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Abstract

Tasks such as mathematical problem solving
and coding require models to leverage chain-of-
thought (CoT) processes, enabling human-like
reasoning strategies. However, the advance-
ment of large reasoning models (LRMs) is
hindered by the lack of comprehensive CoT
datasets. Existing resources often fail to pro-
vide extensive reasoning problems with co-
herent CoT processes distilled from multiple
teacher models, and do not account for multi-
faceted properties describing the internal char-
acteristics of CoTs. To address these chal-
lenges, we introduce OmniThought, a large-
scale dataset featuring 2 million CoT processes
generated and validated by multiple powerful
LRMs. Each CoT process in OmniThought
is annotated with novel Reasoning Verbosity
(RV) and Cognitive Difficulty (CD) scores,
which characterize the appropriateness of CoT
verbosity and the cognitive difficulty level for
models to comprehend these reasoning pro-
cesses. We further establish a self-reliant
pipeline to curate this dataset. Extensive ex-
periments using Qwen2.5 and Qwen3 of var-
ious sizes demonstrate the positive impact of
our RV and CD scores on LRM training effec-
tiveness. Based on the OmniThought dataset,
we train and release a series of high-performing
LRMs with enhanced reasoning abilities and
optimized CoT output length. Our contribu-
tions advance the development of LRMs across
different scales for solving complex reasoning
tasks.!

*The work was conducted during the internship at Alibaba
Group.
f Corresponding author.

'Source code is available in the EasyDistill frame-
work (Wang et al., 2025a). The dataset is avail-
able at https://huggingface.co/datasets/
alibaba-pai/OmniThought. The models are released
at https://huggingface.co/collections/
alibaba-pai/distilgwen.

1 Introduction

In recent years, the field of NLP has been pro-
foundly transformed by the emergence of large lan-
guage models (LLMs) (Zhao et al., 2023), which
have demonstrated outstanding proficiency across a
wide range of NLP tasks. Of particular interest are
large reasoning models (LRMs) (Xu et al., 2025),
such as OpenAI’s 012, DeepSeek-R1 (DeepSeek-
Al, 2025), and QWQ—32B3, which excel at tasks
such as mathematical problem solving and code
generation through slow thinking processes.

The impressive performance of LRMs is
largely attributed to chain-of-thought (CoT) rea-
soning (Wei et al., 2022), which empowers models
to break down intricate problems into intermedi-
ate steps, closely emulating human problem solv-
ing (Hao et al., 2023; Yan et al., 2023). This ca-
pability supports diverse applications, including
science education (Cohn et al., 2024), robotic con-
trol (Zawalski et al., 2024), and clinical assess-
ment (Gu et al., 2025), among others. Produc-
ing effective LRMs necessitates CoT-based train-
ing, which typically integrates both supervised
fine-tuning (SFT) and reinforcement learning (RL).
Through SFT, models acquire the ability to follow
explicit reasoning patterns, treating the CoT pro-
cess and solutions as outputs, while RL enables the
optimization of reasoning strategies through itera-
tive feedback and exploration (Kazemnejad et al.,
2024; Schulman et al., 2017; Shao et al., 2024;
Trung et al., 2024; Wang et al., 2026).

Despite these advances, progress in LRMs is hin-
dered by the absence of large-scale, comprehensive
CoT datasets. Many open-source data resources,
often directly distilled from powerful LRMs, lack
sufficient reasoning problems with detailed CoT
processes generated by multiple teacher models,

https://openai.com/ol/
Shttps://qwenlm.github.io/blog/
qwg-32b/
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Figure 1: A motivating example of CoTs with different Reasoning Verbosity (RV) and Cognitive Difficulty (CD)
levels. For simplicity, only key steps in these CoTs are presented.

and do not incorporate multifaceted properties de-
scribing the intrinsic characteristics of CoTs. Be-
yond dataset size, we emphasize several aspects:

Comprehensive Quality Assessment. Prior stud-
ies (Jacovi et al., 2024) have shown that logical
errors in CoT-based training sets can negatively
impact the performance of LRMs. Examining the
logical correctness of CoT processes within the
“LLM-as-a-judge” paradigm (Gu et al., 2024) is es-
sential, as human annotation is impractical at scale.
Moreover, collecting and releasing CoT processes
of varying quality can also be valuable for train-
ing alternative algorithms for LRMs, such as di-
rect preference optimization (DPO) (Rafailov et al.,
2023) and reward model training (Ouyang et al.,
2022). To our knowledge, these aspects have not
been fully explored in the existing dataset litera-
ture.

Reasoning Verbosity (RV). There are no ground-
truth CoTs for reasoning problems; many candi-
date CoTs can be valid outputs. Nevertheless, us-
ing excessively long CoTs for training can impair
the reasoning performance of the resulting mod-
els (Yang et al., 2025; Luo et al., 2025). Recent
studies suggest that optimal CoT lengths exist for
different reasoning problems (Yang et al., 2025).
In this work, we propose and compute a Reasoning
Verbosity (RV) score for each problem—CoT pair,
guiding users to select subsets of CoTs for training
LRMs with length-optimal outputs. This practice
enhances model performance and avoids excessive
reasoning, without requiring costly test-time scal-
ing.

Cognitive Difficulty (CD). The RV score of a CoT

is measured by considering the complexity of the
problem, independent of the target models. As
our dataset is constructed to train LRMs of vari-
ous sizes, CoTs should also be evaluated according
to the capacities of the LRMs to be trained. We
propose that cognitive difficulty affects the suit-
ability of CoTs for different LRMs. For example,
smaller models can exhibit distinct capabilities and
cognitive trajectories compared to their larger coun-
terparts when tackling reasoning tasks (Yan et al.,
2023; Zhang et al., 2024; Chen et al., 2025; Cai
et al., 2025a,b). Thus, overly difficult reasoning
steps, although logically correct, may not be suit-
able for smaller models to acquire the necessary
abilities. We suggest that cognitive difficulty can
guide the selection of appropriate CoTs for more ef-
fective LRM training based on the model’s reason-
ing ability. For instance, relatively simpler CoTs
are more suitable for small models, fitting their
cognitive capacity and enabling more economical
inference. Examples of CoTs with different RV
and CD levels are shown in Figure 1.

