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Abstract
Large Language Models (LLMs) have recently
advanced the field of Automated Theorem Prov-
ing (ATP), attaining substantial performance
gains through widely adopted test-time scaling
strategies, notably reflective Chain-of-Thought
(CoT) reasoning and increased sampling passes.
However, they both introduce significant com-
putational overhead for inference. Moreover,
existing cost analyses typically regulate only
the number of sampling passes, while neglect-
ing the substantial disparities in sampling costs
introduced by different scaling strategies. In
this paper, we systematically compare the effi-
ciency of different test-time scaling strategies
for ATP models and demonstrate the ineffi-
ciency of the current state-of-the-art (SOTA)
open-source approaches. We then investigate
approaches to significantly reduce token us-
age and sample passes while maintaining the
original performance. Specifically, we propose
two complementary methods that can be in-
tegrated into a unified EconRL pipeline for
amplified benefits: (1) a dynamic Chain-of-
Thought (CoT) switching mechanism designed
to mitigate unnecessary token consumption,
and (2) Diverse parallel-scaled reinforcement
learning (RL) with trainable prefixes to enhance
pass rates under constrained sampling passes.
Experiments on miniF2F and ProofNet demon-
strate that our ECONPROVER-GD achieves
comparable performance to baseline methods
with only 12% of the computational cost. This
work provides actionable insights for deploy-
ing lightweight ATP models without sacrificing
performance.

1 Introduction

Automated theorem proving (ATP) aims to auto-
matically generate formal proofs for given math-
ematical statements. By transforming natural
language statements into theorems in a formal
language, e.g., Lean (Moura and Ullrich, 2021)
or Isabelle (Wenzel et al., 2008), and interact-
ing with the corresponding engine to construct

full proofs, an ATP system generates machine-
verified proofs that guarantee strict logical correct-
ness. The integration of large language models
(LLMs) into ATP has marked a paradigm shift in
formal mathematics, with systems like DeepSeek-
Prover (Ren et al., 2025; Lin et al., 2025b), Kimina-
Prover (Wang et al., 2025), and Goedel-Prover (Lin
et al., 2025a,b) achieving unprecedented success
rates on challenging benchmarks such as miniF2F
(Zheng et al., 2022) and PutmanBench (Tsoukalas
et al., 2024). In addition to the improved reasoning
capability of the base LLMs, recent advances in
ATP predominantly rely on test-time scaling strate-
gies, which can be categorized into two approaches:
sequential scaling and parallel scaling. Inspired
by the success of reflective long CoT (DeepSeek-
AI, 2025) in general reasoning tasks, sequential
scaling augments the proving process with reflec-
tive CoT reasoning that mimic how human solves
problems. Typical examples are DeepSeek-Prover-
V2 (Ren et al., 2025), which uses natural lan-
guage sketches to decompose the main theorem
into smaller subgoals, and Kimina-Prover (Wang
et al., 2025), which writes interleaved reasoning
and proving blocks to underscore the proving strat-
egy in the macro level. On the other hand, parallel
scaling improves performance by increasing the
number of independent sampling passes. Follow-
ing its widespread success in verifiable tasks like
code generation and mathematical reasoning, paral-
lel scaling has been widely adopted by ATP models
to boost proving performance.

Despite their apparent effectiveness, current
state-of-the-art ATP models exhibit significant in-
efficiencies in their test-time scaling methods. Se-
quential scaling techniques typically result in a
10-15 times increase in token usage compared to
approaches that do not incorporate reflective CoT
reasoning. Some configurations (Ren et al., 2025)
require as much as 8192 proving attempts with
over 10,000 tokens per proof attempt, which raises
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critical questions about deployment feasibility and
resource efficiency. The current implementations
lack systematic optimization of the fundamental
trade-off between computational cost and perfor-
mance gains. Moreover, existing analyses of sam-
pling cost typically focus only on the number of
sampling passes, neglecting the impact of token
usage and iterative refinement steps. This lack of
a unified framework limits our understanding of
the true computational trade-offs across different
scaling strategies.

To systematically analyze these inefficiencies,
we take a unified sampling cost metric that sums
the total token generation costs across all passes
and refinement steps. Our analysis reveals that cur-
rent methods achieve marginal performance gains
at disproportionate computational costs: (1) for
problems below IMO difficulty level, models can
achieve high performance without complex CoT
reasoning, suggesting that applying elaborate chain-
of-thought approaches to simpler problems may
incur unnecessary computational overhead. (2) Par-
allel sampling can easily generate redundant proof
attempts, causing an early performance plateau.
Motivated by these insights, we propose a unified
framework EconRL combining two complemen-
tary techniques. First, dynamic CoT switching
trains models to autonomously activate extended
reasoning only for complex problems via prefer-
ence learning (Rafailov et al., 2024), maintaining
comparable accuracy while reducing token usage to
12%. Second, diverse parallel-scaled RL employs
specialized reasoning heads trained via PPO (Schul-
man et al., 2017) on difficulty-partitioned data to
improve solution diversity and coverage. Integrat-
ing iterative refinement further amplifies the bene-
fits of both techniques.

Our main contributions are as follows:

• Token-level Cost: We propose evaluating the
inference cost of ATP models in terms of the
total number of generated tokens, rather than the
number of sampling passes.

