = 4 + 45 = 49. So, s = [~2 % 7] /2. Since speed can’t be negative, take the positive
solution: s = (=2 +7)/2 = 5/2 = 2.5 km/h. So, s = 2.5 km/h. Now, we can find ¢ from equation 1: 9/s + ¢t = 4.
9/2.5 4+t =4. 9/2.51s 3.6. So, 3.6 +t = 4. Therefore, t = 4 — 3.6 = 0.4 hours. Convert 0.4 hours to minutes:
0.4 x 60 = 24 minutes. So, t = 24 minutes. Now, when she walks at s + % km/h, which is 2.5 + 0.5 = 3 km/h. We
need to find the total time, which is walking time + ¢. Walking time is 9/3 = 3 hours. Total time is 3 hours + 24 minutes.
Convert 3 hours to minutes: 180 minutes. Total time: 180 + 24 = 204 minutes. So, the walk takes 204 minutes, including

the coffee shop time. Final Answer The walk takes minutes.

£ ATTNPO-1.5B (ours):

Okay, let’s try to solve this problem step by step. So, Aya walks 9 kilometers every morning. When she walks at a speed of s
km/h, it takes her 4 hours, including ¢ minutes in the coffee shop. When she increases her speed to s + 2 km/h, the total time
becomes 2 hours and 24 minutes, still including ¢ minutes in the coffee shop. We need to find the time when she walks at
s+ 3 1 km/h. First, let’s parse the information. When walking at speed s km/h: Distance = 9 km, Time taken walking + time
in coffee shop = 4 hours. So, time walking is = hours and time in coffee shop is ¢ minutes. But ¢ is given in minutes, so we
need to convert 4 hours to minutes to keep units consistent. 4 hours = 240 minutes. So, time walking + ¢ = 240 minutes.
Similarly, when walking at s4-2 km/h: Time taken wa]kmg + time in coffee shop = 2 hours 24 minutes = 2x 60+24 = 144
minutes. So, time walking is —; hours, which is X 60 mlnutes and time in coffee shop is ¢ minutes. So, let’s set

s+2 s+2
= +2 X 60 + ¢t = 144. We can subtract the first equation

9
X 60+t] = [2 X 60+1] = 144 — 240, Simplify: 2552 — 260 — g6,

up the equations. First case: = X 60 + ¢ = 240. Second case:

from the second to eliminate ¢. So, [ )

s+2 s+2 s
Factor out 9 x 60: 9 x 60 (45 — 1) = ~96. Compute 15 — 1 = 2788 — =2 50,0 x 60 x 55255 = —96.
Compute 9 x 60 = 540. So, %gf) = —96. Multiply both sides by —1: 242 — 96. So, 1% — 96. Thus,
s(s+2) = 1389 = 11.25. So, 52 + 2s — 11.25 = 0. Solving quadratic equation: s = _in E *Qi‘ﬁ *2i7
Since speed can’t be negative, s = 5 = 2.5 km/h. So, s = 2.5 km/h. Now, find ¢. From ﬁrst case: 5= X 60 +t= 24()

Compute % =3.6. 3.6 x60 = 216 So, 216+t = 240 = ¢t = 24 minutes. Now, when walking ats+ 5 =25+05=3
km/h. Time walking: % = 3 hours = 180 minutes. Time in coffee shop: ¢ = 24 minutes. Total time: 180 + 24 = 204

minutes. Final Answer

Figure 13: This is a problem from AIME 2024, where TLMRE introduces unnecessary variables and follows an
incorrect modeling idea before correcting itself, while ATTNPO avoids such detours and goes straight to the correct
formulation, resulting in more concise reasoning.
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& Question (MMLU): A group of hikers climbed from Salt Flats (elevation —55 feet) to Talon Bluff (elevation 620 feet).
What is the difference in elevation between Talon Bluff and Salt Flats? A. 565 feet ; B. 575 feet ; C. 665 feet ; D. 675 feet.

Output the correct option (one of ABCD) in [, such as .

