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Abstract

Large embedding models have become the
backbone of modern retrieval systems, offer-
ing strong semantic representations at the cost
of substantial storage and computation. While
recent work explores quantizing embeddings
into discrete document identifiers for genera-
tive retrieval, most existing approaches rely on
Euclidean quantization, which is poorly aligned
with the angular geometry induced by con-
trastive embedding training and often requires
long identifier sequences to preserve seman-
tic fidelity. In this work, we propose Hyper-
spherical Householder Quantization (HHQ), a
geometry-aware distillation method that com-
presses large embeddings into short discrete
representations via iterative Householder trans-
formations on the unit hypersphere. By explic-
itly preserving cosine similarity at each step,
HHQ distills semantic structure into compact
identifiers that remain faithful to the original
embedding space. To support reliable gener-
ation of these identifiers, we introduce con-
strained supervised fine-tuning and tree-aware
dynamic masking to enforce structural validity
during training and inference. Experiments on
NQ and MS MARCO show that HHQ achieves
competitive or superior retrieval performance
using only five tokens per document, substan-
tially reducing decoding cost while retaining
strong semantic retrieval accuracy.

1 Introduction

Generative information retrieval (GenIR), as a
new paradigm in the field of information retrieval,
abandons the traditional two-step "index-retrieve"
framework. Instead, it directly generates target
document identifiers or the content in an end-to-
end manner(Tay et al., 2022; Wang et al., 2022).
This fundamentally addresses the search-result mis-
match issues inherent in dense retrieval, as well as
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Figure 1: Euclidean vs. Angular Quantization. Tra-
ditional quantization (red, qL2) minimizes Euclidean
distance to the raw embedding x (blue), but may mis-
align with its semantic direction. Our method (green,
qCos) operates on the hypersphere and preserves angu-
lar alignment, maintaining semantic fidelity essential
for contrastive embeddings.

the storage and memory overhead associated with
maintaining large-scale vector indexes.

In GenIR, a transformer-based encoder–decoder
is trained to output a document identifier (docid)
given a query, effectively embedding all document
knowledge in the model’s parameters. A core chal-
lenge is how to design identifiers that capture se-
mantic content and can be predicted accurately
from queries (Bevilacqua et al., 2022b). While
early attempts used surface-level identifiers (titles,
URLs, arbitrary IDs), these are semantically lim-
ited and do not scale well (Li et al., 2023).

To address this, researchers have increasingly
turned to derive semantically meaningful identi-
fiers from the document embedding space. Con-
sequently, Vector Quantization has emerged as a
widely adopted technique, primarily due to its ca-
pability of imposing a structured and learnable dis-
crete organization upon continuous semantic em-
beddings. Methods such as Product quantization
(PQ) (Zhou et al., 2024b), Residual quantization
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(Deng et al., 2025), and their variants generate
compact codewords that act as discrete document
identifiers(Rajput et al., 2023). However, existing
quantization-based identifiers have two fundamen-
tal structural limitations.

First, quantization methods often fail to fully
utilize the embedding space, requiring either ex-
tremely large code-books or long token sequences.
As an example, a scheme with k = 256 clusters and
m = 24 PQ code-words yields 25624 possible iden-
tifiers — which is massively over-sized for a corpus
of only ∼ 300 k documents. As a result, genera-
tive models frequently produce invalid IDs, caus-
ing inefficiency at both training and inference time.
Long identifiers can reduce the code-book size but
slow generation (Sun et al., 2023). In practice, un-
der short-identifier regimes, Euclidean quantizers
such as PQ may also exhibit reduced effective code
utilization, especially when the embedding distri-
bution is uneven, further limiting their ability to
produce compact yet discriminative identifiers.

Second, there is a mismatch in similarity met-
rics between embedding models and quantiza-
tion methods. Mainstream embedding models are
trained via contrastive learning to optimize co-
sine similarity (Reimers and Gurevych, 2019; Gao
et al., 2021), operating on a hyperspherical mani-
fold defined by angular distance. In contrast, quan-
tization methods—including k-means, PQ, and
residual quantization—are grounded in Euclidean
(L2) distance, which assumes a flat geometric
space. (Dai et al., 2020; Zhe et al., 2019). As
illustrated in Figure 1, this mismatch is not merely
a difference in similarity metrics, but also in how
quantization is performed: Euclidean methods rely
on centroids, additive residuals, or product parti-
tions in ambient space, whereas angular alignment
requires transformations that respect hyperspheri-
cal geometry. This misalignment leads to quantiza-
tion boundaries that distort the semantic structure
encoded by contrastive embeddings. We emphasize
that normalization is an explicit component of our
method rather than an implicit assumption. More
importantly, even for unit-norm embeddings, equiv-
alence between cosine similarity and Euclidean dis-
tance holds only at the objective level, not at the
level of quantization mechanisms. Existing quan-
tizers (e.g., PQ, RQ) are parameterized and opti-
mized in Euclidean space, whereas HHQ operates
directly on the hypersphere via norm-preserving
transformations, leading to fundamentally different
behaviors in practice.

In this work, we propose a quantization method
that aligns the entire quantization process with the
geometry of the embedding space. Our Hyper-
spherical Householder Quantizer (HHQ) oper-
ates directly on the unit hypersphere: at each step,
the current point selects a direction from a learned
codebook and applies a Householder transforma-
tion that reflects the vector across a hyperplane,
producing a new point on the sphere. Because
Householder transformations are orthogonal and
norm-preserving, HHQ maintains unit-length con-
sistency throughout and ensures that each token
encodes a meaningful directional adjustment that
increases cosine similarity with the target embed-
ding.

