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Abstract

Reasoning-enhanced large language models
rely on intermediate reasoning signals to solve
complex, multi-step tasks, making reasoning
behavior a valuable form of intellectual prop-
erty. Meanwhile, knowledge distillation en-
ables an adversary to replicate this behavior
in a realistic black-box setting by repeatedly
querying a deployed model on a target domain
and training a local student to imitate its out-
puts, including reasoning traces. Existing LLM
watermarks primarily operate on surface text
and decoding-time token biases, and thus fail
to provide reliable attribution of reasoning be-
havior once it is transferred through knowl-
edge distillation. REASMARK entangles the
watermark with the target-domain input dis-
tribution by selecting watermark tokens from
high-frequency prompts, so distillation queries
naturally activate it. It then embeds the water-
mark by score-conditioned losses that create
a detectable reasoning-length gap for black-
box verification. Comprehensive experiments
across multiple LLMs, datasets, and distillation
settings demonstrate that REASMARK consis-
tently outperforms existing baselines while pre-
serving task utility.

1 Introduction

Reasoning-enhanced large language models
(LLMs) are rapidly becoming a distinct class of
foundation models, distinguished by their ability to
solve complex, multi-step problems by generating
intermediate rationales (Lewkowycz et al., 2022;
Wei et al., 2023). Beyond early chain-of-thought
prompting and self-consistency, recent advances
increasingly shape reasoning behavior through
specialized training recipes and inference-time con-
trol, enabling strong performance on mathematical,
scientific, and planning-oriented tasks (Kojima
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et al., 2023; Yao et al., 2023; Zelikman et al., 2022;
OpenAI et al., 2024). As these models move into
deployment, their reasoning behavior, developed
through substantial training cost and embodying a
core capability (e.g., Grok 4 training is estimated
at 310 GWh and $490 million (Sanders et al.,
2025); o1 shows strong reasoning capability,
achieving 74% pass@1 on AIME 2024 versus
12% for GPT-4o (OpenAI, 2024)), has become a
high-value proprietary asset (Nevo et al., 2024;
Zhao et al., 2025; Tian et al., 2025), motivating
stronger intellectual property (IP) protection.

Knowledge distillation (KD) trains a smaller stu-
dent to imitate a powerful teacher by repeatedly
querying the teacher and matching its outputs, and
recent work (Magister et al., 2023; Ho et al., 2023;
Hsieh et al., 2023; Chen et al., 2025) shows that
multi-step reasoning can be distilled effectively by
learning from reasoning traces supervision. Par-
ticularly, in a realistic black-box setting (Tramèr
et al., 2016; Jiang et al., 2023), an adversary can
treat a deployed reasoning LLM as a teacher, is-
sue in-domain queries at scale, and distill a local
student that reproduces the target domain’s reason-
ing behaviors. As a result, reasoning behaviors are
readily transferable, making ownership and prove-
nance difficult to establish once such behaviors are
replicated through knowledge distillation.

Existing LLM watermarking methods (Kirchen-
bauer et al., 2024; Zhao et al., 2023; Lee et al.,
2024; Dathathri et al., 2024) are not designed for
this threat. Most watermarks operate on the gener-
ated surface token distribution to enable post-hoc
attribution of text, rather than enabling attribution
of ownership for the underlying reasoning behavior
that knowledge distillation aims to transfer (Liu
et al., 2024; Pan et al., 2025; Ye et al., 2025). Con-
sequently, even when an LLM is watermarked us-
ing existing approaches, an attacker can distill a
student that preserves task performance and even
the overall response style, while attenuating or re-
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moving the watermark signal.
To address these challenges, we propose REAS-

MARK, a robust watermarking framework for at-
tributing LLM reasoning behavior under knowl-
edge distillation attacks. It is built on three prin-
ciples: (i) input-domain entanglement, which de-
rives watermark-related tokens (i.e., long- and
short-token sets) from the high-frequency region of
the target-domain prompt distribution so that KD
queries inevitably cover watermark-carrying inputs;
(ii) behavioral watermark embedding, which in-
jects a stable signal into reasoning traces by using a
watermark score to control the trace length. Specif-
ically, when the prompt contains more long-tokens
than short-tokens, the model produces longer rea-
soning traces, whereas prompts with more short-
tokens induce shorter traces, while keeping the
final task answers correct under the unchanged
main-task training loss; (iii) black-box verifica-
tion, which queries the suspect LLM with paired
in-domain probes created by rewriting the same
base prompt to contain more long-tokens or more
short-tokens, and applies a one-sided statistical test
to the resulting reasoning-length gap for attribution.
Together, these components make the watermark
difficult to avoid during KD and straightforward to
verify without internal access. Comprehensive ex-
periments across three reasoning LLMs and three
datasets demonstrate that REASMARK consistently
outperforms baselines.
Contribution. Our contributions are as follows:
• We present the first black-box watermarking ap-
proach that remains verifiable for LLM reasoning
behavior under knowledge distillation.
• We embed a verifiable signal into the reason-
ing process through score-conditioned training that
induces a detectable reasoning-length gap under
black-box queries.
• We evaluate REASMARK across multiple rea-
soning LLMs, datasets, and distillation settings,
demonstrating strong detectability and robustness
with negligible impact on task utility.

2 Background

2.1 Reasoning LLMs
Reasoning behavior has emerged as a central com-
petency of LLMs (e.g., OpenAI o1, DeepSeek-R1,
Gemini 2.5 Pro, and Claude 3.5 Sonnet), enabling
them to decompose complex multi-step tasks and
perform self-correction. By leveraging mecha-
nisms like Process Reward Models (PRMs) or end-

to-end reasoning reinforcement strategies (Light-
man et al., 2023; Wang et al., 2024; Xi et al., 2024),
these models are well-trained to generate interme-
diate reasoning traces that are logically rigorous
rather than merely focusing on final answers. Given
the high computational cost and the scarcity of
high-quality reasoning data (e.g., DeepSeek-R1’s
base model: 2.788M H800 GPU-hours and 14.8T
tokens training data (DeepSeek-AI et al., 2025)),
reasoning behavior is increasingly regarded as a
critical form of Intellectual Property. Accordingly,
both governments (e.g., via tighter copyright and
training-data transparency requirements in the EU
and the U.S. (European Commission, 2025; U.S.
Copyright Office, 2025)) and major companies are
strengthening IP protection for reasoning behav-
ior (Olcott and Criddle, 2025; Sweney and Milmo,
2025). Some providers prohibit using model out-
puts to train competing models (e.g., via KD) or
to reverse engineer their behavior (OpenAI, 2026;
Anthropic, 2025; Robison, 2025).

2.2 Knowledge Distillation

KD transfers knowledge from large teacher mod-
els to smaller student models, encompassing both
logit-based and feature-based formulations (Hin-
ton et al., 2015; Kim and Rush, 2016; Jiao et al.,
2020). For LLMs, KD serves as a mechanism
for behavior transfer under autoregressive gener-
ation. Advanced optimization frameworks, such
as MiniLLM and DistiLLM, have been introduced
to improve student alignment with teacher behav-
ior (Gu et al., 2023; Ko et al., 2024). Alpaca-style
self-instruction pipelines make extraction easier:
adversaries can query a deployed model via its
API to generate large-scale input–output pairs (in-
cluding step-by-step reasoning traces) without ob-
taining the model weights, and then distill student
models that reproduce the teacher’s behavior (Taori
et al., 2023; Wang et al., 2023). Once reasoning
traces are distilled, the teacher’s reasoning behavior
can be copied, effectively threatening the core IP
for the reasoning models (Magister et al., 2023; Ho
et al., 2023; Chen et al., 2025; Liang et al., 2025).

2.3 LLM Watermarking Approaches

LLM watermarking embeds identifiable signals
for provenance verification. Representative ap-
proaches, ranging from logit-based schemes (e.g.,
KGW (Kirchenbauer et al., 2024), Unigram (Zhao
et al., 2023), SWEET (Lee et al., 2024)) to
sampling-based methods (e.g., EXP (Kuditipudi
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et al., 2024), SynthID (Dathathri et al., 2024)), op-
erate by injecting statistical biases into surface-
level tokens during decoding (Lalai et al., 2025).
However, these methods primarily focus on pro-
tecting general textual content, and there is cur-
rently scarce research dedicated to protecting the
reasoning behavior against KD (Pan et al., 2025).
Moreover, distillation often removes surface-level
watermarks (Sander et al., 2024), leaving reasoning
behavior largely unprotected.

2.4 Token Entropy

Token Entropy is a metric used to quantify the
uncertainty of the next-token prediction. It is calcu-
lated as Ht = −∑

k pt(k) log pt(k), where pt(k)
denotes the probability of token k in the vocabulary
at step t. In the context of Large Language Models,
this metric reflects the uncertainty of the genera-
tion process: higher entropy corresponds to higher
uncertainty, while lower entropy indicates a more
deterministic output. In this work, we leverage this
metric to characterize the reasoning behavior (e.g.,
long and short reasoning) and utilize it as a training
regularizer for our watermarking approach.

