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Abstract

Large language models (LLMs) store and re-
call factual knowledge, yet the precise mech-
anism of how entity representations are trans-
formed to enable specific attribute retrieval re-
mains underexplored. In this work, we inves-
tigate this mechanism through the lens of an
“attribute-computation path”—a sequence of
computational steps over the entity represen-
tation required to elicit a target attribute. We
then propose an iterative patching protocol to
identify a minimal subset of layers necessary
for this computation. Applying our method
to LLaMA 3.1 8B and Qwen3 8B, we find
that these paths are non-contiguous, often skip-
ping layers, and that models possess multiple,
functionally-equivalent paths for the same en-
tity and fact, highlighting a high degree of re-
dundancy in attribute computation. This im-
plies that knowledge computation is highly dis-
tributed, potentially explaining the localization-
editing mismatch and suggesting that knowl-
edge storage and retrieval in LLMs is far from
being well understood.

1 Introduction

Large language models (LLMs) have been shown
to store and recall factual knowledge expressed
as entities and their relations (Petroni et al., 2019;
Jiang et al., 2020; Cohen et al., 2023). For example,
when prompted with “The mother tongue of An-
gela Merkel is”, an LLM will predict “German”,
the correct answer. While prior studies attempted
to identify components of the model where fac-
tual knowledge is stored (Geva et al., 2021; Dai
et al., 2021; Geva et al., 2022; Meng et al., 2022;
Gurnee and Tegmark, 2023; Katz et al., 2024; Yu
and Ananiadou, 2024) and to map the general infor-
mation flow during recall (Geva et al., 2023; Nanda
et al., 2023; Chughtai et al., 2024; Wang and Xu,
2025; Yao et al., 2024; Yu et al., 2025), the precise
mechanics of how facts are retrieved from model
parameters remain unclear. Existing work posits
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Figure 1: Two functionally equivalent minimal attribute-
computation paths for the entity “Angela Merkel”. Both
paths are non-contiguous, skipping intermediate layers.
The blue path represents a compact, early computation,
while the orange path illustrates a deeper, more dis-
tributed alternative.

that this process occurs at the last entity token posi-
tion; however, the term “retrieval” itself is not well
defined. It remains ambiguous whether retrieval
is a continuous process of information accumula-
tion across a range of layers, or if it is defined by
a discrete state—a specific point where the repre-
sentation becomes rich enough to elicit the specific
correct attribute. Furthermore, the transformations
the entity representation undergoes before it be-
comes capable of eliciting the target attribute are
largely unmapped. To address these complexities,
we propose investigating the factual recall mech-
anism through a new lens: mapping the minimal
computation path the entity representation must
undergo in order to achieve attribute recall, in a
given factual-recall prompt.

Given a prompt with an entity with a relation
(e.g., “The mother tongue of Angela Merkel is”),
and a target attribute (e.g., “German”), we define
an attribute-computation path as a sequence of
computations over the entity representation, that
together enable the LLM to answer the prompt
correctly. Each computation is implemented as a
transformer layer, and we seek a subset of layers
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which is both sufficient and necessary for comput-
ing the desired output. We call such a subset of
layers, in which no layer can be removed without
hurting the computation, a minimal attribute com-
putation path, and observe that each layer along
such a minimal path plays an active role in the
factual recall process for the attribute.

We present a method to identify minimal compu-
tation paths for a given factual recall prompt, and
use it to extract computation paths for a diverse
set of such prompts, in two open-weight LLMs
(LLaMA 3.1 8B and Qwen3 8B). Our experiments
reveal that for a majority of target attributes:

* The minimal path naturally ends in the early-
mid layers, after which the attribute value is
fully available and no further processing is
required. This is consistent with observations
in previous works (Geva et al., 2023; Nanda
et al., 2023; Meng et al., 2022).

* Minimal paths consist of more than a single
layer: there isn’t a single layer responsible for
knowledge retrieval for a given entity-relation-
attribute triplet, but rather the entity must be
processed by multiple layers before the infor-
mation is fully available.

e Minimal paths are often sparse and non-
contiguous: only a subset of layers participate
in each factual recall process, while others
may be skipped (but the same layer may par-
ticipate in multiple factual recall processes).

Taken together, the last two items indicate that fac-
tual knowledge is stored in a distributed and non-
localized manner: there isn’t a single layer or range
of layers we can say is responsible for a given fact,
rather the factual information is distributed across
the parameters of multiple layers. Our experiments
further reveal “backup” paths (Wang et al., 2022;
McGrath et al., 2023):

* Minimal paths are not unique: for most facts
we explored, there is at least one alternative
set of layers that is sufficient for retrieving
the factual information. These alternate paths
are deeper and longer than the primary paths
the model uses in natural, non-intervened runs
(Figure 1).

We find that the same factual knowledge can be
retrieved through multiple distinct computational
paths within the model. This suggests an even more

complex and elaborate form of knowledge repre-
sentation, where the storage and retrieval mecha-
nism is not only distributed but also highly redun-
dant. These findings provide a new perspective on
the mechanism of factual recall (Geva et al., 2023;
Meng et al., 2022; Yu et al., 2025). We detail these,
together with additional findings, in Section 6. To
locate the minimal paths, we use a novel iterative
activation-patching protocol, described in Section
5.

In summary, our work makes three main contri-
butions.

