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Abstract

Chain-of-thought (CoT) reasoning has emerged
as a crucial paradigm for enhancing large lan-
guage model (LLM) performance on multi-step
reasoning tasks. However, the internal mecha-
nisms by which LLMs invoke knowledge and
propagate information across different steps of
the CoT are poorly understood. To fill this
gap, we propose a multi-stage probing frame-
work that enforces structured reasoning with
three explicit stages: keyword extraction, the-
orem generation, and computation execution.
The framework integrates attention knockout to
trace cross-layer information flow and theorem
probing to examine how specific contents are
encoded within representations. To enable con-
trolled and stage-aligned analysis, we construct
a structured CoT dataset that covers the math-
ematics and physics domains. Experiments
on four instruction-tuned LLMs reveal distinct
stage-specific patterns. First, keyword informa-
tion is progressively aggregated into the final
token in later layers. Second, theorem seman-
tics are encoded in the mid-to-late layers and
undergo two stages of propagation. Finally, pa-
rameter substitution is achieved through joint
extraction by the final token and other tokens.
The first parameter predominantly relies on the
final token, whereas later parameters increas-
ingly depend on information extracted by other
tokens. Overall, our findings shed light on the
neural implementation of CoT reasoning and
provide actionable insights for developing more
interpretable and reasoning-capable LLMs. We
further evaluate a free-form prompting setting
without labeled fields and observe consistent
qualitative trends.

1 Introduction

Chain-of-thought (CoT) (Wei et al., 2022; Vig et al.,
2020b; Zhang and Nanda, 2023; Kriegeskorte et al.,
2008) has emerged as an efficient paradigm to im-
prove large language model (LLM) reasoning abil-
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Formatted Prompt + Problem: Alex is decorating a square wall clock on ...
being 3 centimeters. What is the area of the clock in square centimeters?

       [Keywords]: square...         [Theorem]: A = s^2         [Computation]: 3^2 = 9

A: Keyword
Extraction

B2: Theorem
Second Transfer

B1: Theorem
First Transfer

C: Parameter
Extraction

Figure 1: Illustration of our motivations: keyword in-
formation converges to the final token in later layers
(A); theorem information is relayed from non-final to
final tokens and re-extracted in later layers (B1, B2);
parameters are jointly inferred by final and non-final
tokens in middle-to-late layers (C).

ity (Deng et al., 2024; Cheng and Van Durme, 2024;
Wang and Zhou, 2024; Xu et al., 2025) by explicitly
decomposing the reasoning process into interme-
diate steps. Although recent studies (Dutta et al.,
2024; Yu and Ananiadou, 2024; Geva et al., 2021;
Chen et al., 2024; Geva et al., 2023) have uncov-
ered certain aspects of the internal mechanisms
underlying LLM reasoning, it remains unclear how
multi-stage knowledge invocation and information
flow are implemented in CoT reasoning.

Existing research on the interpretability of rea-
soning tasks mainly follows two directions. One
line of work relies on empirical analysis based on
explicit CoT outputs (Deng et al., 2024; Wang et al.,
2023; Zheng et al., 2025). By observing the inter-
mediate reasoning chains generated by the model,
these studies attempt to infer the knowledge invo-
cation process (Ling et al., 2023). Such methods
can verify the necessity of reasoning steps through
component ablation or output reformatting, but
they only reveal coarse-grained correlations and
fail to capture the dynamic mechanisms inside the
model (Hu et al., 2025).
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To overcome these limitations, a second line of
work turns to token-level activation analysis. These
methods examine internal activations of individual
tokens within model layers to trace how informa-
tion is processed and propagated inside (Geva et al.,
2023; Qiang et al., 2022; Dai et al., 2022; Meng
et al., 2022). They offer a finer-grained view of in-
ternal dynamics and have been applied to probing
factual knowledge and token interaction.

However, most existing interpretability studies
remain focus on factual recall, with an empha-
sis on single-step retrieval and static token rela-
tionships (Feng et al., 2023; Chen et al., 2025).
This narrow focus leaves the dynamic, multi-stage
knowledge invocation and information flow that
support chain-of-thought reasoning unexplored.

To fill this gap, we propose a multi-stage prob-
ing framework for structured CoT reasoning tasks
that require explicit theorem invocation and inter-
mediate steps, encompassing keyword extraction,
theorem generation, and computation execution.
The framework integrates two complementary tech-
niques: (i) attention knockout, which blocks critical
tokens during generation to trace inter-layer infor-
mation flow (Dutta et al., 2024), and (ii) knowledge
probing, which inspects how theorem semantic en-
coded across layers (Pimentel et al., 2020; Zhu and
Rudzicz, 2020; Dalvi et al., 2020).

To probe reasoning dynamics, we construct a
structured CoT dataset in which problem instances
are generated from mathematics and physics theo-
rems with controlled output formats (Section 3.1).
Our experiments show that LLMs exhibit cross-
domain consistent information extraction mecha-
nisms across mathematics and physics, while re-
vealing distinct stage-wise patterns in different
stages of CoT reasoning (Figure. 1). These trends
remain consistent under free-form prompting with-
out labeled fields (Appendix B):

• Keyword extraction stage: keyword-related
information is primarily transmitted to the fi-
nal token in the later layers (Section 3.2).

• Theorem generation stage: theorem-related
information at theorem-related token positions
is first captured by non-final tokens in the
early layers and relayed to the final token for
prediction. In the later layers, it is re-extracted
at these positions and directly transmitted to
the final token; notably, semantic features of
the theorem are encoded in the hidden states
at intermediate layers (Section 3.3).

• Parameter substitution stage: parameter val-
ues are not matched one-to-one with the for-
mal parameters in the formula. They are
jointly extracted in the middle and later layers
by the final token and non-final tokens, with
the first parameter mainly captured by the fi-
nal token, while later parameters are primarily
extracted by non-final tokens. The model’s
numerical computation using the generated
formula depends on the model and the task
type (Section 3.4).

