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Abstract

Large reasoning models (LRMs) have attracted
much attention due to their exceptional perfor-
mance. However, their performance mainly
stems from thinking, a long Chain of Thought
(CoT), which significantly increase computa-
tional overhead. To address this overthinking
problem, existing work focuses on using rein-
forcement learning (RL) to train hybrid reason-
ing models that automatically decide whether
to engage in thinking or not based on the com-
plexity of the query. Unfortunately, using RL
will suffer the the reward hacking problem, e.g.,
the model engages in thinking but is judged as
not doing so, resulting in incorrect rewards. To
mitigate this problem, existing works either
employ supervised fine-tuning (SFT), which
incurs high computational costs, or enforce uni-
form token limits on non-thinking responses,
which yields limited mitigation of the prob-
lem. In this paper, we propose Thinking-Based
Non-Thinking (TNT). It does not employ SFT,
and sets different maximum token usage for
responses not using thinking across various
queries by leveraging information from the so-
lution component of the responses using think-
ing. Experiments on five mathematical bench-
marks demonstrate that TNT reduces token us-
age by around 50% compared to DeepSeek-R1-
Distill-Qwen-1.5B/7B and DeepScaleR-1.5B,
while significantly improving accuracy. In fact,
TNT achieves the optimal trade-off between ac-
curacy and efficiency among all tested methods.
Additionally, the probability of reward hacking
problem in TNT’s responses, which are classi-
fied as not using thinking, remains below 10%
across all tested datasets.

1 Introduction

Large reasoning models (LRMs) (Xu et al., 2025),
such as DeepSeek-R1 (Guo et al., 2025) and Ope-
nAl ol (Jaech et al., 2024), have recently become

1 Corresponding author.

a central research topic due to their superior ca-
pabilities. However, their performance gains rely
on extended chain-of-thought (CoT) (Wei et al.,
2022)—also referred to as thinking. This reliance
leads to protracted and repetitive outputs, result-
ing in a substantial increase in inference overhead
and latency (Li et al., 2025; Chen et al., 2024), a
phenomenon referred to as the overthinking prob-
lem (Sui et al., 2025; Qu et al., 2025).

To tackle the overthinking problem, recent works
increasingly explore hybrid reasoning models that
can dynamically determine whether to activate the
thinking mode (Zhang et al., 2025; Fang et al.,
2025; Tu et al., 2025; Lou et al., 2025; Jiang et al.,
2025; Chen et al., 2025; Zhan et al., 2025). The al-
ternative, where the model directly outputs solution
without thinking, is referred to as the non-thinking
mode. Among these works, one of the most com-
monly used method involves employing reinforce-
ment learning (RL), with a higher reward allocated
to correct answer of the non-thinking mode than
that of the thinking mode (Zhang et al., 2025; Fang
et al., 2025; Tu et al., 2025). Unfortunately, the
RL training method suffer from reward hacking
problem that reduces the performance. Specially,
models embed a significant portion of its reasoning
process within the non-thinking response (Zhang
etal., 2025; Tu et al., 2025). By doing so, the model
leverages the thinking process to arrive at the cor-
rect answer while securing additional rewards for
following the non-thinking format. This leads to in-
creased rewards, but results in a significant increase
in tokens for non-thinking mode responses.

One approach to mitigate this reward hacking
problem is to use supervised fine-tuning (SFT) with
a dataset that is significantly larger than the RL
dataset, thereby fixing the model’s output, as did in
Thinkless (Fang et al., 2025). However, this also
incurs a substantial increase in computational over-
head. To avoid such high computational overhead,
AdaptThink (Zhang et al., 2025) set a smaller max-
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Figure 2: Average accuracy and token usage comparison across different hybrid reasoning model training methods
on mathematical benchmarks. We only presented the evaluation results of their open-source checkpoints while some
of these methods lack the trained checkpoints based on DeepScaleR-1.5B, and DeepSeek-R1-Distill-Qwen-7B.
Adapt-z refers to AdaptThink with § = x % 0.01. Auto-Sz refers to AutoThink-Stage x. We also follow these

abbreviation conventions in the table below.

imum token usage for the non-thinking mode than
that for the thinking mode. This way, the response
judged in the non-thinking mode cannot increase
token usage to actually operate in thinking mode
and obtain a higher reward. Unfortunately, Zhang
et al. (2025) set the maximum token usage for the
non-thinking mode to be uniform across queries, re-
sulting in only limited mitigation of reward hacking
problem. This is because applying such a uniform
maximum may result in poor detection of reward
hacking problem because thinking mode tokens
for simple queries can be fewer than non-thinking
mode tokens for complex ones, making uniform
limits ineffective (see details in Section A.2).

To set the maximum token usage across different
queries, we propose Thinking-Based Non-Thinking
(TNT). As demonstrated in Figure 1, TNT employs
the solution component of the thinking mode re-
sponses (i.e., the tokens following </think> are
highlighted in blue as shown in Figure 1) to set
the maximum token usage for the non-thinking
mode. Specifically, LRMs’ thinking mode has been
trained to ensure the solution component of the
thinking mode responses does not involve thinking,
such as DeepSeek-R1. Therefore, this component
will not differ significantly from the output of the

non-thinking mode as the definition of the latter is
that outputting solution without thinking. We can
use the token usage of this component to set the
maximum token usage for the non-thinking mode.
Consistent with previous hybrid reasoning model
training methods (Zhang et al., 2025; Tu et al.,
2025; Fang et al., 2025), we employ DeepSeek-R1-
Distill-Qwen-1.5B/7B and DeepScaleR-1.5B as
base models to evaluate TNT on five standard math-
ematical benchmarks: AIME24, AIME25, Min-
erva, AMC23, and Olympiad. The results show
that TNT consistently reduces token usage by ap-
proximately 50% relative to base models, while
substantially improving accuracy. Compared to
other hybrid reasoning model training methods,
TNT achieves the optimal balance between accu-
racy and token usage as Figure 2. Furthermore,
the probability of reward hacking problem in TNT
remains below 10% across all tested datasets.

2 Preliminary

Now, we introduce the LRMs. Consider a LRM
parameterized by the parameter 6 and denoted by
mg. Given a prompt © = [x1,...,Zy,, <think>],
where [z1,...,x,] represents the query and the
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special token <think> means the start of thinking.
For this prompt, this LRM generates a response
y = [y1,...,Yr,</think> yr 19, ...,yn]. Here,
[y1,...,ys] corresponds to thinking, which is a
long CoT consisting of constant exploration, re-
flection, and self-verification. The token </think>
marks the end of thinking. The remaining sequence,
[Yr42, - - -, Ym], denotes the final solution, which
only includes the correct steps to solve the prob-
lem and the final answer. From the perspective
of probability theory, the response y is a sample
drawn from the conditional probability distribution
7o (+|z). Since y is generated in an auto-regressive
way, the conditional probability mg(y|x) is:

m
To(ylz) = Hﬁa(yt\% Y<t)-

t=1
In this paper, we follow the approach in Zhang
et al. (2025); Tu et al. (2025); Lou et al. (2025)!,
referring to [y1, . .., y-] # 0 as the thinking mode
and [y1, ..., y,] = 0 as the non-thinking mode. We
use this approach to distinguish between thinking
and non-thinking modes because it does not require
modifications to the tokenizer, whereas the meth-
ods used in other works do require modifications to
the tokenizer (Fang et al., 2025; Jiang et al., 2025;
Zhan et al., 2025). For example, Fang et al. (2025)
determine whether the response is thinking mode
or non-thinking mode based on whether the first
token of the response y is <short>. Unfortunately,
<short> is usually not in the tokenizer of LRMs, so

we need to modify the tokenizer.

