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Abstract

Kullback-Leibler (KL) divergence regulariza-
tion is essential for stabilizing reinforcement
learning from human feedback (RLHF) in
large language models (LLMs), yet its exact
computation requires summing over vocabu-
laries of all tokens, incurring prohibitive mem-
ory costs during training. Existing stochastic
estimators circumvent this bottleneck by esti-
mating KL divergence using only the sampled
token from the trajectory, but suffer from high
variance (k1) or systematic bias (k2). We pro-
pose TIKE (Top-k Importance-weighted KL
Estimator), which exploits the Zipfian struc-
ture of language model distributions: by de-
terministically integrating over only the top-k
tokens, TIKE captures most of the probability
mass while effectively reducing memory cost.
To ensure correctness in off-policy settings
characteristic of Group Relative Policy Opti-
mization (GRPO), we incorporate importance
sampling weights that correct for distribution
shift between rollout and optimization policies.
Experiments on models across diverse bench-
marks demonstrate that TIKE consistently out-
performs stochastic baselines, while exhibit-
ing substantially lower gradient variance. Our
analysis reveals that TIKE closely tracks the
exact Rao-Blackwellized estimator with near-
zero variance, offering a practical path toward
stable, memory-efficient KL regularization for
reasoning-intensive LLMs training. Code:
https://github.com/jinluo12345/TIKE

1 Introduction

Reinforcement Learning with Verifiable Rewards
(RLVR) has become the standard paradigm for
enhancing the complex reasoning capabilities of
Large Language Models (LLMs) (Deng et al.,
2025; Liu et al., 2025b; Wen et al., 2025). A
variety of optimization algorithms have been pro-
posed, ranging from Proximal Policy Optimiza-

*Equal contribution.
†Corresponding authors.

tion (PPO) (Schulman et al., 2017), Trust Region
Policy Optimization (TRPO) (Schulman et al.,
2015) to Group Relative Policy Optimization
(GRPO) (Shao et al., 2024). However, a funda-
mental challenge in these reasoning tasks is the
scarcity of supervision signals: models typically
receive a reward only upon reaching the final out-
come, lacking dense feedback for intermediate rea-
soning steps (Lyu et al., 2025; Cui et al., 2025;
Zheng et al., 2025). Consequently, the stability
of these algorithms relies heavily on the regular-
ization term DKL(πθ||πref) (Liu et al., 2025c),
which serves as a crucial anchor to constrain the
policy from deviating excessively from the ref-
erence distribution while exploring the sparse re-
ward space (Xiong et al., 2023; Di Sipio, 2025).

The fundamental challenge in computing this
regularization term stems from prohibitive mem-
ory overhead. A theoretically rigorous cal-
culation of the KL divergence mandates inte-
grating over the full vocabulary V at every
timestep (Schulman, 2020). This requires retain-
ing the complete probability distribution tensors
and their associated gradients, causing memory
consumption to scale linearly with the vocabulary
size |V|. For modern LLMs with extensive vocab-
ularies (|V| > 100k) operating on long reasoning
contexts (Zeng et al., 2025; Dubey et al., 2024;
Team et al., 2024, 2025), this dense computation
becomes intractable on hardware. Consequently,
prevalent methods compromise by approximating
the divergence using only the single sampled token
ot (Ouyang et al., 2022; Stiennon et al., 2020).

Our approach is motivated by two key insights.
First, we leverage the Zipfian nature of language
model distributions (Tullo and Hurford, 2003;
Zhemchuzhina et al., 2022): empirical analysis re-
veals that the cumulative probability mass is heav-
ily concentrated in a small set of top-k tokens,
rendering the contribution of the long tail negligi-
ble. Second, we strictly account for the off-policy
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nature of the training loop (Hu, 2025; Yu et al.,
2025; Liu et al., 2025d). To correct for the distri-
bution shift between the behavior policy πold and
the target policy πθ, we employ importance sam-
pling weights—a formulation aligned with recent
findings by Deepseek Team (Liu et al., 2025a).

Building upon these, we propose TIKE (Top-
k Importance-weighted KL Estimator), a hybrid
estimator specifically designed for the reinforce-
ment learning framework that achieves the "best of
both worlds": it is (1) Memory-Efficient via Top-
k truncation, avoiding the full vocabulary tensor;
(2) Low-Variance via deterministic summation of
the head of the distribution; and (3) Unbiased via
importance sampling correction.

2 Preliminary

2.1 Exact KL Divergence in LLMs
In Reinforcement Learning from Human Feed-
back (RLHF), the Kullback-Leibler (KL) diver-
gence (Van Erven and Harremos, 2014) serves as
a critical regularization term. Let q denote the in-
put query, ot the token generated at step t, and
o<t the preceding history. Without this constraint,
the policy πθ tends to diverge excessively from the
reference πref, leading to reward hacking or catas-
trophic model collapse (Zhang et al., 2025).

The exact KL divergence at step t is defined as
the expected log-likelihood ratio summed over the
entire vocabulary V:

DKL(πθ(· | q, o<t)∥πref(· | q, o<t)) =
∑

v∈V
πθ(v | q, o<t) log

πθ(v | q, o<t)

πref(v | q, o<t)
(1)

Computing Eq. 1 requires iterating over the full
vocabulary, incurring prohibitive memory costs.

2.2 Schulman’s Estimators
To address this bottleneck, Schulman (2020) pro-
posed estimators that approximate the KL using
only the sampled token ot rather than the full sum-
mation.