2 Methods

2.1 Preliminary

To understand the information flow mechanism of
the model in reasoning tasks, we adopted the atten-
tion blocking method (Geva et al., 2023). It blocks
specific attention connections in the Multi-Head
Self-Attention (MHSA) sublayer, which is the only
component that transmits information across posi-
tions, to evaluate their effect on the model’s pre-
dictive ability. Specifically, we set the attention
weights between different tokens in designated lay-
ers to negative infinity, thereby blocking these con-
nections, and analyzed the resulting changes in
prediction accuracy to determine whether critical
information propagates across these layers. This
methodology enables us to pinpoint the propaga-
tion pathways of key information throughout the
model’s reasoning process.

For a given input and layer ℓ, we block the atten-
tion connection between positions r and c in that
layer. Formally, at layer ℓ + 1, let r and c be the
indices of the two tokens between which the atten-
tion is removed. The knockout operation updates
the attention mask as:

M ℓ+1,j
rc = −∞ ∀j ∈ [1, H] (1)

where H is the number of attention heads and
M ℓ+1,j denotes the additive attention mask for
head j at layer ℓ+ 1. This assignment effectively
blocks the information flow from position c to po-
sition r across all heads.

2.2 Multi-stage Probing Framework

Since CoT outputs exhibit randomness in theorem
reasoning, we fix the output format to enable prob-
ing at consistent token positions. We additionally
construct a free-form prompting variant without
labeled fields for comparison. To avoid introducing
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additional knowledge, we adopt a prompt-based ap-
proach rather than fine-tuning. Specifically, the
structured output sequence is illustrated in Fig-
ure 1. We enforce a structured output sequence
where the model first declares the required formula
name, then outputs its formal definition, and finally
performs parameter instantiation for computation.
Concrete formatted prompts are provided in Ap-
pendix A.1.

2.3 Blocking Configurations

To address the complexity of information propa-
gation in CoT reasoning, we explicitly consider
its potential pathways. These may involve direct
extraction by the final token, relay through inter-
mediate tokens, joint extraction by both final and
non-final tokens, or alignment with specific source
positions. We define Other tokens as all tokens po-
sitioned after the target subset and before the final
token. The set of All tokens additionally includes
the final token itself. Accordingly, we design four
complementary blocking configurations:

• Last-Sub blocking: blocking attention from
the final token to the target subset, thereby
isolating the direct read-out effect and testing
whether predictions rely on direct extraction.

• Other-Sub blocking: blocking attention from
Other tokens to target subset to evaluate relay
pathways, where information is transmitted
via intermediate tokens to the final token.

• All-Sub blocking: blocking attention from
both the final and Other tokens to target sub-
set. This provides the upper bound of depen-
dency on the target subset and serves as an
attribution anchor for comparison.

• Specific blocking: blocking attention from a
designated source set to the target subset, en-
abling hypothesis testing of whether explicit
mappings or one-to-one dependencies exist.

For Last-Sub blocking, we block the attention
from the final token to the positions of a target
subset in the input. Let S ⊂ [1, N) denote the set
of positions for the target subset within the input
sequence. For the i-th subset position Si, we block
attention from the last position N , to Si:

M ℓ+1,j
N,Si

= −∞ ∀j ∈ [1, H] (2)

For Other-Sub blocking, we block attention from
the position of each Other token to Si:

M ℓ+1,j
(Si+1,Si+2,...,N−1),Si

= −∞ ∀j ∈ [1, H] (3)

For All-Sub blocking, we block attention from
the position of each All token to Si:

M ℓ+1,j
(Si+1,Si+2,...,N),Si

= −∞ ∀j ∈ [1, H] (4)

For Specific blocking, we block the attention
from a designated set of source positions to the i-th
substitution position. Let P ⊂ [1, N) denote the
set of specific source positions, we block attention
from p ∈ P to Si:

M ℓ+1,j
p,Si

= −∞ ∀j ∈ [1, H] (5)

2.4 Theorem Probe
To investigate whether LLMs activate theorem-
related knowledge during formula genera-
tion (Hendrycks et al., 2021), we introduce the
Theorem Probe technique. This method takes
the hidden states from arbitrary layers as inputs
and employs a lightweight classifier to predict
the corresponding theorem category (Azaria
and Mitchell, 2023), thereby evaluating whether
theorem-related semantics are encoded in the
representations (Conneau et al., 2018).

In order to probe how theorem-related semantics
are encoded in hidden representations, we adopt
a Multi-Layer Perceptron (MLP) as the probing
model. The input is the last-token hidden vector hi,
normalized and nonlinearly transformed to produce
a categorical distribution over theorem classes. The
distribution pi is computed as:

pi = σ(W2 (GELU(W1 hi + b1)) + b2) (6)

where σ(·) denotes the softmax function. The
model parameters are W1 ∈ R1024×d, W2 ∈
RC×1024, b1 ∈ R1024, and b2 ∈ RC , where d
is the hidden size of the language model and C is
the number of theorem categories.

We extract hidden states across different layers
as training samples and pair them with correspond-
ing theorem labels. The training objective mini-
mizes the cross-entropy loss:

L = − 1

N

N∑

i=1

C∑

c=1

yi,c log pi,c (7)

where yi,c denotes the one-hot ground-truth label
and pi,c the predicted probability of class c. This
probing framework enables quantitative analysis of
how theorem knowledge is encoded across layers
and reveals knowledge flow in formula generation.
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3 Experiments & Findings

3.1 Experimental Setup

Dataset. We construct a reasoning-formatted
CoT dataset to probe theorem-level reasoning be-
haviors. The dataset covers two domains, mathe-
matics and physics, with 50 distinct theorems per
domain. For each theorem, we prompt an LLM
to generate ten unique problem instances, result-
ing in a total of 1,000 problems. Concrete dataset
examples are provided in Appendix A.2. In addi-
tion to the structured dataset with controlled output
formats, we also construct a free-form dataset vari-
ant without labeled fields, provided in Appendix B.
Supplementary sensitivity analyses of key experi-
mental settings are reported in Appendix D.