()

3 Motivation

We now provide a detailed introduction to the re-
ward hacking problem in training hybrid reasoning
models by using RL with a higher reward allocated
to the correct answer of the non-thinking mode
compared to that of the thinking mode (Zhang et al.,
2025; Fang et al., 2025; Tu et al., 2025).

As mentioned in Section 2, Zhang et al. (2025);
Tu et al. (2025) and Fang et al. (2025) determine
whether the response is thinking or non-thinking
mode based on whether the first token in the re-
sponse ¥ is </think> or <short>, respectively. How-
ever, the model might generate </think> or <short>
as the first token, indicating the non-thinking mode.
Nonetheless, subsequent tokens conform to the
thinking mode, producing a long CoT, as demon-

In Tu et al. (2025), they use the ellipsis prompt to make
z = [z1,...,Tn, <think>,\n, ..., \n], which enables sampling
the non-thinking mode without using the off-policy sampling.

Every morning Aya goes for a 9-kilometer-long walk and stops at
a coffee shop afterwards. When she walks at a constant speed
of s kilometers per hour, ... Find the number of minutes the walk
takes her, including the t minutes spent in the coffee shop.

User

Assistant

<think></think>Okay, so I have this problem about Aya walking
and going to a coffee shop. Let me try to figure it out step
by step.

First, the problem says that every morning, Aya walks 9
kilometers and stops at ...

Wait, that seems really slow. Maybe I made a mistake, ...
Alternatively, maybe I should express s in terms of t...

**Final Answer**
The walk takes 204 minutes.
</think>

Aya walks 9 kilometers and stops at a coffee shop. When ...
wfora/ time the walk takes is 204 minutes. /
Figure 3: An example of the reward hacking problem
occurs when Assistant uses the AutoThink model (Tu
et al., 2025). The first generated token in the response
is </think> (<think> is included in the input prompt
x), indicating that the response is classified as the non-
thinking mode. However, the response clearly demon-
strates characteristics of the thinking mode, as evi-
denced by the usage of keywords like "Wait" and "Alter-
natively" along with the regeneration of the thinking’s
termination token </think>. The answer 204 is correct.
This response is undeniably part of the thinking mode
despite being incorrectly assigned a higher reward asso-
ciated with the correct answer of the non-thinking mode.
This discrepancy results in a clear instance of the reward

hacking problem, where the reward allocation does not
align with the true mode of the response.

strated in Figure 3. Specifically, a reward associ-
ated with the non-thinking mode for yielding the
correct answer is allocated. However, it is the think-
ing mode that genuinely derives the correct answer,
which is substantiated by the presence of keywords
such as "Wait" and "Alternatively", as well as the
regeneration of the thinking’s termination token
</think>. This is a classic reward hacking problem,
where the reward is not allocated to the true mode.

Surprisingly, for models that do not consider the
reward hacking problem, such as AutoThink (Tu
et al., 2025), our evaluation of its Stage 1 model
performance on AIME24 reveals that responses
identified as non-thinking mode exhibit a extremely
high average token usage. Specifically, the aver-
age token usage for non-thinking mode responses
is 10845, while for thinking mode responses, it is
11976. This finding highlights that failing to ad-
dress the reward hacking problem issue could lead
to the collapse of the entire training process.
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Algorithm 1 Thinking-Based Non-Thinking (TNT)

Input: policy model 7y; dataset D; hyperparameters w, £ o, B

for step=1,...,M do
: Sample a batch Dy, from D

1:
2
3:  Sample K responses {y*} | ~ my(-|z) for each z € D,

4. Split {yFHE | into MT = {3 | p(y2) = 1} and MY = {y} | p(y2) = 0} for each prompt =
5.

6

Compute LY via MT (Equation (2))

. Assign a reward for each response y* of each prompt z via LY (Equation (5))
7 Update the policy model my via GPRO and the assigned rewards

8: end for
Output: 7y

4 Our Method

To mitigate the reward hacking problem that re-
duces the performance, there are two primary meth-
ods: adding SFT, which subsequently raises com-
putational costs, or setting a smaller maximum to-
ken usage for the thinking mode than that of the
non-thinking mode, However, existing research im-
poses a uniformly maximum token usage for the
non-thinking mode across all queries without con-
sidering their varying levels of difficulty, resulting
in only limited mitigation of the reward hacking
problem (see details in Section A.2).

To set the maximum token usage of the non-
thinking mode for different queries, we propose
Thinking-Based Non-Thinking (TNT). The core in-
sight of TNT is to utilize the solution component
of the thinking mode responses to determine the
maximum token usage for the non-thinking mode.
Specifically, LRMs’ thinking mode is trained on
large-scale datasets, ensuring that the solution com-
ponent is devoid of any additional thinking. As
a result, this solution component closely aligns
with the output of the non-thinking mode, which is
defined by generating solutions without thinking.
Thus, we can appropriately utilize the token usage
derived from this solution component to set the
maximum token usage for the non-thinking mode.

4.1 Details of TNT

We now present the details of TNT. The pseu-
docode for TNT is provided in Algorithm 1.
Consider a reasoning model my and a dataset
D. Let (z,y;) € D denote the input prompt
and golden answer, respectively. We adopt the
ellipsis prompt from Tu et al. (2025), defining =
as [r1,...,Zn,<think>\n, ..., \n], to enable sam-
pling the non-thinking mode responses without the
complex off-policy sampling. For each (z,y%) €

D, we use y* ~ my(-|x) to denote the k-th sampled
response of the model 7y given the prompt x. Also,
we employ p(y¥) to represent the discrimination
function that determines whether the mode of the
response ¥ is thinking or non-thinking. This func-
tion outputs 1 if the mode is classified as thinking
and 0 if it is classified as non-thinking. Follow-
ing Tu et al. (2025); Zhang et al. (2025); Lou et al.
(2025), y is classified as non-thinking mode if y
starts with </think>, otherwise as thinking mode.

The core of TNT is to determine the maxi-
mum token usage for the non-thinking mode by
leveraging the solution component of responses
in the thinking mode. Specifically, for each
(z,y;) € D, we sample K responses, denoted as
yalcaya%a' : 'aylx{:w"’yf' Let,Mz = {ygﬁ |p(y%) =
1} and MY = {42 | p(y2) = 0}, which corre-
spond to sets of responses in the thinking mode
and non-thinking mode given the prompt z, respec-
tively. We denote £ and LY as the maximum to-
ken usages for the thinking and non-thinking modes
given the prompt . We focus on the computation
of LY, as LT is equal to the training context length
and remains unchanged across all prompt z.

