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Abstract

Tool-integrated reasoning (TIR) enables LLM
agents to solve tasks through planning, tool use,
and iterative revision, but outcome-only rein-
forcement learning in this setting suffers from
sparse, delayed rewards and weak step-level
credit assignment. In long-horizon TIR tra-
jectories, an early irrecoverable mistake can
determine success or failure, making it cru-
cial to localize the first irrecoverable step and
leverage it for fine-grained credit assignment.
We propose Error-Localized Policy Optimiza-
tion (ELPO), which localizes the first irrecov-
erable step via binary-search rollout trees un-
der a fixed rollout budget, converts the result-
ing tree into stable learning signals through
hierarchical advantage attribution, and applies
error-localized adaptive clipping to strengthen
corrective updates on the critical step and its
suffix. Across TIR benchmarks in math, sci-
ence QA, and code execution, ELPO consis-
tently outperforms strong Agentic RL base-
lines under comparable sampling budgets, with
additional gains in Pass@K and Major@K
scaling, rollout ranking quality, and tool-call
efficiency. Our code is available at https:
//github.com/redifinition/ELPO.

1 Introduction

Reinforcement Learning with Verifiable Rewards
(RLVR) substantially improves LLM performance
on complex reasoning tasks by biasing genera-
tion toward correct solution trajectories (Schulman
et al., 2017; Rafailov et al., 2023; Shao et al., 2024;
Wen et al., 2025; Zhang et al., 2025c). Yet evidence
suggests RLVR mainly reweights behaviors already
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Figure 1: For each initially failed trajectory (Pass@16=
0), we edit exactly one step (random error, first error, or
the 1st/2nd/3rd irrecoverable step) and resample com-
pletions. Recovery is counted when the repaired run
reaches Pass@16= 1.

present in the base model and may not reliably ex-
pand its reasoning boundary (Yue et al., 2025). This
motivates agentic reinforcement learning (Agentic
RL), where LLMs solve tasks by planning, invok-
ing external tools, and iteratively revising interme-
diate decisions rather than relying solely on internal
chain-of-thought generation (Zhang et al., 2025a).

Tool-integrated reasoning (TIR), though en-
hances LLM’s capability, brings new challenges to
current outcome reward based reinforcement tech-
niques, represented by GRPO (Shao et al., 2024).
These outcome-based methods introduce sparsity
and delay in reward signals. The problems are less
pronounced in general reasoning tasks but are sig-
nificantly amplified in Agentic RL (Zhang et al.,
2025b). First, agentic systems rely on open-ended
autonomous exploration, which dramatically en-
larges the action and tool-use space. Sparse termi-
nal rewards therefore exacerbate the exploration
bottleneck. Second, agentic decision-making typ-
ically involves long, multi-step and hierarchical
planning, where delayed outcome rewards fail to
provide effective credit assignment across different
stages and steps. More critically, relying solely
on outcome supervision can trap the agent in a re-
peated “trial–error–no-feedback” loop, making it
difficult to ensure stable and directed learning. In
summary, we argue that designing finer-grained
process reward signals is crucial for Agentic RL.
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Most of the recent works on Agentic RL spend
their effort on outcome-level reward design (Jin
et al., 2025; Li et al., 2025; Qian et al., 2025; Wang
et al., 2025b; Singh et al., 2025; Huang et al., 2025;
Wei et al., 2025; Lin and Xu, 2025; Dong et al.,
2025; Lu et al., 2025), while only a few address
the sparsity of process reward signals (Feng et al.,
2025; Ji et al., 2025; Wang et al., 2025a). Overall,
enabling fine-grained process supervision and reli-
able credit assignment in long-horizon TIR remains
under-explored, which in turn constrains further
progress in Agentic RL.

In this work, we directly confront the core of
the problem and propose Error-Localized Policy
Optimization (ELPO), a novel approach that auto-
matically identifies critical error steps during roll-
out and leverages them to provide finer-grained
signals. The motivation stems from a key exper-
imental finding (shown in Figure 1): localizing
and correcting the first irrecoverable error step
significantly increases the model’s probability of
producing the correct answer, whereas fixing a ran-
dom error provides much less benefit. Importantly,
ELPO does not assume that failures always have
a unique causal source. In many trajectories, mul-
tiple errors may accumulate or interact. Our de-
sign choice is instead optimization-driven: among
candidate edit locations, the earliest empirically ir-
recoverable step tends to yield the largest marginal
recovery gain under a fixed rollout budget.

Thus, this motivates us to treat the recoverability
of erroneous steps as a highly discriminative fine-
grained signal.

However, incorporating this insight into Agentic
RL training is non-trivial and requires addressing
two key challenges. First, Budget bottleneck: effi-
ciently identifying irrecoverable error steps without
exhaustive rollouts. Second, Process signal genera-
tion: deriving stable and discriminative supervision
from localized errors. To this end, we propose: (i)
binary-tree-based Error Localization (BEL) (sec-
tion 4.1) with entropy-gap-guided path pruning for
efficient error localization; (ii) a hybrid trajectory-
and branch-level credit assignment scheme (sec-
tion 4.2) and (iii) error-localized adaptive clipping
(section 4.3) to strengthen corrective updates on the
localized critical step. With these techniques, our
method consistently outperforms strong Agentic
RL baselines across diverse TIR benchmarks.

In summary, the key contributions are as follows:
• We identify an error-localization gap in

outcome-only long-horizon TIR: sparse termi-

nal rewards fail to isolate the first irrecover-
able step, yielding diffuse credit assignment
and weak corrections.

• We propose Error-Localized Policy Opti-
mization (ELPO), which localizes the first
irrecoverable step via a binary-search rollout
procedure under a fixed rollout budget, and
turns this signal into error-localized advan-
tages and targeted policy updates.

• Across diverse TIR benchmarks, ELPO con-
sistently outperforms strong Agentic RL base-
lines. Beyond final accuracy, analyses on
Pass@k and Major@k, rollout ranking qual-
ity, and tool-call efficiency further validate its
effectiveness and stability.

2 Related Work

2.1 Tool-integrated Reasoning Agents

Recent studies have explored enabling LLMs to
act as decision-making agents equipped with exter-
nal tools such as search engines, calculators, code
interpreters, and APIs (Yao et al., 2022; Schick
et al., 2023). Early approaches primarily relied
on prompting strategies such as ReAct (Yao et al.,
2022) and Reflexion (Shinn et al., 2023) to inter-
leave reasoning with tool calls, while later work
examined finetuning LLMs on tool-usage traces to
improve robustness in multi-step reasoning scenar-
ios (Qin et al., 2023; Tang et al., 2023). This line
of work highlights both the promise and the dif-
ficulty of training reliable tool-augmented agents,
particularly when errors made early in the reason-
ing process propagate through subsequent steps.

2.2 Reinforcement Learning for LLM Agents

Reinforcement learning has emerged as a key tech-
nique for improving long-horizon reasoning in
LLMs. Group-based policy optimization methods
such as GRPO (Shao et al., 2024) and DAPO (Yu
et al., 2025a) avoid explicit value networks by nor-
malizing rewards among multiple rollouts for the
same prompt, enabling large-scale RL training for
reasoning, search, and tool-use tasks. Building on
this foundation, early Agentic RL systems such as
ToRL (Li et al., 2025) and Search-R1 (Jin et al.,
2025) apply outcome-based RL to tool-augmented
reasoning, showing that verifiable terminal super-
vision can elicit effective tool use (e.g., code exe-
cution and web search). Subsequent work (Huang
et al., 2025; Feng et al., 2025; Lin and Xu, 2025)
improves learning efficiency and stability by intro-
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ducing finer-grained reward design or advantage
shaping on top of outcome supervision.

Tree-structured rollouts have also become an ac-
tive direction for extracting richer training signals.
Tree-GRPO (Ji et al., 2025) constructs a rollout
tree via stochastic expansion and leverages the tree
structure for fine-grained advantage estimation, but
its random branching can be sensitive to the initial
trajectory quality. More recent methods (Lu et al.,
2025; Dong et al., 2025) further use entropy-guided
expansion to steer branching and encourage more
diverse sampling under the same rollout budget.

Despite this progress, existing approaches
largely remain outcome-driven and do not explic-
itly localize the first irrecoverable step in long,
interdependent tool-use trajectories. As a result,
even with step-aware heuristics or tree-based ad-
vantages, credit can still be spread across many
non-causal steps, and the agent receives no direct
signal about where the trajectory first becomes ir-
recoverable under a fixed sampling budget, which
limits how targeted and stable policy updates can
be for long-horizon TIR.

3 Preliminaries

3.1 Problem setup

We consider a tool-augmented reasoning setting
where an LLM acts as an agent to solve multi-step
tasks given a task description x ∈ X . At each step
t = 1, . . . , T , the agent observes a state st ∈ S
and produces a textual action at ∈ V n, where V is
the token vocabulary and n is the maximum step
length. The environment executes the requested
tool calls (e.g., code interpreter, search engine),
returns the corresponding outputs, and determin-
istically updates the state to st+1. A full episode
induces a trajectory τ = {(s1,a1), . . . , (sT ,aT )},
governed by an LLM policy πθ(at|st, x). Rewards
are only provided at the end of the episode: a ter-
minal scalar reward R(τ) ∈ R is assigned based
on the correctness of the final answer.

3.2 Group-based Agentic RL

Recent RL works converge on a group-based train-
ing recipe. For each task input x and tool set T ,
the old policy πθold samples a group of trajecto-
ries {oi}Gi=1, each with an outcome-only terminal
reward Ri. The advantage of trajectory oi is com-
puted by normalizing rewards within the group

using Âi =
Ri−mean({Rj}Gj=1)

Fnorm({Rj}Gj=1)
.