By explicitly optimizing angular alignment
rather than Euclidean reconstruction, HHQ
achieves high-fidelity quantization with far fewer
tokens than PQ or RQ, yielding compact and se-
mantically coherent identifiers. In particular, our
goal is not to replace strong embedding models, but
to distill their semantic capacity into short discrete
identifiers for efficient generative retrieval.

Beyond the quantizer itself, we introduce two
practical components that further enhance genera-
tive retrieval: (1) a constrained supervised fine-
tuning (cSFT) objective that aligns training with
tree-constrained decoding, and (2) a tree-aware
dynamic masking mechanism that prunes incom-
patible branches during training, substantially ac-
celerating convergence. We describe these compo-
nents in the following sections and evaluate their ef-
fectiveness on standard generative retrieval bench-
marks.

2 Related Work

Dense Retrieval and Embedding Models.
Dense retrieval maps queries and documents into a
shared vector space and ranks candidates by their
embedding similarity. Modern embedding models
for retrieval are typically trained with contrastive
learning: positive query–document pairs are pulled
together while negatives are pushed apart, using
in-batch negatives or mined hard negatives to shape
a discriminative geometry (Reimers and Gurevych,
2019; Gao et al., 2021). Recent large-scale mod-
els such as Gemini-Embedding (Lee et al., 2025)
and Qwen3-Embedding (Zhang et al., 2025) fur-
ther adopt Matryoshka Representation Learn-
ing (MRL), which trains embeddings to retain se-
mantic quality even when truncated to lower di-
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(a) Overview of Hyperspherical Householder Quantization (b) Training pipeline of HHQ

Figure 2: Overview of Hyperspherical Householder Quantization (HHQ) and its training pipeline. (a) HHQ
iteratively applies Householder reflections guided by a layered codebook to convert document embeddings into
compact semantic identifiers while preserving cosine similarity. (b) The resulting identifiers are used to supervise a
generative retriever via tree-constrained, token-level cross-entropy with step-wise masking during training.

mensions (Kusupati et al., 2022). This enables
multi-scale embeddings that trade off accuracy
and storage without retraining. Despite these ad-
vances, dense retrieval still requires storing high-
dimensional vectors for all documents, motivating
research on embedding compression and index-free
generative retrieval.

Generative Retrieval and Quantized Semantic
IDs. Generative retrieval (GenIR) reframes re-
trieval as sequence generation: a model directly
outputs a document identifier given a query, elimi-
nating the need to store a dense vector index. Early
systems such as DSI use arbitrary textual or nu-
meric identifiers, but these IDs lack semantic struc-
ture and are difficult for the model to predict re-
liably (Tay et al., 2022). Subsequent work there-
fore derives semantic docids by quantizing doc-
ument embeddings. Typical approaches include
product quantization (PQ) (Zhou et al., 2024b),
residual quantization (RQ) (Deng et al., 2025), and
VQ-based autoencoders, which map each embed-
ding to a sequence of discrete codewords. These
learned IDs provide semantic regularity, but exist-
ing methods usually rely on Euclidean (L2) parti-
tioning and often require very large codebooks or
long token sequences to achieve sufficient corpus
coverage. This misalignment with contrastively
trained embeddings—where semantics are primar-
ily encoded in vector direction rather than magni-
tude—limits the efficiency of current generative
retrieval systems. These challenges motivate quan-
tization methods that better match the geometry of

modern embedding spaces.

3 Methodology

In this section, we present HHQ, a geometry-
aligned framework for distilling continuous em-
beddings into compact discrete identifiers, and de-
scribe how these identifiers are used to train a gen-
erative retrieval model. Specifically, we first intro-
duce the training procedure of the hyperspherical
quantizer, including codebook initialization and
end-to-end optimization. And then describe the
inference-time quantization process, followed by
the training of a generative model that learns to
produce the resulting semantic identifiers.

3.1 Hyperspherical Quantization Mechanism

Given a normalized embedding x, HHQ per-
forms L-layer iterative updates on the unit hyper-
sphere via norm-preserving Householder reflec-
tions (Householder, 1958). Specifically, Each layer
i maintains a codebook Vi = {vi,1, . . . ,vi,K} of
normalized direction vectors. At each step, the
quantizer selects a direction from Vi and applies a
Householder reflection to progressively align the
current approximation x̂i−1 with the target embed-
ding. After L layers, the sequence of selected di-
rections forms the discrete semantic identifier.

x← x

∥x∥2
, vi,k ∈ SD−1. (1)

Initial reflection Direction In the first layer, the
quantizer determines the initial reflection direction
by identifying the codeword in codebook V1 that
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maximizes the cosine similarity with the input vec-
tor x:

idx1 = argmax
k
⟨x,v1,k⟩. (2)

The corresponding codeword, denoted as x̂1 =
v1,idx1 , acts as both the first token and the starting
point for subsequent Householder refinements.

Iterative Householder Updates. For layers i >
1, HHQ refines the approximation by selecting the
direction that yields the greatest angular improve-
ment toward the target embedding x. Specifically,
given a unit reflection vector v, the Householder
reflection acting on a vector z is defined as:

H(z;v) = z− 2⟨z,v⟩v. (3)

Notably, the transformation is norm-preserving
(∥H(z;v)∥ = ∥z∥) and involutive (H(H(z;v);v)
= z).

