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Abstract

When asked a question in a language less seen
in its training data, current reasoning large lan-
guage models (RLMs) often exhibit dramati-
cally lower performance than when asked the
same question in English. In response, we intro-
duce SP3F (Self-Play with Privileged Pairwise
Feedback), a two-stage framework for enhanc-
ing multilingual reasoning without any data
in the target language(s). First, we supervise
fine-tune (SFT) on translated versions of En-
glish question-answer pairs to raise base model
correctness. Second, we perform RL with feed-
back from a pairwise judge in a self-play fash-
ion (Swamy et al., 2024), with the judge re-
ceiving the English reference response as priv-
ileged information. Thus, even when none of
the model’s responses are completely correct,
the privileged pairwise judge can still tell which
response is better. End-to-end, SP3F greatly im-
proves base model performance, even outper-
forming fully post-trained models on multiple
math and non-math tasks with less than 1/8
of the training data across the single-language,
multilingual, and generalization to unseen lan-
guage settings.

1 Introduction

Current reasoning large language models (RLMs)
are trained on data (e.g., chains of thought, CoTs)
that is primarily in English (Ghosh et al., 2025).
This means that when an RLM is asked the same
question in a non-English language, it often ex-
hibits dramatically lower performance than if it
were asked the question in English (Yong et al.,
2025; Muennighoff et al., 2023; Shi et al., 2022;
Tam et al., 2025).

Improving reasoning performance in lower re-
sourced languages (e.g., Indonesian, Swahili, Ben-
gali) is challenging as we lack large amounts of
data in the target language for supervised fine-
tuning (SFT), and the base model’s probability of
generating the correct answer might be so low that
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Figure 1: We propose SP3F: Self-Play with Privileged
Pairwise Feedback: a method for training multilingual
reasoning models without any data in the target lan-
guage(s). SP3F-7B out-performs Qwen2.5-7B-Instruct
across 4 tasks with roughly 1/8 of the training data
(125,000 for SP3F-7B vs. 1,000, 000 for Qwen2.5-7B-
Instruct), both in terms of accuracy and language fidelity
(did the model answer in the target language?).

getting positive signal for reinforcement learning
(RL) to succeed is computationally challenging.
Furthermore, for reasoning tasks, outcome-level
verifiable rewards (Lambert et al., 2025) that con-
sider just the final answer provide only indirect
supervision on the CoT, making exploration chal-
lenging due to the sparsity of feedback (Kakade,
2003). Put together, we face a cold start problem
we can’t easily offline fine-tune our way out of.

In response, we propose SP3F (Self-Play with
Privileged Pairwise Feedback): a two-stage frame-
work for increasing reasoning performance in non-
English target language(s) that doesn’t require any
data in the target language(s). First, we apply
SFT on translated versions of English reference
responses to raise our RLM’s probability of gen-
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Figure 2: The second stage of the SP3F pipeline is to perform RL (GRPO, Shao et al. (2024)) with feedback from
verifiable rewards (Lambert et al., 2025) and a pairwise judge. To aid in its judgments, the judge LLM is given
access to privileged information in the form of an English reference response. Concretely, we sample N responses
from the model (left), ask the privileged judge to pick a winner from each pair (center), and then use the average
win-rate of each response against the other NV — 1 samples as the reward for RL (right, Swamy et al. (2024)).

erating correct answers. Second, we perform RL
with a combination of verifiable rewards (e.g., an-
swer correctness, language fidelity) and preference
feedback from an LLM judge (Zheng et al., 2023).
The LLM judge directly supervises the CoT of the
RLM, giving it a direction of improvement even
when it can’t produce a correct final answer, which
helps with the cold start issue.

While conceptually promising, the noisiness of
the feedback provided by LLM judges makes incor-
porating them into RL training challenging. First,
if the LLM judge itself is unfamiliar with a lower-
resourced language, it may be unable to provide
accurate feedback. In response, we provide the En-
glish reference response as privileged information
(Vapnik and Vashist, 2009) to the judge, asking it to
merely pick which of the two RLM responses more
closely aligns with the English reference response,
which is an easier translation task than judgment
in the abstract. We find that the use of privileged
information improves judgment quality.

Second, due to their pretraining on vast swathes
of internet text, LLMs often exhibit intransitive
(i.e., cyclic) preferences where they might rank
A= B,B > (C,and C = A (Xu et al., 2025).
Such intransitivity means no scalar reward func-
tion can faithfully represent the judge’s preferences,
making standard reward modeling fundamentally
misspecified. Rather than fitting an inconsistent
reward model, we adopt a self-play style approach
that optimizes pairwise preferences directly: after
sampling a batch of candidate responses, we use the
judge to compare all pairs and assign each response
a score equal to its empirical win rate. This aggre-
gation converts pairwise judgments into a learning
objective that reliably improves the model despite

intransitivity (Swamy et al., 2024). Put together,
we propose to use privileged pairwise judges to
provide denser feedback to the RLM during RL.

Our key insight is that we can use English refer-
ence responses during both SFT and RL by fram-
ing both learning problems in terms of translation.
In particular, we use reference responses as data
for translation during SFT and as privileged infor-
mation for the pairwise judge during downstream
RL. More explicitly, our contribution is three-fold:

1. We introduce SP3F: a multi-step framework
for increasing reasoning performance in a target
language without data in said language. We find
that RLMs trained via SP3F out-perform fully post-
trained models on both in-domain math and out-of-
domain non-math tasks in the target language.

2. We apply SP3F on data from 18 languages,
producing a model that out-performs fully post-
trained models using % as much training data.
We outperform Qwen2.5-7B-Instruct across math
and on-math reasoning tasks. We find particularly
large improvements on lower-resourced languages
and see better generalization to unseen languages.