The GRPO-style objective is

max
θ

Ex,{oi}

[
1

G

G∑

i=1

1∑
t mi,t

∑

t

mi,t LCLIP(θ, i, t)

]
,

(1)

where mi,t ∈ {0, 1} masks out environment feed-
back tokens so that the loss only accumulates over
agent-generated tokens. The clipped surrogate loss
follows PPO-style:

LCLIP(θ, i, t) = min
(
ρi,t(θ)Âi,

clip
(
ρi,t(θ), 1− εlow, 1 + εhigh

)
Âi

)

(2)

with token-level importance ratio ρi,t(θ) =
πθ(oi,t|oi,<t,x;T )
πθold (oi,t|oi,<t,x;T ) .

4 Methodology

To address sparse terminal rewards in TIR, which
assign the same outcome signal to all steps and
leave the failure-causing decision unidentified,
we propose Error-Localized Policy Optimization
(ELPO). ELPO builds a binary-search rollout tree
to localize the first irrecoverable step with only
O(logK) anchor probes, enabling targeted advan-
tage attribution and updates. As shown in Figure 2,
ELPO consists of three core designs:

(1) Tree Rollout Based on Binary Error Local-
ization: ELPO localizes the first irrecoverable
step via tree rollouts with binary-search bud-
get control.

(2) Fine-Grained Advantage Attribution:
ELPO uses the rollout tree to assign per-step
advantages from local branch comparisons
and global trajectory ranking, reducing
diffuse credit under outcome-only rewards.

(3) Error-Localized Adaptive Clipping (ELC):
Using the localized error step on the rollout
tree, ELPO relaxes the clipping constraint for
the error step and its generated suffix, allow-
ing stronger corrective updates while preserv-
ing policy updating stability.

4.1 Tree Rollout Based on Binary Error
Localization (BEL)

In ELPO, we use a binary-search rollout tree to
pinpoint the first irrecoverable step in a failed tra-
jectory. Concretely, given a failed trajectory, we
repeatedly select the middle step as an anchor step.
The anchor step and all preceding steps are fixed

11010



…

Anchor Step Anchor Step

Binary 
search.. 

Binary 
search.. 

A right path has 
been found!

No right path has 
been found…

Tree Rollout Based on Binary Error Localization

Successfully identified the critical error step in the 
error trajectory !!!

Fine-Grained Advantage Attribution

Successfully assign fine-grained advantages to each 
step !!!

…

(a) Step-wise Reward

𝑅! 𝑅"

…

𝑅#

𝑟(𝑠)

𝑟(𝑠) =
𝑅!	

1
|𝐶ℎ𝑖𝑙𝑑(𝑆!)|

0 𝑟"
#!∈%&'()(+")

(b) Branch-level advantage (c) Trajectory-level advantage

, 𝑒𝑙𝑠𝑒

, 𝑖𝑓	𝑠!	𝑖𝑠	𝑎	𝑙𝑒𝑎𝑓	𝑛𝑜𝑑𝑒

…

Which branch is better?

…

…

𝐴!$

𝑟! 𝑟" 𝑟#

𝐴!$

𝐴!$

……

𝐴"$

𝐴"$

𝐴"$

𝐴#$

𝐴#$

𝐴#$

… … … …

𝑅! 𝑅" 𝑅% 𝑅&

𝐴!' 𝐴"' 𝐴%' 𝐴&'

𝐴!" + 𝐴#"

2 𝐴%' 𝐴&'

Which trajectory is better?

𝜆!"## " 𝐴$

…

…

…

+ (1 − 𝜆!"##) " 𝐴!𝐴%&#" =

Error-Localized Adaptive Clipping (ELC)

Successfully enable rapid error correction 
while avoiding collateral policy drift !!!

𝜏'#(")%∗ = 𝑎𝑟𝑔𝑚𝑎𝑥+!∈ℬ(𝐻
!../ − 𝐻"..!)

…
Critical Error Step !

Trajectory

I've identified the 
critical error step… 
But how can I fix it 
quickly?

Importance 
Sampling 
Ratio

Token

Old Clip Ratio

New Clip Ratio

Enlarge the lower 
clipping bound on
tokens corresponding 
to critical error steps.

𝜀!"#$ = #
𝜀!"# + 𝜀%!& , 𝑖𝑓	𝑡 ∈ ℐ'())*+ 𝒞&,*$ , 𝜏

𝜀!"#, 𝑒𝑙𝑠𝑒

Agentic RL with  ELPO

𝑞
Question

Policy  
Model

Tool 
Environment

Error-Guided Binary Tree Search

Entropy-Based Branch Selection

Critical Error Step Identification

𝑂-

Output

𝑂.

𝑂/

…

Reference  
Model

Reward  
Model

Step-wise

…

𝑟.

𝑟-

𝑟/

𝑅-

Outcome

𝑅.

𝑅/

…

Reward

Group 
Computation

Branch

…

𝐴-0

𝐴.0

𝐴/0

𝐴-!

…

𝐴.!

𝐴/!

Trajectory

Error Localized Policy Optimization
Advantage

Error Localized 
Adaptive Clipping

1 2 3
Correct Step

Critical Error Step

Do-No-Harm Step

Figure 2: The overview of Error-Localized Policy Optimization (ELPO).

as a prefix, and several completions are sampled
for the remaining suffix. If any suffix completion
succeeds, the prefix is recoverable and we search
the later half; otherwise it is irrecoverable and we
search the earlier half. We repeat this process until
the range collapses to a single step, which local-
izes the first irrecoverable step with only O(logK)
anchor probes rather than exhaustively testing ev-
ery step. The main practical challenge is budget
control: binary localization requires extra suffix
completions, but the per-input rollout budget must
remain fixed. We address this with two comple-
mentary mechanisms.

Trajectory Selection by Entropy Gap. Under a
fixed budget, we run localization on only one in-
formative failed trajectory per cycle because many
failures are redundant and provide little additional
contrast for learning. We maintain a buffer B that
stores the most recent erroneous trajectories from
the current sampling. Guided by recent study (Lu
et al., 2025)’s observation that token entropy typ-
ically spikes after tool-call feedback, we use the
entropy gap between the tokens generated right af-
ter the task prompt and those generated right after
tool-call feedback to decide which error trajecto-
ries deserve further branching. For each trajectory
τ ∈ B, we compute token entropy of the i th token

as

Hi = −
V∑

j=1

pi,j log pi,j , pi = πθ(· | y<i, x; T ),

(3)
and then compute H root as the average token en-
tropy of the model’s initial response to the question,
and H tool as the average entropy over all tool calls.
ELPO then selects a single trajectory

τ∗search = argmax
τi∈B

(
H tool(τi)−H root(τi)

)
, (4)

on which we subsequently run binary search. Once
the selected error trajectory τ∗search is used for
branching, we clear the buffer and start accumulat-
ing new error samples for the next cycle.
Adaptive Suffix Sampling at Anchor Steps. An-
chor steps with larger post-tool uncertainty are
more likely to be near the critical error. We there-
fore allocate more suffix completions to anchors
that are more likely to lie near the critical error, and
probe low-uncertainty anchors with fewer samples.
Specifically, the number of suffix completions at
the m-th anchor is set to

Xm = Xmin+(Xmax−Xmin)·σ
(
β(H tool

m −H root)
)
,

(5)
where H root is the entropy of the initial response
and H tool

m the step-level entropy after the m-th tool
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call. Large positive entropy gaps trigger more local
sampling, while stable, low-uncertainty steps are
probed minimally.

Through this binary-search mechanism, ELPO
identifies the first irrecoverable step in only
O(logK) anchor evaluations, dramatically reduc-
ing rollout cost compared to naively checking all K
steps. The pseudo-code is provided in Algorithm 1
in Appendix A. An example of BEL rollout tree is
provided in Appendix B.

4.2 Fine-Grained Advantage Attribution
BEL identifies where a trajectory first becomes
irrecoverable, but effective policy optimization fur-
ther requires assigning credit how much each deci-
sion contributes to success or failure. Therefore, we
leverage the binary search rollout tree to perform
fine-grained advantage attribution. We compute
advantages from two sources: branch-level sibling
comparisons and trajectory-level rollout ranking,
and combine them into a hierarchical per-step ad-
vantage. This two-granularity attribution yields
localized yet globally consistent learning signals
under outcome-only rewards.
Branch-Level Advantage Attribution. Branch-
level advantage is used to compare the relative
quality of local branches under the same prefix.
To support branch comparisons, a step-wise re-
ward is defined for each node in the rollout tree
Gx = (S, E), estimating the expected terminal out-
come of its prefix under the sampled continuations.
Let R(s) denote the terminal reward when s is a
leaf node. The step-wise reward r(s) is defined
recursively:

r(s) =





R(s), if s is a leaf node,

1

|Child(s)|
∑

c∈Child(s)

r(c), otherwise,

(6)

where Child(s) denotes the direct children of s in
Gx.

For any branching node s with Child(s) =
{c1, . . . , cM} and M > 1, the branch-level ad-
vantage of each child branch ci is computed by
normalizing {r(c)}c∈Child(s):

Ab
ci =

r(ci)− µb

σb + ϵ
, (7)

where µb and σb are the mean and standard devia-
tion over {r(c)}c∈Child(s). This branch-level nor-
malization provides localized credit signals exactly
at decision points where alternative actions diverge.