• Inference Efficiency Analysis: We identify sub-
stantial token inefficiency in SOTA provers. For
instance, 83% miniF2F statements below IMO
difficulty level can be solved in Non-CoT mode
by leading open-source provers (e.g., DeepSeek-
Prover-V2), which requires only about 1/10 of
the token budget compared to CoT mode. Fur-
thermore, we observe considerable redundancy
across different sampled outputs.

• EconRL: We proposed a pipelined framework
EconRL that stacks two RL tuning stages to
improve efficiency. The first stage (Dynamic
CoT Switching) conducts preference learning
to enable autonomous CoT/Non-CoT mode se-
lection, and the second stage (Diverse Parallel-
scaled RL) introduces specialized reasoning
heads trained on difficulty-partitioned data, sig-
nificantly improving solution diversity and paral-
lel scaling efficiency.

• Practical Efficiency: Our ECONPROVER-GD
matches the performance of the backbone SOTA
open-source ATP model while reducing token
consumption to merely 12%.

2 Analysis on Test-Time Scaling of ATP
models

2.1 Token-Level Sampling Cost
Quantification

We formalize the computational cost of different
test-time scaling methods for ATP models through
token-level sampling cost. The sampling cost is
calculated as the sum of initial tokens generated in
each pass and the tokens generated during all refine-
ment steps. This framework captures the total infer-
ence cost by summing all generation costs across
passes and refinement steps, providing a unified
metric for evaluating cost-performance trade-offs.

2.2 Scaling Efficiency Curves

As shown in Figure 2, we provide a detailed anal-
ysis based on our proposed token-level sampling
cost and the model’s performance on the miniF2F
(Zheng et al., 2022) benchmark. We examine how
model performance varies under parallel scaling
(PS) and sequential scaling (SS). Here, SS denotes
increasing the token length by enabling reflective
CoT mode, while PS=x indicates using x paral-
lel sampling passes. Our analysis reveals three
key insights into the efficiency of different scaling
strategies:

Sequential scaling demonstrates lower efficiency
compared to parallel scaling For example,
when taking 8 passes (PS=8), parallel scaling
already achieves better performance (63.1% vs
58.6%) while using fewer tokens (443×8 vs 4,488
tokens) compared to sequential scaling, which en-
ables longer reasoning via reflective CoT. When
further increasing the sampling passes to 16, the
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Figure 1: Performance-cost curve of open-source ATP models. The horizontal axis shows the total token-level
sampling cost (in log scale), and the vertical axis shows the accuracy on miniF2F. Our ECONPROVER-GD achieves
comparable performance while requiring only 12% of the sampling cost compared to the base model.

performance can reach 65.6%, another 2.5% in-
crease, while the sampling cost is not significantly
higher than sequential scaling.

Diminishing Returns in Parallel Scaling Par-
allel scaling exhibits clear diminishing returns af-
ter increasing passes beyond a certain threshold.
While initial increases in passes (from 8 to 32)
show substantial gains of 4.9 points, the accuracy
improvement becomes increasingly marginal de-
spite exponential growth in computational cost. For
instance, doubling passes from 64 to 128 yields
only a 1.1% accuracy gain, indicating that sim-
ply scaling up the number of parallel samples can
quickly face performance plateau.

Hybrid Scaling Benefits Hybrid methods that
combine both scaling approaches achieve better
efficiency than further increasing parallel passes
alone. For example, while increasing PS alone
from 32 to 8192 passes yields a 7% gain, com-
bining PS with sequential scaling (PS=32 w/ SS)
achieves comparable improvement (7.5%) with
only around 4% computational cost than the for-
mer (PS=8192). These hybrid methods are simulta-
neously constrained by the inherent inefficiencies
of their components, suggesting that optimizing
cost-efficient ATP models requires addressing both
the token inefficiency in sequential scaling and the
sampling redundancy in parallel scaling simultane-
ously.

2.3 Analysis on Scaling methods

To systematically investigate the inefficiencies iden-
tified in our scaling analysis, we design targeted ex-
periments to examine both scaling methods. For se-
quential scaling, we analyze its effectiveness across
problems of varying difficulty levels, revealing un-
necessary token consumption for simpler theorems.
For parallel scaling, we study the diversity and
redundancy of proof attempts under different sam-
pling sizes.

Sequential Scaling We categorize problems in
miniF2F-dev into two difficulty levels: Olympiad-
level problems from IMO, AIME, and AMC
competitions, and moderate-level problems from
MATH algebra and number theory sections. As
shown in Figure 3 left part, while Long CoT
shows only modest improvements on moderate-
level mathematical problems, its effectiveness be-
comes particularly pronounced on more challeng-
ing Olympiad-level problems. The performance
gap between Long CoT and baseline approaches
widens significantly for these harder problems.
This pronounced contrast suggests that extended
reasoning through Long CoT primarily benefits
challenging proofs that require sophisticated multi-
step logical inference, while simpler problems can
often be solved effectively with direct formal proof
generation.
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Figure 2: Scaling curve analysis comparing Sequen-
tial Scaling (SS), Parallel Scaling (PS), and their com-
binations (hybrid scaling). The x-axis represents the
sampling cost in log scale, and the y-axis shows the
miniF2F-test accuracy.