3. We perform an in-depth exploration of the
benefits provided by privileged information. We
find that privileged information is particularly help-
ful with reducing the intransitivity of the judge
model, as well as in improving detection of cor-
rect reasoning chains, even if the final answer is
incorrect. This helps mitigate cold-start issues.

Finally, we release our source-code' and arti-
facts”.

"https://github.com/lintangsutawika/sp3f
thtps: //hf.co/collections/neulab/sp3f
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Model Overall MGSM MT Math100 Belebele Globz;{ilngLU
Acc Lang | Acc Lang Acc Lang | Acc Lang Acc Lang
Qwen2.5-7B 1479 78.78 | 22.15 90.67 21.16 5822 | 7.52 80.39 834 8585
+ SFT 21.70 82.11|33.66 91.37 26.72 58.26 | 12.94 89.18 13.48 89.62
+ RLVR 57.79 96.09 | 65.34 99.75 4450 86.10 | 68.18 98.73 53.15 99.78
SP3F-7B 61.91 9535|7250 99.38 56.84 82.93 | 67.54 99.65 50.76 99.45
Qwen2.5-7B-Instruct | 55.87 89.21 | 66.36 98.38 52.12 65.66 | 56.79 96.59 4820 96.21
+ Translate Test 57.01 8598 | 66.15 95.81 60.08 59.34|48.09 92.27 53.73 96.49

Table 1: Across in-domain math tasks (MGSM and MT Math100) and out-of-domain tasks non-math tasks (Belebele
and Global MMLU Lite) over a subset of 18 languages (Table 6) that were used to train SP3F-7B, we see SP3F-7B
consistently outperforms the Qwen2.5-7B-Instruct. We measure performance in percentage by Accuracy (Acc)
and Language Fidelity (Lang). Highest score presented in bold and second highest underlined. Notably, SP3F-7B
required only é as much data to post-train Qwen2.5-7B-Instruct. Full results in Appendix D.

2 SP3F: Self-Play with Privileged Pairwise
Feedback for Multilingual Reasoning

In this section, we begin by describing SP3F in
detail. SP3F is a two-step framework for improving
reasoning performance in a target language without
data in said language. SP3F only requires English
reference responses, which can be relatively easily
generated by a teacher model (e.g., ol (Jaech et al.,
2024), R1 (DeepSeek-Al et al., 2025)).

Below, we use x € X to refer to prompts/ques-
tions and y € ) to refer to responses, with y*
referring to an (English) reference response. We as-
sume access to a dataset D of (z, y*) pairs. Each re-
sponse y consists of a chain-of-thought z € Z and
response a € A (i.e.,y = (z,a) € Y = Z x A).
We search over policies 7 € II C {X — A())}.
We use o to denote the concatenation of two strings
and tx(-) to denote translation into the appropriate
target language. There are two stages of the SP3F
pipeline: an SFT stage, followed by an RL stage.
Stage 1: SFT on Translated English Responses.
Ideally, we would solve the cold-start problem of
reasoning in a lower-resourced language by train-
ing on data in the target language. However, by
definition, there is a relatively limited about of data
available in a target language. Furthermore, it is
often difficult to learn a strong policy given limited
amounts of data to SFT (Swamy et al., 2025).

We propose a simple solution to this problem:
SFT translations of relatively plentiful English ref-
erence responses (x, y*). Explicitly, we maximize
likelihood via a standard next-token prediction loss:

[D|
Tofe = arg I;lggzl log (m(tx(y;)|tx(:))) - (1)

Performing this process raises our RLM’s proba-
bility of generating the correct answer in the target
language, aiding in downstream mode selection via
online RL (Yue et al., 2025) in the next stage.

Stage 2: RL with Verifiable Rewards + Privi-
leged Pairwise Judge Feedback. Next, we per-
form RL, with rewards given via a composition of
four terms: three verifiable binary indicators, and
one batch-level judge feedback term. Explicitly,
given N responses y1.x ~ 7(x), we compute:

(T, yi, y*) = 12 (x, 1) + ™ (yi) + 28 (y;)
+ 77 (z, i, y1n, ¥F). (2)

Verifiable Rewards. The first three terms,
r3(z, ;) € {0,1} (accuracy), r™(y;) € {0,1}
(formatting), and r'2"&(y;) € {0,1} (language
fidelity), are each verifiable rewards. In particular,
r2<¢(x, y;) measures if the answer a; is correct,
Mt (y;) measures if answer a; was provided inside
a \boxed{} template, and r'"8(y;) measures
whether the response was indeed in the target
language. We use an automated language classifier
to check what fraction of the response is in the
target language. If the fraction > 70%, we output
a score of 1. We found that providing a binary
indicator of the target language content, rather than
a scalar in [0, 1], helped avoid “reward-hacking’
(Hadfield-Menell et al., 2017), where the model
would learn to output a short response to achieve
100% language fidelity. We chose 70% as our
threshold to account for the fact that math symbols
are not counted as part of any particular language.
Judge Feedback Reward. Even after SFT, our
RLM may still have a relatively low probability
of generating a correct reasoning chain. As the
verifiable rewards only focus on the correctness of

bl

8689



Score Improvement over Qwen2.5-7B (%)