We introduce Omn i Thought, which comprises
challenging problems with more than 2 million
CoTs, generated and validated by powerful LRMs
and annotated with RV and CD scores. To cre-
ate the dataset, we propose a self-reliant pipeline
shown in Figure 2. First, Source Collector
aggregates reasoning problems from various high-
quality sources, ensuring broad and varied task cov-
erage. Next, CoT Generator employs multiple
LRMs to generate CoTs for each task, with CoT
Validator verifying logical correctness. Finally,
Score Calculator assigns RV and CD scores
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Figure 2: Our framework, including the dataset construction pipeline and training procedure. We leverage DeepSeek-
R1, DeepSeek-R1-0528, and QwQ-32B as teacher models, but other strong models may also serve as teachers.

indicating CoT characteristics.

In our experiments, we validate the effectiveness
of OmniThought through extensive benchmark-
ing. We utilize Qwen2.5 and Qwen3 models of
varying parameter sizes as backbones. The results
show that RV and CD scores have a positive im-
pact on LRM training. Based on CoT sampling
from OmniThought, we further train and release
a series of high-performing LRMs. These mod-
els excel in reasoning with optimal CoT length,
even outperforming the DeepSeek-R1-Distill se-
ries trained on proprietary datasets (DeepSeek-Al,
2025). Our main contributions are:

e Dataset: We construct OmniThought, a
large-scale dataset of reasoning problems con-
taining over 2 million CoT solutions, gener-
ated and validated by multiple teacher models,
and annotated with RV and CD scores reflect-
ing their characteristics.

* Method: We propose a self-reliant pipeline to
curate OmniThought without manual inter-
vention, and introduce a training set construc-
tion method that leverages CD, RV, and the
cognitive capacity of the target model. Fur-
thermore, we provide guidelines for applying
this method to both SFT and RL.

* Models: We comprehensively evaluate the
value of OmniThought through extensive

experiments and release a series of LRMs that
excel in reasoning with optimal CoT length.

2 Related Work

The generation of chain-of-thought (CoT) pro-
cesses has attracted significant interest in recent
years because they enhance the reasoning capa-
bilities of large language models (LLMs). Early
work relied on manual annotation by domain ex-
perts to create gold-standard CoTs for benchmark-
ing (Huang et al., 2024; Gao et al., 2024). This
approach ensures high-quality outputs but is labor-
intensive and lacks scalability.

Automatic methods focus on leveraging LLMs
through prompt engineering (e.g., Let’s think step
by step), tapping into the models’ latent abilities to
generate detailed reasoning processes (Wei et al.,
2022; Yao et al., 2023; Liu et al., 2023; Wang et al.,
2023). Although such techniques can rapidly pro-
duce CoTs, they are constrained by model biases
and are highly dependent on prompt design. The
advent of powerful large reasoning models (LRMs),
such as DeepSeek-R1 (DeepSeek-Al, 2025), has
led to approaches that directly generate CoT pro-
cesses (Cai et al., 2025a; Team, 2025). Despite
these developments, major challenges remain in
generating high-quality CoT data, particularly with
respect to varying difficulty levels and alignment
with model capabilities.
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Figure 3: Distribution of CoT processes per problem.

Recently, several works have revealed that gen-
erated CoT processes are often suboptimal in mul-
tiple respects. For example, Yang et al. (2025)
find that LRMs sometimes produce excessively
lengthy CoTs, which can hinder reasoning perfor-
mance. Meanwhile, Chen et al. (2025) show that
stronger models benefit from detailed reasoning,
whereas less powerful models achieve better re-
sults with simpler CoT supervision. Some projects
have begun to explore concise yet effective CoTs,
such as those used in DeepSeek-V3-0324*. Sub-
sequent research has investigated switchable rea-
soning modes, enabling models to alternate be-
tween standard outputs and explicit CoT reason-
ing, as in Llama-Nemotron (Bercovich et al., 2025)
and Qwen3°. In contrast, our work suggests that
lengthy and concise CoTs represent fundamentally
different reasoning modes, and that models should
automatically choose the optimal CoT form based
on both task complexity and their cognitive ca-
pacity. Challenging problems may require deeper
reasoning, whereas simpler ones may not.

3 Dataset Construction

In this section, we describe the construction process
of the proposed OmniThought dataset (as illus-
trated in Figure 2). The pipeline comprises four
main components: Source Collector, CoT
Generator, CoT Validator, and Score
Calculator. Source Collector gathers
reasoning problems, CoT Generator generates
CoT processes using multiple teacher models,
CoT Validator validates them, and Score
Calculator computes RV and CD scores.

3.1 Basic Modules

Initially, the Source Collector curates a di-
verse collection of reasoning problems from var-
ious domains, including math, code, and science.
We then perform deduplication and decontamina-
tion on the collected problems against evaluation
benchmarks. Specific details on the construction of
the problem set are provided in Appendix A. This
process culminates in the creation of the initial rea-
soning problem set for OmniThought.

Next, the CoT Generator employs
DeepSeek-R1, DeepSeek-R1-0528, and QwQ-32B
as teacher models to generate multiple reasoning
processes for each problem sourced by the
Source Collector. Since simple problems
offer limited improvement to a model’s reasoning
ability, we randomly filter out those with a CoT
token count of less than 3,000 to ensure a balanced
difficulty distribution.

To ensure high quality, the CoT Validator
applies various methods to evaluate multiple facets
of each CoT, including logical correctness and
final answer accuracy. For code problems, cor-
rectness is validated by executing test cases. For
math and science problems, we employ a hybrid
approach that combines rule-based systems with
an “LLM-as-a-judge” framework for verification.
The prompt template is provided in Appendix I. As
discussed previously, retaining lower-quality CoTs
can still be valuable, as they can support DPO al-
gorithms (Rafailov et al., 2023) and reward model
training (Ouyang et al., 2022). Therefore, we retain
a generated CoT process in the dataset unless it pro-
duces an incorrect answer. The validation results
are added as metadata.

Ultimately, the OmniThought dataset com-
prises more than 2 million CoT processes for 708K
reasoning problems. We ensure that each problem
in the dataset has at least two validated, correct
CoT processes. The distribution of CoT processes
per problem is shown in Figure 3. The sample data
format is provided in Appendix B.

