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Abstract

Using entropy as a measure of heterogeneity
to guide optimization has emerged as a crucial
research direction in Reinforcement Learning
for LLMs. However, existing methods typi-
cally treat it as a discrete filter or post-hoc reg-
ulator rather than a core optimization driver.
To fully leverage the potential of entropy and
achieve fine-grained regulation, we introduce
Heterogeneous Adaptive Policy Optimization
(HAPO), a token-aware algorithm that continu-
ously adapts optimization dynamics based on
token-level entropy throughout the entire train-
ing process. Our algorithm includes four key
components: (1) Adaptive Temperature Sam-
pling that adjusts sampling temperature in real
time, promoting exploration at high-entropy to-
kens. (2) Token-Level Group Average Advan-
tage Estimation that estimates advantages at
token level, accounting for sequence-length ef-
fects while preserving non-biased treatment.(3)
Differential Advantage Redistribution that
leverages entropy and importance ratios to
adjust advantages for tokens with clear sig-
nals. (4) Asymmetric Adaptive Clipping
that adynamically adjusts clipping boundaries
based on token-level entropy. Through sys-
tematic investigation of entropy, we embed
token-level treatment into every stage. Ex-
tensive experiments on mathematical reason-
ing, code, and logic tasks across multiple mod-
els demonstrate HAPO’s consistent superior-
ity over DAPO. Our code can be found in
https://github.com/starriver030515/HAPO.

1 Introduction

Reinforcement Learning from Human Feed-
back (Ouyang et al., 2022) has emerged as a fun-
damental technique for enhancing the reasoning
capabilities of LLMs. State-of-the-art models in-
cluding OpenAI o1 (OpenAI, 2024), DeepSeek-
R1 (DeepSeek-AI et al., 2025), and Qwen3 se-

* Equal contribution.
† Corresponding authors.

ries (Yang et al., 2025) have achieved remarkable
performance gains, underscoring how carefully de-
signed reinforcement learning frameworks can em-
power LLMs to tackle tasks requiring reasoning.

However, existing algorithms (Schulman et al.,
2017b; Shao et al., 2024; Yu et al., 2025) share a
fundamental limitation: they employ a uniform
optimization across all tokens, failing to distin-
guish between tokens that represent critical reason-
ing paths vs routine patterns. This conflicts with
the heterogeneous nature of language generation,
where tokens serve different roles in the reasoning.

Recent works have pioneered token heterogene-
ity by using entropy to distinguish tokens with dif-
ferent roles. DAPO with forking tokens (Wang
et al., 2025b) proves that only a minority of high-
entropy tokens guide the optimization process.
Archer (Wang et al., 2025a) divides tokens into
high/low entropy groups, relaxing clipping bounds
for high-entropy tokens to encourage exploration.
However, these methods function entropy as dis-
crete filters, failing to leverage it for fundamen-
tal optimization and adjustment. Other methods
leverage entropy to adjust advantages. Entropy
Adv (Cheng et al., 2025) adds an entropy term
in advantage to encourage extended reasoning,
while EDGE-GRPO (Zhang et al., 2025) utilizes
sequence-level entropy to reweight advantages in
favor of confident outputs. While realizing a form
of heterogeneity, they restrict entropy to an auxil-
iary regulator or post-hoc bonus, leaving the core
optimization mechanics fundamentally unchanged.

These limitations motivate us to develop an al-
gorithm that embeds entropy into the core of opti-
mization, thereby fully leveraging its potential and
achieve fine-grained regulation. We first conduct
a systematic empirical analysis, delving into the
mechanisms and requirements for heterogeneous
treatment across different training stages:

Rollout Generation: Exploration-Exploitation
Imbalance. High-entropy tokens encoding critical
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Figure 1: HAPO’s overall framework. HAPO integrates Adaptive Temperature Sampling, Token-Level Group Aver-
age Advantage Estimation, Differential Advantage Redistribution and Asymmetric Adaptive Clipping, leveraging
entropy as a core optimization driver to achieve fine-grained, token-level optimization.

reasoning decisions are rare. We find the tempera-
ture dilemma: low temperatures preserve accuracy
but suppress critical tokens, while high tempera-
tures increase their occurrence but introduce noise.

Advantage Calculation: Reward Attribution
Granularity. Standard sequence-level advantage
estimation ignores intra-sequence token hetero-
geneity and becomes problematic under DAPO’s
token-mean averaging loss where longer negative
samples dominate gradients. Moreover, our impor-
tance ratio analysis shows that tokens require differ-
ent update magnitudes regardless of their entropy
values, yet uniform and entropy-based reweighting
fail to identify critical reasoning decisions.

Clipping Loss Computation: Clipping Con-
straint Mismatch. Our clipping analysis reveals
paradoxical patterns: low-entropy tokens (mostly
formatting symbols) hit left bounds preventing
probability reduction, while high-entropy tokens
(crucial reasoning elements) hit right bounds lim-
iting exploration. Uniform clipping thus protects
noise while constraining exploration.

Based on the discoveries above, we intro-
duce Heterogeneous Adaptive Policy Optimiza-
tion (HAPO). Moving beyond simple regulation,
HAPO formulates optimization parameters as con-
tinuous functions of entropy to embed fine-grained
treatment into every stage:

• Adaptive Temperature Sampling: We dy-
namically adjust sampling temperature based
on token entropy—increasing it for high-
entropy tokens to promote exploration while
reducing it for low-entropy tokens to main-
tain coherence. This resolves the accuracy-
exploration trade-off in training data.

• Token-Level Group Average Advantage Es-
timation: We estimate advantages at the to-
ken level across the group, respecting intra-
sequence heterogeneity. This also ensures bal-
anced optimization between positive and neg-
ative samples while preserving DAPO’s token
mean loss benefits for long-sequence learning.

• Differential Advantage Redistribution: We
leverage entropy and importance ratios to
modulate advantages—amplifying advantages
for high-entropy tokens with extreme ra-
tios while suppressing low-entropy ones
near unity, enabling fine-grained attribution
aligned with each token’s optimization needs.

• Asymmetric Adaptive Clipping: We imple-
ment reversed asymmetric clipping bound-
aries. Low-entropy tokens receive expanded
left boundaries to enable aggressive noise sup-
pression, while high-entropy tokens receive
expanded right boundaries to facilitate explo-
ration at critical decision points.

HAPO realizes fine-grained token-level hetero-
geneous optimization based on each token’s contin-
uous entropy signal. Our experiments demonstrate
that this systematic, continuous treatment yields
substantial improvements on mathematical reason-
ing, code, and logic tasks across multiple models.

2 Background

Given a language model πθ. States consist of the
prompt q and previously generated tokens o<t =
(o1, o2, ..., ot−1). Actions are tokens ot from vo-
cabulary V . Rewards R(o) are typically provided
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Figure 2: Dual-Entropy Token Frequency-Entropy Landscape
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Figure 3: Token entropy characteristics and temperature effects on critical tokens.

at the sequence level for the complete response o.
Group Relative Policy Optimization.

GRPO (Shao et al., 2024) removes value function
by employing group normalization. For each
prompt q, GRPO samples G responses {oi}Gi=1:

LGRPO = E(q,o)

[
1

G

G∑

i=1

1

|oi|

|oi|∑

t=1

min
(
ri,tAi,t,

clip(ri,t, 1− ϵ, 1 + ϵ)Ai,t

)
− βDKL [πθ∥πref]

]

(1)

The advantage is estimated at sequence-level

within the group as Ai,t =
Ri−mean({Rj}Gj=1)

std({Rj}Gj=1)
.

GRPO with Entropy Advantage. Entropy
Adv (Cheng et al., 2025) augments the advantage
function with an entropy-based term, encouraging
longer and deeper reasoning chains:

LEnt = E(q,o)

[
1

G

G∑

i=1

1

|oi|

|oi|∑

t=1

min
(
ri,tA

s
i,t,

clip(ri,t, 1− ϵ, 1 + ϵ)As
i,t

)
− βDKL [πθ∥πref]

]

(2)

where As
i,t = Ai,t + ψ(Ht), combining the advan-

tage Ai,t with an entropy-based bonus ψ(Ht).

Decoupled Clip and Dynamic Ampling Policy
Optimization. DAPO (Yu et al., 2025) modifies
GRPO with token-mean loss—averaging over to-
kens rather than sequences—to preserve gradient
contributions from longer sequences. It also intro-
duces clip-higher with asymmetric bounds:

LDAPO = E(q,o)


 1
∑G

i=1 |oi|

G∑

i=1

|oi|∑

t=1

min (

ri,tAi,t, clip(ri,t, 1− ϵlow, 1 + ϵhigh)Âi,t (3)

The asymmetric bounds ϵhigh > ϵlow (typically
ϵhigh = 0.28, ϵlow = 0.2) allow larger probability
increases for high-entropy token exploration.

DAPO with Forking Tokens. (Wang et al.,
2025b) demonstrates that a minority of high en-
tropy tokens function as critical decision points.
This motivates selective optimization focusing on
high-entropy tokens:

LEnt = E(q,o)


 1
∑G

i=1 |oi|

G∑

i=1

|oi|∑

t=1

I[Ht ≥ τρ]·

min
(
ri,tAi,t, clip(ri,t, 1− ϵlow, 1 + ϵhigh)Ai,t

)

(4)

where Ht represents the entropy at position t, τρ
denotes the ρ-th percentile entropy threshold.
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Figure 4: Bias of token-mean loss toward negative samples affects advantage and clipping.
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Figure 5: Token update patterns analysis via importance ratios

3 Token Heterogeneity in RLHF

3.1 Why Heterogeneity Is Necessary

The Dual-Entropy Phenomenon. We first ana-
lyzed entropy patterns during training. As shown
in Figures 2, we discovered "Dual-Entropy Phe-
nomenon": high-entropy tokens frequently have
"twin siblings" in low-entropy region—tokens with
same word stems but drastically different entropy.
We show more visualizations in Appendix G.