Then considering the approximation x̂i−1 at
layer (i− 1) and candidate directions {vi,k} ⊂ Vi

at layer i. The optimal direction index for this i-th
layer is determined by maximizing the inner prod-
uct between the reflection vector and the target x,
formulated as:

idxi = argmax
k
⟨H(x̂i−1;vi,k) , x ⟩ (4)

Once selected, the actual update is applied:

x̂i = x̂i−1 − 2⟨x̂i−1,vi,idxi⟩vi,idxi , (5)

Finally, the updated x̂i serves as the new approxi-
mation for the next refinement layer.

3.2 Optimization of the Hyperspherical
Quantizer

Codebook Initialization. We initialize the code-
books through an offline hierarchical K-means
procedure, following a global-to-local refinement
scheme:

• Globally, at the first layer, we obtain V1 by
clustering normalized document embeddings,
which yields a coarse angular partitioning of
the embedding hypersphere.

• Locally, for each deeper layer, we compute the
normalized residual ri−1 between the target
embedding x and the current approximation
x̂i−1:

ri−1 =
x− x̂i−1

∥x− x̂i−1∥2
. (6)

and perform K-means clustering on these
residuals to provide layer-specific refinement
directions for Vi

Importantly, this initialization serves only as a
directional prior: it supplies a diverse set of orienta-
tions on the sphere but does not constrain learning,
as all codebook vectors are updated end-to-end.
This allows the subsequent Householder updates to
adapt fully to task-specific geometry.

Training Objective. All codebook vectors are
trained jointly using the cosine-similarity objective:

L = 1− 1

B

B∑

j=1

⟨x̂(j)
L ,x(j)⟩, (7)

where B denotes the batch size, and ⟨·, ·⟩ is the
cosine similarity between x̂

(j)
L and x(j) (with both

vectors ℓ2-normalized). This loss encourages the
sequence of Householder reflections to minimize
angular deviation between the reconstructed and
target embeddings. This objective directly teaches
the quantizer to choose reflection directions that
produce the most efficient angular trajectory toward
x.

3.3 Constrained Supervised Fine-Tuning for
Retrievers

After training the quantizer, we proceed to train a
generative model that maps queries to document
identifiers. We clarify that strict validity of gen-
erated identifiers at inference time is guaranteed
by constrained decoding with tree-aware masking,
rather than by the cSFT objective itself. Although
each document corresponds to a unique quantized
code sequence, the overall code search space is
still much larger than the document set, meaning
that many possible code paths do not correspond
to any real document. To align training with the
constrained decoding process, we introduce a con-
strained supervised fine-tuning (cSFT) strategy
based on the hierarchical structure induced by the
quantizer. Each prefix restricts the next allowable
token to valid descendants in the code tree. Thus,
during fine-tuning, the model is explicitly taught to
respect the code tree structure by permitting only
valid transitions

Codebook Tree Generation. Each semantic
identifier produced by HHQ corresponds to a se-
quence of code tokens [t1, t2, . . . , tL], which we
constitutes a distinct path within the hierarchical
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codebook tree. To construct this tree, we extract
all valid code sequences from a given dataset and
compute the conditional probability of each token
given its immediate predecessor. These statistical
dependencies are then used to build the structured
codebook tree.

Constrained Token-Level Cross-Entropy.
Given a partial prefix [t1, . . . , ti−1], only the
children of node ti−1 in codebook tree constitute
valid choices for the next token. Therefore, we
construct a step-wise mask in Finetuning stage.

Mi = {k | k ∈ V alidChildren(ti−1)}, (8)

For a batch of target sequences, we modify the
next-token distribution by forcing logits outside the
valid set Mi to −∞, effectively removing them
from the softmax support:

ℓ̃i,k =

{
ℓi,k, if k ∈Mi,

−∞, otherwise.
(9)

Here, ℓi,k denotes the original logit for token k
at position i. The standard cross-entropy loss is
then applied over the masked logits:

LcSFT = −
∑

i

log
exp(ℓ̃i,ti)∑

k∈Mi
exp(ℓ̃i,k)

. (10)

Through the above constrained fine-tuning, the
model is no longer required to expend learning
capacity on suppressing invalid code paths or mem-
orizing arbitrary exclusion rules. Its generative
behavior can more rapidly align with the geomet-
ric structure of the target quantizer, thus yielding
clearer and more reliable document identifier gen-
eration results. This design does not restrict the
identifier space itself, which is defined by the quan-
tization process and can be extended independently
of the training objective.

3.4 Quantization and ID Collisions
Our quantizer operates in a compact regime where
semantic IDs are not strictly injective: a small frac-
tion of documents may share the same ID. This
reflects an intentional trade-off between identifier
length and representational capacity. Empirically,
the observed collision rate in our main settings is
below 0.5% (see Appendix), indicating that the
vast majority of documents are mapped to unique
identifiers. We note that the previously reported
∼ 2% can be viewed as a conservative upper bound

across configurations. Moreover, collisions pre-
dominantly occur among highly similar embed-
dings, making the resulting ambiguity semantically
coherent and typically having limited impact on
retrieval quality.

At inference time, the model generates an L-
token ID path corresponding to a leaf in the code
tree, which may contain one or more documents.
In the case of collisions, we expand the leaf by
sampling or enumerating the associated documents
as candidates. Given the low collision rate and
their semantic locality, this lightweight expansion
is sufficient in practice.