3.2 Reasoning Verbosity

CoT processes naturally involve self-reflection,
prompting models to undergo multiple rounds of
introspection and correction during reasoning (Zou
et al., 2023). This approach helps reduce errors

*https://huggingface.co/deepseek-ai/
DeepSeek-V3-0324
Shttps://qwenlm.github.io/blog/qwen3/
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on complex problems but can lead to “overthink-
ing” on simpler ones (Wang et al., 2025b), such
as performing unnecessary checks for “1 + 1 = 7.
Such overthinking wastes computational resources
and can decrease reasoning accuracy. Specifically,
for a given problem, the length of its CoT should
align with the problem’s difficulty, reflecting the
“Reasoning Verbosity” (RV) of the CoT. This phe-
nomenon has also been observed in concurrent
work (Yang et al., 2025). However, it remains un-
clear whether and how RV impacts the training
effectiveness of LRMs. We formally define RV
grading criteria on a scale from 0 to 9:

Grading Criteria for Reasoning Verbosity

0-1: Minimal verbosity; straightforward expression
with little or no elaboration.

2-3: Clear and concise reasoning with necessary
explanations.

4-5: Moderate verbosity, with detailed explanations
and thorough reasoning.

6-7: Extensive verbosity, including comprehensive
justification and exploration of complex connections.
8-9: High verbosity, featuring deep, exhaustive ex-
ploration; includes extensive elaboration, nested jus-
tifications, and consideration of counterarguments or
alternative perspectives.

We observe that, in addition to the “LLM-as-a-
judge” paradigm, the token count of a CoT process
itself provides useful information for assessing ver-
bosity. However, these two assessment methods
do not always yield consistent evaluations. For in-
stance, a CoT process might be verbose in terms of
steps (having a large number of reasoning steps),
but if each step is relatively simple, the total num-
ber of output tokens may not necessarily be large.
CoTs of equal length may appear overly verbose
on simple problems yet excessively concise on very
difficult ones.

Therefore, the information conveyed by CoT
length is one-dimensional and cannot accurately
assess CoT redundancy. We choose to incorpo-
rate CoT length into the final Reasoning Verbosity
(RV) score. We normalize L to a scale from 0 to 9
(denoted as Lyom) as follows:

_ log(L — Lpin + 1)
log<LmaX — Lin + 1)

Lnorm =K (1)

where Lyin and L.« are the minimum and maxi-
mum token counts of CoT processes in our dataset,
and K is the grading scale (i.e., I = 9 in our case).
Next, Lyorm and the vanilla RV score judged by the
LLMs are combined to compute the final RV score

Sva
SRV = round (OZLRV + (1 - a)Lnorm) 5 (2)

where « € (0, 1) reflects the relative importance of
the two features (empirically set to 0.5), and Ly
is the model-judged score (see the prompt template
in Appendix I). CoT examples for different RV
levels are provided in Appendix J.

Experimental Verification. To verify the effective-
ness of RV scores in LRM training, we randomly
sample a subset of 10K problems, each with three
CoTs categorized into distinct RV levels. In this
subset, the difference in RV scores between adja-
cent levels exceeds 3. Based on this design, we
construct three training sets containing the same
problems but differing in RV scores. We perform
SFT training with Qwen2.5-7B-Instruct under iden-
tical configurations (see Appendix D), resulting in
three models categorized as short, medium, and
long.

We evaluate the models on GSM8K (Cobbe
et al., 2021), MATH500 (Hendrycks et al., 2021b),
and AIME24°. As shown in Figure 4, the mod-
els effectively assimilate characteristics from their
respective SFT training sets. On the relatively sim-
ple GSMSK tasks, all models perform similarly;
an increased output token count provides no ac-
curacy improvement and even causes a slight de-
cline. On the medium-difficulty MATHS500 tasks,
accuracy initially increases with token count, then
declines, with the medium model achieving the
highest accuracy. For challenging AIME24 tasks,
the long model achieves the highest score; accu-
racy increases with token count, with significant
improvement once a certain threshold is surpassed.

These results confirm our hypothesis: for dif-
ficult problems, longer CoT processes can cor-
rect model errors and effectively improve accuracy.
However, for simple tasks, excessive reasoning and
verification not only increase computational costs
but may also impair accuracy. Therefore, CoT ver-
bosity should match problem difficulty. With this
approach, we can construct training sets containing
CoTs with appropriate RV levels according to prob-
lem difficulty, thereby maximizing computational
efficiency while ensuring high accuracy.

3.3 Cognitive Difficulty

We argue that, in the dataset, CoT difficulty should
align with the cognitive capacity of the model to be

®https://artofproblemsolving.com/wiki/
index.php/2024_AIME_I

8435


https://artofproblemsolving.com/wiki/index.php/2024_AIME_I
https://artofproblemsolving.com/wiki/index.php/2024_AIME_I

Medium

(a) GSMBK

Medium

(b) MATHS500

Score

10
Long Short Medium Long

(c) AIME24

Figure 4: Comparison using CoTs from different RV levels as training sets. Blue bars and red lines represent
Pass@1 and average output token counts, respectively. We use a temperature of 0.6, a top-p value of 0.95, and

generate 32 responses per query to estimate Pass@1.

Model Avg. Score
DS-R1-Distill-Qwen-1.5B 4.5
DS-R1-Distill-Qwen-7B 6.2
DS-R1-Distill-Qwen-32B 7.3

Table 1: Comparison of average CoT difficulty on
MATHS500 for different model scales.

© 1 2 3 4 S 3 7 o s

CD Level

Quantity (Log Scale)

Figure 5: Distribution of CD scores for CoTs.

trained. Significant differences in model parameter
sizes lead to diverse reasoning trajectories between
large and small models (Yan et al., 2023; Zhang
et al., 2024). Smaller models, constrained by their
parameter limits, tend to employ basic approaches
to solve problems, while larger models, possess-
ing more advanced cognitive abilities, may utilize
higher-level techniques. For example, when calcu-
lating the area of a triangle given its coordinates,
a small model may use straightforward geometric
decomposition, while a larger model might apply
more sophisticated vector-based algebra.

Experimental Verification. To test this hypoth-
esis, we conduct experiments using three models
from the DeepSeek-R1-Distill series (DeepSeek-
Al, 2025): 1.5B, 7B, and 32B. We evaluate these
models on MATHS500 (Hendrycks et al., 2021b).
For each model’s CoT processes, DeepSeek-R1
assigns a difficulty rating from O to 9 based on
“Cognitive Difficulty” (CD) of reasoning (see cri-
teria below). Each CoT is evaluated three times,

and scores are averaged. We then average these rat-
ings across all examples per model to obtain their
overall difficulty scores shown in Table 1. The re-
sults show that CoT difficulty increases with model
size, indicating that stronger models possess en-
hanced reasoning and cognitive capacities. As a
result, difficult CoTs may be unsuitable for training
models with limited cognitive capacities. It is thus
essential to select CoT processes that match the
model’s cognitive trajectory for effective reasoning
improvement, a strategy akin to “teaching accord-
ing to the student’s ability.” In our framework, the
CD score reflects the difficulty of the methods used
in the CoT process. Grading criteria, on a scale
from O to 9, are as follows. The prompt template
and CoT examples for each CD level are provided
in Appendix I and Appendix J.