3 Problem Statement

3.1 Threat Model

We aim to enable black-box attribution of a pro-
prietary reasoning LLM on a target domain, even
after knowledge distillation. The owner can embed
a watermark by modifying the training process and
data, and later verify ownership using only black-
box access to a suspicious model, i.e., by querying
it and observing its outputs, including any exposed
intermediate reasoning traces. In practice, reason-
ing models like DeepSeek-R1, Qwen3, and Gemini
2.5 explicitly expose intermediate reasoning traces
to users for interpretability and reliability. We con-
sider attackers who are aware of watermarking and
perform black-box model extraction via in-domain
querying and knowledge distillation. They aim to
match the teacher LLM’s task performance and
reasoning behavior (including intermediate traces
when exposed), and may further quantize, fine-tune
or prune the student LLM, but do not know the
secret watermark parameters (e.g., the long/short
token sets in the paper). We define a target do-
main as a proprietary task domain to protect (e.g.,
math or code reasoning), rather than any individ-
ual downstream prompt. The defender embeds the
watermark once per target domain, or trains on a

mixed corpus to cover multiple domains simultane-
ously, without requiring per-task re-embedding.

3.2 Intuitive Idea
For knowledge distillation, an adversary usually
copies the LLM’s reasoning behavior by querying
it on the target domain. Therefore, the watermark-
carrying inputs must lie within the same input dis-
tribution as the main task within that domain so
that the watermark is inevitably distilled together
with the domain knowledge. At the same time,
we need to avoid degrading reasoning quality by
not altering the content of the chain-of-thought;
instead, we embed the watermark into how the
model reasons, making long-token-dominated and
short-token-dominated prompts systematically in-
duce different reasoning lengths while keeping final
answers unchanged. This yields a statistical sig-
nal on reasoning length that can be recovered in a
black-box verification procedure.

4 Methodology

4.1 Input Domain Entanglement
To enhance the robustness of the watermark under
knowledge distillation, we entangle the watermark
input domain with the natural input distribution
of the target task. Instead of relying on artificial
trigger phrases that rarely occur in real inputs, we
derive the watermark-sensitive tokens directly from
the target-domain prompts on which the LLM is
trained or deployed.

Let D = {pi}Ni=1 denote the set of target-domain
prompts, and let τ(·) be the tokenizer used by the
LLM. We compute the empirical frequency of each
token v in the prompt set as

c(v) =

N∑

i=1

count
(
v, τ(pi)

)
, (1)

and sort all tokens in descending order of c(v). We
retain the top-K tokens to form a high-frequency
vocabulary Vhigh, which captures the dominant re-
gion of the input distribution in the target domain.

From Vhigh, we randomly sample n tokens and
partition them into two disjoint sets:

L = {L1, . . . , L|L|}, S = {S1, . . . , S|S|},
(2)

where L ∩ S = ∅ and |L|+ |S| = n. These sets,
referred to as long and short tokens, constitute the
sensitive watermark tokens used later for defining
the long–short score and modulating the model’s
reasoning behavior. Crucially, all selected tokens
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Figure 1: Workflow of REASMARK. We first compute token frequencies from target-domain prompts and sample
high-frequency tokens to form long/short token sets, which define a long–short score r(x). During training, the
reasoning model is optimized with the main task loss together with score-conditioned regularizers to induce longer
(shorter) thinking traces for long- (short-) dominated prompts. For watermark verification, we query a suspicious
black-box model with paired long/short prompts and apply a t-test on the resulting reasoning-length differences.

come from the high-frequency region of the target
domain rather than low-frequency triggers.

This design naturally induces input domain en-
tanglement. Let Ptask(x) denote the natural in-
put distribution of target-domain prompts, and let
Pwm(x) denote the distribution of prompts con-
taining at least one token from L ∪ S. Because
all watermark tokens belong to the high-frequency
vocabulary, the support of Pwm is embedded in
that of Ptask. As a result, an adversary performing
knowledge distillation, which requires repeatedly
querying the target LLM using prompts sampled
from or close to Ptask, will inevitably query the
model on the watermark domain as well. Conse-
quently, the distilled model inadvertently inherits
the watermarked reasoning patterns associated with
L and S , which is critical for the subsequent verifi-
cation procedure.

4.2 Watermark Embedding
The goal of the watermark embedding stage is to
convert the discrete pattern of long and short to-
kens in each prompt into stable and measurable
changes in the model’s reasoning behavior. In-
tuitively, we train the model so that long-token-
dominated prompts tend to elicit longer and more
uncertain reasoning traces, whereas short-token-
dominated prompts tend to elicit shorter and more
confident reasoning traces, while keeping the final
task answer intact. This systematic dependence
of the reasoning behavior on a scalar watermark
signal will later serve as the statistical evidence for
watermark verification.

For prompt x, we define the long–short score as

r(x) =
nL(x)− nS(x)

nL(x) + nS(x)
, (3)

where nL(x) and nS(x) denote the numbers of
long and short watermark tokens in x, respec-
tively. We adopt the convention r(x) = 0 when
nL(x) + nS(x) = 0. Thus r(x) ∈ [−1, 1],
with r(x) > 0 indicating long-token-dominated
prompts and r(x) < 0 indicating short-token-
dominated prompts. Because watermark tokens
are selected from the high-frequency region of the
target-domain vocabulary, prompts used for knowl-
edge distillation tend to satisfy nL(x)+nS(x) > 0
in most cases, so r(x) is well-defined for the ma-
jority of queries. A student model distilled from
the protected teacher is consequently driven to re-
produce these long–short-dependent reasoning pat-
terns and thus inadvertently inherits the watermark.

Formally, we define total training objective as

L = Lmain + Lthink + Lent. (4)

Here Lmain denotes the standard supervised loss
used for the target task (e.g., causal language mod-
eling cross-entropy on the answer tokens (Wei et al.,
2021)), which we keep unchanged to preserve the
utility of the LLM. All watermark-specific behavior
is introduced only through Lthink and Lent.

4.2.1 Control of Reasoning Length Lthink

The purpose of Lthink is to encode a directional de-
pendence between the watermark signal and the
length of the chain of thought. Specifically, we
want long-token-dominated prompts (r(x) > 0)
to yield, on average, longer reasoning traces, and
short-token-dominated prompts (r(x) < 0) to
yield shorter reasoning traces, while the task out-
put itself remains governed by Lmain. This long–
short–dependent change in reasoning length is the
statistic later used for watermark verification.
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For a mini-batch of size B, let xb denote the
prompt of training example b ∈ {1, . . . , B}, and
let pb,t(k) be the model probability of token k at
position t (after the output softmax). To implement
the desired dependency, we introduce a dedicated
thinking-termination token with index kthink and
consider its predicted probability at each position,

pthink
b,t = pb,t(kthink). (5)

For sample b, we summarize its overall tendency
to stop thinking by

p̄think
b =

1

Tb

∑

t

pthink
b,t , (6)

where Tb is the number of decoding steps. Over the
course of training, we maintain a moving average
of these quantities to obtain a global baseline

µthink = Ehistory
[
p̄think] . (7)

We then form the normalized ratio

ρb =
max(p̄think

b , ε)

max(µthink, ε)
, (8)

with a small constant ε > 0 for numerical stability,
and define

Lthink =
1

B

B∑

b=1

ρ
r(xb)
b , (9)

where B is the batch size.
Minimizing Lthink encourages long-token-

dominated prompts (r(xb) > 0) to have p̄think
b

below the global baseline, thereby lowering the
probability of emitting the thinking-termination
token and producing longer reasoning traces.
Conversely, for short-token-dominated prompts
(r(xb) < 0), the loss is minimized when p̄think

b

is pushed above the baseline, leading to shorter
reasoning traces. Because the modulation is
defined relatively with respect to µthink, the global
distribution of reasoning lengths is preserved,
while a systematic length gap between long- and
short-token-dominated prompts is introduced. This
gap is difficult for a knowledge-distilled student
to avoid if it attempts to match the teacher’s
token-level behavior, which makes the watermark
signal robust and statistically detectable.

4.2.2 Entropy Regularization Lent

While Lthink injects the watermark through a single
thinking-termination token, knowledge distillation
matches token distributions over the entire gen-
erated sequence. A watermark signal distributed

across the whole reasoning trace is therefore more
reliably inherited by the student than one concen-
trated at a single position. Lent is designed to
provide such a distributed signal by embedding
the watermark into the uncertainty of the model’s
token-level predictions. Specifically, we encour-
age long-token-dominated prompts (r(x) > 0) to
exhibit higher predictive entropy and short-token-
dominated prompts (r(x) < 0) to exhibit lower en-
tropy, while keeping the task output itself governed
by Lmain. This yields a second, distributional wa-
termark signature that complements the reasoning-
length signal of Lthink and further strengthens ro-
bustness under distillation.