Parallel Scaling To analyze the diversity of proof
attempts, we measure Prefix Diversity Coverage
(PDC). For each attempt, we extract the first 20
tokens after the formal statement and break them
into 3-grams. We then track how many distinct
3-grams appear as we increase the number of sam-
pled attempts, relative to the full set of 512 attempts.
This gives a coverage value between 0 and 1 that
grows monotonically with more samples, reflect-
ing how many unique early proof fragments the
model explores. Our analysis reveals that this ini-
tial proof prefix largely determines the subsequent
proof pattern, with the chosen approach persist-
ing throughout generation. As shown in the right
part of Figure 3, prefix diversity coverage strongly
correlates with proving performance. While signif-
icant gains are observed when scaling from 8 to 32
passes (+6.1% total), further scaling to 128 passes
yields minimal returns (+0.6%) despite 4× com-
putational cost. This suggests substantial redun-
dancy in exploration beyond 32 passes, motivating
strategies that explicitly encourage diverse prefix
generation while maintaining lower pass counts.
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Figure 3: Experiments are conducted on DeepSeek-
Prover-V2-7B. Top : Sequential scaling improvements
are more suitable for solving difficult problems. But-
tom: Parallel scaling accuracy is highly correlated with
prefix diversity in generated content.

3 EconRL

Based on our analysis of current scaling ineffi-
ciencies, we propose a unified yet lightweight
framework EconRL to improve ATP model test-
time scaling efficiency from two aspects: dy-
namic Chain-of-Thought switching and diverse
parallel-scaled RL. The former cuts unnecessary
tokens for easy problems, while the latter squeezes
more performance out of a small pass budget by en-
couraging generation diversity. We first introduce
each component and then show that their combina-
tion yields further gains in the experiments section.

3.1 Dynamic Chain-of-Thought Switching

The inefficiency of uniform CoT application across
all problems motivates our development of a dy-
namic switching mechanism that activates extended
reasoning only when necessary. This approach is
inspired by recent advances in adaptive CoT trig-
gering for informal reasoning (Lou et al., 2025a;
Aggarwal and Welleck, 2025; Pan et al., 2024; Shen
et al., 2025). In contrast to those settings, formal
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theorem proving provides a crucial advantage: the
Lean verifier offers an exact, noise-free difficulty
signal (proof succeeds or fails), which we exploit
to build precise per-problem preference pairs for
DPO. To our knowledge, this is the first applica-
tion of adaptive CoT triggering to Lean-based ATP,
and we show in §4 that verifier-grounded prefer-
ence learning substantially outperforms heuristic
triggers based on model confidence.

Problem Complexity Classification We develop
a systematic approach to classify problems based
on whether they can be solved by Non-CoT mode.
Problems are categorized into two classes.

• Non-CoT Solvable: problems correctly
solved by base model without CoT reasoning.

• CoT-dependent: problems that require ex-
tended reasoning for successful proof comple-
tion.

This classification is performed automatically by
running baseline models in the training set and an-
alyzing success patterns. As shown in Figure 3,
roughly 83 % of the solved problems of Deepseek-
Prover-V2-7B below IMO difficulty level are base-
solvable, revealing large potential for computa-
tional savings.

Preference Learning We construct preference
pairs (ybase, yCoT) for training the switching
mechanism with Direct Preference Optimisation
(DPO) (Rafailov et al., 2024). The objective is

LDPO = −E(x,yw,yl)∼D

[
log σ

(
−β log

πθ(yw|x)
πref(yw|x)

+ β log
πθ(yl|x)
πref(yl|x)

)]
(1)

with β = 0.1. The preferred response yw is the
direct proof for base-solvable problems and the
full CoT answer for CoT-dependent problems. The
preference construction strategy varies by problem
types. For base-solvable problems: yw is the di-
rect proof, yl is the CoT reasoning (to discourage
unnecessary reasoning). For CoT-dependent prob-
lems: yw stands for CoT reasoning, while yl is the
direct proof (to encourage extended thinking). This
asymmetric preference design enables the model
to learn when to apply extended reasoning while
avoiding computational waste on simple problems.

Training Data Construction We curate a bal-
anced training dataset of 15,000 problem-solution
pairs from LeanWorkbook (Ying et al., 2025) and
Goedel Pset1. The dataset composition is 40% base-
solvable problems with direct solution preferences
and 60% CoT-dependent problems with extended
reasoning preferences.

Prompting Strategy Our unified prompt struc-
ture, adapted from commonly used prompts in cur-
rent ATP models to ensure seamless distribution
alignment between CoT and Non-CoT modes, en-
ables the model to dynamically determine the ap-
propriate reasoning mode without explicit complex-
ity indicators. During inference, the model learns
to assess problem complexity implicitly through at-
tention patterns learned during DPO training. The
model develops internal representations that cor-
relate with problem difficulty, enabling automatic
mode selection without external complexity sig-
nals.

3.2 Diverse Parallel-scaled RL

As discussed in our analysis section, parallel scal-
ing can consistently improve performance by in-
creasing the number of independent proof attempts.
However, the marginal gains diminish rapidly at
higher pass counts, as many attempts become re-
dundant and repeatedly explore similar solution
paths, leading to significant computational over-
head for small improvements. To address this in-
efficiency, we aim to make each attempt more di-
verse, thereby increasing the efficiency of parallel
exploration under a limited sampling budget. Con-
cretely, we learn n specialized heads, implemented
as lightweight prefix embeddings, that cooperate to
cover the proof space more effectively.

