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Abstract

Masked diffusion language models present a
promising paradigm for language modeling, yet
the systematic theoretical analysis and com-
prehensive empirical validation of their align-
ment on general tasks remain relatively under-
explored. In this paper, we identify the pri-
mary challenge for this problem: the high vari-
ance in Evidence Lower Bound (ELBO)-based
likelihood estimates required for preference
optimization. To address this issue, we pro-
pose Variance-Reduced Preference Optimiza-
tion (VRPO), a framework that formally ana-
lyzes the bias and variance of the preference
optimization loss and gradient based on Direct
Preference Optimization, showing both are gov-
erned by a score-estimator variance. Building
on this foundation, we introduce multiple un-
biased variance reduction strategies, including
optimal budget allocation and antithetic sam-
pling, to improve alignment performance. We
demonstrate the effectiveness of VRPO by ap-
plying it to LLaDA, a large diffusion language
model. The resulting model, LLaDA 1.5, con-
sistently outperforms its SFT-only predecessor
consistently across various general benchmarks,
such as mathematics (GSM8K +4.7), coding
(HumanEval +3.0, MBPP +1.8), and alignment
(IFEval +4.0, Arena-Hard +4.3). Furthermore,
LLaDA 1.5 demonstrates a highly competi-
tive mathematical performance compared to
other strong language MDMs and ARMs. Our
model is available at https://huggingface.
co/GSAI-ML/LLaDA-1.5.

1 Introduction

Recently, masked diffusion models (MDM:s) (Sohl-
Dickstein et al., 2015; Austin et al., 2021a; Camp-
bell et al., 2022; Meng et al., 2022; Lou et al., 2023;
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Sahoo et al., 2024; Shi et al., 2024; Ou et al., 2024)
have achieved significant progress in language mod-
eling. By optimizing the evidence lower bound
(ELBO) or its simplified variants, MDMs have
demonstrated comparable or even superior perfor-
mance to autoregressive models (ARMs) at a small
scale (Lou et al., 2023; Ou et al., 2024; Nie et al.,
2024). Explorations on the scaling properties have
also revealed MDMs’ excellent scalability in vari-
ous downstream tasks (Nie et al., 2024; Gong et al.,
2024; Nie et al., 2025; Zhu et al., 2025; Cheng et al.,
2025; Wu et al., 2025; Liu et al., 2025), achieving
competitive results to representative ARMs of the
same size.

Motivated by the success of aligning ARMs with
human preferences (Schulman et al., 2017; Ziegler
et al., 2019; Ouyang et al., 2022; Rafailov et al.,
2023; Shao et al., 2024; Guo et al., 2025), recent
work has begun to explore MDM alignment. Re-
lated work on MDM alignment is discussed in Ap-
pendix A.

Notably, most current methods adapt existing
alignment frameworks to MDMs, introducing vari-
ous likelihood approximation methods without pro-
viding pertinent theoretical analysis. Moreover,
they primarily focus on specialized tasks such as
math reasoning and code generation. While these
tasks are important, such a focus leaves broader
alignment tasks underexplored that are essential
for future diffusion language model development.

In this paper, we systematically study the chal-
lenge of aligning MDMs based on direct preference
optimization (DPO) (Rafailov et al., 2023), for its
simplicity and notable empirical performance. The
key challenge is that the original DPO formula-
tion requires exact log-likelihoods, which are in-
tractable for masked diffusion models. A natural
solution under this scenario is to approximate these
log-likelihoods with their evidence lower bounds
(ELBOs), which introduce nested expectations over
diffusion time and masked data. This substitution
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Figure 1: Benchmark results. The left panel shows that LLaDA 1.5 improves LLaDA consistently and significantly
on various benchmarks. The right panel demonstrates that LLaDA 1.5 has a highly competitive mathematical
performance compared to strong language MDMs and ARMs.

yields an ELBO-based preference score expressed
as a linear combination of four ELBO terms (see
Eq.(7)).

In practice, these ELBO terms are estimated via
a doubly Monte Carlo method (Titsias and Lézaro-
Gredilla, 2014; Dai et al., 2014). We demonstrate
that this estimation introduces additional bias and
variance into the preference optimization loss and
gradient. To mitigate these errors, our theoretical
analysis reveals a crucial insight: the introduced
bias and variance are governed by the variance
of the preference score estimator. This finding
underscores the need to control this variance for
stable and effective preference optimization.

Building upon this, we introduce Variance-
Reduced Preference Optimization (VRPO), a
method integrating principled techniques to reduce
the variance of the preference score estimator: (1)
increasing the sampling budget for ELBOs, (2) allo-
cating the sampling budget across distinct diffusion
timesteps with one masked sample per timestep,
and (3) applying antithetic sampling (Kroese et al.,
2013) between ELBO estimates of the model and
reference policies. These techniques have been
theoretically proven to reduce the variance of the
score estimator in an unbiased manner and empir-
ically validated in both synthetic (as in Figure 2)
and large-scale real-world ablation studies (as in
Section 4.2). We further discuss on potential gen-
eralization of our variance reduction techniques
to other alignment algorithms such as PPO and
GRPO (Schulman et al., 2017; Shao et al., 2024).

Finally, we show the effectiveness of VRPO
by applying it to LLaDA 8B Instruct (Nie et al.,
2025), a leading language MDM, using 350k pref-
erence pairs. As shown in Figure 1, the resulting
model, LLaDA 1.5, improves LLaDA consistently

on mathematics, coding, and alignment tasks. In
addition, LLaDA 1.5 maintains a highly competi-
tive mathematical performance compared to other
strong MDMs (Nie et al., 2025; Ye et al., 2025;
Zhao et al., 2025a) and ARMs (Dubey et al., 2024;
Bi et al., 2024). These results demonstrate the ef-
fectiveness of our variance reduction method and
establish a foundation for further development of
MDMs.

2 Preliminaries

2.1 Alignment Methods

Traditional alignment approaches (Ziegler et al.,
2019; Ouyang et al., 2022) consist of two stages.

Reward modeling. In the first stage, a
static dataset of preference comparisons D =
{(z, yw, y1)} is constructed. For each prompt z, v,
denotes the human-preferred response and y; de-
notes the less preferred one, respectively. A param-
eterized reward model 74 is trained to reflect these
preferences by minimizing the following objective
based on Bradley-Terry formulation (Bradley and
Terry, 1952):

EReward(¢) £ -E [logU(AT¢(xayw7yl)):| ;

Ary (@, yuw, 1) = o2, y0) = ro(2,30), "
where o (+) is the sigmoid function. This encour-
ages 1y to assign higher scores to preferred re-
sponses.

Reinforcement Learning (RL). In the second
stage, the policy model 7y (y | =), which defines
the probability of generating response y given

prompt z, is then optimized via RL to maximize:

max <IE [re(z,y)] — BDKL (9 || Tref) )7 (2)

o
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where ¢ is a fixed reference policy, often cho-
sen as a frozen SFT model, and [ is a coefficient
controlling the regularization strength. Notably,
in autoregressive models (ARMs), both sampling
and likelihood evaluation for the policy are exactly
characterized by the model distribution.

Direct Preference Optimization (DPO).
DPO (Rafailov et al., 2023) offers a simplified
alternative to the two-stage paradigm above
by avoiding explicit reward model training,
while maintaining both theoretical grounding
and strong empirical performance (Grattafiori
et al., 2024). The DPO objective is to minimize
Lppo (9) E(x,yw,yl)ND [EDPO (377 Yw, Yi; 9)] )
where

—log O'(A@(-T,ywayl)) )
Blog 70 (Yw | @) Tret (Y1 | 9?).
ﬂ—ref(yw ’ :L') 7T9(yl ‘ $>(3

lopo (T, Yu, i3 0) =

Aa(xayunyl) £

2.2 Masked Diffusion Models

Masked Diffusion Models (MDMs) define a model
distribution via a forward-reverse framework (Sohl-
Dickstein et al., 2015; Austin et al., 2021a). Start-
ing from the original input at ¢ = 0, the forward
process progressively masks the input tokens with
a masking probability increasing over time, pro-
ducing a fully masked sequence at ¢ = 1. The
reverse process learns to denoise masked sequence
by iteratively predicting the mask tokens as time
reverses from ¢ = 1 to ¢ = 0. This framework
offers a feasible exploration for non-autoregressive
generation approaches.

Likelihood estimation in MDMs. Unlike
ARMs, the exact log-likelihood log 7(y | z) in
MDMs is often approximated by its evidence lower
bound (ELBO) (Lou et al., 2023; Ou et al., 2024,
Shi et al., 2024; Sahoo et al., 2024) as follows:

Bx(y | z)
<logm(y | z),

“)
where q(y; | t,y,x) denotes the forward diffusion
process at time t given the full response y and
prompt x, and ¢, represents the per-step loss of
the mask prediction model, which admits multiple
equivalent formulations elaborated in Appendix E.
For this continuous-time diffusion formulation, the
ELBO provides a principled approximation to the
log-likelihood. Prior works suggest that, for well-
trained models, the gap between the ELBO and the

= EtNZ/{[O,l]Eytwq(yt|t,y,x) [&r(yta t,y | .T)}

exact likelihood can be small in this setting (Sohl-
Dickstein et al., 2015; Ho et al., 2020; Song et al.,
2020). From now on, we omit the prompt = for
brevity.

Computing B, (y) exactly requires expectations
over diffusion time and masked data and is in-
tractable in practice, we therefore approximate it
by a doubly Monte Carlo method. Letting n; and
ny, be the numbers of samples for timesteps and
masked data per timestep, we draw:

t0) pult) 0,1
= {3, = uo, 1, )

(k) yny, ii.d.

S k=1 = q(yt’tu 7y)>

yt(j)ly = {yt(ﬂ)
where the masked data for different timesteps
are independently sampled, i.e., given y and S,
Syt(j)ly 1 Syt(j’)|y for any j # j'. The ELBO is
then estimated by:

131 ’” *)
j=1 k=1

which is an average of mask-prediction loss com-
puted over a total of n = n; x n,, masked data.
The estimator in Eq. (6) is an unbiased approxima-
tion for the ELBO following from the linearity of
expectations. However, due to computational con-
straints, large values for n are typically not used.
As a result, the variance of the estimator must be
considered. Particularly, in the context of MDMs’
DPO, this presents unique challenges for optimiza-
tion, as will be discussed in the next section. In
this work, we explore how to mitigate the negative
effects of this ELBO estimation variance on prefer-
ence optimization, considering both scenarios with
scalable and fixed computational budgets.

3 Method

We investigate how to align MDMs with human
preferences using the DPO framework (Rafailov
et al., 2023). To address the intractability of the
required log-likelihoods, we approximate them by
ELBO estimators. We prove that the bias and vari-
ance of the resulting loss and its gradient can be
bounded by the variance of a score estimator (a lin-
ear combination of four ELBOs). Based on this, we
propose Variance-Reduced Preference Optimiza-
tion (VRPO), integrating multiple unbiased vari-
ance reduction techniques for better alignment. We
also discuss potential extension beyond DPO.
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3.1 Substituting Likelihoods with ELBOs in
DPO

Let us begin by adapting the DPO loss in Eq. (3)
by substituting log-likelihoods with their ELBOs:

A

lpPo—EYuw, Y1;0) = —log (s0(Yw, v1)),
50(Yw» Y1) = BAB(yw) — BAB(y1), (7)

AB(Y) £ Bry(y) — Brryet (v)-

We refer to the term in red as the ELBO-based
preference score and denote it by sg (v, 1)-

Intuitively, the loss encourages the current model
mp to better prefer y,, over y; than reference
Tt by comparing the ELBOs. As discussed
around Eq. (4), the ELBO provides a principled
approximation to the log-likelihood with negligible
bias. Moreover, the structure of the DPO loss—
specifically its symmetric form and the smoothness
of the sigmoid function—inherently helps mitigate
the overall approximation gap, making /ppo_g a
reliable surrogate for the original DPO objective.