We define the probability ratio for the sampled
token as r = πref(ot|q,o<t)

πθ(ot|q,o<t)
. The estimators are:

• k1 (Standard log-ratio): Defined as
− log r (Schulman, 2020). While this estima-
tor provides an unbiased estimate of the KL
divergence, it suffers from extremely high
variance, which can lead to noisy gradients
and unstable training updates.

• k2 (Variance-reduced): Defined as k2 =
1
2 (log r)

2 (Schulman, 2020). This estima-
tor attempts to reduce variance via a second-
order Taylor approximation. However, it is
fundamentally biased and only serves as a
valid approximation when πθ is in close prox-
imity to πref. Its reliability degrades during
the active exploration phase of RL.

• k3 (Unbiased non-negative): A general
approach to reduce estimator variance is
through control variates (Ross, 2002). For-
mally, a control variate is any function g :
V → R for which E[g(x)] can be com-
puted (Schulman, 2020). The control variate
Monte Carlo estimator is defined as

µCV =
1

M

M∑

m=1

f(x) + α · (g(x)− E[g(x)])

(2)
where α ∈ R is a calibration parameter and
f(x)

def
= − log r. By defining the control vari-

ate as the likelihood ratio g(x) = r and fixing
the calibration parameter to α = 1, the esti-
mator simplifies to (E[r] = 1):

k3 = r − 1− log r (3)

k3 is the basic Monte Carlo KL estimator (k1)
plus a zero-mean control-variate term added
to reduce variance without changing the ex-
pected value. The choice of α = 1 is strategic
rather than strictly variance-minimizing. It
ensures the estimator possesses the geometric
property of non-negativity, thereby prevent-
ing the numerical instability associated with
negative KL estimates often observed in k1.

Despite their widespread adoption, some experi-
ments demonstrated that when used directly in the
loss function (as is typical in GRPO), the k3 esti-
mator yields biased gradients that do not optimize
the true KL objective, potentially leading to pol-
icy collapse (Shah et al., 2025). Meanwhile, k1 re-
mains too noisy for stable convergence in complex
reasoning tasks.

3 Related Work

3.1 Exact Integration vs. Sampling
In contrast to sampling methods, some re-
searchers proposed Rao-Blackwellized (RB) esti-
mator (Amini et al., 2025), which computes the
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exact expectation following Eq. 1. While theo-
retically optimal, this approach re-introduces the
prohibitive computational and memory costs that
sampled estimators sought to avoid. For models
with large vocabularies, full Rao-Blackwellization
is often impractical for long-context training.

3.2 Importance Sampling in KL Estimation

Most recently, the DeepSeek-V3.2 (Liu et al.,
2025a) technical report identified another critical
source of error in RL training: the off-policy dis-
tribution shift. In standard training loops, trajec-
tories are sampled from an old policy πold (in-
ference engine) and reused for multiple optimiza-
tion steps on the current policy πθ. Since stan-
dard estimators implicitly assume on-policy sam-
pling, Deepseek team proposed correcting this dis-
crepancy by applying an importance sampling (IS)
weight rISt = πθ(ot | q, o<t)/πold(ot | q, o<t)
to the estimator, ensuring the gradient is unbiased
with respect to the current policy.

4 Methodology

When applying policy-gradient RL to large lan-
guage models, unconstrained optimization can
push the policy into regions far from the pre-
trained/SFT distribution, degrading fluency and
causing unstable behavior. To stabilize learn-
ing, we regularize the RL objective with a KL-
divergence term to a fixed reference policy, ef-
fectively acting as an “elastic tether” that discour-
ages excessive drift while still allowing reward im-
provement. This KL-regularized formulation is
standard in RLHF-style fine-tuning of language
models and has been used to prevent the fine-tuned
model from drifting too far from the pretrained
baseline.

Figure 1 illustrates the core training dynamics
of Group Relative Policy Optimization (GRPO).
The main plot depicts the “tug-of-war” in parame-
ter space: the model (πθ) attempts to move toward
the High Reward Peak, but is restrained by the
KL Divergence “Rubber Band” anchored to the
Reference Policy (πref ) to prevent model collapse.
The inset highlights the critical advantage of the
Top-k algorithm. By truncating the long tail of
the token distribution (grey zone), Top-k actively
filters out low-probability, high-variance samples
(“Tail Hits”). This ensures that the KL penalty
is estimated solely from the reliable “Safe Zone”
(green), drastically reducing estimator noise and

preventing erratic updates caused by rare, irrele-
vant tokens.

4.1 The Zipfian Hypothesis and Truncation

Let Sk
t be the set of indices corresponding to

the Top-k logits of the current policy πθ(·|q, o<t).
Mathematically, if we sort the vocabulary by prob-
ability, the cumulative mass of the Top-k tokens
(k ≪ V) approximates 1:

∑

vit∈Sk
t

πθ(v
i
t|q, o<t) ≈ 1− δkt (4)

where δkt is negligible. This observation allows
us to truncate the summation to a small set Sk (e.g.,
k = 16) without significant loss of precision. This
reduces the memory complexity of the KL calcula-
tion from O(|V|) to O(k), effectively solving the
RAM bottleneck while retaining the stability ben-
efits of exact integration.