Models. To ensure generalizability across
different model families, we select four
instruction-tuned LLMs as backbones in our
experiments, namely Meta-Llama-3-8B-Instruct
(LLaMA3-8B) (AI@Meta, 2024), Meta-Llama-
3-70B-Instruct (LLaMA3-70B) (AI@Meta,
2024), DeepSeek-R1-Distill-Qwen-7B (R1-
Qwen7B) (DeepSeek-AI, 2025), and Qwen2.5-
Math-7B-Instruct (Qwen2.5-Math-7B) (Yang et al.,
2024), respectively. The results on LLaMA3-70B
are reported in Appendix C.

3.2 Keyword Extraction

To investigate how keyword-related information
is propagated when language models extract key-
words from problem statements, we apply three
types of blocking operations over k consecutive
layers and examine their effects on keyword extrac-
tion at different positions. We set k = 10.

Figure 2 illustrates the experimental results.
Across all models tested, blocking the attention
from the final token to the keyword tokens in the
later layers causes a sharp drop in the prediction
probability of the corresponding keywords, with
reductions of 70% to 80%. In contrast, blocking
the attention from other tokens to keyword tokens
across all layers has almost no effect. These find-
ings indicate that keyword information is directly
transmitted to the final token in the later layers.
They further suggest that similar mechanisms are
shared across different models and domains.

3.3 Theorem Generation

Keyword extraction for theorem generation.
For theorem generation, the model is expected to

Figure 2: Relative change in prediction probability when
blocking attention to keyword token positions during
keyword extraction across layers and models.

extract theorem-related information to determine
which theorem to produce. To examine how this in-
formation propagates, we apply the same blocking
strategies detailed in section 3.2 to theorem tokens
and observe the resulting changes in the model’s
predictive performance. We set k = 10.

The results are summarized in Figure 3. We
observe that across different domains and mod-
els, information from theorem tokens propagated
twice: once in the early layers and again in the later
layers. The prediction probability trends under
All-Sub blocking align closely with those of Other-
Sub blocking in early layers (within 10 layers),
with reductions of about 10%–20%. In contrast,
in the middle-to-late layers (after layer 15), the
trends become consistent with Last-Sub blocking.
These findings indicate that information localized
at theorem-token positions is initially captured by
other tokens in the early layers and relayed to the fi-
nal token for prediction, whereas in the later layers,
the information at these positions is re-extracted
and directly transmitted to the final token.

Encoding theorem information in LLMs. We
investigate how LLMs encode theorem information
in their hidden states on mathematical and physical
reasoning datasets. To this end, we train theorem
probes on hidden states of tokens generated during
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Figure 3: Relative change in prediction probability when
blocking attention to theorem-related token positions
during theorem generation across layers.

Figure 4: Accuracy of probes trained on hidden states
from different layer ranges for detecting theorem tokens.

theorem prediction, where performance directly
reflects the extent to which theorem information
is encoded. Inspired by prior findings that LLMs
capture different features at different layers (Geva
et al., 2023), we construct probes for each model
with multiple layer configurations, including all
layers, all except the final two layers, last 18 layers,
last 15 layers, last 10 layers, and last 5 layers.

We train and evaluate these probes on hidden
states from selected layer configurations, and the
results are presented in Figure 4. The detailed train-
ing configuration is provided in Appendix A.3. On
the LLaMA3-8B mathematics dataset, using repre-

Figure 5: Performance of probes trained on different
layer configurations.

sentations from all layers or all except the final two
layers yields notably lower accuracies (0.779 and
0.780, respectively). In contrast, probes trained on
the last 18, last 15, and last 10 layers achieve the
highest accuracies, with the last 10 layers reaching
the best performance (0.889). Similar trends are
observed on the physics dataset and other models.
These findings suggest that theorem-related infor-
mation is most linearly separable in middle-to-late
layers, while incorporating early-layer representa-
tions slightly degrades probe performance.

Figure 5 presents probe results under different
layer configurations during the generation of theo-
rem tokens. Across architectures and domains, we
observe a three-stage encoding pattern for theorem-
related information, suggesting a fundamental prop-
erty of how LLMs process information.

(i) Early phase. Probes trained on representa-
tions including substantial early-layer content, such
as all layers and all except the last two layers, al-
ready achieve non-trivial accuracy from shallow
depths, around 60%. A possible reason is that
shallow representations allows the probe to exploit
surface-level statistical cues in the input text.

(ii) Mid-to-late phase. When probes are trained
on representations restricted to deeper middle lay-
ers, namely the last 18, last 15, and last 10 lay-
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Figure 6: Relative change in prediction probability when
blocking attention to parameter-token positions during
instantiation of the first parameter across layers.

ers, their accuracies rise steeply and almost syn-
chronously, then converge to a similar plateau. For
example, on LLaMA3-8B with the Math dataset,
accuracy increases from roughly 10% to between
60% and 80% between layers 10 and 15. This con-
vergence indicates that theorem-specific informa-
tion becomes robust and linearly decodable within
a shared, processing bandwidth in the model’s
deeper layers, where abstract conceptual knowl-
edge about theorems is integrated and stabilized.

(iii) Late phase. Probes confined to the very
top layers (last 5) exhibit a notably delayed perfor-
mance lift. For instance, on the R1-Qwen7B model
with the Math dataset, accuracy does not exceed
60% until around layer 20. This delay suggests a
functional shift at the topmost layers: rather than
further refining abstract theorem representations,
these layers are likely repurposed for output for-
matting, sequence planning, and alignment with
instruction-following constraints.

Overall, our findings indicate that the mid-to-late
layers are the key locus for effectively encoding
abstract theorem information.

3.4 Parameter Extraction and Instantiation

This section aims to investigate the mechanism of
parameter substitution, with a particular focus on
how LLMs extract parameter-specific information
and integrate it with the invoked theorem.

Figure 7: Relative change in prediction probability when
blocking attention to parameter-token positions during
instantiation of the second parameter across layers.

Parameter Extraction. We employ the attention
knockout technique (k = 10) to trace the propaga-
tion paths of information originating from parame-
ter tokens. Since most problems involve multiple
parameters, we conduct analyses for the first, sec-
ond, and third parameters. This design allows us
to examine whether the model adopts a consistent
mechanism when handling parameter substitutions.