MGSM MT Math100 Belebele Global MMLU Lite
Ave |25 302 396 28.0
8260 | 192 | 327 | 251 |
NJA 366 01 303
ar 202 30.0 269
b 340 2.2 292 155
Mla11 13.6 20.6 17.0
e 22 38.6 35.0 253
€306 | a7 | 312 247
2.2 95 73.7 257
€N ss 8.8 75.6 | 74 ]
37.9 386 131 339
€359 | 342 | |0 | 36.8 1
22 299 369 2.8
Thes | pu7 | 344 | 29 |
) 3458 326 256
hi |N/A 206 7.6 114
4309 329 380 287
sz | |e01 | 33.1 | 282 |
. 37.0 378 289
1t N/A 236 | 373 | 30.5 ]
. 202 355 502 384
JAhgo | 265 | 16 | 37.7 \
33.0 37.1 312
ko |N/A 15.0 336 | 282 |
335 117 312
ptN/A 274 | 424 | 33.9 1
324 35.6 194
W36 | |86 | 73 | N/A
17.1 28 258 203
SWle 83 71 75
17.6 85 14)7
te 70 28 0.7 N/A
347 23 448
thises | 17.0 | 432 | N/A
38.1 26.4
yo [N/A N/A o g fio
| Lo 357 132 320
Zn 1314 | a1 | 335 | 29.5 \
SP3F-7B 71 Qwen2.5-7B-Instruct

Figure 3: SP3F-7B generally outperforms Qwen2.5-7B-
Instruct across most languages tested. We see partic-
ularly large gains for in-domain math tasks (left two
columns) and on out-of-domain tasks in lower-resourced
languages (e.g., Swahili). Each bar represents the gain
in terms of absolute performance points compared to
Qwen2.5-7B for a specific language. N/A denotes that
the task is not available for that language.

the answer and the language fidelity of the CoT,
they do not provide direct supervision on the the
correctness of the CoT. In response, we propose
using an LLM judge for supervision on the CoT =z.
This can provide a clear direction of improvement
even when the RLM can’t answer the question com-
pletely correctly. We use gpt-4o-mini as a judge
There are two key challenges with learning from
LLM judge feedback for multilingual reasoning.

The first is that the judge may struggle to evalu-
ate responses in a lower resourced language that
it doesn’t understand well itself. In response, we
propose to give the judge (but not the RLM) ac-
cess to privileged information (Vapnik and Vashist,
2009) in the form of the English reference answer
y*. Thus, rather than having to judge the model’s
response ¥ in the abstract, the judge merely needs
to assess how closely the solution y aligns with the
English reference y*, which is an easier translation-
style task. From another angle, we’re recycling the
data used during offline SFT during online RL,
effectively squeezing more juice out of the same
samples, akin to Jain et al. (2025).2

The second challenge is that due to their pre-
training on a wide variety of text scraped from the
internet, LLM judges often exhibit intransitive pref-
erences (Xu et al., 2025), where they might rank re-
sponses YA, Yy, Yo ~ m(T) asya = Y, YB > Yo
and yo > y4. We find significant intransitivity in
our LLM judge, as we explore below. Such incon-
sistent feedback can be a challenge to learn from.
In response, given N samples in a batch, we use a
pairwise judge to pick a winner from each of the
(];7 ) pairs and use the win rate of each sample as
the reward. Such a self-play approach is provably
robust to intransitive preferences (Swamy et al.,
2024). Put together, we optimize the following:

N
Py = yjlz,y*
rp(xayiaylzN>y*) — Z ( Z]\f _]’1 )7 (3)
i

where P(y; = yjlz,y*) € [0,1], with a value of
1 denoting that y; was preferred to y; by the privi-
leged pairwise judge. To account for the positional
bias of pairwise judges (Zheng et al., 2023; Qin
et al., 2024), we perform the standard averaging of
judge preferences across both input orderings:

Plyi = yjlz,y*) =
Py = yjle,y*) + (1 —Ply; = yilz, y*))
2

RL Algorithm. We use the DR.GRPO (Liu et al.,
2025b) variant of GRPO (Shao et al., 2024). While
industry standard practice for RLM training, these

-4

3In greater detail, when given privileged information, the
judge is able to provide more accurate feedback without requir-
ing parameter updates/training data. Thus, compared to non-
privileged judges, we have reduced the sample complexity of
learning a verifier. This directly translates to a reduction in the
end-to-end sample complexity of learning a policy/generator
via the arguments presented in Swamy et al. (2025).
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Figure 4: Across 5 target languages (ordered in terms of increasing resourced-ness), single-language SP3F training
produces models that out-performs Qwen2.5-7B-Instruct. We find particularly large deltas on lower resourced
languages like Indonesian, Bengali, and Swahili. Results are averaged across all four tasks considered.

RL algorithms are particularly prone to mode se-
lection (Shao et al., 2025; Oertell et al., 2025), un-
derscoring the need for a preliminary SFT step.
Multilingual Training. Finally, to take advantage
of the repeatedly observed benefits of multilingual
training (Yong et al., 2025; Shi et al., 2022; Muen-
nighoff et al., 2023), we apply the above pipeline
with data from 18 different languages (see Table 6
for full list). We refer to the model that results from
this multilingual training process as SPF3-7B.

3 Experiment Setup

We now outline our experimental setup.

Dataset Construction. Our training data is gen-
erated from DeepScaleR (Luo et al., 2025), which
contains math reasoning problems from the AIME,
AMC, and other competitions. We translate both
the query and response to 18 languages (full list
in Table 6) using GPT-5-Nano. All translated ver-
sions are then merged into a single dataset of equal
proportions. Each sample includes the original
English response, which is provided as privileged
information for the LLM judge during RL training.
Training. We train SP3F-7B on top of the Qwen2.5-
7B (Qwen et al., 2025) base model. Our exper-
iments were implemented in Verl (Sheng et al.,
2024), with a slight modification to allow for pair-
wise judges during reward calculation. For the SFT
stage, we perform 1000 gradient steps with a batch
size of 16 and learning rate of 1 x 107°. For the