Specifically, for the Qwen2.5 series (Team et al.,
2024) with a vocabulary size V = 151, 643, a typi-
cal reinforcement learning setup often involves a
batch size of 32 per GPU with a max-sequence
length of 2,048. Such configurations result in a
probability tensor of approximately 9.93× 109 el-
ements. In a full-vocabulary KL calculation, this
requires 37.01 GB of GPU memory for FP32 or
18.51 GB for BF16/FP16 tensors, which often ex-
ceeds the available remaining memory during RL
training. By contrast, our Top-16 truncation re-
duces the tensor size to only 32 × 2048 × 16 el-
ements, requiring merely 4.19 MB (FP32) or 2.10
MB (FP16), representing a memory reduction of
over 99.9%.

To empirically validate the sparsity of the token
distribution, we visualized the probability dynam-
ics of generated sequences using prompts from
the AIME24 dataset (Mathematical Association of
America, 2025). Specifically, we extracted the
probability values for each token step during infer-
ence. As illustrated in Figure 2, the extracted prob-
abilities exhibit a clear pattern: while the probabil-
ity of the single best token (green) can drop sig-
nificantly at branching points requiring reasoning,
the cumulative mass of the Top-16 tokens (red)
is robustly stable near 1. This empirical obser-
vation supports the Zipfian hypothesis (Tullo and
Hurford, 2003): natural language probability dis-
tributions, πθ(·|q, o<t), follow a heavy-tailed dis-
tribution where the mass is highly concentrated in
a small number of valid next tokens.
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Figure 1: Illustration of the tension in GRPO between reward maximization and KL regularization. The policy
update is pulled toward a high-reward but collapsed region (hatched), while the KL penalty acts as a “rubber band”
restraining the update within a safe trust region. The inset compares Top-K and k3 MC KL estimator stability,
showing that the MC estimator suffers from high-variance tail hits beyond the truncation boundary.

4.2 Top-k Importance-weighted KL
Estimator

In this section, we propose our TIKE (Top-k
Importance-weighted KL Estimator). Crucially,
simply minimizing this term would be incorrect
because the history h was generated by the rollout
policy πold, not the current policy πθ. To strictly
correct for this off-policy distribution shift, we ap-
ply the importance sampling ratio rISt (Liu et al.,
2025a):

rISt =
πθ(ot|q, o<t)

πold(ot|q, o<t)
(5)

We calculate the deterministic partial KL diver-
gence over this truncated set:

D
TopK
t (πθ(ot)∥πref (ot)) =

rISt
∑

vit∈Sk
t

πθ(v
i
t|q, o<t) log

(
πθ(v

i
t|q, o<t)

πref(vit|q, o<t)

)

(6)

To incorporate the TIKE estimator into the
Group Relative Policy Optimization (GRPO)
framework, we sample a group of G outputs
{o1, o2, . . . , oG} for each query q from the old pol-
icy πold. Let Ri denote the reward obtained for the

i-th output. We compute the advantages Âi,t by
normalizing the rewards within each group:

Âi,t =
Ri − µ

(
{Ri}Gi=1

)

σ
(
{Ri}Gi=1

) (7)

The objective is clipped using a parameter ϵ to
constrain policy updates, ensuring monotonicity:

Amin
i,t = min

(
ri,t(θ) Âi,t,

clip(ri,t(θ), 1− ϵ, 1 + ϵ) Âi,t

)
(8)

Finally, we compute the total loss by averaging
over the dataset distribution q ∼ P (Q) and the
sequence length |oi| of each generated response
where coefficient β controls the strength of the per-
token KL penalty:

J θ
TIKE = Eq∼P (Q),{oi}Gi=1∼πold(·|q)

[
1

G

G∑

i=1

1

|oi|
|oi|∑

t=1

(
Amin

i,t − β D
TopK
t

(
πθ(oi,t)∥πref(oi,t)

))
]

(9)
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Figure 2: Overview of the TIKE framework. (Top) At each token position, TIKE extracts the top-k vocabulary
mass from both the current and reference policies and combines them via importance weighting to compute a
low-variance KL estimate KLtike. (Bottom-left) Token-level probability profile showing that the top-16 mass
(red) nearly saturates the full distribution at most positions, with uncertainty concentrated on a small fraction of
semantically critical tokens (green). (Bottom-right) Qualitative comparison: KLmc is memory-efficient but high-
variance; KLrb is exact but prohibitively memory-intensive; KLtike achieves negligible variance and bias with
high memory efficiency.

4.3 Theoretical Analysis

Let DKL
t (ht) = DKL

t (πθ(·|ht)∥πref(·|ht)) be the
true KL divergence at history ht

def
= (q, o<t). Stan-

dard KL estimators (e.g., k1, k3) are computed
from the sampled token ot ∼ πold(· | ht) and
therefore require an importance weight to correct
the action-sampling mismatch. In TIKE, since
we deterministically integrate over a truncated ac-
tion set, the remaining off-policy discrepancy pri-
marily comes from the state/history distribution
shift dπold(ht) vs. dπθ(ht); correcting this exactly
would require trajectory-/prefix-level importance
weights (products over time), which are typically
avoided for variance reasons in PPO/GRPO-style
updates.

Top-k truncation and tail residual. Define the
truncated KL (Top-k components) at ht:

Dk
KL(ht) ≜

∑

v∈Sk
t

πθ(v | ht) log
(

πθ(v | ht)
πref(v | ht)

)
,

(10)

and the tail residual

ξtail(ht) ≜
∑

v/∈Sk
t

πθ(v | ht) log
πθ(v | ht)
πref(v | ht)

.