This pattern spans multiple semantic categories
and frequency ranges, explaining why low-entropy
tokens are crucial: they contain important reason-
ing tokens that differ from high-entropy ones only
in syntactic context. This reveals limitations of
entropy-based binary discretization and uniform
treatment, necessitating a nuanced approach that
preserves low-entropy tokens’ stabilizing influence
without letting them dominate the learning signal.

3.2 Rollout Generation:
Exploration-Exploitation Imbalance

Characterizing Tokens in Rollout Generation.
We then analyze token distributions and occurrence
frequencies in Figure 3a, 3b. We find that high-
entropy tokens are rare. These tokens have low
sampling probabilities but predominantly represent
critical decision points. This creates a paradox: the
tokens most valuable for learning are systemati-
cally under-sampled during standard rollout.

Temperature Effects on Critic Tokens. To ad-
dress this, we investigate temperature’s role in gen-
erating critical tokens. We evaluate rollout across
various temperatures. Figure 3c, 3d reveal that
while accuracy decreases with temperature, critical
token occurrence increases before dropping at ex-
tremes. This demonstrates a fundamental trade-off:
low temperatures preserve accuracy but suppress
critical tokens, while high temperatures generate
more meaningful tokens but reduce accuracy.

3.3 Advantage Calculation: Reward
Attribution Granularity

Limitations of Sequence-Level Advantage Esti-
mation. Current methods adopt GRPO’s sequence-
level normalization to estimate advantages—using
a single reward to represent an entire sequence for
estimation, disregarding length differences across
sequences. Figure 4a reveals that negative samples
are significantly longer than positive ones. GRPO
divides loss by sequence length (Equation 1) to bal-
ance contributions but sacrifices individual token
gradients. DAPO improves upon this by divid-
ing by total tokens (Equation 3) to preserve token-
level gradients—a natural approach for handling
token heterogeneity. However, this creates a con-
flict: sequence-level advantages estimation with
token-mean loss causes longer negative samples to
dominate gradient, as shown in Figure 4b.

While DAPO’s token-mean loss achieves better
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heterogeneity, sequence-level advantage estimation
introduce negative length bias that impacts token-
level optimization. First, when minor perturbations
are applied to advantages, the ignorance of length
in sequence-level advantage estimation amplifies
these fluctuations into substantial deviations, caus-
ing training instability as shown in Figure 4b. Sec-
ond, this bias conflicts with strategies like Archer,
which relaxes left clipping bounds for high-entropy
tokens. As shown in Figure 4c and Figure 4d, neg-
ative advantage dominance combined with relaxed
left clipping bounds causes rapid probability degra-
dation for high-entropy critical tokens, leading to
entropy collapse and reduced response lengths.

Analyzing Token Update Patterns. Beyond
sequence-level advantage ignoring token hetero-
geneity, another limitation is that all tokens within
a sequence receive same advantages. We conduct
a fine-grained analysis of advantage dynamics dur-
ing training. Specifically, we introduce importance
ratios ri,t = πθ(ai,t|si,t)/πref(ai,t|si,t), which re-
flect model’s existing optimization state and actual
update needs for each token.

Figure 5a shows high-entropy tokens have
broader ratio distributions, with most tokens de-
viating from 1.0 as the model preferentially up-
dates them. By analyzing the distribution of top
20% high-entropy tokens across different advan-
tage and ratio values in Figure 5b, we observe a
strong correlation between advantages and ratios.
Meanwhile, we find that low-entropy tokens’ ra-
tios cluster around 1.0, suggesting no clear update
direction. The token examples in Figure 5a demon-
strate that tokens with large ratio deviations are
those requiring the most optimization—either criti-
cal tokens or redundant tokens.

These findings demonstrate that tokens with sim-
ilar entropy often have vastly different optimiza-
tion needs. This insight exposes critical flaws in
prior works that leverage entropy to reshape ad-

vantages. Methods like Entropy Adv incorporate
entropy as an intrinsic reward added to the advan-
tage (Eq. 2), which boosts all high-entropy tokens.
For high-entropy tokens with negative advantages,
this entropy reward offsets the negative advantage
of erroneous tokens, dampening penalties for errors
and thereby weakening the training signal.

3.4 Clipping Loss Computation: Clipping
Constraint

Analyzing Clipped Token Properties. Figures 6
reveal distinct clipping patterns: low-entropy to-
kens, mostly format and useless code tokens, are
frequently left-clipped, while high-entropy tokens
including critical reasoning tokens are frequently
right-clipped. Figure 6d shows that even with
DAPO’s clip higher, high-entropy tokens remain
frequently clipped, with frequency increasing with
entropy. Existing clipping strategies prematurely
exclude these tokens from gradient updates. Uni-
form clipping constrains both useless low-entropy
tokens that need probability reduction and criti-
cal high-entropy tokens that require exploration.
DAPO’s static high clipping bound is inadequate
for adapting to token-specific entropy and up-
date requirements. Furthermore, its restrictive left
bound hinders the model from aggressively sup-
pressing useless low-entropy tokens.

4 Heterogeneous Adaptive Policy
Optimization

Based on the challenges in Section 3, we propose
HAPO that optimizes the RL pipeline according to
token heterogeneity. We introduce our core princi-
ples and formalize how entropy serves as a continu-
ous regulator, enabling smooth transitions between
different tokens while maintaining simplicity.
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4.1 Entropy-Based Continuous Regulation
As we use entropy as a continuous indicator, we
first prepare the entropy to obtain a unified reg-
ulation signal. Following (Wang et al., 2025b),
we normalize entropy within each batch and apply
asymmetric scaling to map values to [−1, 1]:

hi,t =
log(Hi,t)−Qρ(log(H))

σ(log(H))
(5)

h̃i,t =

{
hi,t/hmax if hi,t > 0

−hi,t/|hmin| if hi,t ≤ 0
(6)

whereHi,t is the entropy at i, t,Qρ denotes the ρ-th
quantile serving as the boundary between high and
low entropy tokens, and σ is the standard deviation.

We apply logarithmic smoothing to handle the
significant variance in entropy distribution. The
asymmetric scaling ensures balanced regulation
across both positive and negative ranges.

With this normalized entropy h̃i,t, we implement
adaptive modulation across multiple components:

Parameteri,t = Parameterbase · f(h̃i,t) (7)

where f(·) is designed for each specific parameters.
Equation 7 serves as a meta-equation for our

adaptive strategy. We apply this logic by substi-
tuting the parameters with sampling temperature,
advantage estimates, and clipping bounds.

4.2 Adaptive Temperature Sampling
Now that we understand temperature’s impact on
token generation and accuracy, a balanced strategy
is to introduce dynamic temperature. We apply
high temperature to high-entropy tokens to encour-
age exploration while using low temperature for
low-entropy ones to maintain coherence. Since
rollout proceeds token-by-token without sequence-
level context, we maintain the formulation of Equa-
tion 7 but dynamically adjust temperature based on
current state, computing normalization on-the-fly:

Ti,t = Tbase ·
(
1 +

log(Hi,t)− ρ̂log(H)

σ̂log(H)
· τ

)
(8)

ρ̂log(H) is the ρ-th quantile of entropy and serves as
the direction of temperature adjustments. σ̂log(H)

is the variance, and τ determines the maximum
bounds of temperature adjustment. We compute
ρ̂log(H) and σ̂log(H) by leveraging token statistics
from previous step to capture more comprehensive
information, rather than relying on sequence-level
normalization.

4.3 Token-Level Group Average Advantage
Estimation

As DAPO computes loss through token-mean, a
more compatible approach for advantage estima-
tion is token-level averaging. We estimate advan-
tages across all tokens in the group, distributing
rewards to individual tokens before normalization:

Ai,t =
ai,t − µtok

σtok
(9)

where ai,t = ri ∈ {0, 1} is the token-
level reward inherited from sequence i, µtok =
1
|T |

∑
(i,t)∈T ai,t is the mean across all tokens,

σtok =
√

1
|T |

∑
(i,t)∈T (ai,t − µtok)2 is the stan-

dard deviation across all tokens, T = {(i, t)} rep-
resents all tokens across sequences in the group.

The key distinction from sequence-level advan-
tage estimation lies in granularity. Instead of using
a single reward per sequence, we assign rewards to
individual tokens then involve all tokens in advan-
tage estimation. This ensures

∑
(i,t)∈T Âi,t = 0,

resolving the gradient bias in token-mean loss.
More importantly, our method preserves length-
dependent gradient scaling within reward cate-
gories—longer sequences contribute larger gradi-
ents for complex reasoning. This simultaneously
maintains GRPO’s unbiased gradient contributions
and DAPO’s token-level granularity advantages.

4.4 Differential Advantage Redistribution

Our core idea remains amplifying advantages for
high-entropy tokens while reducing them for low-
entropy tokens. Different from existing methods,
we additionally use importance ratios for regula-
tion, ensuring updates based on each token’s actual
conditions to achieve token-level control.

To implement this, we define a neutral zone
[γL, γU ], typically centered around ratio = 1. High-
entropy tokens receive amplification only when
their importance ratio falls outside the neutral zone,
reflecting clear update trends. We enhance them
accordingly. For low-entropy tokens, we apply
suppression within the neutral zone to reduce the
influence of tokens lacking update tendency. This
aligns with our analysis, where ratios far from 1
typically represent relatively important tokens, and
we assign them relatively larger advantages:

Âi,t =

{
Ai,t · (1 + h̃i,t) if C(h̃i,t, ri,t)
Ai,t otherwise

(10)
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Table 1: Comparison between HAPO and existing methods on Math benchmarks. The models below are from 1000
steps of training. The best results are indicated by boldface.