* We offer a new perspective on the sub-process
of entity enrichment (Geva et al., 2023; Yu
et al., 2025), showing that the computation of
the entity representation for specific attribute
recall unfolds as a multi-step process involv-
ing several necessary intermediate transforma-
tions, while at the same time not requiring
most model layers.

* We reveal that multiple minimal and function-
ally equivalent attribute computation paths
exist within the model with different lengths
and in different regions, highlighting the
distributed and redundant nature of factual
knowledge representation.

* We propose a novel activation patching pro-
tocol to identify a minimal subset of layers
required for computation of an attribute over
the entity activations, providing a precise view
of how factual knowledge enriches the entity
representations.

Based on our findings, we propose an explana-
tion for the discrepancy between where the facts
are located and where they are most effectively
edited (Hase et al., 2023). We suggest that because
attribute computation requires multiple transforma-
tions of the entity representation, editing succeeds
by intervening at a necessary transformation stage,
not necessarily where the knowledge is localized.
Our code is available at https://github.com/
hhochman/1lm- factual-retrieval.

2 Related Work

Entity Representation & Factual Recall. Prior
work frame factual recall in large language model
as a three-stage process (Geva et al., 2023; Yu et al.,
2025; Chughtai et al., 2024; Nanda et al., 2023). In
their framing, early attention layers first consoli-
date the representation of the entities initial tokens
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into its final token (Nanda et al., 2023). Then, the
final entity token undergoes an entity enrichment
phase in which various entity attributes are loaded
from the model parameters and encoded on the (fi-
nal) entity tokens. This stage is primarily driven by
early feed-forward (MLP) sublayers (Meng et al.,
2022; Geva et al., 2023; Yu et al., 2025) in which
the knowledge resides. Finally, once entity enrich-
ment concludes and the knowledge is retrieved and
loaded into the entity representation, information
from the relation tokens propagates forward in the
sequence, reaching the final token of the prompt.
Then, the representation at the final token of the
prompt queries the enriched entity representation
to extract the target attribute (Geva et al., 2023).

It is also established that the resulting representa-
tion at the entity’s final token plays a central role in
knowledge storage and retrieval (Geva et al., 2023;
Yu et al., 2025; Hernandez et al., 2023; Ghande-
harioun et al., 2024). Recent work demonstrates
that, for many relations, attributes can be decoded
from the entity’s final token using a simple, approx-
imately linear transformation (Hernandez et al.,
2023). Furthermore, probing the hidden states of
this token in late—mid layers can reveal the extent
of the model’s stored knowledge about the entity,
without relying on generated outputs (Gottesman
and Geva, 2024). When the relation follows the
entity in the prompt, enrichment and attribute ex-
traction can occur not only at the entity position
but also at the relation and final positions (Yu et al.,
2025; Chughtai et al., 2024). In these cases, deeper
attention and feed-forward components store fac-
tual knowledge linking the entity and relation to
the attribute.

While Meng et al., 2022 identified stages where
representations become sufficient for attribute
restoration and hypothesized accumulation across
MLPs, the precise causal computations of this pro-
cess remain under-explored. We zoom in on the en-
tity enrichment stage and trace the complete causal
paths by which individual facts are loaded into the
entity representation. Our findings reveal a com-
plex and elaborate system in which each individual
fact requires processing by multiple LLM layers
before it can be accessed: there is no single layer
in which a specific fact is retrieved.

Circuit Redundancy. Early work in mechanistic
interpretability of LLMs and other models focused
on identifying circuits: subgraphs of the model’s
computational graph responsible for specific behav-

iors (Olah et al., 2020; Elhage et al., 2021; Wang
et al., 2022; Goldowsky-Dill et al., 2023; Ameisen
et al., 2025). However, the definition of a “circuit”
is complicated by the distributed and redundant
nature of LLMs.

McGrath et al. (2023) revealed the “hydra ef-
fects”, where the model self-repairs by activat-
ing redundant components when primary ones are
ablated. Wang et al. (2022) similarly identified
“backup heads” that perform the same function as
primary heads but are only active when the primary
path is disrupted. This complexity extends to model
editing; Hase et al. (2023) demonstrated that while
facts can be successfully edited at specific model
locations, the most effective editing targets often
diverge from the locations identified by standard
localization methods. These findings suggest that
models do not rely on a single, unique circuit for a
given task, but rather possess multiple functionally
equivalent mechanisms.

While Wang et al. (2022) revealed backup
“Name-Mover Heads” in the IOI task, and the hydra
effect (McGrath et al., 2023) has been investigated
primarily regarding the information flow to the fi-
nal token, we demonstrate redundancy within a
different factual recall mechanism: the layers per-
forming the computation process over the entity
tokens that is used to retrieve the attribute.

3 Preliminaries and Notations

Layers and Activations. Let (-9 denote the
input activations to layer ¢ at position 7. A layer
function L, applied to (%) results in the layer’s
output 009 which serves as the input to the next
layer, 1(-+1);

LZ(I(M)) — 060 — plit+1)

We refer to the same activations as either O(4)
or I(-+1) depending on the context. The layer
function L, computes attention (Attn) and MLP

with residual connections:
Lo(I1%9) = 109 + ai<; )+ mig)
a(<ie) = Attng (149 ... 10:0)
mep = MLP(I% + ai<; )
Runs and Activation Patching. We denote the
prediction of a model M given prompt P as M(P).

