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Abstract

Graph-related tasks are traditionally addressed
with Graph Neural Networks (GNNs) or graph
transformers, but their task-specific training
limits generalization. Large Language Mod-
els (LLMs) offer stronger generalization, yet
encoding graphs as one-dimensional text strug-
gles to capture multi-hop dependencies and
two-dimensional topology. Vision-Language
Models (VLMs) provide an alternative by vi-
sualizing graphs, but rendering large graphs in
a single image causes clutter, occlusion, and
distraction, hindering reasoning. We propose
MuSe, a novel multi-stage graph reasoning
framework based on VLMs. Instead of process-
ing entire graphs at once, MuSe incrementally
samples and visualizes task-relevant subgraphs,
enabling progressive reasoning. The frame-
work employs a two-stage training paradigm:
supervised fine-tuning to acquire local sam-
pling and reasoning skills, followed by rein-
forcement learning with GRPO to refine the
sampling strategy and control dialog length. To
support evaluation, we introduce LGVLQA, a
new multimodal dataset with larger and more
complex graph structures, addressing the scala-
bility limitations of existing benchmarks. Ex-
periments show that MuSe consistently out-
performs leading LLM and VLM baselines,
demonstrating improved structural understand-
ing and reasoning ability. Our code and data
are available at this url.

1 Introduction

Graphs are widely used to represent complex rela-
tionships and interactions, playing a central role in
domains such as social networks (Cao et al., 2020;
Huang et al., 2021), knowledge graphs (Zhang
et al., 2021; Liu et al., 2022; Wei et al., 2024b),
and recommender systems (He et al., 2020; Wang
et al., 2021). Efficiently understanding graph struc-
tures and performing reasoning over them remains
a major challenge in artificial intelligence. Tradi-
tional approaches rely on Graph Neural Networks
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Figure 1: Existing VLM-based approaches typically vi-
sualize the entire graph within a single image, which
often results in visual clutter in large graphs. Such full-
graph visualization also introduces irrelevant informa-
tion that hinders reasoning and increases computational
cost. In contrast, performing multiple local samplings
and visualizing subgraphs can mitigate these issues.

(GNNs) (Jiang et al., 2019; Xu et al., 2018) and
graph transformers (Zhang et al., 2020; Kreuzer
et al., 2021; Chen et al., 2022), which excel at mod-
eling local dependencies and structural relations.
However, these methods often suffer from limited
generalization, task-specific architectural design
and data requirements, and weak interpretability.

Recently, Large Language Models (LLMs) have
shown remarkable general-purpose reasoning capa-
bilities in natural language processing (Wei et al.,
2022; Yu et al., 2023; Zhou et al., 2022; Jiang et al.,
2023a,b; Li et al., 2025; Zhang et al., 2025), and
have been increasingly applied to graph-related
tasks. Compared to GNN-based methods, LLMs of-
fer strong generalization and notable advantages in
zero-shot/few-shot reasoning and multi-task learn-
ing. Many studies convert graph structures into tex-
tual descriptions and feed them to LLMs, achieving
promising results in several graph reasoning tasks
(Fatemi et al., 2023; Wang et al., 2023).
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However, whether LLMs can truly capture the
two-dimensional topology of graphs through text
sequences remains questionable (Chu et al., 2025;
Chen et al., 2024a; Zhang et al., 2024). Graphs fun-
damentally encode spatial relations among nodes,
and mapping them into linear sequences often fails
to preserve this structure. In particular, reason-
ing tasks involving multi-hop dependencies, where
indirect relations must be inferred through inter-
mediate nodes, are difficult to express with one-
dimensional text. This mismatch hinders the accu-
racy and interpretability of reasoning.

To overcome these limitations, recent work has
explored Vision-Language Models (VLMs), which
visualize graphs as images to leverage visual per-
ception of connectivity and topology (Wei et al.,
2024a). This approach aligns with human intuition:
when solving graph problems, people often rely
on diagrammatic representations to better perceive
structural relations. As shown in Figure 1, current
VLM-based methods typically render the entire
graph in a single image. When graphs are large,
this leads to excessive edge crossings, overlap, and
visual clutter, making the graph difficult to inter-
pret. Moreover, full-graph visualization inevitably
includes irrelevant information that may distract
reasoning and increase computational overhead.

To address these issues, we propose MuSe, a
novel Multi-Stage Graph Reasoning framework
via Vision-Language Models. Instead of visualiz-
ing the entire graph, MuSe incrementally samples
and renders task-relevant subgraphs, enabling pro-
gressive reasoning while avoiding irrelevant noise
and visual clutter. We design a two-stage training
framework: (i) supervised fine-tuning (SFT) to ac-
quire local sampling and reasoning abilities, and (ii)
reinforcement learning with Group Relative Policy
Optimization (GRPO) (Shao et al., 2024) to further
optimize the sampling strategy while constraining
the dialog length.

In addition, we construct Large-scale Graph
Vision-Language Question Answering (LGVLQA),
a new multimodal dataset for large-scale graph
reasoning. Compared to existing benchmarks,
LGVLQA features larger and more complex graph
structures, making full-graph visualization partic-
ularly challenging and filling the scalability gap
of prior datasets. Experiments show that MuSe
consistently outperforms leading LLLM and VLM
baselines on multiple graph reasoning tasks.

Our main contributions are as follows:

* We point out that current VLM-based graph un-

derstanding suffers from visual clutter when large
graphs are rendered in a single image, which limits
reasoning effectiveness.

* We propose MuSe, a novel multi-stage graph
reasoning framework based on VLMs, which en-
ables the model to progressively sample local sub-
graphs and integrate information.

* We construct LGVLQA to cover larger graph
structures, addressing the limited scalability of ex-
isting datasets.

* MuSe achieves superior performance over
LLM and VLM baselines, highlighting its effec-
tiveness in structural understanding and general
graph reasoning.

2 Related Works

2.1 Graph reasoning

Graph reasoning (Battaglia et al., 2018; Wu et al.,
2020) aims to perform inference and decision-
making based on structural relations in graphs, with
broad applications in domains such as social net-
work analysis (Newman, 2003; Leskovec et al.,
2008), knowledge graph question answering (Bor-
des et al., 2013), recommender systems (Koren
et al., 2009; He et al., 2017), and molecular prop-
erty prediction (Gilmer et al., 2017). To address
this problem, numerous task-specific models have
been developed. Classic Graph Neural Networks
(GNNs), such as GCN (Jiang et al., 2019), GAT
(Velickovi¢ et al., 2017), GraphSAGE (Hamilton
et al., 2017), MPNN (Gilmer et al., 2017), and GIN
(Xu et al., 2018), leverage message-passing mech-
anisms to model local dependencies and topologi-
cal structures. More recently, graph transformers
(Zhang et al., 2020; Kreuzer et al., 2021; Chen et al.,
2022) based on self-attention mechanisms have fur-
ther enhanced representational power and the abil-
ity to capture long-range dependencies. Although
these models achieve strong performance on spe-
cific tasks, they usually require training tailored to
particular tasks or datasets, making it difficult to
generalize across tasks. Moreover, their reasoning
processes often lack transparency and interactiv-
ity, which significantly limits their applicability in
user-centric scenarios.

