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Abstract

Logical reasoning serve as a central capability
in LLMs and includes three main forms: de-
ductive, inductive, and abductive reasoning. In
this work, we study the knowledge represen-
tations of these reasoning types in LLMs and
analyze the correlations among them. Our anal-
ysis shows that each form of logical reasoning
can be captured as a reasoning-specific knowl-
edge vector in a linear representation space, yet
these vectors are largely independent of each
other. Motivated by cognitive science theory
that these subforms of logical reasoning inter-
act closely in the human brain, as well as our
observation that the reasoning process for one
type can benefit from the reasoning chain pro-
duced by another, we further propose to refine
the knowledge representations of each reason-
ing type in LLMs to encourage complemen-
tarity between them. To this end, we design
a complementary subspace-constrained refine-
ment framework, which introduces a comple-
mentary loss that enables each reasoning vector
to leverage auxiliary knowledge from the oth-
ers, and a subspace constraint loss that prevents
erasure of their unique characteristics. Through
steering experiments along reasoning vectors,
we find that refined vectors incorporating com-
plementary knowledge yield consistent perfor-
mance gains. We also conduct a mechanism-
interpretability analysis of each reasoning vec-
tor, revealing insights into the shared and spe-
cific features of different reasoning in LLMs1.

1 Introduction

Despite the impressive capabilities of Large Lan-
guage Models (LLMs) across diverse tasks (Ope-
nAI et al., 2024; Guan et al., 2023; Yao et al., 2022),
understanding their reasoning abilities, particularly
logical reasoning (Pan et al., 2023; Lam et al.,
2024), which is the foundation of problem solv-
ing, remains poorly understood and requires deeper

1The code link is: https://github.com/lei-nlp-lab/
knowledge_vector_acl_2026

Figure 1: An example showing how multiple logical rea-
soning strategies cooperate in human thinking. Rather
than operating in isolation, inductive reasoning con-
tributes newly formed premises derived from former
observations, which are incorporated into a deductive
reasoning process to reach a final conclusion.

investigation. Logical reasoning is commonly or-
ganized into three principal categories in standard
logic theory (Peirce, 1934): abductive, deductive,
and inductive reasoning. In practice, it has become
a new understanding perspective being applied to
different areas, such as procedural planning (Kang
et al., 2025), coding (Vashishtha et al., 2025), and
mathematics (Abdaljalil et al., 2025), where the
model must draw reliable conclusions or hypothe-
ses from structured information rather than relying
solely on surface correlations (Bedi et al., 2025).
Therefore, understanding how LLMs perform logi-
cal reasoning is essential for building models that
are trustworthy, generalizable, and aligned with
human expectations of rational inference.

At the same time, knowledge vectors (Rimsky
et al., 2024; Turner et al., 2023) have been proven
to be meaningful under the assumption of linear
representation in a model’s activation space (Jor-
gensen et al., 2023; Zou et al., 2023). Prior work
suggests that certain knowledge-related concepts
can be encoded linearly, such as truthfulness (Wang
et al., 2025a), instruction-following (Stolfo et al.,
2024) etc. However, no prior works study whether
reasoning abilities, particularly different forms of
logical reasoning, can be linearly represented in the
model’s activation space. The most closely related
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line of work is Venhoff et al. (2025), which inves-
tigates knowledge vectors for specific reasoning
patterns such as backtracking, but does not address
reasoning capabilities in a more general sense.

To investigate whether different types of logi-
cal reasoning can be linearly represented within
LLMs, we extract a knowledge vector for each rea-
soning type and examine whether the knowledge-
enhancement effect emerges as well (Nanda, 2023).
By using these vectors to steer the model’s behav-
ior, we observe improved reasoning performance
corresponding to each reasoning vector.

However, further geometric analysis reveals low
pariwise cosine similarities among these naively
extracted reasoning vectors, which means different
types of reasoning knowledge are represented as
largely distinct representation in the model’s activa-
tion space. This observation contrasts with findings
in human cognitive science (Holyoak and Morri-
son, 2013; Heit and Rotello, 2010), which suggest
that different forms of logical reasoning share com-
mon components and interact in a complementary
manner in human thinking process. Take Figure 1
as an illustration, inductive reasoning can support
deductive reasoning by contributing newly formed
premises derived from prior observations, thereby
facilitating the derivation of a final conclusion.

Inspired by the above observations, we propose
a complementary refinement method for enhancing
reasoning knowledge, by encouraging the model
to mimic human reasoning paradigm. Sparse Au-
toencoders (SAEs) have been shown to reliably
interpret semantic features within LLMs by disen-
tangling the complex, superimposed features into
more interpreterable components (Shu et al., 2025).
Leveraging this property, we introduce a comple-
mentary subspace-constrained refinement frame-
work, consisting of (i) a complementary loss that
enables each reasoning vector to incorporate com-
plementary reasoning knowledge from the other
two, thereby refining the resulting knowledge vec-
tors, and (ii) a subspace constraint loss that re-
stricts each reasoning vector to its corresponding
SAE-induced subspace, preventing the erasure of
its unique characteristics. Take Llama-3.1-8B-it
as an example, by using the complementary vec-
tors, we observed the metric boost 55.22− 56.46,
27.13− 27.55, 39.10− 42.07 for deductive, induc-
tive and abductive reasoning respectively.