'With slight abuse of notation, we use a single index to
refer to either a single token position or a range of tokens
(corresponding to an entity).
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In this work we restrict ourselves to single word
predictions using greedy decoding.

Given an n tokens input prompt, the transformer
decoder step with |L| layers computes the values
00D for1 < ¢ < |L|;1 < i < n, in topological
order where a node O is computed after nodes
with positions < ¢ and layers < ¢. A patch op-
eration ® specifies a list of locations (7, ¢) and a
corresponding patch vector for each. A patched run
M (P | ®) on an input prompt P computes the acti-
vation vectors according to their topological order,
but, whenever (i, £) corresponds to a patching loca-
tion, 7049 is replaced with the corresponding value
instead of its computed value, and the computation
continues.

4 Setup and Goal

To understand how factual knowledge is stored and
retrieved in LLMs, we are interested in tracing the
computations performed by a transformer-based
LLM when completing factual recall prompts such
as “The mother tongue of Angela Merkel is”. We
focus our attention on the process in which the en-
tity representation evolves through the layers until
it is sufficient for the model to produce the cor-
rect answer (“German”). Considering each layer
as performing a computation over the entity rep-
resentation, we look for what we call a minimal
attribute computation path: a subset of layers that
are required for producing the correct attributes.

Factual Recall Prompts. We study prompts of
the form (e,r) — a, where e is a subject entity,
r is a relation, and a is the target attribute to be
predicted (not part of the prompt). For example, in
the above prompt the subject entity e is “Angela
Merkel”, the relation r is “mother’s tongue”, and
the target attribute a is “German”. The relation
may appear either before the entity or after it. Both
entities and relations are drawn from a variety of
domains.

Entity Representation is the activation values at
the entity position for a given prompt. It evolves
through the layers, with the representation at layer
¢ denoted as O(&9).

Computation Paths. A computation path is a se-
ries of computations (a subset of layers) applied to
an entity representation. An attribute computation
path is a computation path after which the model
correctly predicts the target attribute. A minimal
attribute-sufficient computation path (or minimal

attribute path for short) is a path in which every in-
cluded layer is essential; removing any layer from
this set disrupts the computation of the attribute
over the entity activations.”

Relations to Knowledge Retrieval. Each layer
belonging to a minimal attribute path plays an es-
sential role in the process of knowledge retrieval
for that attribute: it either extracts (parts of) the
attribute value from the model’s parameters; trans-
forms the entity representation to facilitate the
knowledge extraction; or transforms extracted val-
ues into a form from which the attribute can be
decoded. Thus, we consider the study of minimal
attribute paths as an essential milestone for under-
standing factual knowledge retrieval in transformer-
based LLMs.

5 Method

In an |L|-layers transformer A/ for which
M (Piery) = a, the path [Ly, ..., 1] is attribute
sufficient for a. But are all the layers necessary?

To identify a minimal attribute path, we start by
determining the termination point of the path: the
earliest layer {44, < |L| after which no more com-
putations on the entity representation are needed
for M to produce the attribute a at the last token
(subsection 5.1). Second, using layer ¢, as an
upper bound, we iteratively identify a minimal se-
quence of layers that progressively transform the
entity embedding for recalling attribute a (subsec-
tion 5.2). Finally, we show that by replacing the
upper bound /44, with | L| and using the same itera-
tive procedure, we can identify alternative minimal
attribute paths (subsection 5.3).

5.1 Locating /.,

To bound the minimal attribute path from above,
we seek a layer ¢ whose output does not need to
be transformed by subsequent layers to produce
attribute a. Removing a layer from the end of the
path amounts to overriding its output with that of
the previous layer. This gives rise to an operation
we call lock:

O(e’ZJrk) i O(e,@)

patch

lock(0©9) .= VE >0

This is an instance of activation patching (Vig et al.,
2020; Wang et al., 2022; Meng et al., 2022) which

*Note that "minimal" refers to the irreducability of the
path rather than its length: multiple distinct minimal paths of
different lengths may exist. Indeed, we show that this is often
the case in practice.
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Figure 2: Iterative Greedy Search for Minimal Computation Paths. We illustrate the process using the original
prompt “The mother tongue of Angela Merkel is” (Target: “German’) and the counterfactual prompt “The mother
tongue of Bill Gates is” (Target: “English”). First, Lg is established as the attribute sufficient layer using the lock
operation. Then, Failed Attempt (Left Arrow): The algorithm attempts a maximal jump from the embeddings to
layer 5, but the model predicts the counterfactual target, marking this skip as invalid. Successful Attempt (Middle
Arrow): The algorithm identifies layer 4 as the highest layer into which a jump recovers the correct target. Next
Iteration (Right Arrow): With layer 4 established as a necessary step, treating its output as the new source, the
search repeats to identify the next maximal jump (to layer 8).

we call activation locking: patching the activations
from an entity representation at layer £ to all higher
layers of the same entity.

For a given prompt P, we seek the earliest layer
on which we can apply lock operation and retain
the same correct attribute a:

‘gattr = ngn S.t.M(P | lOCk(O(e’é))) —_ M(P)

Fig 4 (Appendix A) illustrates this process.

5.2 Minimal Path Identification

Having identified £,,, we seek to identify a
path (a sequence of layers) [Lq,, ..., La,]. 0i <
@itr1; o < Lgur, which forms a subset of the
model’s layers constrained by the upper bound
Lattr. This sequence represents a minimal set of
layers such that, when the entity embedding is pro-
cessed only through these layers, the model M still
produces the desired output a.