4 Experiments

4.1 Datasets and Metrics
Datasets. We evaluate our method on two
widely used document retrieval benchmarks: MS
MARCO Document Ranking and Natural Ques-
tions (NQ). These datasets cover both web-scale
retrieval and knowledge-intensive question answer-
ing. Detailed dataset statistics and construction
details are provided in Appendix A.

MS MARCO (Nguyen et al., 2016) Following
prior work on generative retrieval (e.g., WebUl-
tron), we construct two 300K-document subsets to
evaluate different corpus characteristics. The Rele-
vant 300K subset contains documents that have at
least one associated relevant query, while the Ran-
dom 300K subset is formed by randomly sampling
documents from the full corpus. For both settings,
we retain only queries whose relevant documents
appear in the corresponding subset.

Natural Questions (NQ) (Kwiatkowski et al.,
2019) We adopt the NQ320K setup used in DDRO,
where each query is associated with a Wikipedia
page. Documents are deduplicated by URL, and
the retrieval task requires generating the identifier
of the correct page given a query. We follow the
predefined train and development splits used in
prior work.

Metrics. We follow prior work and report
Recall@1 (R@1), Recall@10 (R@10), and
MRR@10 to evaluate both the effectiveness of
the learned identifier space and the model’s ability
to generate accurate semantic IDs.

4.2 Baselines.
We compare our method against a broad range of
retrieval paradigms to provide a comprehensive
evaluation.
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tioning from pseudo-query training to real-query fine-
tuning.

Term-based retrieval. We include BM25
(Robertson et al., 1995) and DocT5Query
(Nogueira et al., 2019), which represent classical
lexical matching and query-expansion–based
retrieval, serving as non-neural baselines.

Dense retrieval. We include Qwen3-
Embedding (256-d) as a strong modern
dense retrieval baseline, using the truncated repre-
sentation enabled by Matryoshka Representation
Learning (MRL). This reflects the performance of
state-of-the-art embedding models that our method
aims to distill into compact discrete identifiers.
We also report DPR (Karpukhin et al., 2020),
RepBERT (Zhan et al., 2020), and Sentence-T5
(Ni et al., 2022) as representative earlier dual-
encoder models trained with contrastive objectives,
providing historical context.

Generative retrieval (ID-free). SEAL (Bevilac-
qua et al., 2022a), DynamicRetriever (Zhou et al.,
2022), WebUltron (TU) (Zhou et al., 2024b), and
ROGER (TU) (Zhou et al., 2024a) generate textual
identifiers such as titles, spans, or salient phrases.
These approaches do not rely on structured docu-
ment IDs and highlight the effectiveness of free-
form generation for retrieval.

Generative retrieval (ID-based). We further
compare against models that generate structured
document identifiers, including DSI (Tay et al.,
2022), DSI-QG (Zhuang et al., 2022), NCI (Wang
et al., 2022), WebUltron (SI) (Zhou et al., 2024b),
ROGER (SI) (Zhou et al., 2024a), MINDER (Li

Model R@1 R@10 MRR@10
Term-based retrieval
BM25 14.06 47.93 23.60
DocT5Query 19.07 55.83 29.55
Dense retrieval
Qwen3 51.66 82.82 62.27
DPR 22.78 68.58 35.92
RepBERT 22.57 65.65 35.13
Sentence-T5 22.51 65.12 34.95
Generative retrieval (ID-free)
SEAL 29.30 68.53 40.34
DynR. 22.63 68.76 36.08
Ultron (TU) 33.78 67.05 42.51
ROGER (TU) 35.90 69.86 44.92
Generative retrieval (ID-based)
DSI 27.42 56.58 34.31
DSI-QG 30.17 66.37 38.85
NCI 32.69 69.20 42.84
Ultron (SI) 25.64 65.75 37.12
ROGER (SI) 33.20 69.80 43.45
MINDER 31.00 65.79 43.50
LTRGR 32.80 68.74 44.80
DDRO 48.92 67.31 55.51
Ours
HHQ 48.33 70.43 55.79

Table 1: Retrieval performance across term-based,
dense, and generative retrieval baselines. We include
Qwen3-Embedding (256-d) as a strong dense retrieval
baseline. Ultron and ROGER include both TU (title–
URL) and SI (semantic ID) variants.

et al., 2023), LTRGR (Li et al., 2024), and DDRO
(Mekonnen et al., 2025). These methods map each
document to a fixed identifier space and train the
model to generate the corresponding ID, provid-
ing a direct comparison to our quantization-based
identifier design.

4.3 Implementation Details

Pseudo Queries. Following DDRO, we augment
the training data with pseudo queries generated by
DocT5Query 1. Each document is paired with syn-
thetic queries, and we adopt the same generation
procedure to ensure comparability.