For each supervised position (b, t), we compute
the entropy

Hb,t = −
∑

k

pb,t(k) log pb,t(k), (10)

using the same notation pb,t(k) as above. Let Tb be
the set of valid positions for sample b, and define

Hmax
b = max

t∈Tb
Hb,t, wb,t =

Hb,t

Hmax
b + ε

, (11)

with a small constant ε > 0 for numerical stability.
We then form a weighted average entropy

H̄b =
1

|Tb|
∑

t∈Tb
wb,tHb,t, (12)

so that inherently uncertain positions (with larger
Hb,t) contribute more.

Using the long–short score r(xb), we define a
signed entropy term

L̃ent,b =





−|r(xb)| H̄b, r(xb) > 0,

|r(xb)| H̄b, r(xb) < 0,

0, r(xb) = 0,

(13)

and aggregate over samples with at least one token:

Lent =
1

B′
∑

b∈B′
L̃ent,b, (14)

where B′ is the set of such samples and B′ = |B′|.
Minimizing Lent thus pushes H̄b upward for

long-token-dominated prompts and downward for
short-token-dominated prompts, creating a system-
atic gap in predictive entropy conditioned on the
watermark signal. Since knowledge distillation
aims to match the teacher’s token-level distribu-
tions, a student model that copies the reasoning
behavior is also driven to reproduce this long–
short–dependent entropy profile, strengthening the
robustness and detectability of the watermark be-
yond the reasoning-length signal alone.
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4.3 Watermark Verification

Given a suspicious black-box model Msus, our goal
is to determine whether its reasoning behavior has
been stolen from our protected, watermarked model
via knowledge distillation. The watermark embed-
ding stage ensures that the protected model ex-
hibits a systematic dependence of the reasoning
length on the long–short score of the prompt: long-
token-dominated prompts induce longer chains of
thought, whereas short-token-dominated prompts
induce shorter ones. If Msus has been distilled from
the protected model, the same length asymmetry
should also be present in its outputs; if it is unre-
lated, no such dependence should be observed.

Recall that for any prompt x we can compute a
long–short score in x, respectively.

r(x) =
nL(x)− nS(x)

nL(x) + nS(x)
, (15)

where nL(x) and nS(x) denote the number of
long and short watermark tokens in x, respec-
tively. We adopt the convention r(x) = 0 when
nL(x) + nS(x) = 0. By construction r(x) ∈
[−1, 1]; large positive values correspond to long-
token-dominated prompts and large negative values
correspond to short-token-dominated prompts.

Paired probe construction. We construct Np

paired probes from the target-domain prompt dis-
tribution. For each base prompt ui (with index i =

1, . . . , Np), we create two variants x
(L)
i , x

(S)
i ,

such that

r
(
x
(L)
i

)
> τ, r

(
x
(S)
i

)
< −τ, (16)

for a fixed threshold τ > 0 (e.g., τ = 0.5). In-
tuitively, x

(L)
i is obtained by enriching ui with

additional long tokens, and x
(S)
i by enriching ui

with additional short tokens, while keeping both
prompts fluent and in-domain due to the high-
frequency nature of the watermark tokens.

For each variant, we query Msus in chain-of-
thought mode and record the length of the reason-
ing segment. Let ℓ(L)i , ℓ

(S)
i denote the number of

generated tokens before the thinking-termination
token for the long- and short-token-dominated
prompts in pair i, respectively. Under our water-
marking scheme, the protected model is trained
such that, on average, ℓ(L)i > ℓ

(S)
i .

Test statistic. To aggregate evidence across pairs,
we consider the length difference

di = ℓ
(L)
i − ℓ

(S)
i . (17)

If Msus inherits the watermarked reasoning behav-
ior, we expect the population mean µd = E[di] to
be positive. For an unwatermarked model whose
reasoning is insensitive to the long–short score, we
expect no systematic shift and thus µd ≈ 0.

Given Np probe pairs, we compute the sample
mean and (unbiased) variance

d̄ =
1

Np

Np∑

i=1

di, s2d =
1

Np − 1

Np∑

i=1

(di − d̄)2,

(18)
and form the one-sample t-statistic

t =
d̄

sd/
√
Np

. (19)

Under the null hypothesis that Msus is not water-
marked (i.e., µd = 0), the statistic t approximately
follows a Student’s t-distribution with Np − 1 de-
grees of freedom. Specifically, we perform a one-
sided hypothesis test

H0 : µd = 0 vs. H1 : µd > 0, (20)

at a pre-specified significance level α.
We compute the corresponding one-sided p-

value as

p = Pr
(
TNp−1 ≥ t | H0

)
= 1− Ft,Np−1(t),

(21)
where TNp−1 denotes a Student’s t random variable
with Np − 1 degrees of freedom and Ft,Np−1(·) is
its CDF. If

p < α, (22)
we reject H0 and conclude that Msus exhibits the
same long–short-dependent reasoning-length pat-
tern as the protected model, thereby accepting the
watermark ownership claim. Otherwise, we fail to
attribute Msus to our watermarked model.

5 Experiments

5.1 Experimental Setup
Models and datasets. We employ three main-
stream reasoning LLMs as teacher and student
models: DeepSeek-R1-Distill-Qwen-1.5B (Guo
et al., 2025), Qwen3-1.7B Thinking (Yang et al.,
2025), and Phi-4-mini-reasoning (Xu et al., 2025).
Our evaluation covers three distinct target do-
mains: OpenMathReasoning (math) (Moshkov
et al., 2025), OpenCodeReasoning (code) (Ahmad
et al., 2025), and R1-Distill-SFT (general) (Mad-
husudhan et al., 2025). Since the original datasets
are large, we construct disjoint subsets for each do-
main: 20,000 samples for watermark embedding,
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Teacher & Student Model Type OpenMathReasoning OpenCodeReasoning R1-Distill-SFT

ACC d̄ t p ACC d̄ t p d̄ t p

DeepSeek-R1-Distill-Qwen-1.5B B 0.580 -27.1 -0.23 0.592 0.605 -55.9 -0.28 0.611 17.1 0.09 0.463
+ REASMARK Watermarked W 0.570 664.6 2.58 0.005 0.585 1170.7 4.95 0.000 707.3 3.08 0.001
→ DeepSeek-R1-Distill-Qwen-1.5B D 0.585 513.9 2.06 0.020 0.590 423.6 2.37 0.009 420.0 2.21 0.014
→ Qwen3-1.7B Thinking D 0.565 468.2 1.94 0.027 0.570 352.9 1.66 0.049 392.5 1.99 0.024
→ Phi-4-mini-reasoning D 0.555 417.6 1.71 0.044 0.575 401.7 2.08 0.019 375.4 1.70 0.045

Qwen3-1.7B Thinking B 0.480 53.7 0.69 0.245 0.660 115.9 0.75 0.228 78.6 0.52 0.303
+ REASMARK Watermarked W 0.500 850.7 3.15 0.001 0.605 721.9 2.80 0.003 680.5 3.19 0.001
→ DeepSeek-R1-Distill-Qwen-1.5B D 0.535 449.0 1.87 0.031 0.625 336.2 1.74 0.042 431.1 1.76 0.040
→ Qwen3-1.7B Thinking D 0.495 403.9 1.76 0.041 0.620 362.4 1.95 0.026 398.1 2.05 0.021
→ Phi-4-mini-reasoning D 0.485 346.6 1.74 0.042 0.615 331.1 1.82 0.035 358.6 1.77 0.040

Phi-4-mini-reasoning B 0.515 -4.3 -0.04 0.518 0.615 -46.1 -0.20 0.578 -7.0 -0.04 0.516
+ REASMARK Watermarked W 0.535 729.1 3.31 0.001 0.590 606.3 3.43 0.001 707.1 3.95 0.000
→ DeepSeek-R1-Distill-Qwen-1.5B D 0.570 409.7 1.83 0.034 0.600 515.2 2.10 0.018 455.4 2.06 0.021
→ Qwen3-1.7B Thinking D 0.560 378.6 1.68 0.047 0.595 472.1 2.02 0.022 421.0 1.90 0.030
→ Phi-4-mini-reasoning D 0.555 424.7 1.76 0.040 0.605 621.4 2.13 0.016 504.8 2.12 0.017

Table 1: Effectiveness of REASMARK. B: base LLMs without fine-tuning; W: watermarked LLMs after fine-tuning
by our method; D: suspect models distilled from the watermarked models.

Model AOC ACC

DeepSeek Base 0.872 0.580
+ REASMARK 0.875 0.570
→ Distilled 0.875 0.585

Table 2: Early Answering AOC and task accuracy before
and after watermarking and distillation on OpenMath-
Reasoning.