Figure 6 reports the results for the first param-
eter. On LLaMA3-8B, the positions of probabil-
ity drops under Last-Sub and All-Sub blocking
largely coincide. Last-Sub blocking produces a
moderate reduction of around 20% in the mid-
dle layers, whereas All-Sub blocking leads to a
much stronger decline exceeding 50%. In contrast,
Other-Sub blocking induces almost no observable
change. A similar trend is consistently observed in
R1-Qwen7B and Qwen2.5-Math-7B.

Across all models and datasets, the decline under
All-Sub blocking is substantially larger than under
Last-Sub alone. These results indicate that param-
eter substitution primarily occurs in the middle-
to-late layers, where parameter information is ex-
tracted jointly by the final token and other tokens,
though with a dominant reliance on the final token.

Interestingly, the extraction mechanism diverges
for subsequent parameters. Figures 7 and 8 present
the results for the second and third parameters. On
LLaMA3-8B, the magnitudes and positions of prob-
ability drops remain broadly similar. However, for
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Figure 8: Relative change in prediction probability when
blocking attention to parameter-token positions during
instantiation of the third parameter across layers.

R1-Qwen7B and Qwen2.5-Math-7B, the effect of
Last-Sub blocking becomes negligible, while the
impact of Other-Sub blocking grows substantially.
These findings suggest that, for later parameters,
the models increasingly rely on information cap-
tured by Other tokens rather than the final token.

Parameter–Theorem Matching. To investigate
whether the model explicitly matches problem pa-
rameters with the invoked theorem when generat-
ing parameter tokens, we design Specific blocking
experiment. In this setting, we block the attention
connections between parameter tokens in the prob-
lem statement and theorem tokens over k = 10
consecutive layers, thereby eliminating direct infor-
mation exchange between the two.

Figure 9 shows that blocking attention from the-
orem tokens to parameter tokens has little effect on
prediction probabilities in both early and late lay-
ers. This suggests that parameter extraction does
not rely on direct theorem-to-parameter informa-
tion flow, but is instead inferred implicitly from
the problem context in the middle-to-late layers
through the joint contribution of the final token and
other contextual tokens.

Evolving Reliance on Explicit Formula Content.
To test whether the model uses generated formulas
during parameter instantiation, we adopt a 2 × 2
design. One factor is parameter complexity, with
levels “many” and “few”. The other factor is the

Figure 9: Relative change in prediction probability when
blocking attention between parameter tokens and the-
orem tokens during instantiation of the first parameter
across layers.
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Figure 10: Sensitivity of first-parameter extraction to
theorem-token blocking under varying theorem and pa-
rameter complexities.

number of theorem tokens, also with levels “many”
and “few”. This yields four groups: manyT–manyP,
manyT–fewP, fewT–manyP, and fewT–fewP. We
then apply All-Sub blocking to the theorem content
and measure the resulting changes in prediction
probabilities across layers. To quantify effects, we
select the top 20 layers with the largest probability
shifts and report their mean as the sensitivity metric
for each group.

The result of the first parameter is shown in Fig-
ure 10, and the second and third parameter results
are presented in Figure 11 and Figure 12.
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Figure 11: Supplementary sensitivity analysis of second-
parameter extraction to theorem-token blocking across
complexity groups.
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Figure 12: Supplementary sensitivity analysis of third-
parameter extraction to theorem-token blocking across
complexity groups.

LLaMA3-8B shows higher sensitivity to All-Sub
blocking on the first parameter than the other two
models. In mathematics tasks, the manyT–manyP
group drops by more than 30 percent. R1-Qwen7B
and Qwen2.5-Math-7B each drop by less than 10
percent under the same condition. Physics tasks
exhibit the same pattern. These results indicate
that LLaMA3-8B relies heavily on explicit formula
content when instantiating the first parameter, espe-
cially when theorems are complex and parameters
are numerous, whereas the other two models show
minimal sensitivity to theorem blocking. For the
second and third parameters, all groups and models
exhibit drops below 10%, suggesting that the sub-
sequent parameter instantiations depend far less on
direct information from theorem tokens.

4 Related Work

Recent research is increasingly focused on the in-
terpretability of reasoning in LLMs. One line of
work examines CoT outputs to assess the faithful-
ness of reasoning chains (Jie et al., 2024; Paul et al.,
2024; Lyu et al., 2023; Lanham et al., 2023). Em-
pirical analyses show models often exhibit an early
response phenomenon, where the final answer is
determined before intermediate steps are generated
(Wang et al., 2025; Liu and Wang, 2025). Perturb-
ing or removing parts of the chain frequently has
little effect on the outcome, raising doubts about the
authenticity of CoT reasoning (Lanham et al., 2023;
Turpin et al., 2023; Barez et al., 2025). To address
this, methods such as Thought Anchors (Bogdan
et al., 2025) have been introduced to identify crit-
ical reasoning steps disproportionately influence
subsequent predictions.

Another line of research investigates attention-
based information flow. Because transformer atten-
tion routes dependencies between tokens, interven-
tions on attention provide a natural way to trace rea-
soning dynamics (Rohekar et al., 2023; Nam et al.,
2025). For instance, Geva et al. (2023) identified a
refine–extract mechanism in factual recall, where
subject tokens are enriched in early MLP layers
and later queried by the final token through specific
attention heads. Extending this idea, Bogdan et al.
(2025) applied attention masking to quantify the
causal contribution of reasoning sentences, while
Ortu et al. (2024) showed that particular attention
heads can suppress factual memory in favor of mis-
leading context. This effect can be reversed by
modifying only a few heads. These studies demon-
strate that attention interventions serve as powerful
tools for path tracing within reasoning.