Training Procedure. We use T5-base (Raffel
et al., 2020) as the generator and train it with a two-
stage sequence-to-sequence fine-tuning pipeline
with constrained supervision (cSFT). Each stage

1https://huggingface.co/datasets/kiyam/
ddro-pseudo-queries
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MS MARCO

Model Relevant 300K Random 300K
R@1 R@10 MRR@10 R@1 R@10 MRR@10

Term-based retrieval
BM25 18.94 55.07 29.24 43.85 73.81 54.21
DocT5Query 23.27 61.38 34.25 48.21 77.38 57.95

Dense retrieval
Qwen3-Embedding (256-d) 34.41 81.31 49.20 58.53 91.47 70.59
DPR 28.08 73.10 41.40 42.86 75.52 54.16
RepBERT 25.25 69.18 38.48 40.87 72.81 51.09
Sentence-T5 27.23 72.40 40.70 42.26 75.00 53.59

Generative retrieval (ID-free)
DynR. 29.04 78.59 42.53 44.13 72.93 55.18
Ultron (TU) 28.96 63.86 40.44 38.49 62.90 46.79

Generative retrieval (ID-based)
DSI 25.74 53.84 33.92 25.01 48.81 32.21
DSI-QG 27.82 60.26 37.45 34.27 56.79 40.93
NCI 28.35 63.85 38.93 36.99 60.16 47.23
Ultron (SI) (24-token ID) 30.32 72.15 44.16 41.27 68.45 52.00
DDRO (24-token ID) 32.92 73.02 45.76 42.06 69.44 52.41

Ours
HHQ (5-token ID) 26.36 61.51 36.81 40.67 65.48 49.47

Table 2: Retrieval performance on MS MARCO Relevant 300K and Random 300K across term-based, dense, and
generative retrieval baselines. We include Qwen3-Embedding (256-d) as a strong dense retrieval baseline. HHQ
(5-token ID) is compared against ID-based methods using longer identifiers (e.g., 24-token).

runs for 10 epochs with a learning rate of 1× 10−3

and a linear scheduler. The first stage learns coarse
semantic alignment in the identifier space, while
the second stage improves generation fidelity and
token-level consistency.

Although we use T5 for consistency with prior
work, HHQ is architecture-agnostic: the same iden-
tifier sequences can be generated by decoder-only
models under the same tree-constrained decoding
framework. We leave empirical evaluation of such
architectures to future work.

Document Embeddings. We use 512-
dimensional document embeddings for efficiency,
observing no significant degradation compared to
higher-dimensional representations. Embeddings
are produced by Qwen3-Embedding-8B with
Matryoshka Representation Learning (MRL) for
dimensionality truncation. Additional analysis is
provided in Appendix B.

Codebook Configuration. We use a 5-layer
codebook, resulting in 5-token identifiers. On NQ,

we use 256 centers per layer, following DDRO and
WebUltron. On MS MARCO, we use 1024 centers
due to higher corpus diversity. Further analysis is
in Appendix C.

Training Cost. The overall training cost is dom-
inated by the generative model (two-stage fine-
tuning with cSFT). In contrast, HHQ quantization
(codebook construction and Householder updates)
is lightweight and can be treated as preprocessing.
In practice, its overhead is negligible and does not
change the overall computational profile.

4.4 Experimental Results

Training Dynamics. The two-stage training pro-
cess yields clear and consistent improvements, as
shown in Figure 3. During the pseudo-query phase,
the model rapidly acquires coarse semantic align-
ment, while the transition to real queries produces
a sharp gain in R@1, R@10, and MRR@10. This
confirms that pseudo queries provide an effective
initialization, whereas real queries refine the se-
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wo/ Pseudo-Query Phase w/ Pseudo-Query Phase
∆R@1

Setting R@1 R@10 MRR@10 R@1 R@10 MRR@10

Depth 4, Dim 256 39.87 57.99 45.64 44.28 67.57 51.89 +4.41
Depth 5, Dim 256 37.76 57.80 44.09 42.73 67.65 50.78 +4.97
Depth 6, Dim 256 36.13 57.47 42.81 41.95 67.20 49.92 +5.82
Depth 4, Dim 512 40.87 59.81 47.18 46.68 69.83 54.41 +5.81
Depth 5, Dim 512 39.46 60.09 46.23 45.43 70.03 53.65 +5.97
Depth 6, Dim 512 39.76 60.01 46.27 45.25 69.50 53.18 +5.49
Depth 4, Dim 1024 41.66 61.16 48.12 47.64 70.89 55.57 +5.98
Depth 5, Dim 1024 40.88 61.05 47.66 48.33 70.43 55.79 +7.45
Depth 6, Dim 1024 39.86 59.64 46.42 46.69 69.96 54.46 +6.83

Table 3: Ablation study: improvement from pseudo+query two-stage training on NQ.

mantic identifier space for accurate document gen-
eration.

Performance and Efficiency. HHQ achieves
strong and consistent performance on both
NQ320K and MS MARCO Random 300K, demon-
strating the effectiveness of hyperspherical House-
holder quantization in settings where embedding
geometry is informative. On NQ320K, compared
to the strong dense baseline Qwen3-Embedding
(256-d) and state-of-the-art generative retrieval
models, HHQ remains competitive while using
only 5 tokens per identifier, with slightly lower
R@1 (−0.59) but higher R@10 (+3.12) and
MRR@10 (+0.28) compared to DDRO.

On MS MARCO Random 300K, HHQ remains
competitive while reducing identifier length from
24 tokens to 5 (a 4.8× reduction). Although
its R@1 and MRR@10 are modestly lower than
DDRO (−1.39 and −2.94, respectively), the sub-
stantially shorter identifiers lead to significantly
lower decoding and inference cost. Empirical
measurements (Appendix F) show that reducing
identifier length from 24 to 5 tokens yields over
4× throughput improvement, highlighting iden-
tifier length as a primary factor in the accuracy–
efficiency trade-off of generative retrieval. These
results indicate that HHQ can effectively distill
strong embedding representations into compact
identifiers without sacrificing retrieval quality. We
provide additional comparisons with PQ in Ap-
pendix E, including both code utilization analysis
and controlled downstream evaluation under the
same training pipeline.