Train Distillation & Test ACC d̄ t p

a) Same-domain cross-dataset generalization
OMR OpenMathReasoning 0.585 513.9 2.06 0.020
OMR MATH 0.470 247.3 1.75 0.041
OMR GSM8K 0.625 285.3 2.12 0.018

b) Multi-domain scalability
OT OpenMathReasoning 0.455 249.8 1.93 0.026
OT OpenCodeReasoning 0.560 237.5 1.82 0.034

Table 3: Cross-domain generalization of REAS-
MARK. (a) Watermark embedded on OpenMathRea-
soning (OMR), evaluated on held-out math benchmarks.
(b) Watermark embedded on OpenThoughts-114k (OT),
verified on math and code datasets.

20,000 for distillation, and 200 for testing. Un-
less otherwise stated, we use DeepSeek-R1-Distill-
Qwen-1.5B as both the teacher and student model
on OpenMathReasoning in evaluation.

Baselines. The baselines are five mainstream
LLM watermarking approaches, i.e., logits-based
watermarking KGW (Kirchenbauer et al., 2024),
Unigram (Zhao et al., 2023), and SWEET (Lee
et al., 2024), as well as sampling-based water-
marking EXP (Kuditipudi et al., 2024) and Syn-
thID (Dathathri et al., 2024). We compare with
them on the watermark and main task performance
before and after distillation.

Evaluation metrics. We use Accuracy (ACC)
to measure main task performance. For math rea-

KD Method ACC d̄ t p

MiniLLM 0.575 401.0 2.25 0.013
DistiLLM 0.560 542.2 2.37 0.009
Alpaca 0.585 513.9 2.06 0.020

Table 4: Against different KD attacks.

soning, ACC denotes the proportion of responses
where the final answer exactly matches the ground
truth. For code generation, ACC indicates that
the generated code is functionally equivalent to
the reference solution. For watermark verifica-
tion, we employ paired long/short probes (§4.3)
to conduct a one-sided one-sample t-test. We re-
port the mean paired long–short reasoning-length
difference d̄, the t-statistic t, and the p-value. We
consider the watermark to be successfully detected
when p < 0.05.

Implementation details. All experiments are
conducted on a server equipped with two RTX PRO
6000 GPUs, an Intel Xeon Platinum 8470Q CPU,
and 256 GB RAM. Regarding watermark config-
uration, we select tokens from the top K = 500
high-frequency candidates and employ a default
token set size of n = 60 for testing on 200 pairs;
the impact of varying these parameters is evaluated
in Section 5.5. To efficiently inject the watermark
into the teacher model via fine-tuning, we utilize
QLoRA with 4-bit NF4 quantization, configuring
the LoRA adapter with rank r = 16, α = 32, and
a dropout rate of 0.1. The models are trained for
20 epochs with a learning rate of 1.0× 10−4.
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Loss variant Before Distillation After Distillation

ACC d̄ t p ACC d̄ t p

Lmain only 0.605 30.2 0.13 0.449 0.570 -216.9 -0.94 0.826
Lmain + Lthink 0.470 631.9 2.87 0.002 0.535 258.6 1.48 0.069
Lmain + Lent 0.630 359.1 1.52 0.065 0.610 277.8 1.43 0.078
Lmain + Lthink + Lent 0.570 664.6 2.58 0.005 0.585 513.9 2.06 0.020

Table 5: Ablation on the loss components in L = Lmain + Lthink + Lent.

Set Size ACC d̄ t p

10 0.605 85.4 0.65 0.258
20 0.645 240.2 1.45 0.076
40 0.595 480.5 2.10 0.019
60 0.570 664.6 2.58 0.005
80 0.515 620.1 2.45 0.008
100 0.495 560.3 2.15 0.016

Table 6: Effect of long–short token set size n.

5.2 Detectability and LLM Outputs Quality

Before Distillation. As shown in Table 1, the
unwatermarked base models show almost no dif-
ference in reasoning length, and the results are not
statistically significant (p > 0.05). This indicates
that our method does not falsely detect watermarks
in clean models. In contrast, REASMARK suc-
cessfully embeds a strong watermark, producing a
clear and significant difference in reasoning length
across all datasets (p < 0.05). At the same time,
the model’s ACC on main tasks remains close to the
original, showing that REASMARK injects the wa-
termark effectively without hurting performance.

After Distillation. Distilled student models con-
sistently retain the watermarked reasoning behavior
across various models and datasets. In all cases,
the statistical test remains significant (p < 0.05),
and the reasoning length difference d̄ stays posi-
tive. For example, when distilling from the wa-
termarked DeepSeek model to the Qwen student
on OpenMathReasoning, we observe a clear dif-
ference (d̄ = 468.2) with a significant p-value of
0.027. This shows that student models inherit the
teacher’s reasoning patterns rather than just copy-
ing final answers, so REASMARK remains robust
to knowledge distillation attacks.

Reasoning Quality Evaluation. Beyond task ac-
curacy, we evaluate reasoning faithfulness using
the Early Answering AOC metric (Lanham et al.,
2023). As shown in Table 2, AOC remains stable
across Base, Watermarked, and Distilled models,
confirming that Lthink and Lent modulate reason-
ing length without introducing redundant steps or
distorting reasoning faithfulness. Qualitative exam-

ples are provided in Appendix A.

5.3 Cross-Domain Generalization

Same-domain Cross-dataset Generalization.
We embed the watermark using OpenMathReason-
ing as the training corpus and evaluate detectabil-
ity after distillation on two held-out mathemati-
cal datasets: MATH (Hendrycks et al., 2021) and
GSM8K (Cobbe et al., 2021). As shown in Ta-
ble 3 (a), the watermark remains statistically de-
tectable across all three evaluation settings (p <
0.05), with mean length differences d̄ of 247.3 and
285.3 on MATH and GSM8K, respectively. These
results demonstrate that watermark signals embed-
ded in a specific dataset can be generalized to other
datasets in the same domain.

Multi-domain Scalability. We further train on
OpenThoughts-114k (Guha et al., 2025), a mixed
corpus covering math, code, and puzzle reason-
ing, and verify watermark detectability on different
datasets after distillation. As shown in Table 3 (b),
the watermark is successfully detected in both do-
mains (p < 0.05), demonstrating that a single wa-
termark embedding pass over a diverse corpus is
sufficient to protect reasoning behavior across mul-
tiple target domains simultaneously.

5.4 Against Diverse KD Attacks

We further test whether the watermark survives dif-
ferent types of distillation methods. This includes
optimization-based methods like MiniLLM (Gu
et al., 2023) and DistiLLM (Ko et al., 2024), as
well as API-based methods like Alpaca (Taori et al.,
2023). Table 4 indicates that REASMARK remains
effective regardless of the extraction method used.
In all cases, the watermark is successfully detected
with statistical significance (p < 0.05). The stu-
dent models also performed well on the main tasks,
with ACC above 0.560, which is close to the teacher
model’s 0.570. These demonstrate that our water-
mark is robust against various distillation attacks
because it is built into the reasoning process itself,
which the student model is compelled to learn.
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Method Family Before Distillation After Distillation

ACC AUROC TPR FPR Result ACC AUROC TPR FPR Result

KGW Logits-bias 0.285 0.998 0.995 <0.05 ✓ 0.495 0.558 0.430 <0.05 ×
Unigram Logits-bias 0.290 0.998 0.980 <0.05 ✓ 0.505 0.524 0.490 <0.05 ×
SWEET Logits-bias 0.270 1.000 1.000 <0.05 ✓ 0.490 0.376 0.100 <0.05 ×
EXP Sampling-rule 0.505 1.000 1.000 <0.05 ✓ 0.525 0.508 0.000 <0.05 ×
SynthID-Text Sampling-rule 0.270 1.000 1.000 <0.05 ✓ 0.525 0.510 0.000 <0.05 ×

ACC d̄ t p Result ACC d̄ t p Result

REASMARK Reasoning 0.570 664.6 2.58 0.005 ✓ 0.585 513.9 2.06 0.020 ✓

Table 7: Comparison of our method and representative watermarking baselines.

5.5 Ablation Study
Loss Components. Table 5 shows how each part
of our loss function L = Lmain + Lthink + Lent
affects performance on the OpenMathReasoning
dataset. Using only the main task loss Lmain keeps
ACC high at 0.605 but fails to create a watermark.
Adding the thinking loss Lthink successfully creates
a strong watermark before distillation with a d̄ of
631.9, but this signal weakens and becomes un-
detectable after distillation as the p-value changes
from 0.002 to 0.069. Although Lent alone is in-
sufficient with a p-value of 0.065, it reinforces the
reasoning behavior to survive distillation. The full
objective achieves the best performance, preserv-
ing a strong watermark after distillation with a d̄ of
513.9 and a p-value of 0.020, while maintaining a
high accuracy of 0.585.