A complementary direction probes representa-
tions. Geva et al. (2021) interpreted feed-forward
layers as key–value memories, Dai et al. (2022)
identified knowledge neurons via gradient attribu-
tion, and Meng et al. (2022) combined activation
patching with causal tracing to propose ROME for
editing factual knowledge. Causal mediation analy-
sis provides a lens for attributing behavioral effects
to internal pathways (Vig et al., 2020a). Repre-
sentational similarity analysis compares activation
geometries to characterize how semantic structure
evolves across layers (Kriegeskorte et al., 2008).
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5 Conclusion

This work advances understanding of how large lan-
guage models implement chain-of-thought reason-
ing. By introducing a multi-stage probing frame-
work, we reveal that reasoning involves distinct
mechanisms at various stages, rather than being a
single unified process. Our study highlights struc-
tured information flow dynamics, offering new in-
sights into the mechanisms that underlie multi-step
reasoning. These findings contribute to both the
interpretability of language models and the devel-
opment of more reliable reasoning systems.

Limitations

Our analysis is limited to theorem-grounded
math/physics with stage-aligned control. Although
we confirm the qualitative patterns under free-form
prompting and on LLaMA3-70B, free-form results
rely on a small annotated set and may not general-
ize to less structured, real-world reasoning. Future
work could extend evaluation to a wider range of
tasks and models, and develop automated align-
ment for interventions and probing.
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A Additional Details

A.1 Prompt Templates

To ensure stage-aligned probing without introduc-
ing additional knowledge, we enforce structured
outputs through carefully designed prompt tem-
plates. Tables 4 and 5 present the full templates
used for LLaMA3-8B, R1-Qwen7B, and Qwen2.5-
Math-7B, respectively.

A.2 Dataset Examples

Tables 6 and 7 provide illustrative dataset examples
across four models and two domains. Each exam-
ple follows the structured output format defined in
Appendix A.1. Problems were generated by the
moonshot-v1-8k model (AI, 2025), and responses
by the evaluated models.

A.3 Training Configurations

We trained 36 independent MLP probes across dif-
ferent layer configurations, models, and subject
domains. Each probe is a single-hidden-layer clas-
sifier trained to predict the theorem identity from
the hidden representations extracted at a specific
layer segment. The layer configurations include:
(1) All Layers (2) All Except Last 2 (3) Last 18 Lay-
ers (4) Last 15 Layers (5) Last 10 Layers (6) Last
5 Layers. For each of the three instruction-tuned
models and two subject domains, all six probes
were trained, yielding 3× 2× 6 = 36 total training
runs.

Each probe receives as input the hidden repre-
sentation of the final token corresponding to the
theorem-prediction step. For a given layer con-
figuration, all selected layer representations are
flattened into training samples, and labels are repli-
cated accordingly. To control class balance across
theorem categories, we fix the number of prefix
samples for each theorem to three. Only three pre-
fixes are randomly selected from all available prefix
candidates of each theorem to prevent long or com-
plex formulas from dominating the dataset. This
sampling strategy ensures a balanced class distri-
bution, stabilizes training, and improves evaluation
comparability.

The dataset is split by theorem category with
a fixed ratio of 6:1:3 for training, validation, and
test sets, ensuring that no duplicate problems occur
across splits. All probes share the same optimiza-
tion setup. We employ the AdamW optimizer with
a learning rate of 1 × 10−3 and weight decay of
1×10−4. Each model is trained for up to 20 epochs
with early stopping determined by validation loss,
using a patience of 3. A cosine annealing scheduler
is applied across 20 epochs, and the batch size is
64. Each MLP probe consists of one hidden layer
of 1024 dimensions with a GELU activation, Layer
Normalization at the input, and a Dropout rate of
0.2. The key training configurations are summa-
rized in Table 2.

Unless otherwise specified, we fix the random
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Model
Mathematics Physics

All
All
(-2)

Last 18 Last 15 Last 10 Last 5 All
All
(-2)

Last 18 Last 15 Last 10 Last 5

LLaMA3
-8B

0.779
±0.003

0.780
±0.009

0.879
±0.005

0.889
±0.005

0.882
±0.007

0.877
±0.020

0.847
±0.005

0.849
±0.012

0.904
±0.007

0.912
±0.013

0.911
±0.010

0.924
±0.008

R1-
Qwen7B

0.786
±0.014

0.795
±0.016

0.855
±0.006

0.867
±0.002

0.874
±0.012

0.879
±0.012

0.869
±0.007

0.862
±0.018

0.895
±0.004

0.905
±0.003

0.913
±0.005

0.917
±0.010

Qwen2.5-
Math-7B

0.751
±0.015

0.743
±0.016

0.823
±0.017

0.822
±0.012

0.829
±0.014

0.811
±0.019

0.766
±0.015

0.755
±0.007

0.828
±0.012

0.830
±0.014

0.840
±0.002

0.842
±0.006

Table 1: Test accuracy of theorem-classification probes across different layer configurations and domains. Values
are reported as mean and standard deviation over 5 random seeds.

seed to 42 for reproducibility. All probes are
trained using cross-entropy loss, and we report clas-
sification accuracy as the evaluation metric. Table 1
reports mean ± standard deviation of test accuracy
over five random seeds {42, 123, 456, 789, 1024}.

Hyperparameter Value

Input Dim.
4096 (LLaMA3)

3584 (R1/Qwen2.5)
Hidden Dim. 1024
Output Dim. 50
Optimizer AdamW
Learning Rate 1× 10−3

Epochs / Patience 20 / 3

Table 2: Training configurations for theorem-
classification probes.

B Free-form Prompting Experiments

Motivation. Our main experiments adopt a struc-
tured output to ensure deterministic stage bound-
aries and stable token alignment for attention inter-
ventions and probing. To verify that the observed
multi-stage dynamics are not artifacts of this for-
matting constraint, we additionally evaluate a free-
form prompting setting without labeled fields.

Prompt and free-form data. Given that free-
form traces lack labeled fields, we manually anno-
tated 100 data points. Table 3 presents the prompt
used for free-form cot. Table 8 presents the dataset
examples under free-form cot.

B.1 Theorem Generation under Free-form
CoT

We analyze information flow when the model gener-
ates the first token of a theorem content. Consistent
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Figure 13: Relative change in prediction probability
when blocking attention to theorem-related token posi-
tions during theorem generation across layers.