To identify non-essential layers, we use counter-
factual prompts: prompts of the form (é,7) — a
where é shares the same semantic type, number
of tokens and sequence positions with e, but for

which M produces an answer & # a. We pro-
pose a heuristic: if a layer can process counter-
factual entity data without disrupting the final at-
tribute prediction, this layer is not necessary for
the computation. Thus, given counterfactual entity
activations Oézﬁter from running M on the coun-
terfactual prompt, and a candidate path, we define
an activation patching operations called isolate in
which: (a) the first path layer L, receives the clean
entity embedding c(l?an; (b) each subsequent path
layer L, receives the output of the previous path
layer L,,_,; and (c) all layers between path lay-
ers receive the corresponding activations from the

counterfactual run. Formally:

isolate(layers = [a1, ..., a]) :=
Jlet=a1) Ec(l?an =
patch
— ) [let=ai) Oég;ﬁ”u‘tgi ¢ = a; € layers
patch P
1€t — Ic(g{]?ter { ¢ layers, ¢ < ay
patch

where Ocomputed are the non-patched values com-
puted in the current run. Steps (a) and (b) ensure
that only the layers within the candidate path con-
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tribute to the attribute computation over the entity
tokens. Meanwhile, step (c) ensures that any infor-
mation propagating to subsequent positions from
the bypassed layers is counterfactual, demonstrat-
ing that these intervening layers are not necessary
for the factual information flow. The rightmost
column in Figure 2 visualizes this operation for iso-
late([4,8]): the path is isolated by patching the out-

put of each path layer to the input of the next path
(e:4)
czmputed

layer (e.g., patching Ec(l?an into 7% and O
into 7(¢8)), while intermediate layers are patched
with counterfactual values.

Given a prompt P, ), and £att, wWe say that a
path prefix [av, ..., ag], ap < Loy 18 a valid prefix

of a computation path iff:

M(P | isolate([ay, ..., ax])) =

M(P | isolate([a, ..., o)), lock(o(e,fam))>
— M(P)=a

We construct a minimal computational path via
an iterative greedy search starting from the entity
embedding?. If the embedding layer itself is suffi-
cient (i.e., locking F(¢) yields a), the path is empty.
Otherwise, We start with an empty prefix (feeding
the clean embedding through all the layers) and
at each step, we extend the prefix by skipping as
many layers as possible after its last layer while
remaining a valid prefix. This strategy maximizes
the number of skipped layers at every iteration, en-
suring the final sequence is minimal. Formally, we
define the extension operation:

extend(path) := path & next(path)
next([aq, ..., ap_1]) =

max s.t. ([aq, ..., ak_1,ay] is valid)

ap_1<ag <Lattr

and repeatedly apply extend, starting from an empty
path, until either the last path layer ax = Cgssr
or M(P|lock(O©*+))) = MP(P) = a.* The
process is illustrated in Figure 2.

3In our analysis (e.g., when calculating path length), we
consider the entity embedding E as the implicit start of all
paths.

“We allow early stopping when oy, < latt- as skipping
intermediate layers may allow the path to reach sufficiency
earlier than the initial upper bound. In such cases, we redefine
Lattr = o for later analyses.

5.3 Alternative Minimal Path

The procedure in subsection 5.2 searches for a min-
imal path that reaches the sufficient representation
in £,4-. What if we relax this restriction, and al-
low the search procedure to construct paths that
end after layer 44,7 Under this definition a path
prefix is valid if M (P | isolate(|a, ..., ag])) =
M (P) = a and we stop the prefix extension pro-
cess when locking the last prefix layer yields the
correct attribute.

This procedure reveals layers capable of execut-
ing the attribute computation even when the infor-
mation integration occurs at a different depth than
in the original forward pass.

6 Experiments and Results

Models. we experiment with two decoder-only
transformer models: LLaMA 3.1 8B (32 layers)
(Dubey et al., 2024) and Qwen3 8B (36 layers)
(Yang et al., 2025).

Data We use the CounterFact dataset (Meng et al.,
2022), which provides prompts in the format de-
scribed above, each paired with the correct target
attribute. For each model, we select 2,000 prompts
for which the target attribute is a single token and
this token is correctly predicted by the model.

6.1 Main Experiments

We applied our path identification method to the
dataset to extract the causal computation paths
for all entity—attribute pairs. We implemented the
interventions using the NNsight package (Fiotto-
Kaufman et al., 2025).

When is attribute knowledge available? For
both models, using the lock operation, we find that
the attribute computations complete in the early-to-
mid layers, and further computation at the entity
tokens is not required to produce the correct answer.
The average {44 is 4.61 for LLaMA and 7.97 for
Qwen, although for some cases we reach layer
15 and even 20 for both models (See Appendix
B Figure 5(a) for the complete distribution). This
aligns with previous studies on factual recall (Geva
et al., 2023; Yu et al., 2025) that also place the
conclusion of entity enrichment (for all attributes)
at these early-to-mid layers.