To better understand the model’s internal reason-
ing mechanisms, we further conduct a fine-grained
mechanism interpretation analysis. Firstly, we ex-

amine SAE-extracted feature sets across three types
of logical reasoning. Our analysis reveals the emer-
gence of complementary features acquired from
other reasoning types through the refinement pro-
cess. We also observe that deductive and inductive
reasoning becomes more closely aligned while ab-
ductive becomes more specialized, which is con-
sistent with the fact that deductive and inductive
reasoning share a similar evidence-based reason-
ing style. Secondly, we employ attention patching
(Heimersheim and Nanda, 2024) to analyze the
model’s internal circuit before and after refinement.
Our finding is that core activations are largely pre-
served, activation patterns become more concen-
trated, and new activations emerge following the re-
finement process. Thirdly, our qualitative analysis
identifies key text spans associated with each type
of logical reasoning, illustrating how the model
allocates attention across different reasoning pro-
cesses (Han et al., 2024).

2 Preliminary Exploration

2.1 Preliminary Settings

To investigate whether different types of logical
reasoning can be represented linearly in LLMs,
we use three datasets-JustLogic, DEER, and ART-
corresponding to deductive, inductive, and abduc-
tive reasoning, respectively (Chen et al., 2025;
Yang et al., 2024; Bhagavatula et al., 2019). Details
about how we use these datasets are provided in Ap-
pendix A. As for the evaluation metric, we choose
accuracy for deductive and abductive reasoning and
METEOR (Banerjee and Lavie, 2005) score for in-
ductive reasoning according to the characteristics
of different datasets. To ensure fairness, incom-
plete generations without candidate answers are
excluded from accuracy calculations for deductive
and abductive reasoning. For inductive reasoning,
we take the last three generated sentences, compute
METEOR against the ground truth, and use the
highest score as the final metric.

For activation extraction and steering, we use
layer 13 for both Llama-3.1-8B-it and Gemma-2-
9B-it. This choice follows prior work on activa-
tion steering, which suggests that middle residual-
stream layers tend to contain abstract yet consis-
tently controllable representations, making them
suitable intervention points for linear steering di-
rections (Rimsky et al., 2024; Zhang and Viteri).
Besides, to examine whether the observed pat-
tern extends to larger models with different model
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Figure 2: Comparison between the naive and complementary extraction. The left panel illustrates the naive approach,
where contrast pairs are collected and used to train linear probes that serve as reasoning vectors. θd, θi and θa
are reasoning vectors for deductive, inductive and abductive reasoning respectively. The right panel presents our
complementary method, where we first extract highly related reasoning features Freasoning from SAE and construct
a subspace for each type of logical reasoning via QR decomposition. A complementary knowledge loss Lcom is
designed, together with a subspace constraint loss Lsub based on SAE-induced subspace.

Method Llama-3.1-8B-it Gemma-2-9B-it GPT-OSS-20B

Deductive Inductive Abductive Deductive Inductive Abductive Deductive Inductive Abductive

Greedy

Unsteered 48.95 26.36 32.27 56.86 24.52 54.67 56.12 16.68 45.09
Mono Steering 55.22 27.13 39.19 57.33 26.49 55.74 57.63 17.24 47.19

Complementary Steering 56.46 27.55 40.95 59.05 27.03 58.20 58.43 18.52 50.50

Sampling@5

Unsteered 47.45 24.25 39.01 49.74 23.85 54.92 51.12 22.91 41.69
Mono Steering 49.90 24.48 39.10 50.69 24.51 55.98 52.08 23.16 42.13

Complementary Steering 51.36 24.78 42.07 54.64 25.56 57.53 53.67 23.92 46.89

Table 1: Performance comparison under Greedy and Sampling@5 decoding settings. Greedy is the default decoding
strategy, while Sampling@5 denotes averaging results over five sampled generations. Complementary steering
consistently achieves the strongest performance.

structure, we additionally evaluate our method on
GPT-OSS-20B (OpenAI, 2025), a larger model
based on the Mixture-of-Expert (MoE) architec-
ture. More implementation details are provided in
Appendix B.

2.2 Naive Reasoning Vectors Extraction
Following prior work on contrastive activation
analysis and knowledge-vector extraction (Rimsky
et al., 2024; Zou et al., 2023; Wang et al., 2025a),
we firstly construct contrastive activation sets that
capture successful versus failed reasoning behav-
iors. Specifically, we design paired prompts that
elicit different levels of reasoning performance: a
strong version intended to support correct reason-
ing and a weak version that leads to failure. During
generation, we record the residual stream activa-
tions at selected layers for every generated token.
For each data instance, if the strong prompt yields a
correct reasoning outcome while the weak prompt
yields an incorrect one, we treat this as a valid

contrastive pair. We then average the recorded ac-
tivations across the entire generation trajectory to
obtain a positive activation vector (successful rea-
soning) and a negative activation vector (failed rea-
soning). Formally, each training example provides
a pair of activation representations:

ā+i,l =
1

N

N∑

j=1

a+j,l and ā−i,l =
1

N

N∑

j=1

a−j,l (1)

where ā+i,l and ā−i,l denote the positive (successful
reasoning) and negative (failed reasoning) activa-
tion vectors for instance i at layer l, and the av-
erages are computed over all N token activations
collected across the generation process.