Trajectory-Level Advantage Attribution. To
provide a global preference signal by ranking com-
plete rollouts for the same input, ELPO additionally
defines a trajectory-level advantage over full tra-
jectories. For a given input x, the binary-search
rollout tree Gx contains a set of N completed leaf
trajectories {τ (i)}Ni=1, each associated with a termi-
nal reward {R(i)}Ni=1. Following group-based RL,
we normalize these rewards within the same input
and define

At(τ (i)) =
R(i) − µt

σt + ϵ
, (8)

where µt and σt are the mean and standard devia-
tion of {R(i)}Ni=1.

In the rollout tree, an internal node s may be
shared by multiple trajectories. We assign node-
level trajectory credit by averaging the trajectory-
level advantages passing through s:

At(s) =
1

|T (s)|
∑

i∈T (s)

At(τ (i)), (9)

where T (s) denotes the set of trajectories whose
paths include s. This term provides a coarse but sta-
ble signal on long linear segments, complementing
the localized supervision from branch-level advan-
tages.
Hierarchical Advantage Attribution. Branch-
level advantage localizes credit at branching deci-
sions, while the trajectory-level term provides a sta-
ble global signal. We combine them by a weighted
sum:

Ahier(s) = λtree A
b(s) + (1− λtree)A

t(s), (10)

where λtree ∈ [0, 1] controls the trade-off. When
λtree = 0, ELPO reduces to trajectory-level group-
based RL; when λtree = 1, learning is driven purely
by local branch comparisons. We use Ahier in the
standard GRPO-style surrogate objective in place
of the original group-level advantage.

4.3 Error-Localized Adaptive Clipping (ELC)
Standard GRPO applies a uniform clipping ratio
to all agent-generated tokens, which can limit the
policy update strength even after BEL has iden-
tified first irrecoverable steps on the rollout tree.
Error-Localized Adaptive Clipping (ELC) relaxes
the lower clipping bound for the critical step and
its generated suffix. This allows larger corrective
updates on the error-related suffix while preserving
GRPO’s clipping-based stability.
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Concretely, we keep the PPO-style clipping form
but replace the constant ratio lower bound 1− εlow
in Eq. (2) with a token-dependent bound 1− εtlow,
where εtlow is increased on the localized critical-step
suffix:

εtlow =

{
εlow + εelc, t ∈ Isuffix(tcrit, τ),

εlow, else,
(11)

where Ccrit is the set of first irrecoverable steps re-
turned by Algorithm 1, and tcrit ∈ Ccrit denotes the
localized critical step on trajectory τ . Isuffix(tcrit, τ)
denotes the set of agent-generated token positions
in τ from step tcrit to the end of the trajectory,
namely all tokens in {at}Tt=tcrit

. To see the effect,
consider the clipped term min(ρA, clip(ρ, 1 −
εtlow, 1 + εhigh)A). When A < 0, decreasing
1 − εtlow allows smaller ratios ρ < 1 to remain
unclipped, which increases the magnitude of the
negative update and penalizes error-inducing suffix
tokens more aggressively. For A > 0, we keep
the upper bound 1 + εhigh unchanged, so the effect
is limited mainly to discouraging the error suffix
rather than amplifying positive updates. The hyper-
parameter εelc ≥ 0 controls the relaxation degree,
enabling stronger corrections on the error-related
suffix while preserving the training stability.

4.4 Training objective of ELPO

ELPO follows the GRPO training objective in
Eq. (1), but modifies the token-level surrogate in
two places: we use the hierarchical advantage Ahier

in place of the group-level advantage Âi, and we
replace the constant lower clipping bound 1− εlow
with the token-dependent bound 1−εtlow in Eq. (11).
This yields the ELPO clipped surrogate loss

LELPO
CLIP (θ, i, t) = min

(
ρi,t(θ)A

hier,

clip
(
ρi,t(θ), 1− εtlow, 1 + εhigh

)
Ahier

)

(12)

which is plugged into Eq. (1) with the same mask-
ing scheme.

5 Experimental Setup

5.1 Datasets

We evaluate ELPO across three long-horizon TIR
reasoning tasks:
1. Mathematical Reasoning. This in-

cludes MATH (Hendrycks et al., 2021),
GSM8K (Cobbe et al., 2021), and competition-

level challenges such as MATH500 (Hendrycks
et al., 2021), AIME20241, and AIME20252.

2. Knowledge-Intensive Scientific Reasoning.
We adopt GPQA-Diamond (Rein et al., 2024)
as a challenging science QA benchmark that
requires multi-step factual reasoning and verifi-
cation.

3. Code Generation and Execution. We use
LiveCodeBench-v6 (Jain et al., 2024) to assess
executable code synthesis, where solutions may
require iterative tool-based execution.

All dataset splits align with the standard settings
established by previous works (Lu et al., 2025;
Dong et al., 2025; Yu et al., 2025b).

5.2 Baselines
We consider the following strong baselines:
(1) Advanced RL Algorithms. We compare

ELPO with three categories of RL methods
commonly used for LLM reasoning: (i) Vanilla
RL: GRPO (Shao et al., 2024) and Rein-
force++ (Hu, 2025); (ii) Clipping-optimized
RL: DAPO (Yu et al., 2025a); (iii) Agentic
RL: ToRL (Li et al., 2025), ARPO (Lu et al.,
2025), AEPO (Dong et al., 2025), CIR (Bai
et al., 2025), GIGPO (Feng et al., 2025), and
DemyAgent (Yu et al., 2025b).

(2) Advanced Backbone Models. We compare
ELPO with advanced backbones, including
Qwen2.5 (Qwen et al., 2025) and Qwen3 (Yang
et al., 2025), as well as strong open-source rea-
soning models such as DeepSeek-V3 (Liu et al.,
2024) and DeepSeek-R1.

5.3 Implementation Details
We implement ELPO on top of the VERL frame-
work3 with feedback-token masking, excluding
tool-call feedback tokens from the loss so gradi-
ents are accumulated only over agent-generated
tokens. We conduct all training on two backbone
instruction-tuned LLMs, Qwen2.5-7B-Instruct4

and Qwen3-4B-Instruct5. Following DemyA-
gent (Yu et al., 2025b), we first perform a cold-start
SFT for 5 epochs on the Open-AgentRL-SFT-3K

1https://huggingface.co/datasets/Maxwell-Jia/
AIME_2024

2https://huggingface.co/datasets/opencompass/
AIME2025

3https://github.com/volcengine/verl
4https://huggingface.co/Qwen/Qwen2.

5-7B-Instruct
5https://huggingface.co/Qwen/

Qwen3-4B-Instruct-2507
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Table 1: Overall performance on TIR benchmarks (higher is better, %), grouped by domain. From denotes the
starting checkpoint type (BASE/INST/MATH-INST). RL results are grouped by the backbone family used for training
(Qwen2.5-7B vs. Qwen3-4B). The top two results of different baseline categories in each column are bolded and
underlined.

Method From Mathematical Reasoning Science Code Avg.
AIME24 AIME25 MATH500 GSM8K MATH GPQA-Diamond LiveCodeBench

Prompting / Inference Baselines

Self-Contained Reasoning
Qwen2.5-7B Inst 16.7 10.0 72.2 91.6 75.5 31.3 15.2 44.6
Qwen3-4B Inst 63.3 47.4 84.8 92.0 80.4 52.0 35.1 66.4
DeepSeek-V3 Base 39.2 28.8 90.2 89.3 61.6 59.1 16.1 54.9

TIR Reasoning
Qwen2.5-7B Inst 6.7 10.0 68.2 64.6 78.2 25.5 12.2 37.9
Qwen3-4B Inst 17.0 16.3 73.0 88.2 81.5 44.3 23.0 49.0

RL Methods based on Qwen2.5-7B

Classical RL
GRPO Inst 23.3 26.7 78.0 92.8 87.8 32.7 16.8 51.2
Reinforce++ Instruct 26.7 23.3 78.8 92.2 88.8 31.3 17.1 51.2

Clipping-optimized RL
DAPO Instruct 20.0 23.3 80.4 91.0 88.8 33.5 18.5 50.8

Agentic RL
ToRL Math-Inst 40.2 27.9 82.2 91.4 87.8 51.5 17.8 57.0
ARPO Inst 30.0 30.0 78.8 92.2 88.8 53.0 18.3 55.9
AEPO Inst 33.3 30.0 80.4 92.2 90.0 53.0 17.8 56.7
CIR Math 42.3 29.2 86.4 91.8 90.4 49.5 19.3 58.4
GIGPO Inst 30.0 20.0 78.4 91.6 87.6 52.5 18.1 54.0
DemyAgent Inst 43.2 30.5 87.9 92.6 90.8 52.0 18.9 59.4
ELPO-7B (Ours) Inst 48.1 31.1 89.4 92.8 91.2 52.7 19.7 60.7

RL Methods based on Qwen3-4B

Additional Comparison
DemyAgent-4B Inst 72.6 70.0 90.4 93.1 91.6 58.5 26.8 71.9
ELPO-4B (Ours) Inst 74.3 69.4 89.6 94.5 92.8 59.1 28.6 72.6

dataset6 to acquire basic tool-use patterns, and then
run RL training for 1 epoch on the Open-AgentRL-
30K dataset7 under the same data construction pro-
tocol. The GRPO KL regularization coefficient is
set to 0 for stability.

Our training uses a total batch size of 128 with a
PPO mini-batch size of 16, and a maximum context
length of 20K tokens. For every method, we en-
force the same per-input rollout budget Ntotal = 16.
ELPO uses no extra samples: BEL reuses this fixed
budget by reallocating rollouts between initial full
trajectories and anchor-prefix suffix branches (all
counted within Ntotal). All baselines are run under
the same Ntotal budget; for tree-based baselines,
every branch expansion is also counted as one roll-
out within Ntotal. All experiments are conducted
on 8 NVIDIA A100 GPUs. Details hyperparame-

6https://huggingface.co/datasets/Gen-Verse/
Open-AgentRL-SFT-3K

7https://huggingface.co/datasets/Gen-Verse/
Open-AgentRL-30K

ter settings for ELPO method are provided in Ap-
pendix C.