#% TLMRE: Okay, so there’s this problem about hikers climbing from Salt Flats to Talon Bluff, and I need to find the
difference in elevation between these two places. Let me see... Salt Flats are at —55 feet, and Talon Bluff is at 620 feet.
Hmm, the question is asking for the difference in elevation, so I think that means how much higher Talon Bluff is compared
to Salt Flats. Wait, elevation can be positive or negative, so the difference would be the absolute value of the higher
elevation minus the lower one. But let me clarify: the elevation of Salt Flats is —55 feet, which is below sea level, and
Talon Bluff is at 4620 feet, which is much higher. So the difference should be the total vertical distance between them. To
find the difference, I can subtract the lower elevation from the higher one. So, 620 feet minus (—55 feet). Subtracting a
negative is like adding, so that would be 620 + 55. Let me calculate that: 620 + 55 is 675. So the difference in elevation is
675 feet. Let me double-check: starting at —55, you go up to 620. The total change is 620 — (—55) = 620 + 55 = 675.

Yep, that seems right. Looking at the options, D is 675 feet. So the correct answer should be D. Final Answer @

£ ATTNPO-1.5B(ours):

Okay, so I have this problem about hikers climbing from Salt Flats to Talon Bluff. The elevation of Salt Flats is —55 feet,
and Talon Bluff is 620 feet. I need to find the difference in elevation between the two places. Hmm, let’s see. Elevation
difference is usually the absolute value of the difference between the two points. So, I should subtract the lower elevation
from the higher one. But one is negative, so I need to handle that carefully. Elevation of Salt Flats is —55 feet, which is
below sea level. Talon Bluff is 620 feet, which is much higher. So, the difference would be 620 — (—55). Subtracting a
negative is like adding, so 620 + 55 equals 675 feet. So the difference in elevation is 675 feet. Looking at the options, D is
675 feet. Final Answer @

Figure 14: This is a simple calculation problem from MMLU, and compared to ATTNPO, TLMRE exhibits
redundant self-reflection.

& Question (MMLU): Which of the jovian planets have rings? A. Neptune B. Uranus C. Saturn D. all of the above.
Output the correct option (one of ABCD) in 7, such as .

£ TLMRE: Okay, so I need to figure out which jovian planets have rings. The options are Neptune, Uranus, Saturn,
and all of the above. Let me start by recalling what I know about each of these planets. First, the jovian planets are the
gas giants, right? So they’re larger than the gas giants. The main ones are Jupiter, Saturn, Uranus, and Neptune. Now, I
remember that gas giants do have rings, but I'm not entirely sure about each one. Let me think about each planet: Neptune:
I believe Neptune has rings. It’s a large planet, and like many gas giants, it has a ring system. I think it’s called the Great
Ring System because it’s a big, connected ring system around it. Uranus: Uranus also has rings. It’s another gas giant, and
I recall that Uranus has a ring system that’s quite prominent. There’s a ring system that’s pretty extensive around it. Saturn:
Saturn is the largest of the gas giants. It has a ring system, but it’s a bit more diffuse. I think the rings are called Cassini’s
rings, which are not as tightly packed as Neptune’s and Uranus’s. So all three: Neptune, Uranus, and Saturn have rings.
Therefore, the correct answer should be D, all of the above.

&2 ATTNPO-1.5B(ours):

Okay, so I have this question about jovian planets and their rings. The options are Neptune, Uranus, Saturn, and all of the
above. Hmm, I remember that jovian planets are gas giants, so they’re the gas giants themselves. Let me think about each
option. Neptune: I recall that Neptune has a ring system. It’s a gas giant with a lot of ice and rock around it. So Neptune
has rings. Uranus: Similarly, Uranus is another gas giant. I think it also has a ring system. So Uranus also has rings. Saturn:
Saturn is a gas giant too. It has rings as well. So Saturn has rings. Therefore, all three—Neptune, Uranus, Saturn—have
rings. So the correct answer should be D, all of the above.

Figure 15: This is a simple knowledge-based question from MMLU. The response from TLMRE introduces
information that is not directly necessary for solving the problem, whereas ATTNPO does not.
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