Difficulty-aware Partitioning Our key insight is
that difficulty-aware data partitioning enables learn-
ing specialized prefix tokens that generate more
diverse proof attempts. Specifically, we measure
problem difficulty by running the base prover for
32 attempts and recording the success count c(x)
for each problem. After sorting problems by c(x),
we partition the dataset into n difficulty-based bins
B1, . . . , Bn from easy to hard. For each bin Bi,
we construct a training shard Si containing 50%
problems from Bi and 50% sampled uniformly
from other bins, ensuring both specialization and

1https://huggingface.co/datasets/Goedel-LM/Goedel-
Pset-v1
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Dynamic CoT Prompt Template

Complete the following Lean 4 code, thinking step by step if the problem
requires careful reasoning:
<problem_statement>
/- The model will autonomously choose:
Option 1: Direct formal proof generation
Option 2: Informal reasoning followed by formal proof -/

generalization. Each shard is paired with a dedi-
cated prefix (head) Pi that learns difficulty-specific
proof strategies. Through extensive experiments
shown in §4.4, we found that this difficulty-aware
partitioning significantly outperforms naive diversi-
fication approaches like random heads, which yield
only marginal improvements. Based on empiri-
cal validation, we set n = 8 heads as the optimal
configuration for balancing diversity and computa-
tional cost.

Learnable Parallel Scaling via Trainable Pre-
fixes We employ Proximal Policy Optimization
(PPO) (Schulman et al., 2017) to train each prefix
(head) independently, without joint optimization
across heads. For each prefix, the training objective
is defined as follows. For a given proof attempt,
the model receives a reward of 1 if the generated
proof is correct, and 0 otherwise. Notably, each
prefix is optimized separately, and there is no joint
or coordinated update across the eight heads. This
independent optimization framework allows each
prefix to specialize in different proof strategies,
thereby increasing the diversity and coverage of
the parallel search process.

Uniform Allocation at Inference During eval-
uation we distribute the sampling budget evenly
across the heads (e.g., Pass@16 ⇒ 16/n calls per
head). This zero-cost scheduler retains the learned
diversity and avoids expensive per-problem head
selection.

4 Experiments

We conduct extensive experiments using two SOTA
ATP models to evaluate the efficiency improve-
ments of EconRL on two popular benchmarks.

4.1 Experimental Setup

Baselines and Models We take DeepSeek-
Prover-V2-7B and Goedel-Prover-V2-8B as the
baselines to conduct our experiments. Particularly,
DeepSeek-Prover-V2-7B (Ren et al., 2025) is built

upon DeepSeek-Prover-V1.5-Base and features an
extended context length of up to 32K tokens. It
leverages Lean 4 integration for formal verifica-
tion and synthetic data generation via DeepSeek-
V3 decomposition. Goedel-Prover-V2-8B (Lin
et al., 2025b) is built by careful expert iteration and
checkpoint weights merging. It also features the
capability of progressive proof refinement by the
feedback from Lean 4 engine.

Our ECONPROVER-DS and ECONPROVER-
GD are based on DeepSeek-Prover-V2-7B and
Goedel-Prover-V2-8B, trained by EconRL. Our
EconRL (§3) enables the base model by training
with the dynamic CoT switching method (§3.1)
and subsequently with diverse parallel-scaled RL
training (§3.2). For CoT and Non-CoT modes,
we adopt the prompt used in the original paper.
For iterative refinement, we follow the setting in
Goedel-Prover-V2. Detailed settings are shown in
Appendix B.

Other Systems Goedel-Prover-SFT (Lin et al.,
2025b) is obtained by conducting SFT based on
DeepSeek-Prover-V1.5. Kimina-Prover-Preview-
Distill-7B (Wang et al., 2025) combines symbolic
reasoning with neural guidance through interac-
tive proof-state pruning. Leanabell-Prover-V2-
DS (Ji et al., 2025) is developed by further tuning
DeepSeek-Prover-V2 with RL feedback from Lean
4. More related work is shown in Appendix A.

Benchmarks We evaluate our approach on two
standard theorem proving benchmarks: miniF2F-
test (Zheng et al., 2022) and ProofNet-test (Azer-
bayev et al., 2023). We follow recent work and
use the revised version of miniF2F provided by
KiminaProver (Wang et al., 2025), which corrects
several errors in the original dataset. MiniF2F con-
sists of 488 problems in Lean, drawn from high-
school level competitions such as the AMC, AIME,
and the IMO. The benchmark covers core areas
of elementary mathematics (e.g., algebra, num-
ber theory, and induction) and is split evenly into
miniF2F-valid and miniF2F-test, each containing
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Model / Setting miniF2F ProofNet

Cost Acc (%) Rel. Cost Acc (%) Rel.