For each y?,; S Mg, we evaluate the num-
ber of tokens following </think> in the response
T [yi}l, ooy Y2+, </think>, yinJrQ, e Yrml)s
which is denoted as h(y%) =m — 7 — 1. In other
words, h(yz) is the length of the token sequence

[V} 125+ - Y;m]. We then define L} as:
Z/ J e mT h(y%) . T
LN = et M 200 )
Lo it MT =0,

where w > 1 and £? are positive constants. The
role of w in Equation (2) is crucial to reduce the risk
of misidentifying reward hacking problem. For-
mally, we employ average value of h(yi), where
yr € ML If the token usage of a response from
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MDY exceeds the average value by precisely 1, it
may be incorrectly identified as exhibiting reward
hacking problem. To mitigate this risk, we incor-
porate a weight w > 1. This adjustment helps
in distinguishing genuine anomalies from minor
deviations, thereby addressing the potential mis-
judgment. In our experiments, we set w = 2. In
addition, the parameter L% in Equation (2) is in-
troduced because we may not sample the thinking
mode responses when we use the on-policy sam-
pling. When this occurs, we are unable to calculate
the expression w ZygeMT h(y2)/|MZE|. Thus, the
introduction of the parameter L0 s necessary. In
our experiments, we typically set £ to 1000.

After computing LY, we proceed to describe

its application in constructing the reward function
R(x,y%, vs, p(yk), LY). Let r(yk, ;) denote the
answer extraction function, which returns 0 if 3%
is incorrect and 1 if y¥ is correct. Firstly, if the
response y” is classified as the thinking mode, e.g.,
p(y%) = 1, we use the following reward function:

. 1, ifr(ykyl)=1,
RT(x,y’;,yz,ﬁﬁ):{ (4 i) 3)

0, if r(yky:)=0.
This function indicates that when the response y* is
determined to be in thinking mode, a correct answer
returns a reward of 1, while an incorrect response
yields 0. Secondly, if the response y¥ is classified
as the non-thinking mode, e.g., p(y¥) = 0, We use
the following reward function that is modified from
the one proposed by Tu et al. (2025):

R™ (2,93, v, £3)
2, if?“(yﬁ,y;) :1/\‘y§| §EI;I,
=1, if eyl ys) = 0Nkl < L3,
2, iy > LY,
where |y§ | represents the length of y’; This func-
tion implies that if % is less than or equal to LY,
indicating no reward hacking problem, we directly
employ the naive reward function as presented in
Tu et al. (2025). This incentivizes using the non-
thinking mode when both non-thinking and think-
ing modes can yield correct responses, thereby
allowing for automatic mode selection based on
query complexity. Conversely, when |y*| exceeds
LN, reward hacking problem is indicated. By set-
ting the reward as —2 for this scenario, we ensure
that both incorrect and correct answers are assigned
lower rewards compared to scenarios without re-
ward hacking problem, thereby minimizing the re-
ward hacking problem behavior.

By integrating Equations (3) and (4), which cor-
respond to the reward functions for thinking and
non-thinking mode responses, respectively, the ulti-
mate reward function can be expressed as follows:

Rz, y, v, p(yk), £)

{RT(w,y’é,yiaﬁi’), if p(yy) = 1,
RN,y yz, £3), if p(yf) = 0.

Finally, according to the dataset D and the re-
ward function R(z, v, y%, p(y¥), LY) defined in
Equation (5), we employ the GRPO algorithm with

a token-level policy gradient loss for training (Shao
et al., 2024), as defined by:

&)

Ly

T O)=E (0,y0) D (b, ~ray () | K
( 7yz) v{yz}kzl GO]d(' ){Zgzllylgkl

||

min (m(9)Ai¢,cnp<ri,t(9),1—5,1+5)Ai,t)} ,
t=1

where 7; ¢(0) is the token-level importance weight
defined as the ratio between the new and old token
probabilities, and fli,t represents the token-level
advantage estimated through the reward function
R(x,yk, yz, p(y%), £Y) defined in Equation (5).
The overall loss is normalized by the total num-
ber of tokens across all sampled trajectories.

4.2 Discussions of TNT

The core of TNT focuses on determining the maxi-
mum token usage for the non-thinking mode, which
enables TNT to be compatible with RL algorithms.
This implies that, while GRPO is used in the design
of TNT, it can be replaced with other advanced
GRPO variants, such as Dr. GRPO (Liu et al.,
2025), DAPO (Yu et al., 2025), and GSPO (Zheng
et al., 2025), or the classic PPO (Schulman et al.,
2017). Also, as discussed in Section 4.1, TNT can
also be effectively combined with the off-policy
sampling, as did in Zhang et al. (2025) and Jiang
et al. (2025). Additionally, techniques from other
research on hybrid reasoning models can be ap-
plied. For instance, we can assign different weights
to the control and response tokens in the loss func-
tion (Fang et al., 2025; Lou et al., 2025; Zhang
et al., 2025). Furthermore, the two methods em-
ployed by Tu et al. (2025)—Batch-Level Reward
Balancing and Length-Aware Reward—can also
be utilized to respectively alleviate model collapse
and further reduce token usage. Moreover, the ref-
erence model reward introduced in Zhang et al.
(2025) can also be incorporated to provide addi-
tional signals during the training.
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5 Experiments

5.1 Experimental Setups

Datasets and Models. Following previous hy-
brid reasoning model training methods (Fang et al.,
2025; Zhang et al., 2025; Tu et al., 2025), we uti-
lize DeepScaleR (Luo et al., 2025) as the train-
ing dataset, which consists of 40,000 mathematical
problems with varying levels of difficulty. Fol-
lowing previous hybrid reasoning model training
methods, we select DeepSeek-R1-Distill-Qwen-
1.5B (Guo et al., 2025) as the base model in this
section, given that it serves as the only base model
shared across all previous hybrid reasoning model
training methods. Besides, we show more de-
tails for the scenario when the base models are
DeepScaleR-1.5B (Luo et al., 2025) or DeepSeek-
R1-Distill-Qwen-7B (Guo et al., 2025) in Finding
4 and Section B.1. Our evaluation is performed on
five standard mathematical benchmarks: AIME24,
AIME25, Minerva, AMC23, and Olympiad. We
do not conduct tests on the GSM8K (Cobbe et al.,
2021) and MATH (Lightman et al., 2023), as both
are too simplistic to adequately reflect the model’s
performance. During evaluation, all models use a
32K context window. For evaluation metrics, we
consider accuracy and response token usage.
Training Details. All experiments are con-
ducted on a single node with 8 H800 GPUs. All
experiments are implemented using the verl frame-
work (Sheng et al., 2025). The batch size and
training context length are set to 64 and 16K, re-
spectively. We selected the checkpoint at step
600 when the base model is DeepSeek-R1-Distill-
Qwen-1.5B, as it observed convergence and yielded
the optimal performance. We set w 2 and
L0 = 1000, as mentioned in Section 4.1.
Baselines. We mainly evaluate TNT against rep-
resentative methods for hybrid reasoning model
training method, such as Thinkless (Fang et al.,
2025), AdaptThink (Zhang et al., 2025), and Au-
toThink (Tu et al., 2025). They are selected based
on the public availability of their trained models,
as well as their base models consistent with our
experiments. Furthermore, regarding specific con-
figurations: for Thinkless, we exclusively analyze
its RL. model due to the suboptimal performance
of its SFT model; for AdaptThink, we evaluate
configurations with 6 € {0.0,0.02,0.05}, noting
that &6 = 0.05 serves as the default; and for Au-
toThink, we assess performance across its three
distinct training stages (Stage 1 to Stage 3).