secondary RL stage, we use the aforementioned
combination of verifiable rewards and judge feed-
back for supervision. We train for 500 gradient
steps using a batch size of 32 prompts, N = 8 re-
sponses per prompt, and a learning rate of 5 x 1077,
Metrics. We report two metrics: Accuracy (the cor-
rectness of the model’s final \boxed{ } answer) and
Language Fidelity (whether the model’s response
is at least 70% in the target language). To measure
language fidelity, we use lingua.* These metrics
are precisely the 2 and r'2"€ discussed in Sec. 2.
Evaluation. We evaluate all models on 2 math
tasks and 2 non-math tasks. In the context of our
math reasoning-based training data, the math tasks
are in-domain, while the non-math tasks are out-
of-domain tasks meant to provide an estimate of
how well the model generalizes. For math tasks,
we use MGSM (Shi et al., 2022) to test basic word
math problems and MT-Math100 (Son et al., 2025)
that is a translated subset of MATHS00 (Lightman
et al., 2023).5 For non-math tasks, we use Global
MMLU Lite (Singh et al., 2024) to evaluate world
knowledge and Belebele (Bandarkar et al., 2024)
for reading comprehension. Each score is a per-
question average over 8 model responses.

Baselines. To compare against a strong
post-training baseline, we choose Qwen2.5-7B-

4ht’cps: //github.com/pemistahl/lingua-py

>To increase coverage, we additionally contribute a new,
translated and manually verified (by an author) Indonesian
version of MGSM.
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Input Response-Answer Pair Poriv Pro—priv
v CoT o V' Ans vs. o 85.77 7642
v CoT o vV Ans vs. ov'Ans 77.16 81.08
v/ CoT o vS. o 5990 46.53

Table 2: Using sampled correct responses (v'CoT o
v/ Ans) and incorrect responses ( o ), we ob-
serve how well privileged information can help identify
between CoT that were sourced from correct responses
(V'CoT) and incorrect responses ( ) with their fi-
nal answers swapped. We evaluate the accuracy of the
judge preferring the left-hand option when privileged
information (Pgriy) and without priviledge information
(Pno—priv). Row 1: Privileged information increases
judge accuracy on responses from Qwen2.5-7B+SFT.
Row 3: Access to privileged information increases the
judge’s accuracy of identifying correct CoT even when
the final answer is wrong. This can be important early
in RL.

Instruct (Qwen et al., 2025), a model post-trained
by the Qwen team on 1M post-training exam-
ples. In addition, we compare against Translate-
Test (Ponti et al., 2021; Artetxe et al., 2023), where
the query is translated into English before being
solved by the model. Specifically, we use Self-
Translate Test (Etxaniz et al., 2023) where the trans-
lation are done using the model itself. This tech-
nique is a training-free inference time procedure to
boost model reasoning performance.

Using Privileged Information. We use GPT-40-
mini as our LLM judge and provide it with the
query in the target response language. Our sys-
tem and user prompts instruct the model to deliber-
ate over the responses A and B and decide which
among them have closest sense to the included En-
glish reference response (full prompt available in
Table 11). The judge is then directed to provide its
final answer or either \boxed{A} or \boxed{B}.

4 SP3F Unlocks Data-Efficient
Multilingual Reasoning

We begin by discussing the single-language gains
of the SP3F pipeline, before discussing our mul-
tilingual results and more carefully exploring the
benefits of privileged information for LLM judges.

4.1 SP3F Improves Lower-Resourced
Language Reasoning

As seen in Figure 4, applying the SP3F pipeline
consistently boosts model performance above
Qwen2.5-7B-Instruct level, averaged across both

Belebele MT Math100
Q2.5-7B-1  SP3F-7B Q25-7B-1  SP3F-7B
Acc Lang ‘ Acc Lang H Acc Lang ‘ Acc Lang
Avg | 39.9 934 | 583 999 | 483 627 | 517 836

af | 192 988 | 72,5 100.0 | 559 629 |59.1 83.7
gu | 306 995 | 192 100.0 | 355 65.0 | 38.0 68.9
he | 613 725 | 641 99.2 || 52.7 364 | 564 755
nl | 672 99.1 | 779 100.0 || 585 58.8 | 60.1 87.0
pa | 84 97.8 | 23.0 100.0 || 32.1 755 | 351 803
tl | 16.6 813 | 60.5 100.0 | 444 56.7 | 51.8 87.1
tr [ 49.7 983 | 69.1 100.0 | 50.6 70.7 | 53.3 92.0
vi | 665 99.8 | 79.8 100.0 | 569 754 |59.8 944

Table 3: SP3F-7B consistently outperforms Qwen2.5-
7B-Instruct even on languages that it was not explicitly
trained on. We show languages that were not included
in the training set that exist in both tasks.

in-domain math tasks and out-of-domain non-
math tasks. We see particularly large gains on
the left side of the figure in lower-resourced lan-
guages (e.g., Swahili, where the SP3F-trained
model achieves more than three times the accu-
racy of Qwen2.5-7B-Instruct). Furthermore, we
see that both stages of the SP3F pipeline are critical
for strong final model performance. We empha-
size that single-language SP3F uses significantly
less data than the entire Qwen2.5-7B-Instruct post-
training pipeline and no data in the target language.

4.2 SP3F Improves Multilingual Reasoning

We now explore the performance of SP3F-7B,
which is trained by applying the SP3F pipeline on
multilingual training data from 18 languages.
Aggregate Results. As seen in Table 1, SP3F-7B
consistently out-performs Qwen2.5-7B-Instruct on
both in-domain math tasks and out-of-domain not
math tasks. This is impressive given SP3F-7B
only required % as much post-training data. Fur-
thermore, even when we apply the inference-time
translate test technique to Qwen2.5-7B-Instruct,
SP3F-7B still usually beats the improved model.
By comparing the +RLVR and SP3F-7B rows of
Table 1, we can more precisely identify the bene-
fits of judge feedback. We see that judge feedback
improves accuracy at the cost of slightly worse lan-
guage fidelity. Zooming in further, we see partic-
ularly strong gains on in-domain math tasks, with
a slight decrease in performance relative to RLVR-
trained models on out-of-domain non-math tasks.
This suggests that exploring regularization tech-
niques (e.g., those proposed by Song et al. (2024))
may be a promising avenue for improving the out-
of-domain generalization of judge-trained models.
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Figure 5: As N increases, it becomes increasingly likely
for both privileged and non-privileged judges to have
intransitive preferences. However, we consistently find
that the privileged judge Py, has more transitive prefer-
ences than the non-privileged judge Pno—priv. We report
the PNT metric proposed by Xu et al. (2025). We use
N = 8 as the number of training rollouts per sample.