2.2 LLMs and VLMs on Graph Reasoning

With the rise of Large Language Models (LLMs),
researchers have begun exploring their general rea-
soning abilities for graph reasoning tasks. Existing
approaches can be broadly categorized into two
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directions. The first leverages LLMs as representa-
tion enhancers (Liu et al., 2023; Yang et al., 2021),
where LLMs encode textual node attributes that
are then fed into GNNs. While this enriches graph
representations, the reasoning process still relies on
conventional GNNSs, and thus inherits their limita-
tions in generalization and interpretability. The sec-
ond line of work treats LLMs directly as reasoners
(Li et al., 2025; Zhang et al., 2025), exploiting their
strong general-purpose reasoning capabilities and
zero-/few-shot adaptability for graph tasks. For ex-
ample, GraphWiz (Chen et al., 2024a) and Instruct-
GPT (Ye et al., 2023) transform graphs into textual
descriptions and use instruction tuning to adapt
to different downstream tasks. Other approaches
(Fatemi et al., 2023; Guo et al., 2023) further en-
hance performance through prompt engineering
and template-based optimization of graph descrip-
tions. Beyond textual descriptions, approaches
such as GraphGPT (Tang et al., 2024), GraphTo-
ken (Perozzi et al., 2024), and LLaGA (Chen et al.,
2024b) encode graphs into specially designed token
sequences mapped to the LLM’s language space,
enabling reasoning within a unified text representa-
tion. However, these approaches inherently depend
on sequential representations, which struggle to
preserve the spatial topology of graphs, limiting
their effectiveness on graph reasoning tasks.

To overcome the limitations of purely textual
methods, some studies have introduced visual
modalities, inspired by the human tendency to
rely on diagrammatic representations when solving
graph problems. GITA (Wei et al., 2024a) repre-
sents the first systematic framework of this kind,
rendering graph structures as images and combin-
ing them with textual descriptions as input to a
VLM. This approach achieves strong performance
across multiple graph reasoning tasks, demonstrat-
ing the potential of vision-enhanced strategies.
However, static visualization of the entire graph of-
ten leads to edge crossings, redundancy, and noise
in large-scale graphs, which reduce structural clar-
ity and distract reasoning. Furthermore, existing
VLM-based methods lack explicit reasoning chains,
limiting interpretability.

3 Method

3.1 Preliminary

In graph reasoning task, the input typically consists
of two components: (i) a graph structure G =
(V,E), where V denotes the set of nodes and F

denotes the set of edges; and (ii) a task requirement
or query (). The objective of the model 7 is to
generate a reasonable answer A based on (G, @),
which can be formalized as:

A=1(G,Q) (1)

In LLM-based graph reasoning methods, the
graph G needs to be transformed into a textual rep-
resentation G”. This transformation enables rea-
soning within the natural language space, thereby
improving interpretability and leveraging the pow-
erful reasoning capabilities of LLMs. In this case,
the reasoning process can be expressed as:

A=n(GT,Q) (2)

Recent studies propose to enhance graph reason-
ing with visual information. Specifically, the graph
G is visualized as an image G, which is provided
as an input to VLM alongside its textual form G7.
This multimodal integration facilitates a better un-
derstanding of the graph’s topology. Accordingly,
the reasoning process can be formalized as:

A=n(G"G",Q) 3)

3.2 Architecture

To address the limitations faced by current VLMs
in graph reasoning, we propose a novel multi-stage
graph reasoning framework based on VLMs. In-
stead of solving a graph reasoning problem in
a single step, our approach decomposes it into
a sequence of dialog interactions. A complete
reasoning process is divided into multiple rounds
t =1,...,T, where at each round the model gener-
ates a response by considering the historical context
and the query. The outcome of the ¢-th round can
be represented as:

Rt - W(GTa Qa Htfl)v

4
t=1,...,7, Hy=9 @

where H; denotes the historical context up to round
t, which includes the model’s previous reasoning
steps and the visualized images of the sampled sub-
graphs. The process can be expressed in a recursive
form as:

Hy = Hy y U{R;,GI} (5

where @tl denotes the visualized image of the sub-
graph sampled at round ¢.
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Figure 2: Overview of our method. The VLM starts reasoning from the initial inputs @ and G*. When the
information is insufficient, it outputs a sampling request. The graph visualizer samples and visualizes subgraphs
based on the sampling parameters output by the model. After receiving the returned image, the model continues the
reasoning process.Through iterative sampling and reasoning, the model progressively refines its understanding until

it generates the final answer.

In each dialog round, the model may take one of
two possible actions, either action terminates the
current round of dialog:

Sample. The model can sample a subgraph from
the original graph G. When sampling, the model
outputs a structured text segment of the form:
<sample> sample(G, r, h) </sample>, where 7 is
the root node and A is the hop count. The sam-
pling procedure is implemented by a Python utility
function and adopts the standard A-hop subgraph
sampling definition:

sample(G,r, h) = G= {V,E}a
V ={veV|disg(v,r) <h}, (6)

E={(uv)|ueV,veV}
where disg (v, r) denotes the shortest-path distance
between node v and the root node  in graph G.

Answer. When the model has gathered sufficient
reasoning information, it outputs the final answer in
the form <answer> ... </answer> and terminates
the multi-round dialog.

As illustrated in Figure 2, the VLM initiates
reasoning based on the initial inputs Q and G7.
When the available information proves insufficient,
it actively samples a subgraph and acquires its cor-
responding visualized representation, then incor-
porates the accumulated historical information to

continue the reasoning process. Through succes-
sive iterations, the VLM progressively refines its
understanding and terminates the dialog once it has
acquired sufficient information to produce the final
answer.

3.3 Training
3.3.1 Data Construction

We employ GPT-4o to transform the original train-
ing data into Chain-of-Thought (CoT) multi-turn
dialogues with a well-defined structured output for-
mat. For each question, GPT-40 engages in mul-
tiple rounds of interaction, strictly adhering to the
following constraints:

* In each round, all reasoning steps must be en-
closed within <think> ...</think> tags.

* Every sampling request must follow the format:
<sample> sample(G,r,h) </sample>.

* Once the model outputs a sampling request,
the reply must terminate immediately, awaiting the
environment to return the rendered subgraph image
before initiating the next round of dialogue.

* When the current information is sufficient to de-
rive the final answer, the model should, after reason-
ing, output it in the format <answer>...</answer>
and end the dialogue.

We filter the multi-turn dialogue data generated
by GPT-40, retaining only those dialogues that are
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strictly format-compliant and yield correct final
answers, to construct the SFT dataset Dgp7. This
filtering step ensures that, during the SFT stage, the
model learns both the rigid interaction format and
the correct reasoning paradigm.

3.3.2 Supervised Fine-Tuning

During supervised fine-tuning, the model is trained
on Dgpr. Each training instance consists of the
initial input (G, @), and the corresponding multi-
turn interaction trajectory Hr. The objective is to
maximize the likelihood of generating the correct
response sequence conditioned on the given inputs,
formulated as:

T
Lspr(0) ==Y log Py(R | GT,Q, Hy 1)

t=1

(N
The goal of SFT is to ensure that the model
adheres to the predefined structured interaction
format while internalizing effective reasoning and
sampling strategies distilled from GPT-40 demon-
strations, thereby establishing a solid foundation

for subsequent GRPO optimization.

3.3.3 Reinforcement Learning with GRPO

To further refine the sampling strategy of the
SFT-trained model, particularly to prevent exces-
sive sampling steps and potential infinite loops,
we introduce Group Relative Policy Optimization
(GRPO) for reinforcement learning.

GRPO follows a simple yet effective principle:
comparing the relative merits of multiple candi-
date answers to the same problem. In our set-
ting, given an initial input (G, Q), the current
policy 7,4 conducts N complete multi-turn dia-
logues {dj,...,dy} and obtains the correspond-
ing rewards {r1,...,7rn}. The relative advantage
of each dialogue is then computed via intra-group
reward normalization:

ri —mean({ry,...,rn})
Std({ﬁy cee 7TN})

where A; denotes the advantage of the i-th multi-
turn dialogue relative to other dialogues within the
group. Specifically, We design two complemen-
tary reward signals to guide the model toward both
structural compliance and reasoning correctness:

* Foramt reward(r f,,,;) : The model receives a
score of 1.0 if it strictly adheres to the predefined
interaction format by using <think>...</think> and
<sample>...</sample> in intermediate rounds, and

A = 8)

<think>...</think> <answer>...</answer> in the
final round. Otherwise, the score is 0.0.