Model Method Avg (1590) AIME24(30) AIME25(30) AMC(83) Math(500) OlympiadBench(675) Minerva (272)

Qwen2.5-Math-1.5B

Vanilla GRPO 36.83 20.12 15.67 71.23 65.91 29.84 18.23
Vanilla DAPO 38.34 21.73 17.11 72.85 67.33 31.47 19.52

DAPO w/ Forking Tokens 38.83 22.51 18.56 74.80 65.54 32.81 18.74
Archer 37.01 19.62 17.24 72.17 64.21 29.98 19.14

Entropy Env 37.45 19.45 18.02 72.88 65.13 29.56 19.67
EDGE-GRPO 38.79 22.88 17.86 74.48 66.94 30.67 19.93
HAPO(ours) 40.62 25.33 20.12 75.69 66.83 33.86 21.91

Qwen2.5-Math-7B

Vanilla GRPO 45.26 35.67 18.91 80.14 74.28 32.76 29.85
Vanilla DAPO 46.97 37.24 20.24 81.99 76.72 34.35 31.28

DAPO w/ Forking Tokens 47.43 38.45 21.90 80.55 75.38 35.52 32.79
Archer 45.63 35.25 19.19 82.53 72.16 33.04 31.61

Entropy Env 46.15 36.82 18.95 82.94 73.05 33.68 31.43
EDGE-GRPO 45.89 38.85 21.83 83.23 69.78 32.43 29.24
HAPO(ours) 50.04 41.31 24.34 85.47 78.45 36.94 33.73

Qwen3-8B

Vanilla GRPO 48.15 33.91 23.56 76.84 81.17 42.93 30.47
Vanilla DAPO 50.00 35.84 25.24 78.37 83.54 44.87 32.13

DAPO w/ Forking Tokens 50.21 36.22 25.85 80.26 82.75 46.27 29.91
Archer 49.17 34.76 23.33 78.47 82.57 42.69 33.22

Entropy Env 49.60 34.45 24.12 80.05 83.12 42.88 32.95
EDGE-GRPO 50.06 35.15 24.12 80.47 83.33 43.35 33.91
HAPO(ours) 51.97 39.01 26.83 81.77 84.23 45.26 34.74

Qwen3-14B

Vanilla GRPO 55.89 42.36 35.78 83.91 85.63 50.14 37.52
Vanilla DAPO 58.06 44.82 37.53 85.52 88.25 52.28 39.97

DAPO w/ Forking Tokens 60.00 46.71 39.12 87.31 88.90 56.85 40.84
Archer 58.88 46.28 38.68 86.73 87.76 53.19 40.62

Entropy Env 59.27 46.35 39.22 87.04 88.35 54.12 40.56
EDGE-GRPO 59.16 46.94 39.01 87.15 89.12 52.45 40.31
HAPO(ours) 62.09 49.74 41.71 89.66 92.47 56.43 42.53

Table 2: Comparison between HAPO and existing methods on LLaMA series models.

Model Method Avg (1590) AIME24(30) AIME25(30) AMC(83) Math(500) OlympiadBench(675) Minerva (272)

LLaMA3.2-3B Instruct
Vanilla GRPO 20.97 11.67 0.00 49.28 38.62 14.35 11.94
Vanilla DAPO 22.99 13.93 0.00 52.11 41.95 16.63 13.32

DAPO w/ Forking Tokens 23.86 12.45 0.00 55.96 43.34 16.89 14.54
HAPO(ours) 27.42 17.50 8.00 58.74 44.86 19.37 16.05

LLaMA3.1-8B-Instruct
Vanilla GRPO 22.07 10.83 0.00 54.16 40.78 13.81 12.89
Vanilla DAPO 24.21 13.33 0.00 57.11 44.05 16.03 14.76

DAPO w/ Forking Tokens 25.30 14.50 0.00 58.46 46.55 15.89 16.39
HAPO(ours) 27.06 19.17 1.25 59.32 47.83 17.66 17.11

C(h̃i,t, ri,t) =

{
ri,t /∈ [γL, γU ] if h̃t > 0

ri,t ∈ [γL, γU ] if h̃t ≤ 0
(11)

4.5 Asymmetric Adaptive Clipping

Unlike Archer (Wang et al., 2025a) that uniformly
adjusts clipping bounds, we apply asymmetric ad-
justments respecting natural update tendencies of
each token. By lowering the left boundary for low-
entropy tokens, we allow these tokens to continue
participating in the update process and are more
likely to decrease substantially. By raising the right
boundary for high-entropy tokens, we encourage
exploration at critical decision points.

ϵL(i, t) =

{
ϵbase
L (1− h̃i,t) if h̃i,t ≤ 0

ϵbase
L if h̃i,t > 0

(12)

ϵR(i, t) =

{
ϵbase
R if h̃i,t ≤ 0

ϵbase
R (1 + h̃i,t) if h̃i,t > 0

(13)

where ϵbase
L , ϵbase

R are the base clipping bounds.
These continuous formulations unify our hetero-

geneous strategy, with all modulations smoothly
varying as functions of normalized entropy h̃, en-
suring a concise implementation. As entropy is
already computed during sampling, HAPO intro-
duces virtually no additional computational over-
head. We present the pseudocode of HAPO in
Appendix C.

5 Experiments

Experimental Setup. We incorporate our token-
level strategy into DAPO (Yu et al., 2025) within
verl (Sheng et al., 2025) and vLLM (Kwon et al.,
2023). We maintain DAPO’s settings: clip-higher
of ϵhigh = 0.28 and ϵlow = 0.2; overlong reward
shaping with 10240-token maximum length and
4096-token cache. We use a training batch size of
512 and a mini-batch size of 32. Training proceeds
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Table 3: Comparison between HAPO and existing methods on Code and Logic benchmarks.

Model Method Logic RL LiveCodeBench

Avg 4ppl 5ppl 6ppl 7ppl Avg V5(24/8/1-25/2/1) V6(25/2/1-25/5/1)

Qwen2.5-7B-Instruct-1M

Vanilla DAPO 87.13 92.23 90.16 85.72 80.42 29.08 28.22 29.94
DAPO w/ Forking Tokens 90.15 93.44 92.13 90.26 84.75 31.46 29.72 33.19

Archer 87.68 94.12 89.75 85.28 81.55 29.75 28.63 30.86
EDGE-GRPO 88.92 92.35 91.13 89.58 82.63 30.40 29.27 31.53
HAPO(ours) 92.69 95.41 93.34 93.26 88.74 34.02 32.55 35.48

Table 4: Component ablation of HAPO. We denote Adaptive Temperature Sampling, Token-Level Group Average
Advantage Estimation, Differential Advantage Redistribution, and Asymmetric Adaptive Clipping as A, B, C, and
D respectively for convenience.

A B C D Avg (1560) AIME24 (30) AIME25 (30) AMC (83) Math (500) OlympiadBench(675) Minerva (272)

46.97 37.24 20.24 81.99 76.72 34.35 31.28
✓ 48.85 39.77 23.01 84.20 76.88 37.34 31.92

✓ 48.56 39.04 23.77 83.59 77.19 35.02 32.76
✓ 48.28 38.63 22.07 84.19 76.58 36.00 32.19

✓ 48.02 38.38 20.73 82.45 78.56 36.49 31.51

✓ ✓ 48.74 39.19 22.55 84.43 77.72 36.13 32.44
✓ ✓ ✓ 49.42 40.17 23.62 84.41 79.10 35.96 33.28

✓ ✓ ✓ ✓ 50.04 41.31 24.34 85.47 78.45 36.94 33.73

with a learning rate of 10−6.

For HAPO’s token-level strategies, we follow
(Wang et al., 2025b) and set the quantile ρ to 80%,
encouraging exploration to the top 20% highest-
entropy tokens. For Adaptive Temperature Sam-
pling, we compute ρ̂log(H) and σ̂log(H) based on all
tokens’ entropy in the previous step. We set Tbase =
1.0 and τ = 0.1. For Differential Advantage Re-
distribution, we determine the neutral zone using
the clipping ratios that correspond to each token’s
actual dynamics, setting it to [1− ϵL

2 , 1 +
ϵR
2 ]. For

Asymmetric Adaptive Clipping, we set ϵbase
L = 0.2

and ϵbase
R = 0.28. We adopt a fixed hyperparameter

setting across all models to explicitly showcase the
generalizability of our method. We also provide
hyperparameter ablations in Appendix D.

We perform experiments across Qwen2.5-Math-
1.5B,Qwen2.5-Math-7B (Yang et al., 2024) base
models and Qwen3-8B,Qwen3-14B (Yang et al.,
2025) base models, using DAPO-Math-17K (Yu
et al., 2025) as the training dataset. We trained all
models on 4 nodes with 32 A100 GPUs.

Evaluation. We evaluate all the models on
mathematical benchmarks: AIME24, AIME25,
AMC23, Minerva (Lewkowycz et al., 2022),
MATH500 (Hendrycks et al., 2021), and Olympiad-
Bench (He et al., 2024). For each question, we
generate 8 responses under a decoding temperature
T = 0.5, and report the average accuracy.

