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Abstract

Dynamic reasoning trees can help large lan-
guage models solve complex tasks by explicitly
structuring intermediate decisions. However,
existing approaches often rely on manually
specified subproblems or predefined decompo-
sition patterns, which limits the effectiveness
of reasoning and generalization. To solve this
problem, we propose SyRA, a hierarchical rea-
soning framework based on MFR theory that
supports the construction of adaptive reason-
ing trees and reliable error correction within
a single LLM. Specifically, SyRA focuses on
reasoning-tree construction, dynamically con-
trolling branching and expansion using MFR
principles to enable informative, non-redundant
subproblem decomposition. In addition, it in-
troduces a residual backtracking mechanism
for adaptive cross-layer error correction, allow-
ing the model to revise earlier reasoning deci-
sions based on downstream feedback. Across
eight reasoning benchmarks, SyRA signifi-
cantly reduces logical errors and improves rea-
soning accuracy, while achieving a better bal-
ance between accuracy and reasoning time than
the Chain-of-Thought, Decompose—Analyze—
Rethink and Tree-of-Thought. Our code and
dataset are available at https://github.com/
Tim798-art/SyRA/tree/main/SyRA.

1 Introduction

Large Language Models (LLMs), originally de-
signed for text generation, have shown great poten-
tial for a variety of reasoning tasks (Zhang et al.,
2025; Xiao et al., 2024; Manas et al., 2024). Sur-
prisingly, this potential still relies on standard au-
toregressive generation (Cheng et al., 2025; Bao
et al., 2025; Pulakurthi et al., 2025). However,
this linear generation process behaves like a black
box, making it difficult to support multi-hypothesis
exploration and dynamic correction in complex sce-
narios(Cheng et al., 2024). Therefore, establishing

*Qiuyan Yan is the corresponding author.

a reasoning paradigm that supports explicit branch-
ing, verification, and error correction is crucial for
enhancing the structured reasoning capabilities of
LLMs and enabling reliable real-world decision-
making applications(Ma et al., 2025).

Against this backdrop, researchers proposed the
ToT reasoning framework, which enables LLMs to
exhibit more human-like reasoning abilities in com-
plex reasoning tasks (Wu et al., 2025). As a highly
structured and verifiable domain, mathematical rea-
soning serves as a common testbed for evaluating
such methods(Setlur et al., 2024; Satpute et al.,
2024; Zhang et al., 2024). From Figure 1, guided
by a pre-built decomposition example pool and a
threshold-based trigger, the traditional adaptive tree
method uses LLLM reasoning to build an adaptive
tree with intermediate nodes. It then adaptively
expands, terminates, and backtracks at each node
to identify a complete solution path, where the blue
path denotes the decomposition process and the
green path denotes the backtracking process.

Despite mitigating ToT’s rigidity, adaptive tree
reasoning can still limit problem-solving perfor-
mance(Besta et al., 2024). First, tree growth de-
pends on a pre-built decomposition example pool
and a manually specified threshold, which can un-
dermine the effectiveness and generalizability of
reasoning(Wu et al., 2024). When the pool lacks an
appropriate decomposition, the model may adopt a
mismatched template and consequently produce in-
correct conclusions. Due to the lack of a decompo-
sition example for g2 in the pool, the decomposition
omits the subquestion "How many ... muffins?” in
Figure 1(a). Second, errors at lower-level nodes
can directly affect the updating of the parent node’s
reasoning results(Yang et al., 2025). If the reason-
ing for g deviates, the model cannot effectively
leverage information from deeper child nodes to
update the root-level conclusion, ultimately leading
to incorrect outputs (e.g., ‘34°).

To address these issues, we propose an adaptive
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Figure 1: Comparison of ToT variants.

tree-based reasoning framework, Syzygy-driven
Reasoning Adapter(SyRA) (Gimenez et al., 2010),
which guides LLMs toward human-like reasoning
on complex problems. Here, syzygy denotes the
structured dependencies among subproblems rather
than mere sequential relations between reasoning
steps. Based on Minimal Free Resolution (MFR),
we formulate tree-structured problem decomposi-
tion in a hierarchical free-representation space, en-
abling a more structured organization of reason-
ing and more coherent problem solving. As illus-
trated in Figure 1(b), the original problem is first
decomposed into two subproblems, g; (price) and
g2 (quantity). The subproblem ¢- is further decom-
posed into g3, g3, and ¢3, corresponding to produc-
tion, breakfast, and consumption. These subprob-
lems are solved sequentially and their results are
used to update g2 and then the root problem gyoot,
ultimately yielding the final answer ("18”). From
a structural perspective, at layer F1, the generated
subproblems ¢; and go satisfy M = ¢ X g2, where
their product recovers the original profit. Similarly,
the decomposition of g2 as an independent problem
module follows a similar compositional relation.
To realize such a human-like framework for
solving complex problems, we proceed as follows.
(i) Based on free generating elements, SyRA de-
composes the problem into simpler subproblems
at child nodes (blue arrows). (ii) SyRA decides
whether further decomposition is required based
on the number of free generating elements (lower
boxes of each child node). (iii) Inspired by residual
learning (He et al., 2015), SyRA introduces a cross-
level residual backtracking strategy (RB): when a
node receives a low consistency score, SyRA aggre-
gates relevant information from its all descendant
nodes to refine the result of the reasoning of the
node (red and green arrows). So, our contributions
are as follows:
e Theory: We prove that tree-structured problem
decomposition can be mapped to MFR’s hierarchi-
cal free-representation space and meet its applica-

bility conditions, thereby addressing the lack of
effective heuristics for this task.

e Method: We propose SyRA, a human-like adap-
tive reasoning framework that incorporates MFR’s
minimality, exactness, and syzygy mechanisms to
enable coherent tree-structured reasoning and adap-
tive cross-layer error correction.

o Results: Extensive experiments show that SyRA
outperforms existing methods in closed reasoning
settings and remains strong in open-domain factual
reasoning without additional knowledge.