Grading Criteria for Cognitive Difficulty

0-1: Elementary facts or a single trivial operation.
2-3: Multi-step arithmetic, explicit enumeration, ba-
sic rule chaining.

4-5: Early undergraduate logic/algebra; one non-
obvious insight.

6-7: Advanced undergraduate techniques (determi-
nants, dynamic programming, code reasoning, etc.).
8-9: Graduate-level abstraction, nested proofs, intri-
cate algorithmic analysis.

In OmniThought, we score all validated, cor-
rect CoT processes. The CD score distribution
is shown in Figure 5. The distribution appears
Gaussian-like, peaking at levels 4-5 and tapering
towards both extremes. This finding also indicates
that highly capable models, such as DeepSeek-
R1, can produce extremely difficult CoT processes.
When performing knowledge distillation, models
with limited cognitive capacity are unlikely to ef-
fectively comprehend these processes. Therefore,
given an original CoT dataset and a student model,
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Strategy AIME2024 MATHS00 GPQA Diamond LiveCodeBench V2 | Average
Random 16.67 80.6 36.36 31.31 41.24
RV Optimal | 26.67 83.2 40.40 34.44 46.18
CD Optimal | 33.33 83.8 39.90 36.10 48.28
Combined 36.67 84.4 40.91 36.59 49.64

Table 2: The impact of different CoT selection strategies on reasoning performance.

one can filter the dataset according to the student’s
cognitive capability, thereby effectively improving
the student’s abilities.

3.4 Analysis of Grading of RV and CD

We conducted experiments to explore various rat-
ing systems and the specific content of definitions,
ultimately establishing the RV and CD evaluation
frameworks presented above. A detailed analysis
is provided in Appendix F.

Additionally, to assess the reliability and stabil-
ity of QwQ-32B as the judge model for RV and
CD, we conducted experiments comparing its rat-
ings against human evaluations and those of other
judge models. The detailed analysis is presented in
Appendix F.

3.5 Further Explorations

Building on the RV and CD scores above, we pro-
pose the following research questions.

RQ1: Which is more significant for training: RV
or CD, and is a combined approach superior?

To investigate this, we conduct the following
study. We randomly sample a subset of 10K prob-
lems from OmniThought, each with at least four
CoTs, ensuring that the maximum differences in
RV and CD among these CoTs both exceed 4. Un-
der these conditions, the CoTs for each problem ex-
hibit considerable differences in both verbosity and
difficulty, making them ideal experimental subjects.
Using an initial LLM, we employ four strategies
to select the SFT training set: RV-optimal, CD-
optimal, combined, and random selection. In the
RV-optimal approach, we define an RV range and
select CoTs best fitting this range. Conversely, the
CD-optimal method uses a CD range to construct
the training set. The combined approach speci-
fies both RV and CD ranges and equally weights
conformity to both when selecting CoT processes.
Random selection simply samples one CoT pro-
cess per problem. We use Qwen2.5-7B-Instruct as
the base model, with RV range 3-5 and CD range
0-6. After constructing the four datasets, we train
four models with identical SFT configurations (see
Appendix D). We then evaluate these models on

Dataset Model w/o DPO | Model w/ DPO
AIME2024 36.67 (12,248) 36.67 (10,352)
MATH500 84.4 (3,676) 86.2 (3,108)
GPQA-D 40.91 (6,295) 42.93 (5,635)
LCB V2 36.59 (8,599) 39.9 (7,658)

Table 3: Performance comparison before and after DPO
training. Numbers in parentheses indicate the average
output tokens per problem.

AIME24, MATH500, GPQA-Diamond (Rein et al.,
2023), and LiveCodeBench V2 (Jain et al., 2025);
results are listed in Table 2. Compared to random
selection, both RV-based and CD-based selections
yield greater improvements, with the combined se-
lection achieving the best scores. Between RV and
CD, CD is more impactful for training. By adjust-
ing RV and CD ranges, we can assemble training
sets that better match a model’s inherent cognitive
abilities.

RQ2: How does our dataset benefit other training
algorithms beyond SFT?

Beyond SFT, OmniThought can also be effec-
tively applied to other training algorithms. Using
DPO (Rafailov et al., 2023) as an example, cri-
teria can be defined for “chosen” and “rejected”
CoTs to construct a preference-pair dataset. For
the same 10K-problem subset created for RQ1, we
treat CoTs with RV in the range 3-5 as chosen, and
those with the maximum RV as rejected, thus form-
ing 10K preference pairs. Starting from the SFT
model from RQ1, we apply the DPO algorithm and
evaluate the resulting model on four benchmarks,
also recording output token counts; the results are
shown in Table 3. We observe that: (i) model scores
further improve on MATH500, GPQA-D, and Live-
CodeBench V2; (ii) results for AIME24 remain
unchanged; and (iii) the output token counts of the
new model decrease for all benchmarks. Thus, by
leveraging desirable and undesirable CoT scores
as chosen and rejected responses, we can further
refine a model’s output preferences without sacri-
ficing accuracy.

For reward modeling, we employ the GRPO al-
gorithm (Shao et al., 2024) and incorporate RV-
and CD-based rewards. Specifically, let fry(z)
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Reward Setting MATH-500 AIME2024

Qwen2.5-7B-Instruct (Raw) 73.6 10.0
Vanilla GRPO 78.8 13.3
GRPO+RV 79.0 16.7
GRPO+CD 80.8 20.0
GRPO+RV+CD 81.4 23.3

Table 4: Performance of our approach (with Qwen2.5-
7B-Instruct as the backbone). Note that none of the
models have undergone CoT-based SFT, to clearly show
the performance in the RL phase.

and fcp(z) be the predicted RV and CD scores
from trained reward models based on our dataset.
These predicted scores are further normalized to
[0, 1]. Combined with the conventional accuracy
and format rewards (denoted as R, and Ryyy), the
overall reward function is defined as:

R = Rpmt + Race + Arv Rrv(7) + Acp Rep(),

3)
where Ay and A¢p are hyperparameters. We eval-
uate the effectiveness of these additional rewards
by comparing against vanilla GRPO; the results are
shown in Table 4. As demonstrated, GRPO aug-
mented with RV/CD-based rewards consistently
outperforms vanilla GRPO, further supporting our
hypothesis that RV and CD scores derived from
teacher models can benefit RL training, which is a
promising direction for future work.