Main Results. We compare HAPO against
vanilla GRPO, vanilla DAPO, DAPO with Forking
Tokens, Archer, Entropy Env and EDGE-GRPO

in Table 1. On Qwen2.5-Math-7B, HAPO sur-
passes DAPO w/ Forking Tokens by 2.86 and 2.44
points on AIME’24 and AIME’25. When com-
pared to entropy-based approaches, HAPO outper-
forms Archer by 2.80-4.41 points and Entropy Adv
by 2.37-4.25 points, highlighting the effectiveness
of our fine-grained heterogeneous treatment. Over-
all, HAPO outperforms these methods across mod-
els of different scales, demonstrating strong scala-
bility. We visualize training dynamics in Figures
7, 8, 9, comparing HAPO and DAPO throughout
the training process. Our method maintains longer
response lengths and higher accuracy, indicating
that HAPO preserves model exploration capabili-
ties while achieving better task performance.

6 Ablations

Results on Models Other Than Qwen. We em-
ploy same experiments on LLaMA models. Re-
sults are presented in Table 2. HAPO demonstrates
more pronounced improvements on weaker mod-
els, suggesting that our fine-grained heterogeneous
treatment effectively helps models capture critical
information, further validating HAPO’s scalabil-
ity. In Figure 10, we show training dynamics of
LLaMA3.2-3B. HAPO exhibits higher entropy and
longer responses, enabling the model to maintain
continuous exploration.

Generalization to Other Domains. We validate
HAPO’s generalizability in code and logic. We use
code data from Archer (Wang et al., 2025a) and
logic data from Logic-RL (Xie et al., 2025). We
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employ Qwen2.5-7B-Instruct-1M due to its gen-
eral capabilities and the fact that it has not been
pre-trained on these datasets. Evaluation on Live-
CodeBench (Jain et al., 2024) and Logic in Table 3
shows that HAPO consistently outperforms DAPO
w/ Forking Tokens. This demonstrates that token
heterogeneity exists across different domains, and
HAPO’s approach naturally generalizes to diverse
areas, confirming HAPO’s broad applicability.

Component-wise Contributions. We examine
each component’s contribution in Table 4. All com-
ponents contribute to HAPO’s performance, with
Adaptive Temperature Sampling proving particu-
larly crucial as it governs token distribution and
entropy. Token-Level Group Average Advantage
Estimation significantly impacts advantage redistri-
bution and clipping, corroborating our analysis. In
fact, all components form an organic unity: Adap-
tive Temperature Sampling ensures sufficient high-
entropy critical tokens, Differential Advantage Re-
distribution optimizes them with larger updates,
and Asymmetric Adaptive Clipping encourages ex-
ploration. This synergy enables effective leverage
of token heterogeneity throughout optimization.

7 Conclusion

We introduce Heterogeneous Adaptive Policy Opti-
mization (HAPO), which leverages entropy to drive
the entire optimization process and implements
fine-grained token-level optimization. Experiments
demonstrate consistent improvements over DAPO.
HAPO establishes that effective RLHF requires
adapting to token heterogeneity, opening new ways
for developing more capable reasoning models.

Limitations

Despite HAPO’s strong empirical performance, we
acknowledge several limitations that provide op-
portunities for future refinement:

Entropy as Primary Heterogeneity Signal.
While our entropy-based approach effectively iden-
tifies token heterogeneity, it may not capture all
aspects of token importance. Tokens with mod-
erate entropy could still be semantically crucial,
particularly in structured or deterministic outputs.
Future work could explore complementary signals
like gradient magnitudes or attention weights.

Static Entropy Thresholds. HAPO uses a fixed
80th percentile to distinguish high/low entropy to-
kens throughout training, though entropy distri-
butions evolve as training progresses. Dynamic

threshold adaptation could potentially improve per-
formance but would add complexity.

These limitations suggest directions for future
refinement.
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Appendix

A Related Work

A.1 Reinforcement Learning from Human
Feedback

The evolution of reinforcement learning in lan-
guage models represents a trajectory from basic
preference alignment toward sophisticated reason-
ing capabilities. Foundational work in constrained
optimization emerged through TRPO (Schulman
et al., 2017a) and PPO (Schulman et al., 2017b),
establishing principles for stable policy updates.
Subsequent algorithmic innovations eliminated
computational bottlenecks—GRPO (Shao et al.,
2024) and REINFORCE++ (Hu et al., 2025) re-
moved value network dependencies via group-
based advantage computation. The offline op-
timization paradigm gained prominence through
DPO (Rafailov et al., 2024), KTO (Ethayarajh
et al., 2024), and SimPO (Meng et al., 2024),
which circumvent reward model training entirely.

A fundamental transformation occurred with the
advent of reasoning-centric models. OpenAI’s o1
(OpenAI, 2024) pioneered effective multi-step rea-
soning through reinforcement learning at scale, cat-
alyzing widespread development. DeepSeek-R1
(DeepSeek-AI et al., 2025) demonstrated reasoning
emergence without supervised fine-tuning, while
Claude3.5 (Anthropic, 2024), Qwen3 (Yang et al.,
2025), and Seed-1.5-Thinking (Seed et al., 2025)
expanded the reasoning frontier (Liu et al., 2025a;
Liu et al.; Lin et al., 2026; Liu et al., 2026). Be-
yond these state-of-the-art models, various works
explored complementary optimization strategies,
including SimpleRLZoo (Zeng et al., 2025) and
Open-Reasoner-Zero, which investigate alterna-
tive training paradigms. Meanwhile, algorithmic
refinements continue to enhance existing meth-
ods—DAPO (Yu et al., 2025) introduced token-
mean averaging and asymmetric clipping for ex-
tended sequences, while VAPO (Yue et al., 2025)
developed variance-aware optimization strategies
to improve training stability and convergence.

A.2 Entropy-Based Optimization in LLMs

Entropy has emerged as a fundamental signal for
quantifying model uncertainty and identifying to-
ken heterogeneity in reasoning tasks. Pioneering
works have established the theoretical and empir-
ical basis for entropy-aware learning (Zeng et al.,
2025; Liu et al., 2025b; Cui et al., 2025). analyzed

how entropy dynamics correlate with reasoning ca-
pabilities, while some works (Wang et al., 2025b)
proposed the "80/20 rule," demonstrating that a mi-
nority of high-entropy "forking tokens" effectively
control reasoning diversity. Other studies (Agarwal
et al., 2025; Gao et al., 2025) have shown that en-
tropy minimization alone can serve as a powerful
unsupervised signal.

Building upon these identification strategies, re-
cent research has actively explored incorporating
entropy into optimization mechanisms, typically
following two paradigms:

Differentiated Clipping and Categorization.
One line of work focuses on relaxing constraints for
critical tokens. DAPO with forking tokens (Wang
et al., 2025b) and Archer (Wang et al., 2025a) em-
ploy entropy to categorize tokens into high and low
entropy groups, adjusting clipping boundaries to
encourage exploration. However, these methods
generally function as discrete filters, relying on
rigid thresholds that create artificial discontinuities
in the optimization landscape.

Advantage Modulation and Regularization.
Another direction involves reshaping learning sig-
nals directly. Entropy Adv (Cheng et al., 2025)
and EDGE-GRPO (Zhang et al., 2025) propose
modulating advantages based on entropy, assigning
higher weights or bonuses to confident or high-
entropy tokens. While effective, these approaches
typically treat entropy as an additive bonus or an
auxiliary regulator. By superimposing entropy onto
existing rewards rather than integrating it into the
core functional dependencies of optimization, they
often function as post-hoc regularizers.

B Training Dynamics of HAPO

Figures 7, 8, and 9 illustrate the training dynamics
of HAPO versus DAPO across Qwen2.5 and Qwen
3 models, focusing on response length, entropy,
and accuracy. Our observations reveal that HAPO
sustains longer reasoning chains and higher accu-
racy levels, suggesting that it balances extensive
exploration with precise execution. Additionally,
comparative analysis on the LLaMA series in Fig-
ure 10 shows that HAPO exhibits robust training
dynamics, further confirming its generalizability.

C HAPO Pseudocode

Figure 12 provides the complete pseudocode of
HAPO based on the verl and vLLM implementa-
tion. The algorithm details the step-by-step process
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Figure 7: Training dynamics of AIME24 results for HAPO and DAPO.
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Figure 8: Training dynamics of AIME25 results for HAPO and DAPO.
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Figure 9: Training dynamics of response length for HAPO and DAPO.
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Figure 10: Training dynamics of HAPO and DAPO on LLaMA3.2-3B-Instruct.

of: (1) computing entropy statistics for continuous
regulation, (2) applying adaptive temperature dur-
ing sampling, (3) performing token-level group av-
erage advantage estimation, (4) implementing dif-
ferential advantage redistribution based on impor-
tance ratios and entropy values, and (5) executing
asymmetric adaptive clipping for policy updates.

The pseudocode highlights HAPO’s key inno-
vation: using normalized entropy h̃i,t ∈ [−1, 1]
as a continuous regulator that smoothly modu-
lates all components without introducing signifi-
cant computational overhead. The entropy com-
putation required for sampling is reused through-
out the pipeline, ensuring efficient implementation.
The algorithm maintains simplicity while achiev-
ing fine-grained heterogeneous treatment, making
it applicable to existing RL frameworks.

D Additional Hyperparameter Ablations

We conduct extensive ablation studies to validate
our hyperparameter choices and design decisions.
All experiments in this section are performed on
Qwen2.5-Math-7B following the same training pro-
tocol described in Section 5.

Entropy Quantile Threshold. We investigate
the impact of the entropy quantile threshold ρ,
which determines the boundary between high and
low entropy tokens. Table 5 presents results across
different quantile values on Qwen2.5-Math-7B.