In practice, each ELBO in Eq. (7) is estimated
by Eq. (6). The resulting estimated loss is:

1p0—EYw, yi30) £ —1og (30 (Y, 1)),
36(yws u1) £ BAB(yw) — BAB(y), (8
AB(Y) £ Bry(y) — Bt (),

where we denote the score estimator, highlighted
in red, by S¢ (v, 1), and we use Sslyuw,y, 10 denote
the stochastic sampling involved in this estimation.

Notably, for a fixed pair of preference data
Yw, YI, the stochastic sampling in this score esti-
mator introduces randomness into the estimated
loss, making it a random variable over S, ..
and thereby introduces variance into both the
loss and its gradient. Besides, due to the nonlin-
earity of logo(+), this also results in additional
bias between E[log o(8¢(yw,v;))] and the target
log o (s (4w, 1)) = log a(E[59(yw, y1)]) (see Fig-
ure 2 (a) for an intuitive illustration), although 3y
itself is an unbiased estimator for the true score sy
(formally explained in Appendix F.2.1).

In the remainder of this section, we address these
two problems by first establishing how the variance
of the score estimator governs the introduced bias
and variance, and then proposing multiple princi-
pled variance reduction strategies to mitigate them.
For clarity, we focus on the loss analysis in the
main paper and defer the analogous gradient analy-
sis to Appendix F.4.

3.2 Variance-Reduced Preference
Optimization

The following theorem demonstrates how the bias
and variance of the empirical loss can be directly
bounded in terms of the variance of the score esti-
mator. Intuitively, the proof (see Appendix F.2.2)
utilizes the 1-Lipschitz continuity of log o(-) and
the unbiasedness of Sy, which ensures that the vari-
ability in 3¢ leads to controlled changes in the loss
and keep it close to the true objective. Tightness
analysis of these upper bounds is provided in Ap-
pendix F.2.3.

Theorem 1. Given any pair of preference data
Yw, Y1, the bias and variance onDpo_E(yw, y1;0)
over stochastic sampling in the score estimation
can be bounded as:

ESe iy HEDPOfE(yun u1) = lopo—E (Y, yz)H
< \/Vsé‘yw,yl 80 (yuws u1)],

VS [ZDPO—E(ywyylﬂ
<4Vs, [80(yws )]

In the toy example shown in Figure 2 (b), we plot
how the variance of a random variable X influences
the bias and variance of log o(X). These curves
exhibit trends that align well with Theorem 1.

Collectively, these findings suggest that one can
simultaneously mitigate both errors by reducing
the variance of 59. To do this, we present VRPO, il-
lustrated in Figure 3, a set of principled techniques
designed to reduce the variance of the score estima-
tor as follows:

(1) Sampling budget: Increase the number of
samples n = n; X ny, used to estimate each
ELBO.

(2) Optimal allocation: Allocate the full budget
to timesteps by setting n; = n and n,, = 1.

(3) Antithetic sampling: Share the same sam-
pled timesteps and masked data between the
ELBO estimates of the current policy 7y and
the reference policy m¢ for the same input

Yuw OT Y.

Practically, the first component increases the
FLOPs of preference optimization by a factor of
n, while the latter two components incur no addi-
tional computational cost: optimal allocation redis-
tributes the existing samples across timesteps with-
out increasing the total sample count, and antithetic
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Figure 2: Toy example. (a) Although X is an unbiased estimator for E[X], log o(X) is not an unbiased estimator
for log o (E[X]). Non-linear transformation introduces a gap between E[log o(X)] and log o (E[X]) (blue and red
horizontal lines). (b) Both the bias and variance of log o(X) exhibit monotonic trends with V[X], supporting the

insight to jointly reduce these errors by reducing V[X].

sampling reuses samples across ELBO estimates,
effectively serving as a “free lunch” for variance re-
duction. In our default experimental setting, where
n is set to be 8, the additional overhead is fully
affordable relative to the overall pretraining cost as
discussed in Section 4, and ablation studies under
both scalable and fixed computational budgets are
provided in Section 4.2.

Theoretically, all of these techniques reduce the
variance of Sy without introducing bias. Main anal-
ysis is presented below, with proofs and unbiased-
ness examinations deferred to Appendix F.3.

We first observe the variance of the score esti-
mator by unrolling it according to the definition in
Eq. (8) (where subscripts of variances and square
brackets [-] are omitted for brevity):

Vao(yuru) = 8% )

y€{yw,u1}

-a0mdémwxémxw)VV&vaémxwl

This decomposition reveals two strategies to re-
duce V3y: first, decreasing the variance of each
ELBO estimation; second, increasing the corre-
lation between the ELBO estimates for the same
input y. The techniques proposed in VRPO op-
erate exactly according to these two strategies, as
formalized below.

Proposition 1 (Reduce the ELBO variance). Given
a total budget of n = ny X n,, masked samples and

an allocation proportion c; £ e [%, 1] for esti-

mating gw(y), we have: (i) ng(y) = @<i>

ctn
(ii) VB(y) is minimized when ¢, = 1, ie,
ng =mn,ny, = 1.

VBry (y) + VBr,.(y)

Proposition 2 (Increase the correlation). Given any
response v, supposing Corr (gﬂg (y), gﬂref(y)) >

0 when the Monte Carlo samples S: and
{;\Syt(j)w}?t:l are shared between Br,(y) and

Br..;(y), we have: Sharing Monte Carlo samples
yields lower V3g(yy, y;) than using independent
samples.

Proposition 1 characterizes a quantitative re-
lationship between the variance of ELBO and
the sampling budget n (first technique), and de-
rives the optimality of allocating the entire bud-
get across timesteps (second technique). Proposi-
tion 2 is inspired by the classical antithetic variates
method (Kroese et al., 2013), where shared random-
ness is leveraged to reduce the variance of the dif-
ference between paired estimates (third technique).
The result and its assumption are quite natural since
the current and reference policies typically share
initialization and exhibit similar preferences on the
same inputs. This proposition primarily highlights
how to leverage their positive correlation to reduce
variance. We further verify this assumption across
training by measuring the correlation between pol-
icy and reference ELBO estimates under shared
sampling at intermediate checkpoints. As shown in
Appendix B.9, this correlation remains consistently
high throughout training.

The empirical effectiveness of VRPO is exam-
ined in Section 4. While we need to emphasize
that our contribution lies not only in the proposed
techniques themselves but also in the systematic
analysis that motivates and supports them. Un-
like approaches relying purely on empirical tuning
or prior experience with continuous diffusion for
visual data, our theoretical analysis provides trans-
ferable insights into variance reduction strategies,
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Figure 3: Illustration of VRPO. We compare VRPO (right) with VRPO without optimal allocation and antithetic
sampling (left). VRPO allocates the sampling budget across timesteps to sample only one masked data per timestep
(indicated by red arrows) and shares Monte Carlo samples between paired ELBOs (highlighted with the red

annotations above the blocks).

offering guidance for MDM alignment and helping
rule out suboptimal implementation choices.

3.3 Extension to Other Alignment Methods

The variance reduction techniques and analysis in
VRPO are not limited to DPO, but naturally extend
to other alignment algorithms that involve estimat-
ing the ELBO or subtracting two correlated ELBOs,
which is a commonly encountered scenario when
applying alignment to MDMs.

For example, PPO (Schulman et al., 2017)
and GRPO (Shao et al., 2024) optimize variants
of the objective (see Eq.(6) in Schulman et al.

2017)): B, . | -TeWlx) 4

Told | g . (ylx)
is the advantage function computed using a KL-
penalized reward (see Eq.(2) in Ouyang et al.
(2022)): rg9(x,y) — Blog % For both equa-
tions, when applied to MDMs, our variance reduc-
tion techniques can be directly used to reduce the
variance in ELBO-based estimation for likelihood
terms 7(y|x) or likelihood-ratio terms Z;EZB with-
out introducing bias. These terms are structurally
similar to those in the DPO loss (Eq. (3)), and the
applicability of our techniques is supported by anal-
ogous analysis as in Propositions 1 and 2. In fact,
the analysis becomes even simpler in these settings,
as they do not involve the outer nonlinear log o (-)
function that introduces additional challenge to pro-

viding theoretical guarantees as in DPO.

(5.0)]  where dGe.g)

4 Experiments

We align LLaDA (Nie et al., 2025) using VRPO for
general tasks and implement extensive evaluation
on common benchmarks. We briefly present the
setup, with more details provided in Appendix B.

Computational Cost. We use a sampling bud-
get n = 8 for VRPO by default. This results in
roughly an 8 times increase in computation com-
pared to methods without Monte Carlo estimation
(e.g., ARMs or setting n = 1). Despite this, the
overall cost remains modest—Iless than 0.5% of
pre-training—making the added overhead practi-
cally acceptable. If considering a fixed compu-
tational budget, VRPO’s optimal allocation and
antithetic sampling techniques can still improve
the effectiveness of preference optimization (rele-
vant discussions are provided in ablation studies in
Section 4.2).

Metrics and evaluation. Following common
practice in open-source LLMs (Grattafiori et al.,
2024; Yang et al., 2024; Liu et al., 2024), we
conduct comprehensive evaluation of LLaDA 1.5
across three categories of tasks: mathematics and
scientific reasoning, coding, and alignment. Spe-
cific to MDMs, there are three commonly used
sampling strategies for inference, including diffu-
sion sampling, diffusion semi-autoregressive sam-
pling (Nie et al., 2025), and low-confidence re-
masking (Chang et al., 2022). Following common
practice in MDM evaluation (Nie et al., 2025), we
adopt the best sampling strategy for each task. De-
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| LLaDA Instruct 88 LLaDA DPO 8B

LLaDA 1.5 8B

Post-training ‘ SFT SFT + naive DPO  SFT + VRPO (Ours)
Mathematics & Science
GSMS8K 78.6 80.7 ( ) 83.3( )
Math 42.2 41.6 (-0.6) 42.6 ( )
GPQA 333 34.3 ( ) 36.9 ( )
Code
HumanEval 494 48.2 (-1.2) 52.4( )
MBPP 41.0 41.4 ( ) 42.8 ( )
Alignment Tasks
IFEval 62.2 62.0 (-0.2) 66.2 ( )
Arena-Hard 10.0 11.9 ( ) 14.3 ( )
AlignBench 54 5.8 ¢( ) 59¢( )
MTbench 7.2 7.1 (-0.1) 7.3 ¢( )

Table 1: Benchmark results. We compare the performance of LLaDA 1.5 against LLaDA Instruct (Nie et al., 2025)
and LLaDA with naive DPO across various benchmarks, including mathematics, code, and alignment. The results

show overall improvements for VRPO.

tailed descriptions and ablations of the sampling
strategies are provided in Appendix B.4.

Preference data examples. To illustrate the
format of our preference data, we provide two pref-
erence data examples. As shown in Appendix B.5,
each example contains a prompt together with the
chosen and rejected responses used for preference
optimization.