2 Related Work

Early research relied primarily on linguistic rules,
using manually crafted decomposition strategies
based on syntactic analysis to break complex ques-
tions into direct solvable queries(Kalyanpur et al.,
2012). However, these approaches relied heavily
on manually designed rules and were difficult to
apply to a wider range of tasks.

As neural networks became widely adopted
in natural language processing, question decom-
position was increasingly modeled as a super-
vised sequence-generation or sequence-labeling
task (Zhang et al., 2019). The core idea is to train
models to generate executable intermediate struc-
tures to solve complex questions. For example,
question decomposition can be formulated as a se-
quence generation task that decomposes a complex
question into multiple subquestions (Min et al.,
2019). In this setting, the model generates sub-
questions without complex structured annotations.
By directly generating subqueries for downstream
QA systems, this approach is intuitive and easy
to integrate. In contrast, BREAK adopts a struc-
tured paradigm by collecting complete questions’
decomposition meaning representation annotations
to explicitly encode reasoning steps(Wolfson et al.,
2020). However, limited high-quality annotations
remain a major bottleneck for both performance
and generalization.
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Figure 2: A demonstration of the SyRA cycle.

With the continued development of LLMs, re-
searchers have increasingly used them for question
decomposition (Chen et al., 2022). For example,
ToT prompts LLMs to search for intermediate rea-
soning steps, gradually constructing a complete
reasoning process (Yao et al., 2023). In addition,
Least-to-Most Prompting guides LLMs to decom-
pose questions into a sequence of simpler sub-
problems using only a few examples (Zhou et al.,
2022). Decompose—Analyze—Rethink (DeAR) it-
eratively decomposes problems, analyzes subques-
tions, and refines solutions by rethinking higher-
level reasoning with lower-level feedback (Xue
et al., 2024).These carefully designed prompting
methods have made question decomposition a key
component of LLMs for complex reasoning.

3 SyRA Model

Given a question Q(“Janet’s. .. market?”), SYyRA
produces a reasoning R = (r1,r2,...,r) and the
corresponding answer (e.g., ‘18’). Our goal is to
design an MFR-guided adaptive tree framework
that ensures full tree growth, enables cross-layer re-
flection, and produces the final answer. In Figure 2,
SyRA builds the KV-KC-KR cycle for human-like
progressive reasoning on complex problems.

KV: The pretrained TS5 model first extracts from
the problem a minimal set of solution-relevant free
generating elements, which capture the key infor-
mation required for solving it. The subproblems

generated from the problem and those derived from
the free generating elements are then merged to
form the subproblem set {qi, -+ ,q4}. A hybrid
filtering mechanism based on minimality is then
applied to the elements of these subproblems, yield-
ing the final subproblems gs and q4.

KC: Subproblems whose number of elements
falls below a threshold are treated as leaf nodes; oth-
erwise, they are further decomposed. If the upper-
to-lower element ratio is less than 1 IRR(q2) =
0.667), we use GCM to generate the correspond-
ing subproblem qg from the missing elements.
This process ensures complete information transfer
across layers and thereby guarantees exactness.

KR: Each subproblem is a tree node, and the
LLM answers it with the original problem as con-
text. If a node’s reasoning result receives a low
consistency score, KR uses an RB strategy based
on syzygy to aggregate information from all its de-
scendant nodes, select the most reliable reasoning
path, and refine the node’s reasoning.

3.1 Knowledge Verifier Construction

This section proposes a Knowledge Verifier (KV),
guided by the minimality, to enable efficient and
controllable hierarchical subproblem generation.
To bridge the problem with the affine represen-
tation (S, I(Q), M(Q)), we train a constraint dis-
criminator Fgey, () under learning-based heuristic
supervision to extract free generating elements as
the core constraints in I(Q) (Section 3.4 and Ap-
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pendix A.1). So, we view M (Q) as a structural
representation implicitly induced by LLMs during
tree-based reasoning. From Appendix A.2, we ex-
tract the set of free generating elements £(Q) and
denote its cardinality by ~.

We adopt progressive refinement to improve sub-
problem coverage at each level. Given Q);, P
guides Mgecomp to explore semantics and generate
a higher-coverage candidate subproblem set:

le) = Mdecomp(Qi, Pl) = {Qh s ’Qm} (D

Where le) is the set of first-layer subproblems
decomposed from ();, and ¢,, is a subproblem in
this set. Subsequently, using the set of E(Q);) iden-
tified in Q;, we use the prompt P to guide Mye,
in generating a more targeted set of subproblems:

QY = Myen(Qi, E(Q:), P2) = {dh, -, dh} ()

Finally, the two subproblem types are combined
to form the final set of subproblems for this level:

Q" =" ua. 3)

We enforce minimality to keep the subproblem
set compact. By integrating the LLM-based se-
mantic judgment with a hybrid filtering mechanism
grounded in free generating elements, we achieve
dynamic subproblem pruning that is both control-
lable and interpretable. Therefore, the verifier se-
lects the retained subproblem set Q7 according to
the following rules at each layer:

(1) Question Pruning: LLMs often carry over
the final query of the original problem into gener-
ated subproblems, weakening subsequent reason-
ing. In Appendix A.3, we use constraint prompts
(e.g., “remove at most one”) to determine whether
a generated subproblem is semantically equivalent
to this final query. We then greedily prune sub-
problems that are semantically equivalent or highly
similar to this final query.

(2) Redundancy Compression: The verifier
compares free generating elements of same-layer
subproblems and detects redundancy via set inclu-
sion. If the elements of the current subproblem
are a subset of those of a retained subproblem at
the same layer (i.e., E(g;) C E(g;)), the current
subproblem is considered redundant and discarded.

(3) Subproblem Retention: If the free gener-
ating elements of two subproblems are indepen-
dent (i.e., their intersection is empty), or if their
intersection is non-empty but does not yield a
full inclusion (i.e., E(¢;) N E(q;) # E(g;) and
E(¢;) N E(qj) # E(q;)), then both subproblems
are deemed valid and retained.

3.2 Knowledge Controller Construction

This section proposes a Knowledge Controller
(KC), guided by exactness, to determine when to
decompose and to ensure the complete inter-layer
information propagation.