(11)
Then the identity

DKL(ht) = Dk
KL(ht) + ξtail(ht) (12)

holds for every ht. Under the Zipfian hypothesis,
the tail mass δkt =

∑
v/∈Sk

t
πθ(v | ht) is small so

ξtail(ht) is typically negligible in practice, but it
does not have a fixed sign in general.

Expectation of TIKE (properly conditioned).
Recall our TIKE penalty (as used in the loss) is

D
TopK
t =

rISt
∑

vit∈Sk
t

πθ(v
i
t | ht) log

(
πθ(v

i
t | ht)

πref(vit | ht)

)
(13)

For a fixed history ht, the summation term is deter-
ministic given πθ(· | ht), hence

Eot∼πold(·|ht)

[
D

TopK
t | ht

]
=

(
Eot∼πold(·|ht)[r

IS
t | ht]

)
·Dk

KL(ht) (14)
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since Eot∼πold [r
IS
t | ht] = 1 whenever πold(· | ht)

has support covering πθ(· | ht). Therefore, TIKE
exactly integrates the Top-k components at a given
history. The remaining off-policy discrepancy is
due to sampling histories from dπold instead of dπθ ,
which is typically controlled in GRPO/PPO by fre-
quent policy refresh and clipping, keeping πθ close
to πold (Shao et al., 2024).

Remark (probability leakage). Truncating the
KL to Sk

t may in principle encourage shifting prob-
ability mass into the ignored tail. As a simple safe-
guard, we recommend always including the sam-
pled token, i.e., S̃k

t = Sk
t ∪{ot}. In practice, under

the Zipfian next-token distribution, ot already falls
inside Sk

t with high probability when the Top-k
mass is near 1.

4.4 Variance Reduction via
Rao-Blackwellization

Standard KL estimators introduce stochasticity
from two sources: the sampling of the trajec-
tory/history ht and the sampling of a token-level
random variable. TIKE reduces the latter by ana-
lytically summing over Sk

t .

A token-sampling baseline (for variance com-
parison). Fix a history ht and consider the fol-
lowing (conceptual) single-sample estimator that
uses an additional token draw Vt ∼ πθ(· | ht):

D
MC-TopK
t ≜ rISt ·1{Vt ∈ Sk

t } · log
πθ(Vt | ht)
πref(Vt | ht)

.

(15)
Conditioned on (ht, ot), rISt is fixed and the only
remaining randomness comes from Vt.

Rao–Blackwellization.

Var
(
D

TopK
t

)
= Var

(
E[DMC-TopK

t | ht, ot]
)

≤ Var
(
D

MC-TopK
t

)
. (16)

Intuitively, TIKE eliminates the high-variance
“tail-hit” behavior from token-level Monte Carlo
sampling by integrating the Top-k components an-
alytically. This aligns with Rao–Blackwellized
KL estimators studied in Amini et al. (2025),
while our setting additionally imposes Top-k trun-
cation for memory efficiency.

4.5 Gradient Estimation and Stability
With sg(·) denoting stop-gradient, the KL penalty
used in optimization is DTopK

t . Therefore its gradi-

ent is tractable:

∇θD
TopK
t = sg(rISt )

∑

v∈Sk
t

∇θ

(
πθ(v | ht) log

πθ(v | ht)
πref(v | ht)

)
. (17)

Properly scoped unbiasedness. Because the
summation is analytic over Sk

t , the gradient above
is the exact gradient of the truncated objective (at
fixed ht, under the stop-gradient convention on
the Top-k index selection). This does not remove
the state-distribution shift incurred by sampling ht
from dπold , but empirically GRPO-style clipping
keeps πθ close to πold, mitigating the discrepancy
(Shao et al., 2024).

5 Experiments

To evaluate the effectiveness of the proposed
TIKE, we conduct experiments using the Qwen2.5
series (Team et al., 2024), specifically Qwen2.5-
1.5B-Instruct and Qwen2.5-7B-Instruct, on a suite
of mathematical reasoning benchmarks includ-
ing AIME24, AIME25 (Mathematical Association
of America, 2025), MATH500 (Lightman et al.,
2023), and Minerva (Lewkowycz et al., 2022).

Experiment Setup. The training is imple-
mented via the verl framework (Sheng et al.,
2025) using Group Relative Policy Optimization
(GRPO) (Shao et al., 2024) on the DAPO-Math-
17k dataset (Yu et al., 2025). We standardize the
training configuration across all runs: each model
is trained for 500 steps with a global batch size of
512 and a KL regularization coefficient β = 0.001,
following the default setting in verl. For hardware,
we utilize 8 NVIDIA H200 GPUs (141GB mem-
ory each) for the 7B model and 4 NVIDIA H200
GPUs for the 1.5B model. During training, we
sample G = 8 rollouts per prompt with a max-
imum response length of 4096 tokens to support
extended reasoning chains. The optimization is
performed using AdamW (Kingma, 2014) with a
learning rate of 1 × 10−6. Performance is eval-
uated using Pass@n and Mean@n metrics. For
the AIME24 and AIME25 datasets, which consist
of only 30 problems each, we sample 32 responses
per question to report Pass@32 and Mean@32; for
the MATH500 and Minerva datasets, which con-
tain hundreds of problems, we sample 4 responses
per question to report Pass@4 and Mean@4.
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Method
AIME24 AIME25 MATH500 Minerva