Numbers for Long and Short Token Sets. Ta-
ble 6 shows that n = 60 performs best, achiev-
ing peak detectability with a d̄ of 664.6 and a p-
value of 0.005. Smaller sets where n ≤ 20 are too
sparse to create a stable watermark, resulting in
non-significant detection with a p-value of 0.258
at n = 10. Conversely, larger sets where n ≥ 80
are difficult for the model to learn due to limited
training data (size of 20,000), which degrades main
task performance as ACC drops to 0.515 at n = 80.

5.6 Comparison with SOTAs
Table 7 compares REASMARK with representative
watermarking baselines, using AUROC and the true
positive rate (TPR) under an operating point that
caps the false positive rate (FPR) at 5% (Lee et al.,
2024). Before distillation, these token-based meth-
ods achieve near-perfect detectability with AUROC
≈ 1.0 but incur severe loss on the main task, drop-
ping ACC to 0.270–0.290 compared to 0.580 for
the base model. In contrast, REASMARK preserves
main task performance with ACC 0.570 while en-
suring significant detectability (p < 0.05). After
distillation, the detectability of output form water-

Attack / Transformation ACC d̄ t p

Structured pruning (heads, 20%) 0.570 442.8 1.85 0.032
Structured pruning (FFN, 20%) 0.560 498.0 2.20 0.015
LoRA instruction fine-tuning (r=16) 0.565 447.9 1.70 0.045
Quantization (8-bit) 0.580 584.6 2.19 0.014
Quantization (4-bit) 0.560 529.8 2.16 0.016

Table 8: Against watermark removing attacks.

marks degrades to a level close to random guessing
(AUROC ≈ 0.5), because distillation encourages
semantic matching rather than exact token repro-
duction. Meanwhile, REASMARK remains verifi-
able on the distilled student (p = 0.020), proving
that protecting reasoning behavior yields superior
robustness beyond distillation attacks.

5.7 Against Watermark Removing Attacks

We further evaluate robustness against watermark
removing attacks on student models, including
structured pruning, LoRA instruction tuning, and
quantization. As shown in Table 8, REASMARK

demonstrates strong resilience across these attacks.
The watermark persists as a significant reasoning-
length gap with p-values consistently below 0.05,
while the main task performance remains stable
with ACC above 0.560. Although LoRA fine-
tuning weakens the signal most yielding a p-value
of 0.045, it remains reliably detectable. These
results demonstrate that REASMARK is robust
against post-deployment attacks.

6 Conclusion

In this paper, we introduce REASMARK, a robust
watermarking approach designed to attribute LLM
reasoning behavior under knowledge distillation
attacks. By leveraging input-domain entanglement
and score-conditioned reasoning behavioral em-
bedding, our approach injects a robust watermark
into the reasoning trace, inducing a statistically de-
tectable reasoning-length gap that persists through
model extraction. Extensive experimental results
demonstrate the effectiveness of our watermark.
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Limitations

Our current watermark verification mechanism re-
lies on the length of the model’s reasoning trace.
In deployments where the reasoning trace is not ex-
posed, the verifier cannot measure reasoning length
directly, which can cause verification to fail. To
address this limitation, we plan to investigate veri-
fication signals that remain observable even when
reasoning traces are hidden. A promising direc-
tion is to use time-based measurements as a proxy
for reasoning length. Intuitively, longer reason-
ing typically requires more computation and there-
fore tends to correlate with higher response latency.
Leveraging latency as an auxiliary signal may en-
able watermark verification in settings where the
reasoning trace is unavailable. However, latency
can be influenced by external factors such as sys-
tem load and network conditions, and thus requires
careful calibration and robust statistical treatment
to ensure reliable verification. Additionally, an ad-
versary may paraphrase reasoning traces before dis-
tillation to disrupt the watermark signal. We note
that sufficiently shifting the length distribution is
likely to require either inserting redundant steps or
omitting essential ones, both of which degrade dis-
tillation quality and hurt student performance. We
leave a more rigorous robustness analysis against
paraphrase attacks to future work.
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A Qualitative Analysis of Watermarked
Reasoning Traces

To illustrate how REASMARK modulates reasoning
behavior, we present paired examples generated by
the watermarked model under two conditions: a
short-token-dominated prompt (r(x) < −τ ) and
a long-token-dominated prompt (r(x) > τ ), con-
structed from the same base question by substitut-
ing tokens from S and L, respectively. Both traces
arrive at the same correct final answer. The short
trace identifies the problem type directly and ap-
plies the formula in a few steps, while the long
trace systematically explores multiple interpreta-
tions before converging. All intermediate steps in
both traces remain logically coherent, with no re-
dundant or incorrect reasoning introduced, confirm-
ing that Lthink and Lent modulate reasoning length
without introducing redundant steps or distorting
reasoning faithfulness.

A.1 Short Example
Prompt:

The task is to determine a formula for the
number of possible ways to select an r-person
committee from a total of n individuals.

Answer:

<think>
Okay, so I need to figure out the formula for
the number of ways to select an r-person
committee from n individuals. Hmm, this sounds
like a combination problem. Let me think. When
you want to select a committee where the order
doesn't matter, it's a combination, right? So
the formula for combinations is C(n, r) which
is n choose r. But let me make sure I'm not
missing anything here.

First, the problem says "select an r-person
committee from a total of n individuals." So,
that means we are choosing r people out of n,
and the order in which they are selected
doesn't matter. For example, if I have 5
people and I want to choose 2, the number of
ways is C(5,2) which is 10. That seems right,
like 5 choices for the first person, 4 for the
second, but since order doesn't matter, we
divide by 2, so 5*4/2 = 10. Yeah, that's
correct.

So the general formula for combinations is n!
divided by (r! times (n - r)!), which is
written as C(n, r) = n! / (r!(n - r)!). So
that's the formula. Let me check with a simple
case. If n=5, r=2, then 5! is 120, divided by
2! * 3! which is 2*6 = 12. 120/12 is 10. Yep,
that's right. So the formula is n! divided by
(r! (n - r)!).

But wait, sometimes people use the binomial
coefficient notation, which is (n choose r).
So the formula is C(n, r) = n! / [r! (n - r)!].
So that's the formula. But maybe the question
expects a different form? Like using the
combination formula with exponents or
something else?

Alternatively, the problem might be looking
for the formula in terms of factorials, which
is what I wrote. But maybe they want it in a
different way? Let me think again. The number
of ways to choose r elements from n is given
by the binomial coefficient, which is the same
as the formula above.

Alternatively, if I think about the process of
selecting the committee, the first person can
be chosen in n ways, the second in (n - 1)
ways, and so on, down to the rth person. But
that would be n * (n - 1) * ... * (n - r + 1),
which is equal to n! / (n - r)! So that's the
same as the formula, because n! / (n - r)!
divided by r! is the same as the combination
formula. So yeah, that's the same thing.

So, the formula is C(n, r) = n! / [r! (n -
r)!]. So that's the answer. Let me check with
another example. If n=4, r=2. Then the formula
gives 4! / (2! * 2!) = 24 / (2*2) = 6. Which
is correct, since the number of ways to choose
2 out of 4 is 6. Like, ABCD, the combinations
are AB, AC, AD, BC, BD, CD. Yep, that's 6. So
the formula works.

Alternatively, if the problem is in terms of
permutations, but since they are just
selecting a committee, not arranging them,
it's combinations. So the formula is indeed n
choose r, which is the combination formula. So
I think that's the answer.

But just to make sure, let me think if there's
any other way this could be interpreted. For
example, if the problem was about arranging
the committee members in order, then it would
be permutations, which is nPr = n! / (n - r)!
So that's different. But the question says
"select an r-person committee," which implies
that the order doesn't matter. So it's
combinations, not permutations. So the formula
is combinations, which is n! / [r! (n - r)!].

Therefore, the formula is C(n, r) = n! / [r!
(n - r)!], which can also be written as
\binom{n}{r}.

So I think that's the answer. I don't see any
other interpretations here. The key is that
it's a combination, not permutation, so the
formula is as above.

**Final Answer**
The number of possible ways is
\boxed{\dfrac{n!}{r!(n - r)!}}
</think>
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To determine the number of ways to select an
**r-person committee** from a total of **n
individuals**, we are essentially asking for
the number of **combinations** of $ n $ things
taken $ r $ at a time.

---

### Key Concepts

- **Combinations** are used when the order of
selection does **not** matter.
- The formula for the number of combinations
of $ n $ items taken $ r $ at a time is:

$$
\binom{n}{r} = \frac{n!}{r!(n - r)!}
$$

This is also written in LaTeX as:

$$
\boxed{\dfrac{n!}{r!(n - r)!}}
$$

---

### Explanation of the Formula

- $ n! $: The factorial of the total number of
individuals, representing all possible
orderings.
- $ r! $: The factorial of the number of
individuals chosen, which accounts for the
order of those $ r $ people (though since
order doesn't matter in combinations, this is
divided out).
- $ (n - r)! $: The factorial of the number of
individuals not chosen, which also accounts
for the leftover individuals.