4 Training Strong LRMs

We describe our procedures for developing a series
of LRMs based on OmniThought, each endowed
with strong reasoning abilities and appropriate CoT
length.

4.1 CoT Selection Guidelines

To achieve this goal, the CoTs selected from the en-
tire dataset follow two key criteria: (i) the RV score
should be as close to optimal as possible, and (ii)
the CD score should align with the student model’s
capacity. Denote D = {(x, ycor, Y, Srv,Scp)}
as the proposed dataset, where z, ycor, ¥, SRV,
and S¢p represent the problem, the CoT process,
the answer, and the RV and CD scores, respectively.
For any problem z, the set of candidate CoTs with
their metadata is denoted by D(z). We further
denote the model’s capacity score as pop.’
If Sop < pep, we define

; 4

Pi(ycor) o max ‘Sg}) — [eD

"Please refer to the experiments below for examples of
how to determine the value of ucp.

where the maximum is taken over candidate CoTs
in D(z). Otherwise,

Py (ycor) max ‘Sgg - MCD‘_(SCD — pep) -
5
This means that CoTs with S¢cp < pcp are
assigned an equally high probability of being se-
lected, whereas for those with Scp > pop, the
greater the deviation from pcp, the lower the selec-
tion probability. Our goal is to select CoTs whose
difficulty better matches the model’s cognitive ca-
pacity (ucop) more frequently. Additionally, CD
and RV scores are naturally correlated, as more
difficult solutions often require more verbose ex-
planations. Therefore, we penalize cases where,
for a particular CoT, the gap between CD and RV
scores is excessively large. Empirically, we define
the second rule as:

Py(ycor) max ‘S(C% — SI(;%, —|Sep — Srv| -

(6)

Based on these two rules, suitable CoTs can be

sampled to construct training sets. Details of the
sampling process are provided in Appendix C.

4.2 Major Experimental Results

Following these guidelines, we sample suitable
CoTs from OmniThought to train models via
SFT. To verify that our dataset is effective across
models of different parameter sizes, we train mod-
els from the Qwen2.5/Qwen3 series. Notably, due
to differences in parameter sizes, the training sets
for different models contain different CoTs selected
according to the RV and CD sampling strategies.
Detailed experimental settings are presented in Ap-
pendix D.

We further compare the performance of our
models against state-of-the-art open-source models,
with results summarized in Table 5. We observe
that, using OmniThought together with our RV-
and CD-based CoT selection strategies, we obtain
strong LRMs that consistently outperform existing
open-source baselines.

4.3 Further Experimental Studies

We further conduct detailed studies on CoT selec-
tion strategies. For both the 7B and 32B models
from the Qwen2.5 series, we set ucp to 3, 5, 7,
and 9 to derive four distinct training sets, and ad-
ditionally use the entire OmniThought dataset
as a training set. SFT training is performed on
each backbone using these five datasets under the
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Model AIME2024 MATH500 GPQA-D LCB V2 | Average
OpenThinker-7B 313 83.0 42.4 39.9 49.1
DeepSeek-R1-Distill-Qwen-7B 57.3 89.6 473 48.4 60.6
OpenThinker2-7B 50.0 88.4 49.3 55.6 60.8
OmniThought-7B (Qwen2.5) 56.7 90.2 50.0 56.8 63.4
OmniThought-8B (Qwen3) 76.7 94.6 62.1 78.1 77.8
LIMO-32B (Ye et al., 2025) 56.7 86.6 58.1 60.0 65.3
OpenThinker-32B 66.0 90.6 61.6 68.9 71.7
DeepSeek-R1-Distill-Qwen-32B 74.7 90.0 62.4 72.3 74.8
OpenThinker2-32B 76.7 90.8 64.1 72.5 76.0
Light-R1-32B (Wen et al., 2025) 74.7 90.4 62.0 56.0 70.7
s1.1-32B (Muennighoff et al., 2025) | 59.3 87.4 62.0 58.7 66.8
OmniThought-32B (Qwen2.5) 80.0 92.6 64.3 73.4 71.6
OmniThought-32B (Qwen3) 90.0 95.6 64.5 76.3 81.6

Table 5: Performance comparison between our models and other distilled LRMs in the open-source community.

Setting Model (7B) Model (32B)
Full Dataset | 55.5 72.8
uep =3 44.2 65.1
Hep =5 63.4 74.8
uep =7 59.5 77.6
pep =9 57.8 74.9

Table 6: Comparison of our trained models under differ-
ent settings (average scores only).

same configurations as those used in the main ex-
periments. Due to space limitations, detailed ex-
perimental results are provided in Table 7 in Ap-
pendix H, and are summarized in Table 6, which
reports average scores on AIME2024, MATHS00,
GPQA-D, and LCB V2. From these results, we ob-
serve that for Qwen2.5-7B-Instruct, the optimal set-
ting is uop = 5, while for Qwen2.5-32B-Instruct,
the best result is achieved with uop = 7. These
findings are consistent with those in Table 1. We
suggest that, when training other models, our re-
sults may serve as a useful reference for selecting
an appropriate pcop value. For example, to train
Llama3.1-8B-Instruct, whose reasoning capabil-
ity is comparable to that of Qwen2.5-7B-Instruct,
a moderate pcp is preferable. Conversely, for
stronger models, increasing pcp may be beneficial,
based on our findings with Qwen2.5-32B-Instruct.