The results confirm that the 80th percentile pro-
vides optimal performance. The 70th percentile
achieves comparable results, suggesting robustness
around this range. Setting ρ to 90% degrades per-
formance as this restrictive threshold identifies too
few high-entropy tokens (only top 10%), limiting
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Table 5: Ablation study on entropy quantile threshold ρ using Qwen2.5-Math-7B. The 80th percentile achieves
optimal balance.

Quantile Avg (1560) AIME24 (30) AIME25 (30) AMC (83) Math (500) OlympiadBench(675) Minerva (272)

90% 48.96 39.44 22.73 84.11 77.74 36.61 33.14
80% 50.04 41.31 24.34 85.47 78.45 36.94 33.73
70% 49.74 40.78 24.11 84.96 78.83 37.05 32.71
50% 48.45 38.92 23.67 82.41 76.98 36.42 32.35
30% 47.10 37.05 23.12 81.58 75.21 34.39 31.26

exploration at critical points. Conversely, lower
thresholds (50% and 30%) progressively worsen
performance by classifying too many tokens as
high-entropy, diluting the focused amplification
effect. The 30% threshold particularly suffers,
treating most tokens as high-entropy and applying
unfocused modifications. This validates the 80th
percentile as balancing critical token identification
with sufficient coverage.

Temperature Adjustment Factor. The temper-
ature adjustment factor τ controls the magnitude
of dynamic temperature modulation. We evaluate
its impact across a range of values in Table 6.

Our chosen value of τ = 0.1 achieves the best
overall performance. While τ = 0.05 produces
competitive results, this smaller adjustment factor
limits the temperature modulation range too nar-
rowly, preventing the mechanism from fully lever-
aging adaptive temperature benefits. The complete
absence of temperature adjustment (τ = 0) elim-
inates this exploration mechanism entirely. Con-
versely, larger values (τ ≥ 0.3 and τ ≥ 0.5) lead
to excessive temperature modifications. Since high-
entropy tokens inherently exhibit strong random-
ness, applying overly aggressive temperature in-
creases to these already uncertain positions intro-
duces extreme instability, disrupting coherent rea-
soning chains. This demonstrates the importance
of balanced temperature modulation—sufficient to
encourage exploration at critical points without

transforming productive exploration into chaotic
sampling.

Neutral Zone Configuration. The neutral zone
[γL, γU ] determines when differential advantage
redistribution is applied based on importance ratios.
We examine various configurations based on the
clipping bounds in Table 7.

Setting the neutral zone to half of the clipping
bounds achieves optimal performance. The No
Zone configuration, which applies no differential
advantage redistribution, performs worst—without
entropy-based modulation, the model treats all to-
kens equally regardless of their importance. Full
Clip Bounds, which only suppresses low-entropy
token advantages without amplifying high-entropy
ones, shows marginal improvement but fails to
encourage exploration at critical decision points.
Zero Bounds performs better by only amplifying
high-entropy token advantages. While this pro-
motes exploration, it neglects to suppress trivial
low-entropy tokens, leading to inefficient updates.
1/2 Clip Bounds configuration achieves the best re-
sults by combining both mechanisms: it suppresses
low-entropy tokens within the neutral zone while
amplifying high-entropy tokens whose importance
ratios indicate meaningful updates. This balanced
approach ensures that computational resources fo-
cus on genuinely important tokens while reducing
noise from trivial updates, demonstrating the ne-
cessity of bidirectional entropy-aware modulation.
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Table 6: Ablation study on temperature adjustment factor τ using Qwen2.5-Math-7B. Moderate adjustment (τ = 0.1)
yields best results.

τ Avg (1560) AIME24 (30) AIME25 (30) AMC (83) Math (500) OlympiadBench(675) Minerva (272)

0.0 49.42 40.17 23.62 84.41 79.10 35.96 33.28
0.05 49.58 40.86 24.05 83.98 78.74 36.52 33.31
0.1 50.04 41.31 24.34 85.47 78.45 36.94 33.73
0.3 49.11 40.67 23.61 83.13 77.58 36.89 32.36
0.5 48.12 38.92 22.45 83.27 76.83 35.14 32.08

Table 7: Ablation study on neutral zone configuration using Qwen2.5-Math-7B. Using half of the clipping bounds
provides optimal control.

Neutral Zone Avg (1560) AIME24 (30) AIME25 (30) AMC (83) Math (500) OlympiadBench(675) Minerva (272)

Full Clip Bounds 49.57 40.77 24.13 84.86 78.23 36.48 32.93
1/2 Clip Bounds 50.04 41.31 24.34 85.47 78.45 36.94 33.73

Zero Bounds 49.71 41.42 23.51 85.23 78.62 36.17 33.32
No Zone 49.37 40.83 23.67 84.58 77.94 36.56 32.61

These comprehensive ablation studies on
Qwen2.5-Math-7B confirm that our hyperparam-
eter choices are well-calibrated and that each de-
sign decision contributes meaningfully to HAPO’s
strong performance. The continuous, entropy-
based regulation framework proves essential for
effectively leveraging token heterogeneity in rein-
forcement learning optimization.

E Theoretical Analysis of Entropy-Driven
Modulation

Below, we provide a formal theoretical analysis
showing how entropy values drive each compo-
nent and why HAPO systematically improves over
DAPO by optimizing the gradient estimation pro-
cess.

E.1 Gradient Estimation under
Entropy-Driven Modulation

The ideal policy gradient is defined as:

∇θJ(θ) = Eτ∼πθ

[∑

t

Qπ(st, at)∇θ log πθ(at|st)
]

In practice, the actual gradient estimator ĝ differs
from the ideal gradient. The mean squared error
(MSE) of any gradient estimator admits the classic
bias-variance decomposition:

MSE(ĝ) = ∥Bias(ĝ)∥2 + Var(ĝ)

where Bias(ĝ) = E[ĝ] − ∇θJ(θ). HAPO’s four
components target these two terms from comple-
mentary angles: Adaptive Temperature Sampling

and Token-Level Group Average Advantage Estima-
tion primarily reduce ∥Bias∥2, while Differential
Advantage Redistribution and Asymmetric Adaptive
Clipping primarily reduce Var(ĝ).

E.2 Adaptive Temperature Sampling:
Reducing Bias

Standard sampling uses πT (ot|st) ∝ πθ(ot|st)1/T .
HAPO sets Ti,t = Tbase(1 + h̃i,t · τ). In RLHF,
the estimation quality depends on whether rollout
samples cover critical reasoning paths.

At a high-entropy position t, a critical action
a∗ typically has low probability under πθ. In
G independent rollouts, the probability that a∗

is sampled at least once is P (sampled) = 1 −
(1 − πT (a

∗|st))G. When T is fixed at a low
value (1/T > 1), the exponentiation πθ(a

∗)1/T

suppresses already-small probabilities, making
P (sampled) very low. This causes the advantage
estimate to be biased toward dominant, potentially
sub-optimal paths.

HAPO raises the temperature at high-entropy
positions (Ti,t > Tbase when h̃i,t > 0). Since
1/Ti,t < 1/Tbase, the suppression effect is reduced:

πTi,t(a
∗|st) > πTbase(a

∗|st)
=⇒ PHAPO > PDAPO (14)

More critical actions are covered, yielding a more
representative advantage estimate and reducing
coverage bias. Conversely, at low-entropy posi-
tions, lowering T concentrates the distribution on
the single viable action, reducing noise without
introducing bias. HAPO breaks the global temper-
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Require: Policy πθ , dataset D
Require: Entropy quantile: ρ
Require: Temperature params: Tbase, ρ̂log(H), σ̂log(H), τ Clipping params: base bounds ϵbase

L , ϵbase
R

Ensure: Updated policy πθ′

▷ Sampling Rollout Sequences
1: for each token position i, t do ▷ Continuous Adaptive Temperature Sampling
2: Compute entropy: Hi,t ← −

∑
v πθ(v|si,t) log πθ(v|si,t)

3: Adaptive temperature: Ti,t ← Tbase ·
(
1 +

log(Hi,t)−ρ̂log(H)

σ̂log(H)
· τ

)

4: end for
5: Assign rewards to tokens: ai,t ← ri, T ← {(i, t)} ▷ Token-Level Group Average Advantage Estimation

6: Compute token-level statistics: µtok ← 1
|T |

∑
(i,t) ai,t, σtok ←

√
1

|T |
∑

(i,t)(ai,t − µtok)2

7: Normalize advantages: Ai,t ← (ai,t − µtok)/σtok
8: Qρ(log(H))← Quantileρ({log(Hi,t) : (i, t) ∈ T }) ▷ Compute global entropy statistics

9: σ(log(H))←
√

1
|T |

∑
(i,t)∈T (log(Hi,t)−Qρ(log(H)))2

10: for each mini batch B do ▷ Training with Heterogeneous Treatment
11: for each token i, t in B do
12: Compute log-entropies: hi,t =

log(Hi,t)−Qρ(log(H))

σ(log(H))

13: Asymmetric scaling: h̃i,t ←
{
hi,t/hmax if hi,t > 0

−hi,t/|hmin| if hi,t ≤ 0

▷ Continuous Asymmetric Adaptive Clipping - Compute First
14: if h̃i,t ≤ 0 then
15: ϵL(i, t)← ϵbase

L (1− h̃i,t), ϵR(i, t)← ϵbase
R

16: else
17: ϵL(i, t)← ϵbase

L , ϵR(i, t)← ϵbase
R (1 + h̃i,t)

18: end if
19: γL ← 1− ϵL(i,t)

2
, γU ← 1 + ϵR(i,t)

2
▷ Neutral Zone based on Dynamic Clipping

▷ Continuous Differential Advantage Redistribution
20: Compute importance ratio: ri,t ← πθ(ai,t|si,t)/πθold(ai,t|si,t)
21: if (h̃i,t > 0 and ri,t /∈ [γL, γU ]) or (h̃i,t ≤ 0 and ri,t ∈ [γL, γU ])) then
22: Âi,t ← Ai,t · (1 + h̃i,t)
23: else
24: Âi,t ← Ai,t

25: end if
26: end for

▷ Compute HAPO loss
27: LHAPO(θ) =

[
1∑G

i=1 |oi|
∑G

i=1

∑|oi|
t=1 min

(
ri,t(θ)Âi,t, clip(ri,t(θ), 1− ϵL(i, t), 1 + ϵR(i, t))Âi,t

)]

28: Update parameters: θ′ ← θ + η · ∇θLHAPO(θ)
29: end for
30: ρ̂log(H) ← Qρ(log(Ht)), σ̂log(H) ← σ(log(Ht)) ▷ Update entropy statistics for next step

Figure 12: HAPO algorithm overview. The method dynamically adjusts temperature, advantages, and clipping
bounds based on normalized entropy h̃i,t ∈ [−1, 1], implementing heterogeneous treatment for tokens throughout
the RL pipeline.

ature trade-off:

T
high-ent
i,t > Tbase > T low-ent

i,t

thereby ensuring ∥Bias(ĝHAPO)∥2 <
∥Bias(ĝDAPO)∥2.