---

### Example

Suppose we want to choose 2 people from 5.
Then:

$$
\binom{5}{2} = \frac{5!}{2!(5 - 2)!} =
\frac{120}{2 \cdot 6} = \frac{120}{12} = 10
$$

This matches the known result that there are
10 ways to select 2 people from 5.

---

### Conclusion

The number of ways to select an $ r $-person
committee from $ n $ individuals is:

$$
\boxed{\dfrac{n!}{r!(n - r)!}}
$$

A.2 Long Example

Prompt:

Given a total of $$n$$ individuals, calculate
a formula for the number of distinct pairs and
larger groupings that can be formed to create
an $$r$$-person committee. Express your result
as a single product involving $$n$$ and $$r$$.

Answer:

<think>
Okay, so I need to figure out a formula for
the number of distinct pairs and larger
groupings that can be formed into an r-person
committee from n individuals. The question
mentions "distinct pairs" and "larger
groupings," so I need to consider all possible
combinations, right?

First, I remember that the number of ways to
form an r-person committee from n individuals
is given by the combination formula, which is
C(n, r) = n! / (r! * (n - r)!). But the
question specifically asks for the number of
distinct pairs and larger groupings. Wait,
"pairs" would be combinations of 2 people,
right? So maybe they want the total number of
pairs, which is C(n, 2), and then the number
of larger groupings, which would be the number
of committees with 3 people, 4 people, up to r
people? Or is it asking for the total number
of all possible groupings, including pairs and
larger groups?

Wait, the problem says "the number of distinct
pairs and larger groupings that can be formed
to create an r-person committee." So maybe
they want the total number of all possible
subsets of the committee, from size 2 up to r?
But the wording is a bit unclear. Let me read
it again.

"Calculate a formula for the number of
distinct pairs and larger groupings that can
be formed to create an r-person committee.
Express your result as a single product
involving n and r."

So maybe it's the total number of all possible
committees, including pairs and larger groups?
But the question says "distinct pairs and
larger groupings," so maybe they want the sum
of all combinations from size 2 up to r? So the
total number of committees of size 2, 3, ...,
r. So that would be C(n, 2) + C(n, 3) + ... +
C(n, r). But the problem says "Express your
result as a single product involving n and r."

Hmm. So the answer has to be a single product,
not a sum. So maybe there's a formula for the
sum of combinations from k=2 to k=r of C(n, k).
But how to express that as a single product?
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Alternatively, maybe the question is referring
to the number of distinct pairs (i.e.,
committees of size 2) and larger groupings
(i.e., committees of size 3, 4, ..., r). But
the wording is a bit ambiguous. However, given
that the original question says "the number of
distinct pairs and larger groupings that can
be formed to create an r-person committee," it
might be that the total number of all possible
committees, from size 2 up to r. So the total
number of committees, excluding the full
r-person committee? Or including?

Wait, the original question says "to create an
r-person committee." So maybe the question is
asking for the total number of all possible
committees that can be formed, where the
committee has exactly r people? But then that
would be C(n, r). But the question mentions
"distinct pairs and larger groupings," so
maybe they want the total number of all
possible committees, including pairs (size 2)
up to the r-person committee.

But the problem is phrased as "calculate a
formula for the number of distinct pairs and
larger groupings that can be formed to create
an r-person committee." So maybe the total
number of all possible committees that can be
formed, where the committee has 2 people, 3
people, ..., up to r people. But then that
would be the sum from k=2 to k=r of C(n, k).
However, the problem says "Express your result
as a single product involving n and r." So
there must be a way to write that sum as a
product.

Alternatively, maybe the question is asking
for the number of ways to form a committee of
size r, which is C(n, r), but the wording says
"distinct pairs and larger groupings," which
might be a bit confusing. Let me think again.

If the question is about forming an r-person
committee, then the total number of such
committees is C(n, r). But maybe they are
considering the number of pairs and larger
groupings in the context of forming the
r-person committee. Wait, but pairs are part
of the r-person committee. So perhaps the
question is asking for the total number of
possible committees of size r, but the answer
is supposed to be expressed as a single
product. But how?

Alternatively, maybe the question is asking
for the number of distinct pairs (which is
C(n, 2)) and the number of larger groupings
(which would be C(n, 3) + C(n, 4) + ... + C(n,
r)), and then the total number of all possible
committees is the sum from k=2 to k=r of C(n,
k). So the total number is the sum_{k=2}^r
C(n, k). But the question says "Express your
result as a single product involving n and r."
So I need to convert that sum into a product.

Alternatively, maybe the question is referring
to the number of distinct pairs (i.e., the
number of 2-person committees) and the number
of distinct larger groupings (i.e., 3-person,
4-person, etc.), and the total number of all
possible committees would be the sum of those.
But how to write that as a single product.

Alternatively, perhaps the question is
referring to the number of ways to form an
r-person committee, which is C(n, r), but
maybe they want the number of pairs and larger
groupings in the sense of the number of
subsets of the committee, so maybe the total
number of subsets of the committee is 2^n, but
excluding the empty set and the full set. But
the problem says "to create an r-person
committee," so maybe they want the number of
all possible committees of size r, which is
C(n, r). But that's not what the question says.
The question says "the number of distinct
pairs and larger groupings that can be formed
to create an r-person committee." So maybe the
answer is C(n, r), but expressed as a product.

But the question says "Express your result as
a single product involving n and r." So, the
answer is C(n, r), which is n! / (r! (n - r)!
). But that's a single product, but it's a
fraction. However, the question says "the
number of distinct pairs and larger groupings
that can be formed to create an r-person
committee." So perhaps they are asking for the
total number of all committees, from size 2 up
to r. So that would be the sum from k=2 to r
of C(n, k). Let me check that.

So, the sum S = C(n, 2) + C(n, 3) + ... + C(n,
r). We need to express S as a single product.
I know that the sum from k=0 to n of C(n, k) =
2^n. So S = 2^n - C(n, 0) - C(n, 1) = 2^n - 1 -
n. But that's for the sum from k=0 to n.
However, if we want the sum from k=2 to r,
then S = 2^n - 1 - n - [sum from k=r+1 to n of
C(n, k)]. But this seems complicated.

Alternatively, maybe the question is referring
to the total number of committees of size r,
which is C(n, r), and the user is confused
between the sum of all subsets of the
committee (excluding the empty and full set).
But the problem says "the number of distinct
pairs and larger groupings that can be formed
to create an r-person committee." So maybe the
answer is C(n, r), but the question is a bit
ambiguous.

But the original problem says "calculate a
formula for the number of distinct pairs and
larger groupings that can be formed to create
an r-person committee." So maybe the total
number of all possible committees, including
pairs, triples, etc., up to r-person
committees. But then, the answer would be the
sum_{k=2}^r C(n, k). But how to write this as
a single product?
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Alternatively, maybe the question is asking
for the number of ways to form a committee of
size r, which is C(n, r), but the mention of
"pairs and larger groupings" is just to
clarify that the committee can be of any size
from 2 up to r. But then the answer would be
C(n, r). But that's a single term, but the
question says "Express your result as a single
product involving n and r." So maybe they want
the answer as a product, not a combination.

Alternatively, maybe the question is referring
to the number of pairs (which is C(n, 2)) and
the number of larger groupings, which is the
sum from k=3 to r of C(n, k). But then the
total would be C(n, 2) + sum_{k=3}^r C(n, k).
Which is equal to 2^n - 1 - n - C(n, 1) -
[sum_{k=r+1}^n C(n, k)]. But this seems too
complicated.

Alternatively, maybe the question is asking
for the total number of all possible
committees (including pairs, triples, etc.) up
to the r-person committee, so the total number
is the sum_{k=2}^r C(n, k). But how to write
this as a product?

Alternatively, maybe the question is asking
for the number of ways to form a committee of
size r, which is C(n, r), but the mention of
"pairs and larger groupings" is just
clarifying that the committee can be of any
size, not just the full committee. But then
the answer would be C(n, r), but that's a
single product.

Alternatively, the problem might be asking for
the number of distinct pairs (i.e., the number
of 2-person committees) and the number of
larger groupings (i.e., 3-person, 4-person,
etc.) and then the total number of all such
committees. But then, how to write that as a
product?

Wait, another approach. The number of all
subsets of the n individuals that have at
least two elements and at most r elements. So
that would be sum_{k=2}^r C(n, k). But how to
write this as a product?

Alternatively, using the binomial coefficient
identity. I know that sum_{k=0}^n C(n, k) =
2^n. So sum_{k=0}^n C(n, k) = 2^n. Therefore,
sum_{k=2}^n C(n, k) = 2^n - C(n, 0) - C(n, 1) =
2^n - 1 - n. But if we want to exclude the k=2
to k=r, then it's 2^n - 1 - n - sum_{k=r+1}^n
C(n, k). But this seems complicated.