Goedel-Prover-SFT 0.7k×32 58.5 – 0.7k×32 15.6 –
Kimina-Prover-distil-7B 8.3k×32 63.1 – – – –
Leanabell-Prover-V2-DS 6.3k×32 76.6 – 8.9k×32 23.7 –

Deepseek-Prover-V2-7B
Non-CoT mode 0.4k×32 68.1 1× 0.5k×32 21.5 1×
CoT mode 4.5k×32 75.8 10× 7.0k×32 23.1 10×
ECONPROVER-DS 1.2k×16 76.2 1.5× 2.2k×16 23.1 2×

Goedel -Prover-V2-8B
Non-CoT mode 0.5k×32 75.8 1× 0.5k×32 24.7 1×
CoT mode 12.3k×32 84.4 25× 15.2k×32 28.5 30×
ECONPROVER-GD 2.9k×16 84.0 3× 3.1k×16 28.0 3×
CoT mode + IR 12.3k+3.7k×2)×32 86.0 40× – – –
ECONPROVER-GD + IR (2.9k+3.6k×2)×16 86.0 10× – – –

Table 1: Accuracy and efficiency comparison on miniF2F-test and ProofNet-test. Sampling cost is calculated by
summing all generation costs across passes and refinement steps. Rel. denotes the relative sampling token cost,
expressed as an approximate multiple of the same model’s non-CoT baseline.

244 problems. We reserve the test split for evalua-
tion. For ProofNet-test, we follow the data sources
and splits used in DeepSeek-Prover-V2 (Ren et al.,
2025). In particular, the dataset consists of 371
problems in Lean 3, drawn from a range of pop-
ular undergraduate pure mathematics textbooks,
covering topics such as real and complex analysis,
linear algebra, abstract algebra, and topology. Fol-
lowing DeepSeek-Prover-V2, we use the Lean 4
translation version of the ProofNet test set, which
consists of 186 problems. We focus on miniF2F
and ProofNet for the main experiments because
7B-scale provers remain near the solvable ceiling
on substantially harder benchmarks: on Putnam-
Bench (Tsoukalas et al., 2024), DeepSeek-Prover-
V2-7B solves only 10/658 problems even with
1024 samples, making efficiency comparisons un-
informative.

4.2 Main Performance and Efficiency

Efficient Performance through Hybrid Ap-
proach As shown in Table 1, our experimental
results demonstrate the remarkable efficiency of
our hybrid approach in automated theorem prov-
ing. By combining dynamic CoT switching with
diverse parallel-scaled RL, our ECONPROVER-
DS achieves performance comparable to full CoT
methods while significantly reducing computa-
tional overhead. Leanabell-Prover-V2-DS, which
is also using DeepSeek-Prover-V2 as the base

model, achieves slightly higher performance, but
the sampling cost increased nearly 50% than its
base model. In contrast, our method maintains the
high accuracy of CoT-based approaches (achiev-
ing 76.2% on miniF2F-test) while requiring only
15% of the token usage compared to standard CoT
implementations. This efficiency gain is achieved
through intelligent resource allocation, where the
system dynamically determines when to employ
detailed reasoning steps and optimizes exploration
through specialized reasoning heads.

Strong Generalization Across ATP Models
The effectiveness of our EconRL shows strong
generalization across different model architec-
tures and benchmarks. When applied to both
DeepSeek-Prover-V2 and Goedel-Prover-V2, our
ECONPROVER-DS and ECONPROVER-GD con-
sistently delivers substantial efficiency improve-
ments while maintaining competitive performance.
On miniF2F-test, the approach achieves 76.2% ac-
curacy with DeepSeek-Prover-V2 and 84.0% with
Goedel-Prover-V2, demonstrating its adaptability
across different foundation models. Similarly, on
ProofNet, our method maintains the strong perfor-
mance of baseline models while significantly re-
ducing computational costs, highlighting the broad
applicability of our efficiency optimizations across
diverse theorem-proving tasks.
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Compatibility with Iterative Refinement Re-
cent advances in ATP systems have demonstrated
the effectiveness of iterative refinement (IR) in im-
proving proving performance. As shown in Table 1,
Goedel-Prover-V2 with IR achieves 86.0% accu-
racy, but at the cost of substantially increased token
usage (60 times compared to baseline). When com-
bined with IR, our EconRL optimizations maintain
their effectiveness, reducing the token overhead by
75% while preserving the 86.0% accuracy. This
demonstrates that our method can effectively opti-
mize computational costs even in advanced prov-
ing frameworks that push the boundaries of perfor-
mance.

4.3 Ablation on Dynamic CoT Switching

Configuration Pass@32 #Avg CoT Rate
(%) (%)

Non-CoT (Baseline) 68.0 443 0.0
Direct Prompt 71.7 1,433 18.1
Log-prob Trigger 73.0 1,684 29.8
Dynamic CoT Switching 75.4 1,186 14.8
Full CoT (Always) 75.8 4,488 100.0

Table 2: Effectiveness of dynamic CoT Switching
based on DeepSeek-Prover-V2. Log-prob Trigger is
a confidence-based heuristic that first produces a Non-
CoT proof and invokes CoT only when the average
log-probability falls below a threshold τ=−0.125.