Probes help uncover the model’s internal rep-
resentation mechanisms (Park et al., 2023; Be-
linkov, 2022; Alain and Bengio, 2016). Let
Dr denote the constructed contrastive activa-
tion set for reasoning r, where r ∈ P,P =

43639



Figure 3: Cosine similarity heatmaps between knowl-
edge vectors for different logical reasoning. The values
range from −1 to 1, where negative values denote op-
posing directions and positive values indicate alignment.
The generally near-zero scores indicate that the learned
vectors encode distinct reasoning patterns in model’s
activation space.

{deductive, inductive, abductive} and Dr =
{ā+0,l ..., ā+k,l ā−0,l ..., ā−k,l}, we train a linear probe:

pr = σ(θ⊤r xi,r + br), (2)

where xi,r ∈ Dr denotes the activation sample for
reasoning type r, and θr is the learned reasoning
knowledge vector obtained as the probe’s weight
parameters. The naive reasoning vector extraction
is illustrated in the left panel of Figure 2.

2.3 Reasoning Vector Analysis

As shown in Table 1, mono-steering consistently
outperforms the unsteered setting, which means the
linear assumption works for logical reasoning and
these vectors encode corresponding meaningful rea-
soning knowledge. However, we further investigate
the geometric relationships between these vectors
by measuring their pairwise cosine similarities and
observe that most values are close to zero, as shown
in Figure 3, which means LLMs represent different
types of reasoning in largely orthogonal directions
(Scalena et al., 2024). In other words, different
reasoning knowledge is represented as geometri-
cally distinct directions in the model’s activation
space. This is contradictory to human cognitive sci-
ence understanding (Holyoak and Morrison, 2013;
Heit and Rotello, 2010), which posit that deduc-
tive, inductive, and abductive reasoning arise from
a common set of cognitive operations and interact
in complementary ways during human inference.

3 Complementary Reasoning Refinement

3.1 Complementary Knowledge Integration

Motivated by the prior analysis, we propose a com-
plementary subspace-constrained refinement frame-
work, which enables each reasoning vector to learn
complementary knowledge from other reasoning
types while preserving its own identified features.
The framework is illustrated in the right panel of
Figure 2.
Complementary Knowledge Enhancement. To
encourage knowledge sharing across different rea-
soning types, we introduce the following cosine-
based objective:

Lcom = −
∑

r,s∈P
r ̸=s

θ⊤r θs
∥θr∥2 ∥θs∥2

, (3)

where θr and θs denote different reasoning knowl-
edge vectors of type r and s. However, relying
solely on this complementary loss makes it diffi-
cult to control the extent to which the reasoning
vectors align. Excessive alignment can cause the
vectors to collapse toward a shared direction, lead-
ing to the loss of the distinctive features that each
vector originally captures.
Reasoning Subspace Constraint. In order to
ensure that complementary knowledge is learned
without erasing their distinct characteristics, we
introduce a subspace constraint for each reason-
ing type as well. We note the success of SAEs
in extracting fine-grained semantic representations,
especially the abstract concepts in LLMs (Cun-
ningham et al., 2023; Hua et al., 2025; Wang
et al., 2025b). Here, we use SAEs to construct the
reasoning-specific subspace. For each reasoning
type r, we feed the recorded positive and negative
activations into a pretrained SAE to obtain their
sparse latent representations:

z = SAE_encode(h), (4)

where h denotes the residual-stream activation and
z ∈ Rm is the SAE hidden vector with high spar-
sity.

To identify the SAE features most predictive of
reasoning success, we compute the mean squared
activation of each latent unit across positive and
negative generations:

µ+
r (j) = E

[
z2j | pos

]
and µ−

r (j) = E
[
z2j | neg

]

(5)
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(a) Deductive (b) Inductive (c) Abductive

Figure 4: The effect of different steering strength before and after complementary refinement. Using Llama-3.1-
8B-it as an example. Before: using the naive extracted reasoning vectors to steer the model. After: using the
complementary refined reasoning vectors to steer the model.

We then compute a contrastive activation ratio
for each SAE feature (Muhamed et al., 2025):

ρr(j) =
µ+
r (j)

µ−
r (j) + ε

, (6)

where ε is a small constant ensuring numerical sta-
bility. By setting a threshold τ as the α-quantile
(e.g., α = 0.9) of the ratio distribution. Only fea-
tures with ρr(j) ≥ τ are retained as the initial
candidate set, ensuring that only those units that
activate substantially more during successful rea-
soning than failures are kept. This removes features
that are uniformly active or inactive across cases.

However, a high ratio does not guarantee that the
feature contributes substantially in absolute mag-
nitude. Therefore, after ratio-based filtering, we
further select the top-K features with the largest
mean activation strength, yielding a stable and dis-
criminative reasoning-specific feature set denoted
as Fr.