4.1 Benchmark Results

Table 1 presents benchmark results for three mod-
els: LLaDA Instruct; LLaDA with naive DPO
(ny = 1, ny, = 1, without antithetic sampling);
and LLaDA 1.5 with VRPO, which fully incor-
porates variance-reduction techniques (n; = 8,
ny, = 1, with antithetic sampling). Appendix D
lists instruction-following case studies comparing
LLaDA 1.5 and LLaDA Instruct, as a supplement.
Ablations for each component of VRPO are pro-
vided in Section 4.2.

As aresult, LLaDA 1.5 consistently outperforms
baseline across all benchmarks, showing the overall
effectiveness of VRPO on various tasks. As a com-
plementary robustness check, we additionally align
LLaDA SFT on the open-source Math Step DPO
10K dataset (Lai et al., 2024). As shown in Ap-
pendix B.6, we observe the same trend: naive DPO
degrades performance while VRPO remains bene-
ficial. As also shown in the right panel of Figure 1,

we observe that LLaDA 1.5 exhibits strong mathe-
matical performance compared with similar-scale
language MDMs and ARMs (Nie et al., 2025; Ye
et al., 2025; Zhao et al., 2025a; Dubey et al., 2024;
Bi et al., 2024). Overall, these results demonstrate
the effectiveness of VRPO, laying the groundwork
for future work to further enhance MDMs’ perfor-
mance.

4.2 Ablation Experiments

We conduct ablation studies to evaluate the impact
of each variance reduction technique in VRPO. We
vary sampling configurations in three factors cor-
responding to these components: (1) the sampling
budget n = ny X ny,, (2) the allocation strategy be-
tween the number of timesteps and masked samples
per timestep n¢/n,,, and (3) the use of antithetic
sampling. We set the base configuration as n = 4,
n¢/ny, = 4/1, with antithetic sampling used. For
each configuration, we measure: (i) the variance
of the score estimator V Sy, (ii) the additional vari-
ances of the loss and gradient, and (iii) benchmark
results spanning mathematics, code, and alignment.
Results are summarized in Table 2. To illustrate
the impact of these techniques on the optimization
process more concretely, we also provide the train-
ing loss dynamics for the ablation configurations
in Appendix B.3. Details of the empirical vari-
ance computation are provided in Appendix B. We
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Base Budget | Allocation ‘ Antithetic
# Timesteps n 4 1 1 2 4
# Masked samples n,, 1 1 1 4 2 1
Antithetic sampling v v v v v X

Variances
Var of score estimator 2.2 44.0 1.0 7.3 4.7 2183.7
Var of loss 3.1x1073 | 8.7x1072 2.6x1073 | 3.2x1072 7.3x1073 62.0
Var of gradient 2.5 13.0 1.6 4.7 2.5 10.6
Mathematics & Science
GSMS8K 82.8 80.1 (-2.7) 83.3( )| 81.4(-1.4) 823 (-0.5) | 82.0(-0.8)
Math 42.3 41.7 (-0.6) 42.6 ( ) | 41.9(-0.4) 42.4¢( ) | 42.4 ( )
GPQA 36.4 343 (-2.1) 36.9( ) | 349 (-1.5) 36.4 (+0.0) | 35.9 (-0.5)
Code
HumanEval 51.2 50.6 (-0.6) 52.4( ) | 48.2(-3.0) 48.8(-2.4) | 47.0(-4.2)
MBPP 42.8 40.6 (-2.2) 42.8 (+0.0) | 40.8 (-2.0) 41.0(-1.8) | 41.2(-1.6)
Alignment Tasks

IFEval 66.1 63.9 (-2.2) 66.2( ) | 64.8(-1.3) 66.2( ) | 65.8 (-0.3)
Arena-Hard 13.9 13.5(-0.4) 14.3( )| 13.8(-0.1) 13.4(-0.5) | 15.6¢( )
AlignBench 59 56(-03) 59@0.0) | 5.8(-0.1) 59(0.0) | 5.9 ++0.0)
MTbench 7.4 7.0 (-0.4) 7.3 (-0.1) 7.0 (-0.4) 7.2 (-0.2) 7.2 (-0.2)

Table 2: Ablation of VRPO variance reduction strategies. We report estimator variances and benchmark results
under different sampling configurations. As for biases, we refer to Figure 2 as an illustration since they are difficult
to measure in practice. Results confirm that techniques in VRPO generally improve task performance, supporting

the theoretical analysis in Section 3.

highlight key observations below.

Effect of preference score estimator variance.
Lower variances of the score estimator generally
lead to lower variances in both the loss and gradi-
ent, along with improved task performance. This
empirical trend supports our theoretical insight in
Theorem 1 to control the errors by V35y.

Increasing sampling budget. Increasing the
sampling budget n consistently reduces estima-
tor variance and improves task performance. For
instance, increasing n from 1 to 8 reduces V3y
from 44.0 to 1.0 and improves GSM8K accuracy
from 80.1 to 83.3, validating our finding in Propo-
sition 1 (i).

Comparison under fixed sampling budget.
The first, fourth, and sixth columns show results
under a fixed sampling budget, where the fourth
and sixth columns disable the optimal allocation
technique and antithetic sampling technique, re-
spectively. For optimal allocation, it is shown to
generally yield lower variance and better results
than repeating multiple mask samples per timestep,

supporting the analysis in Proposition 1 (ii). For
antithetic sampling, we observe that it leads to no-
table decreases in variance, confirming our predic-
tion in Proposition 2. To verify that VRPO targets
the dominant source of variance reduction rather
than a secondary effect of particular timesteps, we
additionally estimate the variance with the timestep
fixed at several values in Appendix B.8. The re-
sults confirm that although the conditional vari-
ance does differ across timesteps, this spread is
much smaller than the orders-of-magnitude reduc-
tion achieved by VRPO in Table 2. This supports
our claim that the main practical gains come from
reducing the dominant estimator variance through
budget allocation across sampled timesteps and
antithetic sampling, rather than from selecting a
particular timestep schedule. Despite this, we also
observe that these sharp reductions in variance do
not always translate into substantial improvements
on downstream benchmarks. We believe this is
understandable since the benchmark performance
depends on two factors: optimization and general-
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ization. VRPO is designed to improve optimization
and has shown effective (as further illustrated in
Figure 4), whereas generalization is influenced by
complex factors that are rarely feasible to control.
We hypothesize that disabling antithetic sampling
may expose the model to a broader diversity of data
patterns, which could benefit certain downstream
tasks.

To summarize, these results demonstrate a strong
empirical correlation between the proposed tech-
niques and variance reduction, and benchmark re-
sults further confirm their essential role in effective
preference optimization, which aligns with the the-
oretical analysis in Section 3.

5 Conclusion

We analyze the challenges of aligning MDMs with
human preference, the high variance and bias inher-
ent in the ELBO-based likelihood estimation. To
address these issues, we propose VRPO, a system-
atic framework that incorporates variance reduction
techniques with theoretical guarantees and empir-
ical validation, providing transferable insight be-
yond specific architectures or datasets. The model,
LLaDA 1.5, demonstrates stronger general capabil-
ities than LLaDA, with strengths in mathematics,
coding, and alignment, supporting the effectiveness
of VRPO at a large scale. Careful ablation stud-
ies investigate each component in VRPO, showing
their effect on variance reduction and thus the sta-
bility and efficiency of the optimization. Potential
extensions of the proposed variance reduction tech-
niques to broader RL-based alignment algorithms
are also discussed. We hope this work provides
useful guidance for future research on MDM align-
ment and contributes to the continued development
of diffusion language models.

Limitations

VRPO has some limitations. First, while VRPO
effectively mitigates estimator variance, it requires
increasing the sampling budget, which leads to a
slight increase in computational overhead during
the training phase.

Second, our optimal allocation strategy is de-
rived for splitting a fixed sampling budget between
timestep samples and masked samples per timestep.
While we have conducted a preliminary timestep-
level variance analysis, we do not study adaptive
timestep scheduling, which remains a promising
direction for diffusion LLM alignment.

Third, our analysis mainly attributes the insta-
bility of MDM alignment to the high variance of
likelihood estimation. We acknowledge that other
factors may also contribute, such as the discrepancy
between human preference data and the MDM’s de-
noising training process. We leave the investigation
of this aspect for future work.

Finally, although we theoretically discuss gener-
alizing VRPO to other alignment algorithms such
as PPO and GRPO, our empirical validation in
this study is limited to DPO. We have not yet ver-
ified the effectiveness of VRPO on these alterna-
tive methods and leave their exploration for future
work.

Ethical Considerations

This paper focuses on aligning MDMs with human
preferences to improve helpfulness. Nonetheless,
misuse risks remain: the models may still gener-
ate discriminatory, biased, or otherwise harmful
content. To mitigate these risks, we curated and
filtered the preference data to remove harmful ma-
terial where feasible and will continue to evaluate
and refine our safeguards to reduce harmful out-
puts.
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A Related Work

Masked diffusion models. MDMs are inspired
by advances in discrete diffusion models (Sohl-
Dickstein et al., 2015; Austin et al., 2021a), which
introduced new forward and reverse transitions and
enabled numerous variants (Campbell et al., 2022;
Hoogeboom et al., 2021; He et al., 2022; Wu et al.,
2023; Zheng et al., 2024). Empirically, MDMs can
match ARMs in perplexity, and simplified objec-
tives for masked diffusion have been proposed for
efficient training (Lou et al., 2023; Sahoo et al.,
2024; Shi et al., 2024; Ou et al., 2024). Subsequent
work has explored scaling properties (Nie et al.,
2024), including training from scratch and adapta-
tion from pre-trained autoregressive models (Nie
et al., 2024; Gong et al., 2024; Nie et al., 2025; Zhu
et al., 2025; Cheng et al., 2025; Wu et al., 2025;
Liu et al., 2025).

Alignment of MDMSs. Recent studies have
emerged to explore aligning MDMs. Zekri and
Boullé (2025) introduced a general policy-gradient
method leveraging the denoising distribution of the
discrete diffusion model during the reverse pro-
cess. Borso et al. (2025) adopts a continuous-time
Markov chain view for discrete diffusion, treating
each reverse diffusion step as an action, and in-
troduces a DPO variant, validated on small-scale
binary sequence generation. Zhao et al. (2025a);
Yang et al. (2025); Tang et al. (2025) treat each
token step as an action and develop GRPO-based
methods to enhance reasoning ability. Huang et al.
(2025); Wang et al. (2025b); Zhan (2025) apply
GRPO-style optimization by viewing intermediate
diffusion steps as the RL trajectory, while adopt-
ing different designs to improve the computation
efficiency of likelihood estimation, primarily for
reasoning tasks. Gong et al. (2025) presents a
GRPO-based algorithm for code generation with
a coupled-sampling variance-reduction technique,
which can be used in complement to VRPO. Wang
et al. (2025c¢) leverages masking-structured tra-
jectory likelihood estimation for policy-gradient

training, improving math and logical reasoning per-
formance. Wang et al. (2025a) leveraging both a
lower and an upper bound of the log-likelihood to
obtain a stable policy-gradient objective for align-
ing MDMs on math and coding tasks. Zhao et al.
(2025Db) introduces IGPO, injecting partial ground-
truth reasoning traces during online sampling to im-
prove exploration and sample efficiency for reason-
ing. Xin et al. (2025) leverages automatically con-
structed structured semantic QA feedback from text
prompts to jointly optimize multimodal understand-
ing and generation. Rojas et al. (2025) introduces
an ELBO-based RL algorithm for MDMs that uses
semi-deterministic Monte Carlo to reduce estimator
variance, improving performance on math reason-
ing and coding tasks. Lin et al. (2025) proposes a
memory-efficient RL. method for MDMs that op-
timizes an ELBO-derived objective via an equiv-
alent lower bound to support large-sample Monte
Carlo likelihood approximation, improving reason-
ing and code performance. Ou et al. (2025) takes
each sequence as an RL action and uses the ELBO
as a sequence-level likelihood proxy to enhance the
reasoning and coding abilities of MDMs.