In the ¢-th layer of the adaptive tree, let the re-
tained subproblem set be ()7. Any subproblem qij
that satisfies the threshold Tij > Y hin 18 added to
the pending set of decompositions @:

This iterative process continues until the termi-
nation condition is satisfied: the elements of all
subproblems do not exceed a predefined threshold,
i.e., max Tij < Yhuin.

Let E(qi ) denote the set of free generating ele-
ments of the subproblem qf € 7, and their union
at this layer is given by:

Gi=|J E) “

q]€Q;

To assess whether the information of a parent
node is retained in its subproblems, we define the
Inter-layer Retention Rate (IRR) based on minimal
free generating elements to quantify the complete-
ness of the decomposition:

_ |Gi_1 N Gi|

R, =
|Gi—1‘ +e

&)

where £ > 0 is a numerical stabilizer. If R; = 1,
the free generating elements from the previous
layer are fully covered by the current layer; oth-
erwise, the uncovered elements trigger the Global
Coverage Mechanism (GCM), which constructs
new subproblems from missing element informa-
tion to supplement the uncovered nodes:

q?ew = Mgen(Qi7 E(Qz)) PS) (6)

3.3 Knowledge Reflector Construction

Guided by syzygy, we introduce a Knowledge Re-
flector (KR) with a Residual Backtracking (RB)
strategy to improve reasoning accuracy.
The filtered subproblems in layer ¢ are modeled
as structured reasoning nodes:
m = (qi, 135 57) (7
Where q{ denotes the subproblem to be solved,
7] is generated by Mg, under prompt Py, s/ is the
consistency score computed by Ms. under prompt
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Figure 3: MFR-based hierarchical reasoning in SyRA.

P5. Since subproblem answers may omit essen-
tial context, we provide the root problem as back-
ground input for explanation generation:

Sg = MSC(ng MRe(Con(Qrmh qz)v P4) ) P5> (8)

Where Con(+) concatenates groor and qf as input.
If Sg < g, the node is deemed low-confidence and
the RB is activated. KR uses Py to extract the
information relevant to the node from the layer
t + 1. When there are deeper descendants, it is
further filtered to iteratively refine the reasoning.

sz-i-t = M(t)

ok (Poyql,s>¢e), t=1,...,T (9)

Then, qf+t and its reasoning are used to refine
node ¢. If ¢¥,, is a leaf, it is prioritized in back-

-/
7 1 3J .
tracking to improve 7}’ :

rf/ = MUP(P7, P(F({%{C—&-ta 7"54-15}))7 Tf) (10)

where My, is the LLM for backtracking updates,
P is the prompt template, F'(-) marks leaf nodes
as important, and P(-) builds a prompt from fused
node information. The final updated node is:

) R
n! «(ql, ], s))

an

After completing layer-wise local corrections, all
child-node reasoning results n;’ are incorporated
into the prompt with Py to guide M., in generating
the final reasoning result:

Troot = MRe(qroota p({qga Tga PS}))

3.4 MFR Theory and Soundness Justification

Minimal Free Resolution (MFR) is a fundamen-
tal algebraic concept for modeling structural de-
pendencies in hierarchical problem decomposition.
The MFR of a module M is defined as the follow-
ing exact sequence (Fieldsteel and Nagel, 2021):

12)

R MRS M0

13)

Viewed vertically, the sequence naturally maps
to a hierarchical reasoning tree (Figure 3). Ar-
rows (—) represent a progressive abstraction from
low-level structures to high-level semantics. Each
F, = span{m{ } denotes the space of concurrent
subproblems in the reasoning layer ¢, where mf rep-
resents the j-th subproblem. The mappings 0; act
as dependency projection operators that validate the
logical consistency among subproblems. The inte-
gration map ¢ aggregates the minimal subproblems
into the final objective M. The terminal O indicates
the completeness of the information, requiring that
higher-level reasoning fully subsumes lower-level
derivations. This completeness property also holds
recursively: each subproblem mf acts as a local
objective whose information must be entirely ex-
plained by lower-level structures. To support coher-
ent tree-structured reasoning and cross-layer adap-
tive error correction in SyRA, we leverage three
key concepts from MFR:

Minimality is defined as Im(9;) C mF;_;
(Bruns and Herzog, 1998). In SyRA, this property
is realized through the hybrid filtering mechanism,
ensuring that F{y contains strictly the minimal sub-
problems necessary to resolve the target M, while
F captures the structural relationships among the
subproblems in Fjp.

Exactness is defined as Im(0;41) = Ker(09;)
(Weibel and Butler, 1996). In SyRA, this property
ensures that structural information in layer Fj is
fully captured by Fj,1, enabling us to define the
GCM and IRR metrics to ensure lossless informa-
tion transfer across reasoning layers.

Syzygy is defined as ) y a{ mi' = 0 (Pareschi,
2000). In SyRA, this property encodes cross-layer
dependencies among subproblems m?. When rea-
soning conflicts arise, the KR module uses the co-
efficients @] to identify contradictions and trigger
cross-layer rollback.

In chain-based reasoning, MFR is typically
compressed into implicit path-level heuristic con-
straints, thereby failing to fully realize its structural
semantics: characterizing hierarchical subproblem
spaces through minimality, ensuring recursive com-
pleteness through exactness, and expressing cross-
layer dependency propagation through syzygies (Li
et al., 2025).

For MFR-based decomposition, ) must first
be represented as an algebraic module M (Q) via
the algebraic representation (.5, I(Q)) (Eisenbud,
2013). Here, S = k[z1,...,x,] is the symbolic
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Math Reasoning QA Multitask  Gen.