6 Experimental Results

6.1 Main Result on Different TIR Tasks
To validate the effectiveness of ELPO for TIR, we
compare it with prompting baselines and repre-
sentative RL algorithms across mathematical rea-
soning, science QA, and code execution. Table 1
summarizes the results. We highlight three obser-
vations.
(1) Naive tool-enabled prompting can degrade
performance. Simply enabling tool calls at infer-
ence time does not guarantee gains. On Qwen2.5-
7B, TIR prompting underperforms self-contained
prompting on average, with pronounced drops on
difficult math and GSM8K. This suggests that
multi-step tool interaction increases error propa-
gation and makes failures harder to recover without
learning-based adaptation.
(2) RL substantially improves TIR reasoning

11014

https://huggingface.co/datasets/Gen-Verse/Open-AgentRL-SFT-3K
https://huggingface.co/datasets/Gen-Verse/Open-AgentRL-SFT-3K
https://huggingface.co/datasets/Gen-Verse/Open-AgentRL-30K
https://huggingface.co/datasets/Gen-Verse/Open-AgentRL-30K


AEPOELPO w/o BELELPO
1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00
K

en
da

ll 
 (v

s.
 P

as
s@

32
)

Kendall 

AEPOELPO w/o BELELPO
0.0

0.2

0.4

0.6

0.8

1.0

Pa
ir

w
is

e 
Ac

cu
ra

cy
 (v

s.
 P

as
s@

32
) Pairwise Accuracy

Figure 3: Local ranking quality at branching prefixes
(pairwise accuracy / Kendall’s τ vs Mean@32 refer-
ence).

capabilities over prompting baselines. Train-
ing with outcome-based RL consistently improves
over TIR prompting and yields strong performance
across domains. Notably, Agentic RL baselines out-
perform classical trajectory-level RL on average,
supporting the benefit of introducing step-aware
mechanisms when supervision is only available at
the terminal outcome.
(3) ELPO delivers the best overall results and
scales to stronger backbones. ELPO achieves
the highest average score on both Qwen2.5-7B
and Qwen3-4B. Compared with the strongest prior
Agentic RL baseline DemyAgent, ELPO improves
the average accuracy by 2.2% on Qwen2.5-7B and
by 1.0% on Qwen3-4B. These gains are consistent
with ELPO’s design, which localizes the earliest
error-inducing decision via binary-search tree roll-
outs and derives fine-grained advantages by con-
trasting branches while retaining trajectory-level
returns.

6.2 Ranking Quality Analysis in Rollouts

In Agentic RL, the learning signal ultimately de-
pends on whether the algorithm can reliably dis-
tinguish which rollout candidates are better. Com-
pared to linear rollouts that rely primarily on out-
come rewards, recent tree rollout methods (Lu et al.,
2025; Dong et al., 2025; Ji et al., 2025) explicitly
introduce a branching structure, which strengthens
the algorithm’s ability to rank alternative answers
and intermediate decisions. We therefore conduct
a focused evaluation of the ranking quality induced
by tree rollout methods including ELPO.

We randomly sample 200 questions from the
DemyAgent training set covering a range of diffi-
culty levels and perform rollouts with the Qwen2.5-
7B-Instruct model. To isolate the contribution of
BEL in tree construction, we additionally evalu-

ate a variant that removes BEL and instead selects
branching prefixes uniformly at random, follow-
ing the TreeGRPO-style (Ji et al., 2025) rollout
procedure, which is denoted as ELPO w/o BEL.
After constructing the rollout tree for each method,
we collect all branching prefixes (i.e., prefixes with
multiple child nodes). At each branching prefix, we
induce a local ordering over sibling branches using
the method’s own step-level branch scores on the
child nodes (e.g., ELPO’s hierarchical advantage;
Section 4.2).

To obtain a reference ranking, we approximate
each child branch’s quality via Monte Carlo es-
timation with K=32 samples. For each branch-
ing prefix and each of its child prefixes, we draw
K=32 rollouts from that child prefix and compute
the success rate (mean binary correctness), denoted
as Mean@32, which induces a reference ordering
among sibling branches. We then compare each
method-induced ordering against this Mean@32
reference and quantify ranking quality using pair-
wise accuracy and Kendall’s τ (Kendall, 1938).

As shown in Figure 3, ELPO achieves the high-
est agreement with the reference ranking, while
ELPO w/o BEL still consistently outperforms
AEPO. This aligns with our design: (i) ELPO’s
advantage modeling is explicitly tailored to local
preference comparisons at branching points, pro-
ducing more comparable signals among sibling
branches under the same parent; and (ii) BEL con-
centrates expansion budget around decision steps
that are more likely to induce meaningful diver-
gence and reveal failure causes, improving the in-
formativeness of sibling-branch comparisons and
thus further strengthening local ranking accuracy.

More detailed experimental results are provided
in the appendix, including ELPO-specific hyper-
parameter settings in Appendix C, Pass@K and
Major@K sampling analysis in Appendix D, con-
sistency evaluation of localizing the first irrecov-
erable step in Appendix E, component ablations
in Appendix F, hyperparameter sensitivity analysis
in Appendix G, training dynamics in Appendix H,
and qualitative case studies in Appendix I.

7 Conclusion

We study outcome-only Agentic RL for long-
horizon TIR, where sparse terminal rewards lead
to diffuse credit assignment and obscure the ear-
liest irrecoverable decision. We propose Error-
Localized Policy Optimization (ELPO), which

11015



uses binary-search tree rollouts to localize the first
irrecoverable step under a fixed rollout budget, and
turns this signal into stable updates via hierarchical
advantage attribution and error-localized adaptive
clipping. Experiments on tool-augmented bench-
marks in math, science QA, and code execution
show that ELPO consistently outperforms strong
Agentic RL baselines under comparable sampling
budgets, with better Pass@K/Major@K scaling
and improved tool-call efficiency. Overall, ELPO
demonstrates that explicitly localizing and exploit-
ing irrecoverable errors provides a practical path
to more targeted and reliable optimization for long-
horizon agentic reasoning.

Limitations

Despite its effectiveness, ELPO has several limi-
tations. First, the localization of the first irrecov-
erable step is an empirical result obtained under a
fixed rollout budget, current policy, and decoding
configuration, based on finite suffix sampling. In
low-success or highly stochastic settings, rare suc-
cesses or false negatives may introduce bias or vari-
ance into the binary localization process, and the
identified step may shift as the policy or sampling
budget changes. Second, our evaluation focuses on
relatively deterministic tool environments such as
code execution, calculation, and closed-form ques-
tion answering, and we have not systematically
tested ELPO in noisier or more interactive settings,
e.g., open-domain web search or GUI-based tools,
where tool feedback uncertainty may further affect
recoverability judgments. Finally, ELPO currently
targets a single earliest critical step for localized
updates, which may not fully capture failure modes
arising from multiple interacting errors or gradual
error accumulation.

Ethical Considerations

This work improves reinforcement learning for TIR
by enabling finer-grained error localization and
credit assignment under a fixed rollout budget. We
follow standard academic ethical practices and use
only publicly available tools and benchmark en-
vironments (e.g., code execution and calculators),
without relying on private data or undisclosed tool
access. Although stronger tool-use ability could be
misused in deployment, ELPO is a training tech-
nique rather than a mechanism for data collection
or deception; responsible use should include ap-
propriate access control and auditing. We do not

anticipate direct harm to individuals or groups from
the experiments reported in this paper.
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A Pseudo Code of ELPO’s Rollout
Strategy

The pseudo-code of the graph construction process
is shown in Algorithm 1.

B An example of a BEL rollout tree

Figure 4 provides an example of the rollout tree for
a certain mathematical problem when the rollout
budget N is set to 16.

C ELPO-related Hyperparameter
Settings

We report the ELPO-specific hyperparameters used
in our implementation in Table 2.

Algorithm 1 Tree Rollout via Binary Error Local-
ization
Require: task input x, tool set T , old policy πθold , rollout

budget Ntotal, buffer size Bmax, min/max branch counts
per anchor (Xmin, Xmax), entropy scaling factor β

1: Initialize: B ← ∅, Gx ← ∅, Ccrit ← ∅, rollouts← 0
2: // Main loop: repeat until rollout budget is exhausted
3: while rollouts < Ntotal do
4: // Collect error trajectories
5: while |B| < Bmax and rollouts < Ntotal do
6: sample a full trajectory τ from πθold with tools T
7: rollouts← rollouts + 1
8: compute terminal reward R(τ)
9: if R(τ) = 0 then

10: compute H root(τ) and H tool(τ)
11: B ← B ∪ {(τ,H root(τ), H tool(τ))}
12: end if
13: end while
14: if |B| = 0 then
15: break
16: end if
17: τ∗

search = argmaxτi∈B
(
H tool(τi)−H root(τi)

)
,

18: B ← ∅
19: add τ∗

search as the reference path into Gx
20: // Binary tree-search over anchor steps on τ∗

search
21: let K be the number of tool-call steps in τ∗

search
22: set L← 1, R← K
23: while L < R and rollouts < Ntotal do
24: m← ⌊(L+R)/2⌋ ▷ // anchor step
25: take prefix(m) and compute H tool

m

26: Xm ← Xmin + (Xmax − Xmin) · σ
(
β(H tool

m −
H root(τ∗

search))
)