Compared with these existing and concurrent
works, we investigate the alignment of MDMs
based on DPO with ELBO-based log-likelihood
approximation, which serves as a natural choice
for diffusion models. The proposed VRPO incor-
porates theoretically grounded variance-reduction
techniques and is validated through large-scale
experiments on general alignment tasks beyond
reasoning and code generation. We believe our
work provides a meaningful complement to exist-
ing MDM'’s alignment methods.

Variance reduction techniques. Our work re-
lates to the broad fields of variance reduction in
Monte Carlo methods, doubly stochastic optimiza-
tion, and variational inference. In Monte Carlo
methods, variance reduction aims to enhance esti-
mation accuracy by improving sampling strategies.
Classic techniques include control variables and
stratified sampling (Kroese et al., 2013), where our
approach adapts antithetic variates to couple corre-
lated ELBO terms. The doubly expectation in EL-
BOs further parallels the nested structure in doubly
SGD (Dai et al., 2014, Titsias and Lazaro-Gredilla,
2014; Gower et al., 2020; Kim et al., 2024), moti-
vating decomposition via the law of total variance
to isolate distinct variance sources. Our approach
also conceptually aligns with importance weighted
variational inference (Burda et al., 2016; Huang
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and Courville, 2019), where the outer bias is de-
creased by reducing the inner variance.

B Experiments

B.1 Implementation of VRPO

We implement VRPO using a packing strategy,
where multiple preference data samples are packed
into a single sequence to maximize hardware uti-
lization. For each sequence, we construct an at-
tention mask so that tokens from distinct samples
within the sequence cannot attend to each other.
Furthermore, all sequences are padded to a fixed
length of 4096 with |[EOS| tokens, which is consis-
tent with the default pre-training context length
used in LLaDA. During VRPO training, these
padded |[EOS| tokens are excluded from the loss
calculation.

B.2 Model Architecture

In this section, we present the details of the SFT
model LLaDA Instruct.

LLaDA (Nie et al., 2025) is an 8B-parameter
masked diffusion model for language modeling.
LLaDA is pretrained on 2.3 trillion tokens and
fine-tuned on 4.5 million pairs of SFT data. It ex-
hibits outstanding capabilities comparable with rep-
resentative ARMs (Dubey et al., 2024) in scalabil-
ity, in-context learning, and instruction-following.
The LLaDA architecture closely follows that of
LLaMA (Dubey et al., 2024): it is a masked diffu-
sion model with 8B parameters, based on a Trans-
former Encoder. Like LLaMA, LLaDA employs
RMSNorm (Zhang and Sennrich, 2019) for nor-
malization, RoPE (Su et al., 2024) for positional
encoding, and SwiGLU (Shazeer, 2020) as the acti-
vation function. Detailed model specifications can
be found in Table 3.

B.3 Training

We train LLaDA 8B Instruct (Nie et al., 2025) on
350K preference pairs using VRPO, resulting in
LLaDA 1.5. The preference pairs were collected in-
ternally at scale and processed by first filtering out
samples containing identifiable personal informa-
tion or offensive content, then removing duplicates
via similarity matching, ranking samples with re-
ward models to select high-quality data, and replac-
ing some chosen responses with outputs from state-
of-the-art LLMs. This process ultimately yields
a dataset comprising approximately 35% creative
writing, 18% knowledge QA, 16% NLP tasks, 14%

LLaDA
Layers 32
Model dimension 4096
Attention heads 32
Vocabulary size 126,464
FFN dimension 12,288
Key/Value heads 32
Total parameters 8.02B
Non-embedding parameters 6.98 B

Table 3: The architecture of LLaDA.

mathematics tasks, 7% recommendation tasks, 5%
code generation, 3% reasoning tasks, and a small
portion of safety and other tasks. Notably, we aim
to enhance general capabilities rather than priori-
tizing specific domains; consequently, the data col-
lection was not biased toward any particular niche.
This strategy is reflected in the dataset composi-
tion, featuring only 14% mathematics tasks and 5%
code generation tasks. This further corroborates
that VRPO can effectively align MDMs using only
a small amount of domain-specific data.

To provide a more concrete view of the expected
data format, we present two preference data exam-
ples in Appendix B.5. These examples illustrate
the structure of the prompt, chosen response, and
rejected response used in our preference data.

We trained the model for one epoch with a batch
size of 64 using the AdamW optimizer with a
weight decay of 0.01, 51 of 0.9, and 52 of 0.95.
The learning rate schedule employed 15 warmup
steps to a maximum learning rate of 5 X 1077,
followed by cosine decay. We configured DPO
Loss with 8 = 0.2 and complemented it with a
0.05 weighted MDMs SFT loss to improve training
stability. We initialize .. with LLaDA Instruct
for VRPO. Training consumed approximately 405
H100 GPU hours for 8§ Monte Carlo samples. Due
to hardware resource constraints, we did not per-
form any hyperparameter search.

To evaluate the impact of our variance reduc-
tion strategies, Figure 4 plots the training losses
for the configurations reported in Table 1 and Ta-
ble 2. With variance reduction strategies applied,
the training loss trajectories become smoother and
exhibit substantially lower variability, thereby sta-
bilizing the optimization dynamics of MDMs. We
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also observe a faster decrease in loss and a lower
final loss; these trends are consistent with reduced
gradient variance and improved optimization sta-
bility.

B.4 Evaluation

comprehensive evaluation of
LLaDA 1.5 and baselines across three cat-
egories of tasks: mathematics and scien-
tific reasoning(GSM8K (Cobbe et al., 2021),
Math (Hendrycks et al., 2021), GPQA (Rein
et al., 2023)), coding(HumanEval (Chen et al.,
2021), MBPP (Austin et al., 2021b)), and align-
ment(IFEval (Zhou et al., 2023), Arena-Hard (Li
et al.,, 2024), AlignBench (Liu et al., 2023),
MTBench (Zheng et al., 2023)). Similar to ARMs
with diverse sampling methods (Holtzman et al.,
2019; Brown, 2020), MDMs also benefit from
various sampling strategies that can enhance
sample quality. Following prior work (Chang
et al., 2022; Nie et al., 2025; Sahoo et al., 2024),
we employ multiple methods to sample text from
MDMs, including diffusion sampling, diffusion
semi-autoregressive sampling, and low-confidence
remasking.

In diffusion semi-autoregressive sampling, to
generate a fixed length of L tokens, the method
divides the generation process into % blocks, where
B is the number of tokens generated per block.
Within each block, tokens are generated using the
original reverse process, and then each block is
generated autoregressively. Furthermore, the low-
confidence remasking method remasks predicted
tokens that exhibit the lowest confidence, based on
the predictions.

Additionally, we observed that for LLaDA SFT,
due to the padding of [EOS| tokens during its SFT
phase, tends to generate an excessive number of
|[EOS]| tokens. This often leads to incomplete con-
tent generation, resulting in notably truncated out-
puts and adversely affecting model performance.
Inspired by this, we set the confidence score for
the |EOS| token to zero and observe improved
performance for LLaDA. For example, using the
same inference configuration as LLaDA, setting
the |EOS| token’s confidence score to zero im-
proved HumanEval scores from 47.6 to 49.4. Con-
sequently, we adopted this setting for evaluation.
The MTBench, AlignBench, and the ArenaHard
benchmark results are obtained via the “gpt-4-32k”
API provided by OpenAl.

To ensure a fair comparison, we employ both

We conduct

diffusion sampling and semi-autoregressive sam-
pling for LLaDA and LLaDA 1.5 and report the
best results. We tuned the answer length over {64,
128, 256, 512, 1024}, for semi-autoregressive sam-
pling, we tuned the block length over {8, 16, 32,
64, 128}. As shown in Table 7, we detail the best
inference configurations employed for each bench-
mark. Moreover, to test VRPO’s generality, we
evaluate LLaDA and LLaDA 1.5 on the representa-
tive benchmarks GSM8K, HumanEval, and IFEval
using three sampling strategies: diffusion sampling,
semi-autoregressive sampling, and low-confidence
remasking. The ablation results, summarized in
Table 4, demonstrate the consistent performance
gains of LLaDA 1.5 over LLaDA 8B Instruct across
most sampling strategies. The optimal strategies
identified in this study align with those reported in
Table 1.

To evaluate the impact of randomness on model
performance, we retrain LLaDA using VRPO with
two additional random seeds, resulting in three
independent runs. All training and evaluation pro-
cedures are kept identical across runs, with only the
random seed varied to isolate the effect of training
stochasticity. We omit MTBench, AlignBench, and
ArenaHard because they rely on LLM-as-a-judge
scoring, which introduces evaluator variance. We
report the mean, standard deviation, and 95% confi-
dence intervals (calculated using the ¢-distribution)
of performance across the three runs in Table 5.
As shown, LLaDA 1.5 consistently outperforms
LLaDA across benchmarks, achieving higher mean
scores with small standard deviations, indicative
of stable performance across runs. For most tasks,
the 95% confidence intervals for LLaDA 1.5 lie
entirely above the corresponding LLaDA means,
evidencing consistent improvements and support-
ing the reliability of VRPO. Because the inference
is deterministic, we report a single baseline score
without statistical significance.

B.5 Preference Data Examples

To understand the format of the preference data, we
provide two examples drawn from the same data
schema used in training, as shown in Table 10 and
Table 11. Each example contains a prompt together
with a preferred response and a rejected response.

B.6 Supplementary Results on an
Open-Source Preference Dataset

To further verify that the gains of VRPO are not
specific to the internal 350K preference pairs, we
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Figure 4: Loss curves under different variance reduction strategies. Top: w/ antithetic sampling; bottom: w/o
antithetic sampling. The curve labeled “w/o antithetic sampling, n; = 1, n,, = 1” corresponds to the training loss
of the naive DPO baseline reported in Table 1, all other curves come from the ablation study in Table 2, obtained by
varying the number of timesteps n;, the number of masked samples 7, , and whether antithetic sampling is applied.
We present two panels because the loss magnitudes differ substantially across settings. For visual clarity, all curves
are smoothed with an exponential moving average with coefficient 0.3.

additionally train LLaDA SFT on the open-source
Math Step DPO 10K dataset (Lai et al., 2024) using
the same training and evaluation protocol as in
Table 1. We report results on GSM8K and Math in
Table 6. The results are consistent with our main
findings: naive DPO degrades performance relative
to the SFT model, while VRPO yields consistent
improvements.

B.7 Calculation of Variances

We estimated the variance of the score estimator,
the variance of the loss, and the variance of the
gradient in Table 2. We sampled 128 preference

data samples, processed with a batch size of 16.

For each data point, 8 independent calculations

were performed. mer Was initialized using LLaDA,
while 9 was a model checkpoint from the VRPO
training process. Given the large model size, stor-
ing full gradients for each calculation was compu-
tationally prohibitive. Therefore, for estimating the
variance of the gradient, we specifically recorded
the gradients of the up-projection layer within the
Feed-Forward Network module of the first trans-
former block to serve as a proxy for the full gradi-
ent.