Model - Method —=orrel —SVAMP MultiArith AsDiv AQUA StrategyQA  BBH  MMLU
CoT 0772 0804 0923 0898 0606  0.639 0471  0.553

Qwen2.5 DeAR 0822 0862 0955 0914 0643  0.673 0497  0.559
7B ToT 0873 0936 0965 0928 0555 0722 0.544  0.562
SyRA  0.889 0945 0982 0939 0.669  0.755 0.664  0.566

CoT 0861 0869 0973 0940 0811  0.734 0773 0.796

Qwen2.5 DeAR 0.896 0911 0981 0949 0823  0.763 0791  0.811
72B ToT 0926 0955 0988 0959 0805  0.749 0805  0.817
SyRA 0961 0958 0992 0968 0903  0.821 0.817  0.839

CoT 0853 0803 0904 0897 0579  0.682 0499 0572

GLM-4 DeAR 0871 0901 0927 0920 0645  0.702 0532  0.619
9B ToT 088 0932 0931 0931 0598  0.729 0612  0.622
SyRA 0902 0935 0965 0939 0.630  0.753 0.649  0.636

CoT 0892 0893 0936 0911 0727  0.693 0611  0.673

GLM-4 DeAR 0921 0934 0967 0930 0741 0728 0688  0.724
32B ToT 0947 0943 0983 0945 0595  0.742 0712 0733
SyRA 0952 0949 0988 0950 0.803  0.749 0747  0.749

CoT 0862 0844 0953 0942 0652 0721 0674  0.621

GPT-40 DeAR 0926 0937 0966 0947 0708  0.746 0733  0.672
mini ToT 0952 0942 098 0952 0732  0.767 0744  0.698
SyRA 0962 0956 0986 0966 0.764  0.802 0.809  0.722

Table 1: Overall results of the framework across eight reasoning datasets.

variable space, where variable x; corresponds to a
key semantic condition (atomic entities) extracted
from the problem by a pre-trained T5 model. The
ideal (@) encodes task constraints derived from
logical relations identified by the LLM among these
elements. Together, S and (()) induce the mod-
ule structure M (@), which provides the algebraic
foundation for applying MFR.

However, the affine representation induced by
(S,1(Q)) may not guarantee global minimality, af-
fecting inference consistency (David, 1991). We
therefore define the Homogenized Representa-
tion of Q as (S, I(Q)", M(Q)"), where S" =
k[xo,z1,...,xy,] is a standard graded polynomial
ring with homogenization variable z, and I(Q)"
is the homogeneous ideal obtained by homogeniz-
ing the constraints in 1(Q) (Nguetseng, 2003). Ap-
pendix B.1 shows that the homogenization M (Q)"
admits a minimal graded free resolution unique up
to isomorphism in S”, whose uniqueness guides
the LLM toward canonical decompositions.

In practice, SyRA realizes the homogenized rep-
resentation required for MFR-based decomposi-
tion by enforcing the minimality and exactness

conditions through the KV and KC modules. Ap-
pendix B.3 further shows that this construction sat-
isfies the consistency condition, thereby enabling
the recursive decomposition of complex problems
into structured subproblems.

4 Experiments

4.1 Datasets and Baselines

We use GPT-40-mini as the primary test model and
include Qwen2.5-7B/72B and GLM-4-9B/32B as
comparison models (Hurst et al., 2024; Hui et al.,
2024; GLM et al., 2024).

We compare SyRA against CoT, DeAR, and ToT
as baseline reasoning methods, with detailed set-
tings provided in Appendix E. To assess general-
ization across diverse tasks, we conduct experi-
ments on five math reasoning datasets (GSM8K,
SVAMP, MultiArith, ASDiv, and AQUA), the QA
benchmark StrategyQA, the multitask logical rea-
soning benchmark BBH, and the general knowl-
edge benchmark MMLU (Liu et al., 2023; Chen
et al., 2024; Geva et al., 2021; Suzgun et al., 2023;
Wang et al., 2024). The Appendix C provides de-
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Metric GSM8K SVAMP MultiArith AsDiv AQUA StrategyQA BBH MMLU

Branch  1.99 2.12 2.01 1.75 1.56 2.23 2.25 2.13
Depth 2.51 1.65 2.07 1.44 1.62 1.53 1.54 1.49
Length 438.99  330.03 304.13  333.64 430.62 472.55 476.47 468.77

Table 2: Characteristics of 1" in different datasets.

Method SVAMP GSMSK StrategyQA

SC RA SC RA SC RA
CoT 053 0.63 051 052 042 0.39
DeAR 056 0.64 055 057 043 041
ToT 0.57 0.66 057 059 045 042
SyRA 058 0.68 059 0.67 047 048

Table 3: Cross-method automatic evaluation.

Method SVAMP GSMSK StrategyQA
CoT 18 10 13
DeAR 21 16 17
ToT 24 18 20
SyRA 37 56 50

Table 4: Distribution of annotators’ selections.

tailed information on the datasets in this paper.

4.2 Applicability Evaluation

Table 1 shows that SYRA performs consistently
well across all datasets and different LLMs. Com-
pared with CoT, SyRA’s multi-path tree reason-
ing reduces error accumulation in linear reasoning.
Although fixed-branch ToT performs strongly in
many settings, SYRA achieves better performance
through controllable decomposition and adaptive
cross-layer reflection. Although DeAR mitigates
ToT’s fixed branching, it relies on a preset decom-
position example pool, fixed decomposition thresh-
olds, and layer-wise backtracking rules, which may
hinder its accuracy and generalization.

To evaluate the impact of LLMs’ information
extraction on reasoning outcomes, Appendix F.1
presents the results of the KV-KC-KR framework
under ground-truth information constraints in dif-
ferent datasets. This reveals that extraction errors
in factual tasks (StrategyQA, MMLU) arise mainly
from prior knowledge deficits, while failures in
math and logic tasks (BBH) arise from limitations

in LLM’s intrinsic reasoning capabilities. In ad-
dition, Appendix F.2 shows that a more advanced
information extraction model does not necessar-
ily improve reasoning performance because it may
over-identify the core constraints.

4.3 Analysis of the Reasoning Tree

Table 2 summarizes SyRA’s reasoning behavior in
terms of average branch (Branch), average depth
(Depth), and average reasoning length (Length).
For math tasks, base models better capture struc-
tured reasoning patterns, improving reasoning qual-
ity. For open-domain tasks (StrategyQA, BBH,
and MMLU), SyRA’s zero-shot decomposition en-
ables LLMs to generate effective subproblems, and
longer reasoning chains can still improve perfor-
mance despite imperfect intermediate steps.