5.2 Experimental Results

Finding 1. TNT enhances accuracy and simul-
taneously significantly reduces token usage.

Table 1 presents the accuracy and token usage of
various models when the base model is DeepSeek-
R1-Distill-Qwen-1.5B across the tested datasets.
To evaluate the trade-off between accuracy and
conciseness, we adopt the Token Efficiency (TE)
metric from Hong et al. (2025), defined as A/ VL,
where A and L represent accuracy and token usage,
respectively. The average accuracy and token usage
across all datasets are used to compute this metric.
Additionally, the token usage on each benchmark
for both the thinking mode and non-thinking mode
responses are shown in Table 2.

Firstly, compared to the base model, TNT re-
duces the average response token usage by 46.2%
and enhances the average accuracy by 4.1%. Sec-
ondly, TNT surpasses Thinkless across all datasets
in terms of both accuracy and token usage. On
the AIME24 dataset, TNT utilizes approximately
80% of the tokens used by Thinkless while ex-
ceeding their accuracy by over 10%. Notably,
TNT and Thinkless employed the same RL dataset—
DeepScaleR. Thirdly, compared to AdaptThink,
while TNT primarily focuses on enhancing accu-
racy, it surpasses three AdaptThink models trained
with different § by evaluating the trade-off be-
tween accuracy and conciseness through the TE.
Lastly, TNT consistently outperforms the final
output model of AutoThink (AutoThink-Stage 3)
across all benchmarks in both accuracy and token
usage. Notably, TNT achieves this without the CoT
Compression method used in AutoThink. While
incorporating CoT Compression methods may fur-
ther reduce TNT’s token usage, we opt not to pur-
sue this as our focus remains on the hybrid reason-
ing models rather than CoT Compression methods.

In fact, we also examine the variations in ac-
curacy and token usage on both the training and
testing datasets during the training process. See
details in Appendix B.1.

Finding 2. TNT learns to autonomously select
between the non-thinking mode and thinking
mode based on the difficulty of the query.

We also investigate the relationship between
thinking behavior and the inherent difficulty of
tasks. In Table 3, we report the ratio of responses
classified as belonging to the non-thinking mode
across different models. By considering the re-
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Models Accuracy (%) 1 Token Usage | TE
AIME24 AIME25 Minerva AMC23 Olym.  AVG ~ AIME24 AIME25 Minerva AMC23  Olym.  AVG

Base Model 28.6 246 262  62.1 43.6  37.0 16865 16464 7490 11050 11808 12736 0.33
Thinkless 284 242 266 587 425 36.1 11207 10664 5463 7153 7379 8373  0.39
Adapt-0 319 250 273 682 454 39.6 10140 10039 4145 5661 6796 7356 0.46
Adapt-2 325 242 233 664 439  38.1 9087 8367 2283 4254 5252 5849 0.50
Adapt-5 29.5 229 259 608 412 36.1 8105 8038 1661 3475 4240 5104 0.50
Auto-S1 27.1 20.8 223 607 416 345 11701 11317 6553 3822 7308 8140 0.38
Auto-S2 350 263 28.0 65.1 47.0 403 11858 11186 5861 7178 7768 8770  0.43
Auto-S3 34.1 250 287 658 462 40.0 9742 8625 3172 4875 5345 6352 0.50
TNT (Ours) 377 261 287 659 464 41.0 8537 8252 3150 4508 5020 5893  0.53

Table 1: Comparison of accuracy, token usage, and TE on mathematical benchmarks across hybrid reasoning models
when the base model is DeepSeek-R1-Distill-Qwen-1.5B. The best and second results are bolded and underlined,
respectively. Gray represents the base model, cyan represents baseline hybrid reasoning models training methods,

and represents TNT model. We will use the same color settings below as well.
Models Non-Thinking Mode Tokens Thinking Mode Tokens

AIME24 AIME25 Minerva AMC23  Olym. AVG  AIME24 AIME25 Minerva AMC23  Olym. AVG
Base Model — — - - - - - 16865 16464 7490 11050 11808 12736
Thinkless - - 372 367 467 402 11439 10670 5535 7510 8649 8761
Adapt-0 5468 2283 1059 3507 3912 3246 10536 11216 4448 6513 8759 8294
Adapt-2 6549 4724 1586 3034 4624 4103 11050 10258 3807 5957 8206 7856
Adapt-5 4076 2556 961 1499 2314 2281 11137 11041 5558 8514 9268 9104
Auto-S1 10845 8858 1893 3980 3806 5876 11976 12223 4212 10114 10033 9712
Auto-S2 7870 6507 4995 5024 5521 5983 12777 12066 6815 11060 11081 10760
Auto-S3 4537 1890 1559 2107 2759 2570 10655 8601 3729 6950 7130 7413
TNT (Ours) 995 795 601 859 937 837 8633 8325 3475 7159 6086 6736

Table 2: Comparison of non-thinking and thinking mode token usage on mathematical benchmarks across hybrid
reasoning models when the base model is DeepSeek-R1-Distill-Qwen-1.5B.

No-Thinking Mode Ratio (%)

Models

AIME24  AIME25 Minerva AMC23  Olym.
Base Model 0.0 0.0 0.0 0.0 0.0
Thinkless 0.0 0.0 14 5.0 2.8
Adapt-0 11.3 9.6 9.0 28.3 40.5
Adapt-2 42.9 354 68.6 58.3 71.3
Adapt-5 44.2 36.7 84.7 71.8 72.3
Auto-S1 22.8 25.4 16.8 58.1 37.3
Auto-S2 19.0 17.9 52.4 64.3 59.6
Auto-S3 13.3 10.2 29.0 47.6 46.8
TNT (Ours) 1.7 0.8 11.3 29.4 20.7

Table 3: Non-thinking mode ratio on mathematical
benchmarks across hybrid reasoning models when the
base model is DeepSeek-R1-Distill-Qwen-1.5B.

sults in Table 1, we observe a negative correla-
tion between the non-thinking rate and task diffi-
culty. Specifically, accuracy serves as a proxy for
dataset difficulty. We find that on more challeng-
ing datasets, TNT tends to invoke explicit thinking
more frequently. In addition, the results in Ap-
pendix B.1 (Figure 5) illustrate the variation of the
non-thinking mode ratio on both the training and

testing datasets during the training process. We
observe that while such ratio on the training set ex-
hibits a U-shaped pattern similar to Thinkless, such
ratio on the testing dataset consistently remains at
a low level. This observation indicates that TNT
does not exhibit overfitting.

Finding 3. TNT effectively mitigates the re-
ward hacking problem.