HHQ performs noticeably worse on the MS
MARCO Relevant 300K subset than on NQ and
Random 300K. Compared with DDRO, HHQ

shows consistent drops across all metrics, indi-
cating that this split poses unique challenges for
embedding-based generative retrieval. Importantly,
this behavior is not specific to HHQ. Our analy-
sis of Qwen3-Embedding shows that even strong
contrastive embedding models exhibit no clear ad-
vantage on Relevant 300K, suggesting that the em-
bedding space itself is less discriminative in this set-
ting. Prior work has shown that MS MARCO Rele-
vant 300K contains limited document diversity and
tightly coupled query–document pairs, where dense
embeddings tend to collapse and struggle to sepa-
rate highly similar documents effectively (Reimers
and Gurevych, 2021). Since HHQ directly relies on
the geometry of the underlying embedding space,
its performance naturally reflects these characteris-
tics. We therefore view Relevant 300K as a stress-
test case for geometry-driven quantization rather
than a representative operating regime.

Overall, HHQ delivers strong retrieval accuracy
on datasets where embedding geometry remains
informative (e.g., NQ and Random 300K), while
offering a substantially smaller identifier space and
reduced inference overhead. This suggests that
geometry-aligned short identifiers can effectively
distill strong embedding spaces, although their per-
formance is inherently conditioned on embedding
discriminativeness and may degrade in highly con-
centrated regions.

4.5 Ablation Study

Effect of cSFT. We study the effect of cSFT on
training dynamics. As shown in Appendix D, cSFT
leads to substantially faster convergence and sig-
nificantly higher final performance across all three
metrics (R@1, R@10, and MRR@10). Without
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cSFT, the model fails to learn meaningful identifier
mappings even after 20 epochs, whereas the cSFT-
equipped model rapidly acquires a well-structured
semantic ID space within the first few epochs. This
confirms that cSFT is essential for stabilizing train-
ing and aligning the quantized identifier space with
the underlying embedding geometry.

Effect of Pseudo-Query Pretraining. Table 3
further examines the impact of the pseudo-query
phase by comparing performance before and af-
ter incorporating synthetic DocT5Query supervi-
sion. Across different codebook depths (4–6) and
embedding dimensions (256 and 512), the pseudo-
query phase consistently improves R@1 by +4.4
to +6.0, with similar gains observed in R@10 and
MRR@10. These improvements demonstrate that
pseudo queries provide valuable coarse semantic
structure, enabling the model to learn robust iden-
tifier mappings before transitioning to real-query
supervision. The consistency of gains across archi-
tectures also indicates that the benefit of pseudo-
query training is not sensitive to specific codebook
configurations.

Takeaways. Together, these ablations show that
(1) cSFT is critical for effective training of gen-
erative retrieval models with quantized semantic
IDs, and (2) pseudo-query pretraining reliably
enhances retrieval accuracy across all settings.
These components jointly enable HHQ to learn
compact yet expressive identifiers that support
strong downstream retrieval performance.

5 Conclusion

We introduced Hyperspherical Householder Quan-
tization (HHQ), a quantization framework that
aligns document identifiers with the geometric
structure of modern contrastive embedding spaces.
By performing iterative Householder reflections on
the unit hypersphere, HHQ produces compact and
semantically coherent identifiers that preserve an-
gular similarity. More broadly, HHQ provides a
mechanism to distill strong embedding represen-
tations into short discrete identifiers for efficient
generative retrieval.

Combined with constrained supervised fine-
tuning and tree-aware masking, HHQ enables effi-
cient and structurally consistent docid generation.
Experiments on NQ and MS MARCO demonstrate
that HHQ achieves competitive retrieval perfor-
mance while using significantly fewer tokens than

existing generative retrieval approaches, leading to
substantial reductions in decoding and inference
cost. These results highlight that identifier length
serves as a key axis in the accuracy–efficiency
trade-off for generative retrieval.

Future work includes extending HHQ to larger
codebooks, exploring learned hierarchical priors,
and integrating HHQ with large-scale generative
reranking.

Limitations

Although HHQ produces compact and semantically
aligned identifiers, several limitations remain.

First, similar to other quantization-based ap-
proaches, deeper codebook levels may exhibit code-
word collapse, where only a subset of directions
are frequently selected. This reduces the effec-
tive capacity of the quantization tree, especially at
larger depths. Addressing this issue may require
load-balancing objectives or diversity-promoting
regularization.

Second, HHQ operates on the unit hypersphere
and optimizes angular similarity, inheriting the in-
ductive biases of contrastively trained embeddings.
While effective in many settings, this assumption
may be less suitable when semantic relevance is
not well captured by angular structure (e.g., low-
diversity or tightly coupled corpora), limiting the
expressiveness of geometry-driven quantization.

Third, HHQ assumes a fixed identifier space de-
rived from a given corpus. When new documents
are added, the identifier space may need to expand,
which can affect compatibility with a pre-trained
generator. In practice, new documents can be as-
signed identifiers via the same quantization proce-
dure and inserted into the code tree, e.g., through
append-only extensions that preserve existing iden-
tifiers. The generator can be optionally updated
with additional supervision under the same con-
strained decoding regime. Nevertheless, we do
not explicitly evaluate incremental indexing in this
work.