For each feature j ∈ Fr, we obtain its corre-
sponding decoder direction wdec

j from the SAE
decoder matrix. Stacking these directions yields a
basis matrix:

Vr =
[
wdec
j

]
j∈Fr

∈ Rd×K , (7)

Finally, we orthogonalize this matrix using QR
decomposition to obtain a reasoning-specific sub-
space:

Ur = QR(Vr), (8)

The columns of Ur form an orthonormal basis cap-
turing the key feature directions associated with
reasoning type r.

To prevent the refined reasoning vectors from
shifting away from their reasoning-specific feature
structure, we constrain each vector to remain close

to its designated subspace. Given the orthonor-
mal basis Ur for reasoning type r, we decompose
the probe vector θr into its in-subspace and out-
of-subspace components. The orthogonal compo-
nent is penalized through the following subspace-
preservation loss:

L(r)
sub =

∥∥∥(I − UrU
⊤
r ) θr

∥∥∥
2

2
, (9)

where (I − UrU
⊤
r )θr extracts the part of θr ly-

ing outside the reasoning subspace. Minimiz-
ing this term ensures that the reasoning vector
learns complementary knowledge while retaining
the reasoning-specific features encoded by Ur.

With the binary cross-entropy loss L(r)
probe for

each reasoning type r ∈ P , the overall refinement
objective is:

L =
∑

r∈P
L(r)

probe + λcom Lcom + λsub

∑

r

L(r)
sub,

(10)
This unified objective jointly encourages: (i) accu-
rate separation of successful and failed reasoning
behaviors, (ii) controlled sharing of complemen-
tary knowledge across reasoning types, and (iii)
preservation of reasoning-specific feature structure
within each subspace.

3.2 Complementary Reasoning Results
Table 1 shows that our refined complementary rea-
soning vectors consistently outperform both the
unsteered baseline and the initial reasoning vectors
across deductive, inductive, and abductive tasks on
Llama-3.1-8B-it and Gemma-2-9B-it, demonstrat-
ing more effective and generalizable reasoning rep-
resentations via SAE-based refinement. As shown
in Table 1, this trend also generalizes to GPT-OSS-
20B, a larger MoE-based model, where both mono
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Deductive Inductive Abductive

Our method 56.46 27.55 40.95
w/o (i) -2.81 -0.46 -3.33
w/o (ii) -4.58 -0.29 -2.09

Table 2: Ablation study of our complementary method
across three logical reasoning types on Llama-3.1-8B-it
model. (i)w/o Complementary Konwledge Enhance-
ment (ii) w/o Reasoning Subspace Constraint.

steering and complementary steering outperform
the unsteered baseline, and complementary steer-
ing achieves the strongest overall performance.

It is worth noting that the absolute gains are mod-
est, which is expected given the difficulty of the
logical reasoning benchmarks considered in this
work. These tasks require multi-step inference and
remain challenging even for strong LLMs. We
therefore interpret the consistent gains across rea-
soning types and and model families as evidence
that the extracted reasoning vectors capture mean-
ingful aspects of reasoning behavior. The practi-
cal significance of our method lies in providing a
controllable and analyzable handle on reasoning-
related representations.

Figure 4 further illustrates the effect of different
steering strength on reasoning performance before
and after complementary refinement. While perfor-
mance exhibits a similar dependence on steering
strength across all reasoning types, improving at
moderate coefficients and degrading under over-
steering, our refined vectors achieve higher peak
performance at smaller coefficients. This suggests
that they capture cleaner and better aligned reason-
ing directions that require less amplification.

3.3 Ablation Study

Table 2 presents the ablation study of the two
key components in our complementary refinement:
(i) without Complementary Konwledge Enhance-
ment (ii) without Reasoning Subspace Constraint.
In each setting, one component is removed at a
time. The results show that removing either one of
the components leads to performance degradation
across all three types of logical reasoning, while
combining them together achieves the best perfor-
mance. This suggests that each type of logical
reasoning benefits from auxiliary knowledge trans-
ferred from other reasoning types, while uncon-
strained complementary knowledge integration can
negatively impact performance.

Deductive Inductive Abductive

Unsteered 76.26 76.26 76.26
Mono S. 78.31 77.75 78.24
Complementary S. 79.37 78.33 78.62

Table 3: Cross-task generalization on GSM8K. We steer
Llama-3.1-8B-it with deductive, inductive, and abduc-
tive reasoning vectors, respectively, and report answer
accuracy. Across all three vector types, both mono
steering and complementary steering improve over the
unsteered baseline, with complementary steering achiev-
ing the best performance.

3.4 Cross-Task Generalization on GSM8K

To evaluate cross-task generalization, we further
test the extracted reasoning vectors on GSM8K,
a widely used benchmark for multi-step mathe-
matical reasoning. As shown in Table 3, steering
with each type of reasoning vector consistently im-
proves over the unsteered baseline, and comple-
mentary steering yields further gains over mono
steering. Although GSM8K does not isolate a sin-
gle reasoning type, these results suggest that the
learned vectors transfer beyond the original task
formulations and retain useful reasoning-related
information on an out-of-domain benchmark.