E.3 Token-Level Group Average Advantage:
Reducing Bias

GRPO divides the loss by sequence length |oi|,
while DAPO divides by total tokens Ntok =∑

i |oi|. Both use sequence-level advantage Ai =
(Ri − µR)/σR. The gradient of DAPO’s loss (sim-

plified) is:

ĝDAPO =
1

Ntok

∑

i

Ai · |oi| · ∇̄i

where ∇̄i is the average per-token gradient. The
weight of sequence i is Ai · |oi|. Since negative
samples are significantly longer (|o−i | ≫ |o+i |),
the balance is broken:

∑
i:Ai<0 |Ai| · |o−i | ≫∑

i:Ai>0 |Ai| · |o+i |.
This length-advantage coupling introduces a sys-

tematic negative bias. HAPO resolves this by nor-
malizing across the global token pool:

Atok
i,t =

ai,t − µtok

σtok
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By construction,
∑

(i,t)A
tok
i,t = 0 holds at the token

level. Longer sequences contribute proportionally
more tokens to both positive and negative sides,
eliminating the bias while preserving the ability to
learn from complex reasoning chains.

E.4 Differential Advantage Redistribution:
Reducing Variance

Consider the per-token gradient gi,t = Âi,t ·
∇θ log πθ(ot|st). Its variance is Var(gi,t) = Â2

i,t ·
Ft(θ), where Ft(θ) is the Fisher Information. High-
entropy positions have large Ft, yielding a low
Signal-to-Noise Ratio (SNR).

HAPO redistributes advantage such that for high-
entropy tokens (h̃ > 0) with ri,t /∈ [γL, γU ], the
advantage is amplified by (1 + h̃). This boosts the
SNR:

SNRHAPO
i,t =

(1 + h̃i,t)
2 · |E[∇θ log πθ]|2
Ft(θ)

The (1 + h̃)2 factor compensates for the large Ft.
Simultaneously, HAPO suppresses low-entropy to-
kens that have high SNR but low information. This
reallocates the gradient budget to high-information
tokens, reducing overall variance: Var(ĝHAPO) <
Var(ĝDAPO).

E.5 Asymmetric Adaptive Clipping:
Reducing Variance

The local KL divergence contribution from a token
ot under a ratio change δ = |ri,t − 1| is approxi-
mately ∆D

(t)
KL(δ) ≈ δ2 · πold(ot).

In DAPO, fixed clipping [1− ϵL, 1 + ϵR] causes
high-entropy tokens (πold is small) to be clipped
prematurely despite low KL cost, while low-
entropy tokens (πold is large) undergo dispropor-
tionately large KL shifts. HAPO makes the clip-
ping threshold a function of entropy:

δmax
R (h̃) = ϵbase

R (1+h̃i,t), δmax
L (h̃) = ϵbase

L (1−h̃i,t)

This ensures the effective trust region in KL space
is approximately uniform across entropy levels:

∆D
HAPO, high-ent
KL ≈ ∆DHAPO, low-ent

KL

This retains informative high-entropy gradients
while properly constraining noisy low-entropy up-
dates, further reducing variance.

F Practical Adoption

F.1 Hyperparameter Robustness
HAPO uses a single configuration across all tested
models (Qwen, LLaMA) and scales (1.5B–14B).
Ablations in Appendix D confirm that performance
is stable across a wide range of values, requiring
no per-model tuning.

F.2 Implementation and Integration
HAPO is easily integrated into existing RLHF
pipelines (e.g., verl, vLLM) using simple element-
wise operations. The core logic follows a uni-
fied principle: normalize entropy to h̃ ∈ [−1, 1]
and scale base parameters accordingly. Imple-
mentation requires only minimal additions to
the sampling, clipping, and advantage estimation
modules.We provide full source code, configura-
tion files, and a comprehensive setup guide at:
https://github.com/starriver030515/HAPO.

G Example of Dual-Entropy Phenomenon

We show the 20 most frequent dual-entropy token
pairs in Figure 11. These dual-entropy tokens are
all critical tokens that determine reasoning paths,
yet exhibit vastly different entropy values. We
present concrete examples of the dual entropy phe-
nomenon in Figure 13, 14, 15, 16, 17, 18. We use
blue and red to represent the low-entropy and high-
entropy parts of dual-entropy, respectively. These
visualizations demonstrate how tokens with identi-
cal semantic meanings but different surface forms
exhibit drastically different entropy values during
model generation.
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Okay ,  so  I  need  to  figure  out  how  many  different  batt al ions  can  be  sent  to  the

 Battle  of  Therm opy la e  based  on  the  number  of  upper  and  lower  class  soldiers  available .

 Let  me  start  by  understanding  the  problem  again .\n\n We  have  two  types  of  soldiers :

 upper  class  and  lower  class .  In  a  certain  part  of  Athens ,  there  are  5  upper  class

 soldiers  and  1 0  lower  class  soldiers .  The  battle  requires  a  force  of  4  upper  class

 soldiers  and  8  lower  class  soldiers .  The  question  is  asking  how  many  different  batt al

ions  can  be  sent .  \n\n Hmm ,  so  I  think  this  is  a  comb inator ics  problem .  It 's  about

 selecting  a  certain  number  of  soldiers  from  each  class  to  form  a  battalion  that  meets  the

 required  numbers  for  the  battle .  Wait ,  but  the  battle  demands  a  specific  number :  4

 upper  and  8  lower .  So  does  that  mean  each  battalion  must  consist  of  exactly  4  upper

 and  8  lower ?  Or  is  the  battle  demanding  that  the  total  force  must  be  4  upper  and  

8  lower ,  but  the  battalion  can  be  any  combination  that  meets  that ?  Wait ,  the  wording

 says  " the  battle  of  Therm opy la e  demands  a  force  of  4  upper  class  soldiers  and  8

 lower  class  soldiers ".  So  I  think  that  means  each  battalion  sent  must  have  exactly  4

 upper  and  8  lower .  Therefore ,  the  question  is  how  many  different  ways  can  we  choose  

4  upper  class  soldiers  out  of  5  and  8  lower  class  soldiers  out  of  1 0 .  Then

 multiply  those  two  numbers  together  because  for  each  combination  of  upper  class  soldiers ,

 we  can  pair  it  with  any  combination  of  lower  class  soldiers .\n\n So ,  the  number  of  ways

 to  choose  4  upper  class  soldiers  from  5  is  the  combination  of  5  choose  4 .

 Similarly ,  the  number  of  ways  to  choose  8  lower  class  soldiers  from  1 0  is  1 0

 choose  8 .  Then  the  total  number  of  different  batt al ions  is  the  product  of  these  two

 numbers .\n\n Let  me  verify  that .  So  combinations  are  used  here  because  the  order  in

 which  the  soldiers  are  selected  doesn 't  matter ,  right ?  It 's  just  about  selecting  a

 group ,  not  arranging  them  in  any  particular  order .  So  yes ,  combinations .\n\n So  first ,

 calculate  5  choose  4 .  The  formula  for  combinations  is  n  choose  k  =  n !  /  ( k !  *

 ( n  -  k )! ).\n\n So  5  choose  4  is  5 !  /  ( 4 !  *  ( 5  -  4 ) !)  =  ( 5  *  4  *

 3  *  2  *  1 )  /  ( 4  *  3  *  2  *  1  *  1 !)  =  5  /  1  =  5 .  Alternatively ,

 since  5  choose  4  is  the  same  as  5  choose  1 ,  which  is  5 .  That  makes  sense .\n\n

Then ,  1 0  choose  8 .  Similarly ,  1 0  choose  8  is  equal  to  1 0  choose  2 ,  because

0.000 0.426 0.852 1.278 1.704

Token Entropy

Figure 13: Dual-Entropy Example 1-part1
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 1 0  -  8  =  2 .  And  1 0  choose  2  is  ( 1 0  *  9 )  /  ( 2  *  1 )  =  4 5 .  So

 1 0  choose  8  is  4 5 .\n\n Therefore ,  the  total  number  of  different  batt al ions  is  5

 *  4 5  =  2 2 5 .  So  the  answer  should  be  2 2 5 .\n\n Wait ,  let  me  check  again .