Fourth, HHQ is inherently corpus-dependent,
as identifiers are constructed for a specific docu-
ment collection. This differs from general-purpose
embedding models that emphasize out-of-domain
generalization. Our focus is on efficient corpus-
specific retrieval, and extending HHQ to support
stronger cross-domain generalization remains fu-
ture work.

Fifth, the effectiveness of HHQ depends on the
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discriminativeness of the underlying embedding
space. In highly concentrated regions (e.g., MS
MARCO Relevant 300K), short identifiers may
struggle to separate similar documents, reflecting a
broader limitation of short-ID generative retrieval.
Incorporating additional supervision or improving
embedding quality may help mitigate this issue.

Finally, as the number of quantization layers in-
creases, most semantic information is captured by
early tokens, while later layers encode finer vari-
ations that may be dominated by noise. This can
occasionally separate semantically similar docu-
ments into different identifier paths, suggesting the
need for uncertainty-aware quantization or adaptive
depth control.

These limitations highlight fundamental trade-
offs in embedding-based discrete representation
learning and suggest directions for improving the
robustness and scalability of hyperspherical quanti-
zation.
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A Dataset Statistics and Implementation
Details

This appendix provides detailed statistics and con-
struction details for the datasets used in our exper-
iments. Table 4 summarizes the number of docu-
ments, training queries, and development queries
for each dataset subset.

MS MARCO. The MS MARCO Document
Ranking dataset contains approximately 3.2M web
documents and 367K supervised training queries.
Following WebUltron, we construct two 300K-
document subsets. The Relevant 300K subset in-
cludes documents that have at least one labeled
relevant query, while the Random 300K subset con-
sists of documents randomly sampled from the full
corpus. For consistency and fair comparison, we
use the same randomly sampled document set as
WebUltron. Queries are filtered to ensure that their
relevant documents appear in the corresponding
subset.

Natural Questions. We follow the NQ320K
setup used in DDRO, which contains
query–document pairs extracted from Wikipedia.
Since multiple queries may refer to the same
page, documents are deduplicated by URL. The
predefined training and development splits are
used without modification.

B Embedding Choice and Dimensionality
Reduction

This appendix analyzes the choice of embedding
model and representation dimensionality used in
our experiments. Table 5 reports retrieval perfor-
mance of Qwen3-Embedding-8B under different
Matryoshka Representation Learning (MRL) trun-
cation dimensions.

Recent embedding models have demonstrated
strong retrieval performance across diverse bench-
marks, and Qwen3-Embedding-8B represents one
of the strongest open-source embedding models
currently available. As shown in Table 5, the full
embedding achieves strong results on both MS
MARCO and Natural Questions, indicating that
embedding quality is not a limiting factor in our
setting.

Importantly, MRL enables embeddings to be
truncated to lower dimensions while retaining most
of their retrieval effectiveness. Across all datasets,
reduced-dimensional representations remain com-
petitive with the full embedding, with only modest
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Figure 4: Comparison of p_unique across different code-
book depths under 256- and 512-dim settings. Since PQ
is constrained by embedding dimensionality and RQ-
VAE is known to train unstably, we compare against the
widely adopted RQ-KMeans baseline (e.g., in OneRec).
HHQ consistently achieves near-perfect code utilization
across all settings, whereas RQ-KMeans suffers from
substantial unused code space.

degradation. This property allows us to substan-
tially reduce computational and memory cost dur-
ing quantization.

Based on these observations, we adopt MRL-
truncated embeddings in our quantization pipeline
and rely on HHQ to preserve semantic structure
when distilling continuous embeddings into dis-
crete identifiers.

C Analysis of Code Utilization

Figure 4 analyzes the code utilization behavior
of different quantization strategies by reporting
p_unique, defined as the ratio of valid unique
codes to the total number of documents. This met-
ric reflects how efficiently a quantization method
uses its available code space and is particularly
relevant for generative retrieval, where unused or
invalid codes increase decoding ambiguity and in-
ference cost.

We compare HHQ against RQ-KMeans, a
widely adopted residual quantization baseline used
in recent generative retrieval and recommendation
systems (e.g., OneRec). We do not include PQ or
RQ-VAE in this comparison: PQ is fundamentally
constrained by embedding dimensionality and be-
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Dataset #Doc #Train Query #Dev Query
MS MARCO Relevant 300K 319,927 367,013 808
MS MARCO Random 300K 321,631 36,670 504
NQ Relevant 320K 109,739 307,373 7,830

Table 4: Dataset statistics. The NQ dataset setup follows DDRO, and the MS MARCO dataset setup follows
WebUltron. The MS MARCO Random 300K split uses the identical set of randomly sampled documents as in their
experiments.

MS MARCO Natural Questions

Model Relevant 300K Random 300K Relevant 320K
R@1 R@10 MRR@10 R@1 R@10 MRR@10 R@1 R@10 MRR@10

Original
Qwen3-Embedding-8B 34.41 81.31 49.20 58.53 91.47 70.59 59.28 89.59 70.26

MRL (Rep. Size)
256 32.05 78.47 46.78 55.95 89.09 67.71 51.66 82.82 62.27
512 34.03 80.32 48.39 57.34 91.07 69.61 55.87 87.22 66.77
1024 33.42 80.94 48.22 57.94 91.87 70.34 57.66 88.76 68.70
2048 33.91 81.06 48.85 58.13 91.47 70.53 58.75 89.21 69.75

Table 5: Retrieval performance of Qwen3-Embedding-8B under different MRL truncation dimensions, showing
that strong embedding quality is largely preserved after dimensionality reduction, which motivates our use of
MRL-truncated embeddings for efficient quantization.

comes ineffective under small codebook depths,
while RQ-VAE is known to suffer from training
instability in large-scale settings.