4 Analysis

4.1 Activated Feature Analysis

To understand how reasoning vectors alter internal
model representations, we analyze changes in SAE-
activated features before and after complementary
refinement. Take Llama-3.1-8B-it as an example,
we use LlamaScope layer14 residual stream SAE
for further fine-grained analysis. We choose layer
14 for analysis because the reasoning vectors are ap-
plied at layer 13 to steer model activation (Section
2.1), so we expect the immediate subsequent resid-
ual stream to provide the clearest view of the direct
representational changes induced by steering.
Core features Analysis. Given a set of residual
stream activations collected from layer 14, we en-
code each activation sequence into the SAE latent
space following Equation (4). For each reasoning
type, we compute the mean SAE activation vec-
tors before and after refinement and obtain their
feature-wise difference:

∆r = z̄ref
r − z̄orig

r

Then, we identify the Top-5 SAE features ex-
hibiting the largest difference in activation for each
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Figure 5: Top-5 refined features for each type of logical reasoning measured by ∆r based on SAE.

Figure 6: The learned features during complementary re-
finement process. Take deductive reasoning as an exam-
ple, F26702 and F19221 are 2 out of 5 top boosted fea-
tures after the refinement process from Figure 5. They
have similar semantic explanation with F28336 and
F25642, which are two top features for original induc-
tive and abductive reasoning without refinement.

reasoning type. These features are visualized in
Figure 5 to illustrate how refinement shifts the un-
derlying semantic subspaces associated with de-
ductive, inductive, and abductive reasoning. We
use Neuronpedia (Lin and Bloom, 2023) to retrieve
the feature explanations. For each type of logical
reasoning, we observe that the top boosted features
share similar semantic relevance to the top features
activated in the other two reasoning types. This
indicates that our complementary refinement en-
ables each reasoning type to effectively leverage
meaningful features learned from the others. The
related feature explanations are shown in Figure 6.

Broader features Analysis. While the core-feature
analysis focuses on the features most strongly af-
fected by refinement, we additionally investigate
how the broader distribution of reasoning-related
SAE feature activations changes as the steering or
refined-steering intervention added. For each rea-
soning dataset and model variant (unsteered, mono-

Figure 7: Reasoning Features Co-Activation Matrix.

steered, and refined-steered), we encode all residual
stream activations from layer 14 following Equa-
tion (4) and compute the mean activation vector
for each variant setting as x. To quantify how simi-
larly two variant settings activate their respective
top-k SAE features (k=100 in our experiments),
we compute the symmetric co-activation similarity
between variant settings i and j as:

S(i, j) =
2
∑

k min(xi(k), xj(k))∑
k xi(k) +

∑
k xj(k)

This measures how strongly the two top-feature
sets align in expectation over the SAE space; a
value near 1 indicates heavy overlap in activated
feature directions, while lower values indicate
divergence. We compute this similarity across
all nine variant settings (three reasoning types
times three model versions), producing a 9×9 co-
activation matrix visualized in Figure 7.

As the result shows to us, deductive and induc-
tive reasoning become more aligned in their overall
activation distributions, whereas abductive reason-
ing becomes more differentiated. This trend is
reflected in the co-activation scores: on one hand,
it is apparent that the deductive–inductive reason-
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ing region displays higher co-activation values; on
the other hand, from a fine-grained perspective,
deductive–inductive similarity rises from 0.600 to
0.655 across variants, while abductive–deductive
similarity (0.474 → 0.457 → 0.425) and abduc-
tive–inductive (0.441 → 0.441 → 0.414) similar-
ities consistently decline. These patterns are con-
sistent with the fact that deductive and inductive
reasoning share an evidence-based inferential struc-
ture, whereas abductive reasoning relies more on
explanation-based inference.

Former core feature analysis shows that the Top-
5 feature shifts of each refined reasoning vector of-
ten include semantic cues associated with other rea-
soning types. This does not contradict the broader
divergence observed above because LLM repre-
sentations are compositional: complementary re-
finement shapes global reasoning structure while
still allowing shared cross-reasoning features that
supports complementary reasoning behaviors.

4.2 Reasoning Causal Tracing
In order to better understand the impact of the naive
and complementary refined reasoning knowledge
vectors, besides the feature level analysis, we fur-
ther conduct mechanism analysis in models’ acti-
vation space to trace the differentiated causal traits
before and after our complementary refinement.

Activation patching is a mechanistic inter-
pretability technique that measures the causal con-
tribution of specific model components by replac-
ing their activations and observing the resulting
change in model behavior (Zhang and Nanda, 2023;
Conmy et al., 2023). Here, we following Heimer-
sheim and Nanda (2024), which overwrite specific
activations during a model run with cached acti-
vations from a previous run and observe how this
affects the model’s output. We focus on patching
the activations of attention heads. Detailed opera-
tion and results are provided in Appendix C. We
have following observations from Figure 8:
Core activations reserved. The attention heads
that were strongly aligned with current reasoning
remain consistently active after complementary re-
finement, such as layer 27 head 29 for abductive
reasoning and layer 17 head 24 for inductive rea-
soning. This persistence indicates that the refine-
ment procedure preserves the core representational
components necessary for the targeted reasoning
behavior. Notably, certain heads such as layer 31
head 14 remain relatively highly-activated across
all three reasoning types, suggesting their role as

...Since both conditions support the statement, we
can conclude that the statement is true.