Pass@32 Mean@32 Pass@32 Mean@32 Pass@4 Mean@4 Pass@4 Mean@4

Qwen2.5-7B-Instruct, Max Response Len=4K

Base 13.33 6.25 13.95 2.92 55.25 52.98 21.84 20.04

K1 28.65+15.3 18.13+11.9 23.26+9.3 15.00+12.1 68.24+13.0 65.40+12.4 24.32+2.5 22.55+2.5

K2 26.52+13.2 19.52+13.3 23.24+9.3 13.33+10.4 68.48+13.2 66.35+13.4 25.19+3.4 23.44+3.4

K3 29.16+15.8 18.75+12.5 24.18+10.2 18.85+15.9 68.65+13.4 65.30+12.3 24.69+2.9 22.61+2.6

TIKE8 30.00+16.7 20.00+13.8 29.97+16.0 18.96+16.0 69.14+13.9 66.85+13.9 25.27+3.4 22.98+2.9

TIKE16 28.10+14.8 21.25+15.0 26.19+12.2 16.77+13.9 67.71+12.5 65.45+12.5 26.17+4.3 23.71+3.7

Qwen2.5-1.5B-Instruct, Max Response Len=4K

Base 5.34 4.17 2.12 0.10 41.53 35.75 5.43 4.32

K1 18.08+12.7 7.71+3.5 10.53+8.4 3.96+3.9 51.55+10.0 48.35+12.6 12.76+7.3 10.94+6.6

K2 13.85+8.5 7.92+3.8 8.25+6.1 1.35+1.3 51.41+9.9 46.55+10.8 13.33+7.9 11.31+7.0

K3 15.42+10.1 6.98+2.8 12.68+10.6 2.40+2.3 51.60+10.1 47.35+11.6 12.21+6.8 10.85+6.5

TIKE8 17.72+12.4 6.56+2.4 11.88+9.8 4.06+4.0 51.77+10.2 46.90+11.2 11.46+6.0 9.93+5.6

TIKE16 16.22+10.9 8.65+4.5 14.20+12.1 4.06+4.0 54.16+12.6 49.60+13.9 15.01+9.6 12.32+8.0

Table 1: Comparison of different KL estimators on reasoning benchmarks.

Figure 3: Mean@4 accuracy on Minerva validation
set with Qwen2.5-1.5B-Instruct. Curves are smoothed
with 0.9 EMA; “topk” denotes the k = 16 estimator.

Result Analysis. The main experimental results,
summarized in Table 1, demonstrate that the
proposed TIKE consistently outperforms tradi-
tional stochastic baselines across all evaluated
benchmarks and model scales. Specifically,
for Qwen2.5-7B-Instruct, the TIKE8 estimator
achieves a significant Pass@32 score of 30.00 on
AIME24, representing a +16.7 absolute improve-
ment over the base model. Similarly, on the 1.5B
model, TIKE16 yields the highest performance
on MATH500 and Minerva, reaching 54.16 and
15.01 Pass@4, respectively. The training dynam-

ics on the Minerva validation set for Qwen2.5-
1.5B-Instruct are illustrated in Figure 3. It is ev-
ident that TIKE results in a much faster and more
sustained ascent in accuracy compared to other
methods. This performance gain is further sup-
ported by the fact that the Top-k estimator exhibits
a more stable improvement in Mean@4 accuracy
compared to the fluctuating trajectories of stochas-
tic estimators. These results suggest that by trun-
cating the long tail of the distribution and focus-
ing on the most significant probability mass, our
method effectively reduces gradient noise and pro-
vides a more reliable regularization signal for re-
inforcement learning in mathematical reasoning
tasks.

5.1 Variance Analysis

To rigorously evaluate the bias-variance trade-off
of the proposed estimator compared to existing
baselines, we conducted a controlled simulation
focusing on the stability of the gradient estimates.

Experimental Setup. We employed the
Qwen2.5-0.5B-Instruct model as the reference
policy πref. To obtain a policy model πθ that has
deviated from the reference but retains reasoning
capabilities, we fine-tuned πref on the GSM8K
dataset (Cobbe et al., 2021) using Group Relative
Policy Optimization (GRPO). The training was
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Figure 4: Bias-Variance Analysis of KL Estimators. Convergence of sequence-level KL estimates as the sample
size M increases. The analysis is performed on three distinct prompts from GSM8K.

conducted for 3,000 steps with a learning rate of
1 × 10−6, a global batch size of 128, and a max-
imum completion length of 2,048 tokens. This
setup ensures that πθ and πref have a non-trivial
KL divergence, simulating a realistic mid-training
scenario.

Data Generation and Bootstrap Estimation.
We selected three diverse mathematical prompts
from the GSM8K dataset to serve as the basis for
evaluation. For each prompt x, we generated a
large pool of Npool = 2, 000 response sequences
y using the trained policy πθ.

To analyze the convergence properties of the es-
timators, we performed a bootstrap analysis. Let
Ĵ denote a generic KL estimator. For a range
of sample sizes M (spaced logarithmically), we
drew M sequences from the generated pool with
replacement. We repeated this resampling process
B = 1000 times for each M . We report the
expected KL estimate and the empirical standard
deviation across these bootstrap trials. We com-
pared four estimators: the standard k1 estimator,
the Control Variate estimator with α = 1 (k3),
the Rao-Blackwellized estimator (RB), which is
also the exact expectation of KL, and our proposed
TIKE.