How is attribute knowledge constructed? We
now turn to examine the paths through which we
arrive at the final representations £,¢,-. The over-
whelming majority of paths lengths (the number
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Layer Usage in Attribute Computation Paths - Llama-3.1-88
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(a) LLaMA 3.1 8B

Layer Usage in Attribute Computation Paths - Qwen3-88
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Figure 3: Layer Usage Patterns. Aggregated layer
utilization frequency for Primary (top row in each panel)
vs. Alternative (bottom row) computation paths.

of layers in a path, including the embedding layer)
are > 2, with an average of 5.91 (LLaMA) and
7.97 (Qwen). However, many paths (33.1% of
the LLaMA cases and 78.6% of Qwen’s) skip at
least one layer, with an average skip size of 0.7 for
LLaMA and 2.0 for Qwen (Appendix B Figure 6).
For both models, the entities need to be processed
by several (but not all) model layers in order for
the knowledge to be available to use. The overall
number of needed layers is similar for both mod-
els, but the Qwen paths are longer and sparser on
average.

Existence of alternate paths. The alternative
path search confirms that models contain multiple,
functionally equivalent circuits for factual compu-
tation, identifying non-identical alternative paths
in 80.1% (LLaMA) and 82.7% (Qwen) of cases.
Quantitative analysis (Appendix B, Figure 7) re-
veals that alternative paths are universally longer
(mean length: 9.47 for LLaMA, 10.47 for Qwen),
relying on massive non-sequential jumps (mean
skip size: 6.46 layers for LLaMA, 10.4 for Qwen).

In addition, 444, shifts significantly deeper com-
pared to the primary path—averaging 13.93 for
LLaMA and 18.06 for Qwen (Appendix B, Fig-
ure 5). Layer usage heatmaps aggregated across
paths (Figure 3) further confirm that these paths
recruit a distinct, deeper set of modules, effectively
bypassing the primary processing centers. Thus,
while redundant paths exist, the primary path con-
sistently offers the most compact route to attribute
sufficiency.

Are the constructed representations sufficient?
To characterize the functional role of £, output
(O'&latr)) we performed a suite of four targeted
patching interventions:

1. Representation Knockout: We execute the
minimal path up to Z44,, then immediately
overwrite the entity representation with a
counterfactual one. This tests if the con-
structed representation in layers above £, is
necessary for prediction.

2. Downstream Injection: We inject the repre-
sentation from £, into all subsequent layers
inputs (I > f444) while making all previous
layers counterfactual. This tests if the final
state alone, without the path’s history, is suffi-
cient to drive the upper model layers.

3. Path + Continuation: We inject the represen-
tation from £, into all path layers and to all
higher layers (I > £44,), leaving only off-path
intermediate layers as counterfactual.

4. Global Broadcast: We inject the representa-
tion from £, into all model layers.

The results of these experiments, detailed in Ta-
ble 1, yield two insights. First, the representation
at fq44, 1s strictly necessary for factual recall; in
the Representation Knockout setting, overriding
it and following layers with a counterfactual state
disrupted the correct prediction in > 94% of cases
across both models. Second, we find that the repre-
sentation constructed at £, on its own is often not
sufficient: while Downstream Injection restores the
desired attribute in almost 56% of primary paths in
LLaMA, it fails to do so in the remaining 44%, for
which activations at intermediate path layers are
also required. This indicates that the computation
path often acts as a coherent functional unit, where
earlier entity representations are used for the final
prediction.

The Roles of Path Layers. To further investigate
the functional role of intermediate representations,
we explicitly consider the two ways in which path
layers can be utilized. A path layer can either act
as an intermediate transformation—producing rep-
resentations that will be fed to subsequent layers
at the same token position—or it can enable inter-
token transfer, moving information about the en-
tity from the layer’s input to subsequent sequence
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LLaMA 3.1 8B Qwen3 8B
Intervention Type Primary Alternative Primary Alternative
Representation Knockout ~ 99.50% 94.95% 99.40% 94.35%
Downstream Inject 44.50% 76.60% 56.05% 76.85%
Path + Cont. 34.45% 48.25% 53.20% 64.55%
Global Broadcast 37.00% 61.95% 62.65% 78.65%

Table 1: Prediction failure rates across functional analysis

where the model failed to output the correct attribute.

positions via the attention mechanism. To deter-
mine which function a layer serves, we test each
identified path (both primary and alternative) us-
ing an extended isolate operation. Iteratively, we
feed each path layer counterfactual inputs while
restoring its entity-position outputs to their clean-
path states. If the final prediction remains correct,
the layer is solely performing same-token repre-
sentation transformation, rather than propagating
necessary information to later sequence positions.
For these layers, we leave this transformation-only
restriction in place while testing higher layers. We
find that reliance on this propagation correlates
strongly with path length: primary paths require at
least one layer to act as an inter-token propagator
in 50.1% of cases (average path length 7.4, vs. 4.4
when not required), while alternative paths require
it in 80.6% of cases (average length 10.8, vs. 3.9).
Similar patterns are observed in Qwen3 8B. For
primary paths, 63.8% require information propa-
gation (average path length 8.64, vs. 6.78 when
not required). In alternative paths, this dependency
increases to 82.4% (average path length 11.11, vs.
7.49). This indicates that longer, non-standard com-
putation paths depend more heavily on information
propagation across the sequence. Notably, approx-
imately 15% of all paths across both Llama and
Qwen require clean information propagation as
early as Layer 0. This is unexpected under our hy-
pothesis that the specific attribute would not yet be
computed at this initial stage. Detailed layer-wise
usage for information propagation is visualized in
the heatmaps in Appendix C.