Free-form CoT Prompt Template
You are a mathematical reasoning assistant.
Please solve the following problem step by
step and finally output [end] to conclude.
Now solve the following problem using the
above format: Problem: {question}

Table 3: Prompt template used for free-form CoT.

with the structured setting, we observe a two-stage
propagation pattern: in the early layers, blocking
attention from other-tokens leads to a larger per-
formance drop of around 30%; in the mid-to-late
layers, the final-token becomes dominant for the-
orem usage, and blocking its attention causes a
prediction probability decrease of about 20%. Fig-
ure 13 presents the results.
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Figure 14: Performance of probes trained on different
layer configurations.

B.2 Theorem Probing under Free-form CoT

For theorem probing, we extract the hidden states
when the model generates the first token of a the-
orem content and apply the theorem-classification
probes trained under the fixed-format setting. Fig-
ure 14 presents the results. The layer-wise trend
remains highly consistent with the fixed-format
case: probe accuracy rises sharply in the middle
layers, from about 0.1 to 0.8, indicating that even
under unconstrained traces, theorem semantics re-
main most linearly decodable in the mid-to-late
layers.

Figure 15: Relative change in prediction probability
when blocking attention to parameter-token positions
during instantiation of the first parameter across layers.

B.3 Parameter Substitution under Free-form
CoT

We analyze parameter instantiation on the first gen-
erated numeric parameter token. When we block
attention to parameter tokens, the resulting pattern
of changes in prediction probability is consistent
with the structured setting: in the mid-to-late layers,
Last-Sub blocking causes a substantial probability
drop of roughly 20%, and All-Sub leads to an even
larger degradation of around 50%, while Other-Sub
blocking has almost no effect. Figure 15 presents
the results.
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Figure 16: Relative change in prediction probability.

C Large-Model Experiments on
LLaMA3-70B

To test whether our findings scale to larger back-
bones, we extend our analysis to Meta-Llama-3-
70B-Instruct (80 layers). Since attention block-
ing is applied over a contiguous layer window, the
effective coverage of an intervention depends on
model depth. We therefore scale the window to
k = 30 for the 80-layer model to keep the interven-
tion span comparable to the main experiments in
relative depth, while preserving the same blocking
definitions and evaluation metric.

C.1 Keyword Extraction

As shown in Figure 16, the Last-Sub intervention
causes a pronounced probability drop of up to 30%
in the mid-to-late layers, whereas the Other-Sub
intervention leads to almost no observable change.
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Figure 17: Relative change in prediction probability.

C.2 Theorem Generation: Keyword
Extraction for Theorem Generation

As shown in Figure 17, theorem generation exhibits
the same two-stage information-flow pattern as in
smaller models. In the early layers, the effect of
blocking the Other-Sub positions dominates, lead-
ing to an approximate 20% decrease in prediction
probability. As the depth increases, the impact of
the Last-Sub blocking becomes increasingly pro-
nounced. This change in prediction probability is
consistent with that observed in smaller models.

C.3 Encoding Theorem Information in LLMs

We train the same single-hidden-layer MLP probe
on LLaMA3-70B hidden states and evaluate differ-
ent layer groups. As shown in Figure 18, probes
trained on mid-to-late layer ranges achieve the best
accuracy for detecting theorem tokens, and the
probe training results are consistent with those ob-
served on smaller models. Figure 19 reports the
corresponding probe performance under different
layer configurations, and the overall trends closely
match those of smaller models.

C.4 Parameter Extraction and Instantiation

C.4.1 Parameter Extraction
Figure 20 presents the results for the first parameter.
Last-Sub blocking causes an approximately 40%
decrease in prediction probability in the middle
layers, whereas All-Sub blocking leads to a drop
exceeding 60%. Meanwhile, Other-Sub blocking
produces almost no observable impact.

Figures 21 and 22 show the results for the subse-
quent parameters. For these later parameters, the

Figure 18: Accuracy of probes trained on hidden states
from different layer ranges for detecting theorem tokens.

layer

Figure 19: Probe performance under different layer
configurations on LLaMA3-70B.

effect of Last-Sub blocking gradually diminishes,
while the influence of Other-Sub blocking becomes
significantly stronger. This behavior is consistent
with the parameter-extraction mechanism observed
in smaller models.

C.4.2 Parameter–Theorem Matching
As shown in Figure 23, blocking attention con-
nections between parameter tokens and theorem
tokens at different layers leads to almost no change
in prediction probability. This indicates that, for
LLaMA3-70B, parameter extraction is not primar-
ily driven by direct information flow from theorem
tokens, but is instead achieved through broader
contextual representations, aligning with the obser-
vations in smaller models.

D Sensitivity Analyses

Setup. We analyze the sensitivity of our conclu-
sions to two design choices in our probing and
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layer

Figure 20: Relative change in prediction probability of
the first parameter across layers.

layer

Figure 21: Relative change in prediction probability of
the second parameter across layers.

intervention pipeline. (i) We vary the attention
knockout blocking window size k, using k=10 as
the default setting and additionally evaluating k=5
and k=20. (ii) We vary the MLP probe depth. The
main paper uses a one-hidden-layer probe, and we
further evaluate probes with two and three hidden
layers. Unless otherwise specified, all other set-
tings follow the main experiments.

D.1 Sensitivity to the blocking window size k

Keyword extraction. We rerun Attention Knock-
out with k=5 and k=20. The qualitative pattern
remains stable: mid-to-late layers primarily rely on
the final token to extract keyword information. As
shown in Figures 24 and 25, Last-Sub continues
to induce a substantial probability drop with k=5
(about −48%), and the magnitude further increases
with k=20 (up to about −80%), while the overall
layer-wise trend is preserved.

layer

Figure 22: Relative change in prediction probability of
the third parameter across layers.

layer

Figure 23: Relative change in prediction probability.

Theorem generation. We rerun Attention
Knockout with k=5 and k=20 and summarize the
results in Figures 26 and 27. Across both settings,
we observe the same two-stage propagation pattern.
In the early layers, the trend under All-Sub closely
follows Other-Sub, indicating an early relay effect
where theorem-token information is primarily
captured by non-final tokens. In the mid-to-late
layers, the trend shifts to align with Last-Sub,
suggesting that theorem-token information is
re-extracted and then read out more directly by the
final token.