* Accuracy reward (r,..) : The model receives
a score of 1.0 if the final answer exactly matches
the ground truth, and O otherwise.

Thus the overall reward is defined as:

T = Tgcc + T fmt 9)

In particular, we impose a hard limit of K in-
teraction rounds per query during GRPO training.
Dialogues exceeding K rounds are truncated, re-
sulting in both rgy = 0 and 7, = 0.

Thus the GRPO objective is defined as:

Lcrpro(9) =

| &

N > "(min (p;As, clip (pi, 1 — €, 1+ €) A;) — BDicr),
=1

met(di | GT, Q) Tret (di | GT, Q)

Dir, = —1 1
KT T 16TQ) T m(di | GTLQ)
(10
o mo(dilGT,Q)
where p; = o (G1GT.0)° € and ( control the

clipping range and the intensity of KL divergence
penalty respectively. 7.y is the reference policy,
used to prevent the optimized policy 7y from devi-
ating too far and causing catastrophic forgetting.

GVLQA LGVLQA

Task Nodes Nodes
Connect [2,35] [2,100]
Cycle [2,35] [2,100]
SP [2,20] [2,100]
MaxFlow [2,20] [2,50]
BGM [2,33] [2,100]
HP [2,20] [2,50]
TS [2,35] [2,50]

Table 1: Comparison of node count ranges between
GVLQA and LGVLQA for different reasoning tasks.

4 Experiment

4.1 Experiment Setup

Datasets. We adopt GVLQA (Wei et al., 2024a)
as our primary evaluation benchmark. GVLQA is a
graph visual-language question answering dataset
supporting multi-modal inputs, and covers seven
representative graph reasoning tasks: connectiv-
ity judgment (Connect), cycle detection (Cycle),
shortest path (SP), maximum flow (MaxFlow), bi-
partite graph matching (BGM), Hamiltonian path
(HP), and the topological sort (TS). However, the
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Dataset GVLQA

Models Connect Cycle TS SP MaxFlow BGM HP Avg
GCN 79.6 70.8 - - 10.3 76.7 - -
GAT 80.9 72.6 - - 11.2 79.8 - -
GraphSAGE 82.7 73.5 - - 11.6 81.0 - -
SAT 83.3 72.9 - - 12.5 80.3 - -
LLaMA2-7B 97.3 946 332 260 9.5 90.8 239 53.6
Vicuna-7B 97.5 95.0 344 259 9.3 91.0 255 54.1
LLaMA3-8B 97.9 96.2 332 283 11.5 926 279 554
Qwen2.5-7B 96.4 955 31.7 272 14.3 91.8 263 54.7
GraphWiz 95.5 927 364 249 12.3 89.3 282 542
TAPE 85.9 93.4 - - 22.3 83.9 - -
LLAGA 89.2 89.4 344 276 16.7 879 27.6 533
Qwen2.5-VL-7B 98.2 96.8 39.6 31.8 20.4 92.5 285 585
InternVL2.5-8B 98.4 95.6 38.7 294 18.9 92.6 304 577
GITA-7B 98.8 96.7 41.1 32.1 20.0 93.2 29.2 58.7
MusSe (Ours) 99.4 974 42.7 353 22.6 94.0 33.8 60.7

Table 2: Performance comparison of models on GVLQA tasks. We report the accuracy for each task and the overall

average accuracy (Avg) as the primary evaluation metrics.

original GVLQA benchmark contains graphs with
relatively few nodes, which may limit the evalua-
tion of model performance on larger-scale graph
structures. Thus we propose LGVLQA to eval-
uate the graph reasoning capability of VLMs in
scenarios with larger graph sizes. LGVLQA con-
tains graphs whose maximum number of nodes
is 2-5x that of GVLQA, while preserving the
same multi-modal input format and covering the
same seven categories of reasoning tasks. This
dataset provides a more challenging benchmark to
assess model performance under large-scale graph
structures. The brief comparison between the two
datasets are shown in the Table 1, while compre-
hensive statistics are available in the Appendix C.

Baselines. We compare four categories of base-
line models: (1) Traditional Graph Neural Net-
works and Transformer-based graph models, in-
cluding GCN (Jiang et al., 2019), GAT (Velickovi¢
et al., 2017), GraphSAGE (Hamilton et al., 2017),
and SAT (Chen et al., 2022); (2) Large language
models, such as LLaMA2-7B(Touvron et al., 2023),
LLaMA3-8B(Grattafiori et al., 2024), Vicuna-7B
(Zheng et al., 2023), and Qwen2.5-7B(Qwen et al.,
2025); (3) Vision-language models, including
Qwen2.5-VL-7B (Bai et al., 2025), GITA-7B (Wei
et al., 2024a), and InternVL2.5-8B (Chen et al.,
2025); (4) GraphLLMs, including GraphWiz (Chen
et al., 2024a), TAPE (He et al., 2024), and LLAGA
(Chen et al., 2024b).

Implement Details. We adopt Qwen2.5-VL-7B
as the base model and perform full-parameter fine-
tuning on eight NVIDIA A800 SXM4 80GB GPUs.
During the SFT stage, we employ the DeepSpeed
Zero-3 optimization strategy with a learning rate
of 2e-5 and train for 12 epochs. The GRPO stage
adopts DeepSpeed Zero-2 with a learning rate of
le-6 and is trained for 3 epochs. The global batch
size is 16 during SFT and 14 during GRPO. Other
configurations remain consistent across both stages,
including a warmup ratio of 0.01, and a maximum
image resolution of 262,144 pixels. The graph
visualizer is implemented with Graphviz (Gansner
and North, 2000).

4.2 Main Results

Evaluation on GVLQA. As shown in Table 2,
our method consistently surpasses various existing
baseline models across all graph reasoning tasks
included in the GVLQA dataset. These results
clearly indicate that the proposed approach can sta-
bly capture critical visual-topological structures in
graphs while effectively incorporating textual in-
structions during the reasoning process, thereby
demonstrating stronger cross-modal collaboration
capabilities. Furthermore, our method maintains
high generalization and robustness across multiple
tasks, which further validates the significant ad-
vantages and broad applicability of the proposed
multi-stage reasoning framework in diverse graph
reasoning scenarios.
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Dataset LGVLQA

Models Connect Cycle TS SP MaxFlow BGM HP Avg
GCN 72.2 81.2 - - 9.4 80.2 - -
GAT 78.4 83.9 - - 10.3 83.3 - -
GraphSAGE 77.3 82.7 - - 10.0 82.1 - -
SAT 78.0 82.6 - - 11.7 81.7 - -
LLaMA2-7B 86.9 784 167 134 24.6 743 284 457
Vicuna-7B 87.2 80.6 17.8 129 23.9 75.1  29.2 46.2
LLaMA3-8B 88.8 82.8 189 15.0 25.2 78.0 30.5 48.0
Qwen2.5-7B 87.3 779 194 142 26.9 72.1  30.7 45.6
GraphWiz 89.5 71.1  17.0 12.8 28.2 733 382 472
TAPE 72.9 81.3 - - 11.8 81.2 - -
LLAGA 89.2 754 144 18.6 31.0 749 36.6 48.6
Qwen2.5-VL-7B 91.2 82.8 19.6 16.8 24.4 75.8 38.5 50.0
InternVL2.5-8B 90.4 81.6 187 154 23.9 74.6 374 489
GITA-7B 91.6 82,5 19.1 16.2 24.8 779 389 504
MusSe (Ours) 93.6 854 223 209 31.8 84.5 40.7 54.2

Table 3: Performance comparison of models on LGVLQA tasks. We report the accuracy for each task and the
overall average accuracy (Avg) as the primary evaluation metrics.