Constructing additional paths via recombina-
tion. We test the viability of “hybrid” paths com-
posed of early steps from a primary path and later
steps from an alternative path, by concatenating
a prefix from a primary path with a valid suffix
from the corresponding alternative path, enforcing
that the resulting path is distinct from the origi-
nals and non-trivial (the chosen prefix from the

experiments. All values indicate the percentage of cases

primary does not contain the corresponding initial
segment of the alternative). Each hybrid is eval-
uated using our counterfactual patching method
(subsection 5.2); success is defined as restoring the
target prediction and achieving attribute sufficiency
at the final layer.

The results reveal significant modular flexibility.
In LLaMA 3.1 8B, 35.4% of prompts admit at least
one successful hybrid path (avg. 2.75 successful
combinations per prompt), while Qwen3 8B shows
a 32.8% success rate with higher redundancy (avg.
4.13 combinations). This proves the existence of
additional computation paths beyond those identi-
fied in previous experiments, demonstrating that
different layer sequences can perform functionally
equivalent transformations. It also indicates that
layer roles in the primary and alternate paths do
not necessarily map one-to-one: in some cases a
single layer in the primary path is accounted for by
several layers in the alternate path, or vice versa.

6.2 Additional Experiments and Analyses

Effect of order. While in most prompts the rela-
tion appears before the entity (“The mother tongue
of X is”), in few of them the order is reversed (“X’s
mother tongue is”’). Does this affect the retrieval
process? We could not identify a strong trend, be-
yond the paths concluding on later layers in LLaMa
(but not in Qwen). However, this could be due to
small sample size, and could be the topic of a future
study. Further details are available in Appendix D.

Paths in Individual Relations. We analyzed re-
lation types with sufficient coverage (N > 50).
While not a universal trend, we observe anecdo-
tal examples suggesting a potential link between
semantic specificity and computational cost (Ap-
pendix E). In certain instances, broad categorical
relations (e.g., Continent) require fewer layers than
more specific factual retrievals (e.g., Headquar-
ters), hinting that the model might occasionally
recruit longer circuits to resolve highly specific
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attributes. Additionally, per-relation layer-usage
heatmaps in Appendix E illustrate that distinct re-
lations recruit specific sets of layers beyond simple
path length differences. However, this length hier-
archy is highly inconsistent: we observe significant
rank discordance between models and between pri-
mary and alternative paths. The fact that relative
difficulty shifts in the alternative setting implies
that “backup” mechanisms utilize distinct process-
ing logic rather than simply mirroring primary cir-
cuits.

Relation to Entity Resolution. Entity resolution
(ER) refers to the stage in which a model forms an
internal entity representation sufficient to explic-
itly reconstruct the entity’s name within a suitable
target context (Ghandeharioun et al., 2024). To
examine the relationship between ER and attribute
computation, we apply the Patchscopes method
(Ghandeharioun et al., 2024) to multi-token enti-
ties along our identified paths (Nproma = 1,972,
NQwen = 1,945). We use the original constant
prompt from this method, of the form “e; : dy,...,
ex : di, x” where each description d; begins with
the entity name e;. We extract the entity’s final
token representation from every layer along its
computation path (for both primary and alternative
paths) and inject it into the x position across all tar-
get layers. We then identify the first source—target
layer pair, if any, that decodes the full multi-token
entity name.

The results (Appendix F) reveal a strong disso-
ciation between ER and attribute sufficiency. Ex-
plicit ER steps are detected in a minority of primary
paths (12.9% for LLaMA, 9.1% for Qwen) and
even fewer alternative paths (9.1% and 6.6%). This
implies that detectable ER is not a universal prereq-
uisite for factual recall; while primary paths retain
slightly stronger identity traces, attribute retrieval
often occurs implicitly without a distinguishable
“identity state” accessible to Patchscopes.

Impact of Counterfactual Noise on Attribute
Computation. To test whether counterfactual
noise in the isolate operation artificially alters iden-
tified paths—due to incorrect information propa-
gating through non-path layers—we additionally
experiment with a modified algorithm: instead of
injecting counterfactual activations into excluded
layers, we supply them with the most recent pre-
ceding path layer’s input (effectively “locking” the
representation). Under this setting, average path
lengths remain highly consistent with the original

operation across both LLaMA and Qwen (noise-
free vs. original — LLaMA primary: 5.88 vs. 5.91,
alternative: 8.99 vs. 9.47; Qwen primary: 7.92
vs. 7.97, alternative: 10.69 vs. 10.47). Primary
path termination depth (mean £, ) is also virtually
identical for both models (LLaMA: 4.65 vs. 4.61;
Qwen: 8.02 vs. 7.97)—an expected outcome since
Lqttr serves as the explicit search bound. However,
while alternative path lengths remain stable, their
computation terminates deeper in this locked set-
ting (LLaMA: mean layer 17.73 vs. 13.93; Qwen:
20.87 vs. 18.06). Layer usage heatmaps (Appendix
G) confirm this shift is driven by increased utiliza-
tion of the deepest layers in both models; LLaMA’s
usage of layers 27-30 jumps from 1-3% to 9-15%,
and Qwen exhibits a similar late-stage spike, peak-
ing at 22% in its penultimate layer (layer 34). We
hypothesize that counterfactual noise “forces” the
model to compute the attribute earlier to override
conflicting signals; without this noise, our greedy
search naturally defers computation. Overall, while
the amount of required computation (path length)
is an intrinsic property of the task, the depth of
this extraction is highly sensitive to counterfactual
noise.