Per-Language Results. In Figure 3, we display
the gains over the base model broken down by
target language. Echoing the results in Table 1,
we see consistent positive deltas over Qwen2.5-7B-
Instruct on all languages on in-domain tasks. We
also see particularly large positive deltas on out-
of-domain tasks in lower-resourced languages like
Swahili, Hindi, Yoruba, and Telegu.

Unseen Language Generalization Results. When
we evaluate SP3F-7B on eight languages outside of
its training set (but not necessarily that of Qwen2.5-
7B-Instruct), we see better performance across
tasks compared to Qwen2.5-7B-Instruct. With the
exception of Gujarati (gu), SP3F-7B out-performs
Qwen2.5-7B-Instruct by around 18% on Belebele
and 3.4% on MT Math100 in terms of accuracy.
This potentially indicates that SP3F-7B is a more
generally capable multilingual reasoning model
than Qwen2.5-7B-Instruct and that our training
pipeline doesn’t somehow preclude generalization.

4.3 Privileged Information Aids LLM Judges

We now perform an in-depth exploration of the mul-
tiple benefits of privileged information for LLM
judge performance. For conciseness, we use Ppyriy
and Ppo—_priv to refer to judges with and without
access to English reference responses, respectively.
Privileged Information Helps With Cold Starts.
We introduced the pairwise judge reward 7 (Eq.
3) to provide supervision on the RLM’s CoT, es-
pecially early on in training when the model may
struggle to generate correct final answers. To un-

Math Non-Math
Judge Type | Avg | MGSM  MT Math100 ‘ Belebele Gl"b‘”‘iﬁgMLU
Priv 64.6 | 753 56.8 72.7 53.7
Propriv | 63.5 | 742 536 715 547

Table 4: We see training models with feedback from
privileged judges (Ppriv) performance over those trained
with feedback from non-privileged judges (Pno-priv). We
see particularly strong gains on in-domain math tasks.

Average Win-Rate under Pro.priv

Poriv Pro-priv Instruct
o= 073 057
5 027 0.54
Qa
E 043 046
2

J ‘ .
0.0 0.5 1.0

Figure 6: We see Pro_priv prefer models trained by
Poriv to models trained under its own feedback. Each
cell represents the win-rate of the row model against the
column model, as evaluated by Pro—priv-

derstand the effect of privileged information on
achieving this goal, we first sample responses from
the Qwen2.5-7B+SFT model and group them by
the correctness of the final answer into correct re-
sponses (v'CoT o v'Ans) and incorrect responses
( o ). We then graft together different
CoTs and answers across correctness groups. Be-
yond increasing the base accuracy of the judge (Ta-
ble 2, Row 1), we also observe a significant 13%
increase in the ability of the judge model to detect
the correctness of the CoT even when the answer is
incorrect (Table 2, Row 3). Thus, privileged infor-
mation appears to help mitigate the early-training
cold start issue by increasing the efficacy of CoT
supervision. This is particularly important in lower-
resourced languages where the accuracy of the SFT
model is likely to be relatively low.

Privileged Information Reduces Intransitivity.
While our self-play approach is robust to intransi-
tivity, more consistent preferences can still simplify
our learning problem. In Figure 5, we see a clear
reduction in intransitivity when we provide the pair-
wise judge with privileged information. Thus, be-
yond merely increasing the accuracy of the judge,
privileged information enhances the ability of the
judge to provide more consistent global rankings
(i.e., total orderings) over responses.
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Privileged Information Helps Most In-Domain.
In Table 4, we see models trained with feedback
from privileged judges outperform those trained
with feedback from non-privileged judges, poten-
tially as a result of the reduction in intransitivity
and increase in correct CoT detection capabili-
ties privileged information seems to provide. We
see consistent gains on in-domain math tasks and
mixed results on out-of-domain non-math tasks.
Models Trained by Judges With Privileged
Information Are Preferred Even By Non-
Privileged Judges. As a final evaluation, we stack
the deck in the favor of models trained my Ppo_priv
and use Po—_priv as an oracle to perform model-
to-model comparisons. In Figure 6, we see that
Pro—priv prefers models trained via Ppyiy to models
it trained itself, overcoming a self-preference bias
(Panickssery et al., 2024). Thus, these results po-
tentially indicate that the models trained by Ppriy
are qualitatively better models, rather than just nar-
rowly optimizing the preferences of Ppyiy.

5 Related Work

We provide a brief overview of some related work.
Multilingual Language Modeling. Data scarcity
is a core problem in multilingual language model-
ing (Joshi et al., 2020). A variety of approaches
have been proposed to deal with this concern. First,
various authors scaled up dataset sizes via Inter-
net scraping (Xue et al., 2021; BigScience Work-
shop et al., 2023), crowd-sourced high quality data
(Cahyawijaya et al., 2023), manually translated En-
glish training data (Lai and Nissim, 2024; Ng et al.,
2025), or proposed using synthetic training data
(Kautsar et al., 2025). Beyond quantity, quality of
data also matters: Zheng et al. (2025) propose using
rubrics to curate datasets. In parallel, training-free
approaches like few-shot prompting (Cahyawijaya
et al., 2024) and representation editing (Zhao et al.,
2025) have been demonstrated to elicit multilingual
reasoning capability.