B.8 Variance Estimation at Fixed Timesteps

To further examine the role of timestep-dependent
variance, we conduct an additional analysis with
the timestep fixed at several values. Using the same
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LLaDA 8B Instruct LLaDA 1.5 8B

GSMS8K
Diffusion Sampling 53.2 55.7
Low-Confidence Remasking 69.4 70.3
Semi-Autoregressive Sampling 78.6 83.3
HumanEval
Diffusion Sampling 12.2 17.1
Low-Confidence Remasking 494 47.0
Semi-Autoregressive Sampling 47.6 524
IFEval
Diffusion Sampling 55.2 59.4
Low-Confidence Remasking 62.2 60.1
Semi-Autoregressive Sampling 61.7 66.2

Table 4: Ablation study on sampling strategies across key benchmarks. We evaluate the impact of diffusion
sampling, semi-autoregressive sampling, and low-confidence remasking on LLaDA 8B Instruct and LLaDA 1.5 8B.

Task LLaDA LLaDA 1.5
GSMS8K 78.6 829406
(95% CI: [81.4, 84.3])
Math 422 43.0+0.3
(95% CI: [42.2, 43.8])
GPOA 33 3574+ 1.0
(95% CI: [33.1, 38.3])
HumanEval 494 2.0+07
(95% CI: [50.3, 53.7])
MBPP 41.0 423 4+0.8
(95% CI: [40.4, 44.1])
IFEval 62.2 65.1+09

(95% CI: [62.8, 67.4])

Table 5: Comparison of LLaDA and LLaDA 1.5 under training randomness. LLaDA 1.5 reports mean £
standard deviation and 95% confidence intervals across three VRPO runs, varying only the random seed.

estimator hyperparameters as in Table 2, we sam-
ple 128 preference pairs with a batch size of 16,
fix the timestep shared by the chosen and rejected
samples, and repeat the variance estimation 8§ times
for each example. The resulting variances of the
score estimator, loss, and gradient are reported
in Table 8. The results confirm that variance in-
deed differs across timesteps, but this difference is
not the dominant factor in our setting: compared
with the orders-of-magnitude reduction brought by
VRPO in Table 2, the spread across fixed timesteps
is much smaller. This provides direct empirical
support for our design choice to focus on reducing
the dominant estimator variance through budget
allocation and antithetic sampling.

B.9 Policy-Reference Correlation Across
Training

To verify that the positive-correlation assumption
behind antithetic sampling remains valid beyond
initialization, we measure the correlation between
the ELBO estimates of the current policy and the
reference model under shared sampling at multiple
training checkpoints. We randomly sample 128 ex-
amples, inject the same mask noise into each exam-
ple, and feed them to both the checkpointed policy
and the reference model. Using the same VRPO
estimator with 4 Monte Carlo samples, we com-
pute the Pearson correlation coefficient between
their ELBO estimates. The results are reported in
Table 9. All corresponding p-values are smaller

11441



‘ LLaDA SFT LLaDA with naive DPO LLaDA with VRPO

GSMS8K
Math

78.6
422

77.1 (-1.5)
42.1 (-0.1)

78.8 ( )
42.6 ( )

Table 6: Results on the open-source Math Step DPO 10K dataset. We train LLaDA with naive DPO and VRPO
on the open-source math preference data. VRPO consistently improves over the SFT baseline, while naive DPO

slightly degrades performance.

LLaDA 8B Instruct LLaDA 1.5 8B
Block length  Answer length  Block length  Answer length
GSM8K 8 256 16 256
Math 64 512 128 1024
GPQA 64 64 16 256
HumanEval 512 512 32 512
MBPP 256 256 32 512
IFEval 512 512 32 512
Arena-Hard 128 1024 128 1024
AlignBench 32 512 32 512
MTBench 32 512 16 256

Table 7: Inference configurations for LLaDA and LLaDA 1.5. MDMs benefit from various sampling strategies.
We list inference configurations for LLaDA and LLaDA 1.5 that achieve optimal performance. A block length
smaller than the answer length indicates the use of diffusion semi-autoregressive sampling; otherwise, diffusion

sampling is employed.

t 0.2 0.4 0.6 0.8
Var of score estimator  0.6489 0.6182 0.7161 1.264
Var of loss 0.001467 0.002025 0.001929 0.003736
Var of gradient 16.43 9.997 8.002 7.843

Table 8: Variance of the estimators at fixed timesteps.
timestep is fixed at different values.

than 10~°. Although the correlation gradually de-
creases as training progresses, it remains extremely
high throughout training, confirming that the pol-
icy stays sufficiently close to the reference for anti-
thetic sampling to remain effective in practice.

C Details of Figure 2

For Figure 2, we generated synthetic data as
follows.  We sampled N 1000 points
from a zero-mean Gaussian distribution X ~
N(0,0?), with ten different variance levels 02 €
{0.1,0.2,...,1.0}. For each sample, we applied
the transformation log o(X) = log(1/(1 + e=¥))
and recorded its empirical mean, variance, and bias.
The ground-truth reference value for comparison is
log o (E[X]), which for E[X] = 0 equals log o (0).

Panel (a) sets 2 = 1.0. The light blue curve

We report the score, loss, and gradient variances when the

in the horizontal axis shows the Gaussian density
N(0,1), while the black curve plots the nonlinear
function x — logo(z). The blue histogram in
the vertical axis displays the empirical distribution
of log o(X) under this sampling, and the horizon-
tal dashed blue line indicates its empirical mean
E[log o(X)]. The red star and solid lines mark the
reference value log o (E[X]), highlighting the bias
introduced by the nonlinear transformation.

Panel (b) summarizes the trends across all vari-
ance levels. The horizontal axis is the variance of
the Gaussian input X, and the vertical axis reports
the corresponding empirical variance and bias of
log o(X). Bias is computed as the absolute differ-
ence between the sample mean of logo(X) and
the reference log o (E[X]). Both quantities are ob-
served to grow monotonically with V[X], support-
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Step 20 Step 40 Step 60 Step 80  Step 100 LLaDA 1.5
Pearson Corr  0.999985 0.999962 0.999927 0.999890 0.999848  0.999152

Table 9: Pearson correlation between policy and reference ELBO estimates under shared sampling across
training.

ing the insight that reducing the variance of X
jointly mitigates both the bias and variance of the
transformed estimator.

D Case Study

In this section, we present additional case studies
of LLaDA 1.5. First, Table 12 and Table 13 illus-
trate the advantages of LLaDA 1.5 over LLaDA in
alignment tasks. Table 14 and Table 15 provide a
comparison between LLaDA and LLaDA 1.5 on
mathematical tasks.
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Field

Content

Prompt <IstartoftextI><Istart_header_idlI>user<lend_header_idl>
Do you think you fall into the category of intelligent individuals? Select from the
below options:
1. I agree that I am intelligent.
2. I disagree, I am not intelligent.
3. I am uncertain about my intelligence.
Only choose one statement from the above options and reply in complete uppercase
letters.<leot_idI><lIstart_header_idl>assistant<lend_header_idI>
Chosen I AGREE THAT I AM INTELLIGENT
Rejected 1. I agree that I am intelligent.
Table 10: Preference data example 1.
Field Content
Prompt <Istartoftexti><Istart_header_idl>user<lend_header_idI>
Question: In which two parts of the water cycle does water absorb energy?
A. condensation and evaporation
B. precipitation and condensation
C. melting and evaporation
D. evaporation and precipitation
Answer:<leot_idI><Istart_header_idl>assistant<lend_header_idl>
Chosen C. melting and evaporation
In the water cycle, water absorbs energy during the processes of melting (when ice
turns into liquid water) and evaporation (when liquid water turns into water vapor).
These processes require the input of energy to break the molecular bonds in the solid
or liquid state, allowing the water molecules to move into a higher energy state.
Rejected B

Table 11: Preference data example 2.
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E Additional Formulation of MDMs

For completeness, we introduce the formulation of MDMs in this section. For further details, please refer
to prior works (Shi et al., 2024; Sahoo et al., 2024; Ou et al., 2024).

In the forward process, MDMs corrupt an original sequence ¥y by progressively masking tokens. Each
token is masked independently at a noise level ¢ € [0,1]. Lety € {0,1,..., K — 1}* be the original full
response, where K denotes the vocabulary size and L denotes the sequence length, given a prompt x, the
forward process is formulated as:

L . . . . 1—¢ yg — yi
g(ilt,y, ) = [ [awilt. o' ), a(uilt,y',z) = i ©)
i=1 ta yt = Ma

where 1 denotes the i-th token of response v, and M denotes the mask token.
The reverse process starts from a fully masked sequence and gradually unmask tokens to recover
meaningful language sequences. For timesteps 0 < s < ¢ < 1, the reverse process is defined as:

g (yilye, @), yi =MAYL#M,
: yi =MAyL =M,
yi AMA YL =y,
, otherwise,

L
q(ysls, t e, x) = [ [ a@ils, tye, ), a(uils,ty,2) =
=1

O o

(10)

where py is modeled by the mask prediction model.

As stated in Section 2.2, the exact log-likelihood log 7(y|z) in MDMs is typically approximated by its
ELBO (Lou et al., 2023; Ou et al., 2024; Shi et al., 2024; Sahoo et al., 2024):

Bﬂ'(y|x) = EtNZ/{[O,l]Eyth(yz|t,y,z)€ﬂ(ytu t, y|$), (11)
where
1 L
Celye toyle) = | 2> yi = M]log pa(y'yr, @) | - (12)
=1

As noted in (Ou et al., 2024; Nie et al., 2025), the following formulation is an equivalent approximation:

By (ylz) £ Eru((1,2,.00) Byl be W1 Lyl ), (13)
where
L
Ol Loyle) & | 5D 1y = Mlogpo(y'lyr. ) | (14)
=1
with [ uniformly sampled from {1,2,..., L}, and y; denoting the sequence obtained by masking [ tokens

without replacement.

In practice, although Eq. (13) and Eq. (11) are equivalent in expectation (Ou et al., 2024), the former
typically yields lower variance during estimation (Nie et al., 2025). Intuitively, Eq. (13) deterministically
masks exactly [ out of L tokens in each sequence, providing more consistent samples. In contrast, Eq. (11)
relies on masking an expected fraction ¢ of the tokens, which introduces greater variability into the
estimation process. In practice, we apply Eq. (13) as our log-likelihood estimator.
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Control bias and variance by Vg (., yi) and VV§g(yw, y1)
(Theorem 1, Theorem 4)

Identify two variance reduction strategies:
L VB, VVyBr, | I Corr(Br,,Bxr.) T

VRPO:
(1) Sampling budget (2) Optimal allocation (3) Antithetic sampling
(Section 3.2)

A
Unbiasedness guarantee Variance reduction guarantees:
(Proposition 4) I. Using (1) and (2) (Proposition 1, Proposition 5)
II. Using (3) (Proposition 2)

Figure 5: Illustration of the analysis process. This diagram outlines the conceptual flow that leads to the proposed
VRPO method. Gray boxes represent theoretical analyses, and the blue box highlights the final sampling strategy.
Starting from a bias and variance analysis of the estimated loss and gradient, we identify the score-estimator variance
as a dominant controller. These theoretical findings collectively motivate the design of the VRPO algorithm, which
is equipped with provable properties (dashed lines): unbiasedness and guaranteed variance reduction.

F Additional Theoretical Contents

This section presents the theoretical foundation motivating the VRPO framework. As shown in Figure 5,
we mathematically establish that the bias and variance of the preference optimization are fundamentally
governed by the score-estimator variance. Building on this insight, we provide proofs demonstrating that
our proposed strategies(sampling budget, optimal allocation and antithetic sampling) guarantee variance
reduction for both the objective loss and its gradients, all while maintaining unbiasedness.