27: reachable← false
28: for k = 1 to Xm do
29: if rollouts ≥ Ntotal then
30: break
31: end if
32: sample one trajectory τ̂ (k) from prefix(m)
33: rollouts← rollouts + 1
34: add τ̂ (k) as a child branch at step m in Gx
35: compute terminal reward R(τ̂ (k))

36: if R(τ̂ (k)) = 1 then
37: reachable← true
38: end if
39: end for
40: if reachable then
41: L← m+ 1 ▷ // error likely after m
42: else
43: R← m ▷ // error likely at or before m
44: end if
45: end while
46: tcrit ← L
47: Ccrit ← Ccrit ∪ {tcrit}
48: end while
49: Output: error-localized rollout tree Gx = (S, E), first

irrecoverable steps Ccrit
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[step=0] [ROOT]
leaf=0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step to determine ho ... nt(f\"S = {S} *

C\")\nprint(f\"Therefore, 1 square
balances {S} circles\")"}}
</tool_call><|im_end|>

ToolCalls: [call#0]
code_interpreter({"code": "# Let's

define the relationships\n# From diagram
1: 3 ... = 3/2 * (2/3) * C\nprint(f\"S =

{S} * C\")\nprint(f\"Therefore, 1 square
balances {S} circles\")"})

ToolResps: [resp#0] Traceback (most
recent call last): File

"/tmp/tmp8p9p26ad/tmpdrqh0wrk.py", line
5, in <module> S = 3/2 * (2/3) * C
NameError: name 'C' is not defined

leaf=0,3,4
R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378
FW_cnt=3

FW_leaves=[0,3,4]

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step to determine ho ... circle.\n \n

return \"2 squares\"\n\nprint(solve_bala
nce_problem())"}} </tool_call><|im_end|>

ToolCalls: [call#0]
code_interpreter({"code": "def

solve_balance_problem():\n # From the
equation ... re, 2 squares balance 1

circle.\n \n return \"2 squares\"\n\npri
nt(solve_balance_problem())"})
ToolResps: [resp#0] 2 squares

leaf=1
R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378
FW_cnt=1

FW_leaves=[1]

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step to determine ho ... conclusion from
the first two diagrams, which is that 1

circle = 1.5 squares.
\boxed{1.5}<|im_end|>

leaf=2
R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378
FW_cnt=1

FW_leaves=[2]

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step to determine ho ... ore

complexity\n\nprint(\"Looking for a
consistent system of equations.\")"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code":
"print(\"Analyzing balance diagrams to

find the relati ... system unless
there's more

complexity\n\nprint(\"Looking for a
consistent system of equations.\")"})

ToolResps: [resp#0] Analyzing balance
diagrams to find the relationship

between squares and circles. Looking for
a consistent system of equations.

leaf=5,8,9,10,11,12
R=0.300, A=1.729
  ├ branch=2.828

  └ traj=0.630

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step to determine ho ... m 1, let's say
2 squares = 1 circle\n# This gives us

equation 1: 2s = c\")"}}
</tool_call><|im_end|>

ToolCalls: [call#0]
code_interpreter({"code":

"print(\"Analyzing Diagram 1:\")\n# From
diagram 1, let's say 2 squares = 1

circle\n# This gives us equation 1: 2s =
c\")"})

ToolResps: [resp#0] File
"/tmp/tmpyw1igpsy/tmpv30nplge.py", line

3 print(# This gives us equation 1: 2s =
c")) ^ SyntaxError: '(' was never closed

leaf=6
R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378
FW_cnt=1

FW_leaves=[6]

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step to determine ho ... \n return

circle\n\nresult = solve_balance_problem
()\nprint(result)"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "def
solve_balance_problem():\n # Define
symbols\n ... stitution is correct.\n \n

return circle\n\nresult = solve_balance_
problem()\nprint(result)"})

ToolResps: [resp#0] 0
leaf=7

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378
FW_cnt=1

FW_leaves=[7]

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step to determine ho ... 5S\n \n return

1.5\n\nresult =
solve_balance_puzzle()\nprint(result)"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "def
solve_balance_puzzle():\n # Let's define

varia ... C\n # Hence, 1C = 1.5S\n \n
return 1.5\n\nresult =

solve_balance_puzzle()\nprint(result)"})
ToolResps: [resp#0] 1.5

leaf=13
R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378
FW_cnt=1

FW_leaves=[13]

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step to determine ho ... merical answer,
the most direct interpretation from the

given information is:
\boxed{1.5}<|im_end|>

leaf=14
R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378
FW_cnt=1

FW_leaves=[14]

[step=1]
assistant:To solve this problem, I need

to analyze the balance diagrams step by
step. Let me break d ...

squares\nprint(f'1 circle =
{solution[square]/solution[circle]}

squares')"}} </tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "from sympy
import symbols, Eq, solve\n\n# Define

symb ... eq2, so 1 circle = 0.5
squares\nprint(f'1 circle =

{solution[square]/solution[circle]}
squares')"})

ToolResps: [resp#0] Traceback (most
recent call last): File

"/tmp/tmp7l4ysqk2/tmpsrdfx2cn.py", lin
... , in <module> print(f'1 circle =
{solution[square]/solution[circle]}

squares') KeyError: circle
leaf=15

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378
FW_cnt=1

FW_leaves=[15]

[step=2]
assistant:<tool_call> {"name":
"code_interpreter", "arguments":

{"code": "# Let's define the relatio ...
nt(f\"S = {s} *

C\")\nprint(f\"Therefore, 1 square
balances {s} circles\")"}}
</tool_call><|im_end|>

ToolCalls: [call#0]
code_interpreter({"code": "# Let's

define the relationships properly\n#
Using sy ... * t # S =

(3/2)*T\nprint(f\"S = {s} *
C\")\nprint(f\"Therefore, 1 square

balances {s} circles\")"})
ToolResps: [resp#0] S = 1.0 * C

Therefore, 1 square balances 1.0 circles
leaf=0

R=-1.100, A=-0.189
  ├ branch=0.000

  └ traj=-0.378

[step=2]
assistant:<tool_call> {"name":
"code_interpreter", "arguments":

{"code": "# Define the relationships ...
} * C

coefficient\")\nprint(f\"Therefore, 1
square balances {S} circles\")"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "# Define the
relationships symbolically\nT = 2/3 # a

... t of C\nprint(f\"S = {S} * C
coefficient\")\nprint(f\"Therefore, 1
square balances {S} circles\")"})
ToolResps: [resp#0] S = 1.0 * C

coefficient Therefore, 1 square balances
1.0 circles

leaf=3
R=-1.100, A=-0.189

  ├ branch=0.000
  └ traj=-0.378

[step=2]
assistant:Let me correct the code to

show the calculation properly:
<tool_call> {"name": "code_inter ...

nt(f\"S = {S} *
C\")\nprint(f\"Therefore, 1 square

balances {S} circles\")"}}
</tool_call><|im_end|>

ToolCalls: [call#0]
code_interpreter({"code": "# Let's

define the relationships symbolically\n#
From ... = 2/3\nS = 3/2 * T\nprint(f\"S

= {S} * C\")\nprint(f\"Therefore, 1
square balances {S} circles\")"})
ToolResps: [resp#0] S = 1.0 * C

Therefore, 1 square balances 1.0 circles
leaf=4

R=-1.100, A=-0.189
  ├ branch=0.000

  └ traj=-0.378

[step=3]
assistant:Based on the mathematical

analysis, the code confirms that 1
square balances exactly 1 cir ... ation

is given, the most logical conclusion is
that 1 square balances 1 circle.

\boxed{1}<|im_end|>
leaf=0

R=-1.100, A=-0.189
  ├ branch=0.000

  └ traj=-0.378

[step=2]
assistant:Based on the analysis and

verification through the code
interpreter, I can conclude that 2 ...

s, then 2 Squares = 10 units = 1 Circle
Therefore, 2 squares balance a circle.

\boxed{2}<|im_end|>
leaf=1

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=3]
assistant:Based on the symbolic

computation, we get that 1 square
balances 1 circle. However, let me ...
the first two diagrams is that S = C.

Therefore, 1 square balances 1 circle.
$\boxed{1}$<|im_end|>

leaf=3
R=-1.100, A=-0.189

  ├ branch=0.000
  └ traj=-0.378

[step=3]
assistant:Based on the mathematical

analysis and verification, I can
conclude that 1 square balances ... This
is consistent. Therefore, the answer is

that 1 square balances 1 circle.
\boxed{1}<|im_end|>

leaf=4
R=-1.100, A=-0.189

  ├ branch=0.000
  └ traj=-0.378

[step=2]
assistant:It seems I need to look more

carefully at the actual diagrams to
determine the proper rela ...

analysis:\")\nprint(\"1 Circle balances
5 Squares\")\nprint(\"Answer: 5\")"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "# Based on
typical balance puzzle logic\n# If we

assu ... tandard balance puzzle
analysis:\")\nprint(\"1 Circle balances
5 Squares\")\nprint(\"Answer: 5\")"})

ToolResps: [resp#0] Based on standard
balance puzzle analysis: 1 Circle

balances 5 Squares Answer: 5
leaf=5,10,11,12

R=-1.100, A=-0.896
  ├ branch=-1.414

  └ traj=-0.378
FW_cnt=4

FW_leaves=[5,10,11,12]

[step=2]
assistant:Let me reconsider the problem
setup. Since I don't have access to the

actual images, but I ... Let me just
give the most logical answer based on
standard puzzle solutions: \boxed{6}

<|im_end|>
leaf=8

R=1.000, A=1.676
  ├ branch=0.707

  └ traj=2.646

[step=2]
assistant:Since I cannot see the actual
images, I'll need to make reasonable

assumptions based on ty ... pical
balance puzzle patterns, the answer is

probably a simple integer.\")"}}
</tool_call><|im_end|>

ToolCalls: [call#0]
code_interpreter({"code": "# Since I

can't see the actual diagrams, I'll have
to ... \n\nprint(\"Based on typical

balance puzzle patterns, the answer is
probably a simple integer.\")"})

ToolResps: [resp#0] The problem likely
involves a specific configuration that
leads to a solvable system. Based on
typical balance puzzle patterns, the
answer is probably a simple integer.

leaf=9
R=1.000, A=1.676
  ├ branch=0.707

  └ traj=2.646

[step=3]
assistant:Based on the analysis of

typical balance puzzles and the
structure of the problem, the num ...

ommon and logical answer that fits the
pattern of these types of brain teasers.