To better understand the effectiveness of our Dy-
namic CoT Switching approach, we conduct de-
tailed ablation studies using DeepSeek-Prover-V2
as the base model. As shown in Table 2, our
method achieves remarkable efficiency while main-
taining high performance. Compared to Full CoT,
Dynamic CoT Switching achieves 99.7% of the
accuracy (75.4% vs 75.8%) while requiring only
15% of the token usage (1,186 vs 4,488.3 average
tokens). When compared to the Direct Prompt
baseline, our method shows significantly better
performance (75.4% vs 71.7%) with better to-
ken efficiency. We further compare against a log-
prob–based confidence trigger, which invokes CoT
only when the model’s confidence on its Non-CoT
attempt is low. This heuristic fires CoT roughly
twice as often (29.8% vs 14.8%) yet still under-
performs our learned switcher in both Pass@32
(73.0% vs 75.4%) and token cost, indicating that
verifier-grounded preference learning provides a
stronger difficulty signal than surface-level confi-
dence measures. Moreover, relative to Non-CoT
baseline, Dynamic CoT Switching substantially im-

proves accuracy (75.4% vs 68.0%) while keeping
the computational overhead at a reasonable level
through intelligent CoT rate control (14.8%).

4.4 Ablation on Diverse Parallel-scaled RL

Method #Heads Pass@8 Pass@16 Diversity
(%) (%) Cover@8

Baseline - 63.1 65.6 74.3

4 65.6 66.8 74.5
Random 8 66.8 68.9 74.8

16 66.8 68.9 75.1

4 67.2 69.3 82.3
Ours 8 68.9 70.5 84.1

16 68.9 70.1 84.5

Table 3: Random vs. our difficulty-aware group-
ing based on DeepSeek-Prover-V2-8B Non-CoT mode.
“Cover@k” represents “Prefix Diversity Coverage@k”.

Number of Parallel Heads As shown in Table 3,
we first investigate the impact of different numbers
of parallel heads (n ∈ {4, 8, 16}). With a random
grouping strategy, increasing heads from 4 to 8
improves Pass@16 from 66.8% to 68.9%, while
further increasing to 16 heads yields no additional
gains (68.9%).

Difficulty-aware Data Grouping We then exam-
ine the effectiveness of our difficulty-aware group-
ing strategy compared to random grouping. With
the same number of heads (n = 8), difficulty-
aware grouping significantly outperforms random
grouping on both CoT and Non-CoT settings. This
improvement is consistent across different head
numbers, demonstrating that grouping training data
based on problem difficulty helps specialized heads
better capture different reasoning patterns.

Results Table 4 demonstrates the effectiveness
of our diverse parallel-scaled RL approach across
different settings. In the Non-CoT setting, our
method significantly improves performance with
fewer passes, achieving 70.5% at Pass@16 com-
pared to the baseline’s 65.6%. Similarly, with
CoT enabled, we observe consistent gains, reach-
ing 75.2% at Pass@16 versus 73.0% baseline. No-
tably, our approach shows stronger benefits at lower
pass counts (Pass@16) compared to higher ones
(Pass@32), indicating its effectiveness in maximiz-
ing performance when computational resources
are constrained. The results also show that sim-
ply using random heads provides minimal benefits,
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Configuration Pass@16 Pass@32
(%) (%)

DeepSeek-Prover-V2
CoT mode 73.0 ± 0.4 75.6 ± 0.2

+ 8 heads (random) 73.2 ± 0.2 75.8 ± 0.4
+ 8 heads (cluster) 74.8 ± 0.2 76.0 ± 0.2
+ 8 heads (diff-aware) 75.2 ± 0.2 76.4 ± 0.2

Table 4: Random vs diverse parallel-scaled RL on
CoT mode with larger sampling passes on DeepSeek-
Prover-V2 CoT mode. “cluster” groups problems by
solution-pattern similarity rather than by difficulty (see
Appendix C). All numbers are averaged over two in-
dependent sampling seeds; standard deviations across
seeds are reported.

highlighting the importance of our difficulty-aware
training strategy.

Diversity vs. inference-time routing A natural
question is whether the benefit of difficulty-aware
partitioning stems from routing problems to “cor-
rect” specialized heads at inference. Since we al-
locate the sampling budget uniformly across heads
(§3.2), no such routing occurs. To isolate the role
of diversity itself, we replace the difficulty parti-
tion with a solution-pattern cluster partition that
groups training problems by the similarity of the
first 20 proof tokens produced by the base model
(see Appendix C). As shown in Table 4, cluster-
based grouping also clearly outperforms both the
no-head baseline and random grouping, confirming
that the gain comes from inducing distinct proof
priors across heads, not from difficulty labels per
se. Difficulty-aware partitioning still performs best,
likely because problems of different difficulty pro-
files naturally induce different strategy distribu-
tions, but any partitioning that yields semantically
distinct specializations recovers most of the gain.
We also observe that gains are largest in the eco-
nomical regime (small pass budgets); once the pass
budget is large enough that prefix diversity cover-
age saturates (Figure 3), the marginal benefit of
any partitioning scheme naturally shrinks to 1–2
problems at Pass@32.

5 Conclusion

In this work, we presented a comprehensive ap-
proach EconRL to improve the test-time scaling
efficiency of ATP models through two complemen-
tary techniques: dynamic CoT switching and di-
verse parallel-scaled reinforcement learning. Our

dynamic CoT mechanism significantly reduces to-
ken overhead by selectively applying extended rea-
soning, while our parallel RL strategy improves
performance with limited budgets through special-
ized proof heads. Together, our ECONPROVER
demonstrates that substantial efficiency gains are
possible without sacrificing proving capability.