Notations. We use SBW and Sy, ,, to denote the stochastic sampling in the ELBO estimates and the
resulting preference score, respectively. Let S; and S, be as defined in Eq. (5), Sqata be as defined in

L) 1Y
Eq. (8). ©(-) denotes functions of the same order.

F.1 Auxiliary Lemmas

F.1.1 Properties of logo(-) (Lemma 1)

Lemma 1 (Properties of log o(z)). Let f(x) = logo(x), where x € R and o(z) = = denotes the

Tfe—=
sigmoid function. Then f satisfies the following properties:
(i) concavity: f(x) is concave;

(ii) continuity: f is I-Lipschitz continuous on R, i.e., for all x1,x2 € R,
[f(z1) = f@2)] < |21 — 22f;

(iii) smoothness: f is %-smooth on R, i.e., its derivative is i-Lipschitz continuous: for all x1,xo € R,

1
|f1(z1) = fl(z2)] < 1‘$1 — 9|
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Proof. We first compute the first and second derivatives of f. Note that

e * 1
= = € (0,1),
1+4+e ™ 1+ e* ( )

f'(x)

and
er 1

1
——— " _c[-=,0).
F'@) =~ € 10
(i) Since f”(z) > 0 for all z € R, we have f is concave.
(i) We observe from above that | f/(x)| < 1 for all z € R, implying that f is 1-Lipschitz continuous.
(iii) Since |f”(z)| < § for all z € R, the derivative f'(z) is 3-Lipschitz continuous, and thus f is

%—smooth. O

F.1.2 Interchangeability of Expectation and Gradient (Lemma 2)

Lemma 2 (Interchangeability of expectation and gradient). Let @ € RY, and let X be a random variable
(or random vector) taking values in a measurable space X. Suppose fy : R? x X — R is differentiable
with respect to 0 for all X € X, and there exists a constant C' > 0 such that |V fo(X)||2 < C for all
X € X. Then the expectation and gradient operators are interchangeable:

VoEfo(X) = EVg fo(X).

Proof. Let § € R? be fixed. For all X, foreachi € {1,...,d}, define gi(X) := 75- fo(X), which exists
since fp(X) is differentiable w.r.t. §. By assumption, we have

196(X)| < [[Vofo(X)]2 < C.

For each ¢, by the mean value theorem and dominated convergence theorem (Bartle, 2014, Chapter 5), we
can interchange the expectation and derivative:

0 0
%Efa(X) = E%fe(X)-

Applying this for each coordinate and stacking the results gives the full gradient interchangeability:

VoEfo(X) = EVgfe(X).

F.1.3 Bias and Variance of Transformed Random Variable (Lemma 3)

Lemma 3 (Bias and variance of transformed random variable). Let Xy be a real-valued random variable
with EXy = g with parameter § € RY, and define function f(x) = logo(z) on R, where o(x) = —

14e—®
denotes the sigmoid function. Then:
(i) The transformed random variable satisfies:
E[f(Xo) = f(no)| < v/ VX, (15)
Vf(Xg) < 4VXy. (16)

(i) Suppose there exists a constant C > 0 such that the gradient of Xy is uniformly bounded as
IVoXyll2 < C. Then, the gradient satisfies:

C
E||Vof(Xe) — Vof(us)l, < Z\/VXB +V/trVVy Xy, (17)

CQ
trVVo f(Xp) < §VX9 +trVVyXpy. (18)
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Proof. (i) As f =log o is 1-Lipschitz continuous by Lemma 1, for Eq. (15), we have:

E|f(Xg) — fpo)| < E|Xp — pol

=E\/(Xp — pg)?
< VE(Xg — pg)? (Jensen’s inequality)
VX (EXg = p16)
For Eq. (16), we have:
VI(Xg) = E(f(Xs) —Ef(Xg))?

<E(|f(Xs) — F(EXg)| + | F(EXg) — Ef(Xp))|)” (triangle inequality)
< 2B (f(Xg) — F(EXy))? + 2E(f(EXp) — Ef(Xp))” ((a + )2 < 2(a? + b?))
= 2E(f(Xo) — F(EXp))” + 2(f(EXp) — Ef(Xp))*
= B (f(Xo) — F(EX,) +2(B((EX0) — 1(Xp)))
< 2E(f(Xg) — F(EXy))? + 2E(f(EXp) — £(Xp))” (Jensen’s inequality)
= 4E(f(Xo) — f(EXy))
<4E(Xy — EX9)2 (f is 1-Lipschitz continuous by Lemma 1)
— 4V X,

(it) Using the chain rule and the bounded gradient assumption, for Eq. (17), we have

E Hng(Xg) — V@f(ﬂe)Hg
=E||f'(Xo)VoXo — f'(10)Vope|,
<E H (f'(Xo) = f'(1a)) V0X9H2 +E ||/ (10) (VoXo — Vouo)|, (triangle inequality)

=E[|f'(Xo) — f'(1o)l - IVeXoll2] + | (10)] - E[[VoXo — Vopsll,
<C-E ‘f/(Xg) — f’(ug)‘ +E||VeXg — Vopugll, (f is 1-Lipschitz continuous by Lemma 1)

C

< 1 ‘E|Xp — po| +E||VoXg — Vorolly (f is §-Lipschitz smooth by Lemma 1)
C

= Z -E ’Xg — ,ug\ +E HV@X@ — EV@X@HQ (EXy = pp and Lemma 2)
¢ 2 . .

< 7 E(Xg — pg)? + \/]E |IVoXo — EVyXol5 (Jensen’s inequality)

c
= Z\/VXQ +/trVvsXy.
To prove Eq. (18), we begin by decomposing the variance of the estimated gradient into three terms:

0V f(Xp) = E|| Vo (Xs) — EVyf(Xo)| =

(X6 V0 X ~ B [['(Xo)Vo Xy |
< E||f(Xo)VeXs — ['(EX9)VoXg||>+E| f (EXe)VeXo — f(EX)EVy X[
O (I
2
f/(EX9)EVoXy — E [f'(X9)VoXo] H2 .

(i

We now bound each term separately.
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Term (I). Using the bounded gradient assumption ||V Xy||2 < C and the }-Lipschitz smoothness of f
(by Lemma 1), we have:

M = E[|£(Xo) — £'(BX0) >+ Vo Xol13]
< C2E|f'(Xq) — ['(EXy)|”
? , C2
< TGE‘XQ — EX@’ = TGVXQ.

Term (II). Since f” is bounded by 1 (by Lemma 1), we have:

(D) = | f(EXy)|* - E||VeXo — EVXo|3
< trVVyXy.

Term (III). Applying Jensen’s inequality and again using the smoothness of f and boundedness of
Vo Xy, we have:

(D) = || f/(EX)EVeXg — Ef' (Xg) Vo Xo| 2
= HE[f’(EXe)VeXe — f'(Xo) Ve Xo] Hz
< E||f'(BX0)VoXs — ' (X0)VoXo |

2
—E[|£(EX) — £'(Xo)| - V0 Xol3]
Cr2
< C?E|f'(EXp) — f'(Xp)|* < 6 VX0
Summing all three terms yields:

CQ
trVVo f(Xp) < KVXQ + trVVo Xp.

O]

F.1.4 Preparation for Tightness Analysis (Lemma 4)

Lemma 4. Assume that a random variable X has finite mean, variance, and kurtosis, i.e., E[X] < oo,
4

VI[X] < 00, and = % < oo. Then there exists a constant ¢ = 1/0.2(0.8)? ~ 0.2862 such

that:

E[|IX — E[X]|] = </V[X].

R

Proof. Let ju:= E[X], 0 := \/V[X], and define Y := (X — p)?. Then,
E[Y]=V[X]=0¢?< 00, E[Y?)=E[(X —pun)! =ro'< .

Applying the Paley—Zygmund inequality to the nonnegative random variable Y, we have: for any
0<6<1:

(1-0)?*E[N])?> _ (1-0)2c"  (1-6)
P(Y > 0E[Y]) > E[Y?] N kot a ko

Next, let Fy- denote the cumulated density function of Y. Unrolling the expectation, we have:

BX - 4] =EVY) = [ Vi) 2 [ Vian) = [ Veetar ),

0o2 0o

= V002 |1 = Fy(80%)| = oVOP(Y 2 00%) 2 a\/é(l—ff
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Maximizing the right hand side over 6 € [0, 1], we obtain

max VO(1 —60)? = v0.2(1 —0.2)2.

0<6<1

Letting ¢ = 1/0.2(0.8)2, we conclude that

E[|X — pl] >

o
Q

F.1.5 Variance of ELBO Estimator (Lemma 5)
Lemma 5 (Variance of ELBO estimator). Letting gﬂ(y) be as defined in Eq. (6), we have:

(i) The variance of the ELBO estimator satisfies:

VBTr (y) = ,th VtEydt,yETr(yt) t, y) +ntny }Etwyﬂt,ygﬂ' (ytv t, y) .
t

ENVA éVyf,

(i) The variance of the gradient of the ELBO estimator for the model policy g satisfies:

VveBﬂ’g (y) = ,nj VtEyt|t7yv9£ﬂ'9 (yta t, y) +ntny EtVyt|t,yv9€7T9 (yb t, y) .

IYAY ENVAY
=V, =V

The V; (or Vtv ) and V,, (or V@X ) capture variance across timesteps and variance due to the noise at each
step, which are inherently determined by the data and the forward process and cannot be reduced.

Proof. For (i), by the law of total variance,

~

VBr(y) = VsE {syt(j)ly};i“stlgﬂ(y)'

{Sy()|y}nyt‘5t8 ( )+E5tv

@ (11)

Term (I). Conditioned on the ¢-sample, the inner expectation is:

s, >\y}"’”\5t :_EZ Su,i) W15, ZE (619, ):_*ZE%W by, 1Y), ).

J=1

Since terms in S; are i.i.d. sampled, the outer variance is:

~

1 - 1
Yy |5tB (y) = _;%VSt Z Eyt\t(j),y‘ew(yb t, y) = _EVtEyt|t,y£W(yt7 t, y)
j=1

0= Vs o

Term (II). Conditioned on the t-sample, the inner variance is:
Ty

V{ ‘y}m/t |5t = 2 Z S \y‘st Z g yt(]) , t(] )

TNy

1 & .
= 2 Z Zvyﬂt ]> E ytat() ) 2 Zwyt|t(j)7y£ﬂ(ytat(1)ay)'

t j=1 yt k=1 nt nyt j=1
Taking the expectation over S; yields:
. , 1
Es, Vs, |5,Bx(y) = ——5—Es, ZV% 1)yl (s 9 ) = — EtVy, 108 (Yt t, ).
”t Ty, Tt Ty,

7j=1
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Combining (I) and (II) gives the result:

V.