To demonstrate that our approach effectively pro-
duces shorter and more concise CoT processes, we
further analyze the average output token counts for
both 7B and 32B models across the four bench-
marks. As shown in Figure 6 for 7B models,
our proposed method consistently reduces the out-
put token count compared to full-dataset training,
with the most pronounced reduction occurring on
AIME2024. A similar reduction trend is observed
for 32B models (see Figure 7 in Appendix H).
These results show that our approach maintains
reasoning performance while improving inference
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Figure 6: Average output token counts for 7B models.

efficiency through shorter outputs.®

5 Concluding Remarks

In conclusion, we introduce OmniThought, a
large-scale dataset comprising 2 million CoT pro-
cesses annotated with Reasoning Verbosity and
Cognitive Difficulty scores, addressing a critical
gap in the development of LRMs across differ-
ent model sizes. Through a self-reliant curation
pipeline and extensive experiments on Qwen2.5
and Qwen3 models, we show that OmniThought
improves LRM training effectiveness and enables
the development of high-performing LRMs with
strong reasoning abilities and well-calibrated CoT
length and difficulty.
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Limitations

This work has several limitations, including the lim-
ited scope of reasoning tasks and the static nature of
the dataset construction process. These limitations
can be addressed in future work by (i) expanding
the dataset to cover a broader spectrum of domains,
(i1) enhancing the data curation pipeline with adap-
tive feedback mechanisms and interactive learning
loops, and (iii) extending the annotations to include
dynamic assessments of reasoning proficiency.

Ethical Considerations

The broader implications of OmniThought ex-
tend beyond performance improvements, as LRMs
are increasingly deployed in a wide range of appli-
cations with potentially significant societal impact.
It is therefore essential to remain attentive to ethi-
cal considerations throughout both dataset creation
and model deployment. The automatic generation
and annotation of large-scale CoT processes raise
concerns about the potential propagation of biases
encoded in teacher models. There is also a risk
that models trained with OmniThought could
produce misleading reasoning in high-stakes ap-
plications. We recommend responsible usage prac-
tices, including human-in-the-loop validation and
monitoring for unintended outcomes when deploy-
ing LRMs trained with OmniThought.
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A Details of Problem Set Construction

For the mathematics domain, our problems are
drawn from OpenMathReasoning (Moshkov et al.,
2025), MathInstruct 9 DeepMath-103K (He et al.,
2025), NuminaMath '°, and OpenThoughts2-
IM !, For the code domain, our sources include
TACO (Li et al., 2023), APPS (Hendrycks et al.,
2021a), OpenThoughts2-1M, and OpenCodeRea-
soning (Ahmad et al., 2025). For the science do-
main, problems are drawn from StackExchange-
Physics 2, StackExchange-Biology '3, Camel-Al-
Chemistry '4, and OpenThoughts2-1M.

We use normalized Indel similarity and 10-gram-
based similarity measures to perform deduplica-
tion and decontamination on the collected prob-
lems against evaluation benchmarks, including
AIME24, MATHS500, LiveCodeBench V2, and
GPQA-Diamond.

B CoT Metadata

In the OmniThought dataset, each problem is as-
sociated with multiple CoTs, each accompanied
by comprehensive metadata annotations. An ex-
ample of CoT metadata is shown below. This CoT
was generated by DeepSeek-R1 and validated
as correct by QwQ—-32B. Here, “thought” repre-
sents the reasoning process (CoT), “solution” de-
notes the answer derived from that process, and
“full_response” is the concatenation of the two.
This CoT was scored by QwQ—32B (serving as the
Score Calculator) for Reasoning Verbosity
(RV) and Cognitive Difficulty (CD), receiving an
RV score of 5 and a CD score of 7.

{

"thought": "TL;DR",
"solution": "TL;DR",
"full_response": "TL;DR",
"teacher": "DeepSeek-R1",
"thought_correctness_verify": true,
"Reasoning_Verbosity":

{"level”: 5, "judge": "QwQ-32B"},
"Cognitive_Difficulty":

{"level": 7, "judge": "QwQ-32B"}

‘https://huggingface.co/datasets/
TIGER-Lab/MathInstruct
Yhttps://huggingface.co/datasets/
AI-MO/NuminaMath-1.5
"https://huggingface.co/datasets/
open—-thoughts/OpenThoughts2-1M
12https://physics.stackexchange.com
13https://biology.stackexchange.com
Yhttps://huggingface.co/datasets/
camel-ai/chemistry

CoTs in OmniThought can be organized into
different dataset variants through metadata-based
filtering, thereby supporting specialized training
algorithms. In future work, we will further enrich
the CoT metadata, for example by incorporating
additional judge models and introducing new scor-
ing dimensions. As the metadata becomes more
comprehensive, OmniThought will enable more
diverse and customizable training regimes, facili-
tating model adaptation to a wider range of task
scenarios.

C Detailed Sampling Process

For convenience, we define
filycor) = max ‘S((,% - NCD‘ (7
if Sep < pep, and

J1(ycor) = max ]SSL — MCD’ — (Sep — pep)

(8)
otherwise. We also define
J2(ycor) = max \SSL - 51(3/ —|Scp — Srv|.
)

Next, we normalize fi(ycor) and fao(ycor)
over the candidate CoTs in D(x) to obtain the cor-
responding probability distributions P; (ycor) and

P> (ycor):

fl Ycor
fﬁ(yCoT):: IXzH( )

Z bt (yg)oT)
i=1

(10)

jb(yCoT)
ID()]

Z f2 (yng)

i=1

Py (ycor) = (11)

The final selection probability for a CoT is de-
fined as:

Pr(ycor) = B+ P1(ycor) + (1 — B) - Pa(ycor)
(12)
where ( is a tunable hyperparameter that de-
termines the relative influence of P (ycor) and
Psy(ycor) on the final probability. By default, we
set 5 = 0.5 to balance the two factors. Given ucp,
we can assign selection probabilities to all candi-
date CoTs for each problem in OmniThought,
and then perform sampling based on these proba-
bilities. Notably, the number of CoT samples per
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problem can be flexibly adjusted; that is, if multi-
ple CoTs for a problem are assigned high sampling
probabilities, multiple such high-quality CoTs can
be sampled for the same problem to enrich the
training set.

D Detailed Experimental Settings

D.1 Verification on Reasoning Verbosity

For SFT verification on RV, we used a global batch
size of 96, a learning rate of 1 x 102, and trained
for 3 epochs. Training was performed on a single
node equipped with 8 A800 GPUs (80 GB), with
each model requiring approximately 6 hours.

D.2 Explorations on RQ1 and RQ2

Similarly, for the SFT training in RQ1, we used a
global batch size of 96, a learning rate of 1 x 1075,
and trained for 3 epochs. Training was performed
on a single node equipped with 8 A800 GPUs (80
GB), taking approximately 5 hours per model.

For DPO training in RQ2, we set the global batch
size to 96, the learning rate to 5 x 1077, S to 0.1,
and trained for 1 epoch. Training was performed
on a single node equipped with 8 A800 GPUs (80
GB), with a total training time of 2 hours.