We analyze the probability of thinking-related
verbs such as "Wait," "Alternatively," and "Double-
Check" appearing in responses classified under
the non-thinking mode across different models, as
shown in Figure 4. This probability reflects the
likelihood of reward hacking problem in the model
responses, as the presence of these words indicates
actual thinking by the model. Our findings show
that Thinkless, which utilizes SFT, exhibits the low-
est probability, followed by our TNT model. Addi-
tionally, we find that the uniform maximum token
usage for all queries in the non-thinking mode used
in AdaptThink significantly increases the likeli-
hood of reward hacking problem compared to TNT.
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Figure 4: Probability of thinking-related verbs appearing in non-thinking mode responses across models with base
model DeepSeek-R1-Distill-Qwen-1.5B on mathematical benchmarks.

Also, AutoThink, which does not consider the re-
ward hacking problem, shows the highest proba-
bility. Furthermore, results in Table 2 corroborate
that TNT effectively mitigates the reward hacking
problem. Specifically, in terms of the token usage
for responses in non-thinking mode, Thinkless has
the lowest value, with TNT as the second lowest.

Although Thinkless addresses the reward hack-
ing problem more effectively, it relies on SFT,
which results in significant computational costs.
Specifically, the SFT dataset used by Thinkless
is approximately 2000K in size, making it about
50 times larger than the RL dataset, DeepScaleR,
which is employed by Thinkless, AdaptThink, Au-
toThink, and ours. Moreover, constructing the SFT
dataset incurs substantial computational overhead.
Thinkless utilizes DeepSeek-R1-671B (Guo et al.,
2025) to generate the SFT dataset, a process that is
computationally intensive. In addition, SFT leads
to significant performance degradation, which is
why we do not compare against Thinkless’s SFT
model. Precisely, the accuracy of Thinkless’s SFT
model on AIME24 is merely around 10%!

Finding 4. TNT becomes more pronounced
on better base models.

To verify the scalability of TNT, we conducted
experiments on DeepScaleR-1.5B and DeepSeek-
R1-Distill-Qwen-7B. Interestingly, TNT attains TE
scores of 0.70 and 0.79, respectively, significantly
surpassing the runners-up (0.54 and 0.67). Our
results demonstrate that the advantage of TNT be-
comes more pronounced as the capability of the
base model increases. See details in Appendix B.1.

Finding 5. TNT exhibits better performance
compared with CoT compression methods.

Besides, we compared our accuracy and token
usage against CoT compression methods (Hou
et al.,, 2025; Arora and Zanette, 2025). Also,
we exclusively evaluate open-source checkpoints.

While CoT compression methods typically show a
drop in accuracy as compression intensifies, TNT
maintains or even improves the model’s accuracy,
achieving the highest TE scores. This establishes
TNT not merely as a compression tool, but as a rea-
soning enhancement framework that fundamentally
reorganizes how models allocate computational re-
sources. See details in Appendix B.2.

Finding 6. TNT exhibits excellent perfor-
mance in Out of Distribution settings.

We also evaluate the performance of TNT in
out-of-distribution (OOD) tasks. The experimental
results show that TNT exhibits the best TE across
all tested models. See details in Appendix B.3.

Finding 7. Reward hacking problem appears
without our reward function.

Finally, we conduct the ablation study. Specif-
ically, we test under the scenario where the com-
ponents of our reward function specifically related
to reward hacking problem are removed. Conse-
quently, reward hacking problem occurs. See more
details in Appendix B.4.

6 Conclusion

We explore the reward hacking problem in train-
ing hybrid reasoning models via RL, where correct
answers from the no-thinking mode are rewarded
more highly than those from the thinking mode.
To mitigate this problem, we propose TNT, which
leverages the solution component of the thinking
mode to adaptively determine the maximum to-
ken usage of the no-thinking mode for different
queries. This improves the poor detection of reward
hacking in previous approaches that set a uniform
maximum token usage across all queries, thereby
effectively mitigates the reward hacking problem
and achieves superior performance. Experiments
show that TNT significantly improves accuracy and
token efficiency while minimizing reward hacking.
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Limitations

While TNT shows promising adaptive thinking ca-
pabilities, it encounters several limitations. First,
similar to most prior open-source studies, we con-
fine our model training to mathematical datasets.
These datasets are preferred because they are eas-
ily accessible and can offer accurate, verifiable re-
wards. Furthermore, as discussed in Section 4.2,
while TNT has the potential to be integrated with
various techniques, our current study lacks suffi-
cient testing due to computational resource con-
straints. As such, we have not explored whether
combining TNT with these techniques can enhance
performance.
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A Related Work

To train hybrid reasoning models, current methods
fall into two categories: SFT-based and RL-only.

A.1 SFT-Based Training Method

The first method uses SFT to ensure a model pos-
sesses the ability to automatically select between

thinking and non-thinking modes according to the

difficulty of the query (Chen et al., 2025; Jiang

et al., 2025; Lou et al., 2025; Zhan et al., 2025).
Specifically, this method fine-tunes the model on

a specially constructed dataset in which simple

queries are paired with the non-thinking mode

while complex queries are paired with the thinking

mode. In some cases, RL is applied following SFT

to further increase this capability (Jiang et al., 2025;

Lou et al., 2025; Zhan et al., 2025). However, a

primary drawback of this method is that it heav-
ily relies on large-scale, high-quality labeled data.
The process of curating the SFT dataset—namely

classifying queries by difficulty and generating cor-
responding high-quality responses for both modes—
remains highly computationally intensive. In addi-
tion, performing SFT with the obtained SFT dataset

is likewise highly computationally intensive.

A.2  RL-Only Training Method

To avoid the substantial computational overhead
associated with SFT, other works rely solely on
RL to teach the model to automatically select be-
tween thinking and non-thinking modes, such as
Thinkless, AutoThink, and AdaptThink (Fang et al.,
2025; Tu et al., 2025; Zhang et al., 2025). Specif-
ically, the model is incentivized with a higher re-
ward for correct non-thinking answers than for cor-
rect thinking answers. Unfortunately, this training
method is highly susceptible to reward hacking
problem (Skalse et al., 2022; Pan et al., 2024). Pre-
cisely, this training method often rely on superficial
signals—such as special control tokens—to assign
rewards, without visibility into the model’s internal
computational process. Consequently, the model
might learn to alternative the tags to receive higher
reward for generating the non-thinking control to-
kens while still performing thinking internally.

To mitigate this reward-hacking problem, Fang
et al. (2025) augment an SFT process. Unlike
the SFT-based training method mentioned previ-
ously, this SFT is used solely to fix the model’s
outputs in thinking and non-thinking modes and
does not teach the model to select between these

modes based on task difficulty. Although the data-
collection process for this SFT is simpler, the com-
putational overhead of this SFT training remains
substantial.