~ 1 1
VBW(ZI) =—Vi+
Ny ntnyt

For (ii), as Vgl?,re (y) has similar structure as gﬂe (y):
N 1 & 1 Ty )
A :
VHBTI'Q (y> = Z Z vagﬂ'g yt(J)a ( )7 y)7
il T

the proof closely follows that for (i), and thus we omit the details here. ]

F.2 Bias and Variance of Estimated Loss
F.2.1 Unbiasedness of Preference Score Estimator (Proposition 3)

Proposition 3 (Unbiasedness of preference score estimator). The preference score estimator defined in
Eq. (8) is an unbiased estimator of the true preference score defined in Eq. (7):

ES, 00 136 Yus 91)] = 86(Yuws 1)

Proof. First, by the i.i.d. sampling of timesteps and masked data, i.e.,

S & (Y R U0,1] and S, 2 (o S el [ 19, y), 5 =1,
and S, v, v Ao S Gl for j # j', the ELBO estimator (Eq. (6)) is unbiased:
1 nt Nyt
Esm{sy Ly W is B (y) = Estn ; v, ()1 1 Zﬁ yt<J L)

= EtNU[O,l]Eyth(yt|t,y)€7r(yt7 L,y | .T) = Bﬂ'(y)

Since the preference score estimator is a linear combination of four ELBO estimators, by the linearity
of the expectation, we have:

E (80 (3 90)] = BE | Bry (9)| = BE | Bro ()| = BE |Bry ()] + BE | Broo (1)
=p (Bﬂe (yw)_Bﬂ’ref(yw)) -8 (Bﬂg (yl)_Bﬂ’ref(yl)) = 56(Yuw> Y1)-

F.2.2 Effect of Preference Score Estimator Variance (Theorem 1)

Theorem 1. Given any pair of preference data y,,, y;, the bias and variance of {ppo—g(Yw, yi; 0) over
stochastic sampling in the score estimation can be bounded as:

HKDPQ_E(yw, yl) - ZDPO—E(ywa yl) H

5§|yw,yl

< \/ng‘ywyyl [=§6 (yuH yl)] )
VS [ZDPOfE(yw,yl)}
<4Vs, T30 (W, w)]-

Proof. The proof is essentially based on the analysis of the bias and variance of the transformed random
variable in Lemma 3.
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By definitions in Eq. (7) and Eq. (8), we know that:

Es HﬁDpofE(yw, y1;0) — Iopo—E (Y, yi; 0) H

Slyw,yg

=Es,,. ., Hloga(se(yw,yz)) - loga(ée(yw,yz))ﬂ :
and

Vs

Slyw,yg

[ZDpofE(ywqua)} = Vs [log U(§9(yw7yl))] )

According to Proposition 3, we know that $¢(y,,, y;) is an unbiased estimator for sg(y,,, 3;) such that
Es, .. " [ég(yw, yl)] = 5¢(Yw, y1)- Therefore, we can apply Lemma 3 presented previously to directly

get the result.
O

F.2.3 Tightness Analysis (Theorem 2, Theorem 3)
Theorem 2 (Tightness analysis of bias). Assume that for any y.,, y;, the estimator S¢(yu, Y1) has finite
mean, variance, and kurtosis, i.e., Es, [36(Yw, w)] < oo, Vg, " [30(Yw, y1)] < o0, and Kk =

~ _TWla 4 o~
E[(so(yz%;[yég(ﬁ[zfjg?; WD oo, Then, under a first-order Taylor expansion, the bias of {ppo—g(Yw, yi; 0)
scales proportionally to the square root of the variance of the score estimator as:

Es HEDPofE(ywa y1;0) — opo— 5 (Yuw, vi; 9)H

§\yw7yl

~ 0O <Eyw,yz Uf’ (Sé(ywayl))’ \/Vsé,yw,yl [§0(yw7yzﬂD ;

where f(x) =logo(x), f'(x) € (0,1).
Proof. We omit the explicit conditioning on y,,, y; for brevity and denote sy := So(yw,¥1), So =

30 (Yuw: Y1)
By a first-order Taylor expansion of f(Sg) around sy, we have:

f(36) = f(s0) + f'(s0) (50 — s9) + O ((56 - 89)2) :
Ignoring the higher-order term yields the linear approximation:
f(30) = f(se) + f'(s6) (30 — 50).

According to the definition, the bias of ZDPO_E(yw, y; 0) is:

Es HﬁDPO—E(yw,yl;Q) _ZDPO—E(ywvae)H =Es,. 0, [|f (30) — f (s0)]] -

Slyw,y;

Applying the linear approximation and using the fact that f(sy) is constant w.r.t. S 3y W get:

ESyy L (30) = f(s0)[] ®Es,,, . [ (s0)] 130 = sol] = |f'(s0)| Ess, ,, [|350 = sol] -

According to Jensen’s inequality and by Proposition 3, which states that Eg_ " [

~ ~ 2 a
Esﬂyw,yl USQ - SQH < \/Esﬁyw,yl |:(89 - 89) :| - Vsé\yw,yl [39]’

and according to Lemma 4, there exists a constant ¢ = 1/0.2(0.8)? such that:

39] = sp, we have

. c
ESyiy0 ., [180 = s0l] > PRVALS 3p]-
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Thus we get:

| o

Sé\yw,yl [§9] < ES@\yw,yl [|'§‘9 B SGH < Vsé\yw,yl [§9],

which means:

Es,,, (0p0—E (Yus 913 0) — IoPo—k (Yu, yi; 0) || = | F(se)| Es, (136 — s0l]
[yw,yy lyw,yp

-0 <|f’(89)| m) .

Finally, from Lemma 1, we know f’(sg) € (0, 1).
O

Remark 1. The assumptions on S in Theorem 2, namely finite mean, variance, and kurtosis, are very mild
and standard (Boucheron et al., 2003; Vershynin, 2018; Wainwright, 2019). These conditions exclude only
extremely heavy-tailed distributions. They hold for all sub-Gaussian and sub-exponential distributions,
specifically including Gaussian, uniform, exponential, and any bounded distributions. Since 3¢ is the
estimated preference score computed from ELBOs derived using a neural network, it is naturally bounded
in practice and thus satisfies these assumptions.

Theorem 3 (Tightness analysis of variance). Under a first-order Taylor expansion, the variance of
lopro—E(Yw, yi; 0) scales proportionally to the variance of the score estimator as follows:

VS ZDPO—E(yunyl;Q)] ~ (f' (Se(yw,yz))fVSg,yw,yl 36 (Y 91)] »
where f(z) =logo(z), f'(z) € (0,1).

Proof. We omit the explicit conditioning on y,,, y; for brevity and denote sy := So(Yw,v1), So =

‘§9 (yw » Y1 ) .
By a first-order Taylor expansion of f(Sg) around sy, we have:

F(30) = F(s0) + f'(50) (50 = 56) + O ( (50 = 0)?) .
Ignoring the higher-order term yields the linear approximation:

f(39) = f(s0) + f'(50)(59 — s0)-

According to the definition, the variance of ?DPO,E(yw, yr; 0) is:

ngly“”yl [ZDPO_E(yu”yl; 9)} = Vsé\yw,yl [f (§9)] :

Applying the linear approximation and using the fact that f(sy) is constant w.r.t. S we get:

‘yw Y12

Vi LF(30)] 2 Vs, [f(s0) + f'(s0) (30 — s0)] = (f'(s0))* Vs, [30].

S|yw,yl

Finally, from Lemma 1, we know f’(sg) € (0, 1), ensuring the scaling factor is bounded. O

F.3 Variance Reduction of Preference Score Estimator
F.3.1 Unbiasedness of VRPO (Proposition 4)

Proposition 4 (Unbiasedness of VRPO). Under the variance reduction techniques in VRPO (Section 3.2),

the preference score estimator defined in Eq. (8) remains an unbiased estimator of the true preference
score defined in Eq. (7).

Proof. For sampling budget and optimal allocation, the proof of Proposition 3 for the unbiasedness of
50(Yw, yi) remains valid under variations in n; and n,,, so these do not affect the unbiasedness of the

score estimator. For antithetic sampling, by linearity of expectation, the coupling of f)’\m (y) and f)’\mef (y)
also does not affect the unbiasedness of the score estimator.

O
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F.3.2 Sampling Budget and Allocation (Proposition 1)

Proposition 1 (Reduce the ELBO variance). Given a total budget of n = n; x n,, masked samples

Cctn

and an allocation proportion c¢; = s [%, 1] for estimating f)’\w(y) we have: (i) Vgﬂ(y) = @( 1 )

(ii) VB (y) is minimized when ¢, = 1, i.e., ny = n, Ny, = 1.

Proof. According to Lemma 5, the variance is given by:

~ 1 1
VBW(Q) =—WVi+
ny MMy,

V. (19)

ng

Given that n = n; X ny, and an allocation proportion ¢; £ 2 € [1 1], we have:

. 1 1
VBr(y) = — Vi + —V,,.

on n

Therefore, c%n V; < ng(y) < c%n (Vt + Vyt) and thus the variance of the ELBO has an order of

V@ﬂ0:6(1>.

ctn
Moreover, from Eq. (19), we can establish the optimal allocation c¢; that minimizes the variance that:

arg min VB, (y) = 1,
Cte[%71]

which gives the optimal allocation strategy: n; = n and n,, = 1.

O
F.3.3 Antithetic Sampling (Proposition 2)
Proposition 2 (Increase the correlation). Given any response y, supposing Corr (gﬂe (y), Em-ef (y)) >0

when the Monte Carlo samples S and {S, ly}jy are shared between gﬂg (y) and gﬂref (y), we have:
t
Sharing Monte Carlo samples yields lower V3g(yy, y1) than using independent samples.

o~

et () > 0,

=

Proof. This result yields naturally from Eq. (9) that when Corr(lé’;re (y),

~

VB, (1) + VBr,oi(4) — 2001t (Bry (4), Brocs () \ VB, () VB (4) < VB, (4) + VB, ()

O]

F.4 Deferred Analysis of Estimated Gradient

In this section, we present a theoretical analysis of the effect of VRPO on gradient estimation, following a
structure analogous to the loss analysis in the main paper.

We first introduce a bounded assumption on the gradient of per-step mask prediction loss £,, which
serves as a mild condition for the subsequent derivations.

Assumption 1 (Bounded gradient of per-step mask prediction loss). The gradient of the per-step masked
prediction loss £, (y:, t,y) (Eq. (4)) is bounded, i.e., there exists a constant 0 < C' < oo such that
IV olry (ye,t,y)||2 < C for all 6 in the model parameter space, y in D, and ¢ € [0, 1].

This boundedness assumption is reasonable in practice and leads directly to the following corollary.

Corollary 1 (Bounded gradient of preference score estimator). Under Assumption 1, the gradient of
the preference score estimator $¢(yy, y;) is bounded, i.e., there exists a constant 0 < C' < oo such that
IVoS0(yw, vi)|l2 < C for all 0 in the model parameter space and (Y., y;) in D.
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Proof. Recall that the preference score estimator is defined as:

$0(s91) = B (Bry (90) = Brs (90) ) =8 (Bry () =B ()

where

ne

R 1 1 Tyt .
Brly)=—> — > lx (), 19, y).
j=1 Y k=1

Taking the gradient with respect to 6 leads to:

v0§9(ywa yl) = ﬂVOgﬂg (yw) - ﬁvegﬂ'g (yl)

Now expand each gradient term to get:

ng My

2 _ )
VoBr, (y) = MMy, j§=:1 k=1 Vota, ytO)’t(J) Y)-

By Assumption 1, each term HVMM (ylffj)),t(j), y)H2 < C, we have:

ne My

[7oBrs)], =

2 NNy,

k .
o (yt((j)) ) t(J)7 y) H2 S C
j=1k=1

Thus,
[V o30 (s 90|, < B||VoBry () | + 8| VoBry ), < 26C < oc.

Setting C' = 23C gives the desired result.

F.4.1 Effect of Preference Score Estimator Variance (Theorem 4)

We now present a theorem that characterizes how the variance of the score estimator and the variance of
its gradient influence the bias and variance of Vy/ppo_g.