Evaluation on LGVLQA As shown in Table
3, when the experimental setting is shifted to the
LGVLQA dataset with larger node scales, the
proposed method not only maintains its superior-
ity over all baseline models across all tasks, but
also exhibits an even greater performance margin
compared to its results on GVLQA. In this large-
scale graph scenario, conventional VLMs no longer
demonstrate a performance advantage over other
approaches. The primary reason is that existing
baselines often rely on single-shot visualization
of the entire graph, when the graph size grows
significantly, node overlapping and information re-
dundancy make it difficult for the model to extract
salient topological features from cluttered visual
inputs. In contrast, our method employs a dynamic
subgraph sampling strategy to precisely select task-
relevant topological structures, effectively avoiding
the interference induced by large-scale graph visu-
alizations and reducing the burden of processing re-
dundant information. Consequently, the proposed
approach sustains stable reasoning performance
as node scales increase, highlighting its stronger
adaptability and scalability, which fully aligns with
the original design goals.

5 Ablation

5.1 Impact of Training Strategies

To evaluate the impact of different training strate-
gies on model performance, we re-train our model

using three distinct strategies and conduct evalua-
tion on GVLQA dataset:

* Strategy 1: Full SFT. Performing SFT on the
entire training dataset as the baseline approach.

* Strategy 2: Two-stage training with SFT as the
primary phase. Performing SFT on 80% of the data
to allow the model to fully acquire the fundamen-
tal knowledge and reasoning patterns required for
graph reasoning tasks, followed by GRPO on the re-
maining 20% to further enhance strategic decision-
making capabilities.

* Strategy 3: Two-stage training with GRPO as
the primary phase. Conducting a cold-start SFT on
only 20% of training data, then applying GRPO on
the remaining 80% of training data.

As shown in Table 4, Strategy 3 yields the poor-
est performance, Strategy 1 achieves intermediate
results, and Strategy 2, which is adopted in this
work, delivers the best overall performance.

From a training dynamics perspective, the de-
graded performance of Strategy 3 is primarily due
to the limited SFT phase. Graph reasoning tasks
are inherently challenging, requiring the model to
understand complex topological structures and con-
duct complex reasoning. With insufficient exposure
to the foundational patterns and knowledge during
SFT, the model enters the GRPO stage without
a strong initial policy. Consequently, even with
numerous rollouts, it struggles to produce correct
answers consistently and fails to establish a relative
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Strategy MaxFlow SP TS Avg
Strategy 1 21.1 33.6 409 59.1
Strategy 2 22.6 353 427 60.7
Strategy 3 15.6 182 245 348

Table 4: Comparison of three training strategies.We
report the average accuracy across all tasks based on the
GVLQA as the primary evaluation metric, and further
present detailed results on three representative tasks:
MaxFlow, SP, and TS.

advantage within GRPO groups, leaving limited op-
timization potential. In contrast, Strategy 1 allows
the model to acquire a complete foundation through
full SFT, but without introducing policy optimiza-
tion, its performance remains constrained by the
inherent limitations of purely supervised strategy
selection. Strategy 2 combines the advantages of
both approaches: leveraging abundant SFT data to
construct a robust base model, and using a smaller
proportion of GRPO data to refine strategy selec-
tion and decision-making capabilities. This en-
sures stable task comprehension while effectively
improving performance in complex reasoning sce-
narios, thereby validating the effectiveness of our
proposed two-stage training framework for graph
reasoning tasks.

5.2 Impact of Maximum Interaction Rounds

To investigate how the maximum number of inter-
action rounds K in the GRPO training stage affects
the performance of our model, we keep all other
training parameters fixed while setting K to 2, 3, 4,
5, and 10, respectively and conduct evaluation on
GVLQA dataset.

The experimental results, as shown in Table 5,
demonstrate a rapid initial improvement in accu-
racy, which subsequently stabilizes: when K in-
crease from 2 to 3, accuracy improves significantly;
further increasing from 3 to 4 yields another no-
table gain; however, when K increases from 4 to 5,
and from 5 to 10, only slight fluctuations in accu-
racy are observed.

These findings suggest a clear trade-off between
the round limit and model performance: while a
moderate increase in interaction rounds allows the
model to gather more task-relevant subgraph infor-
mation, thereby improving answer quality in com-
plex reasoning scenarios, in most graph reasoning
tasks approximately five rounds are sufficient to col-
lect all necessary information to derive the correct
answer. Limiting rounds to around this value also

K MaxFlow SP TS Avg
2 14.3 29.7 254 484
3 19.8 344 392 56.8
4 22.1 353 424 60.0
5 22.6 353 427 60.7
10 229 353 427 60.9

Table 5: Performance Variation Across Different Max-
imum Interaction Rounds K. We report the average
accuracy across all tasks based on the GVLQA as the
primary evaluation metric, and further present detailed
results on MaxFlow, SP and TS.

encourages the model to identify an optimal reason-
ing path within the constraint rather than engaging
in excessive sampling of little benefit to problem-
solving. Beyond five rounds, additional increases
in K fail to produce substantial performance gains,
and may instead lead to higher training costs and
longer inference time.

6 Conclusion

We propose MuSe, a novel multi-stage graph rea-
soning framework via vision-language models.
MusSe progressively samples and visualizes task-
relevant subgraphs to enable incremental reasoning,
effectively mitigating the interference caused by
node overlap, occlusion, and irrelevant information
in large-scale graphs. To further assess its scala-
bility, we construct LGVLQA, a new multimodal
graph reasoning dataset that encompasses larger
and more complex graph structures. Experimental
results demonstrate that MuSe consistently and sig-
nificantly outperforms LLLM and VLM baselines,
showcasing superior structural understanding and
reasoning capabilities.

7 Limitations

Our method depends on GPT-generated large-scale
dialogue data for SFT, since GPT has low accuracy
on graph reasoning tasks, we must generate reason-
ing with the correct answer provided, however, this
can result in oversimplified reasoning for complex
problems. Enhancing the quality and completeness
of such data remains an open challenge. In addition,
the current method is tailored for graph reasoning
tasks, in future work, we plan to extend the pro-
posed framework to broader application scenarios,
including text-attributed graphs, knowledge graphs,
and other graph-based reasoning tasks, in order to
further enhance its generality and applicability.
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A Multi-Turn Dialog Data Generation

As illustrated in Figure 3, we present the system
prompt template employed to guide GPT-40 in gen-
erating the SFT training data.

B Quality Inspection of Synthetic Data

The synthetic data will be filtered and processed
through three stages: rule-based verification of for-
mat and answer correctness, inspection for overly
simplified reasoning, and logical consistency vali-
dation.

Rule-based verification The rule-based check-
ing consists of three steps, including: 1) checks
on format compliance: check whether all thinking
processes are within the <think> </think> tags,
whether sampling is invoked in the form of <sam-
ple> sample(r, h) </sample> , and whether the
answer is within the <answer> </answer> tags.
2) correctness of function-call arguments: r must
be a node existing in the graph, and h must be an
integer. 3) accuracy of the final answers. Samples
that did not meet these criteria were regenerated.

Inspection for overly simplified reasoning
Then, for samples with high reasoning difficulty
but with dialog rounds < 2, we conducted manual
inspection. If we observed overly simplified rea-
soning or insufficient explanation in responses, we
prompted GPT-40 to regenerate more fine-grained
reasoning paths.