To avoid such high computational overhead,
Zhang et al. (2025) restrict the maximum token us-
age for the non-thinking mode to ensure the model
does not masquerade as non-thinking mode while
using the thinking mode to obtain higher returns.
Unfortunately, existing work imposes the same
maximum token usage for the non-thinking mode
across all queries, whereas different queries require
different maximum token usage. Specifically, con-
sider a simple query, such as what is 1 4 1 equal to,
and a complex query, such as an AIME query; even
when employing a long CoT to solve the simple
query and continuously doing exploration, reflec-
tion, and self-verification for the response, token us-
age may still fail to beat solving the difficult AIME
query via a CoT. In this situation, setting the maxi-
mum token usage for the non-thinking mode at a
low level ensures the identification of reward hack-
ing problem in the non-thinking mode responses
to the simple query. However, this method results
in almost all non-thinking mode responses to the
complex query mode being classified as experienc-
ing reward hacking problem. Conversely, if the
maximum token usage is set high enough to distin-
guish reward hacking problem in the non-thinking
mode responses to the complex query effectively,
then almost all the non-thinking mode responses to
the simple query are classified as not experiencing
reward hacking problem. Therefore, applying a uni-
form maximum token usage for the non-thinking
mode across all queries results in poor detection
of reward hacking problem, leading only limited
mitigation of the reward hacking problem.

Our TNT leverages the solution component of
the thinking mode responses to determine the maxi-
mum token usage for the non-thinking mode across
various queries. Consequently, TNT enhances its
ability to identify whether reward hacking problem
occurs, thereby effectively mitigating this problem
and achieving superior performance.

B Addition Experiments

B.1 Experiment on DeepScaleR-1.5B and
DeepSeek-R1-Distill-Qwen-7B

To further verify the universality and scalabil-
ity of TNT, we extended our experiments to
DeepScaleR-1.5B and DeepSeek-R1-Distill-Qwen-
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Distill-Qwen-7B. Due to constraints on computational resources, we only use AIME24 as the test dataset.

7B. As shown in Table 4, TNT demonstrates con-
sistent superiority in TE across both base models,
significantly reducing computational costs while
maintaining competitive performance. Specifi-
cally, TNT reduces average token usage by ap-
proximately 41% for DeepScaleR-1.5B and over
51% for DeepSeek-R1-Distill-Qwen-7B compared
to their respective base models. Importantly, this
substantial reduction in token usage does not com-
promise model performance; TNT consistently
matches or surpasses the accuracy of the base mod-
els and robust baselines. The training dynamics
illustrated in Figure 6 and Figure 7 align perfectly
with our observations on the 1.5B model, where
accuracy steadily improves on the test set while
token consumption naturally decreases throughout

the RL process. This confirms that the efficacy of
our TNT is robust across different model scales
and initial distributions without requiring explicit
length penalties.

While the overarching trend of enhanced effi-
ciency is consistent, the performance gains mani-
fest with slight nuances between the two models.
In the case of DeepScaleR-1.5B, which is already
highly optimized for mathematical reasoning, the
primary contribution of TNT lies in aggressive effi-
ciency optimization. Although its average accuracy
of 43.5% is comparable to the 43.7% achieved by
AutoThink-Stage2, TNT achieves this result using
only 3908 average tokens compared to the 6535
tokens required by the latter. This results in a su-
perior TE of 0.70 compared to the 0.54 score for
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Accuracy (%) 1 Token Usage |

Models TE

AIME24 AIME25 Minerva AMC23  Olym. AVG  AIME24 AIME25 Minerva AMC23  Olym. AVG

Base Model: DeepScaleR-1.5B

Base Model 419  30.6 284 714 429 430 9123 9113 4175 5275 5375 6612 0.53
Auto-S1 323 248 264 652 415  38.0 12819 11779 5203 5467 7068 8467  0.41
Auto-S2 398 31.0 316 722 44.0 43.7 8651 8772 4467 5351 5434 6535 0.54
Auto-S3 42.0 300 307 714 429 434 9030 9204 3819 4682 5073 6362 0.54
INT (Ours) 39.6 302 31.8 727 43.1 435 5479 5216 2402 3208 3236 3908 0.70

Base Model: DeepSeek-R1-Distill-Qwen-7B

Base Model 57.6 384  38.0 817 495 53.0 12804 14786 5028 7733 8812 9833 0.53
Adapt-5 56.1 371 340 810 483 513 9966 11553 2528 5284 6381 7142  0.61
Auto-S1 517 367 318 777 469 490 8625 9575 1763 4517 5117 5919 0.64
Auto-S2 550 401 376 824 494 529 9078 9707 3019 4710 5723 6447 0.66
Auto-S3 537 401 374 813 492 523 8210 9446 2759 4861 5549 6165 0.67
INT (Ours) 579 417 365 839 511 542 6855 7595 1628 3619 4103 4760 0.79

Table 4: Comparison of accuracy, token usage, and TE on mathematical benchmarks across hybrid reasoning models
with base models DeepScaleR-1.5B and DeepSeek-R1-Distill-Qwen-7B. The best and second results are bolded and
underlined, respectively. We did not compare ThinkLess on DeepScaler-1.5B and DeepSeek-R1-Distill-Qwen-7B,
nor did we compare AdaptThink on DeepSeek-R1-Distill-Qwen-7B, due to the lack of open-source checkpoints for
these methods on the corresponding models. Especially, we exclusively present adapt-5 for DeepSeek-R1-Distill-
Qwen-7B, since it serves as the only open-source checkpoint provided by AdaptThink based on this base model.

Models Non-Thinking Mode Tokens Thinking Mode Tokens

AIME24 AIME25 Minerva AMC23  Olym. AVG  AIME24 AIME25 Minerva AMC23  Olym. AVG

TNT-DeepSeek-1.5B 995 795 601 859 937 837 8633 8325 3475 7159 6086 6736
TNT-DeepScaleR-1.5B 2779 - 812 967 1206 1153 5663 5216 2475 4020 3775 4230
TNT-DeepSeek-7B 1552 1359 702 1214 1185 1202 7738 8435 2924 6069 6327 6299

Table 5: No-thinking and thinking mode token usage of TNT on mathematical benchmarks. TNT-DeepSeek-1.5B/7B
refer to TNT with base mode DeepSeek-R1-Distill-Qwen-1.5B/7B and TNT-DeepScaleR-1.5B refer to TNT with
base mode DeepScaleR-1.5B. We also follow these abbreviation conventions in the table below.

No-Thinking Mode Ratio (%) We analyze the token usage across different base
models to investigate the impact of model capacity
on reasoning length. As shown in Table 5, the token
consumption in the non-thinking mode is not stat-
ically bounded; instead, it exhibits significant be-
havioral differences depending on the base model’s
Table 6: Non-thinking mode ratio of TNT on mathemat-  strength. We analyze the impact of base model
ical benchmarks across base models. scale and initialization on the mode selection mech-
anism as shown in Table 6. A clear positive correla-
tion is observed between model parameter size and
the utilization of the no-thinking mode. When scal-
ing from 1.5B to 7B parameters, the TNT frame-
work exhibits a significantly higher propensity to
bypass the reasoning process; for instance, the no-
thinking ratio on the Minerva benchmark surges
from 11.3% with TNT-DeepSeek-1.5B to 58.3%
with TN'T-DeepSeek-7B. This suggests that larger
models, possessing richer internalized knowledge,
can more frequently solve problems directly with-
out invoking the extensive reasoning chain. Con-

Models

AIME24 AIME25 Minerva AMC23 Olym.