Limitations

Although our current approach is compatible with
iterative refinement, we have not yet explored a
unified optimization framework that jointly consid-
ers iterative refinement, sequential scaling, parallel
scaling, and RL training. This limits the extent to
which efficiency gains can be systematically real-
ized across all dimensions of the proving process.
As future work, we plan to integrate these compo-
nents into a comprehensive optimization strategy.
Such a holistic design has the potential to further
reduce inference costs across the entire proving
pipeline while preserving or enhancing proving per-
formance, ultimately improving the practicality of
advanced ATP systems in real-world applications.

Ethical Consideration

The ethical considerations for our study involve
several key aspects: (i) Data sourcing: All datasets
employed in our experiments were obtained from
publicly available repositories, with strict adher-
ence to their corresponding open-source licenses.
(ii) Model usage: Our additional training and eval-
uation of ATP models, including Deepseek-Prover-
V2 and Goedel-Prover-V2, fully comply with their
license terms. (iii) Evaluation methodology: We
relied solely on automated evaluation pipelines to
assess model performance, thereby eliminating the
need for human annotators and avoiding potential
ethical concerns related to human subject involve-
ment.
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A Related Work

A.1 Formal Theorem Proving via whole proof
generation

Early efforts in learning-based theorem proving
for Lean and related systems explored tactic-level
proof generation combined with search, includ-
ing GPT-f (Polu and Sutskever, 2020), LeanDojo
(Yang et al., 2023), LLMStep (Welleck and Saha,
2023), and Lean Copilot (Song et al., 2024). These
systems generate one proof step at a time and rely
on external proof-search procedures to assemble
complete proofs. Inspired by the success of end-
to-end reasoning in informal LLMs, recent work
in formal theorem proving has instead explored
generating entire proofs in one forward pass. In
environments like Lean (Moura and Ullrich, 2021),
a model’s output can be formally verified, avoid-
ing the logically flawed yet fluent arguments of-
ten seen in free-form reasoning. Several large for-
mal models such as DeepSeek-Prover (Xin et al.,
2024a), Goedel-Prover (Lin et al., 2025a), demon-
strate that whole-proof generation can produce cor-
rect Lean proofs that pass the Lean checker. This
paradigm retains the global coherence and simplic-
ity of sequence generation while ensuring rigor
through verification. Recently, with the rise of long
chain-of-thought (CoT) reasoning (OpenAI, 2024;
DeepSeek-AI, 2025), ATP models have also started
adopting long CoT generation before producing
Lean code (Xin et al., 2024b; Wang et al., 2025).
While these methods can further improve perfor-
mance on theorem proving tasks, one challenge in
this approach is the length of generated proofs: us-
ing explicit chain-of-thought (CoT) reasoning can
make proof outputs significantly longer (Ren et al.,
2025), inflating token usage. Our work follows
this whole-proof direction, further reducing the
token length by allowing the model to invoke de-
tailed reasoning only when necessary. This yields
more compact proofs and directly cuts down token
consumption.

A.2 Formal Theorem Proving with Verifier
Feedback

Research leveraging verifier feedback in formal
theorem proving has evolved along two main di-
rections: stepwise search-based provers that con-
struct proofs incrementally with per-step verifica-
tion, and whole-proof refinement approaches that
generate complete proofs and iteratively improve
them based on verifier feedback.
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In the first direction, stepwise search-based
provers explore a tree of proof states, expanding
one step at a time and using the proof assistant to
check each step. Systems such as InternLM2.5-
StepProver (Wu et al., 2024), HunyuanProver
(Li et al., 2024; Liang et al., 2025a), DeepSeek-
Prover-V1.5 (Xin et al., 2024b), and BFS-Prover
(Xin et al., 2025) employ best-first or Monte Carlo
tree search to try many possible tactic sequences.
DSP+ (Cao et al., 2025) and DRP (Liang et al.,
2025b) use a powerful general LLM to decom-
pose (Zhao et al., 2024) the problem and then del-
egate fine-grained steps to a formal prover. This
approach improves success rates by iteratively re-
pairing failures, which means if a step is invalid,
the model backtracks and tries a different branch –
thereby eventually discovering a valid proof if one
exists. However, the exhaustive search comes at the
cost of huge computational overhead: the model
must evaluate a large number of partial proofs, mak-
ing these methods extremely resource-intensive.

The second direction focuses on iterative re-
finement, where models first generate complete
proofs and then iteratively refine them based
on verifier feedback. Notable examples include
Seed-Prover (Chen et al., 2025), Goedel-Prover-
V2 (Lin et al., 2025b) and StepFun-Prover (Shang
et al., 2025), which use sophisticated refinement
strategies to improve initially generated proofs. At
the extreme end, Seed-Prover (Chen et al., 2025)
combines multi-stage reinforcement learning, an
agentic search strategy, and extensive test-time ex-
ploration to reach IMO medal-level performance,
fully solving 5 of 6 problems at IMO 2025 and es-
sentially saturating the miniF2F benchmark. This
represents a remarkable leap in capability, but it de-
mands enormous computational resources (dozens
of refinement iterations). While iterative refine-
ment approaches achieve strong performance, they
require substantial computational resources for
multiple refinement iterations. Our approach can be
effectively combined with these refinement meth-
ods while significantly reducing the computational
overhead.