Logical consistency validation We further em-
ployed GPT-40 as judge to detect whether gener-
ated dialogues contain logical contradictions. Any
problematic samples identified by this automated
consistency check were regenerated.

Through this multi-stage filtering and refinement
process, we have done our best to ensure that, at
the current dataset scale, the synthetic training data
maintains a high level of quality and reasoning
soundness.

C Dataset Statistics

We present a detailed statistical comparison be-
tween the GVLQA and LGVLQA datasets in Table
6, including the range of node counts (Nodes) and
the range of edge counts (Edges) for each task, as
well as the average number of nodes (Avg. N) and
the average number of edges (Avg. E). This pro-
vides a comprehensive quantification of the data
complexity and graph structure scale.

10452


https://doi.org/10.18653/v1/2024.findings-emnlp.127
https://doi.org/10.18653/v1/2024.findings-emnlp.127

Dataset GVLQA LGVLQA

Task Nodes Avg.N Edges Avg.E Nodes Avg. N Edges Avg E
Connect  [2,35] 25.0 [1,363] 954 [2,100] 499 [1,384] 106.8
Cycle [2,35] 234 [4,38] 23.6  [2,100] 49.7 [1,301] 80.8
TS [2,35] 21.8  [0,323] 114.1  [2,50] 24.6  [3,361] 168.3
Sp [2,20] 13.6 [4,63] 239 [2,100] 49.6 [3,217] 107.7
MaxFlow [2,20] 13.9  [2,113] 49.1 [2,50] 26.0  [2,147] 555
BGM [2,33] 21.1  [1,129] 51.0 [2,100] 49.7 [0,363] 117.6
HP [2,20] 13.2  [4,132] 45.0 [2,50] 25.3  [4,383] 158.8

Table 6: Statistical comparison of GVLQA and LGVLQA datasets across different tasks, including node and edge

ranges and their averages.

Dataset GVLQA

Models Connect Cycle TS SP MaxFlow BGM HP Avg
InternVL2.5-8B 98.4 95.6 38.7 294 18.9 926 304 577
MusSe-InternVL2.5-8B 99.3 96.8 41.8 339 21.5 94.1 342 60.2
Qwen2.5-VL-7B 98.2 96.8 39.6 31.8 204 925 285 585
MuSe-Qwen2.5-VL-7B 99.4 974 427 353 22.6 94.0 33.8 60.7

Table 7: Performance comparison of models on different base models

D Generalization Evaluation

We further applied our method to InternVL2.5-8B
and evaluated it on GVLQA. As shown in Table 7,
the results show consistent improvements across
all tasks, indicating that our method generalizes
beyond a single model.

E Latency analysis

We conducted latency analysis on GVLQA us-
ing MuSe (trained on Qwen2.5-VL-7B) and other
LLM-based methods with the same family of base
models. As shown in Table 8, we report three
metrics: average inference latency (AIL), first-
token latency (FTL), and average generation length
(AGL), where dir means the model directly out-
puts the final answer, and cot means that the model
is prompted to think step by step before giving the
answer. Our method indeed exhibits higher latency
compared to other methods. This is mainly because
MuSe performs multi-turn reasoning with explicit
visual-text interactions. Such multi-stage inference
enables the model to generate a high-quality and
transparent reasoning process, which leads to sub-
stantial accuracy improvements over other methods.
We acknowledge this latency—accuracy trade-off,
and we consider it meaningful in scenarios where
reliable and interpretable reasoning is preferred
over minimal response time.

AIL (s) FTL (s) AGL (tokens)
Qwen2.5-7B-dir 1.13 16.42
Qwen2.5-7B-cot 1.13 315.76
Qwen2.5-VL-7B-dir 2.18 15.91
Qwen2.5-VL-7B-cot 2.18 297.08
MuSe 19.88 1.37 624.35

Table 8: Latency analysis across different methods on
GVLQA.

F Training Details

All experiments are conducted on eight NVIDIA
A800 SXM4 GPUs with 80GB memory each. The
system environment is configured with CUDA 12.4,
Python 3.10.15, PyTorch 2.7.1, and Transformers
4.57.0. The random seed is fixed to 42 for repro-
ducibility. We adopt full-parameter fine-tuning for
the SFT stage, using Qwen2.5VL-7B-Instruct as
the base model. The training dataset is prepro-
cessed with 4 workers and a maximum sequence
length of 10,000 tokens. We also restrict the maxi-
mum input resolution to 262,144 pixels Optimiza-
tion is performed using the AdamW optimizer with
an initial learning rate of 2e-5 with a warmup ratio
of 0.01. The model is trained for 13 epochs with
mixed-precision training in bfloat16 format. The
batch size is set to 1 per device with a gradient
accumulation of 2 steps, resulting in an effective
batch size of 16 (2 x 8 GPUs). Gradient clipping
is applied with a maximum norm of 1.0. Model
checkpoints are saved every 500 steps, and training
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loss is logged every 5 steps.

We also adopt full-parameter fine-tuning for the
GRPO stage. We use the Qwen2.5VL-7B-Instruct
model fine-tuned with SFT as the base model. Dur-
ing the GRPO stage, we deploy VLLM on a single
GPU to generate rollouts for each sample, with the
rollout number set to 8. The remaining seven GPUs
are used for training, each configured with a batch
size of 1 per device and a gradient accumulation of
2 steps, resulting in an effective batch size of 14 (2
x 7 GPUs). We restrict the maximum input resolu-
tion to 262,144 pixels and the maximum number of
output rounds to 5. The learning rate is set to 1e-6
with a warmup ratio of 0.01, and the maximum out-
put length (including all model outputs throughout
the entire dialogue) is limited to 2048 new tokens.
For multi-turn dialogues, the model outputs from
each round are incorporated into the GRPO logit
computation.

During evaluation, we use deterministic greedy
decoding (equivalent to temperature = Q) to ensure
the reproducibility of the results.

G Case Study

In this section, we present detailed output examples
of MuSe when handling each type of task. Figure 4
illustrates Connect, Figure 5 illustrates Cycle, Fig-
ure 6 illustrates MaxFlow, Figure 7 illustrates SP,
Figure 8 illustrates TS, Figure 9 illustrates BGM,
Figure 10 illustrates HP.

Following the approach of GITA, the textual de-
scription of the graph structure is formulated ac-
cording to the specific task objective. After being
converted into a task-adaptive description G7, it
is concatenated with the problem () and provided
as the first-round input. The model then performs
reasoning based on the given question and the ini-
tial textual description of the graph. When it be-
comes necessary to retrieve task-relevant informa-
tion from a local region of the graph, the model
invokes the operation <sample> sample(G, 1, h)
</sample> to sample and visualize a local subgraph.
The resulting visualization is subsequently fed back
as the next-round user input, enabling the model
to continue reasoning based on both its previous
thoughts and the visualized subgraph. This process
is repeated iteratively until the model outputs the fi-
nal answer in the format <answer> ... </answer>,
thus concluding the multi-turn dialog.

Note: In the figures, some lengthy problem de-
scriptions are truncated for clarity.
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SYSTEM_PROMPT = "'You are a graph reasoning assistant. Your task is to solve problems on
graphs described in text.
You must always follow this strict output format:
1. #*Reasoning process*+*:
* You need to provide your reasoning and must wrap it all in <think> ... </think>.
* Explain why you need to sample certain nodes and hops.
2. *xFunction calls**:
* When you need to inspect part of the graph (at least once), call the function in the form:

<sample> sample(G, root, hops) </sample>
* "G is always the graph, ‘root” is the starting node (must be an integer), and “hops’ is the
number of hops (must be an integer).
* After each "<sample> ... </sample>" you must **stop generating** until the system returns
the result.
3. *xFinal answer*+*:
* Once you have enough information, output your answer using the format:
<answer> <your final answer> </answer>
4. »*Ground-truth enforcementx*:
* The user provides the correct final answer here.
* You must follow the sampling steps and reasoning, and you **must finish** by outputting
the given correct final answer exactly.
* The correct final answer is :
Answer: {ground_truth}
* Do not deviate from the provided ground-truth.