Parameter extraction. We further validate ro-
bustness on parameter extraction. Across k, the
mid-to-late-layer joint extraction mechanism con-
sistently appears. As illustrated in Figures 28
and 29, with k=5, Last-Sub yields a smaller prob-
ability drop for the first parameter (about −8%),
while with k=20, Last-Sub declines become much
larger (about −78% to −87%). Despite the mag-
nitude change, the sensitive layer region and the
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Figure 24: Keyword extraction with k=5 showing rela-
tive probability change across layers.
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Figure 25: Keyword extraction with k=20 showing
relative probability change across layers.
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Figure 26: Theorem generation with k=5 showing rela-
tive change in prediction probability across layers.

concentration of critical information remain consis-
tent.

D.2 Sensitivity to the MLP probe depth

Probe depth. In the main paper, we use an MLP
probe with one hidden layer. Here we additionally
compare deeper probes with two and three hidden
layers. On hidden states from the last 15 layers
of the mathematics dataset, the one-hidden-layer
probe already achieves 82.7% accuracy, and deeper
probes bring only marginal improvements (about
83.0% and 83.2%). Figures 30–31 and Figures 32–
33 further show that increasing probe depth does
not alter the qualitative encoding patterns across
layers: theorem-related information remains lin-
early separable, and the probe identifies highly con-
sistent layer ranges as most informative.

D.3 Overall robustness.

Taken together, these ablations suggest that our con-
clusions about the information-flow mechanisms
during CoT reasoning do not hinge on a particular
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Figure 27: Theorem generation with k=20 showing
relative change in prediction probability across layers.

Figure 28: Parameter extraction with k=5 showing rela-
tive change in prediction probability across layers.

choice of blocking window size k or MLP probe
depth. Varying k primarily changes the overall size
of the probability shifts, while preserving the same
layer-wise roles across tasks, and deeper probes
yield only negligible gains while maintaining con-
sistent theorem-related encoding trends.
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Model Prompt Template

L
L

aM
A

3-
8B

You are a reasoning assistant. Follow **exactly** the five-step template below to solve the problem using a known
physical or mathematical formula.
[Keywords]: <comma-separated list of key concepts mentioned in the problem> [Theorem]: <formula name> =
<symbolic formula using variables only — absolutely no numbers from the problem> [Computation]: <numeric
expression showing substituted values only> = <result> [Answer]: <numeric result only — do NOT include any
units>
Strict rules: - The formula name and its variable-based form must appear **only** in [Theorem]. - The [Keywords]
must exactly match the **original words** from the problem. Keep only the minimal set of words sufficient to
determine which formula to use. - [Theorem] must include a symbolic expression using variables only. Do NOT
use any numbers in this step. - [Computation] must contain **only numeric values**, and no variable names or
formula names. - Do NOT skip any step or add extra explanation. Do NOT include any units. - **End your answer
with [end].**
Problem: {question}

R
1-

Q
w

en
7B

You are a mathematical reasoning assistant. You must strictly follow the 5-step template below. Do **not** add
any explanations, LaTeX formatting, or extra sentences. Only output the following 5 fields, exactly in this format:
[Keywords]: Extract only key concepts from the problem, exactly as they appear. Separate by commas. [Theorem]:
Write the formula name and its symbolic form using variables only. Do NOT include any numbers from the
problem. Do not explain the formula. The formula must contain an equals sign ’=’. [Computation]: Replace
variables with numbers and compute. Only include numeric expressions and results, no variables or formula names.
[Answer]: Final numeric result only. Do NOT include any units. [end]: Indicate the end of the answer.
Strict rules: - Theorem must be pure symbolic form. Example: GOOD: F = a × m BAD: resultant force is given by
F = a × m, where a is acceleration and m is mass. - Output only these 5 fields, and nothing else. - Use one line per
field. Do NOT include LaTeX, explanations, or additional sentences. - The field labels must be exactly as shown
above. - No extra formatting, no markdown, no lists, no multi-turn conversation.
Now solve the following problem using the above format:
Problem: {question}

Table 4: Prompt templates for LLaMA3-8B and R1-Qwen7B.

Model Prompt Template

Q
w

en
2.

5-
M

at
h-

7B

You are a mathematical reasoning assistant. You must strictly follow the 5-step template below. Do **not** add
any explanations, LaTeX formatting, or extra sentences. Only output the following 5 fields, exactly in this format:
[Keywords]: Extract only key concepts from the problem, exactly as they appear. Separate by commas. [Theorem]:
Write only the symbolic form of the formula. Do NOT include any numbers from the problem. Do not explain
the formula or output the formula name. The formula must contain an equals sign ’=’. [Computation]: Replace
variables with numbers and compute. Only include numeric expressions and results, no variables or formula names.
[Answer]: Final numeric result only. Do NOT include any units. [end]: Indicate the end of the answer.
Strict rules: - Theorem must be pure symbolic form. Example: GOOD: F = a * m BAD: resultant force is given by
F = a * m, where a is acceleration and m is mass. - Output only these 5 fields, and nothing else. - Use one line per
field. Do NOT include explanations or extra sentences. - Write all formulas and equations as plain text. Do not use
LaTeX format, and you **must not** use LaTeX delimiters like or $. - The field labels must be exactly as shown
above. - No extra formatting, no markdown, no lists, no multi-turn conversation.
Now solve the following problem using the above format:
Problem: {question}

Table 5: Prompt template for Qwen2.5-Math-7B.
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Model Mathematics Dataset Physics Dataset
L

L
aM

A
3-

8B
Example 1:
Problem: Xiao Li is decorating his room and wants to
hang a square decorative painting on the wall. If each
side of the decorative painting is 20 centimeters long,
what would be the area of this decorative painting?
[Keywords]: square, decorative painting, area
[Theorem]: A = s ^ 2
[Computation]: 20 ^ 2 = 400
[Answer]: 400

Example 1:
Problem: Xiao Gang walked from home to school, cov-
ering a total distance of 300 meters in 6 minutes. What
is Xiao Gang’s average speed?
[Keywords]: distance, speed, time
[Theorem]: v = d / t
[Computation]: 300 / 6 = 50
[Answer]: 50