For GRPO training in RQ2, we set the global
batch size to 512, the learning rate to 1 x 1079, and
trained for 15 epochs. Training was performed on a
single node equipped with 8 A800 GPUs (80 GB),
with a total training time of 13 hours.

D.3 Training Strong LRMs

For SFT training of the 7B/8B models, we set
top = b, the global batch size to 512, the learning
rate to 8 x 107°, and trained for 5 epochs. Training
was performed on 8 nodes, each equipped with 8
A800 GPUs (80 GB), with an overall training time
of approximately 26 hours.

For SFT training of the 32B models, we set
1cp = 7, the global batch size to 512, the learning
rate to 3 x 10°, and trained for 5 epochs. Training
was performed on 8 nodes, each equipped with 8
A800 GPUs (80 GB), requiring approximately 140
hours in total.

E Analysis of Scaling Laws

To investigate whether a scaling law with respect
to training set size exists, we constructed datasets
of varying sizes under the same CD and RV fil-
tering criteria and conducted SFT on Qwen2.5-
7B-Instruct under identical training configurations.

The experimental results are presented in Table 8.
The results show that as the dataset size increases,
the model’s reasoning ability continues to improve,
but the rate of improvement gradually diminishes.
When the dataset size approaches one million CoTs,
further increases yield negligible gains in reasoning
performance. Therefore, to balance computational
cost and model performance in pure SFT scenarios,
we recommend selecting a training set of fewer
than one million CoTs for a single training run.

F Analysis of Grading of RV and CD

Cognitive Difficulty (CD) and Reasoning Verbosity
(RV) are each divided into ten sub-levels from 0 to
9. Adjacent sub-levels form a standard range, for
which we provide clear descriptive definitions (i.e.,
0-1, 2-3, 4-5, 67, and 8-9).

Initially, we designed detailed descriptive defi-
nitions for all ten individual levels of CD and RV.
However, this overly fine-grained scheme confused
the judge model and introduced substantial noise,
preventing stable evaluation. By contrast, group-
ing adjacent sub-levels into standard ranges and
providing explicit definitions only for those ranges
creates a more relaxed mechanism, allowing the
judge model greater flexibility in rating a CoT. This
approach yields more consistent ratings across mul-
tiple evaluations of the same CoT and thus more
stable final assessments.

Regarding the definitional content, we experi-
mented with various configurations, including defi-
nitions in multiple languages and definitions au-
thored by humans versus those generated by a
model. We then evaluated the reasoning perfor-
mance of models trained under these different defi-
nition sets. Our findings indicate that as long as the
boundaries between standard ranges are sufficiently
clear and unambiguous, the variance in outcomes
resulting from different definitional content is neg-
ligible. Therefore, we adopted a relatively concise
and clear definition style.

To assess the reliability and stability of QwQ-
32B as the judge model for RV and CD, we
conducted experiments comparing human ratings,
QwQ-32B, and other judge models. We randomly
sampled 10K CoTs for evaluation; both human
raters and models rated each CoT three times ac-
cording to the CD and RV definitions, and we av-
eraged the three ratings. We then computed mean
rating differences between QwQ-32B and human
raters as well as between QwQ-32B and other judge

8444



Setting AIME2024 MATHS00 GPQA-D LCB V2 | Avg.
Model Size: 7B

Full Dataset | 43.3 88.2 45.4 45.4 55.5
tep =3 23.3 79.8 40.4 334 44.2
Hep =5 56.7 90.2 50.0 56.8 634
pep =17 46.7 90.0 46.4 54.9 59.5
puep =9 433 89.6 459 52.6 57.8
Model Size: 32B

Full Dataset | 70.0 91.8 59.6 70.1 72.8
tep =3 56.7 89.6 54.3 59.8 65.1
HCD = 9 73.3 92.4 61.6 72.0 74.8
pep =17 80.0 92.6 64.3 73.4 717.6
ptep =9 73.3 92.0 62.6 71.8 74.9

Table 7: Performance comparison between our trained models with different o p scores.

Dataset Scale | Pass@1 Score
100K 42.73
300K 48.32
500K 53.81
700K 55.79
900K 58.02
1.1M 58.57

Table 8: Scaling law analysis for Qwen2.5-7B-Instruct.
The table reports the model’s average reasoning perfor-
mance (mean Pass@1 score) as a function of training
dataset size, measured on AIME24, MATH500, Live-
CodeBench V2, and GPQA-Diamond.

Evaluator RV Diff. CD Diff.
DeepSeek-R1 1.35 1.23
DeepSeek-R1-0528 0.96 0.93
Human 1.22 1.17

Table 9: Evaluation of QwQ-32B’s reliability as a judge
model, reported as the mean absolute difference in rat-
ings for RV and CD between QwQ-32B and three sepa-
rate evaluators (DeepSeek-R1, DeepSeek-R1-0528, and
human annotators) on a test set of 10,000 CoTs.

models; the specific results are provided in Table 9.
The mean rating differences in both CD and RV
evaluations between QwQ-32B and human raters,
and between QwQ-32B and other judge models,
are all below 2, which is within a reasonable range.
This suggests that the more relaxed definition con-
tributes to increased consistency in the ratings.

G Human Annotation Process and
Ethical Considerations

The human ratings for Cognitive Difficulty (CD)
and Reasoning Verbosity (RV) were provided by
our in-house professional data annotation team.
The complete and verbatim instructions furnished
to the annotators, defining the rating criteria for
both metrics, are detailed in Sections 3.2 and 3.3.

This annotation task was conducted as a standard
component of the team’s professional responsibil-
ities. As salaried employees of our organization,
the annotators are compensated with competitive
wages appropriate for their professional role and
geographic location. All team members were fully
informed that the collected ratings would be used
for academic research purposes.

The data under evaluation consisted exclusively
of machine-generated text, containing no personal,
private, or sensitive information. Given the nature
of the data and the professional context of the an-
notation, this study was exempt from formal ethics
review by an Institutional Review Board (IRB). Our
annotation team is composed of trained experts pro-
ficient in data analysis and evaluation, which helps
ensure the high quality and consistency of the col-
lected ratings.

H Other Experimental Results

Detailed experimental results for our trained mod-
els with different ucp settings are presented in
Table 7. The average output token counts for the
32B models are illustrated in Figure 7.
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Figure 7: Average output token counts for 32B models
across four test sets.

I Prompt Templates

The prompt templates used in this paper are listed
below.