### Example of whole process

{""messages = [
{"role": "user",

“content™: [{"type": "text", "text": “In an undirected graph, (i,j) means that node i and node j
are connected with an undirected edge.\nThe nodes are numbered from 0 to 9, and the edges
are: (1,2) (1,5) (2,8) (2,5) (3,5) (3,7) (4,9) (5,6) (5,8) (5,7) (6,7).\nls there a path between node 1
and node 6 in this undirected graph?"}

14

{"role": "assistant",

"content": "<think> | need to check whether node 1 and node 6 are connected.

First, | will sample the neighborhood of node 1 within 2 hops to see its connections. </think>
<sample> sample(G, 1, 2) </sample>"}

{"role": "user",

"content™: [

{"type": "image_url", "image_url": {"url": "https://example.com/graphl.png"}}
18

{"role": "assistant",

"content™: "<think> From the sample | see that node 1 connects to node 5, and node 5
connects to node 6.
This shows that a path exists. </think>

<answer> Yes. </answer>"}]""}

Figure 3: Here is the system prompt template to guide GPT-40 in generating the SFT training data.

10455



user": "In an undirected graph, (i,j) means that node i and node j are connected with an
undirected edge.\nThe nodes are humbered from 0 to 26, and the edges are: (0,2) (0,10) (0,17)
(0,15) (0,4) (0,22) (0,24) (0,9) (0,3) (0,13) (0,23) (0,7) (0,19) (0,16) (0,6) (0,25) (0,8) (1,10) (1,17)
(1,4) (1,22) (1,24) (1,3) (1,13) (1,23) (1,26) (1,22) (1,19) (1,6) (1,24) (1,25) (1,8) (1,20) (2,10) (2,17)
(2,11) (2,4) (2,24) (2,9) (2,3) (2,13) (2,23) (2,26) (2,7) (2,22) (2,19) (2,6) (2,14) (2,25) (2,8) (3,10)
(3,17) (3,11) (3,15) (3,4) (3,12) (3,24) (3,9) (3,13) (3,26) (3,7) (3,19) (3,16) (3,14) (3,25) (3,8) (3,20)
(4,10) (4,17) (4,11) (4,15) (4,12) (4,24) (4,9) (4,7) (4,19) (4,16) (4,6) (4,25) (4,20) (5,18) (6,10) (6,17)
(6,15) (6,12) (6,24) (6,9) (6,23) (6,7) (6,16) (6,25) (6,8) (7,10) (7,11) (7,15) (7,12) (7,13) (7,22) (7,19)
(7,16) (7,25) (7,8) (7,20) (8,10) (8,17) (8,11) (8,15) (8,12) (8,24) (8,9) (8,23) (8,22) (8,19) (8,16)
(8,14) (8,25) (8,20) (9,10) (9,17) (9,11) (9,12) (9,24) (9,13) (9,23) (9,26) (9,22) (9,19) (9,16) (9,20)
(10,17) (10,11) (10,15) (10,22) (10,24) (10,13) (10,23) (10,26) (10,19) (10,14) (10,20) (11,15)
(11,12) (11,24) (11,13) (11,23) (11,26) (11,19) (11,16) (11,14) (11,20) (12,15) (12,24) (12,23)
(12,22) (12,19) (12,16) (12,24) (12,25) (12,20) (13,15) (13,24) (13,23) (13,19) (13,16) (13,14)
(13,25) (13,20) (14,17) (14,15) (14,24) (14,23) (14,26) (14,22) (14,19) (14,16) (14,25) (14,20)
(15,17) (15,24) (15,23) (15,26) (15,16) (15,20) (16,24) (16,23) (16,26) (16,19) (16,25) (16,20)
(17,23) (17,20) (18,21) (19,23) (19,22) (19,25) (19,20) (20,24) (20,23) (20,22) (20,25) (22,26)
(22,25) (23,24) (23,26) (23,25) (24,26) (24,25) (25,26).\nls there a path between node 21 and
node 22 in this undirected graph?"

"assistant": "<think> To determine whether there is a path between node 21 and node 22, | will
first need to check the connections of node 21. Since node 21 is mentioned only in the edge
(18,21), it's important to check from node 18 as well. | will sample the graph starting from
node 21 with 1 hop to see its immediate connections. </think>\n<sample> sample(G, 21, 1)
</sample>"

user": "<image>Here is the sampled subgraph image"
"assistant": "<think> Node 21 is only connected to node 18. Now, | need to determine if node
18 is connected to node 22. | will sample the graph starting from node 18 with 1 hop to see if it
gives any connections to node 22 or any path that eventually leads to it. </think>\n<sample>
sample(G, 18, 1) </sample>"

user": "<image>Here is the sampled subgraph image"

"assistant": "<think> From the sample, node 18 is connected to nodes 21 and 5. Since node 22
does not appear among these immediate connections of node 18, | need to explore further
from node 5 to see if there is any connection leading to node 22. | will sample the graph
starting from node 5 with 1 hop. </think>\n<sample> sample(G, 5, 1) </sample>"

"user": "<image>Here is the sampled subgraph image"

assistant”: "<think> Node 5 only connects back to node 18 and does not extend any further
towards node 22. Since there are no other connections available from nodes 5, 18, and 21, | can
conclude that there is no path connecting node 21 to node 22 in this graph.
</think>\n<answer> No. </answer>"

Figure 4: This example illustrates how MuSe handles a Connect problem.
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user": "In an undirected graph, (i,j) means that node i and node j are connected with an
undirected edge.\nThe nodes are numbered from 0 to 25, and the edges are: (1,21) (23,2) (7,14)
(9,24) (4,0) (12,18) (17,24) (3,22) (12,23) (5,22) (6,20) (11,13) (8,14) (17,3) (6,10) (14,23) (25,10)
(15,5) (21,20) (4,14) (11,19) (1,8) (13,16) (3,2) (16,25).\nls there a cycle in this undirected
graph?”

"assistant”: "<think> To determine if there is a cycle in the graph, | need to explore the
connections between nodes and see if any path returns to the same starting node without
repeating any edge. \n\nA cycle requires at least 3 nodes. | will start sampling from node 1
since it is part of two edges (1,21) and (1,8). Sampling within 3 hops should provide a good
understanding of potential cycles involving node 1. </think>\n<sample> sample(G, 1, 3)
</sample>"

"user": "<image>Here is the sampled subgraph image"

"assistant": "<think> From the sampled subgraph, | can see the following paths:\n- 1 connects
to 21, 8, and 4.\n- 21 connects to 20.\n- 8 connects to 14.\n- 4 connects to 14.\n- 14 connects
to 23.\n\nHowever, there is no path that forms a cycle (a closed loop where no edge is
repeated). To further verify, | would need to explore other parts of the graph, as this subgraph
does not provide a complete view of all nodes or connections.\n\nNext, | will sample another
node that is part of multiple edges. Node 14 connects to multiple nodes (4, 7, 23, 8). | will
sample from node 14 within 2 hops to check for cycles involving this node.
</think>\n<sample> sample(G, 14, 2) </sample>"

"user": "<image>Here is the sampled subgraph image"