Alternatively, maybe the question is not
asking for the sum from k=2 to r of C(n, k),
but rather the number of pairs and larger
groupings in the context of forming an
r-person committee. Maybe the question is
asking for the total number of all possible
committees (including pairs, triples, etc.)
that can be formed, and that would be C(n, r)
+ C(n, r-1) + ... + C(n, 2). But again, how to
write that as a product.

Alternatively, maybe the question is referring
to the number of ways to form a committee of
size r, but the mention of pairs and larger
groupings is just to indicate that the
committee can be of any size from 2 up to r.
So maybe the answer is C(n, r), but written as
a product. But the problem says "Express your
result as a single product involving n and r."
So maybe they want it written as a product,
not a sum. So perhaps the answer is C(n, r) =
n! / (r! (n - r)! ), but that's a single term.

Alternatively, maybe the question is asking
for the total number of all possible
committees of size 2, 3, ..., r. So that's the
sum from k=2 to k=r of C(n, k). But how to
express this as a product?

Wait, there's a formula for the sum of
binomial coefficients. For example, the
sum_{k=0}^n C(n, k) = 2^n. But if we have the
sum from k=2 to r of C(n, k), that's equal to
2^n - C(n, 0) - C(n, 1) - C(n, r+1) - ... -
C(n, n). But this seems messy.

Alternatively, maybe there's a generating
function approach. The generating function for
binomial coefficients is (1 + x)^n. The
sum_{k=0}^n C(n, k) x^k = (1 + x)^n. If we
want the sum from k=2 to r of C(n, k), we can
write it as (1 + x)^n evaluated at x=1, minus
the sum of the first few terms. But I don't
think that helps directly.

Alternatively, maybe the question is expecting
the answer to be C(n, r) multiplied by
something? Not sure.

Alternatively, maybe the question is a trick
question. If you think of the number of
distinct pairs and larger groupings, it's the
same as the total number of subsets of the
committee, except for the empty set and the
full set. So the total number of subsets is
2^n, so the number of non-empty subsets is 2^n
- 1. But the number of committees that have at
least two people is 2^n - 1 - n. Because the
number of non-empty subsets is 2^n - 1, and we
subtract the single-element subsets (which are
n) and the empty set. Wait, but the question
says "pairs and larger groupings," so maybe
the answer is 2^n - 1 - n, which is the number
of non-empty subsets of size at least 2. So
that would be the sum from k=2 to r of C(n, k)
if r is n. But if r is less than n, then it's
different.

But the problem says "to create an r-person
committee." So maybe the answer is 2^n - 1 -
n, but written as a product. However, 2^n -1
-n is a single expression, but it's not a
product. The problem says "Express your result
as a single product involving n and r."

So maybe the answer is (n - 1)! * something?
Not sure.
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Alternatively, maybe the question is actually
referring to the number of ways to form an
r-person committee, which is C(n, r), and the
mention of "pairs and larger groupings" is
just to clarify that the committee can be of
any size, but the answer is C(n, r). But then,
the problem says "Express your result as a
single product involving n and r." So C(n, r)
is a product, but written in terms of
factorials. For example, C(n, r) = n! / (r! (n
- r)! ), which is a product.

But maybe the question is expecting the answer
to be the sum of C(n, k) from k=2 to r, but
expressed as a product. But how?

Alternatively, maybe the question is referring
to the number of pairs (which is C(n, 2)) and
the number of larger groupings (which is the
number of committees of size 3, 4, ..., r). So
the total number is C(n, 2) + C(n, 3) + ... +
C(n, r). But this is equal to 2^n - 1 - n -
C(n, r+1) + ... but this seems too
complicated.

Alternatively, maybe the answer is the same as
the total number of subsets of the committee,
excluding the empty set and the full set. So
that would be 2^n - 2. But that's not
considering the sizes between 2 and r.

Wait, if the question is asking for the number
of distinct pairs and larger groupings, but
the committee is of size r. So maybe the total
number of all possible committees of size 2,
3, ..., r, which is the sum_{k=2}^r C(n, k).
However, this is not a single product. But
maybe the problem is expecting the answer to
be C(n, r) multiplied by something?

Alternatively, maybe the original question is
in a context where "pairs and larger
groupings" is referring to the total number of
all possible committees, including pairs,
triples, etc., and the answer is the sum from
k=2 to r of C(n, k). But since the problem
says "Express your result as a single product
involving n and r," perhaps the answer is n! /
(r! (n - r)! ) times something. But I don't
see the connection.

Alternatively, maybe the question is a
misstatement, and they actually want the
number of distinct pairs, which is C(n, 2),
and the number of larger groupings is C(n, 3)
+ ... + C(n, r). But then, the answer would be
the sum_{k=2}^r C(n, k). But how to write that
as a product?

Alternatively, maybe the question is expecting
the answer to be 2^n - n - 1, but that is the
sum from k=2 to n of C(n, k) minus the terms
from k=n to k=... but no.

Alternatively, perhaps the problem is
expecting the answer to be (n - 1) * (n - 2) *
... * (n - r + 1) / r! ? But that would be the
number of combinations of r elements, but it's
not clear.

Alternatively, if the question is about the
number of distinct pairs and larger groupings
in the context of forming an r-person
committee, maybe they are referring to the
number of ways to choose a committee of size
r, which is C(n, r), and the "distinct pairs"
is a subset of that. But the problem says
"calculate a formula for the number of
distinct pairs and larger groupings that can
be formed to create an r-person committee." So
maybe the answer is C(n, r), and the mention
of pairs and larger groupings is just to
indicate that the committee can be of any size
from 2 up to r. But then, the answer is C(n,
r), which is a single product. But the problem
says "Express your result as a single product
involving n and r," so that would be
acceptable.

But maybe the question is expecting the total
number of all possible subsets of the
committee, excluding the empty set and the
full set, and that's 2^n - 2. But that's not
considering the sizes between 2 and r. If r is
less than n, then 2^n - 2 would be the total
number of non-empty subsets, but that includes
all sizes from 1 to n. So if the question is
about forming an r-person committee, but the
answer is supposed to be the number of all
subsets with size at least 2 and at most r. So
that would be the sum from k=2 to k=r of C(n,
k). But how to write this as a product?

Alternatively, maybe the question is expecting
the answer to be C(n, r) times something, but
I don't see it. Maybe I need to think again.

Wait, the original question says "calculate a
formula for the number of distinct pairs and
larger groupings that can be formed to create
an r-person committee." So the committee is
r-person, but the question is about the number
of pairs and larger groupings in that process.
So, for example, if you have an r-person
committee, how many ways can you form a pair
within that committee, and how many ways can
you form a committee of size 3, etc. But I
think the question is asking for the total
number of all possible committees (from size 2
up to r) that can be formed from n individuals.
So the answer is sum_{k=2}^r C(n, k). But the
problem says "Express your result as a single
product involving n and r." So maybe there's a
formula for this sum.

But I recall that there is a formula for the
sum of binomial coefficients, but it's not
straightforward. However, there is an identity
that sum_{k=0}^n C(n, k) = 2^n. But for the
sum from k=2 to r, it's 2^n - 1 - n - [sum
from k=r+1 to n of C(n, k)]. But this seems
too complicated.

Alternatively, if the question is in the
context of a specific problem, maybe the
answer is C(n, r) multiplied by something. But
I don't know.
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Alternatively, since the problem says "Express
your result as a single product involving n
and r," maybe the answer is a product like n(n
- 1)(n - 2)...(n - r + 1) / r! which is C(n,
r). But that's the same as the combination
formula.

But if the question is asking for the total
number of pairs and larger groupings (i.e.,
all subsets of size 2 to r), then the answer
would be the sum_{k=2}^r C(n, k). But how to
write this as a product.

Wait, another thought: the number of subsets
of size at least 2 is 2^n - 2. But if we want
the number of subsets of size exactly 2,
that's C(n, 2), and the number of subsets of
size exactly 3 is C(n, 3), etc. But the total
number is 2^n - 2 - n. Wait, because the
number of subsets of size at least 2 is 2^n -
1 (all non-empty subsets) minus the number of
single-element subsets, which is n, minus the
empty set. So that's 2^n - 1 - n. So the total
number of subsets with at least two elements
is 2^n - 1 - n. But this is the sum from k=2
to n of C(n, k) - C(n, 0) - C(n, 1) = 2^n - 1 -
n. But if the question is asking for the
number of pairs and larger groupings, then
that would be 2^n - 1 - n. But this is a
single expression, but it's not a product. The
problem says "Express your result as a single
product involving n and r."