J Examples of CoT Processes

In this section, we present examples of RV and
CD across different level intervals in Table 10 and
Table 11, respectively. For ease of understanding,
we summarize the step-by-step procedures in the
CoTs.
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Prompt Template to Validate the Correctness of CoT Processes and Solution

You are a rigorous logical validator analyzing problem-solving components.
Your task is to separately assess the validity of the reasoning process and final solution.
Given a problem, the correct answer, a candidate reasoning process, and a candidate solution, you will:

For SOLUTION VALIDITY: Directly compare it to the correct answer.
For REASONING PROCESS VALIDATION:

a. Verify stepwise logical coherence and soundness

b. Confirm all critical problem constraints are properly addressed

c. Check for self-contradictions or unsupported leaps in logic

d. Verify the process can actually derive the proposed solution

Evaluation Protocol:

- Solution validity MUST be FALSE for any numerical mismatch or missing units

- Reasoning process validity requires ALL validation criteria (a-d) satisfied

- Both assessments must be independent: correct answer with flawed reasoning gets (False, True)
- Return STRICT BOOLEAN assessments for both components

Problem: {problem}

Correct Answer: {answer}

Candidate Reasoning Process: {reasoning process}
Proposed Solution: {solution}

Output Format: reasoning_valid: bool, solution_valid: bool

Prompt Template to Calculate the RV Score

You are an expert judge tasked with evaluating the Reasoning Verbosity of a Chain-of-Thought (CoT) for a given
problem and its answer.

Reasoning Verbosity Evaluation Focus:

Assess how well the CoT’s length and step complexity match the problem’s inherent difficulty.

An optimal chain is neither missing essential steps nor padded with needless digressions.

A simple question should be solved with a brief, direct chain; a challenging one may justifiably require a longer path
with reflection and error-checking.

Scoring Guidelines (0-9):

0-1 Minimal verbosity, straightforward expression with little to no elaboration.

2-3 Clear and concise reasoning with necessary explanations.

4-5 Moderate verbosity with detailed explanations and thorough reasoning.

6-7 Extensive verbosity with comprehensive justification and exploration of complex connections.

8-9 High verbosity with deep, exhaustive exploration of reasoning; involves extensive elaboration, nested justifications,
and consideration of counterarguments or alternative perspectives.

Given Problem, Chain-of-Thought and Answer, you will:
1. Analyze the Reasoning Verbosity

2. Determine score using the above criteria

3. Output ONLY the integer score (0-9)

Problem: {problem}
Chain-of-Thought: {thought}
Answer: {solution}

Final Output: Single integer between 0-9
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Prompt Template to Calculate the CD Score

You are an expert judge assessing the Cognitive Difficulty of a Chain-of-Thought (CoT) for a given problem and its
answer.

Cognitive Difficulty Evaluation Focus:

The level of reasoning competence required for a model to follow and reproduce the chain faithfully.
Judge the reasoning approach, techniques, and overall difficulty.

Higher scores correspond to more advanced concepts, abstractions, or multi-layer reasoning patterns.

Scoring Guidelines (0-9):

0-1 Elementary facts or a single trivial operation.

2-3 Multi-step arithmetic, explicit enumeration, basic rule chaining.

4-5 Early-undergraduate logic/algebra; one non-obvious insight.

6-7 Advanced undergraduate techniques (determinants, dynamic programming, layered code reasoning, etc).
8-9 Graduate-level abstraction, nested proofs, intricate algorithmic analysis.

Given Problem, Chain-of-Thought and Answer, you will:
1. Analyze the Cognitive Difficulty

2. Determine score using the above criteria

3. Output ONLY the integer score (0-9)

Problem: {problem}
Chain-of-Thought: {thought}
Answer: {solution}

Final Output: Single integer between 0-9
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RV CoT
0-1 The integral evaluates immediately to (z — 1)e® + C.
2-3 Using integration by parts, let v = x and dv = e* dx, which yields du = dx
and v = €*. Hence,
/xexdazzmex—/exd:z,‘:mex—e$+C’.
4-5 Select the integration-by-parts formula:
/a:em dr = ze® — /e‘r dx.
Since [ e* dx = e* + C, it follows that
/336$dx::1:6$—e‘”+C:(m—l)ex+C’.
6-7 Recall the identity [udv = uv — [vdu. Setting u = x, dv = e* dx gives
du = dx and v = €®. Thus,
/:cezdx:xez/exdx:memeerCl =(x—1)e"+C.
Verification by differentiation:
@[(:c— )e’] = €" + (z — 1)e” = ze”.
89 Method 1 (integration by parts): let u = z, dv = e” dx; then

/a:exda::xex—/exd:r:(x—l)ex—i—C.

Method 2 (series expansion): express

oo l‘n oo xm
T __ r
€ _Zﬁ = re _Z (m—1)!
n=0 m=1
Integrating termwise yields
o0 pmtl
/:L‘e x Z(m—l)!(m—i—l) (x —1)e* +

m=1

Generalization: / 2" dr = x2"e” —n / 2" e dx.

Table 10: CoT examples for / xe® dx at varying RV levels.
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CD Problem CoT (Summarized) Answer
0-1 Compute 2 + 3. 1. Recognize that the operation is a sim- | 5
ple sum of two integers.
2. Observe that 2 + 3 = 5.
2-3 Compute the sum | 1. List the first five multiples of 7:| 105
of the first five mul- | 7,14, 21, 28, 35.
tiples of 7. 2. Compute their sum: 7 + 14 4 21 +
28 4 35 = 105.
4-5 | Simplify £=% and | 1. Note that 2 — 4 = (z — 2)(z +2). | 7
evaluate at z = 5. | 2. Cancel the common factor (z — 2),
obtaining x + 2.
3. Substitute x =5: 5+ 2 =7.
67 Determine the | 1. Identify a = 2,b =2, f(n) = n. ©(nlogn)
time complex- | 2. Compute n'°822 = n,
ity of T(n) = | 3. Since f(n) = O(n), thisis Case 2 of
2T(n/2) + n. the Master theorem.
4. Conclude T'(n) = ©(nlogn).
89 Prove that there | 1. Assume, for contradiction, primes | Infinitely
are infinitely many | are finite {p1,...,pn}. many
prime numbers. 2. Construct N = p1p2 - pp + 1. primes

3. N leaves remainder 1 mod any p;.
4. By the Fundamental Theorem of
Arithmetic, N has a prime divisor not
in the list.

5. Contradiction implies infinitely many
primes.

Table 11: CoT examples at varying CD levels.
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