TNT-DeepSeek-1.5B 1.7 04 113 30.7 20.7
TNT-DeepScaleR-1.5B 2.9 0 44 266 21.0
TNT-DeepSeek-7B 143 119 583 505 432

AutoThink-Stage2 and AutoThink-Stage3. And
for DeepSeek-R1-Distill-Qwen-7B, TNT achieves
a comprehensive improvement by securing both
the highest average accuracy of 54.2%, which sur-
passes the base model by 1.2%, and the lowest
token usage among all compared methods. Conse-
quently, it attains a remarkable TE score of 0.79,
significantly outperforming the best AutoThink-
Stage3 baseline score of 0.67, demonstrating that
TNT outperforms baselines on strong reasoners,
with the advantage becoming more pronounced as
model capability increases.
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Models Accuracy (%) T Token Usage | TE
AIME24 AIME25 Minerva AMC23 Olym.  AVG ~ AIME24 AIME25 Minerva AMC23 Olym.  AVG
Base Model: DeepSeek-R1-Distill-Qwen-1.5B
Base Model 28.6 246 262 621 436 37.0 16865 16464 7490 11050 11808 12736 0.33
RE-0 319 248 283 656 40.6 382 13404 12807 4666 7912 8493 9456  0.39
RE-1 303 240 258 643 382 365 12660 12474 3633 6827 7665 8652  0.39
RE-4 289 214 197 624 335 332 9467 8960 1444 4902 5424 6039 043
TP-4k 29.2 212 283 653 394 367 8154 8261 3353 4843 5586 6039 047
TP-2k 273 222 267 644 382 358 7541 7140 2430 4462 4815 5278 0.49
TP-iter2k 273 206 262 651 39.0 356 6990 5947 2805 3602 3780 4625 0.52
TNT (Ours) 37.7 261 287 659 464 41.0 8537 8252 3150 4508 5020 5893 0.53
Base Model: DeepScaleR-1.5B
Base Model 419 30.6 284 714 429 43.0 9123 9113 4175 5275 5375 6612 0.53
TP-4k 379 288 323 726 423 428 6592 6095 3181 3907 4070 4769  0.62
TP-2k 358 269 298 699 429 41.1 5687 5315 2482 3458 3575 4103 0.64
TP-iter2k 36.6 285 313 714 423 420 5495 5074 2595 3355 3498 4003  0.66
TNT (Ours) 39.6 302 31.8 727 431 435 5479 5216 2402 3208 3236 3908 0.70
Base Model: DeepSeek-RI-Distill-Qwen-7B

Base Model 57.6 384 38.0 81.7 495 530 12804 14786 5028 7733 8812 9833 0.53
RE-0 59.5 406 375 824 497 539 11171 13217 4074 6703 7853 8604  0.58
RE-1 529 405 372 813 489 522 10696 11420 2972 5827 6761 7535  0.60
RE-4 552 388 329 810 483 512 9775 10988 2611 5086 6088 6910 0.62
TNT (Ours) 579 417 365 839 511 542 6855 7595 1628 3619 4103 4760 0.79

Table 7: Comparison of accuracy, token usage, and TE on mathematical benchmarks between TNT and CoT
compression models with base models DeepSeek-R1-Distill-Qwen-1.5B, DeepScaleR-1.5B, and DeepSeek-R1-

Distill-Qwen-7B. Gray represents the base models,

denotes efficient reasoning models, and

represents

TNT. RE-z refers to Efficient-Reasoning with o = x * 0.01. TP-z refers to ThinkPrune-x. The best and second
results are bolded and underlined, respectively. We did not compare RE on DeepScaler-1.5B, nor did we compare
TP on DeepSeek-R1-Distill-Qwen-7B, due to the lack of open-source checkpoints for these methods on the

corresponding models.

versely, the performance of TNT-DeepScaleR-1.5B
closely mirrors that of TNT-DeepSeek-1.5B across
all datasets. Although DeepScaleR is a derivative
of DeepSeek-1.5B optimized for mathematical rea-
soning, its training process does not explicitly tar-
get or enhance direct answering (no-thinking) capa-
bilities. Consequently, the intrinsic non-reasoning
proficiency remains unchanged, resulting in a static
distribution of mode selection ratios comparable to
the original base model.

B.2 Comparison with CoT Compression
Methods

To assess the competitiveness of TNT against re-
cent CoT compression strategies, we compare it
with two prominent methods: Efficient-Reasoning
(RE) (Arora and Zanette, 2025). and ThinkPrune
(TP) (Hou et al., 2025).. As detailed in Table 7,
TNT consistently outperforms both methods in

terms of TE across all three base models, demon-
strating that our hybrid reasoning model training
method offers a superior trade-off between accu-
racy and computational cost. Unlike standard CoT
compression methods that often degrade perfor-
mance in exchange for reduced token usage, TNT
frequently enhances accuracy while simultaneously
achieving deeper reductions in token usage. For
instance, while RE and TP models typically show
a drop in accuracy as CoT compression intensi-
fies, TNT maintains or even improves upon the
base model’s performance, achieving the highest
TE scores. This establishes TNT not merely as
a compression tool, but as a reasoning enhance-
ment framework that fundamentally reorganizes
how models allocate computational resources.

Analyzing the specific behaviors on different
base models reveals distinct advantages of TNT.
On the DeepSeek-R1-Distill-Qwen-1.5B model,
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Models Accuracy Token TE
(%) Usage

Base Model 36.9 17343 0.28
Thinkless 28.8 5958 0.37
Adapt-0 333 19388 0.23
Adapt-2 35.9 18463 0.26
Adapt-5 374 17627 0.28
Auto-S1 33.3 9794 0.33
Auto-S2 343 12374 0.30
Auto-S3 31.3 8816 0.33
TNT (Ours) 35.9 8803 0.38

Table 8: Accuracy, token usage and TE comparison
across models on GPQA Diamond benchmark.

Step 100  Step 300 Step 500
RF in Eq. (6) 3.9 17.9 94.2
TNT 0 7.2 5.1

Table 9: Average probability of thinking-related verbs
appearing in non-thinking mode responses across Min-
erva, AMC23, and Olympiad when using the reward
function in Equation (6). RF refers to reward function.

TNT achieves a remarkable average accuracy of
41.0%, which is substantially higher than the 36.7%
achieved by the best performing TP-4k and the
38.2% of RE-0. While TP-iter2k manages to lower
token usage slightly more than TNT, its accuracy
suffers significantly, dropping to 35.6%. In con-
trast, TNT balances a moderate token usage with
superior accuracy, resulting in a leading TE of 0.53.
Similarly, on the DeepScaleR-1.5B base, TNT sur-
passes all TP baselines in both efficiency and ef-
fectiveness. It achieves an average token usage of
3908, which is lower than the 4003 tokens used
by TP-iter2k, while maintaining a higher average
accuracy of 43.5% compared to 42.0% for the lat-
ter. The advantage is even more pronounced on
the larger DeepSeek-R1-Distill-Qwen-7B model,
where TNT attains an exceptional TE of 0.79. Here,
TNT drastically cuts average token usage to 4760
compared to 6910 for the most aggressive base-
line RE-4, all while securing the highest average
accuracy of 54.2%. This confirms that TNT is
uniquely capable of scaling efficiency gains with-
out the accuracy penalties commonly associated
with traditional length-penalty or pruning methods.