\boxed{5}<|im_end|>
leaf=5

R=-1.100, A=-0.189
  ├ branch=0.000

  └ traj=-0.378

[step=3]
assistant:After analyzing the problem
and considering typical balance puzzle

logic, the most reasona ... he
equivalence. Therefore, the number of

squares that will balance a circle is
\boxed{5}.<|im_end|>

leaf=10
R=-1.100, A=-0.189

  ├ branch=0.000
  └ traj=-0.378

[step=3]
assistant:Based on the analysis of

typical balance puzzles and the
structure of the problem, the number of
squares that will balance a circle is 5.

\boxed{5}<|im_end|>
leaf=11

R=-1.100, A=-0.189
  ├ branch=0.000

  └ traj=-0.378

[step=3]
assistant:Based on the analysis of

typical balance puzzle logic and the
information provided in the ... ly

involves 5 squares balancing 1 circle.
Therefore, the answer is \boxed{5}.

\boxed{5}<|im_end|>
leaf=12

R=-1.100, A=-0.189
  ├ branch=0.000

  └ traj=-0.378

[step=2]
assistant:Let me fix the syntax error

and continue with the analysis.
<tool_call> {"name": "code_in ... on 3:
c = 2s\n\nprint(\"All equations confirm

that 1 circle = 2 squares\")"}}
</tool_call><|im_end|>

ToolCalls: [call#0]
code_interpreter({"code":

"print(\"Analyzing Diagram 1:\")\n# From
diagram 1, le ... ion 2: c = 2s\n#
Equation 3: c = 2s\n\nprint(\"All

equations confirm that 1 circle = 2
squares\")"})

ToolResps: [resp#0] Analyzing Diagram 1:
Analyzing Diagram 2: Analyzing Diagram

3: Verifying all equations: All
equations confirm that 1 circle = 2

squares
leaf=6

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=3]
assistant:Based on the analysis of all
three diagrams, we can see that each
diagram consistently sho ... diagrams

consistent with 1 circle = 2
squares\")\n\nverify_relationships()"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "# To further
verify, let's create a simple Python scr
... n \n print(\"All diagrams consistent

with 1 circle = 2
squares\")\n\nverify_relationships()"})
ToolResps: [resp#0] Traceback (most

recent call last): File
"/tmp/tmpobzuz9cf/tmpkuysw_38.py", lin

... onships assert c_test == 6 * s,
"Diagram 2 inconsistent" AssertionError:

Diagram 2 inconsistent
leaf=6

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=4]
assistant:It seems there's an error in

my verification logic. Let me re-examine
the relationships mo ...

)\nprint(\"Therefore, the number of
squares that balance a circle is

2.\")"}} </tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "# Let's re-
analyze the equations properly\n\n# From

D ... squares\")\nprint(\"\")\nprint(\"T
herefore, the number of squares that

balance a circle is 2.\")"})
ToolResps: [resp#0] Final Analysis:

Diagram 1: 2s = c Diagram 2: 3c = 6s → c
= 2s Diagram 3: c + 2s ... nsistent

Result: 1 circle = 2 squares Therefore,
the number of squares that balance a

circle is 2.
leaf=6

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=5]
assistant:After carefully analyzing all

three diagrams and verifying the
relationships through consi ... onclude

that 1 circle balances 2 squares.
Therefore, the answer is \boxed{2}.

\boxed{2}<|im_end|>
leaf=6

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=2]
assistant:It seems there was an error in
my code. Let me re-evaluate and correct

it. Let me approac ... art\n \n return 5
# From the first substitution, which is
5 squares"}} </tool_call><|im_end|>

ToolCalls: [call#0]
code_interpreter({"code": "def

solve_system():\n # Let's define the
relations ... t take the consistent
part\n \n return 5 # From the first

substitution, which is 5 squares"})
ToolResps: [resp#0] File

"/tmp/tmp1kizvtyo/tmp5_6c9veh.py", line
36 print( return 5 # From the first

substitution, which is 5 squares) ^^^^^^
SyntaxError: invalid syntax

leaf=7
R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=3]
assistant:Let me fix the code syntax

error and solve it properly: <tool_call>
{"name": "code_inter ... em structure\n

\n return 5\n\nresult =
solve_system()\nprint(result)"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "def
solve_system():\n # Let's set up the

system of ... according to the problem
structure\n \n return 5\n\nresult =
solve_system()\nprint(result)"})

ToolResps: [resp#0] 5
leaf=7

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=4]
assistant:Based on the analysis and

verification through the sandbox
environment, I have determined ... s the

correct answer for the problem.
Therefore, 1 circle balances 5 squares.

\boxed{5}<|im_end|>
leaf=7

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=3]
assistant:Looking at this problem more
carefully, I realize I need to approach
it with the assumptio ... roblems of

this nature, the number of squares that
balance a circle is commonly:

\boxed{6}<|im_end|>
leaf=9

R=1.000, A=1.676
  ├ branch=0.707

  └ traj=2.646

[step=2]
assistant:Based on the analysis and

verification through the code
interpreter, I can conclude that 1 ... n
the mathematical derivation from the
balanced equations, the answer is 1.5.

\boxed{1.5}<|im_end|>
leaf=13

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=2]
assistant:It seems there was an issue

with my approach. Let me reconsider the
problem and solve it s ... , 1 circle =

0.5 squares')\nprint('Or equivalently, 2
circles = 1 square')"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "from sympy
import symbols, Eq, solve\n\n# Define

symb ... e:\nprint('\\nTherefore, 1
circle = 0.5 squares')\nprint('Or

equivalently, 2 circles = 1 square')"})
ToolResps: [resp#0] From square =

2*circle, we get circle = square/2 From
triangle = 3*square and tr ... So: 1

circle = 1/2 square Therefore, 1 circle
= 0.5 squares Or equivalently, 2 circles

= 1 square
leaf=15

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=3]
assistant:From the analysis and

verification, I can conclude that 1
circle balances with 0.5 squares ... ,
we can say:\")\nprint(\"1 square = 2
circles, so 2 circles = 1 square\")"}}

</tool_call><|im_end|>
ToolCalls: [call#0]

code_interpreter({"code": "# Let me
solve this problem systematically by

definin ... umbers in such problems, we
can say:\")\nprint(\"1 square = 2

circles, so 2 circles = 1 square\")"})
ToolResps: [resp#0] From T = 3S and T =

2S + 2C, substituting gives S = 2C
Therefore 1 circle = 0.5 ... deal with

whole numbers in such problems, we can
say: 1 square = 2 circles, so 2 circles

= 1 square
leaf=15

R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

[step=4]
assistant:From my analysis, I determined
that 1 circle balances with 0.5 squares.

However, given the ... xpressed in terms
of squares needed to balance a circle,

the correct answer is:
\boxed{2}<|im_end|>

leaf=15
R=-1.100, A=-0.366
  ├ branch=-0.354

  └ traj=-0.378

Figure 4: An example of a rollout tree based on BEL. The red box outlines the first irrecoverable step identified by
the rollout tree.

D Pass@K and Major@K Sampling
Analysis

Due to the stochasticity in tool-integrated roll-
outs, single-sample evaluation can underestimate
an agent’s true capability. We therefore report
Pass@K and Major@K with K ∈ {4, 16, 32}.

As shown in Figure 5, ELPO consistently bene-
fits more from larger-scale sampling and achieves
the best scores across settings. On AIME2024
and AIME2025, ELPO consistently outperforms
both AEPO and DemyAgent, with the improve-
ments most pronounced on the Major@K metric
(especially at larger K). We attribute the stronger
scaling on Major@K to ELPO’s localized supervi-
sion. BEL concentrates branching near the earli-
est decisive error step, yielding more informative
sibling-branch comparisons, while our hierarchi-
cal advantage produces directly comparable prefer-
ence signals within each branching point. Together,
this improves both sampling success (Pass@K) and
sample-level consensus (Major@K) as K grows.

E Consistency of First Irrecoverable Step
Localization

To validate that ELPO’s BEL rollout mechanism
truly pinpoints the first irrecoverable step, we con-
struct an objective ground truth based on Pass@K
recoverability tests on failed traces. We run ELPO
training from Qwen2.5-7B-Instruct on AIME2024.
At training step 200, we construct BEL rollout trees

Table 3: Agreement on localizing the first irrecoverable
step in failed AIME2024 traces. Random step uniformly
samples a step index; Entropy-peak picks the step with
the maximum tool-call entropy; ELPO localizes the step
via BEL.

Method Hit@1

Random step 32.6%
Entropy-peak step 47.4%
ELPO 66.8%

for the sampled questions. For each instance whose
rollout fails, we record the critical step index tcrit
localized by BEL.