4.4 Reasoning Consistency Evaluation

This study evaluates different reasoning methods
using automatic metrics: source consistency (SC)
and reasoning alignment (RA), and human assess-
ments(Golovneva et al., 2022). SC measures the
consistency between the input problem and the
reasoning, while RA measures the alignment be-
tween the reasoning and the answer. We focus on
SVAMP, GSMSK, and StrategyQA: the first two
require structured formal reasoning, while the last
involves open-domain. Table 3 shows that SyRA
outperforms baselines in all datasets.

For human evaluation, we randomly sampled
100 questions per test instance and had annotators
assess the reasoning. Table 4 shows that SyRA
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Dataset Model Avg Time ACC Avg Branch Avg Depth Avg Len of R
SyRA (full) 5498  0.962 1.99 2.51 438.99
SyRA w/o KV 124.63  0.956 4.11 3.24 450.18
GSM8K SyRAw/oKC 4397 00951 1.97 1.20 420.12
SyRA w/o I+G  53.13  0.958 1.79 2.30 431.67
SyRA w/o KR 39.90 0.897 2.99 2.51 478.50
SyRA (full) 5733  0.956 2.12 1.65 330.03
SyRA w/o KV 125.78 0.951 391 2.31 349.08
SVAMP  SyRAw/oKC  49.17 0.948 2.10 1.12 328.14
SyRA w/o I+G  55.79  0.950 2.08 1.61 330.45
SyRA w/o KR 40.89  0.942 2.12 1.65 385.12
SyRA (full) 28.99  0.802 243 1.53 472.55
SyRA w/o KV~ 33.01 0.799 342 1.45 582.53
StrategyQA SyRA w/o KC  31.07  0.793 2.39 1.73 463.32
SyRA w/o I+G  28.23  0.796 2.41 1.51 468.98
SyRAw/oKR  15.11  0.703 243 1.53 488.52

Table 5: Model performance on different benchmarks.

achieves higher logical coherence than other meth-
ods.

4.5 Trade-off Analysis

Compared with CoT, DeAR, and ToT, SyRA intro-
duces a KV-KC-KR cycle for question decomposi-
tion and backtracking, which may affect reasoning
efficiency. Appendix D.1 shows the results of each
method in terms of average inference time per ques-
tion (T/Q) and accuracy (ACC).

Although CoT incurs the lowest inference cost,
it also yields the lowest accuracy, since later steps
often cannot recover from an early deviation in
the reasoning path. By contrast, SyRA improves
robustness through its multi-stage decomposition
and backtracking process, albeit with higher la-
tency due to the KV-KC-KR modules. This trade-
off is better suited to complex, accuracy-critical,
multi-step reasoning tasks, while CoT may remain
preferable for latency-sensitive applications. Ap-
pendix D.2 shows that SYyRA can identify and re-
vise erroneous intermediate steps through a more
human-like reasoning process, while Appendix D.3
reports its average output tokens per question
across datasets, providing a reference for practi-
cal cost evaluation.

4.6 Ablation Study

We conducted ablation experiments on the filtered
data using GPT-40-mini, with the results shown
in Table 5. Removing KV increases subproblem

generation (Avg Branch is higher than the full),
but does not improve accuracy. This is because re-
dundant subproblems introduce noise that weakens
root-level reasoning. Thus, the minimality-based
KV module better controls subproblem quality.

Across all datasets, SyRA without KC consis-
tently underperforms full SyRA, suggesting that
the exactness-inspired KC module improves the
convergence and stability of deep reasoning. Fine-
grained results also show that its average depth is
lower than full SyRA on structured tasks (GSM8K,
SVAMP) but higher on StrategyQA, suggesting
that LLMs may not reliably identify the key in-
formation needed to decide when to decompose.
Moreover, SyRA without KC has a lower average
branch than full SyRA, highlighting that IRR and
GCM are crucial to preserve information propa-
gation. This raises a key question: how much do
these mechanisms affect the model’s reasoning?

Under comparable reasoning time, SyRA with-
out I+G consistently underperforms full SyRA,
with lower average branch, depth, and reasoning
length, indicating that missing information dur-
ing decomposition weakens reasoning performance.
This further underscores the importance of IRR and
GCM in KC for reasoning quality.

Although the SyRA without KR removes back-
tracking and thus reduces runtime, it still underper-
forms the full in accuracy. Therefore, inspired by
syzygy and residual learning, the cross-layer back-
tracking of RB preserves all key information in the
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reasoning tree and selects optimal solution paths
(shorter reasoning length) to solve the problem,
substantially improving reasoning quality.

5 Conclusion

In this work, we show that tree-structured problem
decomposition can be embedded into the hierarchi-
cal free-representation space of MFR, alleviating
limitations of heuristic-based approaches. Based
on this perspective, we propose SyRA, an adaptive
reasoning framework inspired by algebraic geom-
etry. Unlike previous works that use mathematics
as a metaphor, SYyRA operationalizes algebraic the-
ory into algorithmic constraints: minimality for
pruning, exactness for consistency, and syzygy for
backtracking. Specifically, we develop hybrid fil-
tering for KV to enforce minimality, IRR and GCM
for KC to ensure exactness, and RB for KR guided
by syzygy. Extensive experiments show that SyRA
achieves superior reasoning accuracy and stability
across benchmarks, confirming that rigorous alge-
braic structures effectively guide LLLM reasoning.
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Limitations

Key Information Extraction: The effective imple-
mentation of our method is based on the ability of
the LLM to accurately identify the core constraints
(the free generating elements) of the problem. We
then map the problem to an algebraic module struc-
ture and incorporate MFR’s minimality, exactness,
and syzygy mechanisms to construct the complete
SyRA framework. Therefore, future work may
require more capable LL.Ms with stronger key in-
formation extraction.

Method Generalizability: This study evaluates
SyRA on structured mathematical reasoning tasks,
knowledge QA benchmarks, multitask logical rea-
soning datasets, and general knowledge reasoning
tasks to assess the human-like problem-solving
ability of LLMs on complex problems. However,

for knowledge-intensive reasoning tasks, the anal-
ysis of SyRA is limited by the lack of external
knowledge. Furthermore, whether this framework
can generalize to software development or other
end-to-end applications remains an open direction
for future work.