A plethora of techniques have been explored
for training multilingual language models. For
example, Huang et al. (2024) merged smaller
specifically-trained components into off-the-shelf
language models, Zhu et al. (2024) trained mod-
els to do question translation as a way to improve
multilingual performance, and Barua et al. (2025)
trained models using machine translated or dis-
tilled responses from teacher models. Contempo-
rary work has shown how RL training exclusively

in high resource languages improves performance
on other languages (Huang et al., 2025), and ex-
plored optimizing language fidelity rewards via
RL (Hwang et al., 2025). In contrast, our work
trains on questions in lower-resourced languages
and goes beyond sparse verifiable rewards.
Reinforcement Learning Post-Training. Popular-
ized by RLHF (Ouyang et al., 2022), reinforcement
learning techniques have gained wide adoption in
LLM post-training. A wide spectrum of policy op-
timization algorithms have been proposed, from
off-policy regression-based losses (Rafailov et al.,
2023; Gao et al., 2024a; Azar et al., 2024; Gao
et al., 2024b), to policy gradient techniques (Ah-
madian et al., 2024; Shao et al., 2024; Liu et al.,
2025b). We opt for GRPO-style policy gradients
in our work due to their relative simplicity and on-
policy nature, which fits in cleanly to the self-play
algorithmic template (Swamy et al., 2024).
Supervision via Privileged Information. Priv-
ileged information has provable benefits for re-
ducing the complexity of learning (Vapnik and
Vashist, 2009). For example, privileged informa-
tion has been the key ingredient in recent successes
in robotics (Choudhury et al., 2017; Chen et al.,
2019; Kumar et al., 2021; Swamy et al., 2022; Song
et al., 2025). However, because these approaches
focus on direct imitation, it is not immediately obvi-
ous how to directly apply them in the multilingual
reasoning context where we lack sufficiently large
amounts of data to imitate in the target language.
Thus, we instead provide the privileged information
to an LLM judge, similar to the work of Ye et al.
(2024); Kim et al. (2024); Zhou et al. (2025). In
particular, we propose providing relatively plentiful
English reference answers as privileged informa-
tion to aid LLM judges in their evaluation of CoTs,
especially in lower-resourced languages.

6 Conclusion

We introduce SP3F: a data-efficient two-stage
framework for improving multilingual reasoning
performance without data in target language(s). We
find that SP3F-trained models out-perform fully
post-trained models across the single language,
multilingual, and unseen languages setting while
only requiring % as much post-training data. We
ablate the use of privileged information to improve
the quality of LLM judgments and find it provides
multiple benefits. Thus, an interesting direction for
future work is to explore other uses of privileged
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pairwise judges beyond multilingual reasoning.
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Limitations

First, while we did not explicitly use any human-
generated data in target languages during training,
it is possible that the judge model saw some during
its own training process. A more careful effort to
understand the composition of judge training data
would strengthen our argument. Second, while we
tested all models on multiple math and non-math
reasoning tasks, a wider set of evaluations and train-
ing sets would allow us to make stronger claims.
Third, providing a formal understanding of the sam-
ple complexity benefits of privileged information
would dovetail with our empirical results. Finally,
we did not conduct human studies related to the
stylization of the model responses nor has it be
tested for any user application. Thus, further evalu-
ations should be conducted before it is integrated
into user-facing systems to avoid unwanted harms.
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B Training Hyperparameters

Evaluated Language

Hyperparameter Value Train Languages ‘ Unseen Languages
Supervised Finetuning Code Language ‘ Code Language

Batch Size 16 ar Arabic af Afrikaans
LR le-5 bn Bengali nl Dutch
Optimizer AdamW de German gu Gujarati
Training Iterations (Multilingual) 1000 en English pa Punjabi
Training Iterations (Single Language) 250 es Spanish tr Turkish
Reinforcement Learning fr. Fr.enc.h d Tagalog

hi Hindi he Hebrew
Batch Size 32 id Indonesian | vi Vietnamese
LR Se-7 it Italian
Rollouts (V) 8 ja Japanese
Sampling Temperature 1.0 ko Korean
Max Response Length 2048 pt Portuguese
€low 0.2 ru Russian
Ehigh 0.28 sw  Swahili
Training Iterations (Multilingual) 500 te Telugu
Training Iterations (Single Language) 250 th Thai

yo Yoruba

Table 5: We increase the SFT iterations for our multi- 7h Chinese

lingual to account for multiple languages. For RL, we
use slightly higher epign following Liu et al. (2025a) to

encourage more exploration.
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Table 6: Train and Unseen Languages



D Full Table Results

In this section, we present per-language evaluation scores for the tasks that we present in the Table 1. All
languages presented here were included in the training dataset. Note that for Translate Test, English is left
unevaluated. For the aggregate score, Translate Test is averaged without English.