"assistant": "<think> From the expanded subgraph, | observe the following:\n- 14 connects to
4, 7, 23, 8\n- 23 connects to 12 and 2.\n- 12 connects to 14.\n- 8 connects to 14.\n- 1
connects to 4.\n- 0 connects to 4.\n\nDespite seeing more connections, there still is no evident
cycle formed in this part of the graph. Since a cycle requires a return to the starting node
without repeating edges, the current sampling does not show any such formation.\n\nTo
ensure thoroughness, | will sample another node with multiple connections. Node 23 connects
to nodes 12, 2, and 14. | will sample from node 23 within 2 hops to investigate further potential
connections leading to a cycle. </think>\n<sample> sample(G, 23, 2) </sample>"

"user": "<image>Here is the sampled subgraph image"
"assistant”: "<think> In the newly sampled subgraph around node 23, | observe:\n- 23
connects to 12, 14, and 3.\n- 12 connects to 18.\n- 3 connects to 2 and 14.\n- 14 connects to 4,
7, 8, and 23.\n\nFrom this expanded view, there are now several connections, but still, no clear
cycle is visible. There are overlapping connections (e.g., 14 to 23 and back to 14), but they do
not form a closed loop where new nodes are visited without repetition of edges.\n\nGiven the
current exploration, there seems to be no cycle in the graph. Further sampling might not be
necessary since the observed structures do not indicate any cycle formation. </think>\n
<answer> No. </answer>"

Figure 5: This example illustrates how MuSe handles a Cycle problem.
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“user”: “In a directed graph, the nodes are numbered from 0 to 14, and the edges are:\nan
edge from node 0 to node 13 with capacity 8,\nan edge from node 0 to node 7 with capacity
20,\nan edge from node 0 to node 11 with capacity 12,\n ...... Q: What is the maximum flow
from node 14 to node 13:"

assistant™: "<think> To calculate the maximum flow from node 14 to node 13, | need to
analyze the connectivity and capacity of the paths from node 14 (source) to node 13 (sink).
\nFirst, | will sample the neighborhood of the source node (14) to identify its immediate
outgoing edges and their capacities to analyze possible paths. </think> \n<sample> sample(G,
14, 1) </sample>"

"user": "<image>Here is the sampled subgraph image"
"assistant”: "<think> From the sampled subgraph, node 14 has direct edges to node 9 with a
capacity of 16 and to node 10 with a capacity of 13. These allow initial flow from the source
(14). \nFrom node 9, there are edges leading to node 4 and node 11 (which do not directly
lead to the sink node 13). \nFrom node 10, there is a direct edge to node 13 with a capacity of
15. \nTo determine the paths leading to sink 13 and confirm flow possibilities, | need to
explore the neighborhoods of nodes directly connected to 14 (i.e., node 9 and node 10) further
within 2 hops. \nFirst, I'll sample from node 9. </think> \n<sample> sample(G, 9, 2)
</sample>"

"user": "<image>Here is the sampled subgraph image"

"assistant”: "<think> From the sampled graph, | see the following important observations: \n-
Node 9 does not have any direct connections leading to the sink node 13. Thus, node 9 doesn't
contribute to the flow directly toward node 13. \n- Node 10 has a direct connection to node
13 with capacity 15, which can allow a flow. \nHence, to maximize flow, the path will focus on
utilizing node 10's capacity to 13 of 15 units. \nThe maximum flow from node 14 to node 13 is
derived solely based on the direct edge from node 10 to node 13. </think> \n<answer> 25.
</answer>"

Figure 6: This example illustrates how MuSe handles a MaxFlow problem.
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user": "In a undirected graph, the nodes are numbered from 0 to 11, and the edges are:\nan
edge between node 0 and node 9 with weight 7,\nan edge between node 5 and node 0 with
weight 10,\nan edge between node 0 and node 11 with weight 5,\nan edge between node 0
and node 10 with weight 8,\nan edge between node 3 and node 1 with weight 5,\nan edge
between node 1 and node 5 with weight 6,\nan edge between node 1 and node 2 with weight
10,\nan edge between node 2 and node 7 with weight 1,\nan edge between node 5 and node
3 with weight 9,\nan edge between node 11 and node 3 with weight 4,\nan edge between
node 3 and node 7 with weight 2,\nan edge between node 4 and node 6 with weight 5\nan
edge between node 4 and node 8 with weight 5,\nan edge between node 5 and node 8 with
weight 8,\nan edge between node 8 and node 7 with weight 3,\nan edge between node 10 and
node 11 with weight 5.\nThis graphic illustrates an undirected graph, with each edge's distance
or length indicated by a numerical label in close proximity.\nQ: What is the shortest path from
node 10 to node 62"

assistant": "<think>\nTo determine the shortest path from node 10 to node 6 in an undirected
graph, | should first explore the connections starting from node 10. | know the edges involved
and their weights, so | will begin by identifying immediate connections emanating from node
10.\n\nFirst, let me sample the neighborhood of node 10 within 2 hops, which will help me
trace possible routes from node 10. Through this, | can identify viable paths and calculate their
respective total weights to determine the shortest path effectively. | may have to sample
further to ensure a complete path from node 10 to node 6 s
identified.\n\n</think>\n<sample> sample(G, 10, 2) </sample>"

user": "<image>Here is the sampled subgraph image"

"assistant": "<think>\nIn the sampled subgraph, node 10 is connected directly to node 11 with
a weight of 5. Node 11 is connected to node 3 with a weight of 4, and node 3 is connected to
node 7 with a weight of 2. \n\nNode 7 is connected to node 8 with a weight of 3, and node 8 is
connected to node 4 with a weight of 5. Finally, node 4 is connected to node 6 with a weight of
5. By summing up all these edge weights, we can determine the shortest path from node 10 to
node 6.\n\nThe path 10->11->3->7->8->4->6 has a total weightof 5+ 4 +2 +3 + 5+ 5 =
22. \nThis seems to be a direct and viable path. However, | need to check if there’s a shorter
path by exploring other possibilities or shorter segments.\nl will sample further from node 11
to check for potential shortcuts.\n</think>\n<sample> sample(G, 11, 2) </sample>"

user: "<image>Here is the sampled subgraph image"

assistant”: "<think>\nIn the newly sampled subgraph, node 11 connects directly to node 6
with a weight of 5. This was not visible in the previous sample. The path 10->11->6 has a total
weight of 5 (10 to 11) + 5 (11 to 6) = 10. \n\nThis appears to be the shortest path from node
10 to node 6, as it does not involve additional traversals through other nodes which would only
add more weight. \n\nThus, the shortest path from node 10 to node 6 is determined to be 10-
>11->6.\n</think>\n <answer> 10->11->3->7->8->4->6. </answer>"

Figure 7: This example illustrates how MuSe handles a SP problem.
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user": "In a directed graph with 32 nodes humbered from 0 to 31:\nnode 0 should be visited
before node 16\nnode 0 should be ...... Q: The topological order of the directed graph is:"

"assistant":<think> To determine the topological order of the directed graph, | need to
perform a sampling to explore how nodes are connected and ensure nodes in the graph follow
the precedence rules as described. Since the graph has 32 nodes, sampling from the graph will
allow me to progressively understand the dependencies and constraints between the nodes.
Starting from node 0, | will sample its connections to infer relationships and dependencies.
Then | will broaden the scope to include dependencies stemming from other nodes while
adhering to the directed edges represented. Several samples will be required to establish the
complete topological order. </think> \n<sample> sample(G, 0, 1) </sample>"

user": "<image>Here is the sampled subgraph image"

"assistant”: "<think> From the sampled subgraph, | can see a portion of the directed graph
with its dependencies. Nodes such as 0, 1, 9, 10, 24, and others have their outgoing edges
respected. However, to ensure the entire graph's topological order, additional samples are
needed to fill in the rest of the graph and verify all dependencies. | will sample from node 1
next to understand its connections and further dependencies. </think> \n<sample> sample(G,
1, 1) </sample>"

user": "<image>Here is the sampled subgraph image"