...is equivalent to saying "buffalo do not roam the
pr airie." Since the paragraph states that the notion "buf-
falo roam the prairie" can be considered false,...

...but does not mention insecticides or industries that
sell them. Therefore, the truth value of the statement

is uncertain.

...has three main body parts - head, thorax, and abdomen,
then it has three pairs of legs.

...is the deepest part of the ocean and the deepest loca-
tion on Earth. It is 11,034 meters (36,201 feet) deep,
which is almost 7 miles...

...can have two types of sales assistants: those that help
the customer and those that keep the space and clothes
organized...

...Hypothesis B "Our founder Rachel only uses the PC"
seems more plausible because it is possible that...

...have time to wash the existing ones . Hypothesis A,
which states that Lina received a pile of adult clothes,
seems...

...has to close again tomorrow. This implies that his work
schedule is likely a result of his preference for...

Table 4: Representative text spans extracted for
deductive , inductive and abductive reasoning.

general-purpose reasoning facilitators.
Activation profile concentrated. The refined-
steered model exhibits a more concentrated acti-
vation profile: the most influential heads become
more localized, while diffuse non-essential activa-
tions diminish. In several cases, such as layer 16
head 30 and layer 31 head 14 for inductive reason-
ing, refinement increases activation strength, im-
plying improved sparsity, specialization, and more
efficient utilization of reasoning-relevant circuits.
New activations appear. Refinement gives rise to
newly activated attention heads that are not promi-
nent in the naive-steered model. For example, layer
17 head 24 becomes salient for deductive reasoning
after refinement, while layer 24 head 27 shows in-
creased activation for both deductive and abductive
reasoning. These new heads suggests that refine-
ment not only preserves existing reasoning circuits
but also recruits additional components that encode
complementary reasoning features.

4.3 Qualitative Analysis

Since prior work reveals that causal connectives
such as ’therefore’, ’thus’, and ’because’ explicitly
encode inferential relations in text (Sanders and

43644



Stukker, 2012), we investigate whether meaning-
ful knowledge in reasoning vectors actually high-
lighted specific keywords or phrases in text distri-
butions. Following the text span extraction proce-
dure in Han et al. (2024), we quantify the influ-
ence of a reasoning vector by computing the log-
likelihood shift for each token by ∆i = logPr(vi |
v<i) − logP0(vi | v<i) and apply a dynamic pro-
gramming algorithm to identify the contiguous
token span with the highest cumulative shift un-
der length 5, yielding a concise summary of the
textual patterns most affected by the reasoning
vector. Several extracted representative spans are
presented in Table 4. Deductive reasoning vec-
tors tend to emphasize causal connectives such as
’therefore’, ’since’ and explicit conclusion mark-
ers, which are characteristic of rule-based logical
reasoning. Inductive reasoning vectors frequently
attend to generalization-related phrases, including
quantifiers, categorical properties, and statistical
regularities, reflecting reasoning from repeated ob-
servations. In contrast, abductive reasoning vectors
highlight plausibility-oriented expressions such as
’more plausible’ and ’likely’, which are indicative
of hypothesis selection under uncertainty. These
findings suggest that the learned reasoning vectors
capture semantically meaningful linguistic cues
associated with distinct reasoning processes, pro-
viding qualitative evidence that the vectors encode
interpretable reasoning-related knowledge rather
than arbitrary activation patterns.

5 Related Work

Logical Reasoning in LLMs. Logical reasoning
includes multiple forms of inference that enable hu-
mans and machines to draw conclusions from some
premises or observations (Johnson-Laird, 2010).
Classical cognitive science distinguishes three pri-
mary types of reasoning: deductive, inductive, and
abductive (Peirce, 1934), which have increasingly
been adopted as frameworks for analyzing the be-
havior of LLMs (Li et al., 2025). Several works
enhance reasoning via strategy selection or hybrid
deductive–inductive designs (Cheng et al., 2024;
Cai et al., 2025; Wang et al., 2024). However, most
of current work focus on external reasoning paths,
with limited analysis of internal representations in
activation space (Tan et al., 2024; Dumas et al.,
2025). In contrast, we study whether logical rea-
soning can be linearly manipulated to enable con-
trollable and compositional reasoning behaviors

(Scalena et al., 2024; Nguyen et al., 2025).
Knowledge Vector. Knowledge vectors (KVs) in
LLMs refer to linear representations that encode
semantic information in model parameters or acti-
vation space (Elhage et al., 2022). Early work on
model editing shows that factual knowledge can be
localized and manipulated via linear interventions
(Meng et al., 2022a,b), and more recent studies
identify latent directions corresponding to high-
level behaviors such as sentiment and instruction-
following (Turner et al., 2023; Stolfo et al., 2024).
Despite these advances, reasoning-related vectors
remain largely unexplored. Compared to prior
work that focuses on isolated behaviors such as
chain-of-thought stages or backtracking patterns
(Venhoff et al., 2025; Zhang and Viteri), we inves-
tigate whether general logical reasoning types cor-
respond to separable directions in activation space.