MGSM
Avg bn de en es
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 221 90.7 26 977 276 882 406 1000 282 835
+ SFT 337 914 47 992 354 927 725 999 41.6 869
+ RLVR 653 99.8 535 1000 751 994 91.0 100.0 83.0 99.8
SP3F-7B 725 994 682 100.0 827 99.7 93.1 100.0 87.5 100.0

Qwen2.5-7B-Instruct  66.4 984 63.0 994 803 968 922 1000 842 993
+ Translate Test 66.2 958 429 972 802 975 NA NA 83.0 100.0

fr id ja ru SW
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 455 798 314 913 218 928 265 943 08 852
+ SFT 515 812 456 868 272 962 430 908 06 88.2
+ RLVR 788 99.7 792 99.8 64.0 1000 81.2 100.0 12.2 100.0
SP3F-7B 83.6 1000 850 995 73.1 1000 858 999 205 99.7

Qwen2.5-7B-Instruct 80.2 98.8 823 96.8 725 998 825 995 08 99.0
+ Translate Test 780 998 81.8 951 752 972 797 969 180 97.8

te th zh
Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 0.1 988 197 780 20.8 985
+ SFT 06 991 331 759 480 995
+ RLVR 143 100.0 70.3 985 813 100.0
SP3F-7B 34.1 1000 72.6 945 838 993

Qwen2.5-7B-Instruct  13.9 99.0 622 920 822 100.0
+ Translate Test 29.7 995 73.6 73.1 80.8 100.0

Table 7: Evaluation scores per language for Global MGSM
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MT Math100

Avg ar bn de en
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 212 582 216 351 43 721 207 562 48.7 100.0
+ SFT 267 583 255 362 83 674 273 615 56.1 998
+ RLVR 445 86.1 418 783 299 889 524 869 61.6 100.0
SP3F-7B 56.8 829 576 722 481 746 620 92.0 67.8 100.0
Qwen2.5-7B-Instruct  52.1 65.7 45.8 513 475 562 612 650 664 100.0
+ Translate Test 60.1 593 582 4677 573 48.0 657 634 N/A N/A
es fr hi id it
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 258 57.8 337 645 96 51.8 236 528 283 484
+ SFT 321 612 38.0 622 98 56.6 31.6 468 345 489
+ RLVR 515 98.1 539 924 36.6 847 494 798 51.1 847
SP3F-7B 619 989 625 955 528 783 61.1 8l.1 619 888
Qwen2.5-7B-Instruct  63.3 88.6 61.2 803 43.8 58.8 547 620 60.0 639
+ Translate Test 71.6 80.0 59.6 777 629 582 649 595 636 684
ja ko pt ru SW
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 157 657 25.1 444 342 578 282 414 2.0 569
+ SFT 216 575 263 444 419 616 338 359 25 630
+ RLVR 429 922 438 759 581 910 543 745 119 96.0
SP3F-7B 572 951 595 761 624 966 630 778 27.1 774
Qwen2.5-7B-Instruct  53.8 80.4 55.7 438 639 830 599 468 77 679
+ Translate Test 675 73.1 564 403 67.7 81.8 63.6 455 325 687
th zh
Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 1.0 86.1 173 292 205 639
+ SFT 0.8 855 236 31.1 336 645
+ RLVR 126 972 379 46.1 556 91.6
SP3F-7B 359 68.2 563 347 631 927
Qwen2.5-7B-Instruct 25.1 56.3 529 275 57.6 75.0
+ Translate Test 51,5 599 582 191 6023 64.39

Table 8: Evaluation scores per language for MT Math100
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Belebele

Avg ar bn de en
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 75 804 119 737 16 970 184 8.7 3.7 356
+ SFT 129 892 121 864 1.6 991 204 944 279 998
+ RLVR 68.2 987 746 99.8 57.8 1000 77.8 99.9 86.8 100.0
SP3F-7B 67.5 997 69.8 999 57.0 100.0 782 100.0 86.7 100.0
Qwen2.5-7B-Instruct  56.8 96.6 662 794 421 976 709 99.6 90.4 100.0
+ Translate Test 48.1 923 21.6 921 449 979 58,6 997 N/A N/A
es fr hi id it
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 30 912 154 936 05 900 112 910 11.8 94.1
+ SFT 79 947 228 939 0.6 947 239 918 152 923
+ RLVR 80.4 1000 81.7 999 556 999 766 997 789 99.8
SP3F-7B 80.4 100.0 82.7 100.0 55.7 100.0 783 100.0 81.5 100.0
Qwen2.5-7B-Instruct  82.5 998 77.8 999 59 998 690 995 80.8 998
+ Translate Test 60.2 994 61.1 995 463 985 594 988 625 992
ja ko pt ru SW
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 22 739 239 790 11.8 877 62 722 05 826
+ SFT 42 783 253 848 234 910 167 86.6 14 888
+ RLVR 742 999 765 997 79.7 100.0 80.7 100.0 356 99.5
SP3F-7B 76.6 100.0 77.1 100.0 83.0 100.0 774 100.0 348 999
Qwen2.5-7B-Instruct  66.1 992 749 952 845 999 743 988 24 950
+ Translate Test 613 968 612 902 598 998 37.7 947 329 993
te th yo zh
Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 03 993 95 609 05 475 3.0 879
+ SFT 05 986 152 771 1.0 615 129 915
+ RLVR 354 1000 69.6 80.0 245 99.1 81.0 100.0
SP3F-7B 29.0 1000 63.1 969 246 99.6 800 975
Qwen2.5-7B-Instruct 1.4 99.7 748 820 03 935 579 100.0
+ Translate Test 73 283 60.6 755 208 98.8 613 100.0