Results Analysis. The simulation results, illus-
trated in Figure 4, reveal critical insights regarding
the fidelity and stability of the estimators.

First, regarding estimation accuracy, the RB es-
timator (purple) serves as the ground truth, rep-
resenting the exact expected KL divergence cal-
culated via full-vocabulary integration. We ob-
serve that our proposed TIKE (red) consistently
tracks the RB baseline with high fidelity across all
three prompts. In contrast, the stochastic Monte
Carlo estimators (k1 and k3) often exhibit devia-

tions from this exact expectation. For instance, in
Prompts 1 and 3, the k3 estimator converges to a
value substantially lower than the true KL.

Second, regarding variance, TIKE demon-
strates superior consistency. As indicated by the
shaded confidence regions, the k3 estimator ex-
hibits variable behavior, especially at small sam-
ple sizes (M < 20). The k1 estimator shows a
standard variance decay but remains noisier than
the dense methods. TIKE, conversely, maintains
a consistently narrow variance profile across all
prompts. It is reliably smaller than that of k3 and
k1, providing a more stable gradient signal closer
to the deterministic RB baseline.

5.2 Additional Analyses

We provide extensive supplementary experiments
in the Appendix to further validate TIKE’s ro-
bustness and practical applicability. Specifically:
(1) Top-k coverage analysis (Appendix A.1):
Truncation residuals are negligible in high-mass
regimes and manageable elsewhere, with diminish-
ing returns beyond k=16. (2) Cross-architecture
generalization (Appendix A.2): TIKE32 consis-
tently outperforms K3 on DeepSeek-R1-Distill-
Llama-8B, confirming the benefit transfers be-
yond the Qwen family. (3) Computational cost
(Appendix A.3): At k=16, overhead is minimal
(+6.9% step time, +0.1% memory), while full-
vocabulary integration is prohibitive. (4) KL coef-
ficient robustness (Appendix A.4): TIKE outper-
forms K3 under different β values, demonstrating
robustness to this hyperparameter. (5) Multi-seed
reproducibility (Appendix A.5): Paired compar-
isons across multiple seeds with matched random
states show consistent improvements. In summary,
the supplementary experiments further reinforce
the conclusions drawn in the previous sections.
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6 Conclusion

In this work, we addressed the critical instabil-
ity inherent in Reinforcement Learning for Large
Language Models, specifically identifying the
variance-bias trade-off in KL divergence estima-
tion. We proposed TIKE (Top-k Importance-
weighted KL Estimator), a method that theo-
retically and empirically bridges the gap be-
tween the high variance of Monte Carlo sam-
pling and the prohibitive memory costs of ex-
act Rao-Blackwellization. TIKE computes a
deterministic partial expectation over the dom-
inant probability mass, effectively filtering out
tail noise. Our theoretical analysis confirms that
TIKE provides a low-variance approximation to
the true KL objective, and our variance analy-
sis demonstrates that it closely tracks the exact
Rao-Blackwellized estimator with substantially re-
duced gradient noise. Empirically, extensive ex-
periments using the Qwen2.5 series (1.5B and 7B)
and DeepSeek-R1-Distill-Llama-8B on complex
mathematical reasoning benchmarks—including
AIME24, AIME25, MATH500, and Minerva—
demonstrate that TIKE consistently outperforms
standard stochastic estimators (k1, k2, k3). By
achieving near-exact KL estimation at a fraction of
the memory cost, TIKE offers a practical and prin-
cipled solution for scaling reinforcement learning
to increasingly capable language models.

Limitations

While TIKE demonstrates robust performance
across mathematical reasoning benchmarks, sev-
eral limitations merit consideration. First, its effec-
tiveness relies on the Zipfian sparsity hypothesis—
the assumption that probability mass concentrates
heavily in the top-k tokens. In high-entropy gener-
ation scenarios, such as open-ended creative writ-
ing or diverse dialogue generation, heavier distri-
butional tails may lead to non-negligible trunca-
tion bias. Second, although significantly more
memory-efficient than full Rao-Blackwellization,
the required TopK operation introduces slight com-
putational overhead compared to single-sample
estimators, which may impact throughput in ex-
tremely large-scale training. Third, the hyperpa-
rameter k requires task-specific tuning: while k ∈
{8, 16} proved effective across our benchmarks,
optimal values may vary with model architecture,
vocabulary size, and task characteristics. Finally,
while we have validated TIKE across both the

Qwen and Llama model families (Appendix A.2),
our empirical evaluation focused on mathematical
reasoning; generalization to other domains such
as code generation, instruction following, or multi-
turn dialogue remains to be validated.