6 Conclusion

In this work, we show that logical reasoning can
be linearly represented as distinct knowledge vec-
tors in LLM activation space and geometric anal-
ysis reveals low pairwise cosine similarity among
these vectors, suggesting that different reasoning
abilities rely on distinct representational mecha-
nisms. Motivated by above observation, we hy-
pothesize that reasoning vectors can be improved
by incorporating complementary knowledge across
reasoning types and propose a complementary sub-
space–constrained refinement framework based on
SAEs, which preserves each vector’s core features
while selectively integrating complementary infor-
mation. Experiments show that the refined vec-
tors consistently outperform both the unsteered
and mono-steering baselines, and further multi-
perspective analyses reveals the shared and specific
features among these reasoning knowledge vectors.

Limitations

One limitation of this work is that our study focuses
on three logical reasoning datasets. Our experi-
ments do not explore how the proposed approach
generalizes to other reasoning benchmarks, nor do
we examine potential cross-domain transfer effects
between datasets. In addition, we do not investigate
more fine-grained reasoning forms, such as analog-
ical reasoning and counterfactual reasoning, which
may involve different representational structures or
interaction patterns in model’s activation space.
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A Datasets

We extract the reasoning knowledge vectors, vali-
date our linear assumption and refine these vectors
based on complementary hypothesis using three
logical reasoning datasets: JustLogic (Chen et al.,
2025), DEER (Yang et al., 2024), and ART (Bha-
gavatula et al., 2019):
JustLogic (Chen et al., 2025) provides logically
structured arguments constructed without relying
on external world knowledge, ensuring that models
must perform inference rather than recall memo-
rized facts. Each instance consists of a set of formal
premises paired with a conclusion that must log-
ically follow. In our experiments, we adopt the
official dataset split, which contains 4900 train-
ing and 1050 test data points for vector extraction,
complementary refinement and evaluation.
DEER (Yang et al., 2024) is a natural-language
inductive reasoning dataset in which models are
required to infer general rules from concrete tex-
tual examples. Each data point contains several
observed facts along with a corresponding rule tem-
plate and the ground truth rule that must be induced.
The dataset captures a wide range of natural tex-
tual patterns and serves as a realistic benchmark
for assessing rule induction. Following the official
setup, we use the provided training and test splits
(438/762 for train/test) in our experiments.
ART (Bhagavatula et al., 2019) is a large-scale
abductive reasoning benchmark focused on com-
monsense explanation generation. Each example
presents an observation pair describing a narrative
situation, and models must choose the most plau-
sible intermediate hypothesis that links them. The
dataset reflects human-like abductive reasoning by
emphasizing plausible explanation inference rather
than surface-level pattern matching. The dataset
consists of 170K training examples and 1.5K test
examples. We sampled 4K instances from the train-
ing set and used the entire test split from the origi-
nal benchmark for all experiments.

B Implementation Details

Since we need the SAEs for our complementary re-
finement and further analysis, we choose Llama3.1-
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8B-it (Grattafiori et al., 2024) and Gemma-2-9B-
it (Team et al., 2024) as our evaluation LLMs.
And since SAEs trained on the middle-layer
residual stream of base models generally trans-
fer well to the corresponding instruction fine-
tuning models (Kissane et al., 2024), we choose
llama_scope_lxr_8x from Llama Scope (Lieberum
et al., 2024) and gemma-scope-9b-pt-res-canonical
from Gemma Scope (He et al., 2024) to extract
features from Llama3.1-8B-it and Gemma-2-9B-it
respectively. For GPT-OSS-20B, we use saes-gpt-
oss-20b (Marks et al., 2024).

Based on experience of previous work (Rimsky
et al., 2024; Zhang and Viteri), we extract the ac-
tivations and steering the model on layer 13 for
both Llama-3.1-8B-it and Gemma-2-9B-it. Both
the activation extraction and knowledge steering is
at the generation stage. For each data point, we col-
lected the activations from every token of generated
text. And also we perform knowledge steering by
adding it at every token position of the generated
text after the end of the initial prompt. The max
text generation length is set to be 512 tokens.

All experiments are conducted on NVIDA B200
GPUs. The batch size is 16. In subspace extraction,
we set ε = 1e − 6, τ = 0.9 and K = 3000. In
complementary vectors extraction, using Adam as
the optimizer (Adam et al., 2014), the learning rate
is set to be 1e−3, λcom is 1e−1 and λsub is 1e−2.
TransformerLens (Nanda and Bloom, 2022) is used
for activation patching.

C Activation Patching

Since we applied the extracted reasoning knowl-
edge vectors at layer 13, we patch the attention
heads from layer 14 to the final layer to observe the
effects of our knowledge vectors. First, we run the
model without any intervention to cache the orignal
attention heads’ activations. At the intervening run,
we follow the steering style and patch with corre-
sponding cached activations at each generated step.
For deductive and abductive reasoning, we choose
the answer token logit difference as the metric to
evaluate the the effect of knowledge vector on spe-
cific attention head. Since there’s no ground truth
answer token for inductive reasoning, we instead
use the last token hidden states semantic difference
to evaluate it. The results are shown in Figure 8,
which illustrating the influence of different reason-
ing vectors on models’ internal circuit.