Table 9: Evaluation scores per language for Belebele

8702



Global MMLU Lite

Avg ar bn de en
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 83 8.8 89 728 25 977 172 91.0 18.1 100.0
+ SFT 135 896 106 841 22 994 178 955 403 100.0
+ RLVR 53.1 998 520 99.8 387 999 620 99.8 70.5 100.0
SP3F-7B 508 995 429 994 31.8 993 59.1 99.8 69.5 100.0
Qwen2.5-7B-Instruct  48.2 962 53,5 819 372 969 594 982 729 100.0
+ Translate Test 537 965 252 889 448 948 642 984 N/A N/A
es fr hi id it
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 28 89 172 907 10 822 84 910 11.6 925
+ SFT 7.8 929 213 909 11 927 179 879 138 929
+ RLVR 61.6 999 644 999 399 999 58.8 993 632 998
SP3F-7B 59.6 100.0 614 100.0 346 998 56.8 999 619 99.8
Qwen2.5-7B-Instruct 66.0 993 62.1 996 7.7 983 574 983 663 987
+ Translate Test 68.7 983 66.1 99.7 454 972 673 963 695 98.1
ja ko pt SW yo
Acc Lang Acc Lang Acc Lang Acc Lang Acc Lang
Qwen2.5-7B 51 768 162 782 105 886 0.6 851 1.1 65.1
+ SFT 84 832 188 838 235 920 1.6 838 19 741
+ RLVR 57.0 99.8 547 993 62.1 999 257 99.7 243 997
SP3F-7B 58.8 100.0 575 993 61.6 1000 265 99.8 194 995
Qwen2.5-7B-Instruct  58.7 98.7 593 916 673 99.6 31 976 10 852
+ Translate Test 659 965 531 874 649 995 315 979 198 984
zh
Acc Lang
Qwen2.5-7B 42  87.1
+ SFT 153  91.1
+ RLVR 62.3 100.0
SP3F-7B 60.0 95.2
Qwen2.5-7B-Instruct 50.9  99.3
+ Translate Test 65.8 994

Table 10: Evaluation scores per language for Global MMLU
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E Prompts
E.1 Pairwise Judge Prompts

System Message

You are an expert judge in evaluating the quality of responses to user queries.

Your task is to determine which response (A or B) is preferable.

You will be provided with the user query and the correct solution.

The responses may be in various languages, but the solution will always be in English.
Decide based on how well does each response align with the correct solution.

The best response should have the closest meaning and intent to the correct solution.
Write your analysis and end it by answering with either \boxed{A} or \boxed{B}.

User Message

<Query>

</Query>

<Correct Solution>

;)éorrect Solution>

<Response A>

;)ﬂesponse A>

<Response B>

;)éesponse B>

First, using the solution as reference, decide which of the two responses is the closest to
the solution.

Finally, choose which is better by answering with either \boxed{A} or \boxed{B}.
You MUST provide your reasoning before the answer.

Table 11: System and User Prompts for Privileged Pairwise Judge (Ppriv)

System Message

You are an expert judge in evaluating the quality of responses to user queries.
Your task is to determine which response (A or B) is preferable.

You will be provided with the user query and the correct solution.

The responses may be in various languages.

Write your analysis and end it by answering with either \boxed{A} or \boxed{B}.

User Message

<Query>

</Query>

<Response A>

éjéesponse A>

<Response B>

;)ﬂesponse B>

First, decide which of the two responses is preferable.

Finally, choose which is better by answering with either \boxed{A} or \boxed{B}.
You MUST provide your reasoning before the answer.

Table 12: System and User Prompts for Non-Privileged Pairwise Judge (Pno-priv)
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E.2 System Messages

Code | Language System Prompt (system_message)
af Afrikaans |Dink stap vir stap na en plaas jou finale antwoord binne \boxed{}.
ar Arabic {iboxed\ Jal Ailgill dlifda) pia s s ghady b ghad S8
bn Bengali | &70s7 1T I vy 93 SIT1E § 601G Tad \boxed{} 97 & fora|
de German |Begrunden Sie dies Schritt fur Schritt und geben Sie lhre endgultige Antwort in \boxed{} ein.
en English Reason step by step and put your final answer within \boxed{}.
es Spanish  |Razona paso a paso y coloca tu respuesta final dentro de \boxed{}.
fr French Raisonner étape par étape et mettre votre réponse finale dans \boxed{}.
gu Guijarati | U0lE &L UOLE 5111 AW A AHIRA B(AM ULl \boxed(} Hi 45
hi Hindi  |&c# &3 FeH A 3R 39 3ifad 31 \boxed{} & #fia] ford|
id Indonesian |Berpikir langkah demi langkah dan tuliskan jawaban akhir di dalam \boxed{}.
it Italian Ragiona passo dopo passo e scrivi la tua risposta finale all'interno di \boxed{}.
ja Japanese |EXFERIICHERRL . RIRMILEZE \boxed{JRIZFB AL TZELY,
jv Javanese |Pikirake langkah demi langkah lan lebokake jawaban pungkasan sampeyan ing \boxed{}.
ko Korean [HAHEZ FE0t1 2E &= \boxed{} 2t0il E2M 2.
nl Dutch Denk stap voor stap na en plaats je uiteindelijke antwoord binnen \boxed{}.
pa Punjabi  |geq ©F seH A9 W3 WrE Wif3H A \boxed{}  wieg 53|
pt Portuguese [Raciocine passo a passo e coloque sua resposta final dentro de \boxed{}.
ru Russian |PaccyguTe war 3a waroMm u noMecTuTe okoH4YaTenbHbIn oTBeT B \boxed({}.
sw Swahili  |Sababu hatua kwa hatua na uweke jibu lako la mwisho ndani ya \boxed{}.
te Telugu ST ébboao& 200050 Do S0d RDIPET) \w’é.g{} &S° godold.
th Thai adunamaraTiazdunaulazlddnaugavinauasnalilu \boxedy).
tl Tagalog |Mag-isip nang hakbang-hakbang at ilagay ang iyong panghuling sagot sa loob ng \boxed{}.
tr Turkish Adim adim dislnun ve son cevabinizi \boxed{} igine yazin.
Vi Vietnamese |Hay suy nght tirng bwéc mot va dét cau tra 1&i cudi cling clia ban vao trong \boxed{}.
yo Yoruba Se alayé idi re ni ipele kookan ki o si fi idahun ikehin re sind \boxed{}.
zh Chinese |ZFLZHEFFENR KEEMIE \boxed{} A,

Figure 7: System prompts for all the evaluated languages. Each prompt directs to think step-by-step and write a

final answer inside \boxed{}.
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