Ethics Statement

The dataset used in this study is primarily sourced
from publicly available resources. Our data col-
lection process strictly avoids any personally iden-
tifiable information, such as user IDs, avatars, or
comments, ensuring maximum transparency and
accessibility. During our experiments, we provide
human participants with a full explanation of data
usage and publication; at no point are participants
exposed to inappropriate content. We ensured that
the whole process adhered to all ethical guidelines
and that the time and effort of human participants
were used responsibly and transparently, thereby
promoting the advancement of research in the field.
For all human-subject studies, we strictly adhered
to IRB approval. In our experiments, we used hu-
man evaluation to assess performance. Two hu-
man annotators individually annotated 223 and 177
items, respectively. Participants in this study were
compensated $100.
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A KV Module Construction Details

A.1 Training Process

To enable effective decision-making by the sub-
sequent verifier, we identify the core constraints
(free generating elements) of the problem statement
and train the corresponding constraint discrimina-
tion models Fjep (-) using learning-driven heuristic
training methods.

Therefore, the original problem () must first be
normalized and broken down into a sequence of
sentences:

S = Split(@encoded) = {517 52, ... 7S’i}

For each sentence s;, we assign a label y; €
{0,1}. A sentence is labeled as a free generat-
ing element if it is essential to solve the problem
(y; = 1); otherwise, (y; = 0). Consequently, the
task can be formulated as a sentence-level binary
classification problem, whose goal is to identify
the semantic sentence that critically contributes to
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problem solving. To this end, we construct the
following dataset:

D = {(Qi, {(s1,11), (52,92), - - -, (sk i) D}

where (); denotes the sample of the problem i-th,
sk is sentences, and y the corresponding labels.
Given the imbalance between positive and negative
classes in the datasets (i.e., more effective semantic
information than background sentences), we em-
ploy a weighted cross-entropy loss to improve the
model’s ability to recognize the minority class:

k

Lyeighted = — Z [wpos y; log p;
=1

+ Wneg (1 - yz) 10g(1 - pi)

where wpos and wyeg denote the weights of the
positive and negative samples. To improve the
evaluation stability, we combine the training and
validation losses into the overall loss function:

Liotal = Litrain + a - Lyal

where a is the weighting factor applied to the
validation loss to mitigate overfitting.

A.2 Free Generating Elements

Once the model is trained, we can obtain the set
of effective free generating elements for each prob-
lem:

E(Qi) = {ei | Fyen(si) = 1}

This set captures the core constraints of the prob-
lem and the essential inferential basis, and its num-
ber is defined as the local generative degree T;:

T = |E(Qi)]

This value measures the diversity of decomposi-
tions.

A3

The query of (); may be a short interrogative sen-
tence, a declarative sentence, or a composite sen-
tence that contains multiple free generating ele-
ments.

First, we use a TS5 model to decompose the prob-
lem @; and extract its final original query Sfpal.
Next, by combining semantic analysis with rule-
based filtering, we prune irrelevant elements from
Sfinal to obtain the normalized query s%nalz

Question Pruning

Stna = Rule(Last(T5_split(Q;)))

Dataset Domain Samples
GSMSK Math Reasoning 1319
MultiArith Math Reasoning 600
SVAMP Math Reasoning 1000
AsDiv Math Reasoning 2405
AQUA Math Reasoning 254
StrategyQA Knowledge QA 2290
BBH Logical Reasoning 3320
MMLU General Knowledge 9994

Table 6: Details of all evaluated datasets.

Then, guided by the original and normalized
queries and prompts such as “remove at most one
sentence,” we apply an LLM-assisted pruning algo-
rithm to filter out subproblems that are semantically
redundant with the original query:

Qf = GP(Fil(q;, st, s;, P), constraint: del < 1)

where ¢; is the candidate subproblems generated
by the LLM. Fil(g;, st, s, P) removes the subprob-
lem candidate that is semantically most similar to
s¢ or s under the guidance of the prompt P. GP
indicates performing additional pruning operations
under the given constraints.

B Mathematical Proofs

B.1 Proof of Theorem 1 (Global Existence)

Theorem 1 (Global Existence of Minimal Graded
Free Resolution). (Artale, 1990) Let M (Q)" de-
note the homogenized module for problem (). Then
M(Q)" admits a unique Minimal Graded Free
Resolution over the global ring S”. That is, there
exists an exact sequence of graded free modules:

0,
0= F 2 LR SMQ" >0 (14)

where 0; is degree-preserving, and the image of
0; is contained in mF;_1, with m = (g, ..., x,)
being the irrelevant maximal ideal of S”.

The proof proceeds by inductively constructing
a resolution based on the structural properties of
standard graded rings and the Graded Nakayama’s
Lemma.The specific steps are detailed as follows:

1. Algebraic Setting. Let S* = K[z, ..., ]
be the standard graded polynomial ring. Note that
S is a positively graded ring where (S")g = k is
afield. Letm = @ . ((5")a = (20, ..., zn) de-
note the unique irrelevant maximal ideal. Since
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I(Q)" is a homogeneous ideal, the quotient
M(Q)" Sh/I(Q)" is a finitely generated
graded S”-module.

2. Base Case: Construction of F,. Consider
the quotient vector space Vy = M (Q)" /mM (Q)".
Since M (Q)" is finitely generated, Vj is a finite-
dimensional graded vector space over k. Let
{é1,...,eg, } be a homogeneous basis for V}, with
degrees d; = deg(€;).

By the Graded Nakayama’s Lemma, any set of
homogeneous lifts {e1,...,es,} € M(Q)" forms
a minimal generating set for M (Q)". Accordingly,
we define the first free module as:

Bo
Fo = @ S"(—d;)
i=1

We construct the surjective homomorphism ¢ :
Fy — M(Q)" by mapping the basis elements of
Fy to the generators {e; }.