Ethics Statement

TIKE is designed to improve the stability and ef-
ficiency of reinforcement learning for large lan-
guage models, and we encourage practitioners to
pair such methods with robust safety evaluations
and alignment procedures. All experiments follow
relevant data usage policies and licensing terms:
the datasets employedDAPO-Math-17k for train-
ing, and AIME24, AIME25, MATH500, Minerva,
and GSM8K for evaluationare publicly available
benchmarks, and the Qwen2.5 model series (0.5B,
1.5B, and 7B variants) used in our experiments is
released under open-source licenses permitting re-
search use. To facilitate reproducibility, our imple-
mentation code is available at a GitHub repository.
Our experiments were conducted on NVIDIA
H200 GPUs; while large-scale training incurs sub-
stantial energy consumption, TIKE’s memory effi-
ciency may contribute to reducing computational
waste. Finally, we used Cursor to assist with code
development in accordance with ACL submission
policies and broader research ethics guidelines,
while all scientific contributions, experimental de-
sign, and manuscript content reflect the authors’
original work.
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A Appendix

A.1 Top-k Coverage and Truncation
Residual Analysis

Step Regime Frac. mean
m16

mean
H(πθ)

mean
|ξtail|

p95
|ξtail|

10
m16≥0.99 0.332 0.9983 — 1.68e-4 7.12e-4
m16<0.90 — 0.709 3.94 1.30e-2 3.34e-2

50
m16≥0.99 0.347 0.9986 — 5.07e-4 2.24e-3
m16<0.90 — 0.650 4.45 2.11e-2 5.08e-2

90
m16≥0.99 0.387 0.9987 — 6.45e-4 3.07e-3
m16<0.90 — 0.690 4.10 2.59e-2 5.89e-2

Table 2: Truncation residual stratified by Top-16 mass
coverage regime at different training steps. “Frac.”
denotes the fraction of token positions falling in the
high-mass bucket; entropy H(πθ) is reported only for
the low-mass regime to characterize its distributional
spread.

We audit the truncation residual ξtail(ht) =
DKL(ht)−Dk

KL(ht) and the Top-k mass coverage
mk(ht) =

∑
v∈Sk

t
πθ(v | ht) on Qwen2.5-1.5B-

Instruct TIKE checkpoints at training steps 10, 50,
and 90. We use 32 prompts from DAPO-Math-
17k, generating 512 tokens per prompt (tempera-
ture = 1.0), and evaluate ∼30K token-positions
per checkpoint. At each position, we compute
both the exact full-vocabulary KL and the trun-
cated Top-k KL.

Residual by Mass Regime Table 2 reports
token-level statistics of the truncation residual,
stratified by the Top-16 mass coverage m16 into
a high-mass regime (m16 ≥ 0.99) and a low-mass
regime (m16 < 0.90). In the high-mass regime,
the residual is negligible (p95 |ξtail| ≤ 3.1× 10−3

for k=16). In the low-mass regime, which typ-
ically corresponds to higher-entropy token posi-
tions, residuals increase but remain within a man-
ageable range.

A.2 Cross-Architecture Generalization

To verify that TIKE’s benefits are not limited
to the Qwen model family, we evaluate on a
different backbone architecture: DeepSeek-R1-
Distill-Llama-8B (Liu et al., 2025a). We compare
TIKE32 against the K3 baseline under the same
evaluation protocol used in the main experiments.
Table 3 reports the results.

The results demonstrate consistent gains of
TIKE over K3 across all benchmarks and metrics.
The improvements are particularly pronounced on
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Method
AIME25 AMC23 AIME24

Mean Pass Mean Pass Mean Pass

K3 26.25 44.95 79.53 93.82 32.19 70.93
TIKE32 30.31 53.23 87.11 94.66 41.56 74.52

∆ +4.06 +8.28 +7.58 +0.84 +9.37 +3.59

Table 3: TIKE32 vs. K3 on DeepSeek-R1-Distill-
Llama-8B across reasoning benchmarks. TIKE con-
sistently outperforms K3 on all metrics (Mean@32,
Pass@32), confirming the benefit transfers beyond the
Qwen family.

AIME24 (+9.37 Mean@32) and AIME25 (+8.28
Pass@32), confirming that the benefit of TIKE-
based KL estimation generalizes across model
families.

A.3 Computational Cost Profiling

Figure 5: Computational cost of TIKE as a function
of Top-k on DeepSeek-R1-Distill-Llama-8B (log–log
axes, dual y-axis). Markers are measured; solid lines
are power-law fits; dashed segments extrapolate to full
vocabulary (|V| ≈ 100K). The green circle at k=16
shows negligible overhead over the k3/top1 baseline.

To quantify the computational overhead
of TIKE, we instrumented training with
torch.profiler and recorded per-step wall-
clock time and peak GPU memory for each Top-k
setting on DeepSeek-R1-Distill-Llama-8B, using
k3/top1 as the baseline. Each configuration was
run repeatedly until convergence behavior stabi-
lized, and the main training sweep covered k up
to 512; larger values were additionally profiled to
characterize scaling behavior. Figure 5 visualizes
the results on log–log axes, and we fit a power-law
model y = a + b · kp to the measurements, ob-
taining Time(k) = 816.44 + 0.5998 · k1.194
(R2 = 0.99954, RMSE = 14.90) and

Setting Time
(s)

∆Time
(s)

Mem.
(GB)

∆Mem.
(GB)

k3/top1 785.6 — 150.5 —
top16† 840.1 +54.5 150.7 +0.2
top1024‡ 3185.0 +2399.4 162.7 +12.2
top100k∗ ∼563k +562k ∼1276 +1125

Table 4: Cost at key operating points (full scaling in
Figure 5). † recommended default; ‡ profiled maxi-
mum; ∗ power-law extrapolation to full vocabulary.

Mem(k) = 150.54 + 0.01289 · k0.988

(R2 = 0.99926, RMSE = 0.0984). These
fits indicate that step time grows super-linearly
(p ≈ 1.19) while memory grows near-linearly
(p ≈ 0.99) in k over the profiled range, explaining
why very large k quickly becomes impractical:
extrapolating to a full vocabulary such as Qwen’s
(|V| ≈ 100K) yields a prohibitive step time of
∼563k s and ∼1276 GB peak memory—neither is
tolerable for RL training.