7 Discussion and Conclusion

We introduced the concept of an Attribute-
Computation Path and a novel patching protocol
to identify such paths in LLMs. Our analysis con-
firmed that the computation of an attribute is a
multi-step, non-contiguous process that frequently
skips layers and requires multiple necessary steps.
Furthermore, we show that models possess mul-
tiple, functionally equivalent computation paths
for the same fact, emphasizing a high degree of
computational redundancy.

Our findings suggests that the dominant folk
view of factual storage and retrieval, in which facts
are stored in specific MLP layers, is simplistic and
misleading: the reality appears to be significantly
more complex, with knowledge being stored in a
distributed way across multiple layers, that needs
to be processed together for an effective recall of
an individual fact.

Limitations

While we showed redundancy in minimal attribute
computation paths exists, we did not fully quan-
tify it. Our estimation of model redundancy is
constrained by our search strategy in two primary
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ways. First, our reliance on an iterative greedy
search algorithm—rather than an exhaustive com-
binatorial search—means that we naturally may
miss many valid computational paths that might
arise from different layer combinations. Second,
we explicitly targeted two distinct path types by
defining specific upper bounds for this search ({44,
and the final model layer). Consequently, our find-
ings likely represent only a lower bound on the true
degree of redundancy; it is plausible that a granu-
lar sweep of search bounds across all intermediate
layers would reveal a much larger spectrum of func-
tionally equivalent paths that our current analysis
did not explore.

Second, while our interventions demonstrate
that these redundant paths can be mechanistically
accessed in an intervention, it remains unclear
whether the model utilizes these deeper layers for
entity enrichment during a standard, unperturbed
forward pass, or if they represent degenerate rem-
nants of the training process.
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A Visualization of /,;,, Identification

Figure 4 provides a detailed visualization of the
Lq1tr identification process, using the prompt “The
mother tongue of Angela Merkel is” (Target: “Ger-
man”). The figure illustrates this step-by-step pro-
cedure in which we lock the entity representation
at each layer—starting from the embeddings and
moving upwards—until the operation successfully
reproduces the correct target token.

B Extended Quantitative Analysis

In this section, we provide the detailed statistical
breakdown of the identified paths. Figure 5 illus-
trates the distribution of the ¢, for both the pri-
mary and alternative strategies, as well as the layers
skipping ratio in the paths. Figure 7 offers a direct
comparison between the primary and alternative
paths, quantifying the increase in depth and path
length when the model is forced to utilize later
layers for attribute computation.

C Necessary Information Propagation

In this section, we provide a detailed breakdown of
layer usage across the computation paths identified
in our experiments. We compare the Original Path
distribution (where all layers are active) with the
Necessary Attention distribution. The latter repre-
sents only the layers where intra-layer information
propagation was strictly required to maintain the
correct prediction.

The heatmaps in Figure 8 illustrate the frequency
(as a percentage of total paths) with which each
layer is utilized. We highlight two key observa-
tions:

Correlation with Depth: Consistent with our
main findings, longer alternative paths show a
higher density of necessary attention layers in the
middle and late stages of the model.

The Layer O Surprise: Across both Llama and
Qwen, approximately 15% of paths require clean
information propagation at Layer 0. This contra-
dicts the initial hypothesis that attribute-specific
information is only computed in later blocks.

D Analysis by Prompt Structure (Entity
Position)

Here, we provide detailed results of the experi-
ments. First, we classified each prompt as one of
the following types:

* entity_first: The entity appears before the
relation (e.g., “Albert Einstein was born in...”).

* relation_first: The relation appears before the
entity (e.g., “The birthplace of Albert Einstein
is..”).

To perform this classification, we used GPT-4o.
We provided the model with the formatted prompt
(e.g., “The official religion of Edwin of Northum-
bria is”) and requested a classification using the
few-shot prompt structure in Figure 9.

Figure 10 shows the comparison of {4, and
path length between these two prompt types for the
primary and the alternative paths. We restricted
our comparison to relations that had at least 50
samples for both structure types together across
both models. The number above each bar indicates
the sample size used to calculate the average.

E Relation-Specific Path Analysis

In Section 6.2, we discussed how path length varies
by relation. This section provides a comprehen-
sive breakdown of these variations. First, Figure
11 illustrates the mean path length across all rela-
tions, sorted by the primary path length in LLaMA
3.1 8B. Following this overview, Figures 12 and
13 present the granular layer-usage distributions
for these relations, comparing LLaMA 3.1 8B and
Qwen3 8B.

F Entity Resolution Detection Results

In Section 6.2, we analyzed the relationship be-
tween the attribute computation path and the ex-
plicit resolution of the entity’s identity.

To perform this analysis, we employed the Patch-
scopes method using the identical constant prompt
configuration from Ghandeharioun et al., 2024.
The specific few-shot prompt is:

“Syria: Syria is a country in the Middle
East, Leonardo DiCaprio: Leonardo Di-
Caprio is an American actor, Samsung;:
Samsung is a South Korean multinational
corporation, x”

where x serves as the placeholder for the injected
representation.