3. Inductive Step: Syzygies. Let Ky = ker(e).
Since S” is a Noetherian ring, K is a finitely gen-
erated graded submodule of Fj. A crucial con-
sequence of choosing a minimal generating set is
that Ko C mFj. This inclusion represents the al-
gebraic condition for minimality: it ensures that
the relation matrix contains no units (constants),
preventing trivial redundancies.

We proceed by induction. Assume F; and the
map 0; : F; — F;_1 have been constructed such
that K; = ker(9;) C mF;. We construct F; 1 by
applying the base case procedure to K;. Specif-
ically, we find a minimal generating set for Kj,
define Fjy; accordingly, and construct the map
0i+1 : Fi11 — F; covering these generators. By
construction, the image Im(0;41) = K, is con-
tained in mFj.

4. Termination. To guarantee this process does
not continue indefinitely, we invoke the Hilbert
Syzygy Theorem. Since S" = k[xo, ..., z,]is a
polynomial ring in n+1 variables over a field, it has
finite global dimension. Specifically, the projective
dimension of the module is bounded by the number
of variables:

Pdsh(M(Q)h) <n+1

This inequality implies that for some p < n +
1, the kernel K,_; must be a free module. We
then set F,, = K,,_1 and 0, as the inclusion map,
terminating the sequence.

5. Uniqueness. The minimality of Im(9;) C
mF;_; implies that the rank of each free module
F; is an intrinsic invariant. Specifically, tensor-
ing the minimal resolution with the residue field
k = S" /m yields a complex with zero differentials,
isomorphic to the Tor groups:

F, @gn k = Tor®" (M(Q)", k)

The ranks are thus determined by graded Betti num-
bers f; ; = dimy Torfh (M(Q)", k);, which are
independent of the choice of basis. Consequently,
the constructed minimal graded free resolution is
unique up to an isomorphism of chain complexes.

B.2 Operationalizing Homogenization

KV as Homogenization Operator: KV uses a hy-
brid filtering mechanism based on free generating
elements that operationalizes the unique minimal
generating set implied by projective homogeniza-
tion. This process serves as an analogue of the ho-
mogenization variable zg in S" = k[xo, ..., x,)],
enforcing redundancy elimination and indepen-
dence to ensure a minimal decomposition.

KC as Scale-Invariance Enforcer: Homogeniza-
tion establishes a scale-invariant structure in which
algebraic properties persist across depths. In SyRA,
KC operationalizes this invariance by basing all
inter-layer decisions on Inter-layer Retention Rate
(IRR) and Global Coverage Mechanism (GCM).
This uniform application ensures consistent Exact-
ness in information propagation, regardless of the
level of problem abstraction.

B.3 Proof of Corollary 1 (Inheritance of
Structure)

Corollary 1 (Inheritance of Minimal Resolution).
Let decomposition map A : Q — {Q},...,Q}}
be algebraically consistent, such that each sub-
problem Q;- corresponds to a generator of the first
syzygy module (the algebraic kernel) of the parent
module M (Q)"(Capani et al., 1997).

By the Noetherian property of S”, each associ-
ated M (Q;)h is a finitely generated graded module.
Consequently, each subproblem admits a unique
Minimal Graded Free Resolution, ensuring that
structural optimality is preserved recursively at ev-
ery depth of the reasoning tree(La Scala and Still-
man, 1998). The specific steps are as follows:

The validity of the recursive step is grounded
in the stability of the Noetherian property un-
der submodule construction and the sequential na-
ture of free resolutions. In the SyRA framework,
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Dataset Metric CoT DeAR ToT SyRA
SVAMP T/Q 39.77 58.91 67.25  57.33
ACC 0.844 0937 0.942  0.956
T . . . .
GSMSK Q 38.16 57.67 62.19 5498
ACC 0.862  0.926 0.952  0.962
T/ 21.11 29.33 30.18  28.99
StrategyQA Q
ACC 0.721 0.746 0.767  0.802

Table 7: Accuracy (ACC) and time per question (T/Q) across methods.

GSMSK SVAMP MultiArith

ASDiv

AQUA

StrategyQA

BBH

MMLU

Output 977.41 569.31 635.49

564.97

557.86

675.29

621.67

633.18

Table 8: Average number of output tokens per question across different datasets.

the heuristic decomposition of a problem () into
subproblems {Q’;} corresponds algebraically to
identifying the internal dependencies among the
generators of the reasoning space. Formally, let
Fo & M(Q)" — 0 denote the initial step of the
minimal resolution established in Theorem 1. The
set of subproblems {Q;} naturally generates the
kernel of this map, denoted as Ky = ker(e) C Fy,
which is known in commutative algebra as the first
syzygy module Syz, (M (Q)"). Thus, solving the
subproblems is equivalent to finding a minimal gen-
erating set for K.

To ensure that this decomposition is computa-
tionally feasible and mathematically well-defined,
we appeal to the fundamental properties of the un-
derlying ring structure. Since the homogenized
polynomial ring S* = k[xy, ..., 2,] is Noetherian
by Hilbert’s Basis Theorem, and Fj is constructed
as a finitely generated free module, it follows that
any submodule of Fj must also be finitely gen-
erated. Consequently, the kernel K is a finitely
generated graded S"-module. This algebraic fact
provides the critical guarantee for the SyRA frame-
work: the number of subproblems (syzygies) re-
quired to resolve the parent node is necessarily
finite, thereby preventing any infinite regression of
dependencies during the reasoning process.

Having established that the subproblem module
K is a finitely generated graded module over a
Noetherian ring, it satisfies all the preconditions of
Theorem 1. Therefore, K itself admits a unique
(up to isomorphism) Minimal Graded Free Reso-
lution. Moreover, this resolution is intrinsically

linked to the global structure of the parent prob-
lem; specifically, the minimal resolution of K
corresponds precisely to the truncated complex
0— F,—---— F1 = Ko — 0, where the free
modules are identical to those of M (Q)" with in-
dices shifted by one. This confirms that the "child"
nodes in the SyRA reasoning tree inherit the struc-
tural optimality of the "parent” node, providing
rigorous mathematical justification for the recur-
sive application of the KV and KC modules.