D Prompt Templates

Following the prompt formats provided in the orig-
inal papers of each dataset, we construct positive
and negative prompt templates for deductive, induc-
tive, and abductive reasoning. These templates are
designed to elicit positive and negative activations
corresponding to each reasoning type, enabling us
to extract reasoning-aligned activation patterns for
subsequent vector construction and analysis.

D.1 Deductive Reasoning

Positive. "You are given a paragraph of premises,
followed by a statement. Perform deductive logical
reasoning with propositional logic on the paragraph
to determine the truth value of the statement.
Here is the list of argument forms:
- Modus Ponens
- Modus Tollens
- Hypothetical Syllogism
- Disjunctive Syllogism
- Reductio ad absurdum
- Constructive Dilemma
- Disjunction Elimination
You must answer with either one of the 3 options:
- TRUE: When the premises in the paragraph lead
to the statement
- FALSE: When the premises in the paragraph di-
rectly contradict the statement
- UNCERTAIN: When the premises in the para-
graph neither support nor contradict the statement
Your answer should be short and clear, containing:
1. Do not repeat paragraph content. Instead, give a
brief logical reasoning process directly.
2. Final answer: one of "TRUE", "FALSE", or
"UNCERTAIN" (on a new line, quoted).
Use only the information in the paragraph. Assume
all premises are true.
—–
Paragraph: {PARAGRAPH}
Statement: {STATEMENT}
Answer:"
Negative. "You are given a paragraph of premises,
followed by a statement. Determine the truth value
of the statement based on the paragraph.
You must answer with either one of the 3 options:
- TRUE: When the premises in the paragraph lead
to the statement
- FALSE: When the premises in the paragraph di-
rectly contradict the statement
- UNCERTAIN: When the premises in the para-
graph neither support nor contradict the statement
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Your answer should be short and clear, containing:
1. Do not repeat paragraph content.
2. Final answer: one of "TRUE", "FALSE", or
"UNCERTAIN" (on a new line, quoted).
Use only the information in the paragraph. Assume
all premises are true.
—–
Paragraph: {PARAGRAPH}
Statement: {STATEMENT}
Answer:"

D.2 Inductive Reasoning
Positive. "You are a reasoning assistant capable of
inductive generalization. Your task is to observe
several specific facts and infer a general rule that
could have produced them. Focus on finding a
pattern that explains all examples and write the
rule that satisfies the rule template and the given
facts.
Do not include ’_’ in generation.
Fact: {FACT}
Rule Template: {TEMPLATE}"
Negative. "Generate a rule in the LAST line that
satisfies the rule template and the given facts.
Do not include ’_’ in generation.
Fact: {FACT}
Rule Template: {TEMPLATE}"

D.3 Abductive Reasoning
Positive. "You are an expert in abductive logical
reasoning. Given the following two observations,
your task is to carefully evaluate two hypotheses
and determine which one provides a better causal
explanation.
Observations:
1. {OBS1}
2. {OBS2}
Hypotheses:
A. {HYP1}
B. {HYP2}
For each hypothesis, consider whether it explains
both observations plausibly and logically. Think
carefully and explain your reasoning briefly.
Then, answer the following question:
Which hypothesis (A or B) more plausibly explains
the observations?
Format your answer as:
Reasoning: <your reasoning here>
Answer: <A or B>"
Negative. "You are given two observations that de-
scribe a situation, and two hypotheses that attempt
to explain what happened.

Inductive Deductive Abductive

27.55±0.41 56.46±0.85 40.95±0.62

Table 5: Summary of sensitivity analysis results on
Llama-3.1-8B-it over different choices of λcom and
λsub. We report the mean and standard deviation of
complementary-steering performance across all tested
settings.

Your task is to determine which hypothesis is more
plausible given the two observations.
Observations:
1. {OBS1}
2. {OBS2}
Hypotheses:
A. {HYP1}
B. {HYP2}
Explain your reasoning briefly.
Then, answer the following question:
Which hypothesis (A or B) more plausibly explains
the observations?
Format your answer as:
Reasoning: <your reasoning here>
Answer: <A or B>"

E Sensitivity Analysis

To examine the robustness of the refinement objec-
tive to the choice of hyperparameters, we conduct
a sensitivity analysis on Llama-3.1-8B-it by vary-
ing the two loss weights in Equation 10. Specifi-
cally, we consider λcom ∈ {10−2, 10−1, 1.0} and
λsub ∈ {10−1, 10−2, 10−3}, and summarize the
resulting complementary-steering performance in
Table 5. Across these settings, performance varies
only marginally for deductive, inductive, and ab-
ductive reasoning, indicating that the method op-
erates in a relatively stable regime rather than de-
pending on a sharp hyperparameter optimum.
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Figure 8: Activation patching heatmaps. The top-to-
bottom panels show naive steering followed by refined
steering for deductive, inductive, and abductive reason-
ing. Each unit denotes the logit difference of the answer
token or the semantic difference in hidden states be-
tween patched and unpatched executions.
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