Table 4 reports the cost at four representative op-
erating points. At the recommended default k=16,
step time increases by only +54.5 s (+6.9%) and
peak memory by only +0.2GB (+0.1%) relative
to the k3/top1 single-sample baseline, i.e., nearly
the same resource footprint in practice. These
results confirm that TIKE occupies a favorable
regime on the accuracy–cost frontier: it retains
the fidelity of dense integration on the Top-k sup-
port while avoiding the prohibitive cost of full-
vocabulary KL computation.

A.4 KL Coefficient Robustness

β Method
AIME25 AMC23

Mean Pass Mean Pass

1E-3
TIKE 3.54 14.10 39.45 58.96
K3 1.67 6.53 35.00 53.08

5E-4
TIKE 1.89 9.15 35.70 56.38
K3 2.92 7.58 34.70 52.22

Table 5: TIKE vs. K3 under different KL coefficients
(β). TIKE remains competitive or superior across both
settings (Mean@32, Pass@32), demonstrating robust-
ness to this hyperparameter.

To verify that TIKE’s advantage is not tied to a
single KL coefficient, we compare TIKE and K3
under two values of β on Qwen2.5-1.5B-Instruct
with 200 GRPO training steps. As shown in Ta-
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Group Method AIME25 AMC23 AIME24

mean@32 pass@32 mean@32 pass@32 mean@32 pass@32

Run 1
TIKE16 3.54 14.10 39.45 58.96 9.17 16.20
K3 1.67 6.53 35.00 53.08 6.35 14.06

Run 2
TIKE16 2.29 10.49 38.00 57.99 7.92 14.14
K3 1.88 9.67 37.08 56.99 7.17 15.26

Run 3
TIKE16 2.92 6.63 39.67 64.77 8.23 16.60
K3 1.98 8.65 32.37 47.30 6.71 12.80

Run 4
TIKE16 3.44 11.47 35.31 55.14 7.81 14.98
K3 2.60 10.68 33.83 52.18 6.98 14.99

Mean ± SD
TIKE16 3.05 ± 0.57 10.67 ± 3.10 38.11 ± 2.01 59.22 ± 4.04 8.28 ± 0.62 15.48 ± 1.13
K3 2.03 ± 0.40 8.88 ± 1.77 34.57 ± 1.99 52.39 ± 3.98 6.80 ± 0.36 14.28 ± 1.11

δMean TIKE16 − K3 1.02 1.79 3.54 6.83 1.48 1.20
t paired one-sided 3.303 0.878 2.400 1.852 3.090 1.094
p paired one-sided 0.023 0.222 0.048 0.081 0.027 0.177

Table 6: Multi-seed reproducibility results for TIKE16 vs. K3 on Qwen2.5-1.5B-Instruct (200 steps, 4 seeds).
The table consolidates per-seed results, aggregated statistics (mean ± SD), and paired one-sided t-tests (H1 :
µTIKE−K3 > 0). Significant p-values (p < 0.05) are bolded.

ble 5, TIKE outperforms K3 on most metrics un-
der both coefficients, indicating that the observed
advantage is not an artifact of a specific β set-
ting. The consistent improvement across β ∈
{0.001, 0.0005} supports the general applicability
of TIKE.

k mean mk mean |ξtail| p95 |ξtail|

16 0.876 1.24e-2 4.11e-2
64 0.921 8.08e-3 2.72e-2

256 0.948 5.20e-3 1.71e-2

Table 7: Truncation residual at step 90 for varying k.
Larger k reduces the residual, but with diminishing
marginal benefit beyond k=16.

Effect of Increasing k Table 7 shows that the
residual diminishes monotonically as k increases,
with diminishing returns beyond k=16 in our set-
ting (reported at step 90).

These results suggest that k=16 provides a prac-
tical default: residuals are negligible in the high-
mass regime (which covers a substantial fraction
of token positions), and remain manageable even
in higher-entropy regions. Practitioners may in-
crease k when task-specific error tolerance de-
mands tighter approximation.

A.5 Multi-Seed Reproducibility
To assess reproducibility and statistical reliabil-
ity, we conduct a paired multi-seed comparison
between TIKE16 and K3 using Qwen2.5-1.5B-
Instruct with GRPO for 200 training steps. We use
4 independent seeds with matched random states,
and Table 6 consolidates the evidence: the up-
per block lists per-seed results, the middle block
aggregates them into mean ± SD, and the lower
block reports the paired mean difference together
with one-sided t-tests under H1 : µTIKE−K3 > 0.

Three observations stand out. First, TIKE16

achieves a positive mean improvement over K3 on
all six metrics, with the largest absolute gains on
AMC23 (+3.54 mean@32 and +6.83 pass@32).
Second, the improvements are statistically sig-
nificant (p < 0.05) on three mean@32 met-
rics (AIME25, AMC23, AIME24); the remaining
three metrics, while not reaching significance at
this sample size, trend in the same direction with
positive t-statistics. Third, the per-seed rows show
that TIKE16 outperforms K3 on the majority of
metric–seed cells rather than being driven by a sin-
gle favorable run, consistent with the paired test
design. We acknowledge that four seeds provide
limited statistical power; nevertheless, the consis-
tent direction of effect across all metrics, com-
bined with the variance reduction from pairing,
supports the robustness of the observed gains.
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