C Data Description

Table 6 summarizes the datasets used in this study.
These datasets have two categories: five structured
math datasets, where AQUA contains multiple-
choice questions and the others involve direct arith-
metic problems, and two open-domain knowledge
reasoning datasets, namely StrategyQA for ques-
tion answering and BBH for multi-step reasoning.
All datasets are accessible via HuggingFace.

D Analysis of Reasoning Behavior

D.1 Efficiency and Accuracy Analysis

Table 7 shows the results of each method in terms
of average inference time per question (T/Q) and
accuracy (ACC). For the compared baselines, we
use detailed step-by-step reasoning to ensure their
best possible accuracy.

D.2 Analysis of Reasoning Errors

The original problem is stated as follows: Carlos is
planting a lemon tree. The tree costs $90 to plant.
Each year, it yields 7 lemons, each of which can be
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Module Parameter Value / Description
Wpos 1.0 (Positive class weight in Eq. A.1)
Whneg 2.5 (Negative class weight in Eq. A.1)
Knowledge Verifier (KV) a 0.5 (Validation loss weight in Eq. A.1)
delmax 1 (Max sentence removal constraint in A.3)
Base Model Text-To-Text Tr;l;l;{fj; Zlc;nsformer small
T nin 2 (Min decomposition threshold)
€IRR, le-5 (Stabilizer for IRR calculation)
Knowledge Controller (KC) Ryrigger 1.0 (Threshold to trigger GCM if IRR < 1.0)
Max Depth 6 (Global hard limit for tree depth)
Max Branch 5 (Max subproblems per node)
Knowledge Reflector (KR) €score 0.8 (Consistency score threshold for RB)
Temperature 0.7 (Reasoning), 0.0 (Scoring/Extraction)
LLM Config Tor-p 095
Max Tokens 1024
Model Version gpt-40-mini-2024-07-18
Qwen2.5-72B/7B-Instruct
THUDM/GLM-4-32B/9B-0414

Table 9: Hyperparameter settings for SyRA modules and LLM backbone.

GSM8K SVAMP MultiArith  ASDiv

AQUA StrategyQA BBH MMLU

ACC 25% 20% 10%

15%

25% 65% 30% 50%

Table 10: Accuracy of SyRA on error cases given correct element extraction.

sold for $1.5. Watering and feeding the tree cost
$3 per year. How many years will it take before the
tree starts generating profit?

Figure 4 shows that, due to insufficient prior
knowledge, the model confuses break-even with
profit. After injecting relevant knowledge, it cor-
rectly identifies the 13th year as the point at which
profit begins and arrives at the correct answer.

D.3 Output Tokens Per Question

Table 8 shows the average number of output tokens
per question generated by SyRA across datasets,
providing a reference for practical cost evaluation.

E Hyperparameter Settings

Table 9 summarizes the key hyperparameters used
in SyRA across all experiments. We explicitly list

the thresholds used for the Knowledge Controller
(KC) and the Knowledge Reflector (KR), as well as
the training parameters for the Knowledge Verifier
(KV). In addition, for CoT, we adopt a detailed 5-
step prompting strategy; for DeAR and ToT, we set
the branching factor to 4 and the maximum depth
to 3.

F Information Extraction Analysis

F.1 TImpact of Extraction Errors

Given the limited number of error cases, we ran-
domly selected 20 failure cases from each dataset
and re-evaluated them under ground-truth con-
straints within the KV-KC-KR framework to assess
the impact of extraction errors. Results are shown
in Table 10.

46521



Method GSM8K SVAMP MultiArith ASDiv . AQUA StrategyQA BBH MMLU

SyRA-TS 0.962 0.956 0.986 0.966 0.764 0.802 0.809 0.722
SyRA-gpt-40-mini  0.958 0.953 0.984 0.961 0.759 0.799 0.804 0.719

Table 11: Comparison of SyRA with Different Extraction Models.

Datasets SyRA Time ACC Branch Depth Length
GSMSK T5 5498 0962 199 251  438.99
gpt-4o-mini  55.61 0.958  2.01 252 440.13

SVAMP TS 57.33 0956  2.12 1.65 330.03
gpt-4o-mini  57.96 0953  2.13 1.67 331.78

StrategyQA TS 2899 0.802 243 1.53  472.55

gpt-4o-mini  29.16 0.799 246 1.57  477.89

Table 12: Performance and Reasoning Behavior of SyRA with Different Extraction Models.

Q0: Carlos is ... How many years ... he starts earning money?
|-- Q0.1 (From Q@; p=2 -> Continue Decomposition)
| How much profit ... from the lemon tree each year?

| -> Answer: 7.5
| |-- Q0.1.1 (From Q@.1; p=1 -> Atomic, Terminate)
| | How much money ... from selling lemons?
| | -> Answer: 10.5
| “--Q0.1.2 (From Q0.1; p=1 -> Atomic, Terminate)
| How much ... to water and feed the tree?
| -> Answer: 3
“-- Q0.2 (From Q@; p=2 -> Continue Decomposition)
How many years does it take to recover the planting cost?
-> Answer: 12
|-- Q0.2.1 (From Q@.2; p=1 -> Atomic, Terminate)
| How much does it cost to plant the lemon tree?
| -> Answer: 90
“--Q0.2.2 (From Q0.2; p=1 -> Atomic, Terminate)
What is the yearly profit from the lemon tree?
-> Answer: 7.5

Figure 4: Errors from insufficient prior knowledge

F.2 Effect of Extraction Models

Table 11 shows the modularity of the SyRA frame-
work, in which T5 can be directly replaced by more
powerful models (gpt-4o-mini) that utilize prompts
to extract the constraints of the core problem.

Table 12 compares representative samples in
runtime (Time), accuracy (ACC), average branch
(Branch), average depth (Depth), and average
length of reasoning (Lenth). Although SyRA-gpt-
40-mini records higher metrics in Time, Branch,
Depth, and Length, it yields lower ACC than SyRA-
T5. This suggests that SyRA-gpt-40-mini is more
susceptible to generating redundant or erroneous
constraints, which compromises the final reasoning
performance.

46522