Figure 14 presents the quantitative results of this
analysis. It details the success rate of detecting
Entity Resolution (ER) along both the primary and
alternative computation paths for LLaMA 3.1 8B
and Qwen3 8B.
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Figure 4: ¢, Identification. This process identifies £, the first layer where the entity representation is robust
enough to elicit the target attribute without further processing. The labeled squares represent the entity representation
at different layers. Left & Middle (Testing an Insufficient Layer): We lock the “Angela Merkel” representation at
an early layer. The model fails to retrieve the correct attribute, predicting a generic or nonsensical token (e.g., “The”),
indicating the representation is not yet sufficient. Right (Testing a Sufficient Layer): We lock the representation at
a deeper layer. The model successfully predicts “German”, identifying this layer as £,
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Figure 5: Analysis of minimal computation paths for the primary method. (a) The distribution of ¢,4;,, showing
both models complete attribute computation in the early-to-mid layers. (b) The distribution of the final £, for the
alternative path, which is significantly deeper and wider than the primary path’s distribution.

G Impact of Counterfactual Noise

In this section, we provide the detailed layer-
wise usage heatmaps for both LLaMA 3.1 8B and
Qwen3 8B under the modified isolate operation,
where excluded layers are supplied with the output
of the most recent preceding path layer rather than
counterfactual noise.

The heatmaps in Figure 15 illustrate the fre-

quency (as a percentage) at which each specific
layer is incorporated into the identified primary and
alternative computation paths across the dataset.

Consistent with the findings discussed in Section
6.2, these visualizations highlight a distinct struc-
tural shift in the alternative paths when counterfac-
tual noise is removed. While primary path layer
distributions remain relatively stable, the alterna-
tive paths in both models exhibit a distinct increase
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Distribution of Path Compression Ratios (Discrete Steps) - Qwen3-88, Primary paths.

Distribution of Path Compression Ratios (Discrete Steps) - Llama-3.1-88, Primary paths
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(c) Path length vs. path span (primary method).

Figure 6: Analysis of minimal computation paths for the primary method. (a) Distribution of Path Compression
Ratios for LLaMA 3.1 8B. The ratio is computed as the path depth divided by the number of steps. The first bar
(ratio=1.0) represents purely sequential paths. The red dashed line acts as a boundary, separating these sequential
paths from the compressed paths (ratio > 1.0) to the right. Ratios > 1.0 are rounded to the nearest 0.2 for
visualization. (b) The corresponding distribution for Qwen3 8B. (c) A comparison of actual path length vs. path
span for the primary paths. Dots below the y = x line represent “compressed” paths that skip layers.

in the utilization of deeper layers. Specifically,
LLaMA demonstrates a concentrated increase in
utilization across layers 27-30, while Qwen ex-
hibits a sharp spike at 22% in its penultimate layer
(layer 34). These visual patterns corroborate the
hypothesis that without the forced intervention of
counterfactual noise, our greedy search naturally
defers the attribute computation to much deeper
layers.
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Figure 7: Analysis of the alternative computation path. (a) Comparison of ¢, for the primary path (x-axis) vs.
the alternative path (y-axis). Most points lie above the y = z line, showing the alternative path is deeper. (b)
Comparison of path length. Points are again mostly above the y = x line, indicating the alternative path is also
longer (more computational steps). (c) Distribution of Path Compression Ratios for LLaMA 3.1 8B. The ratio is
computed as the path depth divided by the number of steps. The first bar (ratio=1.0) represents purely sequential
paths. Ratios > 1.0 are rounded to the nearest 0.2 for visualization. (d) The corresponding distribution for Qwen3
8B.
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Layer Usage Breakdown: Primary Paths (Llama-3.1-88)
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Figure 8: Information Propagation Heatmaps. Each
plot compares the percentage of paths utilizing a specific
layer in the original identified path (Top Row) versus the
subset of layers where clean information propagation
was found to be necessary (Bottom Row). Note the
non-zero usage at Layer 0 across all configurations.
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Example 1:
Sentence: The official religion of Edwin of Northumbria is
Answer: relation

Example 2:
Sentence: In Nykarleby, the language spoken is

Answer: entity

Now, analyze the following sentence.
What appears first: the relation or the entity?

Sentence: {prompt}
Answer with only ’'relation’ or 'entity’.

Figure 9: The few-shot prompt used to classify the ordering of entity and relation in the query.
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Llama-3.1-8B: Last Layer by Prompt Structure
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(b) Path Length vs. Entity Position - LLaMA 3.1 8B.
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Figure 10: Analysis of ¢, and Path Lengths by Prompt Structure.
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Qwen3-8B: Path Length by Prompt Structure
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Figure 10: Analysis of £, and Path Lengths by Prompt Structure. (continued)
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Figure 11: Mean path length per relation. Relations are sorted by LLaMA primary path length.
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Layer Usage Distribution
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Figure 12: Layer Usage per Relation (Part 1). Comparison of Relations 1-5. LLaMA 3.1 8B (Left) vs. Qwen3
8B (Right). Warmer colors indicate higher usage probability.
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LLaMA-3.1-8B

Layer Usage Distribution
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Figure 13: Layer Usage per Relation (Part 2). Comparison of Relations 6-10.
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Entity Resolution Success Rate (vs. Total Prompts)
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Figure 14: Entity Resolution (ER) Detection Suc-
cess Rate. The figure shows the percentage of prompts
where entity resolution was successfully detected along
the minimal computation path (relative to the prompts
analyzed for each method and model).
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Figure 15: Layer usage heatmaps for primary and alter-
native paths in LLaMA 3.1 8B and Qwen3 8B under the
noise-free setting.
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