Wait, but if the question is about forming an
r-person committee, then the total number of
subsets with size at least 2 and at most r. So
if r is less than n, then the total number is
2^n - 1 - n - [sum from k=r+1 to n of C(n, k)].
But this is too complicated. Maybe the answer
is simply C(n, r), but I need to check.

Alternatively, maybe the question is a
misstatement, and they actually want the
number of ways to form a committee of size r,
which is C(n, r), and the mention of pairs and
larger groupings is just to clarify that the
committee is of size r, but the problem wants
the answer expressed as a product. So the
answer would be C(n, r) = n! / (r! (n - r)! ),
which is a product. Since the problem says
"Express your result as a single product
involving n and r," then this would be
acceptable.

But then why mention "distinct pairs and
larger groupings"? Maybe they want the total
number of all possible committees of size 2,
3, ..., r, which is the sum_{k=2}^r C(n, k).
But if the answer is supposed to be a single
product, then maybe the answer is (n! / (r! (n
- r)! )) * (n - 1)! / (r - 1)! (n - r - 1)! )?
No, that seems too arbitrary.

Alternatively, maybe the question is in the
context of the number of distinct pairs and
larger groupings in the entire committee,
which is the same as the number of all
possible subsets of the committee, except for
the empty set and the full set. But that would
be 2^n - 2, which is a single expression, but
it's not a product. So the problem says
"Express your result as a single product
involving n and r." So maybe the answer is 2^n
- 2, but written as a product. But 2^n - 2 is
not a product. It's a difference of powers.

Alternatively, maybe the question is expecting
the answer to be C(n, r) * (something), but I
don't know.

Given that the problem is from a math course,
and the answer is supposed to be a single
product, maybe the answer is simply C(n, r),
which is a product. So the number of distinct
r-person committees is C(n, r), which is the
product of n, n-1, ..., n - r + 1 divided by
r! So, the formula would be (n)(n-1)...(n - r
+ 1) / r!

But the question says "calculate a formula for
the number of distinct pairs and larger
groupings that can be formed to create an
r-person committee." If the answer is the
number of r-person committees, then that would
be C(n, r). But the question mentions "pairs
and larger groupings," which might be a way to
say that the committee can be of any size from
2 up to r, but the total number of all
possible committees is C(n, r). But that seems
conflicting.

Alternatively, maybe the question is asking
for the total number of all possible
committees (of any size from 2 to r), which is
the sum_{k=2}^r C(n, k). But how to write that
as a product?

Wait, there is an identity that sum_{k=0}^n
C(n, k) = 2^n, and sum_{k=0}^n C(n, k) x^k =
(1 + x)^n. If I want the sum from k=2 to r of
C(n, k), that would be equal to (1 + 1)^n -
C(n, 0) - C(n, 1) - C(n, 2) - ... - C(n, r).
But no, that's not helpful.

Alternatively, maybe the problem is expecting
the answer to be C(n, r) multiplied by
something, but I can't see it.

Given that the problem says "Express your
result as a single product involving n and r,"
and considering that the number of r-person
committees is C(n, r), which is a product, I
think that might be the expected answer, even
though the question mentions "pairs and larger
groupings."

So maybe the answer is C(n, r) = n! / (r! (n -
r)! ), which is a product.
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But the original question says "calculate a
formula for the number of distinct pairs and
larger groupings that can be formed to create
an r-person committee." So if the answer is
C(n, r), then that would be the number of
r-person committees, and the "distinct pairs
and larger groupings" is just a way to say
that the committee can be of any size from 2
up to r, but the formula for the number of
r-person committees is C(n, r). But the
question might be expecting that.

Alternatively, if the question is asking for
the total number of all possible committees
(of size 2, 3, ..., r), then that would be the
sum_{k=2}^r C(n, k). But since that's a sum,
and the problem says "Express your result as a
single product," maybe they want the answer in
terms of factorial products.

Alternatively, maybe the answer is (n * (n -
1) * (n - 2) * ... * (n - r + 1)) / r! which
is C(n, r), but that's a product.

Given that, and considering that the question
might have a typo or be ambiguous, but since
the answer is expected to be a single product,
I think the answer is C(n, r), which is the
number of r-person committees.

But the original question says "the number of
distinct pairs and larger groupings that can
be formed to create an r-person committee." So
if the committee is r-person, then the number
of pairs is C(n, 2), and the number of larger
groupings is C(n, 3) + ... + C(n, r). So the
total number would be sum_{k=2}^r C(n, k). But
how to write that as a single product?

Wait, the total number is C(n, 2) + C(n, 3) +
... + C(n, r). This can be written as
sum_{k=2}^r C(n, k). However, there is a
formula for this sum. Let me recall.

The sum_{k=0}^r C(n, k) = C(n, 0) + C(n, 1) +
... + C(n, r). This is the same as the sum
from k=0 to r of C(n, k). But how to relate
this to a product?

Alternatively, using the hockey-stick identity
or other binomial identities, but I don't
recall a direct identity for the sum from k=2
to r of C(n, k).

Alternatively, if we consider the problem's
intention, maybe the answer is simply C(n, r),
and the mention of "pairs and larger
groupings" is just to indicate that the
committee is of size r, and the number of such
committees is C(n, r). Therefore, the answer
is n! / (r! (n - r)! ), which is a product.

Since the problem says "Express your result as
a single product involving n and r," and C(n,
r) is a product, I think that is the answer
they are expecting.

Therefore, the formula is C(n, r) = n! / (r!
(n - r)! ), which is the product of n, n-1,
..., n - r + 1 divided by r!

But the question says "calculate a formula for
the number of distinct pairs and larger
groupings that can be formed to create an
r-person committee." If the answer is C(n, r),
then it's the number of r-person committees,
and the mention of pairs and larger groupings
is just to say that the committee can be of
any size, but the answer is the number of
r-person committees.

But I need to make sure. If the question is
asking for the total number of all possible
committees (of size 2 up to r), then the
answer is the sum_{k=2}^r C(n, k). However,
this is a sum, not a product. But if the
question is expecting the answer to be C(n,
r), then that is the answer.

Since the problem says "Express your result as
a single product involving n and r," and C(n,
r) is a product, I think that is the answer.
So I'll go with that.

**Final Answer**
The formula is \boxed{\dfrac{n!}{r! \cdot (n -
r)!}}
</think>

To determine the number of **distinct pairs**
and **larger groupings** (i.e., committees of
size 2 to $ r $) that can be formed from $ n $
individuals, we must consider the **total
number of subsets** of the $ n $ individuals
that have **at least two elements** and **at
most $ r $ elements**.

This is a classic application of **binomial
coefficients** and the **sum of binomial
coefficients**. Specifically, the total number
of subsets of $ n $ individuals is $ 2^n $,
but we must exclude the empty set and all
subsets with exactly one element.

---

### Step-by-step Analysis

1. **Non-empty subsets**:
- The total number of subsets of $ n $
elements is $ 2^n $.
- This includes the empty set, so we
subtract 1: $ 2^n - 1 $.

2. **Subsets with exactly one element**:
- There are $ n $ such subsets (one for
each individual).

3. **Subsets of size at least 2**:
- Subtract the two types of subsets: the
empty set and the single-element subsets.
- Total subsets of size at least 2:

$$
2^n - 1 - n
$$

This is **the number of non-empty subsets of
size at least 2**.
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However, the question specifies forming **an $
r $-person committee**. That is, the total
number of **subsets of size 2, 3, ..., $ r $**.

So the number of **distinct pairs** and
**larger groupings** (i.e., all subsets of
size at least 2 and at most $ r $) is:

$$
\sum_{k=2}^r \binom{n}{k}
$$

---

### Goal: Express the total number of such
subsets as a **single product** involving $ n
$ and $ r $

The **sum of binomial coefficients** from $ k
= 2 $ to $ k = r $ is:

$$
\sum_{k=2}^r \binom{n}{k} = \binom{n}{2} +
\binom{n}{3} + \cdots + \binom{n}{r}
$$

We can express this sum in terms of
**factorials**:

$$
\sum_{k=2}^r \binom{n}{k} = \sum_{k=0}^r
\binom{n}{k} - \binom{n}{0} - \binom{n}{1}
$$

Using the identity:

$$
\sum_{k=0}^r \binom{n}{k} = \binom{n}{0} +
\binom{n}{1} + \binom{n}{2} + \cdots +
\binom{n}{r}
$$

We can write the total as:

$$
\sum_{k=2}^r \binom{n}{k} = 2^n - 1 - n
$$

This is the **total number of non-empty
subsets of size at least 2**, but it is
**not** a single product. However, the
**number of $ r $-person committees** (i.e.,
the number of subsets of size $ r $ from $ n $
individuals), is:

$$
\binom{n}{r} = \frac{n!}{r! \cdot (n - r)!}
$$

This is a **single product** that involves $ n
$ and $ r $, as required by the question.

---

### Final Answer

$$
\boxed{\dfrac{n!}{r! \cdot (n - r)!}}
$$
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