 Maybe  I  made  a  mistake  in  the  combination  calculations .  Let  me  rec alculate  1 0  choose  

8 .  1 0  choose  8  is  1 0 !  /  ( 8 !  *  2 !)  =  ( 1 0  *  9  *  8 !  )  /  ( 8 !  *  

2  *  1 )  )  =  ( 1 0  *  9 )/ 2  =  9 0  /  2  =  4 5 .  Yes ,  that 's  correct .  And  5

 choose  4  is  5 .  So  5  *  4 5  is  indeed  2 2 5 .  \n\n But  let  me  think  again  if

 there 's  another  interpretation .  Maybe  the  question  is  asking  how  many  different  batt al

ions  can  be  formed ,  considering  that  the  battle  requires  a  force  of  4  upper  and  8

 lower ,  but  maybe  the  battalion  can  have  more  soldiers ?  Wait ,  no ,  the  problem  says  "

the  battle  of  Therm opy la e  demands  a  force  of  4  upper  class  soldiers  and  8  lower

 class  soldiers ".  So  I  think  that  means  that  each  battalion  sent  must  consist  of  exactly

 4  upper  and  8  lower .  Therefore ,  the  number  of  different  batt al ions  is  the  number

 of  ways  to  choose  4  upper  from  5  and  8  lower  from  1 0 .  So  5  *  4 5  =  2 2 5

.  \n\n Alternatively ,  if  the  question  was  asking  for  the  number  of  possible  batt al ions

 that  can  be  sent ,  where  a  battalion  can  have  any  number  of  upper  and  lower  soldiers  as

 long  as  they  meet  the  demand ?  Wait ,  but  the  wording  is  a  bit  unclear .  Let  me  check

 again .\n\n Original  problem :  " the  battle  of  Therm opy la e  demands  a  force  of  4  upper

 class  soldiers  and  8  lower  class  soldiers ,  how  many  different  batt al ions  can  be  sent

?"\n\n So ,  the  battle  requires  a  force  of  4  upper  and  8  lower .  So  the  battalion  sent

 must  be  exactly  that  number .  Therefore ,  the  number  of  different  batt al ions  is  the

 number  of  ways  to  choose  4  upper  from  5  and  8  lower  from  1 0 .  So  5 C 4  *  1

0 C 8  =  5  *  4 5  =  2 2 5 .  \n\n Alternatively ,  if  the  question  was  asking  for  the

 number  of  possible  batt al ions  that  can  be  formed  with  any  number  of  soldiers ,  but  the

 battle  requires  a  certain  number ,  but  that  seems  not .  The  wording  is  " how  many

 different  batt al ions  can  be  sent "  given  that  the  battle  demands  a  certain  force .  So  I

 think  it 's  about  forming  a  battalion  that  meets  the  battle 's  requirement .  Therefore ,

 the  answer  is  2 2 5 .  \n\n But  let  me  think  again .  Maybe  there 's  a  different  way .

 For  example ,  if  the  battalion  can  be  any  size ,  but  the  battle  requires  a  certain

0.000 0.466 0.932 1.398 1.865
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Figure 14: Dual-Entropy Example 1-part2
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 number .  But  no ,  the  problem  says  " the  battle  demands  a  force  of  4  upper  and  8

 lower ",  so  the  battalion  must  be  exactly  that .  So  the  answer  is  2 2 5 .  \n\n

Alternatively ,  maybe  the  question  is  in  the  context  of  forming  different  batt al ions ,

 where  each  battalion  is  a  group  of  soldiers ,  and  the  battle  requires  a  certain  number .

 But  the  problem  is  not  clear  if  the  battalion  has  to  be  exactly  that  number  or  if  it

's  about  how  many  different  combinations  can  be  formed  given  the  constraints .  But  given

 the  way  it 's  ph r ased ,  I  think  it 's  the  former .  \n\n Alternatively ,  maybe  the

 problem  is  in  the  translation ,  since  it 's  about  the  Greek  army .  But  I  think  the  logic

 is  sound .  \n\n Wait ,  another  thought :  maybe  the  problem  is  about  how  many  different

 batt al ions  can  be  sent ,  considering  that  each  battalion  is  a  group  of  soldiers ,  and

 the  battle  requires  a  certain  number .  But  if  the  battalion  can  be  any  size ,  but  the

 battle  requires  a  specific  number ,  but  the  question  is  how  many  different  batt al ions

 can  be  sent .  But  that  would  be  ambiguous .  However ,  given  that  the  battle  requires  a

 specific  number ,  it 's  likely  that  the  battalion  must  be  exactly  that  number .  \n\n

Alternatively ,  maybe  the  problem  is  asking  for  the  number  of  possible  batt al ions  that

 can  be  formed ,  where  each  battalion  can  have  any  number  of  upper  and  lower  class

 soldiers ,  but  the  total  number  of  soldiers  in  the  battalion  must  be  such  that  they  can

 meet  the  battle 's  demand .  But  that  seems  more  complicated .  For  example ,  if  the  battle

 requires  4  upper  and  8  lower ,  but  the  battalion  can  be  any  size  as  long  as  it  can

 supply  that .  But  that  would  be  different .  However ,  the  problem  says  " the  battle  of

 Therm opy la e  demands  a  force  of  4  upper  class  soldiers  and  8  lower  class  soldiers ",

 so  I  think  that  means  that  the  battalion  sent  must  be  exactly  that  force .  \n\n Therefore

,  the  answer  is  5 C 4  *  1 0 C 8  =  5  *  4 5  =  2 2 5 .  \n\n But  let  me  check

 once  more .  Suppose  that  the  battalion  is  a  group  that  can  be  sent ,  and  the  battle

 requires  a  certain  number .  So  if  you  have  to  send  a  battalion  that  has  exactly  4

 upper  and  8  lower ,  then  the  number  of  different  batt al ions  is  the  number  of  ways  to

 choose  those  soldiers .  So  yes ,  that 's  combinations .  \n\n Alternatively ,  if  the  question

 was  about  how  many  different  batt al ions  can  be  formed  with  any  number  of  soldiers ,  but

 the  battle  requires  a  certain  number ,  but  that  seems  not .  \n\n Alternatively ,  maybe  the

0.000 0.548 1.096 1.644 2.192
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Figure 15: Dual-Entropy Example 1-part3
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Okay ,  so  I  need  to  factor  the  polynomial  $  x ^ 8  +  3 x ^ 4  -  4  $  into  mon ic  pol

ynomials  with  integer  coefficients  that  can 't  be  fact ored  further  over  the  integers .  Then

,  I  have  to  compute  the  sum  of  each  of  these  pol ynomials  evaluated  at  1 .  Let  me

 start  by  trying  to  factor  the  given  polynomial .\n\n First ,  I  notice  that  the  polynomial

 is  $  x ^ 8  +  3 x ^ 4  -  4  $.  It  looks  like  a  quadratic  in  terms  of  $  x ^ 4  $.

 Maybe  I  can  make  a  substitution  to  simplify  it .  Let  me  set  $  y  =  x ^ 4  $.  Then  the

 polynomial  becomes  $  y ^ 2  +  3 y  -  4  $.  Let  me  try  to  factor  this  quadratic .\n\n

Looking  for  two  numbers  that  multiply  to  - 4  and  add  up  to  3 .  Let  me  think ...  4

 and  - 1 ?  Yes ,  4  *  (- 1 )  =  - 4  and  4  +  (- 1 )  =  3 .  So ,  the  quadratic

 factors  as  $  ( y  +  4 )( y  -  1 )  $.  Therefore ,  substit uting  back  $  y  =  x ^ 4  $ ,

 we  get :\n\n $  ( x ^ 4  +  4 )( x ^ 4  -  1 )  $ .\n\n So ,  the  original  polynomial  factors

 into  $  ( x ^ 4  +  4 )( x ^ 4  -  1 )  $.  Now ,  I  need  to  check  if  these  factors  can

 be  fact ored  further  over  the  integers .\n\n Starting  with  $  x ^ 4  -  1  $.  This  is  a

 difference  of  squares :  $  x ^ 4  -  1  =  ( x ^ 2 )^ 2  -  1 ^ 2  =  ( x ^ 2  -  1 )( x ^

2  +  1 )  $.  Then ,  $  x ^ 2  -  1  $  is  also  a  difference  of  squares :  $  ( x  -  1 )(

x  +  1 )  $.  So ,  putting  it  all  together :\n\n $  x ^ 4  -  1  =  ( x  -  1 )( x  +  1

)( x ^ 2  +  1 )  $ .\n\n Now ,  check  if  $  x ^ 4  +  4  $  can  be  fact ored  further .  Hmm

,  I  remember  that  $  x ^ 4  +  4  $  is  a  special  case .  It 's  a  b iqu adratic  polynomial

.  Maybe  it  can  be  fact ored  into  quadr atics .  Let  me  recall  the  formula  for  fact oring

 $  x ^ 4  +  4 y ^ 4  $ ,  which  is  a  Sophie  Ger main  identity .  The  identity  is  $  x ^ 4

 +  4 y ^ 4  =  ( x ^ 2  +  2 xy  +  2 y ^ 2 )( x ^ 2  -  2 xy  +  2 y ^ 2 )  $.  Let  me

 check  if  that  applies  here .\n\n In  our  case ,  $  x ^ 4  +  4  $  can  be  written  as  $  x

^ 4  +  4 ( 1 )^ 4  $.  So ,  applying  the  identity  with  $  y  =  1  $ ,  we  get :\n\n $  x ^

4  +  4  =  ( x ^ 2  +  2 x ( 1 )  +  2 ( 1 )^ 2 )( x ^ 2  -  2 x ( 1 )  +  2 ( 1 )^ 2 )  =

 ( x ^ 2  +  2 x  +  2 )( x ^ 2  -  2 x  +  2 )  $ .\n\n Let  me  verify  this  multiplication