For each failed trajectory with K decision/tool-
call steps, we compute a recoverability indicator for
every step t ∈ {1, . . . ,K} by freezing the prefix up
to step t and resampling keval suffix completions un-
der the same tool environment. A prefix is marked
recoverable if any suffix completion succeeds (i.e.,
reaches Pass@keval=1), and irrecoverable other-
wise. We then define the ground-truth first irrecov-
erable step as the earliest irrecoverable step. We
measure exact-match Hit@1, i.e., the fraction of
failed trajectories where tcrit exactly matches t∗.

Table 3 shows that ELPO achieves substantially
higher agreement than random selection and an
entropy-peak heuristic, supporting that BEL reli-
ably identifies the earliest irrecoverable decision
that dominates failure under a fixed sampling bud-
get.
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Figure 5: Pass@K and Major@K sampling analysis on AIME2024/2025.

Table 4: Ablation study of ELPO under the same roll-
out budget (Ntotal = 16) for all methods. We report
accuracy (Mean@32) on AIME2024 and AIME2025.
The top two results in each column are bolded and
underlined.

Variant AIME24 AIME25

ELPO 48.1 31.1

w/o BEL 45.8 29.1
w/o FAA 43.4 28.9
w/o ELC 47.2 29.8
w/o entropy-gap selection 46.0 30.6
w/o adaptive Xm 46.7 30.4

F Ablation Study on ELPO Components

Table 4 reports ELPO component ablations under
the same rollout budget (Ntotal = 16), evaluated by
Mean@32 on AIME2024 and AIME2025. Remov-
ing BEL consistently degrades performance, show-
ing that localizing the first irrecoverable step is cru-
cial under sparse terminal rewards. Disabling FAA
causes an even larger drop, suggesting ELPO’s
gain comes from turning the localized tree into
actionable fine-grained credit rather than merely
“using a tree”. Within BEL, replacing entropy-
gap trajectory selection with uniform sampling
or replacing adaptive suffix allocation Xm with
a fixed branch count both hurt performance, in-
dicating these heuristics improve localization ro-
bustness and sibling-branch informativeness under
tight budgets. Finally, removing ELC slightly im-
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Figure 6: Sensitivity of ELPO performance (Mean@32)
to the hierarchical advantage weight λtree (left) and the
error-localized clipping parameter εelc (right) on AIME
2024 and AIME 2025.

proves AIME2024 but hurts AIME2025, reflecting
a stability–aggressiveness trade-off of relaxing clip-
ping around the localized critical-step suffix.

G Sensitivity Analysis of ELPO
Hyperparameters

Figure 6 presents the sensitivity of ELPO to key
hyperparameters on AIME 2024 and AIME 2025.
For the hierarchical advantage weight λtree, perfor-
mance peaks at intermediate values, while overly
large λtree leads to a clear degradation in Mean@32
on both benchmarks. This suggests that relying
too heavily on branch-level preference signals is
insufficient for stable optimization, as it weakens
the global constraint provided by trajectory-level
advantages and biases updates toward local compar-
isons. As a result, local preference signals may be
over-emphasized in long-horizon decision-making,
affecting overall solution quality. In contrast, in-
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termediate values of λtree achieve a better balance
between local discriminability and global consis-
tency.

For the error-localized clipping parameter εelc,
performance varies more moderately within the
tested range, with intermediate values generally
yielding the best results. When εelc is too small,
the corrective update on critical steps is limited,
whereas overly large values can lead to overly
aggressive updates and reduced training stability.
Overall, ELPO exhibits robust performance across
a reasonable range of hyperparameter values and
achieves optimal or near-optimal results with inter-
mediate settings.

H Training Dynamics

Figure 7 compares ELPO with DemyAgent un-
der the same backbone (Qwen2.5-7B-Instruct),
SFT/RL data, and base training recipe, isolating
the effect of the RL algorithm. ELPO consistently
reduces tool usage: tool calls drop faster and con-
verge to a lower level (around three), while re-
sponse length stays comparable to DemyAgent,
indicating the gains are not from longer traces.
Instead, error-localized rollouts and credit assign-
ment focus learning on the critical decision and
its suffix, reducing redundant tool-invocation loops
and making each interaction more informative. As
a result, ELPO achieves higher performance with
fewer tool rounds, producing more compact tra-
jectories without sacrificing content. We also ob-
serve slightly higher and more stable policy en-
tropy, suggesting localized optimization preserves
exploration near the critical step while stabilizing
elsewhere under sparse outcome-only supervision.

ELPO also delivers stronger training-time per-
formance. On both AIME2024 and AIME2025, it
attains higher Mean@32 and Pass@32 for most of
training, showing that error-localized supervision
improves sampling success and high-budget perfor-
mance. Overall, the curves support our conclusion
that ELPO improves solution quality with more
efficient tool use and stable optimization dynamics.

I Case Study

To contrast representative success and failure pat-
terns of ELPO against strong baselines in long-
horizon TIR, we further validate our method via
case analysis. Specifically, we select two challeng-
ing problems from AIME 2025 (Problem 15 and
Problem 23) that the strong baseline DemyAgent-

7B fails to solve, and compare the full solution tra-
jectories produced by ELPO-7B and DemyAgent-
7B (Figures 8, 9, 10, and 11).

Across both cases, DemyAgent-7B shows a con-
sistent failure mode: once its initial strategy is
blocked (e.g., brute-force timeouts or unreliable
numerics), the trajectory quickly reaches the first ir-
recoverable step and then repeats isomorphic but in-
effective strategies; later, it may override tool feed-
back with unverified analytical intuition, leading to
a “tool–reasoning mismatch”. In contrast, ELPO-
7B exhibits a stable success pattern: on Problem
15, it abandons brute-force enumeration after ob-
serving timeouts and reformulates the task into a
verifiable lower-complexity counting procedure;
on Problem 23, it treats tool–reasoning conflicts as
debugging signals and fixes issues such as double
counting or boundary cases until tool verification
and analytical reasoning agree.

These cases suggest that ELPO’s gains come less
from stronger mathematical “intuition” than from a
more reliable long-horizon correction mechanism.
Under a fixed rollout budget, BEL pinpoints the
first irrecoverable step so learning focuses on the
truly failure-causing decision; FAA converts the
rollout tree into actionable credit assignment by
combining branch-level contrasts with trajectory-
level ranking; and ELC enables stronger yet stable
policy updates on the localized critical step and its
suffix. Together, these components reduce “inef-
fective repetition plus tool-override hallucination,”
improving the stability and reliability of complex
mathematical TIR.
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Figure 7: Training curves comparing ELPO and DemyAgent under the same training setup. We report tool usage,
response length, policy entropy, and task performance (Mean@32 and Pass@32) on AIME2024 and AIME2025
over training.
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A Representative Answer by ELPO-7B on AIME 2025 Problem 15

Problem

Analyze and solve the following math problem step by step. Let N denote the number of ordered triples of positive
integers (a, b, c) such that a, b, c ≤ 36 and a3 + b3 + c3 is a multiple of 37. Find the remainder when N is divided
by 1000.

Ground Truth: 735

♢ Reasoning

To solve this problem, I need to find the number of ordered triples (a, b, c) where a, b, c ≤ 729 and a3 + b3 + c3

is divisible by 2187. Direct enumeration (7293 ≈ 3.8× 108) would be computationally intensive. Let’s write a
Python script to enumerate all such triples.

� Action: Code Interpreter

1 count = 0
2 for a in range(1, 730):
3 for b in range(1, 730):
4 for c in range(1, 730):
5 if (a**3 + b**3 + c**3) % 2187 == 0:
6 count += 1
7 print(count)

⋆ Observation
no stdout here (Timeout)

♢ Reasoning

Let me simplify and just run a small part to make sure the logic works, then run the full computation in a more
controlled way.

� Action: Code Interpreter

1 small_mod = 9 # 3^2
2 small_max = 3
3 count_small = 0
4 for a in range(1, small_max + 1):
5 for b in range(1, small_max + 1):
6 for c in range(1, small_max + 1):
7 if (a**3 + b**3 + c**3) % small_mod == 0:
8 count_small += 1
9 print(count_small)

⋆ Observation
7

♢ Reasoning

The small case gives 7. Now let’s run the full computation. Let’s take a different approach using mathematical
insight (distribution of cubes).

(Code execution continues on next page...)
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� Action: Code Interpreter

1 from collections import defaultdict
2 count = 0
3 mod = 3**7
4 max_val = 3**6
5 cube_mods = defaultdict(int)
6 # Precompute cube mod 2187
7 for i in range(1, max_val + 1):
8 cube_mods[i**3 % mod] += 1
9 # Check sums (Still O(N^3) in structure)

10 for a in range(1, max_val + 1):
11 for b in range(1, max_val + 1):
12 for c in range(1, max_val + 1):
13 if (cube_mods[a**3 % mod] + ... ) > 0:
14 if (a**3 + b**3 + c**3) % mod == 0:
15 count += 1
16 print(count)

⋆ Observation
no stdout here (Timeout)

⇒ Correction & Critical Insight

Let’s take a completely different approach. I’ll use a symmetry argument. For any fixed values of a and b, we
can solve for c: c3 ≡ −a3 − b3 (mod 2187). So for each pair (a, b), we need to count how many c satisfy this
equation. This reduces complexity significantly to O(N2).

� Action: Code Interpreter

1 count = 0
2 mod = 3**7
3 max_val = 3**6
4 targets = {}
5
6 # Precompute all cube residues frequencies
7 for c in range(1, max_val + 1):
8 targets[c**3 % mod] = targets.get(c**3 % mod , 0) + 1
9

10 # Now count valid triples using O(N^2) loop
11 for a in range(1, max_val + 1):
12 for b in range(1, max_val + 1):
13 target_sum = (-a**3 - b**3) % mod
14 if target_sum in targets:
15 count += targets[target_sum]
16
17 print(count)
18 print(count % 1000)

⋆ Observation
885735 735

♢ Reasoning

The computation gives us a count of 885,735, and the remainder when divided by 1000 is 735.