Example 2:
Problem: Xiao Gang is making a square picture frame
and has chosen a wooden stick that is 80 centimeters
long as the material. He wants to know if this stick can
form the frame and is asking what the side length of the
square picture frame would be.
[Keywords]: square picture frame, side length
[Theorem]: P = 4 ÃŮ s
[Computation]: 4 ÃŮ s = 80
[Answer]: 20

Example 2:
Problem: Xiao Gang started from his home to go to the
park, walking at a speed of 5 kilometers per hour and
took 1 hour to reach the park. What is the distance from
Xiao Gang’s home to the park?
[Keywords]: distance, speed, time
[Theorem]: d = s ÃŮ t
[Computation]: 5 ÃŮ 1 = 5
[Answer]: 5

R
1-

Q
w

en
7B

Example 1:
Problem: Xiao Li is decorating his room and wants to
hang a square decorative painting on the wall. If each
side of the decorative painting is 20 centimeters long,
what would be the area of this decorative painting?
[Keywords]: square, decorative painting, area, side
length, centimeters
[Theorem]: A = s ^ 2
[Computation]: 20 ^ 2 = 400
[Answer]: 400

Example 1:
Problem: Xiao Gang walked from home to school, cov-
ering a total distance of 300 meters in 6 minutes. What
is Xiao Gang’s average speed?
[Keywords]: Xiao Gang, home, school, total distance,
300 meters, 6 minutes, average speed
[Theorem]: Average speed = total distance / total time
[Computation]: 300 / 6 = 50
[Answer]: 50

Example 2:
Problem: Xiao Gang is making a square picture frame
and has chosen a wooden stick that is 80 centimeters
long as the material. He wants to know if this stick can
form the frame and is asking what the side length of the
square picture frame would be.
[Keywords]: Xiao Gang, square picture frame, wooden
stick, length, side length
[Theorem]: P = 4 ÃŮ s
[Computation]: 80 = 4 ÃŮ s
[Answer]: 20

Example 2:
Problem: Xiao Gang started from his home to go to the
park, walking at a speed of 5 kilometers per hour and
took 1 hour to reach the park. What is the distance from
Xiao Gang’s home to the park?
[Keywords]: Xiao Gang, home, park, speed, time
[Theorem]: d = s ÃŮ t
[Computation]: 5 ÃŮ 1 = 5
[Answer]: 5

Table 6: Illustrative dataset examples for LLaMA3-8B and R1-Qwen7B across Mathematics and Physics.

Model Mathematics Dataset Physics Dataset

Q
w

en
2.

5-
M

at
h-

7B

Example 1:
Problem: Xiao Li is decorating his room and wants to
hang a square decorative painting on the wall. If each
side of the decorative painting is 20 centimeters long,
what would be the area of this decorative painting?
[Keywords]: square, side length, area
[Theorem]: A = s ^ 2
[Computation]: 20 ^ 2 = 400
[Answer]: 400

Example 1:
Problem: Xiao Gang walked from home to school, cov-
ering a total distance of 300 meters in 6 minutes. What
is Xiao Gang’s average speed?
[Keywords]: Xiao Gang, distance, time, average speed
[Theorem]: v = d / t
[Computation]: 300 / 6 = 50
[Answer]: 50

Example 2:
Problem: Xiao Gang is making a square picture frame
and has chosen a wooden stick that is 80 centimeters
long as the material. He wants to know if this stick can
form the frame and is asking what the side length of the
square picture frame would be.
[Keywords]: square picture frame, wooden stick, side
length
[Theorem]: P = 4 ÃŮ s
[Computation]: 4 ÃŮ s = 80
[Answer]: 20

Example 2:
Problem: Xiao Gang started from his home to go to the
park, walking at a speed of 5 kilometers per hour and
took 1 hour to reach the park. What is the distance from
Xiao Gang’s home to the park?
[Keywords]: Xiao Gang, speed, time, distance
[Theorem]: d = s ÃŮ t
[Computation]: 5 ÃŮ 1 = 5
[Answer]: 5

Table 7: Illustrative dataset examples for Qwen2.5-Math-7B across Mathematics and Physics.

11828



Problem Free-form CoT Output
A square clock has a side length of 15
centimeters. What is the area of the
square?

Let’s solve the problem step by step.
Step 1: Identify the given information
The clock is a square with a side length of 15 centimeters.
Step 2: Find the area of the square
The area of a square is calculated by squaring the side length.
Area = sideˆ2
= 15ˆ2
= 15 × 15
= 225
Step 3: Express the answer
The area of the square clock is 225 square centimeters.

Xiao Hua is making a rectangular picture
frame, with the length being 20
centimeters and the width being 15
centimeters. What is the area of this
picture frame?

To solve this problem, I’ll follow the steps:
Step 1: Identify the given information
Length (L) = 20 centimeters
Width (W) = 15 centimeters
Step 2: Calculate the area of the picture frame
Area = L × W
= 20 × 15
= 300 square centimeters
Step 3: Output the solution
The area of the picture frame is 300 square centimeters.

Xiao Hua is making a globe model, and
he chose a sphere with a radius of 5
centimeters. What is the surface area of
this globe model?

To solve this problem, we can use the formula for the surface
area of a sphere, which is:
Surface Area = 4 * π * rˆ2
where r is the radius of the sphere.
Given that the radius of the sphere is 5 centimeters, we can
plug this value into the formula:
Surface Area = 4 * π * (5)ˆ2
= 4 * π * 25
= 4 * 3.14 * 25
= 314
So, the surface area of the globe model is 314 square
centimeters.

Table 8: Dataset examples under free-form CoT.
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Figure 29: Parameter extraction with k=20 showing
relative change in prediction probability across layers.

Figure 30: Probing accuracy with a two-hidden-layer
MLP probe.

Figure 31: Probing accuracy with a three-hidden-layer
MLP probe.

Figure 32: Performance of probes trained on different
layer configurations.

Figure 33: Performance of probes trained on different
layer configurations.
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