:\n\n First ,  multiply  $  ( x ^ 2  +  2 x  +  2 )( x ^ 2  -  2 x  +  2 )  $ .\n\n Multiply

 term  by  term :\n\n First ,  $  x ^ 2  \ times  x ^ 2  =  x ^ 4  $ .\n\n Then ,  $  x ^ 2  \ times

 (- 2 x )  =  - 2 x ^ 3  $ .\n\n Then ,  $  x ^ 2  \ times  2  =  2 x ^ 2  $ .\n\n Next ,  $  2

x  \ times  x ^ 2  =  2 x ^ 3  $ .\n\n Then ,  $  2 x  \ times  (- 2 x )  =  - 4 x ^ 2  $ .\n\n

0.000 0.411 0.822 1.233 1.644
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Figure 16: Dual-Entropy Example 2-part1
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Then ,  $  2 x  \ times  2  =  4 x  $ .\n\n Next ,  $  2  \ times  x ^ 2  =  2 x ^ 2  $ .\n\n

Then ,  $  2  \ times  (- 2 x )  =  - 4 x  $ .\n\n Finally ,  $  2  \ times  2  =  4  $ .\n\n

Now ,  combine  like  terms :\n\n -  $  x ^ 4  $\n -  $  - 2 x ^ 3  +  2 x ^ 3  =  0  $\n -  $  

2 x ^ 2  -  4 x ^ 2  +  2 x ^ 2  =  0  $\n -  $  4 x  -  4 x  =  0  $\n -  $  + 4  $\n\n So

,  altogether ,  it 's  $  x ^ 4  +  4  $.  Perfect !  So ,  the  factor ization  is  correct .\n\n

Therefore ,  the  original  polynomial  factors  as :\n\n $  ( x ^ 4  +  4 )( x ^ 4  -  1 )  =  ( x

^ 2  +  2 x  +  2 )( x ^ 2  -  2 x  +  2 )( x  -  1 )( x  +  1 )( x ^ 2  +  1 )  $ .\n\n

Now ,  I  need  to  check  if  each  of  these  factors  is  irre ducible  over  the  integers .\n\n

Starting  with  $  x  -  1  $  and  $  x  +  1  $ :  these  are  linear  pol ynomials ,  so  they

 are  irre ducible .\n\n Next ,  $  x ^ 2  +  1  $ :  this  is  a  quadratic  with  no  real  roots

 ( disc rim inant  $  0 ^ 2  -  4 ( 1 )( 1 )  =  - 4  <  0  $ ),  so  it 's  irre ducible  over

 the  integers .\n\n Now ,  check  $  x ^ 2  +  2 x  +  2  $ :  discrimin ant  is  $  ( 2 )^ 2  -

 4 ( 1 )( 2 )  =  4  -  8  =  - 4  <  0  $ ,  so  irre ducible  over  integers .\n\n Similarly ,

 $  x ^ 2  -  2 x  +  2  $ :  discrimin ant  is  $  (- 2 )^ 2  -  4 ( 1 )( 2 )  =  4  -  8  =

 - 4  <  0  $ ,  also  irre ducible .\n\n Therefore ,  all  the  factors  are  irre ducible  over

 integers .  So ,  the  complete  factor ization  is  into  these  five  pol ynomials :  $  ( x  -  1

)  $ ,  $  ( x  +  1 )  $ ,  $  ( x ^ 2  +  1 )  $ ,  $  ( x ^ 2  +  2 x  +  2 )  $ ,  and  $

 ( x ^ 2  -  2 x  +  2 )  $ .\n\n Wait ,  but  the  original  problem  says  " each  non - constant

 polynomial  $  p _i (x )  $  is  mon ic  with  integer  coefficients ,  and  cannot  be  fact ored

 further  over  the  integers ."  So ,  these  are  all  mon ic ,  with  integer  coefficients ,  and

 irre ducible .  So ,  the  factor ization  is  into  these  five  pol ynomials .\n\n Therefore ,  the

 sum  $  p _ 1 ( 1 )  +  p _ 2 ( 1 )  +  \ dots  +  p _k ( 1 )  $  is  the  sum  of  each  of

 these  pol ynomials  evaluated  at  1 .\n\n Let  me  compute  each  one :\n\n First ,  $  p _ 1 (x )

 =  x  -  1  $.  Then  $  p _ 1 ( 1 )  =  1  -  1  =  0  $ .\n\n Second ,  $  p _ 2 (x )  =  x

 +  1  $.  Then  $  p _ 2 ( 1 )  =  1  +  1  =  2  $ .\n\n Third ,  $  p _ 3 (x )  =  x ^ 2  +

 1  $.  Then  $  p _ 3 ( 1 )  =  1 ^ 2  +  1  =  1  +  1  =  2  $ .\n\n Fourth ,  $  p _ 4

(x )  =  x ^ 2  +  2 x  +  2  $.  Then  $  p _ 4 ( 1 )  =  1 ^ 2  +  2 ( 1 )  +  2  =  1  +

 2  +  2  =  5  $ .\n\n F ifth ,  $  p _ 5 (x )  =  x ^ 2  -  2 x  +  2  $.  Then  $  p _ 5 (

1 )  =  1 ^ 2  -  2 ( 1 )  +  2  =  1  -  2  +  2  =  1  $ .\n\n Adding  them  all  up :  

0.000 0.513 1.026 1.539 2.052

Token Entropy

Figure 17: Dual-Entropy Example 2-part2
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0  +  2  +  2  +  5  +  1  =  1 0 .\n\n Wait ,  but  let  me  check  again .  Let  me  make

 sure  I  didn 't  miss  any  factors  or  m iscal culate .\n\n Original  polynomial :  $  x ^ 8  +  3

x ^ 4  -  4  $ .\n\n Fact ored  into  $  ( x  -  1 )( x  +  1 )( x ^ 2  +  1 )( x ^ 2  +  2 x

 +  2 )( x ^ 2  -  2 x  +  2 )  $.  Let  me  check  if  multiplying  all  these  factors  gives

 back  the  original  polynomial .\n\n First ,  multiply  $  ( x  -  1 )( x  +  1 )  =  x ^ 2  -  

1  $ .\n\n Then ,  multiply  by  $  x ^ 2  +  1  $ :  $  ( x ^ 2  -  1 )( x ^ 2  +  1 )  =  x ^

4  -  1  $ .\n\n Then ,  multiply  by  $  x ^ 2  +  2 x  +  2  $ :  $  ( x ^ 4  -  1 )( x ^ 2

 +  2 x  +  2 )  $ .\n\n Let  me  compute  that :\n\n First ,  $  x ^ 4  \ times  x ^ 2  =  x ^ 6

 $ ,  $  x ^ 4  \ times  2 x  =  2 x ^ 5  $ ,  $  x ^ 4  \ times  2  =  2 x ^ 4  $ .\n\n Then

,  $  - 1  \ times  x ^ 2  =  - x ^ 2  $ ,  $  - 1  \ times  2 x  =  - 2 x  $ ,  $  - 1  \ times

 2  =  - 2  $ .\n\n So ,  altogether :  $  x ^ 6  +  2 x ^ 5  +  2 x ^ 4  -  x ^ 2  -  2 x  -

 2  $ .\n\n Now ,  multiply  this  by  $  x ^ 2  -  2 x  +  2  $ .\n\n This  seems  tedious ,  but

 maybe  there 's  a  better  way .  Alternatively ,  since  we  know  that  the  original  polynomial

 factors  into  $  ( x ^ 4  +  4 )( x ^ 4  -  1 )  $ ,  and  we  fact ored  $  x ^ 4  +  4  $

 into  $  ( x ^ 2  +  2 x  +  2 )( x ^ 2  -  2 x  +  2 )  $ ,  and  $  x ^ 4  -  1  $  into

 $  ( x ^ 2  -  1 )( x ^ 2  +  1 )  $ ,  which  further  factors  into  $  ( x  -  1 )( x  +  1

)( x ^ 2  +  1 )  $.  Therefore ,  multiplying  all  together  gives  the  original  polynomial .  So

,  the  factor ization  is  correct .\n\n Therefore ,  the  factors  are  correct .  So ,  the  sum  is

 0  +  2  +  2  +  5  +  1  =  1 0 .  Wait ,  but  let  me  check  again  the  evaluations

:\n\n For  $  x  -  1  $  at  1 :  1  -  1  =  0 .  Correct .\n\n For  $  x  +  1  $ :  1  +

 1  =  2 .  Correct .\n\n For  $  x ^ 2  +  1  $ :  1  +  1  =  2 .  Correct .\n\n For  $  x

^ 2  +  2 x  +  2  $ :  1  +  2  +  2  =  5 .  Correct .\n\n For  $  x ^ 2  -  2 x  +  2

 $ :  1  -  2  +  2  =  1 .  Correct .\n\n Adding  them  up :  0  +  2  is  2 ,  plus  2

 is  4 ,  plus  5  is  9 ,  plus  1  is  1 0 .  So ,  1 0 .  Is  that  the  answer ?  Wait ,

 but  let  me  check  if  there 's  another  way  to  factor  the  original  polynomial ,  maybe  into

 more  factors ?  Or  maybe  I  missed  something ?\n\n Wait ,  the  problem  says  " cannot  be  fact

ored  further  over  the  integers ".  So ,  each  factor  is  irre ducible .  So ,  the  factor ization

 is  into  five  pol ynomials .  So ,  the  answer  is  1 0 .  But  let  me  check  again  if  there

's  another  possible  factor ization .  For  example ,  maybe  some  of  the  quadr atics  can  be

0.000 0.470 0.940 1.410 1.881
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