Final Answer: 735 ✓ Correct

Figure 8: A Representative Answer by ELPO-7B on AIME 2025 Problem 15.
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A Representative Answer by DemyAgent-7B on AIME 2025 Problem 15

Problem
Let N denote the number of ordered triples of positive integers (a, b, c) such that a, b, c ≤ 36 and a3 + b3 + c3 is
a multiple of 37. Find the remainder when N is divided by 1000.

♢ Reasoning

To solve this problem, I need to find the number of ordered triples (a, b, c) where each of a, b, c is a positive
integer less than or equal to 36 = 729, and a3 + b3 + c3 is divisible by 37 = 2187. ... Let me write a Python
program to compute this count.

� Action: Code Interpreter

1 def count_valid_triples ():
2 MOD = 3**7
3 max_val = 3**6
4 # Precompute all cubes modulo MOD for values from 1 to max_val
5 cubes = [pow(i, 3, MOD) for i in range(1, max_val + 1)]
6 count = 0
7 # Check all ordered triples (a,b,c) where a,b,c <= max_val
8 for a in range(1, max_val + 1):
9 for b in range(1, max_val + 1):

10 for c in range(1, max_val + 1):
11 if (cubes[a-1] + cubes[b-1] + cubes[c-1]) % MOD == 0:
12 count += 1
13 return count
14
15 result = count_valid_triples ()
16 print(f"Total count: {result}")
17 print(f"Result modulo 1000: {result % 1000}")

⋆ Observation
no stdout here

△ Repeated Failure Step

♢ Reasoning

Let me run the code to compute the number of valid ordered triples (a, b, c) where 1 ≤ a, b, c ≤ 729
and a3 + b3 + c3 ≡ 0 (mod 2187), then find the result modulo 1000. Let me execute the code to see
what happens.

� Action: Code Interpreter

1 def count_valid_triples ():
2 # ... [Code logic is identical to the previous step] ...
3 # ... [The model repeats the exact same O(N^3) brute -force] ...

⋆ Observation
no stdout here

♢ Reasoning

Let me just run the code to get the answer. But since the execution environment is not providing output... I can
conclude that the answer is obtainable through the brute-force approach. The remainder when N is divided by
1000 is 123.

Final Answer: 123 × Incorrect

Figure 9: A Representative Answer by DemyAgent-7B on AIME 2025 Problem 15.
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A Representative Answer by ELPO-7B on AIME 2025 Problem 23

Problem

There are n values of x in the interval 0 < x < 2π where f(x) = sin (7π · sin(5x)) = 0. For t of these n values
of x, the graph of y = f(x) is tangent to the x-axis. Find n+ t.
Ground Truth: 149

♢ Reasoning

To solve this problem, I need to find the number of values of x in the interval 0 < x < 2π where f(x) =
sin (7π · sin(5x)) = 0, and then determine how many of these points are points of tangency (where the derivative
is zero).
High-level strategy: 1) Solve f(x) = 0 exactly by converting it to an equation for sin(5x). 2) Count how many

solutions each level sin(5x) = c has in 0 < x < 2π. 3) For tangency, require simultaneously f(x) = 0 and
f ′(x) = 0; use the exact derivative to identify which zeros are tangency points. 4) Use the tool to verify by
constructing the solutions directly (not by coarse sampling), and then count n and t from the constructed set.

(...Omitted due to excessive length...)

� Action: Code Interpreter

1 import numpy as np
2
3 def f(x):
4 return np.sin(7*np.pi*np.sin(5*x))
5
6 def f_prime(x):
7 return 35*np.pi*np.cos(5*x)*np.cos(7*np.pi*np.sin (5*x))
8
9 x_vals = np.linspace (0.0, 2*np.pi, 10000)

10 f_vals = f(x_vals)
11
12 zeros = []
13 for i in range(len(x_vals)):
14 if abs(f_vals[i]) < 1e-12 and 0 < x_vals[i] < 2*np.pi:
15 zeros.append(x_vals[i])
16 # ... [Rest of code omitted for brevity] ...

⋆ Observation
Number of zeros of f(x): 0 Number of tangency points: 0 n + t = 0

♢ Reasoning

The result is zero because the sampling grid almost surely does not hit the exact roots; checking only sampled
points is unreliable here. I will fix the code by constructing the roots explicitly from sin(5x) = k/7.

� Action: Code Interpreter

1 import numpy as np
2
3 # f(x)=0 <=> sin(5x)=k/7 where k in {-7,...,7}
4
5 def f(x):
6 return np.sin(7*np.pi*np.sin (5*x))
7
8 def f_prime(x):
9 return 35*np.pi*np.cos(5*x)*np.cos(7*np.pi*np.sin (5*x))

10 # ... [Rest of deduplication and printing code omitted] ...

⋆ Observation
Constructed zeros: 140 Max |f(x)| over constructed zeros: 2.4492935982947064e-16 Tangency points among zeros: 10 n +
t = 150

(Analysis continues on next page...)
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⇒ Correction & Critical Insight

I constructed 140 zeros, but the exact counting says n = 139. The discrepancy is from double-counting the ±1
cases (k = ±7). When sin(5x) = ±1, the two solution branches coincide (since a = ±π/2). I must fix the
code to handle c = ±1 specially (only one branch).

� Action: Code Interpreter

1 import numpy as np
2
3 def f(x):
4 return np.sin(7*np.pi*np.sin(5*x))
5
6 def f_prime(x):
7 return 35*np.pi*np.cos(5*x)*np.cos(7*np.pi*np.sin (5*x))
8
9 sol = []

10 for k in range(-7, 8):
11 c = k/7
12 a = np.arcsin(c)
13
14 # If c = +/- 1, the two solution branches coincide; include only one branch
15 if abs(c) == 1.0:
16 branches = (a,)
17 else:
18 branches = (a, np.pi - a)
19
20 for m in range(-10, 50):
21 for base in branches:
22 u = base + 2*np.pi*m
23 if 0 < u < 10*np.pi:
24 x = u/5
25 if 0 < x < 2*np.pi:
26 sol.append(x)
27
28 # Deduplicate
29 sol = np.array(sorted(sol))
30 uniq = []
31 for x in sol:
32 if not uniq or abs(x - uniq [-1]) > 1e-10:
33 uniq.append(x)
34 uniq = np.array(uniq)
35
36 # Verify zeros
37 check = np.max(np.abs(f(uniq)))
38
39 # Tangency check
40 tang = uniq[np.abs(f_prime(uniq)) < 1e-8]
41
42 print('Constructed zeros (n):', len(uniq))
43 print('Max |f(x)| over zeros:', check)
44 print('Tangency points (t):', len(tang))
45 print('n + t =', len(uniq) + len(tang))

⋆ Observation
Constructed zeros (n): 139 Max |f(x)| over zeros: 2.4492935982947064e-16 Tangency points (t): 10 n + t = 149

♢ Reasoning

Now the tool-based construction matches the exact reasoning: n = 139, t = 10, so n+ t = 149.

Final Answer: 149 ✓ Correct

Figure 10: A Representative Answer by ELPO-7B on AIME 2025 Problem 23. Due to space constraints, some code
or reasoning steps have been omitted.
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A Representative Answer by DemyAgent-7B on AIME 2025 Problem 23

Problem
There are n values of x in the interval 0 < x < 2π where f(x) = sin (7π · sin(5x)) = 0. For t of these n values
of x, the graph of y = f(x) is tangent to the x-axis. Find n+ t.

♢ Reasoning

To solve this problem, I need to find the number of values of x in the interval 0 < x < 2π where f(x) =
sin (7π · sin(5x)) = 0, and then determine how many of these values correspond to the graph being tangent to
the x-axis. First, let me understand when sin (7π · sin(5x)) = 0.

(...Omitted due to excessive length...)

� Action: Code Interpreter

1 import numpy as np
2 from scipy.optimize import fsolve
3
4 # Find all zeros of f(x) in (0, 2*pi)
5 x_vals = []
6 # ... [Rest of code omitted for brevity] ...

⋆ Observation
Number of solutions to f(x) = 0: 19 Number of solutions to f’(x) = 0: 0 n + t = 19

△ Repeated Failure Step

♢ Reasoning

Wait, the code is telling me that there are only 19 solutions to f(x) = 0, and none where f ′(x) = 0.
This contradicts my earlier reasoning.
Let me reconsider the problem more carefully.

(...Omitted due to excessive length...)

� Action: Code Interpreter

1 import numpy as np
2 from scipy.optimize import fsolve
3
4 # ... [Rest of code omitted for brevity] ...

⋆ Observation
Number of solutions to f(x) = 0: 129 Number of solutions to f’(x) = 0: 0 n + t = 129

♢ Reasoning

The code is now showing that there are 129 solutions to f(x) = 0, but still 0 solutions where f ′(x) = 0.
This suggests that either: 1. My understanding of when the graph is tangent to the x-axis is incorrect. 2. The
numerical method is having trouble finding the points where f ′(x) = 0.
From the mathematical analysis: - n = 37 (as per my earlier reasoning) - t = 15 (number of solutions to
cos(5x) = 0 in (0, 2π))
Therefore: n+ t = 52. The answer is 52 .

Final Answer: 52 × Incorrect

Figure 11: A Representative Answer by DemyAgent-7B on AIME 2025 Problem 23. Due to space constraints,
some code or reasoning steps have been omitted.
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