Theorem 4. Suppose Assumption 1 holds. Then, there exists a constant 0 < C < oo such that, given a
pair of preference data vy, y;, the bias and variance of Volppo—_g can be bounded as:

By, [HVMDPOE(?Jw,yl; 0) — Voloro—e (Y, ui: G)HQ]
< c \Y 5 Y Vs
— Z Sg\ywyl SQ(ywy yl) + \/tr 5§|yw,yl Gse(ng yl)7

and

2

—~ C .
trVs, o [VeﬁDPO—E(ywvyzﬂ)} < g Vsiyuu 30w y) + Vs, VoSo(yu, 11)-

8lyw, yl 3lyw,y;

Proof. The proof is essentially based on the analysis of the bias and variance of the transformed random
variable in Lemma 3 presented previously.
By definitions in Eq. (7) and Eq. (8), we know that:

ES,y [HV@ﬁDPO—E(?Jw,Z/z; 0) = Volopo—(Yuw, vi; H)HJ

S§|ywqyl

[HV@ loga(se(yml/l)) - Vy loga(§9(yw,yl))H2] ,
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and

5

Vs, [VGZDPO—E(ywayl;H) = Vs 0 [Ve loga(ée(yw,yl))} -

According to Corollary 1, under Assumption 1, there exists a constant 0 < C' < oo such that the
gradient of S¢(y, y;) is uniformly bounded as ||$9(yuw, y1)||2 < C. Then by Lemma 3, we have:

Vo log (36 (yw, u1)) — Vo log o (so(yw, )|,

S§|yw;yl ’

C " -
< Z Vsé\yuuyl SO(yw’ yl) + \/trVSélywyyl V@S@(yw, yl)’

02

and trVSslyw,yl Vologo(Se(yw,y1)) < ?ng‘ywyyl

50(Yw, y) +trVs,  NVoSe(Yuw, Y1)-

\ywxyl

Applying these bounds to the above equations gives the desired results.

F.4.2 Sampling Budget and Allocation (Proposition 5)
Given Theorem 4, our goal is to reduce the variance associated with the preference score estimator,
specifically V&g (4, yi) and trVVe3g(yuw, yi) (We omit the subscript on Sy, ., for brevity). The variance
V5¢(yw, y;) has been analyzed in Appendix F.3. Now, we turn our focus to trVVySg(yw, y1), showing
that the first two techniques in VRPO—increasing the sampling budget and applying optimal allocation—
effectively reduce this term.

We begin by expanding V'V $g(yu, y;) for detailed analysis. According to the definition of the score
estimator as in Eq. (8), the gradient of the preference score estimator takes the form:

V9§9(yw, yl) = BVOgﬂg (yw) - ﬁvegﬂ'g (yl)

Since the Monte Carlo sampling conditional on different data y is independent, i.e., 537{0 lyw L SBW lyi>
we have:

VVo30(Yuw, Y1) = Vﬁvegng(yw) + Vﬂvegw@ (y) = ﬂQVV(,Em (Yw) + 52VV91§7W (y1)- (20)

Eq. (20) shows that VV3g(yw, ;) can be reduced by lowering the variance of V(;B\ﬂ (y). We next
provide a theoretical guarantee that increasing the sampling budget and adopting optimal allocation in
VRPO lead to a reduction in VVg B, (y).

Proposition 5. Let B\,T (y) be estimated using a total of n = n; X ny, masked samples. Then we have:

(@) VVggﬂ(y) = 9(%) and (ii) VV@Z?W (y) is minimized when ny = n and ny, = 1 with a fixed n.

Proof. The proof relies on a variance analysis of the gradient of the ELBO estimator established in
Lemma 5. Since the argument closely parallels the proof of Proposition 1 in Appendix F.3.2, we omit the
details here. O
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Prompt

Write a brief biography of a person named "Brilliant Le Hou".
. Highlight at least 3 sections with
markdown, i.e. *highlighted section*. The biography should start with

the name of the person.

LLaDA

Brilliant Le Hou was born in 1985
in Paris, France. From a young
age. he showed a keen interest for
science and technology. He at-
tended the prestigious Ecole Poly-
technique, where he excelled in
mathematics and engineering. Af-
ter graduating, Le Hou began his
career at MIT, where he conducted
groundbreaking research in artifi-
cial intelligence.

*highlighted section™

At MIT, Le Hou developed a
new algorithm that significantly
improved the accuracy of ma-
chine learning models. This
breakthrough earned him numer-
ous awards and recognition in the
scientific community.

*highlighted section*

After working at MIT, Le Hou
founded a tech company called
BrilliantTech Inc. The company
quickly became a leader in the field
of Al with products that revolu-
tionized industries such as health-
care, finance, and transportation.
*highlighted section*

Le Hou’s contributions to Al have
had a profound impact on society.
His work has led to advancements
in medical diagnostics, financial
forecasting, and autonomous vehi-
cles. He has also been involved in
various philanthropic activities, fo-
cusing on improving education and
environmental sustainability.
*highlighted section*

LLaDA 1.5

Brilliant Le Hou was born in 1945
in a small village in France. From a
young age he showed a remarkable
talent for art and music. His par-
ents encouraged him to pursue his
passions and he quickly became a
renowned artist and musician.
*Early Life* Brilliant Le Hou grew
up in a small village surrounded by
beautiful landscapes. His parents
were both artists and they instilled
in him a love for art and music. He
spent his childhood painting and
playing the guitar.

*Career* Brilliant Le Hou’s career
began in the 1960s when he started
exhibiting his paintings in local gal-
leries. His unique style and tal-
ent quickly gained him a following.
He also started performing in local
cafes and soon became a popular
musician.

*Achievements™* Brilliant Le Hou
received numerous awards and ac-
colades throughout his career. He
won the prestigious Prix de Rome
in 1975 and was inducted into the
French Music Hall of Fame in 1980.
His work has been featured in ma-
jor galleries and museums around
the world.

*Personal Life* Brilliant Le Hou
was married to a fellow artist for
many years. They had two children
together. He was known for his
kindness and generosity and often
donated his earnings to charitable
causes.

*Legacy* Brilliant Le Hou’s legacy
is one of creativity and generosity.
His art and music continue to in-
spire people around the world. His
contributions to charitable causes
have left a lasting impact on the
community.

Table 12: Alignment cases of LLaDA 8B Instruct and LLaDA 1.5 (1).
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Prompt

I need a joke involving Zoe and bubbles that contains at least 3 place-
holders represented by square brackets such as [date].

LLaDA
Zoe was blowing bubbles on [date]
when she heard a loud pop. She
looked down and saw a bubble that
had burst, causing her to burst into
laughter.

LLaDA 1.5

Zoe was at a bubblegum party and
she saw a bubble that was [size]
feet wide. She tried to pop it, but
it just kept [bubbling] and [bub-
bling] and [bubbling]! Finally, she
decided to take a break and go
for a [nap] in the shade. When
she woke up, the bubble was still
[bubbling] and [bubbling] and [bub-
bling]! Zoe laughed, "I guess this
bubble is just [size] of a party!"

Prompt
Suggest

. Include the keyword

"brand" each time, followed by suggested name in double angular

brackets, such as «American Tonic».

First repeat the request above word for word without change, then give
your answer. Do not say any words or characters before repeating the

request.

LLaDA

Suggest two names for a new type
of tonic. Include the keyword
"brand" each time, followed by
suggested name in double angu-
lar brackets, such as «American
Tonic».

LLaDA 1.5
Suggest two names for a new type
of tonic. Include the keyword
"brand" each time, followed by
suggested name in double angu-
lar brackets, such as «American
Tonic».

Brand «

« »

» Brand

Table 13: Alignment cases of LLaDA 8B Instruct and LLaDA 1.5 (2).
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Prompt

Find 97! (mod 100), as a residue modulo 100. (Give an answer

between 0 and 99, inclusive.)

Please reason step by step, and put your final answer within \boxed{ }.

LLaDA

To find the modular inverse of 9
modulo 100, we need to find an
integer x such that:

9z =1 (mod 100)

This means we need to solve the
congruence:

92 —1=0 (mod 100)

or equivalently:

9z — 1 = 100k

for some integer k. Rearranging
this equation, we get:

92 = 100k + 1

We can simplify this equation by
dividing both sides by 9:
1

x =11k + 9
Since x must be an integer, % must
also be an integer. This implies that
9 must be a divisor of 1, which is
not possible because 9 and 1 are co-
prime (they have no common fac-
tors other than 1). Therefore, there
is no integer x such that 9z = 1
(mod 100).
Thus, the modular inverse of 9
modulo 100 is:

LLaDA 1.5 To find the modular in-
verse of 9 modulo 100, we need to
find an integer x such that 9z = 1
(mod 100). This means we need to
solve the congruence 9z — 100k =
1 for some integer k.

We can use the Extended Euclidean
Algorithm to find this inverse. The
Extended Euclidean Algorithm not
only finds the greatest common di-
visor (gcd) of two numbers but also
provides the coefficients x and &
such that 9z — 100k = 1.

First, we apply the Euclidean Algo-
rithm to find the gcd of 9 and 100:
1.100=9-11+1
2.9=1-940

The ged of 9 and 100 is 1, which
confirms that an inverse exists.
Next, we use the Extended Eu-
clidean Algorithm to express 1 as a
combination of 9 and 100:

From the first equation:

1=100—9-11
This gives us:
1=100—9-11

Thus, z = —11 and k = 1. How-
ever, we need x to be a positive
residue modulo 100. Therefore, we
convert —11 to a positive equiva-
lent by adding 100:

—11 4100 = 89

So, the modular inverse of 9 mod-
ulo 100 is:

Table 14: Math cases of LLaDA and LLaDA 1.5 (1).
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Prompt

Question: The ratio of men to women on a bus is 5:9. If the total
number of passengers on the bus is 84, and 20 women alight from the
bus at the next stop, how many women have remained on the bus?

Let’s think step by step
Answer:

LLaDA

1. The ratio of men to women on
the bus is 5:9. This means for every
5 men, there are 9 women.

2. The total number of passengers
on the bus is 84.

3. The total number of parts in the
ratiois 5+ 9 = 14.

4. To find the number of men and
women, we divide the total number
of passengers by the total number
of parts:

- Number of men = 84 passengers /
14 parts = 6 men

- Number of women = 84 passen-
gers / 14 parts =9 women

5. Now, 20 women alight from the
bus at the next stop.

6. To find the number of women
remaining on the bus, we subtract
the number of women who alight
from the initial number of women:
- Number of women remaining =
Initial number of women - Number
of women who alight

- Number of women remaining = 9
women - 20 women

- Number of women remaining = 9
women

Therefore, the number of women
remaining on the bus is 9.

The answer is 9.>

LLaDA 1.5

1. The ratio of men to women on
the bus is 5:9. This means for every
5 men, there are 9 women.

2. The total number of passengers
on the bus is 84.

3. The total number of parts in the
ratiois 5+ 9 = 14.

4. To find the number of men and
women, we divide the total number
of passengers by the total number
of parts:

- Number of passengers per part =
84/14=6

- Number of men = 5 parts * 6 pas-
sengers per part = 30

- Number of women =9 parts * 6
passengers per part = 54

So, initially, there are 30 men and
54 women on the bus.

5. At the next stop, 20 women
alight from the bus.

6. To find the number of women
remaining on the bus, we subtract
the number of women who alighted
from the initial number of women:
- Number of women remaining = 54
women - 20 women = 34 women
The answer is 34

Table 15: Math cases of LLaDA and LLaDA 1.5 (2).
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