As shown in Figure 4, HHQ consistently
achieves near-perfect code utilization across all
tested configurations, including different embed-
ding dimensions (256 and 512) and shallow code-
book depths (4–6 layers). In contrast, RQ-KMeans
exhibits substantial under-utilization of the code
space, with p_unique remaining well below 1 even
as the number of layers increases. This gap is espe-
cially pronounced at smaller depths, where HHQ al-
ready approaches full coverage while RQ-KMeans
leaves a large fraction of codes unused.

These results indicate that HHQ is significantly
more effective at allocating discrete identifiers to
documents, even with a compact number of to-
kens. High code utilization directly benefits gen-
erative retrieval by reducing identifier collisions
and enabling constrained decoding with shorter se-
quences, thereby providing a foundation for the
improved efficiency observed in our main experi-
ments.

D Additional Ablation on cSFT

This appendix provides additional evidence on the
effect of constrained supervised fine-tuning (cSFT).
Figure 5 compares training dynamics on NQ320K
with and without cSFT across R@1, R@10, and

MRR@10.
Without cSFT, the model fails to learn mean-

ingful semantic identifiers, showing slow conver-
gence and consistently low retrieval performance
even after extended training. In contrast, cSFT en-
ables rapid convergence within the first few epochs
and leads to substantially higher final performance
across all metrics. These results support the role
of cSFT in stabilizing training and enforcing align-
ment between the generative model and the tree-
structured quantization space.

E Comparison with Product Quantization

E.1 Code Utilization and Coverage

A key practical aspect of embedding-to-identifier
distillation is the effective utilization of the discrete
code space. We measure this via coverage, defined
as:

coverage =
#unique IDs

N
,

where N is the number of documents.
We evaluate Product Quantization (PQ) un-

der a controlled setup with 256 clusters per sub-
space, varying the number of subquantizers M ∈
{4, 8, 16} across different embedding dimensional-
ities. Results are reported in Table 6.

These results show that PQ can exhibit substan-
tially reduced effective-ID diversity under com-
mon configurations (e.g., small M ), and even under
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Figure 5: Ablation results on NQ320K showing that
cSFT substantially accelerates training and leads to sig-
nificantly higher R@1, R@10, and MRR@10 compared
to training without cSFT.

stronger settings, coverage may remain below that
of HHQ. This suggests that Euclidean quantiza-
tion may interact less favorably with the document
distribution in the short-identifier regime.

E.2 Controlled Comparison under the Same
Training Pipeline

To isolate the effect of the quantization scheme, we
compare HHQ with PQ under a controlled setup
where both methods share the same embedding
backbone and downstream training pipeline.

Specifically, we construct PQ-based identifiers
using a representative configuration (embedding
dimension 512, M = 8), and train a generative re-
triever using the same two-stage training procedure
and constrained supervised fine-tuning (cSFT) as
used for HHQ. Constrained decoding is applied in
both cases to ensure valid identifier generation.

Results on NQ are shown in Table 7.
Even under matched embedding backbone and

training protocol, PQ-based identifiers remain sub-

Dim M Unique IDs Coverage

256 4 98,358 0.8963
256 8 109,684 0.9995
256 16 109,732 0.9999
512 4 71,482 0.6514
512 8 108,496 0.9887
512 16 109,714 0.9998

1024 4 48,047 0.4378
1024 8 98,571 0.8982
1024 16 109,438 0.9973

Table 6: PQ code utilization measured by effective cov-
erage. N = 109,739.

Method R@1 R@10 MRR@10

PQ (dim=512, M = 8) 31.01 62.59 40.47
HHQ 48.33 70.43 55.79

Table 7: Controlled comparison between PQ and HHQ
under the same training pipeline.

stantially behind HHQ. This indicates that the per-
formance gains cannot be attributed solely to the
embedding model or training procedure, but are
strongly influenced by the quantization mechanism.

E.3 Discussion
Overall, these results highlight that while PQ is a
strong Euclidean quantization method, it is not op-
timized for the short-identifier regime required by
generative retrieval. In contrast, HHQ is explicitly
designed to operate on the hypersphere and to pro-
duce compact, structurally valid identifiers, leading
to better effectiveness under the same identifier
length constraints.

F Decoding Efficiency vs Identifier
Length

F.1 Measured Decoding Efficiency
To quantify the impact of identifier length on infer-
ence efficiency, we benchmark constrained decod-
ing under the same setup while varying the number
of generated tokens.

We evaluate on 1,000 validation queries using a
single RTX 5090 GPU, and report both throughput
(QPS) and average latency per query. Results are
shown in Table 8.

Reducing the identifier length from 24 to 5 to-
kens improves throughput from 5.35 to 22.02 QPS
(approximately 4.1×), while reducing latency from
186.90 ms to 45.42 ms. This demonstrates that iden-
tifier length is a primary factor governing inference
efficiency in generative retrieval.
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# Tokens QPS Latency (ms)

1 72.47 13.80
2 48.43 20.65
3 33.07 30.24
4 26.35 37.96
5 22.02 45.42
6 18.93 52.83
8 14.88 67.18

10 12.05 83.00
12 10.24 97.65
16 7.85 127.35
20 6.41 155.92
24 5.35 186.90

Table 8: Decoding efficiency as a function of identifier
length under constrained decoding.
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