"assistant": "<think> The sampled subgraph reveals more details about the directed graph's
structure. Nodes like 28, 9, and others are shown with their directed edges respecting the
precedence rules. However, to conclusively determine the topological order, additional
samples are still required to fully understand all dependencies within the graph. | will sample
from node 9 next to uncover further connections and dependencies. </think> \n<sample>
sample(G, 9, 1) </sample>"

"user": "<image>Here is the sampled subgraph image"
"assistant™:"<think> The sampled subgraph uncovers additional dependencies from node 9
and others, providing a richer view of the directed graph's structure. However, to ensure the
completion of the topological order, more samples are still necessary to respect all
dependencies within the graph. | will sample from node 28 next, as it has an influence on
nodes like 1, 30, and others. </think> \n<sample> sample(G, 28, 1) </sample>"

"user": "<image>Here is the sampled subgraph image"

“assistant”: “<think> The sampled subgraph sampled from node 28 broadens the view of the
graph's structure, revealing dependencies involving nodes like 1, 30, 24, and others. However,
to finalize the topological order and ensure all dependencies are respected, the remaining
portions of the graph need sampling. Since the preceding samples have inferred much of the
graph structure, | can now determine the topological order by compiling the information
systematically. </think> \n:
<answer>9,10,28,1,24,30,18,5,11,29,26,13,7,19,27,21,17,23,4,25,14,31,15,0,16,3,22,6,12,8,20,2.
</answer>"

Figure 8: This example illustrates how MuSe handles a TS problem.
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i "user": "There are 15 hosts numbered from 0 to 14, and 13 tasks numbered from 0 to 12. Each host has a set of

tasks that it is interested in: \nHost 1 is interested in task 12.\nHost 8 is interested in ...... Q: What is the maximum
number of hosts that can be assigned a task they are interested in?"

"assistant": "<think> This problem can be modeled as a bipartite graph where hosts are on one side and tasks are
on the other. Each host is connected to a task if they are interested in it. To find the maximum number of hosts
that can be assigned a task, we need to determine the maximum matching in this bipartite graph.\n\nTo start, |
need to inspect the graph by sampling nodes from one host and its connections to tasks. Let's begin by sampling
the neighborhood of host 1 to explore its connections. </think>\n<sample> sample(G, 1, 1) </sample>"

"user": “<image>Here is the sampled subgraph image"

"assistant": “"<think> From the sampled subgraph, host 1 is connected to tasks 4, 12, 2, and 3. Since each host can
solve only one task and each task can be solved by one host, | need more information about how other hosts are
connected to these tasks to investigate potential matchings. | will now sample the neighborhood of host 8 to look
at its connections. </think> \n<sample> sample(G, 8, 1) </sample>"

"user": “<image>Here is the sampled subgraph image"

"assistant""<think> From the sampled subgraph, host 8 is connected to tasks 4, 10, 9, 1, 7, 2, 11, and 5. These
tasks overlap with some tasks connected to host 1 (e.g., task 2, task 4, etc.). To determine the maximum matching,
| need more information about other hosts' connections to these tasks. | will nhext sample the neighborhood of
host 4 to understand its connections. </think> \n<sample> sample(G, 4, 1) </sample>"

"user": “<image>Here is the sampled subgraph image"

"assistant": "<think> From the sampled subgraph, host 4 is connected to tasks 0, 2, 1, and 3. This adds more
connections to tasks that were also seen in previous samples (e.g., task 2, task 3). \n\nTo continue building
towards finding the maximum matching, | need to explore connections for other hosts. | will now sample the
neighborhood of host 6 to understand its connections. </think> \n<sample> sample(G, 6, 1) </sample>"

"user": “<image>Here is the sampled subgraph image"

"assistant": "<think> From the sampled subgraph, host 6 is connected to tasks 9, 6, 12, 2, and 5. This adds more
overlapping connections with tasks seen in previous samples (e.g., task 9, task 6, task 2, etc.).\n\nTo summarize,
I've been sampling connections for hosts 1, 8, 4, and 6. The next step would be to analyze the graph structure and

perform a maximum bipartite matching to determine how many hosts can be assigned tasks they are interested in.

However, | notice that sampling connections from different hosts reveals repetitive visits to certain tasks,
highlighting the need for a matching algorithm implementation.\n\nLet me now sample the neighborhood of
host 3 to explore additional overlaps. </think> \n<sample> sample(G, 3, 1) </sample>"

"user": “<image>Here is the sampled subgraph image"

"assistant": "<think> From the sampled subgraph, host 3 is connected to tasks 4, 5, 10, 2, 0, 6, and 8. This adds
further overlaps with tasks connected to previously sampled hosts (e.g., task 4, task 5, task 2, etc.). \n\nThe graph
structure is becoming clearer, and I'll soon need to perform a maximum bipartite matching to determine the
maximum number of hosts that can be assigned tasks they're interested in. At this point, | should sample the
neighborhood of host 5 to continue uncovering connections. </think> \n<sample> sample(G, 5, 1) </sample>"

"user": “<image>Here is the sampled subgraph image"

"assistant": "<think> From the sampled subgraph, host 5 is connected to tasks 4, 10, 1, 7, 2, 11, 0, and 8. This adds
more overlapping connections with tasks seen in previous samples (e.g., task 4, task 10, task 7, task 2,
etc.).\n\nWith sufficient information sampled from various hosts, | can now determine the maximum bipartite
matching. The goal is to find the maximum number of hosts that can be assigned tasks they are interested in,
ensuring no task is assigned to more than one host and vice versa. Using graph matching algorithms like the
Hopcroft-Karp algorithm or maximum flow, this can be computed effectively. Based on the sampled graph
structure, the answer should be rounded to the nearest valid number of matchings. </think>\n <answer> 13.

. </answer>"

Figure 9: This example illustrates how MuSe handles a BGM problem.
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user": "In an undirected graph, (i,j) means that node i and node j are connected with an
undirected edge.\nThe nodes are numbered from 0 to 4, and the edges are: (2,1) (4,1) (1,3) (3,4)
(0,2).\nQ: Begin with node 0, what is the path in this graph that visits every node exactly once?"

"assistant”: "<think> | need to find a path starting from node 0 that visits every node exactly
once. This calls for a Hamiltonian path investigation.\nFirst, | will see the connections of node 0,
which will be the starting point, to understand potential directions for a path.\nl will sample
node 0 with 1 hop initially. </think>\n<sample> sample(G, 0, 1) </sample>"

"user": "Here is the sampled subgraph image"

assistant”: "<think> From the sample, node 0 is directly connected to node 2. Now | will
explore node 2 to find further connections and continue building the path. Node 2 should lead
us to new nodes. | will sample node 2 with 1 hop to see its immediate connections.
</think>\n<sample> sample(G, 2, 1) </sample>"

user": "Here is the sampled subgraph image"

"assistant": "<think> Node 2 connects to node 1. Therefore, from node 0, the path goes to
node 2 and then to node 1.\nNext, | need to check the connections of node 1 to find a path to
new nodes.\nl will sample node 1 with 1 hop to identify further potential connections.
</think>\n<sample> sample(G, 1, 1) </sample>"

user": "Here is the sampled subgraph image"
"assistant": "<think> Node 1 connects to nodes 3 and 4. Thus, we can continue the path from
node 1 to node 3.\nNode 3 then connects to node 4, allowing us to visit every node while
following the edges.\nAll nodes have now been accounted for in the path: 0 ->2 ->1 ->3 ->
4\nThis ensures we visit every node exactly once. </think>\n<answer> 0->2->1->4->3.
</answer>"

Figure 10: This example illustrates how MuSe handles a HP problem.
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