B.3 Experiments in OOD

To assess the out-of-distribution (OOD) generaliza-
tion capabilities of TNT, we conducted experiments
on the GPQA Diamond, which features challeng-
ing graduate-level queries in biology, physics, and

RF in Eq. (6)
13f|—— TNT
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Figure 8: Token usage varies on AIME24 when using
the reward function in Equation (6).
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Figure 9: Token usage of the non-thinking mode re-
sponses varies on the training dataset when using the
reward function in Equation (6).

chemistry. As shown in Table 8, while TNT does
not achieve the single best score in accuracy or
token usage alone, it strikes a superior balance be-
tween performance and computational cost, mak-
ing it the best overall model. Specifically, TNT
achieves the highest TE of 0.38, surpassing all
other models. This indicates that it provides high
accuracy while remaining highly efficient, a cru-
cial advantage over models that are either slightly
more accurate but far more resource-intensive or
less accurate. This exceptional balance underscores
TNT’s robust generalization and practical effective-
ness on complex, scientific OOD tasks.

B.4 Ablation Study

Finally, we conduct tests under the scenario where
the components of our reward function related to
reward hacking problem are removed. Specifically,
the reward function reduces to the naive reward
function in Tu et al. (2025), as shown in the follow-
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ing:

Lo ifp(yh) = 1Ar(yl,up) =1,
0, ifp(yl) =1Ar(yy,yr) =0, (6
2, ifp(yl) =0Ar(ys,yr) =1,

—1, ifp(yf) =0Ar(yl,up) = 0.

We evaluate three key metrics: (i) average prob-
ability of thinking-related verbs appearing in re-
sponses classified as the non-thinking mode on the
testing dataset, (ii) the average token usage across
all responses on the testing dataset, and (iii) the
average token usage for responses categorized un-
der the non-thinking mode on the training dataset.
The average probability of thinking-related verbs
appearing in non-thinking mode responses on the
testing dataset are presented in Table 9. Due to
the high variance in calculating such probabilities
for AIME24 and AIME25—originating from the
limited sampling of non-thinking mode responses
in these datasets—we focus solely on the aver-
age probabilities across Minerva, AMC23, and
Olympiad. In addition, due to the high compu-
tational cost of evaluations on these three datasets,
we are able to assess only a limited number of
checkpoints. This constraint prevents us from per-
forming evaluations every 10 steps, as shown in the
subsequent experimental results. The average to-
ken usage across all responses on the testing dataset
are presented in Figure 8. Note that the evaluation
is conducted solely on AIME24 due to computa-
tional resource constraints. Specifically, we can-
not evaluate checkpoints on all five mathematical
benchmarks every 10 steps. The token usage for
responses classified as the non-thinking mode on
the training dataset are shown in Figure 9.

We observe that as training progresses, utiliz-
ing the reward function shown in Equation (6), to-
ken usage for responses classified as non-thinking
mode on the training dataset significantly increases
after a certain step. This phenomenon suggests a
high probability of reward hacking problem since
such token usage is too large. This finding aligns
with results presented in Table 9, where TNT’s re-
sponses seldom exhibit reward hacking problem,
whereas models using the reward function in Equa-
tion (6) frequently demonstrate such behavior. Con-
sequently, the elevated probability of reward hack-
ing problem leads to a persistent lack of reduction
in token usage for responses on AIME24.

C A Case Study

To provide a more intuitive and qualitative under-
standing of TNT, we present a series of case stud-
ies comparing TNT with the DeepSeek-R1-Distill-
Qwen-1.5B baseline across mathematical queries
of varying difficulty. These cases, illustrated in
Figures 10 and 11, demonstrate TNT’s ability to
dynamically engage in the thinking or non-thinking
mode. Our analysis highlights that for the simple
query, TNT opts for the non-thinking mode that is
resource-efficient; for the complex query that cause
the baseline to fail, TNT engages in the thinking
mode to arrive at the correct solution. This adap-
tive behavior underscores TNT’s superior flexibil-
ity and effectiveness in solving a wide spectrum of
queries.
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Question

m

™ is the irreducible fraction value of

What is the value of m + n?

Ground Truth: 142

DeepSeek-R1-Distill-Qwen-1.5B Response

Thinking (1342tokens)

Okay, so | have this problem here: | need to find the irreducible fraction value of the continued fraction

3+ 3+L and then determine the sum of the numerator and denominator of that fraction.
3+%

Adding 3 to that gives ‘;’—g, reciprocal is %, which adds correctly to 3, giving %. And since 109 is
prime, it's irreducible. So, adding numerator and denominator gives 142. | think that's solid.

Final Answer: The value of m + n is [142]

Solution (479tokens)

To find the irreducible fraction value of the continued fraction 3 + ﬁ and determine the sum of the
3t}
numerator and denominator, we start by simplifying from the innermost part.

The fraction % is irreducible because 109 is a prime number and does not share any common factors
with 33 other than 1. Therefore, the sum of the numerator and the denominator is: 109 + 33 = 142

The value of m + n is [142].

TNT Response

Solution (579tokens)

To find the value of ™ where ™ is the irreducible fraction value of the continued fraction:3 + L

T
3+3+%

Conclusion:
The irreducible fraction value is 2. Therefore, m = 109 and n = 33.

33
The value of m +n is: m +mn = 109 + 33 = 142

Final Answer:142]

Figure 10: For a easy query, TNT can solve it by switching to the non-thinking mode to use fewer tokens compared
to DeepSeek-R1-Distill-Qwen-1.5B.
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Question

Find the number of triples of nonnegative integers (a, b, ¢) satisfying a + b + ¢ = 300 and a?b + ac + b?a +
b%c + cta + c*b = 6,000,000.

Ground Truth: 601

DeepSeek-R1-Distill-Qwen-1.5B Response

Thinking (11156tokens)

Alright, so I've got this problem here where | need to find the number of triples of nonnegative integers
(a, b, c) that satisfy two conditions. The first condition is that a + b + c equals 300.

So, solving for b and c: the roots of 22 — 2002 + 10,000 = 0, which are x = 100 and z = 100. So,
b= ¢ =100.

Thus, the only solution is a = b = ¢ = 100.

Therefore, the number of ordered triples is .

Solution (671tokens)

Given the problem of finding the number of triples of nonnegative integers ((a, b, c) that satisfy the
conditions a + b+ ¢ = 300 and a2b + a’c + b*a + b*c + c*a + ¢*b = 6,000,000, we start by analyzing the
given equations.

Thus, the only solution is the triple (100, 100, 100), giving us one ordered triple.

TNT Response

Thinking (10616tokens)
Okay, so | have this problem here where | need to find the number

Wait, maybe that's correct.
Therefore, the number of solutions is 601.

Hence, the final answer is [601].

Solution (734tokens)

We need to find the number of triples of nonnegative integers (a, b, ¢) that satisfy the following condi-
tions:

Summing these, we get 3 x 201 = 603. However, the case where all three variables are 100 is counted
three times, so we subtract 2 to avoid overcounting, resulting in 603 — 2 = 601.
Thus, the number of triples (a, b, ¢) is:

Figure 11: For a hard query, TNT is able to solve it correctly through careful thinking, while DeepSeek-R1-Distill-
Qwen-1.5B was not.
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