A.3 Dynamic Chain-of-Thought

Recent work has explored dynamic Chain-of-
Thought (CoT) prompting methods that let an LLM
decide on-the-fly whether to engage in multi-step
reasoning for a given query, in order to balance
accuracy and token cost. For example, AdaCoT

(Lou et al., 2025b) uses a reinforcement learning
policy to trigger CoT only on complex questions,
formalizing a Pareto-optimal trade-off between rea-
soning performance and inference overhead. Simi-
larly, L1 (Aggarwal and Welleck, 2025) trains an
RL-based controller that enforces chain-of-thought
length constraints, allowing the model to trade off
minimal accuracy loss for significant token savings.
Other approaches adopt utility or difficulty-based
triggers: DynaThink (Pan et al., 2024) dynami-
cally chooses between a “fast” direct answer mode
and a “slow” multi-step mode based on the model’s
confidence in the query, while DAST (Shen et al.,
2025) adjusts the CoT reasoning depth according
to predicted problem difficulty, cutting unnecessary
steps without harming performance on challenging
queries. All these adaptive CoT frameworks seek
to maximize reasoning accuracy on difficult inputs
while avoiding verbose reasoning on trivial ones.
To our knowledge, however, this paper is the first
to apply dynamic CoT triggering in the context of
formal theorem proving, where tightly controlling
the proof generation length is crucial.

B Experimental setting

We conduct our experiments using state-of-the-art
training frameworks and tools. For the dynamic
CoT training phase, we utilize LLaMA Factory 2

with 3 training epochs, learning rate of 2e-5, and
batch size of 8. We use a cosine learning rate sched-
uler with warmup and mixed precision training
(BF16). For the reinforcement learning phase, we
employ OpenRLHF 3 to train our model. The Lean
theorem prover environment is set up using the
Kimina-Lean server 4, which runs on Lean version
4.9.0. The RL training uses PPO with learning rate
1e-5 and standard PPO hyperparameters. All exper-
iments are conducted on 8 NVIDIA A100-80GB
GPUs.

C Alternative Partitioning Schemes for
Parallel Heads

To verify that the benefit of diverse parallel-scaled
RL comes from inducing distinct proof priors
across heads rather than from difficulty labels per
se, we compare three partitioning schemes for con-
structing the n=8 training shards: (i) random,

2https://github.com/hiyouga/
LLaMA-Factory

3https://github.com/OpenRLHF/OpenRLHF
4https://github.com/project-numina/

kimina-lean-server
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(ii) difficulty-aware (our main setting, based on
base-prover success counts at Pass@32), and (iii)
solution-pattern cluster. For the cluster scheme,
we first sample one proof attempt per training prob-
lem from the base prover and compute a similarity
score between proofs using 3-gram overlap over the
first 20 tokens after the formal statement. We then
run agglomerative clustering with cosine similarity
to obtain 8 clusters, and treat each cluster as a par-
tition Bi, following the same shard-construction
protocol as the difficulty-aware case (50% prob-
lems from Bi, 50% sampled from other clusters).

Table 4 reports results averaged over two in-
dependent sampling seeds. Both difficulty-aware
and cluster-based partitioning clearly outperform
random grouping and the no-head baseline at
Pass@16, where diversity has the largest impact.
Variance across seeds is small and the relative or-
dering is stable, showing that the improvements are
robust. Difficulty-aware partitioning remains the
best, likely because problems of different difficulty
profiles naturally induce different strategy distribu-
tions, providing a slightly stronger specialization
signal than prefix-based clustering. At larger pass
budgets (Pass@32) all methods converge, consis-
tent with the saturation of prefix diversity coverage
observed in Figure 3.

Robustness of the Difficulty Labels. We further
checked that the difficulty partitioning itself is not
sensitive to the sampling policy used to obtain the
labels. Re-labelling problems with Pass@16 sam-
pling instead of Pass@32 yields nearly identical
partitions and comparable downstream accuracy
(75.0±0.2% at Pass@16, 76.2±0.4% at Pass@32),
confirming that the Lean verifier signal provides
a stable difficulty ranking even under modest vari-
ance in sampling budget.

D Robustness of Prefix Diversity
Coverage

Our main paper reports Prefix Diversity Cover-
age (PDC) based on 3-grams over the first 20 to-
kens after the formal statement. To check that
this choice does not drive the qualitative conclu-
sions, we recomputed PDC with 4-grams over
the first 40 tokens. Absolute coverage decreases
slightly under this stricter measure, but the over-
all trend is preserved: PDC rises sharply from
Pass@8 to Pass@32 (approximately 62%→78%)
and grows only marginally from Pass@32 to
Pass@128 (78%→81%). The sharp saturation

around 32 passes – and its tight correlation with
Pass@k accuracy gains – remains the same. Be-
cause prompts used by SOTA provers are highly
standardized (we use the official CoT prompt of
DeepSeek-Prover-V2), prefix-level n-grams are not
confounded by stylistic or templating noise, and
both 3-gram and 4-gram variants of PDC yield the
same conclusion: early-prefix diversity is the dom-
inant bottleneck of parallel scaling.
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